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1. Introduction

We consider nonlinear heat conduction through a periodic laminate which consists of k layers of equal thickness in
each period. The temperature u is only dependent of the direction x orthogonal to the layers and the local heat flux Q (x) is
assumed to be given by the following power law:
du|"2 du
dx dx’
for some constant T > 1, where A(x) is called the local conductivity. The conductivity of the layers in one period of the

laminate is denoted A1, Ao, ..., Ax (see Fig. 1). Assuming no heat-source inside the wall, the conservation of energy gives that
dQ /dx = 0. Hence, Q (x) = K for some constant K, and we obtain that

du
Codx’
By integration we then obtain “average” relation

)

where (-) denotes the average taken over one period, and g*, called the effective conductivity, is given by
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The average process mentioned above represents the simplest possible case of homogenization of monotone operators.
For more detailed information we refer to the literature, see e.g. the papers [1-3]. Roughly speaking, the main idea of
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Fig. 1. Laminate consisting of k = 3 layers in each period.

the homogenization method is to estimate the parameters of a homogeneous material or media whose effective behavior
corresponds to the composite structure we want to study. For an elementary introduction to the subject, see e.g. the book
by Persson et al. [4] (see also [5]).

For all practical purposes the conductivities of the layers, and hence, also the effective conductivity, are always positive
values. In this paper we assume that the quantity —r = 1/(r — 1) and the conductivities A1, A, ..., A; are all positive integers
and discuss the problem of determining what combinations of these quantities which make the effective conductivity q*
integer valued.

2. A useful lemma

We recall that the r-th power mean P, = P,(ay, ay, . . ., a;) (with equal weights) of the positive numbers ay, a, ..., ai is
defined by
d+d 4+ --+d 1/r '
1 2 k ifr #0,
P, = k
Yaia; - - ay ifr =0.
Lemma 1. Let a4, ay, ..., a, and z be positive integers such that the greatest common divisor gcd(ay, az, ..., ax, z) = 1. Then
z = Pi(ay, az, ..., ay) if and only if there exist positive integers a}, a,, ..., a, and z’ such that ged(a), d, ..., @, 2") = 1,0, =
d/a,z=d/z' andz' = P_(d}, d,, ..., ay), where d is the least common multiple d = Icm(a}, a;, ..., a;, Z).
Proof. If z = P, (ay, aa, ..., ar) we have thata} + a}, + - - - 4 aj, = kz'. Dividing with d", we obtain that (a}) ™" + (a})™" +

-+ 4 (ap)™" = k(z')7". Hence,

k

ie.z = P_(da},d,,...,a).1fd}, d,, ..., a, and z’ are integers it is clear that a; = d/a; and z = d/Z’ are integer valued.
If, in addition, ged(a}, @, ..., a,,z') = 1, we obtain that gcd(aq, a;, ..., ar,z) = 1 (which is a consequence of the
fact thatd = Iem(d), d), ..., a,,7’) and ged(d}, d), ..., a,, z') = 1). Conversely, if a;, a,, ..., ax and z are integers and
d =Iem(ay, ay, . .., a, z),itisclear thata; = d/a; and z’ = d/z are integer valued. If, in addition, gcd(ay, az, . .., a;, z) = 1
we find by similar arguments as above that gcd(a}, dj, ..., a;,z') = landd = Iem(d}, @}, ..., a,,Z"). O

3. Thecasek =2

For the case k = 2 and r = —1 we obtain the following result.

Corollary 2. The integers a, and a, making z = P_1(a4, a) integer valued (and, hence, q* integer valued if T = 2) are precisely
those on the form

a=tpp+q, a=tq(p+q) (1)
(in this case P_; = 2tqp) and the form
G =tRp+1DpP+q+1), a=tQRq+DHpP+q+1) (2)

(in this case P_1 = t(2q + 1)(2p + 1)), where p, q and t are integers.

A proof of this result can be found in [6]. Here, we give an independent proof based on Lemma 1.
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Proof. Let us assume that

ged(ay, a5, 2') = 1. (3)
It is easily seen that the only integers a} and a), which make z’ = P;(a, d) integer valued are precisely those of the form

(@ a)) =24+ 1,2p+ 1) (4)
or

(ay, @) = 2(q. p), (5)

for some integers p and q. Hence,z’ = p+ q+ 1orz’ = p + q, respectively. In the case (4), it follows by (3) and the fact that
odd numbers are not divisible by 2 that

gcd2p+ 1,29+ 1) =gad@p+1,p+q+1) =ged2g+1,p+q+1) = 1.
Hence,

d=lem(d}, a,,z2) = 2p+1D2q+ D +q+1).
In the case (5), it follows by (3) that

ged(p, q) = ged(p,p+q) = ged(g,p+q) =1,
which gives that

d = lem(a}, a5, z2") = 2pq(p + q).

Hence, (1) and (2) follow by Lemma 1 for the case t = 1. The general case gcd(a;, a,,z) = t follows by multiplying this
parametrization with t.

