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Abstract: In this paper a new method of performing waypoint tracking is shown for
underactuated fixed-wing UAVs. The position error can be mapped onto the desired axis using
a desired rotation matrix, while the velocity error can be mapped to the desired axis using a
desired angular velocity. With all errors defined along one axis, the tracking problem is easily
solved using only one thruster. A velocity controller is derived which makes sure that the UAv
tracks a desired total velocity moving towards the next waypoint, while a sliding surface attitude
controller is designed to track the desired attitude. The impact of saturation on the attitude
controller is also studied where it is shown that the actuators will desaturate in finite time,
through a change in the reference trajectory. Using both controllers, a solution to the problem
of waypoint tracking of an underactuated UAV is proposed, and simulations have been performed

that support the theoretical results.
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1. INTRODUCTION

A fixed-wing unmanned aerial vehicle (UAV) has six de-
grees of freedom, and four actuators: thrust and three
deflection angles. With fewer actuators than degrees of
freedom this constitutes an underactuated control prob-
lem (c¢f. Reyhanoglu et al. (1999)). Generally it is only
possible to track as many outputs as available control
inputs, making two of the states unactuated. A mapping is
therefore required to map the errors from the unactuated
states onto the actuated ones. This is the principle of
a guidance system that generates reference signals that
can be tracked by the controller making the unactuated
states go to zero. One guidance method is line-of-sight
(LoS) guidance, where the vector between the vehicle and
a waypoint can be represented by a pitch and yaw angle
as well as a distance. This enables the attitude controller
to track the desired attitude defined by the LOS-vector,
while the thrust can be used to make the distance go to
zero. Hence, only three actuators are required to reach
any point in R3. This has made waypoint guidance very
popular for underactuated rigid bodies such as e.g. fixed-
wing UAVs, autonomous underwater vehicles (AUVs), ships,
quadrotors and spacecraft (cf. Aguiar and Pascoal (2002),
Bgrhaug and Pettersen (2005), Breivik and Fossen (2005),
Fossen et al. (2003), Lee et al. (2010), Roberts and Tayebi
(2009) and references therein).

The main focus in the literature is to parameterize the
attitude using Euler angles, and to define the desired pitch
and yaw angles to solve the waypoint tracking problem.
By working directly on an angular level, the properties
of the rotation matrix that are exploited in this paper,
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may be lost. Instead of using Euler angles, it is possible
to define a desired rotation matrix such that the position
errors become mapped onto one axis. Similarly, a desired
angular velocity vector can be designed to map the velocity
errors onto the same axis. An attitude controller can then
be used to track the desired attitude, and by moving with
a positive velocity, the vehicle will eventually reach its
desired waypoint.

Roberts and Tayebi (2009) derived a desired rotation
matrix by looking at the desired force vector in an inertial
frame relative the constrained thrust in the body frame. By
properly designing the rotation matrix using quaternions,
they were able to solve the trajectory tracking problem for
a vertical take-off and landing (vTOL) UAv. However, the
method does have some critical issues; the thrust must be
nonzero and it requires either an observer or the derivative
of the force vector in order to find the desired angular
velocity, resulting in very complex equations where the
derivative of the aerodynamics and other forces must be
taken into account.

Inspired by the results of Roberts and Tayebi (2009) we
derive a waypoint guidance scheme which is applied to
an underactuated fixed-wing UAV. Instead of defining the
rotation matrix at the acceleration level, we define it at
the position error level providing us with simple equations
for calculating the desired rotation matrix and the desired
angular velocity vector. A sliding surface controller is
then derived to track the desired attitude, and a velocity
controller is designed to make the UAV move with a desired
velocity to the next waypoint.



