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Abstract

Fluctuation-induced plasma–wall interactions is a major concern for the next
generation, high duty-cycle magnetic confinement fusion devices. The tur-
bulence is generated in the outboard midplane transition region between the
confined core plasma and the scrape-off layer where magnetic field lines in-
tersect material walls. Here, filaments of hot and dense plasma, elongated in
the field direction, detach from the main plasma and move radially outwards,
driven by interchange motion. These filaments cause enhanced plasma–wall in-
teractions compared to the level estimated by only considering time-averaged
plasma parameters, reduce the efficiency of radio frequency wave heating and
is likely related to the empirical discharge density limit.

When measured as a time series from a stationary point (either as ion sat-
uration current from electrical probes probes or as emitted light intensity from
gas puff imaging), the statistical properties of the turbulent fluctuations in
the scrape-off layer are robust across devices, confinement modes and plasma
parameters. The highly intermittent fluctuations exhibit skewed and flattened
probability density functions and power spectra that are flat for low frequen-
cies and have a power-law tail for high frequencies. Conditional averaging
reveals that large-amplitude structures have a sharp, exponential rise and a
slower, exponential decay. Both the peak amplitudes of these structures and
the waiting time between them are exponentially distributed.

In this thesis, a stochastic model describing the time series as a super-
position of uncorrelated, two-sided exponential pulses with exponentially dis-
tributed amplitudes arriving according to a Poisson process is analysed and
its assumptions and predictions are compared with measurement data. This
model is consistent with all the above statistical properties. The predictive
capabilities of the model are improved by deriving expressions for the rate
of threshold crossings and the time the signal spends above a given thresh-
old level. The effects of additive noise and different amplitude distributions
are also considered. Parameter estimation from moments, probability density
functions and characteristic functions is examined using Monte-Carlo simula-
tions. The model predictions are favorably compared to measurement data
from experiments on the TCV and Alcator C-Mod devices.
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1 | Fluctuations in fusion
plasmas

Nuclear fusion of light elements is the mechanism behind the energy generation
in stars, and a successful fusion power plant promises clean and sustainable
energy for the foreseeable future. However, controlling and harnessing the
fusion process remains one of the greatest engineering challenges at present
(and it has been — since the early 1950s). The process requires the fuel to
have an exceedingly high temperature, which is therefore in the plasma state —
an ionized gas. At the same time, the vessel containing the fuel should ideally
be at room temperature or lower. Nowhere else on Earth are the temperature
gradients as great, and maintaining this division of plasma fuel and material
vessel is of critical importance for the sustained operation of a fusion power
plant.

In the highly turbulent boundary region between the fusion plasma and
material walls, relative fluctuations of order unity are ubiquitous. The problem
of turbulence is one of the great remaining problems in classical physics. The
highly complex and varied behaviour of turbulent fluids defy most attempts
at simple and predictive description. In the boundary of fusion plasmas, the
physical problem of turbulence meets the engineering challenge of fusion.

In this Chapter, I will briefly review the state of knowledge regarding fluctu-
ations in the outer boundary of fusion plasmas. In Chapter 2, I will introduce a
stochastic model capable of describing all statistical properties of these fluctu-
ations, thereby providing a useful phenomenological model. The papers which
are the main contribution of this thesis are summarized in Chapter 3, along
with a list of my other published works. Chapter 4 concludes the thesis. Lastly
the papers, where new predictions of the model are presented and the model is
applied to measurement data from current fusion experiments, are presented.
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2 CHAPTER 1. FLUCTUATIONS IN FUSION PLASMAS

1.1 Nuclear Fusion

At present, the main focus in the nuclear fusion community is on the process
fusing deuterium (D) and tritium (T),

D + T→ α+ n + 17.6MeV, (1.1)

resulting in an α-particle with kinetic energy of 3.5MeV and a neutron (n) with
kinetic energy 14.1MeV [1]. This particular process has two main advantages.
First, lighter elements provide larger energy gain per reaction, so using isotopes
of the lightest element is favorable. Second, D-T fusion is the easiest process
involving hydrogen isotopes to initiate, since it has the highest reaction rate
at the lowest temperature. These isotopes are also relatively simple to access.
Deuterium can be extracted from seawater, as roughly 0.015% of hydrogen is
deuterium. Tritium is a radioactive isotope with a half-life of about 12 years,
and must be obtained from breeding with the lithium isotope Li6, which is
obtainable from minerals found in the earth’s crust.

Although D-T fusion is the easiest process of those involving hydrogen
isotopes to initiate, it is by no means straightforward. For sustained fusion,
temperatures of 108 − 109 K are required. This guarantees that the fuel is not
only gaseous, but also ionized, a plasma, which complicates containment. One
way of containing a plasma is to use a magnetic field, as the motion of charged
particles is strongly restricted in the plane perpendicular to the magnetic field,
while they can move freely along magnetic field lines. Bending the field into a
torus ensures particles moving only along the field never collide with the vessel
walls. One of the most promising designs on this idea is the tokamak [1].

1.2 The tokamak concept

In Fig. 1.1, an illustration of the basic tokamak configuration is shown. Toroidal
field coils around the vessel containing the plasma produce the main toroidal
magnetic field. The central transformer then induces a toroidal plasma cur-
rent, which both heats the plasma ohmically and sets up the primary poloidal
magnetic field, establishing the equilibrium and plasma confinement by twist-
ing the magnetic field into a helix shape. Unfortunately, the toroidal geometry
induces forces which push the plasma radially outwards, towards the outer
main walls of the toroidal vessel. Some of these forces are counteracted by the
helical shape of the field, and some are counteracted by the field generated
by the outer poloidal field coils, which in addition can be used to shape the
plasma [1].
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Figure 1.1: Illustration of a tokamak. Source: EUROfusion [2].

Figure 1.2: Illustration of the tokamak boundary region with a diverted mag-
netic field. Source: EUROfusion [2].
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While an equilibrium is now established, the configuration must also han-
dle both diffusive and turbulent cross-field transport. A divertor is usually
introduced in order to address this transport. A cross-section of the divertor
configuration is shown in Fig. 1.2 where the closed magnetic surfaces corre-
spond to the magnetic surface seen in Fig. 1.1. The separatrix, or last closed
flux surface (LCFS), separates the closed magnetic surfaces from those inter-
secting the divertor plates. The separatrix is associated to the X-point where
the poloidal magnetic field vanishes. The region of open field surfaces intersect-
ing the divertor plates is called the scrape-off layer (SOL), where the plasma
drifting past the separatrix is transported down to the divertor plates. Due
to the weak poloidal field near the X-point, the distance to the divertor plates
along the magnetic field is very large, allowing plasma to cool before it contacts
them. Further out, the magnetic field intersects limiter structures and compo-
nents of the main vessel wall instead of the divertor, a region called the wall
(or limiter) shadow. The intention is that particles entering the SOL from the
confined plasma will move along field lines down to the divertor plates where
their interactions with solid surfaces and their influence on the fusion process
can be controlled, remote from the confined plasma column, instead of arriv-
ing at the main chamber wall, where they can damage sensitive equipment.
Despite these efforts, it is found that the SOL plasma is highly turbulent with
intermittent bursts of particle density and heat, leading to enhanced levels of
plasma–surface interactions at the main chamber wall.

