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Abstract

The goal of the paper is to describe the large time behaviour of a symmetric diffusion in a high-
contrast periodic environment and to characterize the limit process under the diffusive scaling. We
consider separately the Cy and L? settings.

1 Introduction

The paper deals with the large time behaviour of a diffusion and the corresponding semigroup defined
in a high contrast periodic environment. Equivalently, we study the limit behaviour of a diffusion and
the corresponding semigroup defined in a high contrast environment with a periodic microstructure
on finite time intervals.

Elliptic and parabolic operators with high contrast rapidly oscillating periodic coefficients have
been widely studied in homogenization theory. The first rigorous results for parabolic operators of this
type were obtained in [6] and [2]. In particular, it was shown that, under proper choice of the scaling
coefficient, the homogenized problem contains a non-local in time operator which reflects the so-called
memory effect. Later on in [1], with the help of the two-scale convergence technique, the limit problem
was written as a coupled system of parabolic PDEs in the space with a higher number of variables.
In the works [9], [10] high contrast problems in domains with singular or asymptotically singular
periodic geometry were considered. At present, there are many works in the existing mathematical
literature that describe the effective behaviour of high contrast periodic media. Under proper scaling,
in parabolic problems this usually results in the memory effect while homogenization of spectral
problems leads to a non-linear dependence on the spectral parameter.

In this paper we deal with second order divergence form operators in R?. Each such an operator
is a generator of a Markov semigroup. The corresponding Markov process (generalized diffusion) has
continuous trajectories. However, the presence of a non-local term in the effective operator means
that the limit dynamics of the coordinate process is not Markov.

The goal of this work is to equip the coordinate process with additional components in such a
way that the dynamics of the enlarged process remains Markovian in the limit. We show that it is
sufficient to combine the coordinate process with the position of the diffusion on the rescaled period.



In the paper we consider the mentioned problem both in the spaces of continuous functions and in
the L? framework. In both cases we introduce proper functional spaces, construct the limit semigroup,
and prove the semigroup convergence.

We then use these results in order to obtain the convergence in law, in the path space, of the
corresponding Markov process. It is interesting to observe that, although in the original processes
the additional component is a function of the coordinate process, in the limit process this component
is getting independent while the coordinate process becomes coupled with it.

In the L? setting, in addition to proving the semigroup convergence, we also describe the spectrum
of the generator of the limit semigroup. Then the semigroup convergence in L? spaces allows us to
provide some information about the limit behaviour of the spectrum of the original operators. In
particular, we partly reprove the results on the convergence of the spectra obtained by V.Zhikov in
[9] and [11] by means of two-scale convergence technique.

To our best knowledge, the questions considered in this paper have not been studied in the existing
literature. In the discrete framework the results on scaling limits of symmetric random walks in a
high contrast periodic environment were obtained in our previous work [7].

Our approach essentially relies on the approximation technique developed in [3] and the technique
of periodic correctors [5].

2 Problem setup

Consider a symmetric diffusion operator in divergence form

Acf(x) = div (ac(2)Vf (@), ac(z) = {a? (2)}{;_1, (1)
where aij(:c) are periodic for all i, j = 1,...,d with period [0,1)¢. In what follows we identify [0, 1)4-
periodic functions with functions on the unit torus T¢ with a flat metric. We assume that

al(g), xR \ eGY,
as(r) = { 52a2(f), e 5gt17 (2)

where G C (0,1)? is a smooth bounded simply connected domain such that G C (0,1)%, and G* is a
periodic extension of G in R?. We assume furthermore that there exist ag > 0 and o > g such that

apl < aij(y) <ail ifyeR? \ G, apl < agj(y) <ail ify e GF. (3)

For the sake of brevity we denote Gf = ¢G* and G° = TY\G. Observe that under our assumptions
both the diameter of a periodicity cell and the distance between neighbouring connected components
of Gg are of order e.
Denote by Co(R?) the Banach space of continuous functions that vanish at infinity with the sup
norm |ul|c = max |u(x)|.
x€RY

For each £ > 0 we can interpret A. as an unbounded operator in Cy(R?) space or in L?(R?) space.

For the presentation simplicity we assume that both a; and as are equal to the unit matrix. The
case of generic symmetric periodic positive definite matrices a1 (y) and az(y) can be addressed in the
same way as this special case.

