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Abstract. We prove that by scaling nearest-neighbour ferromagnetic energies
defined on Poisson random sets in the plane we obtain an isotropic perimeter
energy with a surface tension characterised by an asymptotic formula. The
result relies on proving that cells with ‘very long’ or ‘very short’ edges of the
corresponding Voronoi tessellation can be neglected. In this way we may apply
Geometry Measure Theory tools to define a compact convergence, and a char-
acterisation of metric properties of clusters of Voronoi cells using limit theorems
for subadditive processes.
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1 Introduction

In this paper we study a prototypical model of pair-interaction energies on Pois-
son random sets in the plane, and some interesting extension. These energies
are a random version of nearest-neighbour ‘ferromagnetic’ systems defined on
Bravais lattices, whose overall behaviour is that of an interfacial energy [20, 1].
Besides their theoretical interest, the analysis of ferromagnetic energies is rele-
vant for numerical approximations and modeling issues in view of the possibility
of lattice approximations for arbitrary interfacial energies makes (we refer to [15]
for optimal constructions on regular lattices, available even with constraints on
the interaction potentials). Surface energies in turn are an important build-
ing block in the study of general functionals defined on more complex spaces



of functions of bounded variation, passing through the generalization to func-
tions with a discrete number of values [5] and using the latter to approximate
arbitrary functions by coarea-type arguments (see e.g. [4]). Furthermore, the
study of energies involving bulk and surface part can often be decoupled in the
analysis of each part, which justifies the analysis of surface energies separately
also in that context (see [14, 21] and the recent advances in the analysis and
derivation of complex energies from discrete systems in [6, 7]). The present
contribution can be then viewed as a step towards the extension of the analy-
sis of discrete systems producing bulk and surface integrals to general random
distribution of points. The simplest case of parameters taking only two values
(equivalently, characteristic functions) will allow us to concentrate on the basic
geometric features of the underlying discrete environment.

Discrete energies with randomness producing surface effects have been pre-
viously considered under various hypotheses. Results on regular lattices with
random interactions comprise: random weak membrane models in [17], random
ferromagnetic energies with positive coefficients in [19] and ferromagnetic en-
ergies with a random distribution of degenerate coefficients in [18]. Stochastic
lattices have been considered under the hypothesis that sites be distributed in
such a way that no ‘great holes’ or ‘concentration of sites’ may occur, so that
we obtain uniform upper and lower estimates for the size of the Voronoi cells
of the underlying tessellation. This implies that those lattices can be treated
in average as a regular periodic lattice (see [8, 2, 3, 13]). Our focus is precisely
in avoiding such an hypothesis considering points distributed according to a
Poisson point process in the plane (Poisson random set). We denote by N such
a set of points and by £ the set of the edges of the underlying Delaunay trian-
gulation, which are identified with pairs of points (¢,7) in N' X N (the nearest
neighbours in N'). The energy we consider can be viewed as defined on subsets
T of N by

B(T) = #{(i,j) €€ i€ 1,j £ T}. (1)

Note that the same energy can be interpreted as the number of edges of the
boundary of the set

Az = U G, (2)

=

where Cj; is the cell of the Voronoi tessellation containing the point i € N.
Another way to write the same energy is by identifying each set Z with a (scalar)
spin function parameterized by indices in N and defined by uZ = 1 if i € Z and
uf = —1if i ¢ Z, so that we may rewrite F(Z) as depending on u?, setting

E(u?) = é > (wi—wy)? = i > lui —uyl, (3)

i,jEN i,jEN

the factors coming from double counting and the fact that |u; — u;| € {0,2}.
Conversely, we may take this as the definition of the energy, and correspondingly
pass to subsets of N by noting that F(Z,) = E(u), whereZ, = {I € N : u; = 1}.



In order to describe the overall properties of E we perform a discrete-to-
continuum analysis through a scaling procedure. We intoduce a small parameter
€ > 0 and consider the scaled energy FE. defined on subsets of € by

E.(T)=ce#{(i,j) €€ i €L, j & T}, (4)
which again can be interpreted as e times the number of edges of the boundary

of the scaled set
Az =e|JCye. (5)
i€T

Note that if we had a uniform upper and lower bound of the size of each
of these edges, then E.(Z) would be comparable with the perimeter of A%. In
that case, given a family Z. with equibounded E.(Z), the sets A, = A7 would
be (locally) precompact in the sense of sets of finite perimeter; i.e., there would
exist a set of finite perimeter A such that, up to subsequences, [(A:AA)NQ| — 0
for any cube Q.

For Poisson random sets, the edges of Voronoi cells do not satisfy a uniform
estimate. Nevertheless, very long or very short edges are in a sense negligible.
Indeed, a result by Pimentel [35] implies that a path in which a large proportion
of such sets is present must be ‘short’, and hence, by an isoperimetric argument
encircle a ‘small’ set. Using this result, we can show that if F.(Z) is equibounded
and A. are defined above, then there exists families of sets B and B such that
|BL U BZ| — 0 and the perimeter of the sets

(A: UB))\ B! (6)

is equibounded. We deduce then that, up to subsequences, A, still (locally)
converge to a set of finite perimeter A.

We can then characterize the behaviour of the energies E. by computing
their I'-limit with respect to this convergence. Note that, by the isotropy of
Poisson random sets, if the limit is of perimeter type, it must be of the form

F(A) =1 H' (0A); (7)

i.e., a constant 7y (the surface tension) times the perimeter of A (in this notation
OA denotes the reduced boundary of A). The main issue is then to characterize
such 79 so as to adapt the discrete-to-continuum technique of [19, 18] to this
case. A central observation is that the union of the boundaries of all Voronoi
cells C; for which we have suitable outer and inner bounds determine a set
which possesses a unique infinite connected component. We then introduce a
parameter a > 0 that quantifies these bounds so that they become less and
less stringent when @ — 0. We denote by V, the union of boundaries of such
‘a-regular’ Voronoi cells. The properties of V, are derived from percolation
argument as in [18, 19, 17], and can be used to prove that a first-passage per-
colation formula holds for paths in V and at the same time permit to use the
blow-up technique [24, 16] for proving a lower bound. An upper bound is finally
shown by using the subadditive properties of the problems defining 7.



The techniques used to prove the homogenization theorem for nearest-neigh-
bour interactions can be used to prove an analogous result when we take into
account interactions corresponding to pairs of nodes in N with distance not
exceeding a constant R. Namely, in place of energies (4), we consider

ER(@I@)=c#{icel,j ¢l |i—j|| < Re}. (8)

Note that this energy cannot be directly compared with E. in (4) since some
nearest neighbours in N may be at a distance larger than R. Nevertheless, using
the properties of a-regular Voronoi cells we are able to show that for R large
enough energies E™ are equicoercive and still converge to an isotropic perimeter

FR(A) = 5 H'(04) (9)

almost surely as € — 0. This result is interesting in view of applications to
inhomogeneous interactions depending on the distance between the nodes (see
[2, 25]), which may be of use in Data Science.

A further result is an ‘approximate homogenization theorem’; in which for
each a > 0 we consider energies FY defined as the restriction of energy (4) to
sets whose boundary is in €V,. By the properties of a-regular Voronoi cells the
length of the boundary of sets is automatically estimated by the energy and
compactness arguments are immediate. We prove that the I'-limit of EZ is still
an isotropic perimeter Fy,(A4) = 7, H'(0A), with 7, decreasing to 7o.