2. MODELING
2.1 Notation

In this paper the time derivative of a vector is denoted
as X = dx/dt and the Euclidean length is written as

|x|| = (x"x)z. Superscript denotes the reference frame
of the current vector, where n denotes the North East
Down (NED) frame and b denotes the body frame. The
NED frame, assumed to be inertial, has its x™-axis aligned
towards the North, y™ is pointing East and z" is pointing
towards the center of the Earth. The body frame is
fixed to the rigid body, where x® is pointing along the
fuselage of the body, y? is pointing through the right
wing, while z° is pointing downwards. The rotation matrix
is denoted as RS € SO(3) which rotates a vector from

frame a to frame ¢, where its transpose (Rg)T = RZ,

such that (R%)" R® = RER¢ = I, where I is the identity
matrix. The angular veloclty Vector is denoted w¢ , which
represents the angular velocity of frame e relatlve frame
a referenced in frame ¢, and angular velocities between
different frames can be added as wy, 4 = wg .+ wg 4. The

time derivative of the rotation matrix is found as R =
R{S(wg ,) where the cross-product operator S(-) is such

that for two arbitrary vectors vi,vs € R3 we have that
S(v1)va = vi X va. The cross-product operator also holds

the properties that S(vi)ve = —S(va)vy, S(vi)vy = 0
and that v S(va)vi = 0. Given vi = [v1 v2 Ug]T, the
cross-product operator is defined as
0 —vV3 Vg
S(Vl) = [03 0 U1‘| (1)
—V2 V1 0

2.2 Translational Kinematics and Dynamics

The translational kinematics is defined as (cf. Stevens and
Lewis (2003))

n _ Rn b (2)
V'}r)' = V R V'w'md (3)
where v

is the velocity vector of the center of mass,
vboi= [uw w]T

b

” is the velocity vector of the body (v?)
relative the wind vector (v, ;). The rotation matrix from

body to wind is defined as
cos(a) CO.S(B) sin(8) siq(a) CO.S(B)
Ry = l cos(a) sin(B) cos(f) — sin(a) sm(ﬂ)] (4)

— sin(«) 0
where the angle of attack is defined as

o :=tan! (%) (5)

and the sideslip angle as

. w
= — 6
B =sin (VT) (6)
where Vr is the total velocity defined as
V= ||v)[| =/ (vE) TvE. (7)

The relative velocity vector in the wind frame is now found
through the rotation

cos(a)

Vr
0
0

=Rj'v; = (8)

which aligns the total velocity along the x* axis.

Assuming that the wind velocity is constant or slowly
varying the relative acceleration of the body frame is found
using Newton’s Second Law as

r f thrust +— R'liuf(%ro + Rb fn - S(wfz,b)v'lr)' (9)

[T 0 0] is the thrust vector
is the aerodynamic force

where m is the mass, fthmst

with T" as the total thrust .,
vector, f' = [0 0 g]

grav1tat10na1 acceleration and w? n,b 18 the angular velocity

between the body and NED frame The aerodynamic force
vector can be defined as

is the grav1ty vector where g is the

_(CD() + ]CC%)
CY[3/8
—(CL, + CL,0)

where p is the air density, S is the wing area, C,
are aerodynamic coefficients, C;, = Cr, + Cr_a and
k is a constant scalar value dependent on the aircraft
configuration.

1
f(gt]zro - 5/)5‘/721 (10)

The total velocity can be differentiated as

. 1
iy = )T )
and by inserting (9) into (11) the total acceleration be-

comes

’ 1 w n
Vi = V_T( ) ( fh'ruat +— R'ZL)ufae'ro + R?zfg
- S(wn,b)V?) (12)
where the thrust can be extracted, and by using the
property that (v2)TS(w? . b)v — 0 it results in

ul’ 1 w -
Vr = m—‘/T V_T( 7) ( R'ZL)ufae'ro + szfg ) (13)

Note that in order to produce lift, an aircraft must have
a positive velocity meaning that both Vpr and v must be
positive.

Remark 1. Even though an aircraft is underactuated since
there are no direct control of the v and w velocity compo-
nents, it is still controllable by controlling the total velocity
and pointing the velocity vector in a desired direction.