1.3 Plasma turbulence

In the most favourable case, the conditions at the LCFS and the wall would
set the plasma density profile in the SOL and the radial transport in the SOL
would be dominated by binary collisions and Fick’s law of diffusive transport,

Γ⊥ = −D⊥
∂ne
∂r

, (1.2)

would be valid. Here, Γ⊥ is the cross-field particle flux, ne is the electron
density, r is the radius and D⊥ is the diffusivity, set by the flow conditions and
the microscopic plasma behaviour. As cross-field diffusion is a slow process
compared to particle motion along magnetic field lines, most of the plasma
entering the SOL would arrive at the divertor targets.

In Figs. 1.3 and 1.4, radial profiles of the time-averaged electron density and
other plasma parameters in the SOL are presented for various line-averaged
particle densities n̄e, a major experimental control parameter.1 The variable

1The data set presented in Fig. 1.4 is from [3], and corresponds to the lowest and highest
line averaged density shots from [4]. This data set is used in Figs. 1.4 and 1.7 in this thesis.
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ρ in Fig. 1.3 is equivalent to r − rsep in Fig. 1.4, with 0 denoting the location
of the LCFS and the rightmost dashed line (in both cases) indicating the
transition to the wall shadow. The electron temperature Te is approximately
constant as a function of radius in the SOL and line-averaged density, see
Fig. 1.3. The particle density and flux profiles, on the other hand, are strongly
affected by the line-averaged density n̄e, or rather, the ratio between n̄e and
the discharge density limit nG. While higher plasma density is beneficial for
the fusion process, an empirical discharge density limit exists, defined as nG =
(Ip/πa

2)1020 m−3, where Ip is the plasma current in units of mega-Amperes
and a is the minor radius in units of meters. As this limit is approached, the
probability of disruptions increases drastically [5, 6]. In both Figures, for low
n̄e, the particle density profile decays sharply close to the LCFS, followed by a
much slower decay radially outwards. The region of strong gradients is called
the near-SOL, while the far-SOL is the region of weak gradients outside the
near-SOL [7]. As n̄e increases, the steep profile region moves to the left of the
LCFS, and long decay lengths are seen throughout the SOL. This is consistent
across numerous tokamak devices [3, 4, 7–15]. At the same time, the particle
flux profile is nearly flat and increases with increasing line-averaged density. If
the transport was diffusive with constant diffusion coefficient, this behaviour of
the flux profile should be accompanied by an increasing density gradient, but
the opposite happens. However, one can still estimate an effective diffusion
coefficient, Deff

⊥ , from Eq. (1.2) using the measured profiles of ne and Γ⊥. This
Deff
⊥ varies by at least two orders of magnitude in Fig. 1.3, already indicating

problems with the applicability of Eq. (1.2).
Additionally, comparing predictions for diffusion coefficients from classi-

cal cross-field diffusion to experimental values gives very poor agreement [16].
Empirical measurements of Deff

⊥ are widely different in different experiments.
In the JET, Alcator C-Mod and TCV tokamaks, the effective diffusion coeffi-
cient varies by several orders of magnitude as a function of radius through the
SOL [3, 7, 16, 17]. In UEDGE transport simulations of the DIII-D tokamak,
no diffusion coefficient could be chosen to fit experimental edge profiles [18].
In ESEL turbulence simulations of TCV SOL profiles and fluctuations, diffu-
sion was unconvincing as an explanation for SOL transport, with strong radial
variations in the estimated diffusion coefficient [3, 19].

One could try to add a convective term with some perpendicular velocity
V⊥,

Γ⊥ = −D⊥
∂ne
∂r

+ V⊥ne. (1.3)

This allows for a wide variety of particle density profiles [20], and UEDGE
simulations could be fitted to DIII-D data for a single shot [18]. However, this
model appears to have very poor predictive capabilities. In ESEL simulations
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Figure 1.3: Radial profiles of electron temperature, particle density, ionization,
particle flux and effective diffusion coefficient from Alcator C-Mod for various
line-averaged densities. Reproduced from [6], c© IOP Publishing. Reproduced
with permission. All rights reserved. Originally appeared in [7], reproduced
with the permission of AIP Publishing.
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Figure 1.4: Radial electron density profiles from TCV for two different line-
averaged densities. Image courtesy of O. E. Garcia.
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of edge plasmas, no functional relationship on the form of Eq. (1.3) could be
identified [3, 19], indicating that the diffusion–convection model may not be
applicable to SOL plasmas either.

A different formalism is needed to understand SOL turbulence and describe
the role of fluctuations in the plasma parameters. In order to arrive at such a
formalism, it is necessary to review the current understanding of fluctuations
in the SOL.

1.4 Intermittent fluctuations

Since the earliest measurements of fluctuations in the edge region of tokamaks,
large relative fluctuation levels have been routinely observed. Levels of 10−90%
in the ion saturation current were seen in the Caltech tokamak [21, 22]. As seen
in Fig. 1.5, relative particle density and floating potential fluctuations reach
values above 0.5 in the TEXT device [23]. Here and for DIII-D in Fig. 1.6,
r/a > 0.8 indicates the SOL and r/a > 1 is the wall shadow [23, 24]. More
recent measurements of relative density fluctuation levels as a function of minor
radius in the SOL of the TCV tokamak are shown in Fig. 1.7, corresponding
to the average profiles presented in Fig. 1.4. The relative fluctuation level
increases moderately outwards, but it does not appear to depend on the mean
density. Relative fluctuation levels are above 0.5. Note that for the low density
case, the relative fluctuation level increases sharply with radius in the near-
SOL, compare Fig. 1.4. This indicates that the broad profiles in the far-SOL are
connected to the large relative fluctuation level. These large relative fluctuation
levels are in stark contrast to core turbulence, where relative fluctuation levels
of only a few percent are observed. In Fig. 1.5, it is only for r/a > 0.85 that
fluctuation levels become large. In Fig. 1.6, fluctuation analysis in the core is
presented, showing that for r/a < 0.85, relative fluctuation levels are below
1% but this rises sharply into the SOL.