In 1952 Denés [7] conjectured that there exist no positive integers x, y and z, where x # y such that x" + y" = 2z" for
any integer r > 3. He even proved this result for 2 < r < 31. Motivated by the famous breakthrough which led to the proof
of Fermat’s Last Theorem, Ribet [8] proved this result when r is divisible by a prime which is congruent to 1 mod 4. Darmon
and Merel [9] were able to give the final proof of Denés Conjecture in 1997 by retracing the steps in Ribet’s argument. O

Remark 3. Thanks to this result we know that there exist no integers a; ## a, such that P, (a;, a;) becomes integer valued
for any integer r > 3. According to Lemma 1 we therefore obtain that g* can never be integer valued whenk = 2if 1/(1—1)
is an integer less than —2.

The only integers a; and a, making P, (aq, a;) integer valued are precisely those on the form

ay =tlp> —2pq—¢°|.  ay = t|p* +2pq — ¢*| (6)
(giving the value P,(aq, a;) = t(p? 4+ ¢%)), where p, g and t are integers (see e.g. [10, pp. 437-438]).

Remark 4. Using this result it is possible to show (see [6]) that the integers a; and a, making P_; (a4, a;) (hence also g* if
T = 3/2) integer valued are precisely those on the form

a =t@*+AIp? —2pq — ¢,  a =t(*+¢)Ip* +2pq — ¢*| (7)
(giving the value P_(ay, a2) = t(p* + ¢*)|p* — 2pq — ¢*| Ip* + 2pq — ¢*|).

4. Thecasek > 3

Due to the fact that there exist no integers a; # a, such that P.(ay, a;) becomes integer valued for any integer r > 3,
one might expect that this result could be generalized, namely that P, (a, ao, .. ., a,) cannot be an integer for any integer
r > 3 and any combination of integers ay, a,, ..., a, except for the trivial case a; = a, = - - - = a,. However, this is not true.
For example, P3(10, 17, 108) = 75. Utilizing this fact we easily obtain the following more general result.

Proposition 5. For k > 3 there exist nontrivial combinations of integers ay, a, ..., a, such that Ps(a, az, ..., ai) is integer
valued.

Proof. By inspection we see that
(10)° + (17)° 4 (108)* = 3 - (75)°,
or equivalently,

(10)> + (17)3 4+ (108)° + (k — 3)(75)% = k(75)3.
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Hence,
(1)’ + (17> + (108)° + (k= 3)75°\ "* ___
k ST
Setting a; = 10,a, = 17,a3 = 108 and a; = 75 for 4 < i < k, we then clearly obtain that P3(ay, ay, ..., a,) = 75. O

Remark 6. In addition to above result we have found we have found several other nontrivial examples. Here are two
examples: P5(1,2,7,8) =6and P3(1, 1, 1, 2, 2, 2,4, 5) = 3 (in addition to all multiples of such combinations). It turns out

that the smallest integer value that P3(aq, as, ..., ax) can attain is 2 (except the trivial case P3(1, 1, ..., 1) = 1). One such
exampleis P3(1,1,1, 1,1, 1, 1, 1, 4) = 2. More generally, we have that
P(1,...1,4,2,...,2) =2. (8)
———
2" -times

Remark 7. Using the fact that P3(1,2,7,8,6,6,...,6) = 6 we obtain from Lemma 1 that P_3(168, 84, 24, 21, 28, 28,
...,28) = 28. Similarly, by (8) and Lemma 1 we obtain that

P_,(4,...,4,1,2,...,2) =2.
— —
2" -times
This shows that g* can be integer valued if k > 3 evenif 1/(1 — t) < —3, in contrast to the case k = 2 (see Remark 3).
Remark 8. The fact that P3(10, 17, 108) = 75 was kindly pointed out by an anonymous referee and is added to the revised

version of this paper. By utilizing results of [ 11] the referee also pointed out that 75 is the smallest possible integer value of
Ps(aq, ay, a3) when aq, a, and as are (nonequal) integers.

Using the same arguments as we did in obtaining Corollary 2 we easily obtain the following result.

Proposition 9. The integers ay, ay, . .., ay making z = P_q1(ay, ay, ..., ay) integer valued (and, hence, q* integer valued if
T = 2) are precisely those of the form

_ lcm(QL.--ana q1 ++QI<)

i = ’

2q;
where qq, ..., qy are integers which sum is even (in this case P_1(ay,ay,...,a¢) = lem(qq, ..., Q. q1 + -+ + qi)/
G+ -+ q)
Itis easy to check thatif a, a}, ..., g, are given by
ai = (g7 + -+ qp) — 2¢i(q1 + - + @), 9)

where q1, gy, . . ., i are arbitrary integers, then P,(a}, aj, ..., ) = q% + -4+ qﬁ, i.e. P, becomes integer valued.

Remark 10. From the class of integers (9) we can by Lemma 1 obtain the corresponding class of integers a;, as, ..., a
making P_,(ay, az, . . ., ai) integer valued (and, hence, g* integer valued if t = 3/2).
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