It is well known (see, for instance, [4]) that for any € > 0 the operator A. in C(RY) is the generator
of a strongly continuous positive contraction semigroup 7.(t) = eA<t. The domain of this operator
is dense in Cp(RY), the operator is closed, and for any A > 0 the resolvent (A — A.)~! is a bounded
operator. Moreover, A, is the generator of a Markov process with continuous trajectories in R¢, for
this process we use the notation Yz(¢), ¢ > 0.



In L2(R?) we introduce a domain of A. by

Diy(Ac) = {f € H'(RY), fe H*(GH N HRI\ GE),

29 1) @) (4)

oGt Nogt "1 }
The last condition on f € Dy (A;) in (4) is the condition of continuity of the flow a.V f through the
boundary OGE.

Then (A, Dy (A.)) is a self-adjoint operator in L?(R?), and for any A > 0 the operator (A — A.)
is coercive.

We consider separately the Cy and L? settings.

2.1 (jy-setting

In this section we consider A. as an unbounded operator in Co(R?). For the set of continuous functions
in R? with a compact support we use the notation C§(R?). The domain D(A.) of the operator A, is
the closure in the graph norm of the set of functions

{£ € ChRY, 17 = flar € CX(GE), 7 = Flangz € CZRINGE),
EQVf—’_ |8Gﬂ nt = ==V )|8G” no, (5)
div (*V f*(x)) ‘aG’j = div (V™ ()) ’aa”}

We describe now the limit Markov semigroup and its generator. Denote E = R% x G*, where
* = {x} UG, and {x} is a single point set which is identified with G¢. In G* we introduce the
topology generated by open sets in G and d-neighborhoods of x defined by Os(*) = Os(9G), § > 0.
Then FE is equipped with the product topology. A function F' € Cy(FE) can be written in a vector
form @) . pd ¢
oY Jolx), Ire , Y =%,
Fla,9) = { filz,y), ifzeR g=yed

with fo € Co(RY), f1 € Co(RL,C(Q)), fi(z,y)|ycoc = fo(x). With this notation, for any z € R?
fo@) = F(e.%).  filery) = Fla.y) fory € . (6)

In what follows we identify a function F'(z,¢) with the corresponding vector-function (fo(z), f1(z,v)).
Let us consider in Cp(FE) an unbounded operator of the following form

OVY fole) + gy | )

(AF)(z,9) = : (7)

Ay fl (377 y)
where a positive defined matrix © will be defined later on, o(y) is the element of the surface volume
on 9G, n, is the (inner) normal to dG. Using the relation n* = —n~ and the Stokes formula one

can rewrite the operator (7) as follows:

OVY fo(x) — gy [ Dyl y)dy
(AF)(x,§) = ¢ . (8)
AZlfl (1‘, y)



We define the domain D(A) of the operator A as a closure in the graph norm of the following set
of functions:

Dy = {uo € C°(RY), uy € CF(RY; C=(Q)), ui(z,y)|yeoq = uo(z),

1 aul(‘ra y)
d .
|Ge| 8n§ a(y)}
oG

(9)

Ayuy(z, y)’yeaG = OVVuyy(x) +

Lemma 2.1. The closure of the operator A is a generator of a strongly continuous, positive, contrac-
tion semigroup T'(t) on Co(E).

Proof. In order to apply the Hille-Yosida theorem, and should make sure that:
1) D(A) is dense in Cy(E);

2) A is a dissipative operator;

3) Im(A\ — A) is dense in Cy(E) for some A > 0.

The set of functions
£={uw € CFEY, u € GFERL C(@)), ui(w.y)lyeoe = wola) (10)

is dense in Cy(E). Then to prove the statement 1) it is sufficient to show that Dy is dense in L, i.e.
for any 0 > 0 and for any u = (ug,u1) € £ one can find & = (7, 41) € Da, such that |[u — o) < 0.
We take 19 = ug and construct 4; in such a way that the following relation holds:

. 1 8711 (l‘, y)
yedG |G| ony
oG

Ayt (z,y) do(y) = OV Vuy(z). (11)

To this end we set 41 (z,y) = u1(z,y)Y(y) + uo(z)(1 — ¥ (y)) with
Y eCFE(G): Yly)=1 as y € G\Gy,

where G5 = {y € G : dist(x,0G) < §}. Then iy (z,y ‘BG = uo(r), |lu—1lcE) < c1d, and the left
hand side in (11) evaluated at @ is equal to 0. Let x(y) be a C*°(G) function such that X(y)‘yEBG =0,
2] N ~

5(7(?‘86’ =0, Ax(y) oo 1, and [[x[lo@) < 6. If we take 1 (2, y) = U1 (x,y) + OV Vug(x)x(y) then
(11) holds and ||u — || < c20, as required.