It is worth noting that some of the results extend to arbitrary dimension
(mainly, the compactness lemma for sets with equibounded energy), but the
properties of regular Voronoi cells as stated and the characterization of 7y with
a first-passage percolation formula are particular of the planar case. The treat-
ment of the asymptotic analysis of the energies in higher dimension will require
different tools and homogenization formulas, which justify a separate treatment.

2 Notation and statement of the results

L2(A) or |A] denotes the 2-dimensional Lebesgue measure of a set A, 1,4 the
characteristic function of the set A, Q = [~1/2,1/2]? the unit cube in R?.

2.1 Poisson random sets

N denotes a Poisson random set with intensity A > 0 in R? defined on a
probability space (€2, F,P). We recall that a Poisson random set or stationary
Poisson point process with intensity X in R? is a map from € to the set of locally
finite subsets of R? such that for any bounded Borel set B € R? the function
#{B NN} is a random variable, and the following two conditions are fulfilled:

e for any bounded Borel set B C R? the number of points in B N A has a
Poisson law with parameter | B
)\ B n
P{#(BNN)=n}= e_MB‘i( 5] ;

n!



o for any collection of bounded disjoint Borel subsets in R? the random variables
defined as the number of points of A in these subsets are independent.

We refer for instance to [23] for equivalent definitions of a Poisson random set
and its main properties.

We also assume that the probability space is equipped with a dynamical
system T}, : Q — €, z € R2, and that for any bounded Borel set B and any
z € R? we have #((B + z) N N)(w) = #(BNN)(T,w). We recall that T, is a
group of measurable measure-preserving transformations in {2, also measurable
as a function 70 : Q x R? — Q. We suppose that T is ergodic. Further details
can be found for instance in [29, Chapter 7].

In what follows, we only consider a Poisson random set with intensity 1,
since the results for as Poisson random set with intensity A may be obtained by
considering the case with intensity 1 and then applying a scaling transformation
N — VAN

The cells of the Voronoi tessellation of N are denoted by

Ci:={x eR?: |z —i| < |z —j| for all j € N}

with ¢ € M. Each C; thus defined is a polyhedral set; the set of edges of the
Voronoi cells is denoted by V. The set of the vertices of C; (or endpoints of
elements of V) is denoted by N*

Note that we may assume that each point in R? belongs to at most three
Voronoi cells or three elements of £, since this is an event of probability 1.

The set of edges of the Delaunay triangulation of N is denoted by £ and
is identified with the set of pairs (¢,7) in N’ x A such that C; and C; share a
common edge.

We define a path of Voronoi cells as a collection {C;; : 1 < j < K} such that
C;; and Cj, ., have an edge in common, or, equivalently, such that (i5,%41) € €
for all j € {1,..., K — 1}. From the latter standpoint, we also talk of a path
in £. We say that such a path connects two sets X and Y if X N Cy # 0 and
YNCk # 0. f X = {z} and Y = {y} then we simply say that the path connects
x and y.

2.2 Asymptotic behaviour of ferromagnetic energies on
Poisson random sets

For future reference and comparison with the existing literature, we state our
results in terms of energies on (scalar) spin functions, keeping in mind the possi-
ble alternative formulations as energies on sets or on set of points. The (scaled)
ferromagnetic energy of the Poisson random set is defined on spin functions



u:eN — {-1,1} by

E.(u) =

> e(ui - uy)?

(i,j)€eE

e#{(i,j) € €€ 1 u; # u,;}

N~ ool

= e#{(t,j) €€ 1 uy =1,u; = -1}, (10)

where the scaling factor % is due to double counting and to the fact that (u; —
u;)? € {0,4}.

To each u : e N — {—1,1} we associate the (scaled) Voronoi set of u defined
by

Vi) = |J =Gy, (11)
{i:u;=1}

and the piecewise-constant interpolation (with underlying set eN'), still denoted
u:R? — {—1,1}, defined by

1 if x € V.
uwy={ ' e (12)
-1 ifx e R\ Vo(u).
Definition 2.1. We say that a family u® : eN — {—1,1} converges to a set A
if the piecewise-constant interpolations u® converge to the function 14 — 12\ 4
locally in L*(R?), or, equivalently, if 1y, (usy converge to 14 locally in LY(R?).

The following compactness lemma justifies the use of the convergence in
Definition 2.1 in the computation of the I-limit of E. [11, 12]. Note that the
result cannot be directly deduced from the compactness property of sets of
equibounded perimeter, since we cannot deduce the equiboundedness of the
perimeters of the sets V_(u) from the equiboundedness of F.(u.).

Lemma 2.2 (compactness). Let u® be such that sup, E-(u®) < 4o00. Then,
up to subsequences u® converges to some set A in the sense of Definition 2.1.
Moreover, the limit set is a set of finite perimeter.

The compactness lemma above ensures that the domain of the I'-limit of
E. be the family sets of finite perimeter in R2. The asymptotic behaviour of
E. will be described by an asymptotic formula similar to those encountered in
first-passage percolation, involving minimal paths on £ between points of R2.
To that end we define for all x € R?

mo(x) = closest point of N'* to z.

For almost all = this point is uniquely defined. For the remaining points we
choose one of the closest points of A™* to x. For z, y € R? we define

mo(x,y) = min{#{ex} : {ex} is a path in £ connecting 7 (z) and 7o (y)},
(13)



where a path of segments (in our case edges in V) connecting two points T and
7 is a collection of segments [xy_1,2x] with 1 < k < K for some K € N such
that o = T and xx = 7, and such that the related piecewise-linear curve is not
self-intersecting.

Theorem 2.3 (homogenization theorem). Let £ be a Poisson random set with
intensity 1. Then there exists a deterministic constant 79 € (0, 400) (the surface
tension) such that almost surely the energies E. defined in (10) I'-converge to
the energy F(A) = 19 H'(OA), defined on sets of finite perimeter, with respect
to the convergence in Remark 3.4. Furthermore the constant Ty satisfies

o = lim mo((0,0), (¢,0))

t—00 t

almost surely, where mq is given by (13).
The proof of this result will be the content of Section 4.

Remark 2.4. By the scaling argument N' — VAN, we deduce that if £ is a
Poisson random set with intensity A then the I'-limit of the corresponding F.

is V70 HL(DA).

3 Compactness

This section is devoted to the proof of the Compactness Lemma 2.2. Even
though we will use it in the planar case, we note that that result can be proved
in any space dimension d up to minor changes (see Remark 3.3 below).

IT denotes the set of finite connected unions of Voronoi cells (here connected
means that the corresponding set of edges of the Delaunay triangulation is
connected). If P € II we set

AP)={2€Z?: (2 +Q)NP #0}.

In what follows, if it does not lead to an ambiguity, we identify A(P) with the
union of unit squares centered at the points of A(P).

Connected sets of Voronoi cells might have rather irregular geometric struc-
ture. It is more comfortable to deal with their covering by elements of a regular
grid of squares. The lemma below states that for sufficiently large P € II the
numbers of elements in P and in A(P) are comparable.