2.8 Rotational Kinematics and Dynamics

The orientation of a fixed-wing UAV can be parameterized
by using a unit quaternion as

dn,b = [nn,b E;;b}—r S 83

_ 19n,b T . 'l9n,b T
= [cos( 5 )kn,bsm( 5 )} (14)

where 7,5, is the scalar part and €, € R3 is the vector
part, and the subscript of q,; defines the orientation to
be the body frame relative the NED frame. The quaternion
performs a rotation of an angle 9,, ; around the unit vector
k,», and the rotation matrix between the body and NED
frame can be constructed as

ZL =1+ an,bs(en,b) + QSQ(En,b)v (15)
and it holds the property qg,qub = ni’b + elbemb = 1.

The rotational kinematics of the quaternion is given as (cf.
Egeland and Gravdahl (2002))



. 1 0 1 0
Unb = 5Gnb @ [‘-"Z,b] = §T(qn,b) [‘-"Z,b] (16)
where ® denote the quaternion product and where
T
T(qn In.b —n : 17
=0 o]

The angular dynamics of a fixed-wing UAV can be written
as

‘]d)fz,b = 7S(wfr)z,b)‘]w$z,b + Tgero (18)
where
J= [ 0 Jy, O (19)
*Ja:z 0 Jzz

is the inertia matrix and Ji.y are positive constants. The
aerodynamic moments can be defined as

aero ‘— f( 6) - Dw?z,b + Bu

where u = [0, e 5T] is a vector consisting of the deflec-
tion angles which are used for control, and an aerodynamic
moment vector function is defined as

b(Cy, + C1,8)

70 (20)

1
f(a,B) == PSVT &(Cmg + Cm, ) (21)
(Cno + Cnﬁﬂ)
b2 2
L 0o
1 2VT ~ 2VYT
D:=——pSVZ| 0o <-¢. o (22)
2 2Vp
b? b?

2Vr Cnp 0 2Vr Cn,
where D is a positive definite matrix, b represents the wing
span, ¢ is the mean aerodynamic chord, and the control
effectiveness matrix is defined as

1 bCy, 0 bCy,,
B:i=-pSVi| 0 &Cn; 0 (23)
2 bChs. O bCh,

The angular acceleration can now be written by inserting
(20) into (18) as

walyb = —S(wflyb).]wfhb +f(a, ) — Dwfub +Bu. (24)
The control objective is to point the wind frame in a
desired direction which solves the way-pointing tracking
problem. Let an error quaternion between a desired frame

and the wind frame be defined as the composite rotation
qQd,w = 4d,n oy qn,b oy b, w (25)

which has two equilibria at q , = [:I:l OT}T which rep-
resents the same physical orientation, but mathematically
they are different. From a control perspective it is more
intuitive to control relative the origin, and based on the
work by Kristiansen (2008) let an error function be defined
as

egs = {1 fdnjw} (26)
which has the kinematics as
€gx = Te(egt)wyy,
= Te(eqi)(R;zﬂwz,b - Z’wi,d + wzzliw) (27)
with .
T.(eqs) = % L’d e w)] (28)

where wﬁl% 4 is the desired angular velocity relative the NED
frame and w}’, is the angular velocity between the wind
and body frame.

Assumption 1.
It is assumed that sign(nq,.(t)) = sign(nq,w(to)) Vt.

This assumption makes it possible to focus only on one of
the two equilibria during controller derivation. Note that
this assumption can be relaxed using for example Hybrid
switching (c¢f. Schlanbusch et al. (2011)).