The fact that condition 2) holds is a direct consequence of the maximum principle:

IANf = Afllcomy = M flleor)

for any f € D(A) and any A > 0.

The third condition is a consequence of the following statement: there exists A > 0 such that for
any g = (go,91) € Co(E) the eqution (A — A)f = g has a solution f € D(A). To prove this statement
we use (8) and rewrite the equation (A — A)f = g as follows

Ao —OVV fo(z |Gc‘ f afl (y) = go(x),
Af1 — yfl(x y) = 91( JY)-

Since the latter system is linear, fi(x,y) is a sum of the solutions of the following two problems:

M =8y f (@) =0,
)| = fo),

(12)



and 7 17
{ M =Dy fif (z,y) = g1(z,y),

7
T =0
2 ,y>\y€m

Then the solution of the former problem takes the form f{(z,y) = fo(z)p(y), where p(y) satisfies
the equation (A — Ay )¢(y) = 0 in G, and the boundary condition @(y)‘ e = 1 on OG. The solution
ye

II(2,4) of the latter problem is a continuous function of x and y that vanishes as  — co. The
function

fi(@,y) = folx)ely) + fi'(2,y) (13)

satisfies the second equation in (12) and the boundary condition fi(z,y)|ycac = fo(x). Inserting
fi(x,y) into the first equation in (12) yields the following equation for fy:

Mo — OVYV fo(z) — Ao fo(x) = Go(x).
with

o= L [920)
|G€| ony
e

do(y),  go(z) = go(x) + ‘G10|G/Ay 1 (z,y) dy

Since A, fil(z,y) = A\l — g1(z,y), then gy € Co(R?). Therefore, for any A > Xo the latter equation
has a solution fy(z) € Co(R?). Then f; defined in (13) belongs to Co(R%; C(G)), and we conclude that
(fo, f1) € D(A). Therefore, the Hille-Yosida theorem applies, and the desired statement follows. [

Corollary 1. For any A > Ao the set {(AN=A)F : F € Da} is dense in Cy(E).

Proof. Consider equation (12) and choose a function G = (go, g1) on the right hand side such that
go € CL(RY), g1 € CL(RY C>®(G)). By the same arguments as in the proof of Lemma 2.1, we

conclude that the corresponding solution F' = (fo, f1) of problem (12) belongs to the Schwartz class
in z,ie fo€ SR, fi € S(RL,C®(G)).
For any n € Z* denote by ¢, a C5°(R?) cut-off function such that

0<¢, <1, supppn C{z: |z|<n+1}, ¢, =1if|z]<n, |Ve,| <2

Then the function ¢, = 20V foVn+foOV Vi, is an element of C$°(R?), and, moreover, nllc@may =
0, as n — oo. Let v(y) be a C*°(G) function such that 7‘66‘ =0, VV‘BG =0, A’y’aG = 1. It is clear
that

Ey = (on(@) fo(z), en(z)fi(z,y) +7(y)¥n(x)) € Da
and that B
en(@) fo(x) € CRY),  ou(2) filz,y) +7(y)¢n(z) € C5° (R, C=(G)).

Now straightforward computations show that [|AF, — G|, k) — 0, as n — oo. O
Remark 2.1. It follows from Corollary 1 that D 4 defined in (9) is a core of the operator A in Cy(FE).

Define a bounded linear transformation 7. : Co(E) — Co(R?) as follows:

fo(x), if z € RI\GE;
fi(z, {2}), ifz € G

here {-} stands for the fractional part. Then for all € € (0,1)

(meF)(z) = { (14)

sup |1 F(z)| = |7 Fllcyrey < max [[fell = [1Fllcym)-
zcRd k=0,1



We are going to prove the semigroup convergence using the approximation theorem from [3] and
correctors for the appropriate diffusions in periodic environment.

Theorem 2.1. For every F € Cy(FE)
T:(t)meF — T(t)F ( ie. [|To(t)meF — 7 T(t)F||comay — O) forall t>0 (15)
as € — 0.

The proof of (15) relies on the following approximation theorem [3, Theorem 6.1, Ch.1].

Theorem (see [3]). Forn = 1,2, ..., let T,,(t) and T(t) be strongly continuous contraction semigroups
on Banach space L,, and L, with generators A, and A. Let D be a core for A. Then the following
are equivalent:

a) For each f € L, T,,(t)mnf — T(t)f forallt> 0.
b) For each f € D, there exists f, € L, for each n > 1 such that f, — f and A, f, — Af.