Lemma 3.1 (Pimentel’s polyomino lemma [35]). Let R > 0 and v > 0. Then
there exists a deterministic constant C such that for almost all w there exists
g0 = eo(w) > 0 such that if P € Il and € < g¢ satisfy

PN ?Q £, max{#{i . C; C P, #A(P)} > (14)
then we have

é#{i . C; C P} < #A(P) < C#{i: C; C P). (15)



Proof. Denote IIZ, = {P € Il : 2+ QNP #0, #{i : C; C P} < r} and
Mg, ={Pecll : 2z4+QNP#W0, #{i : C; C P} > r}. According to [35,
Theorem 1] and comments to this theorem there exist constants k1 > 0, k2 > 0
and k3 > 0 such that for any z € Z?2

. —r/2 :
P{ Prgﬁrir #A(P) < s} <e 2 ifr > ks, (16)
and
P{ juax #A(P) > s} <e ™ if s > kor, (17)

Letting 7 = k15 in (16) and summing up over z € RS%Q N Z? we obtain

P min min  #A(P) < 3} < R2s2/e= s,

1 Pell?
z€RsY QNZ2 oy

By the Borel-Cantelli lemma a.s. for sufficiently large s we have

min min  #A(P) > s.

1 Pellz
2€RsY QNZ2 ks

Letting s = €~ we obtain the first estimate in (15). The second one can be
derived from (17) in the same way. O

Note in particular that in the hypotheses of the lemma, we also have
1
min{#{i . C; C P}, #A(P)} > e (18)
Further geometric properties of such Voronoi tessellations can be found in [22].

Lemma 2.2 will be a consequence of the following result.

Lemma 3.2 (compactness of Voronoi sets). Let u® be such that sup, E.(uf) <
+00. Then we can write

Ve(u) = (A: UBL)\ B,

where |BL|+|BY| = 0, {A:} is a family of sets with equibounded perimeter, the
family 1 4, is precompact in L, (R?) and each its limit point is the characteristic
function of a set of finite perimeter A, so that the same holds for 1y,_(ye).

Proof. Since we reason locally, in order to ease the notation we assume that
e.g. all u® are identically —1 outside a fixed cube (or equivalently that V.(u¢)
are contained in a fixed cube).

We fix v > 0 small enough. We subdivide 0V.(u®) into its connected com-
ponents. We denote by C2'* the family of such connected components S with

$LEN tue=1,6C,NS £} >, (19)



Note that each such connected component can be identified with the set
P =P(S) :U{ci;uei:mcms#@}, (20)

which belongs to the set II. We denote by C)'~ the family of the remaining
connected components.

The first step will be to identify the small sets B, and B/ as the ‘interior’
of contours in C2>~ where the inner trace of 1y, (,-) is 0 and 1, respectively.
In this way the remaining set will have a boundary only composed of ‘large’
components from C2>+. This argument needs a little more formalization since
we may have contours contained in other contours.

By the finiteness of the energy we have

#C~ < g
€
Note that

#(A(éS)) < Ce™7 for every S € CI°™.

Indeed, otherwise #(A(%S)) > Ce™7 > e77, so that the hypotheses of Lemma
3.1 are satisfied and (15) implies that (19) holds, which gives a contradiction.
Hence each S € C2°~ is contained in a set with boundary at most of length
Ce'=. By an isoperimetric estimate, the measure of the bounded set sor-
rounded by each S € C2'~ is O(¢2727). Hence, the total measure of such sets is
O(et=27).

Consider now each maximal S € CJ°7; i.e., which is not contained in any
other bounded set whose boundary is another element in CJ°~. For each such
S, let P be defined from S by (20). We have two cases, whether P is interior
to S or not. We denote by Ciyy’g_ the first family, by C;’E_ the second one, and
define B! as the union of the eC;/. in the interior of S for some S € €]~ and
such that uf = 1, and B! as the union of the ;. in the interior of S for some

S € Cy;- and such that uf = —1. If we set
V. = (Vo(u®)\ B)U B!
then AV, consists only of components in C2>F, and
|BLUB!| < Ce'™.
We now write V. = A, U AL, where

A = U{(€Z+5Q):52+5QCV€}
AL = ‘/;-Z\AE

3

Note that
0A. ce | 0A(P(9))

secyt



with P(S) defined in (20). By Lemma 3.1 we have
HYOA(P(S))) SCH#H{ €N tue; =1,6C;N S # 0}
Summing up over all S € C2>* we obtain
HY(DAL) < C E.(uf).

Hence, {A.} is a family of sets with equibounded perimeter, and the functions
14, are locally precompact in L!'(R?) by the precompactness of sets of equi-
bounded perimeter [10, 34].

Again by Lemma 3.1 we have

AL < Ce® > #A(P(S)) < CeE.(u).

Secyt

This shows that |AL] — 0, and proves the claim, upon adding AL to B. defined
above. O

Remark 3.3. The previous compactness result holds in any dimension d with
minor changes in the proof, upon noting that Pimentel’s lemma holds with

AP)={z€Z%: (24 Q)N P +#0}
and @ the coordinate unit cube in R [35].

Remark 3.4 (convergence in terms of the empirical measures). To each u® :
eN — {—1,1} we can associate the so-called empirical measure

w(u®) = Z £25;.

{iceN:us=1}

If u® are such that sup, E.(u°) < +o00 and u® converge to A as in Definition
2.1, then the measures p(uf) locally converge to the measure 14£? with respect
to the weak® convergence of measures. Thanks to Lemma 3.2, then these two
convergences are equivalent.

To check the convergence of u(u), we first note that we may suppose that
p(us) — fL2 for some f: R? — [0,1]. It suffices to show that f = 0 at almost
every point of density 0 for A (a symmetric argument then shows that f =1 at
almost every point of density 1 for A).

For almost all such zg we have that

limsup |V2(u) N (x0 + pQ)| = o(p?)

e—0

and limsup E, (u®,Q,) = o(p), where we have set
e—0

1

E.(u%,Q,) = 3¢ #{(i,7) € €€ 1 u; # uj,ior j € pQ}.

10



We may subdivide V(u) N (z¢ + pQ) into disjoint connected components:

V.w)n@o+p@)= |y  Pu U L
#EINN)<e™  #(LaneN)>e

We may apply Lemma 3.1 to each Ly to obtain
1
Y e#(LineN) <Y #A(ka) < C|Va(uf)| = o(p?).
k k <

As for P; we have

1 R 1 ‘ 1
#({PJ}) < EEE(U 7Qp) = 20(9)7 ;#(Pj NeN) < pS o(p).

In conclusion,

p(us)(zo + pQ) = ¥#{uf = 1, i € wo + pQ} < 0(p?) + ' Vo(p).

Letting first € — 0 and then p — 0 we prove the claim.

4 Proof of the Homogenization Theorem

In this section we prove Theorem 2.3, first characterizing the surface tension
and then computing the I'-limit. Preliminarily, we introduce regular Voronoi
cells and study their geometry.

4.1 Geometry of clusters of regular Voronoi cells

The surface tension characterizing the I'-limit will be expressed by an asymp-
totic average length of minimal paths analogous to first-passage percolation
formulas. A difficulty in our case is that in principle one of the end-points of
such paths could be located in an ‘exceptional region’ where very small Voronoi
cells accumulate. In order to treat this case, we first introduce regular Voronoi
cells and study some percolation characteristics of the grid of such cells.