Visual inspection of fluctuation time series with high sampling rates from
the SOL typically reveals that the large relative fluctuation levels are due to
intermittent fluctuations with large positive bursts (and no apparent negative
ones) that are asymmetric in time [7, 22, 25]. Recent experiments in the
TCV, Alcator C-Mod and KSTAR tokamaks have been performed,2 providing
exceptionally long fluctuation data time series in the far-SOL at the outboard
midplane. Excerpts from these time series are presented in Fig. 1.8, where

2All data sets are ion saturation current measured with electric probes. TCV indicates
the data from Paper I. C-Mod indicates the dwell-probe data from the south-east electrode
on the horizontal scanning probe during discharge 5 from [26]. KSTAR indicates the signal
from the dwell-probe experiment in [27]. These data sets are used in Figs. 1.8, 1.15, 1.17,
1.19, 1.20 and 1.21 in this thesis.



8 CHAPTER 1. FLUCTUATIONS IN FUSION PLASMAS

Figure 1.5: Fluctuation levels for var-
ious plasma parameters in the edge re-
gion in the TEXT tokamak measured by
electric probes. Reproduced from [23],
with the permission of AIP Publishing.

Figure 1.6: Fluctuation levels
in the core and boundary of the
DIII-D tokamak measured by beam
emission spectroscopy. Reprinted
from [24], with permission from
JSPF.
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Figure 1.9: Sequence of a blob structure detaching from main plasma and
moving through the SOL in NSTX. The full line shows the LCFS and the bro-
ken line shows the wall shadow. The frame rate is 7.5µs/frame. Reproduced
from [32], with the permission of AIP Publishing. Originally appeared in [33],
reprinted with permission from Elsevier.

Φ̃ stands for the data time series Φ normalized by subtracting the mean and
dividing by the rms-value. Here and in Figs. 1.17 and 1.19, time is normalized
to the characteristic duration time of the large-amplitude bursts, τd. (How
this parameter is estimated will be discussed in Chapter 2). In all cases, the
fluctuations are strongly intermittent, with peak values frequently reaching 5
times the rms-value of the signal.

In order to further reveal the cause of these large-amplitude fluctuations,
2D-imaging of the SOL is required. During the late 1980’s, using first 2D-probe
arrays in the Caltech tokamak and then visible imaging with fast cameras in the
TFTR tokamak, coherent structures, referred to as plasma blobs or filaments
were observed in the SOL [28–31]. A more recent example of such a structure
taken with GPI on NSTX is shown in Fig. 1.9. Here, a blob detaches from the
main plasma and moves through the SOL, reaching the wall in about 100µs.
While some of the blob dissipates along the way, more plasma reaches the wall
much faster than predicted from diffusive transport.

The blobs generally have a cross-field size of about 1 cm, radial velocity
about 500m/s and electron temperature in excess of 10 eV [32, 34, 35]. The
blob size perpendicular to the magnetic field is smaller than but comparable
to the SOL width (∼ 5 cm), but much smaller than both machine size (∼ 1m)
and magnetic connection length to the divertor plates (∼ 10m). Note that as
plasma moves much more rapidly along the magnetic field than perpendicular
to it, the blobs are elongated and field-aligned, as explicitly demonstrated by
GPI in the poloidal-toroidal plane presented in Fig. 1.10. This field-aligned
structure of the plasma blobs is also seen by fast-camera imaging on the MAST
spherical tokamak [36, 37].

The blob structures are readily identified with the large-amplitude bursts
seen in single-point time series from measurements in the SOL, as observed in
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Figure 1.10: GPI from Alcator C-Mod showing the toroidal-poloidal cross-
section of filaments. The red dashed line gives a magnetic field line. Repro-
duced from [38], with the permission of AIP Publishing.

Fig. 1.8. Each large-amplitude burst in the time series corresponds to a blob
structure passing the probe. The asymmetric temporal structure is consistent
with the sharp front and trailing wake of the filament seen in Fig. 1.9.

1.4.1 Motion of plasma filaments

Interchange motions have been identified as the mechanism for blob propaga-
tion [39]. An illustration of this mechanism is presented in Fig. 1.11. In the
SOL on the outboard side, both the magnetic field curvature vector κ and
gradient point radially inwards. Thus, both magnetic curvature and gradient
particle drifts are downwards for ions and upwards for electrons. For a blob
of excess pressure compared to the background plasma, this leads to charge
polarization. The charge polarization sets up an internal electric field struc-
ture, leading in turn to a collective E×B drift, which drives the blob radially
outwards. A snapshot of a simulated blob in motion is shown in Fig. 1.12. The
polarization-induced electric dipole potential is also shown, with full lines indi-
cating negative potential and broken lines indicating positive potential. These
are the streamlines for the particle density, directed radially outwards at the
peak amplitude of the blob structure [40–44].

Following the identification of the interchange mechanism, both simula-
tions of individual blobs [40–42] and more general magnetized turbulence fluid
simulations [46–48] were preformed. The ESEL model for the edge plasma
[49, 50], incorporating both interchange motions and parallel losses, compared
favorably to experimental measurements from the TCV SOL [3, 10]. The asym-
metric burst structures observed in fluctuation time series are also present in
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Figure 1.11: Illustration of the
physical mechanism for the blob in-
terchange motion. Reprinted from
[45], with permission from JSPF.
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Figure 1.12: Simulation of blob with
dipole potential. Image courtesy of
O. E. Garcia and R. Kube.

Figure 1.13: Simulation of blob developing front steepening as it travels.
Reproduced from [43], with the permission of AIP Publishing.

these simulations of interchange motions in the SOL. In Fig. 1.13, the radial
variation of the particle density of a simulated blob structure is plotted for
different times [42, 43]. The blob structure develops a sharp front and a trail-
ing wake, in qualitative agreement with the large–amplitude structures seen in
Fig. 1.8 and the blob structure seen in Fig. 1.9.