According to this theorem the semigroups convergence (15) is a consequence of the following
statement:

Lemma 2.2. Let the generators A and A; of the strongly continuous, positive, contraction semigroups
T(t) and T.(t) be defined by (7) and (1), (2), (5), respectively, and let a core Dy C Co(E) of the
generator A be defined by (9).

Then for any F = (fo, f1) € Da, there exists F. € D(A.) such that

[ Fe =7 Fllcgmay = 0 and  ||AcFe — mAF | cymey — 0, as € — 0, (16)

where 7. : Co(E) — Co(R?) is a bounded linear transformation defined by (14).

Proof. The proof relies on the correctors technique widely used in the homogenization theory. In
order to make (16) hold we construct the following family of functions F;:

fo(@) + e(V fo(x), h(2)) + e2(VV fo(x), g(2)) + £2®(, £), = € RAGE,

el = { fi(2,2) +ege(x,2), = € GE, v

where h(§),g(£), P(z, &) and ¢.(x, &) are periodic smooth functions of £ (so-called correctors) defined
on the periodicity cell, h(§) is the periodic vector function, g(§) is the periodic matrix function. A
corrector ¢.(z,&) has been introduced in order to ensure the continuity of the function F on the
boundary dG?. In addition, the functions O(x,€), ¢e(x,&) are smooth in x and tend to zero as
x — 00. Moreover, ||¢8”C§(Rdxé) < C with a constant C' that does not depend on €.

The structure (17) of the function F. immediately implies the first convergence in (16):

sup |Fe(z) —m.F(z)| =0() -0 as € = 0.
In order to justify the second convergence in (16) we deduce from (7) and (14) that, for each

e >0,
HAEFE - WaAF”CO(Rd) =



max{ max |A:F.(z) — (©-VVfo(x)+T(z))], max |AF.(z)— Agfl(ffag”} ) (18)
zeRAN\GE z€GE, £€G

where Y(z) = m Joc 8{; (2.€) do(§). Thus we have to prove that both terms on the right-hand side
e
of (18) tend to 0 as e — 0.

Using (17) and the formula

0 x 0 10
gl 2 = (g @O+ Sl @) e

we get

(AcF2)(@) = (Afo(@) + 29V fo(@) Veh(€)

(19)
F2Vfol@) Ahle) + VY fo(m) Deg(€) + Ac(, ) + e2:(2,6))|e_s
ifx € Rd\GE, and
(AF)(@) = 200 (i@, D) +e0e(w, D)) = (Befile, ©) +eWe(w, )] (20)

if z € GY, where
Ee(2,§) = AV fo(z) - h(§) +2VVV fo(2)Veg(§) + eAVV fo(2)g(§) + A ®(z,§) + 2V, - Ve (2, ),
and
Ve(x,8) = el f1(2,8) +2Va - Ve fi(z,8) + 2 Aptpe(x,8) + 26V - Veoe(w,£) + Agde(x,€).

Moreover, since F. should belong to D(A.) the following conditions should be fulfilled for all
x € OGE:
1) the continuity of functions

o) + (¥ fo(z), hE)) + (T folw), 9(€)) + 8w, &) s = f1 (2,€) +e6:(w, )| _os  (21)

2) the continuity of fluxes

Ve (fola) +(Vhola),h(T)) + 2TV ola), () + 20 (=, ) ) veoct ™
—V, (fl <$’ g) e, §)> 2€dG! i

3) the continuity of images

div(ar(2)V (fo(@) + (Vo). h(2)) + 2TV ho(a) g(2) + 20 (2, D) )

€ le(CLQ( \% <f1 (m *) + epe(x, Z))

where n*, n~ are exterior and interior unit normal to OG respectively (and n™ = —n~). The relation
in 2) can be rewritten as

(Vfo(x) +eVV fo(x)h(&) + Ve(V fo(x)h(£)) + e°VVV fo(2)g(§)

FEVE(VY fol@)g(6)) + Vab(a, ) +Ve(w,6))| om0 22)

~(Vafi(@.€) + eVeh (@.6) + ¥ Vehe(w. ) + £Vae(@.8))|_ on*.

G’

7



To obtain equations on the periodic function h(¢) we collect the terms of the order e~! in (19)
and of the order €¥ in (22). This yields

Viola) Aeh(€) =0, €€ G5, (Viola) + Viol@)Veh(€) -n~ =0, £€G°.  (23)
Since fy does not depend on &, this problem can be rewritten as follows:
AR(§) =0, €€ G, Veh(€) -n~ =—n", &€ 0G", (24)
and, in the coordinate form,
AR (€) =0, €€ GS, Veh!(§)-n~ =—n;, &€ G
It is easy to check that the compatibility condition is valid:
[ neaoter =0,
0G¢

consequently, equation (24) has a unique up to an additive constant vector solution h(§). Since G is
a smooth domain, the function h(&) is smooth.