For o > 0 we set

1 1
./\/2 = {z € N : C; contains a ball of radius «, diam C; < —, #edges of C; < f}
@ Q@
(21)
the family of regular Voronoi cells with parameter «. The following lemma
describes some geometrical features of regular Voronoi tessellations.
Lemma 4.1 (a channel property of N0). Let § > 0. For every T € R, v € S*
and x € R? we define

y 1
Ry g(x) = {@: |(w =25, 03)| < 0T, (@ — 2,05)| < 5T}

11



Then there exist g, Cs > 0 such that a.s. there exists To(w) > 0 such that for all
T > To(w) the rectangle Ry, 5(x) contains at least CsT' disjoint paths of Voronoi
cells C; with i € N connecting the two opposite sides of R:’},é(x) parallel to v.
This property is uniform as x/T vary on a bounded set of R2.

Proof. Our arguments rely on the result known as channel property in the
Bernoulli site percolation model in Z2. The idea of the proof is to consider
a regular grid of squares in R? and to choose the squares where the Poisson
random set possesses a number of geometric properties (properties (c1)— (c3)
below). These properties are designed in such a way that
1. the events that they hold in disjoint squares are independent, and the prob-
ability of such event does not depend on the position of a square.
1. the probability that these properties hold in a unit square is close enough to
17
113. there exists o > 0 such that any channel of squares where the mentioned
properties are fulfilled contains a path of Voronoi cells C; with i € NY (a-
channel).

We proceed to the detailed construction. Denote Qsz, := [~5L,5L])%, and
for L, K, o € Rt and j € Z? denote by £(L, K, , j) the event that the following
conditions are fulfilled:

(c1) any square [0, L]?+ Li with i € Z2N[—4.5,5.5]% contains at least one point
of N —10Lj,

(ca) the total number of points #((N — 10Lj) N Qs1) does not exceed K,

(c3) the distance between any two points of (N — 10Lj) N Qsz, as well as the
distance from any point of (M —10Lj) N Q5y, to OQsy is greater than 2.

Letting &; be the characteristic function of £(L, K, «,j) and considering the
properties of the Poisson random set we conclude that &;, j € Z?, are i.i.d.
random variables. For any v > 0 one can choose sufficiently large L and K and
sufficiently small o > 0 so that

PE(L,K,a,5)) >1—7. (22)

Indeed, the probability that any cube of size L in Q57 contains at least one
point of the Poisson random set tends to 1 as L — co. Then, given L > 0, the
probability that the number of points in ()57, does not exceed K tends to 1 as
K — oo. The probability that in the cube Q57 the smallest distance between
two points is less than a goes to zero as a« — 0. Finally, the probability that a-
neighbourhood of 0Qs, contains at least one point also goes to zero. Combining
this relations we obtain the desired property.

For any two points j', j” € Z? such that |j’ — j”| = 1 denote by I;s j» the
segment [10L;’,10L;"] in R2. If £; = &» = 1 then

(s1) any Voronoi cell C; that has a non-trivial intersection with I;/ ;j» belongs
to (Qsr + 10Lj") U (Qs + 10Lj"),

12



(s2) any such a cell C; contains a ball of radius a,
(s3) the number of edges of each such C; is not greater than K.

In particular, due to (s1) and (c2), the total number of the cells C; having a
non-empty intersection with I ;» does not exceed 2K.

Statement (s1) can be justified as follows: Let z’ be an arbitrary point of
I j». Denote by C; the Voronoi cell that contains x” and by x; the correspond-
ing point of the Poisson random set. Due to (c;) we have |2/ — z;| < V2L.
Then any point y € 9((Qsr + 10Lj") U (Qsr, + 10L;j")) satisfies the inequal-
ity |y — x;] > (5 — v/2)L. On the other hand, by (c;) the distance of y
from N is not greater than +/2L. This implies that y ¢ C;. Therefore,
C; C(Qsr +10Lj") U (Qsr, + 10L5"), and (s1) follows.

In a similar way one can show that for any C; that has a nontrivial intersec-
tion with I,/ j» and any z; € N such that C; and C; have an edge in common
we have z; € (Qs1, + 10Lj") U (Qsr, + 10Lj"). In view of (c3) this yields (s3).

Statement (s2) is an immediate consequence of (c3).

Now the desired channel property follows from the well-known channel prop-
erty in the Bernoulli site percolation model. For the reader convenience we for-
mulate it here. Let n;, j € Z?, be a collection of i.i.d. random variables taking
on the value 1 with probability p and the value 0 with probability (1 — p). We
say that {j;}4, is a 1-path if j; and j;11, i =1, 2,..., M — 1, are neighbouring
points of Z? and n;, = 1 for all 4. Then there exists pe, € (0,1) such that for all
p > per the following statement holds: for any § > 0 there exists K5 > 0 such
that for almost each w € 2 there exists Ty = To(w) > 0 such that any rectangle
RY. s(z) with T > Ty and x € [T, T]? contains at least K5 > 0 disjoint 1-paths
connecting the two opposite sides of RY. s(x) parallel to v. We refer to [30] for
further details. l

It remains to choose v in (22) in such a way that 1 — v > p.. Labeling
the squares Qsy, + 105 with the corresponding points j € Z? and recalling the
just formulated channel property of the Bernoulli site percolation model with
n; = &; we obtain the desired statement. O

From the proof of the previous lemma, in particular we obtain the following
proposition.

Proposition 4.2. There exists ag such that if o < «g there exists a unique
infinite connected component of N2, and its complement is composed of bounded
connected sets.

With this proposition in mind, we may define clusters of regular Voronoi
cells.

Definition 4.3 (a-clusters). Let oo < ag be as in Proposition 4.2. We denote
by No, the infinite connected component of N defined therein. Moreover, we
denote by N the set of vertices of edges of C; with i € Ny, by V, the set of
the edges of such C;, and by &, the set of edges of the Delaunay triangulation
defined by set of pairs (i,7) in N2 such that C; and C; share a common edge.
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Remark 4.4 (a channel property of N, ). With the notation of Definition 4.3,
note that the paths of cells C; in Lemma 4.1 can be taken with i € N,.

4.2 Geometric properties of Voronoi tessellation of Pois-
son set. Surface tension

In this section we consider the geometric properties of the Poisson-Voronoi tes-
sellation and introduce the surface tension in terms of an asymptotic distance
between two points of the grid. In order to apply the subadditive theorem we
should show that the grid distance between two arbitrary points has a finite
expectation. The symbol E stands for the expectation in Q.

Proposition 4.5. For allt > 0 we have
E(m((0,0), (£,0))) < 400 (23)
Furthermore, the limit

5= Lim mO((OvO)7(t’O))

t—+oo t
exists almost surely and is deterministic.

Proof. We say that a set S C Z? is [*°-connected if for any two points i and
j in S there is a path i = ig,i1,...,%, = j in S such that |ip — ix—1|ec = 1,
k=1,...,m.

Consider all [*-connected sets in Z? of size n that contain the origin. Ac-
cording to [28, Proof of Theorem 4.20] for any n > 0 the number of such sets is
not greater than C§ for some constant Cy > 0.

Next we choose L, K and o > 0 in such a way that C3vy <
defined in (22).

We say that a site j € Z? is open if conditions (c1)-(c3) in the proof of Lemma
4.1 are satisfied; otherwise j is closed. The probability that a [*°-connected set
in Z? consists of closed points, has size n and is a maximum [*°-connected
component of closed points does not exceed 4. We denote such a set by S(n).