While there are several other important aspects of blob motion and dynam-
ics, such as scalings of velocities, correlation lengths or blob sizes with plasma
parameters, how blobs connect to the divertor plates or how the blob structure
along the magnetic field modifies its behaviour, the aspects I have reviewed are
the ones most important to this thesis. See [32] for a review of SOL filaments.
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1.4.2 Statistical properties

The SOL plasma fluctuations exhibit several statistical properties which appear
universal across devices, plasma parameters and confinement modes. Analysis
of relative fluctuation levels have been complimented by measurements of ion
saturation current, particle density and temperature from a wide variety of de-
vices, using electric probes and gas puff imaging (GPI), analysing probability
density functions (PDFs) and frequency power spectra. The PDFs are found to
be unimodal, positively skewed and flattened, and to have an exponential tail
towards positive values [4, 11, 25, 45, 51, 52]. Examples from various devices
are presented in Figs. 1.14 and Fig. 1.15. In Fig. 1.15, the black dashed line is
the PDF predicted by the stochastic model presented in Chapter 2, given by
Eq. (2.16). Due to the long duration of these particular data time series, expo-
nential tails over 4 decades in probability are clearly seen in this Figure. The
skewness and flatness moments for the signals presented in Fig. 1.14 were about
3 and 10, respectively, well in excess of values of 0 and 3, as expected for nor-
mally distributed signals. By comparison, the skewness and flatness moments
for the signals presented in Fig. 1.15 were about 1.5 and 6 respectively, indicat-
ing a large range of variability in the intermittency of the fluctuations seen in
the SOL for different plasma and machine parameters. Paper III discusses how
the intermittency changes with radial position in the SOL of Alcator C-Mod,
while the PDF in all cases is well described by a Gamma distribution. This
distribution is derived in Paper V. Several different PDFs have been proposed
to explain the fluctuations, some based on their similarity to experimental data
and some based on phenomenological models, self-organized criticality (SOC)
or properties of the fluctuations [52–60]. A parabolic relationship between the
skewness and kurtosis moments was also reported, and its connection to the
properties of the fluctuations and their PDFs has been explored [61–63].

In the frequency domain, the fluctuations show a remarkable similarity
across devices [25, 64, 65]. In Figs. 1.16 and 1.17, some examples of frequency
power spectral densities are presented, showing how the spectra measured in
different devices collapse with the correct scaling of the frequency axis. In
Fig. 1.16, λ is simply considered a scaling parameter. By contrast, in Fig. 1.17,
τd is interpreted as the characteristic duration time of the large-amplitude
bursts. The black dashed line gives the power spectral density for the stochastic
model presented in Chapter 2, given by Eq. (2.19a). In all cases, there is a
flat region for low frequencies, while for high frequencies the power spectrum
decays according to a power law. In Paper III it is demonstrated that outside
the LCFS in Alcator C-Mod, the shape of the frequency power spectrum and
the value of τd are independent of the radial position and the ratio between the
line averaged density and the empirical discharge density limit. They are also
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Figure 1.14: Skewed ion sat-
uration current PDFs from
the boundary region of various
plasma confinement devices.
Reproduced from [25], with the
permission of AIP Publishing.

−2 0 2 4 6 8 10

Φ̃

10−5

10−4

10−3

10−2

10−1

1

P
Φ̃

TCV

C-Mod

KSTAR

Figure 1.15: Amplitude probability den-
sity functions of the time series presented
in Fig. 1.8. The broken line gives the pre-
diction of the stochastic model.

Figure 1.16: Ion saturation current
power spectral densities from a va-
riety of devices. Reprinted figure
with permission from [64]. Copy-
right (1999) by the Americal Phys-
ical Society.
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the same for several different confinement regimes in the far-SOL [66]. Due
to the universal character and power-law tails of the frequency power spectra,
they have previously been discussed in the context of self-organized criticality
[25, 51, 64, 65].

In order to reveal the statistical properties of large-amplitude fluctuations,
the conditional averaging technique is frequently used. A threshold value is
chosen, taken to be 2.5 times the rms-value above the mean value by con-
vention. Every time the signal crosses the threshold, a conditional window
around the peak value of the signal is recorded. The average shape of the
large-amplitude fluctuations is typically shown to be sharply peaked with a
faster rise than decay [4, 11, 25–27, 35, 45, 51, 66–71], well fitted by exponen-
tial functions. The maximal amplitude of the conditional structures is shown
to be very well exponentially distributed [26, 27, 35, 66, 71], and the waiting
times between the peaks of the conditional structures are also exponentially
distributed [26, 27, 35, 66, 69, 70, 72]. Some examples of conditionally av-
eraged structures are presented in Figs. 1.18 and 1.19. In Fig. 1.18, results
from conditional averaging of ESEL turbulence simulations are compared to
conditional averaging of TCV particle density time series for various values
of the line-averaged density. The conditional waveforms are similar for all
line-averaged densities in the experiment, and the ESEL simulations compare
favorably to the measurement data. In Fig. 1.19, conditional averaging of data
time series for a variety of devices are presented together with an asymmetric,
two-sided exponential function. The conditional waveforms are similar for all
devices, and are in agreement with the two-sided exponential function. The
conditional structures in both figures are consistent with the structure of a sim-
ulated blob, presented in Fig. 1.13. For the conditional structures presented
in Fig. 1.19, the distribution of maximal amplitudes is presented in Fig. 1.20
and the distribution of the waiting time between these maxima is presented
in Fig. 1.21. In both cases, the black dashed line gives an exponential decay.
The distributions show a remarkable degree of similarity across devices, and
the exponential decay is an excellent description of the distributions over two
decades in probability.

These observations from conditional averaging, also presented in Paper
I and Paper III, will be the input assumptions for the stochastic model. Before
discussing the model, some comments on the importance of the intermittent
SOL fluctuations for the operation of magnetically confined fusion power reac-
tors are in order.
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Figure 1.18: Comparison between
conditional average of TCV particle
density time series measured with an
electrical probe and ESEL simula-
tions. Reprinted from [4], with per-
mission from IAEA.
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Figure 1.19: Conditionally averaged
structures from the time series pre-
sented in Fig. 1.8. The broken line
gives a two-sided exponential func-
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presented in Fig. 1.8. The broken line
gives an exponential decay.
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1.5 The importance of modelling fluctuations

While the SOL turbulence is an interesting physical problem in itself, and
the models used to describe the turbulence may be applicable in several other
physical systems characterised by intermittent fluctuations, see for example
Refs. 1-10 in Paper II, the filamentary transport in the SOL is tied to a number
of effects which are important for the operation of future fusion reactors.

As the line-averaged density approaches the discharge density limit, the
profile in the far-SOL becomes gradually broader and flatter, see Figs. 1.3 and
1.4, leading to a marked increase in the particle density at the wall radius.
At the same time, the relative fluctuation level remains constant, see Fig. 1.7,
indicating an increased absolute fluctuation level as well. Both of these effects
lead to a higher degree of plasma–wall interactions [3, 4, 7–15].