At the next step we collect the terms of order ¥ on the right-hand side of (19) and equate them
to OVV fo(z) + YT (x) in order to make the first term in the figure brackets in (18) small:

Afo(x) +2VV fo(x) - Veh(€) + VV fo(x) Aeg(§) + De®(x,§) = OVV fo(z) + T(x). (25)
We also collect the terms of order €' in (22):

e(VV fo(x)h(&) + Ve(VV fo(2)g(§)) + Ve®(x,€)) L n~ = —eVefi(z,§) ) nt. (26)

€oG €0G

Notice that so far the constant matrix © and the function T have not been specified.
Collecting all the terms in (25)-(26) that contain the second order derivatives of fy, we arrive at
the following problem for the periodic matrix function g(§):

Afo(z) +2VV fo(x) - Veh(§) + VV fo(z)Aeg(§) = OVV fo(z), &€ G5,

(VV fo(x)h(§) + VV fo(2)Veg(§)) -n~ =0, &€ dG .
The solvability condition for this problem reads
/ (—(E +2V¢h(€)) + ©) de + / h(€) @ n—do(€) = 0.
Ge o0G«e
This allows us to define the constant matrix © as follows:
0lc| = [ (B+29ch(€)de ~ [ b&) @ n™doc). 27)
Ge oG«e

Under relation (27) the function g(£) exists and is unique (up to an additional constant matrix).
Let us prove that the matrix © is positive definite. Using integration by parts formula, we obtain

[ vent@as = [ we)@ndote).
GC

oGe

8



Thus, ©|G¢| = f (E 4 Veh(§))dE. Since (E+ Veh(€)) (E + Veh(€))" > 0, then it is sufficient to

show that
/ (B + Veh(€)) (Veh(£))"dé = 0.
Gc

The last equality follows from integration by parts formula and relation (24) for the function h.
Indeed,

/ (E + Veh(£)) (Veh(€)) de = - / (B + Veh() n™ @ h(€)do / AR(€) ® h(€)dE = 0.

Ge Fleld

Collecting the remaining terms in (25) and (26) we obtain the following problem for the function

®(z, &):
Ne®(z,8) =T(x), £e€GS, Ve®(x,8)-n~ =Vefi(x,&) -n~, &€ G (28)

The solvability condition for problem (28) gives the expression for Y(x):

) |G| = /ngl(%f) “ngdo(§) = —/Véfl(l’aﬁ) -nddo(€). (29)
G e

Thus, the function Y(z) and the solution ®(z,¢) are uniquely defined. Moreover, T € C5°(R%) and
®(z,£) € CF°(RY; C(G)).

Our expansions have been designed in such a way, that

max |A:F.(z) — (©-VV fo(z)+ T(z))| < Ce, max |A.F.(z) — D¢ fi(z,§)| < Ce.
z€RNGE zeG, cea

However, the continuity conditions 1) — 3) need not be fulfilled.

The last step of the proof is to define a function ¢.(z,§) in such a way that conditions 1) — 3)
hold true. The main purpose of this function is to compensate the discrepancy between the inner and
the outer expansions for the function F; at the boundary dGE. Condition 1) leads to the relation

¢e(x,§) = Vio(x)h(§) +eVV fo(x)g(§) +e@(z,6), & € IG. (30)

The continuity of fluxes condition (condition 2)) reads

(VVVfo(l')g(f)—va‘I)(Q?,f))n_+(fo1($,€)+€vm¢g($,£))TL+ = —V§¢€(x,§)-n+, §€ 0G. (31)

Here V,¢.(x,€) can be found from relation (30).
Condition 3) takes the form

Es(x7§) = \Ile((]j,f)7 f € 8Ga (32)
here we have used equations (23), (25), and the fact that f = (fo(x), fi(z,£)) € Da. Observe that in
the relation (32) all the terms have already been specified except for the term Ag¢e(z,§).

Since the boundary G is smooth, we can introduce the local coordinates in the vicinity of 0G
so that one of these coordinates coincides with the normal and the others are coordinates on 0G.
In these coordinates one can extend the function ¢.(z,&) to R x G in such a way that it satisfies
conditions (30) — (32) and the additional condition

sup {v£v£¢57 vag¢a, vxvx¢5} < CO'
(€@, zeRd

This construction is explicit and we leave the details to the reader.
This completes the proof of Lemma 2.2. O



As was explained above, relation (15) is a consequence of Lemma 2.2.