Consider the sets

1

7> Where v is

So(n) = U (Qsr + 10Lj),

JjE€S(n)

Si(n) = So(n) | J{z € R? : distoo(x,10LS(n)) < 10L}.

If Sp(n) contains k points of NV, then the length of the shortest path from (0,0)
to (1,0) does not exceed (k+8nK)?. The probability that Sp(n) contains exactly
k points of NV is equal to

(100L2n)*

x exp(—100L*n).

14



Denote Ly = 100L2.
The probability that S(n) is a maximum connected component of closed
sites and that Sp(n) contains exactly k points of A/ is not greater than

n 1 Lon k %
prn = (") 2 (% eXp(—Lon)) :
Summing up over all connected sets in Z? that contain the origin and over all k
from 0 to 400, we obtain that the expectation of the shortest path from (0,0)
to (1,0) admits the following upper bound:

E(mO((Ovo)a (170))) < Z Z C;kan(k' + 8TLK)2

n=0k=0
(oo}
1 Lon)* 3
< Z exp ((log(Ca) + B log(y))n) <( (IL' ) exp(—Lon)) ’ (k + 8nK)>.
n,k=0 ’
Since %exp(—Lon) < 1, using the Stirling formula and considering our

choice of 7, one concludes that the series converges. This yields the relation in
(23) for t < 1. For larger t we use the subadditive property of mq((0,0), (¢,0)).
Namely, for any s1, t; and sg, to we have

mo((0,0), (s2,t2)) < mo((0,0), (s1,t1)) +mo((s1,t1), (52,12)).

This ensures the relation E(mg((0,0), (¢,0))) < +oo for any ¢ > 0.
In the same way one can show that

E(Oitzglmo(((),()), (¢,0))) < +oo0.

Then the second statement of Proposition follows from the Kingman subadditive
ergodic theorem, see [32, Theorem 5.6] for the continuous-time version of this
theorem that applies in the case under consideration. |

Proposition 4.6 (isotropy and uniformity of the surface tension). We have

T0 = hm 7’”’10 <x’ i + t'U) (24)
t—+o0 t
for all v € S*, and the limit is uniform for x = x(t) if |x| < Ct and v € S*.

Proof. Our first goal is to show that there exists a constant Cy such that a.s. for
any > > 0 and ¢; > 0 and for all ¢ > to(w, ¢1) we have

mo(z,y) < Colx —y| + »t + V't (25)

for all  and y from the cube {x € R? : |z|s < cit}. To this end we use again
the definition of a cube Q5 given in the proof of Lemma 4.1 and recall that
a site j € Z? is open if conditions (c;)—(c3) are fulfilled. We then choose the
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parameter « in (22) sufficiently small so that the open sites form a.s. an infinite
open cluster that we call C. Then a.s. for sufficiently large ¢ the diameter of
any [°°-connected component of sites in in the complement to the infinite open
cluster in {z € R? : |z| < (10L)7lcit} does not exceed cplogt with ca > 0,
see [28]. Computing the probability to have in a cube of size ¢o logt more than
V/t points of A, considering the fact that the number of such cubes centred at
j € Z* and belonging to {z € R? : |z|s < (10L)"teit} grows polynomially in
t and using the Borel-Cantelli lemma we conclude that a.s. for sufficiently large
t we have

mo(x, 7o) < VE  mo(y, 7a(y)) < VA, (26)

where 7o (x) is the nearest to x vertex of the union of the Voronoi cells that
contain points of the scaled infinite open cluster 10LC.

From the results in [26] it follows that a.s. for sufficiently large ¢, for any
two points j! and j2 of the open infinite cluster such that j!, j2 € {x € R? :
|7|0o < (10L)~teit}, and for any s > 0 the cluster distance between j! and ;2
is not greater than Cy|j! — j2| + st; here C5 is a positive constant that does not
depend on s. Combining this estimate with (26) we obtain (25).

Next, we are going to show that for any z € R? with |z| < C and any v € S*

the limit relation
mo(tx,txr 4+ tv
To = lim —0( +tv) (27)
t——+o0 t
holds a.s. In view of (25) it suffices to prove this relation for integer ¢ that tends
to co. In the remaining part of the proof we call this parameter n instead of ¢.

We fix a small positive § > 0 and denote by Ay the event

mo(O, ]iZ'U)
k

Since P(Apy) tends to 1 as N — oo, for any § > 0 there exists Ny = No(d) such
that

AN:{wEQ: -7 §9f0rallk2N}.

P(Ay,) >1-6.

By the Birkhoff ergodic theorem a.s. for any v > 0 and » > 0 there exists
ko = ko(w, v, ») such that

k
1
13" 1, (L) — P, < v
=1

for all k > %ko and moreover inequality (25) holds for all such k. We assume
that v and § are small enough so that 3(v + 6) < 1.

For k > kg denote by ¢ the maximum of integers j such that j > k + 1 and
for all i € (k,j) we have Ty,w &€ An,.

Let M be the number of unities in the sequence {14, (me)}f:l. By the

definition of £, the number of unities in {1.4,, (me)}fif is equal to M as well.
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Since k + £ > kg, we have

(+ (k— M)
kE+¢ '

M
This yields
L+ (k—M)
k+¢
Since k — M > 0, recalling that v 4+ § < % we obtain ¢ < 2(v + 0)k.
For an arbitrary k > max (ko, No) and L = 3(v + &)k there exists n €
[k, k + L] such that T,,w € Ay,. Then we have

<v+1-P(Apn,) <v+0.

‘%m‘(‘,’(nz,nz + kv) — 7‘0‘ = ‘%monw(O, kv) — 10| < 6. (28)
Since n — k < 3(v + d)k and k > ko, then by (25)

|mo(n@, nz + kv) — mo(kz, kz + kv)| < [3CoC (v + 6) + sk + VEk.

Dividing by k and considering (28) we obtain

1 1
m (ke ko + ko) = 70| < 0+ [BCoC(v + 6 —.
’kmo( z, kx + kv) — 19| < 0+ [3CoC(v + )+%}+\/E
It remains to take into account the fact that 6, v, § and s are arbitrary positive
number, and (27) follows.
In view of estimate (25) the pointwise convergence in (27) implies the uniform
convergence in (24) for |z| < Ct. This completes the proof. O

Proposition 4.7 (coerciveness of the surface tension). We have 79 > 0.

Proof. Given ¢t > 0 take a minimal path {ex} for mo((0,0), (0,¢)). We can apply
Lemma 3.1 withe =1/t, R=1,y=1/2, and P € II with e, C P for all k. We
then have

t(14+0(1)) < #A(P) < C#{C; : C; C P} < C#{ex},

which shows the claim, since the constant in this estimate are independent of t.
O

Proposition 4.8. There exists a constant Cy such that if t is large enough
then if {ex} is a test path for mo(xz,z + tv) with x as in Proposition 4.6 with
#({er}) < tM, then each point of {er} is at most at distance CoMt from x.