Lemma 1. Under assumption 1 it can be shown that the
following inequality holds

1
q:I:T (eqi)T (eqx)eqs > 8'3 ieqi (29)

Proof 1. The proof is given in Kristiansen (2008) and
Schlanbusch (2012). O

2.4 Wind Frame

The rotation from body frame to wind frame can be
written using quaternions as

Ab,w = db,s @ Qs,w = T(qb,s)qs,w (30)

where subscript s denotes the stability frame which is an
intermediate frame, and the two quaternions are defined

as
Ab,s i= [cos (%) 0 —sin (%) O}T

o (2) o 3]

Higher order derivatives of the angle of attack and sideslip
can be estimated using linear filters which is often done
for rotational control of aircraft (cf. Farrell et al. (2005),
Sonneveldt et al. (2009)). A linear filter can be chosen as
(cf. Fossen (2012))

(31)

(32)

Xg:= Agxqg + Bgr (33)
with
0 1 0
A;=1] 0 0 1 (34)
—w3 —(2¢C+ Dw? —(2¢+ Dw,
B,=[00w}]" (35)

where ( is the relative damping ratio, w,, is the natural
frequency and 7 is the reference signal being either the
angle of attack or sideslip. The state vector can be chosen

as xq 1= [a & &]T in the case of estimating the angle of
attack and similarly for the sideslip angle. With the higher
order derivatives of the angle of attack and sideslip, the
angular velocity of the wind frame relative the body frame
is found as (c¢f. Stevens and Lewis (2003))

0 cos(B) sin(B) 0717 0
Wiy = | 0] + | —sin(B) cos(B) 0| | —a
3 0 0 1] lo
—(.jzsin(ﬁ)
= facgs(ﬁ) (36)
B

and the angular acceleration is found through direct dif-
ferentiation as



Fig. 1. Position vectors in the xy-plane relative

—ésin(f) — ap cos(f3)
Why = | —Gcos(f) + &f3 sin(B)
B

3. WAYPOINT GUIDANCE

(37)

To control the unactuated states, a guidance scheme is
designed which maps the position error onto the desired
attitude and the velocity error onto the desired angular
velocity. The basic idea of this guidance scheme is to map
the position and velocity errors onto the x? axis, and then
use the thrust to translate along this axis until the given
waypoint is reached. In Fig. 1 the different reference frames
and vectors are shown, where p]' is the position vector
towards the body frame, py,, represents the position of
the waypoint and e” is the error between the waypoint and
the position of the uAv. To take the wind into account, the
relative velocity can be defined in NED as p” := R'v2. Let
a tracking function be defined as

Py — Pl

e’ = 0

0

which projects the tracking error in NED frame onto the
desired x% axis. When the UAV comes close to a given
waypoint, the guidance scheme switches to next waypoint
ensuring that ||py, — pyl| > d > 0 Vt, where d is a
constant. The rotation matrix between the NED frame and
the desired frame can be constructed using quaternions.
Let e" := py,, — p;’ such that e? = Rde™. Then the angle
of rotation can be found using the dot product while the
axis of rotation can be found using the cross product as

=R&(pl, — p)) (38)

d n
(e’ e
Un,a = coS 1 (—||e”||2) (39)
d n
e’ xe
kpg=—77-—. 40
M let e o)

The desired quaternion can now be constructed as
T 4T
An,d = [Tn.d €4

o ﬁn,d T . ﬁn,d i
= [cos< 5 )kmdsm< 5 ﬂ (41)

while the rotation matrix is found as
B =T+ 21,.4S(€n.a) + 28%(€n.4)- (42)

To find the desired angular velocity, (38) can be differen-
tiated resulting in

e’ = —S(wi e’ - R{v! (43)

where p? = R7'v? has been used. The derivative of the
tracking error in the desired frame is found as

d
w @ le”|]
€ = 0

0

where by design, the velocity components along the y?
and z? axes are zero. Equation (43) can now be solved
with regards to the desired angular velocity by noting that
—S(wi ;e =S(e?)w! ,; and that

(44)

0 0 0
S(e?) = lO 0 —IIe”II] , (45)
0 fle™][ 0
giving
¢’ = S(eNwl ;, — Rivh. (46)