According to the general results, see e.g. [4], there exist Markov processes Y.(t) with continuous
trajectories in R? (a generalized diffusion process) generated by operators A.. In Theorem 2.1 we
justified the convergence of the corresponding semigroups, and our next problem is to prove the
existence of the limit process X (¢) in E with sample paths in Dg[0, c0) and to prove the convergence
of the processes in the Skorokhod topology of Dg[0,00). However the process Yz(t) lives in R?, and
to formulate the statement about convergence of the processes we should first equip the coordinate
process Yz(t) with an additional variable k.(y) € G*, that specifies the position of Yz(¢) in the period
T?. We define a process X, (t) with trajectories in E = R? x G* as follows

Xc(t) = (Ya(t), ke(Y2(t))), where k.(y) = {g} €G ifyeG! and k.(y) =+ ify e R\GE  (33)

Remark 2.2. The semigroup T(t) introduced in Lemma 2.1 is a Feller semigroup on Cy(E).

Theorem 2.2. For any initial distribution v € P(E) there exists a Markov process X (t) corresponding
to the semigroup T'(t) : Co(E) — Co(FE) with generator A defined by (7), (9) and with sample paths
in Dg[0,00).

If v is the limit law of X.(0), then X.(t) converges in distribution to X (t) as € — 0 in the
Skorokhod topology of Dg[0,00):

X:(t) = X(t) in Dgl[0,00) as € — 0. (34)

Proof. To prove convergence (34) we combine the convergence of the finite dimensional distributions
of X.(t) (that is a consequence of Theorem 2.1) and the tightness of X.(¢) in Dg[0, c0).
We apply here Theorem 2.11 from [3], Chapter 4. For the reader convenience we formulate it here.

Theorem (see [3]). Let M, My, My, ... be metric spaces with M locally compact and separable. For
n=12,...let g, : M,, » M be measurable, let T,,(t) be a semigroup on B(M,) (the Banach space
of bounded functions with the sup-norm), and suppose Y,, is a Markov process in M, corresponding
to T,,(t) such that X,, = n, oY, has sample paths in Dys[0,00). Define m, : B(M) — B(M,) by
nf = f on,. Suppose that T(t) is a Feller semigroup on Cy(M) and that for each f € Cy(M) and
t>0

T.)mnf — T()f, ie. |[Th(t)mnf —mT(t)f|| — 0. (35)

If {X,,(0)} has limiting distribution v € P(M), then there is a Markov process X corresponding to
T'(t) with initial distribution v and sample paths in Dys[0,00), and X,, = X.

We now adapt the constructions of this theorem to our framework. Let n = %, M, = R%,
M = E = R? x G*. Define the mapping 7. : RY = FE as n. : x — (x,k.(z)), where k. was
given by (33). Then 7. is the measurable mapping for every . The mapping 7. complements each
coordinate x € R? with an additional coordinate k. (z) from G* in accordance with (33). Thus, under
the mapping 7., the image of all points from aG?i and from (Gg)jj has the same second coordinate
equal to x € G*. Then X, = 7. o Y has sample paths in Dg|0,00). Moreover, X, has continuous
sample paths in E. The semigroup T'(¢) on Cy(E) is the Feller semigroup as was mentioned in the
same Remark 2.2. We stress that in this context Co(M) = Co(E).

Thus, all the assumptions of [3, Theorem 2.11] are fulfilled, then these processes convergence in
law in the space Dg[0,00). Theorem 2.2 is completely proved. O
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2.2 [L*-setting

In this section we consider the limit behaviour of A, in L? framework. If we set
D(A)= {fe H'(RY) N H*(GH N HAR\ GE), 2V ()| 0" = vaf(ac))aGu n} (36)

where n~,n" are respectively the internal and external normal vectors on 8G§, then the operator
A, with the domain D(A.) defined in (36) is a self-adjoint operator in L2(R%). The last condition
on f € ﬁ(AE) in (36) is the condition of continuity of the flux a.V f at the boundary OGE. By the
Hille-Yosida theorem, A. is a generator of a strongly continuous, positive, contraction semigroup 7 ()
on L?(R%).