Proof. Tt suffices to apply Lemma 3.1 to the set of all Voronoi cells with non
empty intersection with [ J, e and € = 1/t. We then cover | J, e, with the union
of at most 2Cy Mt cubes, from which the claim follows. |
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4.3 Computation of the I'-limit

Lower bound. We use an argument typical of the blow-up technique [24, 16].
Let u® — A. Since A is of finite perimeter, with fixed ¢ > 0 and § > 0 we
consider a disjoint finite family of rectangles

Ri= {5 (@ — w0 < pu (o — 5,0} < i}
such that
Hl(aA\URi)ga and ‘Zpi—Hl(ﬁA)‘So.

Since A. — A we may assume that
LAANRD) =o(l),  LA(A\A)NEF) = o(1)

as € — 0, where

We now fix an index i. We use the channel property in Lemma 4.1 to find
a path {EC;_} joining the two sides of Rj' parallel to v;, with j endpoints of
segments of a path in &,, and such that

2 + + ) +
L (Asti mngJCj ) < o CANRD),

which follows from the existence of a number of disjoints paths proportional to
Pi-

Note that, since [eC}7| > me?a?, we have

1
emCsp;a

#{j:eCH Cc A} < L2(A:NRY).

e

;azm(AEijmeUCj) <
J

Similarly, we define {C; } joining the two sides of R; parallel to v;, and
such that

LQ((A\As) NR- mEch—) < %LQ((A\As) NRy),
” dPi
so that
#12C; € (A\AD} € —s LA\ A) N R)).

We define U as the connected component of R} \ e ; C;“ containing the
upper side S = {z € R : (x — x;,1;) = 35p;} and U- as the connected
component of R;” \ e{J;C; containing the lower side S;” = {z € R; : (z —
x;, Vi) = —30p; }, and define

A= (A N\UHUUS.
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We now consider the connected component of the set (R; U R UR; )\ A,
containing the upper side S;“ . Note that this connected component does not
contain S; , so that it contains a path of edges {e5} in V connecting the two
sides of R; U R;r U R; parallel to ;. We denote by xei the extreme points of
this path.

Using Proposition 4.6, we can now estimate

#{edges of OV.(u®) inside R;} > #{edges of OA. inside R;}

1

> ey .~
el #{ek} ETFC(SMO(QO(I)

1
> R i P
> mo(aza?) = o)

Pi 1

> (ro+o(l))= = ———o(1).

e enCsp;a?

Summing up in ¢ we then get

liggigleg(ue) > Zpﬂ'o > 79(H'(0A) — o)

and prove the claim by the arbitrariness of o.

Upper bound. By an approximation argument [11, 10] it is sufficient to prove
the upper bound for polyhedral sets. Moreover, we can just deal with a single
connected bounded polyhedron A with a connected boundary since all other
cases can be reduced to that by considering union or complements of such sets.

We write the boundary of A as the union of segments [z;_1,z;] with end-
points xg,...,rx € R? with 2y = x¢. With fixed m € N and § > 0, for all
j€{l,....,N}and l € {1,...,m} we consider a non-intersecting path {ek’l} in
V between mo(z5,,_;) and mo(25,,), where

1 l
£ I i _ .
x],m - € (x]—l + m(xj xj—l))v

such that 1
y
#lep'} < —lwj = wj-1l(7o + ). (29)

Denoting the union of the rescaled paths

sm _ gl
B =e¢ U €5
Jlk

let A>™ be the complement of the infinite connected component of R?\ B>™

(note that the paths {ef;l} may intersect, so that there may be more than
one bounded connected component of the complement of their union). If u° is
defined as

(30)

i

. 1 ifie AS™
u; =
—1 ifig Ad™,
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then we have

Bw) < e #d) <Y lay -yl +0)
7,5l

Jibsk

= HYNOA) (7o + 0), (31)

since the boundary of A>™ is contained in Bo™.
By Lemma 2.2, thanks to (31) these sets converge as € — 0 to a set of finite
perimeter A%™, and

- limsup E. (A%™) < HY(DA) (o + 9). (32)

e—0
Thanks to Proposition 4.8 each point of a{ei’l} is at most at a distance C'/m

from the segment [emo(25,,_;),em0(25,,)], and hence, since

5121(1)57%(33;,771) =rj_1+ E(l’j —xj-1),

the boundary of A%™ is contained in a C/m-neighbourhood of dA. This im-
plies that A%™ converge to A as m — +oo independently of §. By the lower
semicontinuity of the I'-limsup [11] we then deduce that

T-limsup E(A) < lim T-limsup E(A%™) < H(94) (10 + ),

e—0 m—+00 e—=0

and the claim is proved.

5 Finite range of interactions.

In this section we consider a Poisson model with finite range of interactions.
Given R > 0 denote by E™ the subset of ' x A defined by

ER={i,jeN,: |i—j| <R}

The corresponding (scaled) ferromagnetic energy on spin functions u : eN —
{-1,1} takes the form

BR@) = 5 Y eln—w) = ge#{(i)) €€ i £ )
(i,j)€ER
= e#{(i,j) € eER 1wy = 1,u; = —1}. (33)

We assume that R is sufficiently large. In order to clarify this, we fix v € (0, %)
and denote by £7,(5), j € Z?, the event that the following condition is fulfilled:
e any square [0, L]? + Li with i € Z? N [-9.5,10.5]? contains at least one point
of N —10Lj.

The squares 10Lj + Q2o for which this condition holds are called L-good. As
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explained in the proof of Lemma 4.1 the probability of £(j) tends to 1 as
L — oo. Letting Qo201 (j) = 10Lj + Qoor, With j € Z? we say that a collection
of squares {Q207(jx)}5_, is admissible if the interiors of these squares do not
intersect. We say that Q20 (j) and Q2o (m) are neighbouring if |m — j| = 2 or
|m — j| = /5. The notion of connectedness is introduced accordingly.

Lemma 5.1. There exist Lo > 0 and f > 0 such that a.s. for any R > 0,
there exists eg(w, R) such that for any L > Lo and for e < &g, any admissible
connected subset S of {Q20r(j)}jezz with #(S) > e~ and SN[—e 'R, e 'R|* #
(0 contains at least B#(S) L-good squares.

Proof. The proof relies on the standard counting arguments. Each (20L)-square
has 12 neighbouring squares. Therefore, the total number of connected admissi-
ble sets of squares that contain Q20r,(0) and have cardinality N does not exceed
€N with a constant ¢ > 0, see [28]. For any finite collection of admissible (20L)-
squares the events £ (j) are independent. Thus, for any admissible connected
set of such squares that has exactly IV squares the probability that the propor-
tion of good L-squares is less than f is less than exp [(E—l—log 24+6(1-&, (0))) N] .
Since, the probability of £r,(0) tends to 1 as L — oo, this yields the desired
statement by the Borel-Cantelli lemma. |

From now on we assume that R > 5Lg. For the energies defined in (33)
we obtain a I-limit (homogenization) result. Since the techniques used here
are quite similar to those used in the previous sections, for the majority of
statements we provide just a sketch of the proofs.

Lemma 5.2. Let R be sufficiently large, and assume that a family {u®} is such
that sup, ERX (uf) < 4+o0. Then V.(uf) admits the following representation.:

Ve(u®) = (A UBJ)\ BY,

where |BL| + |BY| — 0 as ¢ — 0, the family 14, is precompact in Li _(R?) and

loc
each its limit point is the characteristic function of a set of finite perimeter A,

so that the same holds for 1y, (y<).