From (45) it is seen that it only has components along the
y? and z? axes, meaning that when solving for the desired
angular velocity, the x? components can be ignored and
therefore also é?. This results in

wiq = ST (e")R{v; (47)
where T represents the pseudoinverse, and we obtain the
desired pitch and yaw angular velocities required to align
the total velocity in the desired direction. This is the result
of projecting all the errors onto the x? axis, which enables
a simple expression for the desired angular velocity. Note
that rank(Sf(e?)) = 2 such that it does not produce
any roll motion, and the pseudoinverse must be used
since S(e?) does not have an inverse. The desired angular
acceleration in the desired frame can be found through
differentiation of (47) or using for example linear filters
(cf. Fossen (2012)). By following this desired attitude, an-
gular velocity and acceleration, the tracking errors become
mapped onto the x¢ axis, and go to zero as the UAV moves
between two waypoints with a positive total velocity.

4. TRANSLATIONAL CONTROL

The objective of the aircraft is to fly between two way-
points with a positive total velocity. Let a desired total
velocity be a constant denoted as Vp 4 > 0 and the velocity

error defined as V := Vp — Vr.q4, then a Lyapunov Function
Candidate can be defined as

1~
Vii=3 V2 (48)
and its derivative is found by inserting (13), resulting in
. - ul 1 1
Vi =V (—— T (DT _Rb fw Rbfn
1 (mVT + VT (v’l") (m wTaero + n-g )
— Vr.4). (49)
The thrust can now be chosen as
T :T(VT,d - V_T(Vg)T(ER?ufaera + Rl;Lfg )
— kyV) (50)

where ki > 0 is a gain and by inserting the control law
into (49) it results in

Vi = —kyV2 (51)
The Lyapunov function (48) is positive definite, decrescent
and radially unbounded, while its derivative (51) is neg-
ative definite. Hence by applying theorem 4.10 in Khalil
(2002) it follows that the origin V' = 0 is exponentially
stable (ES). The actuator constraint of the thrust is not
analyzed in this paper and is considered future work.



5. ROTATIONAL CONTROLLER

The attitude and angular velocity can be controlled using
a sliding surface controller to make the UAV track its
desired trajectory and follow its waypoints. Without loss
of generality, let e; := eq4 and T. := T.(eq4) meaning
that we focus on the positive equilibrium point during
the controller derivation. Let a sliding surface variable be
defined as (¢f. Slotine and Li (1988))

b b b
5= wn b wn,r (52)
Rdwn d Rb w})u'w - ,YR’?UT;req (53)
where s’ is the sliding variable, wnr is reference angu-

lar velocity relative NED and ~ is a positive gain. Pre-
multiplying (52) by the inertia matrix, differentiating and

inserting (24) and using that wf’%b =s’ +wb . we obtain
Js" = —S(w?, ,)Jwh , + (o, B) — Ds” — D, .
+Bu - Jub,, (54)

where the reference angular acceleration becomes
b _ b d b w
Wy = Rds(‘-"b,d) n,d T Rdwn a— R,wp

- ,YR'ZzUS(wb,w)T;req - §Rw€d,w (55)

where the property that T e, = 1 5€d4,, has been used and

note that wf ; = wan p + wd nd-
A Lyapunov Function Candidate can now be chosen as

1
§(sb)TJsb (56)
where k, is a positive gain. By differentiating (56), insert-
ing (54) and (27) it becomes
Vo = kqeqTTewfi“,w + (sb)T(fS(wZ’b)waL,b +f(a, B)

—Ds’ - Duw’  +Bu-—Ju! ) (57)
which can be rewritten using the property that the angular
velocity is wy,, = Ry (s — yR. T/ e;) = Ry’s” — T e,
resulting in

Vo = —kgyey TeT/ eq + (s°) " (=S(wy, ) Jwy, , + (o, B)

1
Vo = Ekqe;eq +

—Ds’ - Du’  +Bu—Jub , +kR,Te,). (58)
The control signal can now be chosen as
u= B*I(Jwgﬂ, + S(w%b).]w%b —f(a, 8) + Dwf’w
— kR T/ e, — K,s) (59)

where K, is a positive definite gain matrix. The control
law can now be inserting into (58) resulting in