We describe now a generator of the limit Markov semigroup. Denote F = R? x G*, and equip G*
with the norm dy + 6,(9), where §,(¢) is 6-function at x. Then a function F' € L?(E) can be written
in a vector form (see (6))

F(z,9) = (fo(z), fi(z,y)), z€RY §jeG*, yeq

with fo € L2(RY), f1 € L?(R? x G). The norm in L?(E) is given by

1Py = [ @) de+ [ [ 12,y dyda.
]Rd

R G

Defining an operator A in L?(E) by formulas (7), (8), one can easily check that, with a domain

N

D(A) = {fo € H*®"), fi € PR HAG)), filw,y)|, = fola)} . (37)

the operator (4, D(A)) is a closed symmetric operator in L2(E). Also, D(A) is dense in L%(E).
Lemma 2.3. For any m > 0 the operator (m — A, D(A)) is a coercive self-adjoint operator in L*(E).

Proof. Consider the following quadratic form

I'(F) :/|Vf0|2(:c) da:+//lvyf1|2(:c,y) dydz + m||F||72 g (38)
R4 Rd G

on E with a domain
D) = {foe H'®"), fi € ®EHG)), filzy)|, = fol@)}. (39)

Notice that (fi1 — fo) € LZ(Rd;ﬁé(G)) for any f € D(I"). According to [8, Theorem x.x] there exists

a unique self-adjoint operator A,, on E that has the following properties: its domain D(flm) is dense
in L?(E); D(A,,) belongs to D(T); (A,,U,U
show that A,, coincides with m — A.

First we prove that D(A,,) c D(A). Taking F € D(A,,) and U = (0,u1(z,y)) with u; €
C°(RY; C°(@)), and using the relation (A,,F, U)reg)y = T(F,U), we obtain (A, F, U)r2gy =
((m — Ay)fi,u1) where the right-hand side is understood as a pairing between L?(R%; H~1(Q))
and L}(R?; HY(G)). This implies that (m — A,)f1 € L2(R? x G) and thus f; € L*(RY; H?(G)).
Choosing now U = (ug(z),0) with ug € Ce°(RY), we get mfy — div(OV fy) € @2(Rd). Therefore,

fo € H*(RY), and D(A,,) ¢ D(A). Moreover, A,,FF = (m — A)F for any F € D(A,,).

~ ~ ~

Since A,, is self-adjoint, D(A,,) = D(A). This yields the desired statement. O

)}LQ(E) =T'(U,U) for any U € D(A,,). We are going to

11



As a core for the operator A defined by (7) (see [3, Section 1.3] for the definition of a core) we
choose the set D4 defined in (9). Clearly, D4 is a dense subset in L?(E).

The fact that the set {(m — A)F, F € D4} is dense in L?(E) can be justified in the same was as
in the proof of Corollary 1.

Applying again the Hille-Yosida theorem, we conclude that A is a generator of a strongly contin-
uous, positive, contraction semigroup T'(t) on L?(E).
The definition of a linear mapping 7. in the L? setting should be slightly modified. Namely, we

set
fo(x), if 2 € RO\GE;

(' F)(z) = 1 ) ,
M/Gfl(x"‘naf)dn, lfxeva

(40)
where z =& +e€ € GE, 2 =¢[2] ecZé CRY, £ = {2} € G.
Theorem 2.3. For every F € L*(E)

T.()rHF — T(t)F ( ie. | To(t)nl'F =zl T(t)F||p2(pa) — 0) forall t>0 (41)

as € — 0.

We use the approximation theorem [Theorem 6.1, Chapter 1, [3]] that was formulated in section
2.1. In order to justify the convergence in (41) it is sufficient to prove the following statement.

Lemma 2.4. Let the generators A and A; of the strongly continuous, positive, contraction semigroups
T(t) and T-(t) be defined by (7) and (1), (2),(36), respectively, and assume that a core D4 C L*(E)
for the generator A is defined by (9), and that a bounded linear transformation © : L?(F) — L*(R%)
is defined by (40).

Then for every F € D4, there exists F. € D(A.) such that

|Fe =7l Fllp2ay =0 and  ||AcFe — 7 AF| p2gay = 0 as € — 0. (42)

Proof. We first show that for any F' = (fo(z), fi(z,y)) € D4 with a compact support the following
limit relations hold:

|7eF = 7l F| 12 gay — 0, |7 AF — nl AF | 12(gay — 0 (43)

with 7. define in (14). Indeed, due to the definitions of . and 7, we have 7.F — 72 F = 0 on
Rd\Gg. On Gg the following estimate holds:

max |(7.F)(z) — (n' F)(2)| < maxmax |f1(a", y) — f1(2",y)| — 0,
zeGt yeG Re e—0

where R. = {2/, 2" € R? : |2/ — 2| < €}; the last convergence is a consequence of of uniform
continuity of the function fi. This implies the first relation in (43). The second one can be justified
in the same way.