Here, I present an example of how the fluctuation level may influence the
expected yield from physical sputtering. Physical sputtering depends on the
particular species of the plasma ions and wall materials, as well as the energy of
the incoming plasma particles. The number of sputtered particles per incoming
particle is given by the modified Bohdansky yield function. Assuming for
simplicity that plasma particles hit the target at a normal angle, it is given by
[73]

Y (E) = QSn

(
E

ETF

)[
1−

(
Eth

E

)2/3
](

1− Eth

E

)2

, E > Eth, (1.4)

and zero otherwise. Here, Q is the yield factor, E is the kinetic energy of the
incoming ions, ETF is the Thomas-Fermi energy, Eth is the threshold energy
and Sn is the nuclear stopping cross section, given by

Sn(x) =
3.441

√
x log(x+ 2.718)

1 + 6.355
√
x+ x(6.882

√
x− 1.708)

. (1.5)

For tungsten (W) walls and a deuterium (D) plasma, Q = 0.07, ETF = 9925 eV
and Eth = 209.37 eV [73]. The yield function is presented in Fig. 1.22 in the
case where all incoming particles have equal energy, E = 〈E〉. It vanishes for
〈E〉 ≤ Eth and falls off for large 〈E〉 as the incoming particles have enough
energy to penetrate deeper into the material instead of causing sputtering.

The simplest estimate for the impact energy of an ion of charge Z is E =
2Ti +3ZTe [16, 73]. In the case of constant temperature, all incoming particles
would impact the walls with the same energy, and any fluctuations in the
particle density would not matter — only the average density would. This is
not a realistic case, however, as the electron temperature in the SOL is highly
correlated with the particle density fluctuations, and electron temperature near
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Figure 1.22: Yield function for D on
W given by the modified Bohdansky
formula.
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Figure 1.23: Mean yield function for
D on W and for various values of the
relative fluctuation level.

the wall of the Alcator C-Mod device closely follows a Gamma distribution [35].
Following [73], E is here assumed to follow a Gamma distribution. The mean
sputtering yield is then given by

〈Y (E)〉 =

∞∫

0

Y (E)PE(E)dE =

∞∫

Eth

Y (E)PE(E)dE, (1.6)

where the second equality holds as Y (E) = 0 for E < Eth.
In Fig. 1.23, the mean sputtering yield 〈Y (E)〉 as a function of 〈E〉 is

presented for various values of the relative fluctuation level of the incoming ion
energy E. The black curve given by Erms/〈E〉 → 0 indicates the case where
the relative fluctuation level is small enough for 〈Y (E)〉 ≈ Y (〈E〉) to hold and
corresponds to the curve in Fig. 1.22. The main effect of the fluctuations is to
allow for sputtering even if 〈E〉 < Eth, and in this case, the mean sputtering
yield increases for increasing relative fluctuation level. This can also be seen
from Eq. (1.6): Although the yield function vanishes for E < Eth, 〈Y (E)〉 is
always positive. For a given value of 〈E〉, increasing the relative fluctuation
level gives access to higher energies, which increases 〈Y (E)〉 (at least for small
〈E〉).

This simple example shows one of the reasons why accurately describing
the statistical properties of the fluctuating quantities is important: even if
the measured average ion temperature is below a threshold where one would
expect sputtering, there may still be a significant amount of sputtering if the
fluctuations are sufficiently strong. This problem can be investigated in the
reverse direction as well, asking how often the fluctuating quantity E crosses
the threshold Eth and how long it typically remains above the threshold. This
may be important for plasma–wall interactions, as some materials may better
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handle short, intense bursts of energy than longer and weaker bursts and vice
versa. The problem of finding the rate at which a signal crosses a threshold and
the distribution of time spent above a threshold is called excess time statistics,
and has been studied since the pioneering work by Rice [74, 75]. I will return
to this problem in Sec. 2.4.

Several other effects may be linked to the filamentary turbulence. These
include the broadening of the profiles, as well as plasma detaching from the di-
vertor and the discharge density limit in itself [6, 7, 9, 14, 15]. Additionally, the
filamentary structures may adversely affect radio-frequency wave heating [76–
78]. A possible mechanism for relating blob transport to the density profiles
is given in Sec. 2.5.1.



2 | Stochastic modelling

In this Chapter, I discuss a stochastic model used to describe the intermittent
plasma fluctuations presented in the previous Chapter as a super-position of
uncorrelated pulses. The model has been known for a long time [79], and was
called the ‘shot noise’ model after it was used to describe noise in vacuum
tubes [74, 75]. For reasons to become clear presently, I will call it the ‘filtered
Poisson process’ (FPP). Over time, it has been successfully applied to a variety
of systems in various scientific fields [80–86]. This model was first considered
for SOL plasma fluctuations in 2012 [60], and it has since been applied for
interpretation and description of probe and GPI measurements in the TCV
(see Paper I), Alcator C-Mod (see Paper III), and KSTAR tokamaks, where
all major assumptions and predictions of the model are shown to be consistent
with the statistical properties of SOL fluctuations [26, 27, 35, 66, 69–71, 87].

I will briefly summarize the major results from the previous Chapter, and
discuss how they are addressed by the model. Conditional averaging provides
the assumptions for the model:

• Peaked and asymmetric conditionally averaged structures that are well
described by a two-sided exponential function.

• The maximal amplitudes of the conditional structures are exponentially
distributed.

• The waiting times between the maxima of conditional structures are
exponentially distributed.

In the stochastic model, these structures reflect the blobs arriving at the probe
/ diode view position. The conditionally averaged structure and amplitude
distribution reflects the shape and amplitude of the blobs and the waiting
time distribution represents how blobs are separated in time and space. There
are at least three experimental results which the model must reproduce:

• The parabolic relationship between the skewness and flatness moments.

19
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• The unimodal, positively skewed and flattened probability distribution
with an exponential tail for large amplitudes.

• The frequency power spectra which are flat for low frequencies and power-
law-like for high frequencies.

As it turns out, the stochastic model predicts all of these properties. It fur-
thermore predicts the excess time statistics to a high degree of accuracy. Three
features of the SOL fluctuations are readily interpretable under the model:

• Relative fluctuation level increases from the LCFS through the SOL.

• Probability density functions are Gaussian-like near the LCFS and pos-
itively skewed and flattened in the far-SOL.

• The power spectral density has the same shape for all radial positions in
the SOL.