Va = —kqve, TcT/eg — (s") " (D + K,)s”
. kqy
Vo < ——||eq||2 Amin(D + Ky)[[s”||? (61)

where Lemma 1 has been used and A (D + Kj;) is the
smallest eigenvalue of the resulting matrix. From (56) we
see that the Lyapunov function is positive definite and
decrescent, while its derivative (61) is negative definite.
With qp,a(t), w? 4(t), w8 4(t) € Lo and using standard
Lyapunov arguments (c¢f. Khalil (2002)), we conclude
that the equilibrium point (eq4,s) = (0,0) is uniformly
exponentially stable (UES). Furthermore it follows as s —
0 that wﬁ’%b — wflyr and as e, — 0 it follows that
wgy,, — 0 and hence all tracking errors will go to zero.
A similar proof can be done for the negative equilibrium
point.

(60)

5.1 Saturation

The control law in (59) has been derived under the assump-
tion of infinite actuation, while the actuators are in fact
saturated providing a limited amount of actuation. This
is a challenging control problem that has received much
attention the last decades. The common solution for flight
control is to apply anti-windup where the difference be-
tween the desired control signal and the saturated control
signal is integrated and fed back into the control law. Other
approaches are by putting severe limitation on the feasible
trajectories making the solution only applicable to a few
scenarios. One of the major challenges with bounding the
control law (59) is that it contains the vector (21) which
can be very large during aggressive maneuvers forcing the
system into saturation. In the following section we first
show that the angular velocity is bounded. The control
law is then differentiated and arranged in such a way that
the reference trajectory becomes a second order differential
equation exposed to a bounded disturbance which can be
made arbitrarily small by increasing the gains.
Assumption 2. During the analysis of the saturation, it is
assumed that the total velocity has converged to its desired
value and is constant.
Assumption 3. It is assumed that the wind is constant
or slowly varying, such that the angular velocity w;’  is
bounded. 7
Lemma 2. The angular velocity wf’%b of the system (24) is
globally uniformly ultimately bounded for any u.
Proof 2. The actuators are physically upper and lower
bounded with a maximum and minimum deflection angle,
such that ||u]| < wmaes- Let a Lyapunov Function Candi-
date be defined as

Lo

Vi = B (wn,b)TJ‘-"fL,b

and by differentiation and inserting (24) it becomes
Vs = —(wy ) ' Dwy , + (@) (F(a, §) + Bu)  (63)
< = Amin(D)llwy, pl* ¥ [lwh ]l = 6 (64)

where § = Hf(a’B)HJrHBglu"‘”, and hence all the solutions

min

(62)

are globally uniformly ultimately bounded (c¢f. Khalil
(2002)). |
Lemma 3. The angular velocity wy’,, is bounded when the
wind is slowly varying or constant.

Proof 3. The angular velocity between the body frame and
wind frame can be written as

w})uw = wgw - wzub (65)
where wy’,, is bounded using Assumption 3 and w, is
bounded as shown in Lemma 2. Hence, it follows that wy’,,

must also be bounded. a
Lemma 4. The function f(a, ) is bounded.

Proof 4. Using Assumption 2 the function f(a, B) can be
shown to be (¢f. (21))
_ 1 bClBB
f(o,B) = §pSVT cCp, & (66)
bcngﬁ

and since wy’, is shown to be bounded in Lemma 3, it

follov_vs that &, B must also be bounded, and consequently
also f(a, B3). a



The angular velocity between body and wind frame can
also be written as

g (67)