Proof. The proof follows the line of the proof of Lemma 3.2 after replacing
the unit square @ with Q10r,. In particular, the sets B., BY, AL and Al are
introduced in the same way as in Lemma 3.2. The inequality

HU(DAL) < C ER (u)
follows from Lemma 5.1. O

Denote J® the set of segments [i,j] C R? with (i,5) € E®. Then for any
smooth non-selfintersecting curve ¢ : [0,1] — R? such that ¢ has no points in
common with A we set

mf = #({<p(t) :tef0,1]}N JR)
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and
R

m®(z,y) = min mgy .

¥, p(0)=z,0(1)=y

The proof of the next statement is exactly the same as that of Proposition 4.5.
It relies on the properties of a-squares introduced above and the subadditive
theorem.

Proposition 5.3. For allt > 0 we have
E(m”((0,0), (£,0))) < 400 (34)
Furthermore, the limit

7_72: lim mR((0’0)7(t70))

t——4o00 t
exists almost surely and is deterministic.

The convergence stated in the previous proposition is uniform if the starting
point satisfies the estimate z < Ct. This is granted by the following proposition.

Proposition 5.4. We have

R
t
R ol ™ (x,x + tv)

t——4o00 t

(35)

for allv € S*, and the limit is uniform for x = x(t) if |z| < Ct and v € St.

The proof of this statement is the same as that of Proposition 4.6.
We proceed with the main result of this section.

Theorem 5.5 (homogenization theorem). Let N be a Poisson point process with
intensity 1. Then for sufficiently large R the energies EX defined in (33) T-
converge to the energy F™(A) = 7R H1(OA), defined on sets of finite perimeter,
with respect to the convergence introduced in Definition 2.1.

Proof. The statement of this Theorem can be derived from Lemmas 5.1-5.2 and
Propositions 5.3-5.4, it follows the line of the proof of Theorem 2.3. |

6 Approximate surface tensions

In this final section we consider the restriction of the energies E. to (spin func-

tions with corresponding) sets whose boundary is composed of edges of a-regular

Voronoi cells. We denote by EZ such energies. Note that in this case EZ(u®)

immediately gives the equiboundedness of the perimeter of the sets V. (u®) and

hence their precompactness. We briefly describe the limit of EZ at fixed a.
With given a < o as in Proposition 4.2 we define for all z € R?

7o(x) = closest point of V¥ to z.
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For almost all = this point is uniquely defined. For the remaining points we
choose one of the closest points of N to z. For all z,y € R? we set

mea(x,y) = min{#{er} : {ex} is a path in V, connecting 7, (z) and 7, (y)}.
Proposition 6.1. For all o < aqg a.s. the limit

. mg(x, x4+ tv)
T = lim —————=
t—+00 t

exists for all v € S, and the limit is uniform for x = z(t) if |x| < Ct and
v € S1. Furthermore 7, € (0, 400).

Proof. The proof follows that for 79, and is actually simpler since bounds for
ma(z, x + tv) are easier. O

Theorem 6.2 (homogenization on the a-cluster). For a < ag almost surely
there exists the T-limit of ES and it equals T, H'(DA).

Proof. The proof is the same as for the homogenization theorem in the previous
section, taking care of using the same a as the one labeling the energies in the
proof of the lower bound. Note that it is not necessary to use Proposition 4.8
for the proof of the upper inequality. O

Proposition 6.3. We have inf 7, = lim 7,.
a<ag a—0

Proof. Choose oy > 0 in such a way that for some L and K we have
P(E(La K7 aOaj)) > Per-

It suffices to show that 7,, < 74,,if 0 < a1 < ag < ap. Since N, C N7, then

10
min {#{ex} : {ex} is a path in Vs, connecting mq, (7o) and 7, (z¢) }
< May (‘T(Jv xt)a

(36)

where o = 0 and z; = (¢,0). We should estimate
min {#{e} : {ex} is a path in V,, connecting 7, (z;) and 7, (z,) }.

To this end we consider the cubes Qsy, + 10Lj, j € Z?, that were introduced in
the proof of Lemma 4.1 and take those of them that satisfy conditions (c1)—(c3)
for @« = ag. Under our choice of ag a.s. these exists a unique infinite cluster
of such cubes. The complement to the infinite cluster consists of connected
bounded sets. Moreover, according to [28], for sufficiently large ¢ the maximal
size of the connected components in the complement to the infinite cluster that
have a non-trivial intersection with [—2¢,2t]?] does not exceed clog(t). This
implies that the size of the maximal connected component of [—2t,2t]%] \ V,,
does not exceed clog(t). Since N C N, C Nj,, then 74, (2;) and 7a, (24)

aq?
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belong to the closure of the same connected component of [—2t,2t]%] \ Va,.
Therefore,

1
tlim n min {#{ey,} : {ex} is a path in V,, connecting 7,, (z;) and 7, (z,)} = 0.
—00
Similarly,

1
Jim + min {#{ew} : {er} is a path in V,, connecting ma, (z) and mq, (z9)} = 0.

Combining these two relations with (36) we obtain the desired inequality 7,, <
Tog - ]
It turns out that for vanishing « the approximate surface tension 7, con-

verges to 7g. It is the subject of the following statement.

Proposition 6.4. The following relation holds

ilg}) Ta = To- (37)

Proof. Due to Proposition 4.6 for large n we have
ma((0,0),(0,n)) = mo((0,0), (0,n))(1 + o(1)),

where a.s. o(1) tends to zero as n — co. Therefore, 7, > 79. Our goal is to prove
the opposite inequality. To this end consider a cube @,, = [-n,n]?, and denote
by CI" the cells of Voronoi tessellation corresponding to the set N = N N Qy,
the dual set is denoted by N*", and £" is defined accordingly. Letting

7y (z) = closest point of N*™ to
for all x € @,,, we introduce

mg (x,y) = min{#{ex} : {ex} is a path in E™ connecting 7} (x) and 7§ (y)}
(38)
for z, y € @,. By the same arguments as those used in the proof of Proposition
4.6 one can show that a.s.

Tim mS((OJiL),(O,n)) . (39)

Then for any > > 0 and § > 0 there exists ng > 0 such that
P{m{°((0,0), (0,n0)) > mono(1+6)} < ». (40)

Next we choose a1 > 0, K and L such that, for any j € Z2,

P(E(L, K, a1,j)) > 1 — . (41)
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The choice of a;, K and L does not depend on ng. Without loss of generality
we may assume that
K < 57’077,0 (42)
and that ng = (5L + 10l L) for some l; € ZT, that is the point (ng,0) belongs
to the right side of the cube Q51 + 10Lj; with j; = (I1,0).
As was shown in the proof of Lemma 4.1 the inequality

P{S(%,Kg,ag,j)} >1— (43)

holds for sufficiently large K5 and sufficiently small ao; here we assume that ng
is large enough.

Denote e;, i = 1, 2, the standard basis in R?. We say that a cube Q,,, is
ag-good, if
o m{°(0,£npe;) < Tono(l+90), i=1,2;
o wE E(L,K,Oll, :tllel-), t=1,2;
o we€E E(%,Kg,ag,O).

A cube Q,, + 2n0j, j € Z?, is said to be ag-good, if the cube Q,, is aa-good
with respect to the point process N — 2ngj.