Lastly, the radial particle density profiles have been explored using the model.
I will present the simplest case in Sec. 2.5.1.

2.1 The filtered Poisson process

The stochastic model consists of a superposition of uncorrelated pulses, arriving
according to a Poisson process. It is given on t ∈ [0, T ] by [60, 88]

Φ(t) =

K(T )∑

k=1

Akϕ

(
t− tk
τd

, λ

)
. (2.1)

Here, Φ represents the time series under consideration, for example ion satu-
ration current or GPI intensity. The pulse amplitudes Ak are independent and
exponentially distributed with mean value 〈A〉. The pulse duration time is τd,
and the pulse asymmetry parameter is given by λ. All pulses are assumed to
be identical.

The number of pulses, K(T ) is taken to be Poisson distributed with inten-
sity T/τw, where τw is the mean time between pulses,

PK(K) =
1

K!

(
T

τw

)K
exp

(
− T
τw

)
. (2.2)

Accordingly, the waiting times between consecutive pulses are independent and
exponentially distributed with mean value τw and the arrival times tk are inde-
pendent and uniformly distributed on [0, T ] (strictly, K independent samples
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of a uniform random variable U on [0, T ] are drawn, and the arrival times
t1, t2, . . . , tK are the ordered labels of U1, U2, . . . , UK) [89]. The motivation for
using a Poisson process lies in its connection to the exponential waiting time
distribution.

The pulse shape is taken to be an asymmetric, two-sided exponential func-
tion,

ϕ(θ, λ) =





exp

(
− θ

1− λ

)
, θ ≥ 0,

exp

(
θ

λ

)
, θ < 0,

(2.3)

where θ is a dimensionless variable and the asymmetry parameter λ is in the
range 0 < λ < 1. For λ < 1/2, the pulse has a faster rise than decay. In the
following, setting λ = 0 indicates a one-sided exponential pulse shape,

ϕ(θ, λ = 0) =

{
exp (−θ) , θ ≥ 0,

0, θ < 0.
(2.4)

This is consistent with taking the limit limλ→0 ϕ(θ, λ).
In order to calculate the moments and distribution of the process, the

integrals

In =

∞∫

−∞

dθ ϕ(θ, λ)n (2.5)

are required. For the exponential pulse shape in Eq. (2.3), In = 1/n, indepen-
dent of λ. This hints that the distribution and moments of Φ are independent
of λ, a point I will return to.

This is the basic formulation of the process, incorporating all assumptions
derived from conditional averaging of large–amplitude events. Note that in all
cases, the statistically simplest applicable assumption has been made: All ran-
dom variables are independent, the pulses are identical and there is no memory
or correlations inherent in the process driving the system. The only further
simplification would be to consider a one-sided exponential pulse, with the
asymmetry parameter set to λ = 0. However, while experimentally estimated
values of λ’s are small, they are not negligible and the formulation with finite
asymmetry is both necessary and, as will be evident, powerful.

The intensity is the defining parameter of the Poisson process, but it is not
the most important parameter for our purposes as it provides a poor idea of
how intermittent Φ appears. If the pulses are very narrow, even a high intensity
results in a highly intermittent signal. Conversely, broad pulses quickly result
in a slowly varying signal even for low intensities. The crucial parameter is
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therefore the so-called intermittency parameter [60]

γ =
τd
τw
, (2.6)

which gives a measure of how many new pulses one can typically expect during
the life time of a single pulse. It therefore measures the degree of pulse overlap,
where small values of γ gives a highly intermittent signal and large values of
γ indicates a large degree of pulse overlap and a weakly intermittent signal.

2.1.1 The filtered Poisson process as a convolution

Equivalently to Eq. (2.1), the FPP can be written as a convolution. This is
detailed in Paper II for λ = 0, but the result is valid for all pulse shapes ϕ,

Φ(t) =

∞∫

−∞

dθ ϕ
(
t

τd
− θ, λ

)
fK(θ) = [ϕ ∗ fK ]

(
t

τd

)
, (2.7)

where

fK(θ) =

K(T )∑

k=1

Akδ

(
θ − tk

τd

)
(2.8)

is a train of delta pulses. Thus, the FPP can be considered as either a super-
position of uncorrelated pulses ϕ, or as a train of delta pulses filtered through
ϕ. This justifies the name filtered Poisson process. If the pulse shape is known,
Eq. (2.7) can in principle be deconvolved in order to find fK , although this
is difficult in practice. From fK , the amplitudes Ak and arrival times tk can
be estimated directly. The first results from such calculations agree with the
conclusions from conditional averaging and are presented in [87].

2.2 Moments and distribution

The first four moments of the FPP are given by [60]

〈Φ〉 = γ〈A〉I1, (2.9a)

Φ2
rms = γ〈A2〉I2, (2.9b)

SΦ =
1

γ1/2

〈A3〉I3

(〈A2〉I2)3/2
, (2.9c)

FΦ = 3 +
1

γ

〈A4〉I4

(〈A2〉I2)2 . (2.9d)
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The relationship between skewness and flatness can therefore be given on the
parabolic form

FΦ = 3 +
〈A2〉〈A4〉
〈A3〉2

I2I4

I2
3

S2
Φ. (2.10)

Using that for the exponential pulse shape In = 1/n and for the exponentially
distributed amplitudes 〈An〉 = n!〈A〉n, these expressions simplify to

〈Φ〉 = γ〈A〉, (2.11a)

Φ2
rms = γ〈A〉2, (2.11b)

SΦ =
2

γ1/2
, (2.11c)

FΦ = 3 +
6

γ
, (2.11d)

and accordingly [60, 88]

FΦ = 3 +
3

2
S2

Φ. (2.12)

This expression provides the first required explanation: The universal parabolic
relationship between the skewness and kurtosis moments. For the given pulse
shape, this relationship is independent of λ. Because of the exponential dis-
tribution for the amplitudes, it is independent of 〈A〉. Different values of γ
give different values of SΦ and FΦ, mapping out the parabolic relation. Thus,
every realization of the process described by Eq. (2.1) gives a point on the
parabola defined by Eq. (2.12), independent of the average amplitude or the
pulse asymmetry.

The result that the FPP with λ = 0 follows a Gamma PDF with shape
parameter γ and scale parameter 〈A〉 has been well known for a long time, and
has been re-derived multiple times [90],

PΦ(Φ) =
Φγ−1

〈A〉γΓ(γ)
exp

(
− Φ

〈A〉

)
, Φ > 0. (2.13)

Since this result can be derived using In, see for example Paper V, and In is
independent of λ for the two-sided exponential function, it follows that the
distribution is the same for any value of λ. For γ > 1, this provides the
explanation for the unimodal, skewed and flattened probability distributions
found in SOL plasmas. The intermittency parameter γ determines the shape of
this distribution, and high γ leads to processes resembling normally distributed
noise.