2
where T;req = %ed,w has been used. With €4, =
%(nd,wl + S(ed,w))wiw it follows that

k

w o w, d w, b
wb,w - Rd wn,d ') wn,r

. k w
R e = R (o + S(ean))wl,  (63)
where
—Ryw’, —RYW!,, — %ed,w. (69)
The control law (59) can now be differentiated as
u= B_I(J‘:"’Z,r + (_S(sz,b) + S(wi,b)J)wZ,b
. k
- f(OL, ﬂ) + D“b?z,r - 2‘1 st(wgw)ed,w
k .
- EqRZ}ed,w - K (wlr)z,b - wlr)z ) (70)

where the angular acceleration wg,b can be gathered, and
by inserting (67)-(69) it becomes
oy, + (K - S(Jw), ;) + S(w),

n,b)J)wfr)l,b
- f(aa 6) + Dwz,r + szi)z,r

k
+ 2RY S (enu) (RYwi , — RY

u=B

b i
wn,r - Eed,w)

k
— IRl + S(ean)(RYW, , ~ RYW) , — Z€a)),
(71)
%R?US(w},‘jw)edw = —%RﬂS(ed,w)w}jfw has been
used. The expression %Rfu(ndywl + S(eqw)) Ry, —
%RZS(Gd,w)Ré"WZ,T %Rfu(nd,wl - S(ed,w))R})”wZ’T,
such that the (71) can be rewritten as

I+ (K~ S(IWh ) + S(w
- f(aa 6) + (D + Ké)wfr)z r

k
+ zquu(nd,wI - S(fd,w))RZ”wa,r

where

u=B n,b)J)w'?l,b

Y
_ed,w)

k
+ R S(eq0) (RYwE , — 2

k
— R, (0.0 + S(ean) (RYW) , — 2eau).  (72)
The terms can now be gathered by defining K; := J,

Ks = (D+K,), Kj := %R (4,1 - S(€s.))RY, Ku =

B~'K,J~'B which all are positive definite matrices, and

= —(-K, - S(Jwi,b) + S(Wfl,b)J)J_l(_S(wz,b)waz,b
+£(a, 8) = Dwpy)) + f(, B)

k
~ SRS (ean) (YW 4 — J€an)

R (T + S(ean)) (RYwhy — Jeau) (1)
then (72) to be written as
u=-Kyu+B '(S(w),) - SJuw? ,)J ")Bu
+B~ (Klw + ng + K3w — ). (74)

Now let a Lyapunov Function Candidate be defined as

1
Vi=—-u'u (75)

2

which can be differentiated, and by inserting (74) it
becomes

Vi = T (~Kyu+ B~(S(w),) — S(Iwl,)3)Bu
+u'B™ (Klw + Kow!? +K3wfw — ). (76)
Let B := |[[B7"(S(w},) — S(an’b)J’l)BH serve as an

upper bound for the second term, then the Lyapunov
derivative can be written as

Vi < —(Amin(Ka) — ﬂ1)||u||2

+ uTB (Klwn,'r + K2w7bm,r + K3w7bm,r - IJ’)) (77)

where the gain A, (Ky4) must be larger than 8 which
can be done through K. Desiring that the last term shall
be zero we have

Koy, , + Kowy, , + Kaw), . = p (78)

which is a second order differential equation exposed to
a disturbance p which can be shown to be bounded by
applying Lemma 2-4 and noting that |al, || < 7/2. By
properly choosing the gains Ko and K3 which depend on
kq and K the system (78) can be made stable making w?, |
go to a small bounded set around the origin which can be
made arbitrarily small by increasing the gains. When the
reference trajectories enter this bounded set, the first term
of (77) will dominate the reference trajectories, resulting
in a desaturation of the actuators.

Remark 2. This result has several similarities to the work
by Tandale and Vala (2005) who derive an adaptive quater-
nion tracking controller for spacecraft maneuvers in the
presence of saturations. In their result, they must assume
that the error between the actual and desired control signal
is bounded which is a reasonable assumption considering
that it is only natural to track feasible trajectories. Our
result on the other hand has a disturbance vector that de-
pend on the angular velocities, the quaternion error, angle
of attack and sideslip angle, which all are bounded. The
vector part of the quaternion is bounded to ||€4.,|| < 1,
|af, [8] < 5 while the angular velocity vectors are bounded
as shown in Lemma 2 and Lemma 3.