We now turn to the proof of Lemma 2.4. As a consequence of formula (16) in Lemma 2.2 we
obtain that for any F' = (fo, f1) € D4 there exists F. € D(A;) such that

”Fg — 7T8FHL2(Rd) — 0 and ||AEF5 — TFEAFHLQ(]Rd) — 0, as €—0. (44)

here we have also used the fact that any function F. with a compact support that belongs to the
domain of A® in the space Co(R?) belongs as well to the domain of A in the space L?(R?).

It remains to combine (44) and (43) and to apply the triangle inequality, then the desired statement
follows. O
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We proceed with the description of the spectrum of the limit operator in (7), and then using the
strong convergence of Markov semigroup T: in L?(E) obtained above we describe the limit behaviour
of the spectrum of operator A., as ¢ — 0. The spectrum of the limit problem and the results on
convergence of spectra have been previously obtained by V. Zhikov in [9]. Here we partly reprove
these results using the semigroup approach presented above.

First we represent fi(z,£) in (9) as the sum fi(z,&) = fo(x) + g1(x, &), then gilecoe = 0. Then
the formula in (8) takes the form:

—OVV fo(x \GC /Aggl x,&)d
—A(fo(z), fi(z,€)) = (45)
_Arfgl (l‘,f)
The operator —/A¢ on G with homogeneous Dirichlet boundary condition has a discrete spectrum
{Br}ren, B > 0, B — oo. We denote by »#,(£), & = 1,2,..., the corresponding normalized

eigenfunctions and introduce the set N* of indices k such that [ s (£)dé = (3¢;) # 0.
G

Lemma 2.5. The continuous spectrum ocont(—A) of the operator —A is a countable set of non-
overlapping segments

Ucont(_A) = U [S‘kwgk]a

keN*

where A\ = 0, and S\k, k > 1, is the nearest to By solution of equation

|Gc|zﬁak6k +1=0 with =< >
e — A

such that Ay < Bi. The discrete spectrum of the operator —A is the union of etgenvalues By with
ke N\ N*.

Proof. The second line in the equation —AF = AF reads
—A(fo(z) + g1(z,€)) = =Degi(x, §) = A fo(2) + g1(2,6))- (46)

The function fp(x) does not depend on &, its Fourier series w.r.t. () takes the form fo(x) -1 =
fo(x) >~ agsp(€) . Denoting by i the Fourier coefficients of g, from (46) we get
k

—Degi(z,§) = ZBk’Yk%k ) = Afo(z Zak%k )+ A e (€)
k

Consequently, for any A & {0} we have vy, = A fo(z) Bs‘—f)\, and thus the function

=Y (6 = Mol Z
P

k

is a solution of equation —A(fo + g1) = —Ae¢g1 = A(fo + g1) for any A\ & {B}.
Inserting (47) in the first line of the equation —AF = \F yields

—OVVfo(z) — Aoz |GC‘Z akﬁk/ (€)dE = A fo(x).
G

13



We conclude that

—OVV fo(z) = Mo(z (|chzgakkka<%k>+l> Aoz (|Gc|zﬂ0;k_5k ) (48)

Since the spectrum of the operator —OVV fills up the positive half-line, we obtain that all A > 0
such that ,8
>0
‘Gc‘ Z Bk —

belong to the spectrum of the operator —A. One can easily check that the segment [0, 51] belongs to
the continuous spectrum of —A. This implies the desired statement on oeoni(—A).

It is straightforward to check that for all £ € N\ N* the functions (0, ¢ (&)) are eigenfunctions of
—A. This completes the proof. O

Proposition 2.1. If A € o(—A), then X is the limit of a sequence of points from the spectra of
operators Ac, i.e. Y5 >0 Jeg > 0 such that there exists Ae € o(—Az) N Os(N) for all e < &p.

Proof. Since \ € o(—A), there exist functions F;,, € Dy with ||F,|| = 1 such that ||(A —\)F,|| — 0 as
n — oo. Using the approximation theorem we additionally have that for any F,, € D4 there exists
Ff € D(A;) such that

|Fy — Fol =0 and ||AcF, — AF,|| -0 as € —0.
Thus we obtain that for any (small) § > 0 there exists g = ¢(A) > 0 such that
|AcFy — AF; || <6 forall e <ep. (49)

This implies that there is a point of the spectrum of A, in the d-neighbourhood of A. O
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