I also note that from Eqs. (2.11a) and (2.11b), the relative fluctuation level
can be found:

Φrms

〈Φ〉 = γ−1/2. (2.14)
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Thus, the increasing intermittency, the increasing relative fluctuation level and
the gradually more skewed PDFs radially outward in the SOL are all reflected
by decreasing γ. In GPI measurements from Alcator C-Mod (see Paper III and
the next Section), τd remains constant through the SOL, suggesting that these
observations all stem from the same source: an increasing τw, that is, fewer
blobs are recorded in the far-SOL than in the near-SOL. This is likely due to
stronger poloidal flows in the near-SOL leading to more blob overlap, combined
with blob dispersion leading to less overlap in the far-SOL, see Paper III.

Using the normalization

Φ̃ =
Φ− 〈Φ〉

Φrms
(2.15)

provides a very useful form of Eq. (2.13):

P
Φ̃

(Φ̃) =
γγ/2

Γ(γ)

(
Φ̃ + γ1/2

)γ−1
exp

(
−γ1/2Φ̃− γ

)
, Φ̃ > −γ1/2. (2.16)

In Fig. 1.15, this expression with γ = 1.8 is shown to be in agreement with
the PDFs for experimental data time series from a variety of devices. I also
note that the skewness and flatness moments calculated from Eqs. (2.11c) and
(2.11d) with this γ-value are in agreement with the values of the moments
reported in the text. This form of the distribution, along with the skewness
and flatness moments, are independent of 〈A〉. Thus, they allow for reliably
estimating the parameter γ from realizations of the process. For the fluctuation
analysis, this is often far more important than estimating 〈A〉, as γ changes
the character of the process while 〈A〉 simply scales the process. A reliable
estimate of 〈A〉 is still desirable, as it is the only parameter directly related to
the absolute value of the process. It may, however, not be physically meaningful
in some experiments. In the case investigated in Paper I, the mean value of
the signal was unreliable, as the diagnostic system was not capable of correctly
measuring the low-frequency part of the signals. Before analysis, the signal
had to be detrended. Even with a reliable estimate of γ from the normalized
PDF of the signal, 〈A〉 could not be estimated. Neither do GPI measurements
give a useful estimate of 〈A〉, as the GPI intensity is a nonlinear function of
electron density, temperature and neutral gas density. Thus an estimate of
〈A〉 from the GPI intensity cannot be directly related to any of the plasma
parameters.

The normalization in Eq. (2.15) provides two additional advantages. It is
the natural normalization for the power spectral density and autocorrelation
function, to be discussed in the following section. It is also readily extendable
to normalizing the signal by a running average and running standard deviation,
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in order to remove trends in the signals [26, 35]. This may be necessary, as
Eq. (2.1) describes a statistically stationary process.

2.3 The power spectral density

The power spectral density can be found using the convolution form of Φ, given
by Eq. (2.7). Then the inverse Fourier transform can be performed to find the
auto-correlation function. The details can be found in Appendix B of Paper
II for the case λ = 0. The generalization is straightforward. Since Φ is a
pulse shape ϕ convolved with a pulse train fK , the Fourier transform of Φ is
the product of the Fourier transforms of the pulse shape and pulse train, and
its power spectrum is the product of the power spectra of ϕ and fK . As the
delta pulse train has a flat power spectrum due to the uncorrelated pulses, the
frequency dependence of the power spectrum and the time dependence of the
autocorrelation function of Φ are given entirely by the pulse shape [91]:

SΦ(ω) = Φ2
rms

τd
I2
|ϕ̂(τdω)|2 + 2πτd〈Φ〉2δ (τdω) , (2.17a)

RΦ(t) = Φ2
rms

1

I2
[ϕ ∗ ϕ]

(
t

τd

)
+ 〈Φ〉2, (2.17b)

where ω is the angular frequency and

ϕ̂(τdω) =

∞∫

−∞

dθ ϕ(θ) exp(−iθτdω). (2.18)

Using the normalization defined by Eq. (2.15), the dependence on the mean
and rms–value disappears as well. Inserting the expression for the two-sided
exponential pulse shape, Eq. (2.3), gives [92]

S
Φ̃

(ω) =
2τd[

1 + (1− λ)2τ2
dω

2
] [

1 + λ2τ2
dω

2
] , (2.19a)

R
Φ̃

(t) =
1− λ
1− 2λ

exp

(
− |t|

(1− λ)τd

)
− λ

1− 2λ
exp

(
− |t|
λτd

)
. (2.19b)

These expressions show that while the PDF is independent of λ, the power
spectral density and auto-correlation function are independent of γ, that is,
the degree of pulse overlap. This is due to the assumption of uncorrelated
pulses. The power spectrum in Eq. (2.19a) is flat for low frequencies and
falls off as ω−4 for high frequencies. If λ = 0 or λ = 1, the spectrum has a
Lorentzian shape and falls as ω−2 instead. For small but finite λ, there is an
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intermediate range where the spectrum falls as ω−2, before rolling over to the
ω−4 asymptote.

In Fig. 1.17, the expression in Eq. (2.19a) with λ = 1/20 compares favorably
to the power spectral density from experimental data time series from a variety
of devices. With λ = 0, the fit would be poor for the lowest three decades in
power, supporting the notion that the parameter λ is a useful and important
extension of to the model.

The FPP thus predicts a power spectrum which is flat for low frequencies
and decays as either ω−2 or ω−4 for high frequencies. This is an excellent
description of the power spectra seen in many different experimental contexts,
and so provides the final required explanation: the shape of the power spec-
trum. Since the spectrum in Eq. (2.19a) is independent of γ, conditions lead-
ing to different degrees of intermittency play no role with respect to the power
spectrum.

In GPI measurements from Alcator C-Mod (see Paper III), the power spec-
tra were found to be independent of both radial position in the SOL and line-
averaged density. Thus, both τd and λ were independent of radius and particle
density. The model interpretation is that the blobs stabilize their shape quickly
after formation, and keep this shape as they move through the SOL, irrespec-
tive of the line averaged density.