6. SUMMARY OF THE MAIN CONTRIBUTION

Theorem 1. Given an underactuated UAV described by the
dynamics (2), (3), (9), (16) and (24) in closed loop with
an attitude controller

u :Bfl(Jd’g,r + S(""?bm,b)']wfm,b —f(a, B)
+Duw? . — kR, T/ e, — K;s) (79)
sty (50)
Rdwn d R?ungw - ’}/R?HTZGQ (81)

that tracks the desired quaternion and angular velocity
T
I, 9
dn,d = [cos( 5 ) K, 4sin( ;’d)] (82)
wy g = ST (e!)RYv, (83)
ed -e" el x em
Upg=cos | —= kng=——"+— 84
=08 (||en||2) " Terce Y
n T

e ={lle"]| 0 0] e" =pl, —p" (85)

with a translational controller



T /7 1 b\ T 1 b b

T =T ! Vg — — —Rbfw R? "

u ( T7d VT (VT) (m wTaero + mn g )
—kyV), (86)

where V = Vi — Vr,q and Vp g > 0, then the UAV is able
to reach any point in R?® described by Puyp- The resulting
equilibrium points (eq+,s) = (0,0) are UES, V =0 is ES.
Furthermore, if the actuators go into saturation, they will
become desaturated in finite time.

7. SIMULATION

Initial states of the fixed-wing UAV are chosen as p™(0) =
000", v*(0) = [3000]", qus(0) = [1000]" and
wb ,(0) =[000]", v, = [1000]" and the following

wind

parameters have been used
m = 20.64 Jpe = 1.607 Jyy = 7.51
Jyr =718 Jzz = 0.59 b=1.96
c=0.76 S =1.37 k=0.1
Cr,=0.1 Cr,=0.25 Cp, =0.5
Cy, = —-0.1 C,, = —0.001 Cy, = —0.038
G, =—0.213 ¢, =0.114 Cis, = —0.056
Ci;, =0.014 Ce = 0.022 Cm, = —0.473
Cm, =—3449 Cy,, =-0364 C,, =0
Chry = 0.036 Ch, = —0.151 Cn, =—0.195

Chy, = —0.036  Cp, = —0.055.

The gains were chosen as Ky =21, kg =2, v =2, Ky =2
and the desired velocity as Vr 4 = 42m/s. The matrix of
waypoints was defined as

2000 2000 O 0 0 —2000 O
P, = {1000 4000 6000 7000 5000 6000 0
1000 1000 5000 10000 10000 5000 2000

which switches to the next waypoint whenever ||e"|| <
d = 1m. In Fig. 2 the attitude error is shown, where
the top figure shows the initial convergence, where the
tracking error goes quickly to zero. The bottom plot
shows the first 100 seconds of the simulation, where the
first switch of waypoints happens at about 58 seconds
resulting in a spike in the attitude error, which quickly
is handled by the attitude controller driving the errors
to zero. Similarly the angular velocity error is shown in
Fig. 3 where the top figure shows the initial convergence
while the bottom figure shows the first 100 seconds where
all the errors converge to zero. In Fig. 4 the deflection
angles are shown which are upper and lower bounded by
420°. The placement of the waypoints result in some sharp
maneuvers, forcing the actuators into saturation for a little
while until they become desaturated. The velocity tracking
error is shown in Fig. 5 which exponentially converge to
zero, and remain at zero throughout the simulation. A
3D plot of the simulation is shown in Fig. 6 where the
waypoints are illustrated as red circles and the position
tracking error is shown in Fig. 7.

8. CONCLUSION

In this paper a solution to waypoint tracking for a fixed-
wing UAV has been derived that is rather simple to
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implement, and through simulations it is shown to have
good performance. Future work is to consider the actuator
dynamics of the deflection angles in the translational
dynamics which greatly complicates the control problem.
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