Define a random variable §; which is equal to 1, if the cube @, + 2n¢j is
az-good, and 0 otherwise. The random variables {6;},cz2 are i.i.d. From (40)-
(43) it follows that P{6; = 1} > 1 — 9. Furthermore, for any two neighbouring
ag-good cubes Qn, + 21971 and Qn, + 2n¢j2 with |[j1 — j2|ec = 1 we have

May (27’Loj1, 2n0j2) S 2TQTLO(1 + 25) (44)

For small enough s the as-good cubes {Qn, + 2ngj} form a unique infinite
cluster which is identified with the corresponding cluster for the variables ;.
For t = 2nok with k € ZT denote by p,.(k) the cluster distance between the
as-good cubes which are closest to 0 and to ¢, respectively. According to [28]
the limit p(s) = klgrolo (k~1ps(k)) exists a.s. and is deterministic. Moreover,

p(3) — 1 as 3x — 0. Then for large k we obtain
May ((0,0),(0,4)) < 270n0(1 + 28) (px (k) + o(k)),

where o(k) tends to zero as k — oo. Dividing the last relation by ¢ and passing
to the limit ¢ — oo yields

Tas < To(1 4 20)(p(5¢)).

Since § and s are arbitrary positive numbers and p() tends to 1 as » — 0, we
obtain the desired convergence (37). O

Acknowledgments.

The authors acknowledge the MIUR Excellence Department Project awarded
to the Department of Mathematics, University of Rome Tor Vergata, CUP
E83C18000100006.

25



References

[1]

[13]

[14]

R. Alicandro, A. Braides, and M. Cicalese, Phase and anti-phase boundaries
in binary discrete systems: a variational viewpoint. Netw. Heterog. Media
1 (2006), 85-107

R. Alicandro, M. Cicalese, and A. Gloria. Integral representation results
for energies defined on stochastic lattices and application to nonlinear elas-
ticity. Arch. Ration. Mech. Anal. 200 (2011), 881-943.

R. Alicandro, M. Cicalese, and M. Ruf. Domain formation in magnetic poly-
mer composites: an approach via stochastic homogenization. Arch. Ration.
Mech. Anal. 218 (2015), 945-984.

L. Ambrosio. Existence theory for a new class of variational problems. Arch.
Ration. Mech. Anal. 111 (1990), 291-322

L. Ambrosio and A. Braides, Functionals defined on partitions of sets of fi-
nite perimeter, II: semicontinuity, relaxation and homogenization, J. Math.
Pures. Appl. 69 (1990), 307-333.

A. Bach, A. Braides, and M. Cicalese. Discrete-to-continuum limits of
multi-body systems with bulk and surface long-range interactions. SIAM
J. Math. Anal. 52 (2020), 3600-3665.

A. Bach, A. Braides and C. I. Zeppieri. Quantitative analysis of finite-
difference approximations of free-discontinuity problems. Interfaces Free
Bound. 22 (2020), 317-381

X. Blanc, C. Le Bris, and P.L. Lions. The energy of some microscopic
stochastic lattices. Arch. Ration. Mech. Anal. 184 (2007), 303-339.

T. Bodineau, D. Ioffe, Y. Velenik, Rigorous probabilistic analysis of equi-
librium crystal shapes, J. Math. Phys. 41 (2000) 1033-1098.

A. Braides, Approzimation of Free-Discontinuity Problems, Lecture Notes
in Mathematics 1694, Springer Verlag, Berlin, 1998.

A. Braides, I'-convergence for Beginners, Oxford University Press, Oxford,
2002.

A. Braides, A handbook of I'-convergence. In Handbook of Differential
Equations. Stationary Partial Differential Equations, Volume 3 (M. Chipot
and P. Quittner, eds.), Elsevier, 2006.

A. Braides, M. Cicalese, and M. Ruf. Continuum limit and stochastic ho-
mogenization of discrete ferromagnetic thin films. Anal. PDE 11 (2018),
499-553.

A. Braides, A. Defranceschi and E. Vitali. Homogenization of free discon-
tinuity problems. Arch. Ration. Mech. Anal. 135 (1996), 297-356.

26



[15]

A. Braides and L. Kreutz. An integral-representation result for continuum
limits of discrete energies with multi-body interactions. SIAM J. Math.
Anal. 50 (2018), 1485-1520

A. Braides, M. Maslennikov, and L. Sigalotti. Homogenization by blow-up.
Applicable Anal. 87 (2008), 1341-1356.

A. Braides and A. Piatnitski, Overall properties of a discrete membrane
with randomly distributed defects. Arch. Ration. Mech. Anal. 189 (2008),
301-323.

A. Braides and A. Piatnitski. Variational problems with percolation: dilute
spin systems at zero temperature J. Stat. Phys. 149 (2012), 846-864

A. Braides and A. Piatnitski. Homogenization of surface and length energies
for spin systems. J. Funct. Anal. 264 (2013), 1296-1328.

L.A. Caffarelli and R. de la Llave. Planelike minimizers in periodic media.
Comm. Pure Appl. Math. 54 (2001), 1403-1441.

F. Cagnetti, G. Dal Maso, L. Scardia, and C. I. Zeppieri. I'-convergence of
free-discontinuity problems. Ann. Inst. H. Poincaré Anal. Non Linéaire 36
(2019), 1035-1079.

P. Calka. Precise formulae for the distributions of the principal geometric
characteristics of the typical cells of a two-dimensional Poisson-Voronoi
tessellation and a Poisson line process. Adv. Appl. Prob. 35 (2003), 551-
562.

D. J. Daley and D. Vere-Jones, An introduction to the theory of point
processes, Springer-Verlag, New York, 1988.

I. Fonseca and S. Miiller. Quasi-convex Integrands and lower semicontinuity
in LY. SIAM J. Math. Anal. 23 (1992), 1081-1098.

N. Garcia Trillos and D. Slepéev, Continuum limit of total variation on
point clouds, Arch. Ration. Mech. Anal., 220 (2016), 193-241.

O. Garet and R. Marchand, Asymptotic shape for the chemical distance and
first passage percolation on the infinite Bernoulli cluster. ESAIM Probab.
Statist. 8 (2004), 169-199.

O. Garet and R. Marchand, Large deviations for the chemical distance in
supercritical Bernoulli percolation. Annals of Probability 35 (2007), 833-
866.

G. Grimmet. Percolation. Springer, Berlin, 1999.

V.V. Jikov; S.M. Kozlov; O.A. Oleinik, Homogenization of differential op-
erators and integral functionals., Springer-Verlag, Berlin, 1994.

27



[30]

[31]

[32]
[33]

[34]

[35]

H. Kesten, Percolation Theory for Mathematicians. Progress in Probability
and Statistics, 2. Birkh&auser, Boston, 1982

JFC. Kingman. Subadditive ergodic theory. The Annals of Probability, 1
(1973), 883-899.

U. Krengel. Ergodic Theorems. W. de Gruyter, Berlin, 2011.

U. Krengel and R. Pyke, Uniform pointwise ergodic theorems for classes
of averaging sets and multiparameter subadditive processes. Stoch. Proc.
Appl. 26 (1987) 298-296.

F. Maggi. Sets of Finite Perimeter and Geometric Variational Problems: an
Introduction to Geometric Measure Theory. Cambridge University Press,
Cambridge, 2012.

L.P.R. Pimentel. On some fundamental aspects of polyominoes on random
Voronoi tilings. Brazilian Journal of Probability and Statistics 27 (2013),
54-69

28