2.4 Excess time statistics

As seen in Sec. 1.5, threshold phenomena may demand the investigation of
excess time statistics, such as how often a signal crosses a given threshold level,
and how long the signal stays above the threshold. Excess time statistics has
been investigated earlier, see for example Refs. 11-20 in Paper IV. First passage
times have been discussed in the context of Ornstein–Uhlenbeck processes,
which are equivalent to the normalized FPP in the limit γ → ∞. For the
FPP with λ = 0, the focus has mainly been on the rate of threshold crossings
and the time below threshold. By allowing for λ 6= 0, the rate of threshold
crossings provides an important diagnostic tool for parameter estimation, as
well as providing interesting mathematical insight. Excess time statistics is
discussed in detail in Paper IV.

The total number of threshold crossings is given by Rice’s formula [75],

X(Φ) = T

∞∫

0

dΦ̇Φ̇PΦ,Φ̇(Φ, Φ̇), (2.20)

where Φ̇ is the derivative of Φ and PΦ,Φ̇(Φ, Φ̇) is the joint PDF between Φ
and its derivative. In order for a signal to cross the threshold Φ from below,
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the signal must take on the value Φ and its derivative must be positive. The
number of crossings per unit time is given by the integral in Eq. (2.20). The
total number of threshold crossings X(Φ) is then the time duration of the
process multiplied by this integral.

This expression presents a problem for many stochastic processes, particu-
larly those based on white noise for randomness: the derivative of Φ does not
necessarily exist, or have finite standard deviation. It also presents a problem
for the standard formulation of the FPP with λ = 0: this process is not dif-
ferentiable, as ϕ with λ = 0 is not. Other methods are applicable to the case
of discontinuous pulses [85, 93]. This is where the formulation using finite λ is
helpful, as the derivative of Φ exists in this case. For λ ∈ (0, 1), the joint PDF
between the process and its derivative can be formulated and Eq. (2.20) can
be calculated. The details are given in Paper IV, and the result is

τd
T
X(Φ) =

λγλ−1(1− λ)γ(1−λ)−1

γΓ(γλ)Γ(γ(1− λ))

(
Φ

〈A〉

)γ
exp

(
− Φ

〈A〉

)
, Φ > 0. (2.21)

In this expression, the limit λ→ 0 can be taken, which gives the same results
as calculations starting from λ = 0. While the functional form with respect
to Φ depends on γ and 〈A〉, the prefactor depends on λ and τd as well as γ,
meaning that this expression depends on all model parameters (if 〈A〉 cannot be
reliably estimated, it can be removed by using the normalization in Eq. (2.15)).
Thus, when the parameters have been estimated, the rate of threshold crossings
provides an important consistency check on these parameters, as they do not
only have to provide reasonable fits to PDF/moments and power spectrum
separately, but at the same time provide a good fit to the rate of threshold
crossings as well.

2.5 Extensions

The basic form of the FPP, Eq. (2.1) can be easily extended (although deriving
closed analytical expressions for PDFs, power spectra and excess time statistics
may be more difficult or impossible) by changing the amplitude distribution
or the pulse shape. The radial velocity derived from the floating potential in
probe measurements from TCV and Alcator C-Mod correspond well to the
FPP with Laplace distributed amplitudes. This is demonstrated in Paper
I and [35], and discussed in Paper V. Exponential frequency spectra have
been observed in the edge region of magnetically confined plasmas, and may
be connected to Lorentzian pulse shapes [94–97]. The FPP with Lorentzian
pulses has been discussed in [91, 98, 99]. Other extensions include additive
noise, discussed in Paper II, using different pulse shapes [92] or using randomly
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distributed duration times [91, 92, 99]. Modifying the arrival time distribution
is in general very difficult analytically, as this implies abandoning the Poisson
process. However, a combination of Poisson-driven pulses and periodically
arriving pulses may be applicable to for example thermal convection systems
[100].

These extensions, however, only cover single-point measurements. By using
a model for advection of single pulses, density profiles may be derived [88, 101–
103].

2.5.1 Density profiles

The derivation presented here follows [88]. In order to arrive at an expression
for the profiles, the FPP must be extended to cover both the radial direction
(x) as well as time. It can be written as (fixing K for the moment)

ΦK(x, t) =
K∑

k=1

φk(x, t). (2.22)

Here, φk contains both the shape and the amplitude. Assuming the blobs do
not interact [104] and follow an advection equation, their motion is given by

∂φk
∂t

+ v⊥
∂φk
∂x

+
φk
τ‖

= 0, (2.23)

where v⊥ is the constant radial velocity, and τ‖ describes losses along the
magnetic field due to acoustic streaming. The solution to Eq. (2.23) is

φk(x, t) = A0k exp

(
− t+ xk/v⊥

τ‖

)
ϕk

(
x− xk − v⊥t

l⊥

)
, (2.24)

where the k’th pulse has amplitude A0k and is located at x = 0 at time
tk = −xk/v⊥, xk is the position of the pulse at time t = 0, l⊥ is the pulse size
and ϕk(θ) is the spatial pulse shape. Setting a reference position ξ and letting
tk = (ξ−xk)/v⊥ be the time the pulse arrives at ξ, the process can be written
as

ΦK(ξ, t) =

K∑

k=1

A0k exp

(
− ξ

v⊥τ‖
− t− tk

τ‖

)
ϕk

(
−v⊥
l⊥

[t− tk]
)
. (2.25)

Letting the pulse shapes be identical one-sided exponential functions ϕk =
exp(θ)Θ(−θ), where Θ is the Heaviside function and l⊥ is the blob size, the
resulting process is

ΦK(ξ, t) =
K∑

k=1

A0k exp

(
− ξ

v⊥τ‖

)
exp

(
− t− tk

τd

)
Θ

(
t− tk
τd

)
. (2.26)
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where τd = τ‖τ⊥/(τ‖+τ⊥) and τ⊥ = l⊥/v⊥. This is equivalent to Eq. (2.1) with
Ak = A0k exp(−ξ/v⊥τ‖) and the pulse shape in Eq. (2.4). The observed pulse
duration time is the harmonic mean between parallel loss time and transit
time past the probe, τ⊥. If the parallel loss time is very long, the pulse decay
time seen by the probe is primarily set by the advection velocity. If the radial
velocity is very low, τ⊥ is very long and the pulse decay seen by the probe is
primarily due to parallel losses.

The radial profile is the average of this process, and can be written as

〈Φ〉(ξ) =
τd
τw
〈A0〉 exp

(
− ξ

v⊥τ‖

)
, (2.27)

In the case of fixed pulse size and velocity, the profile is an exponential function
with decay length depending on the pulse velocity and the parallel loss time.

This can be further extended by allowing for varying (radially, temporarily
and randomly distributed among pulses) velocities and pulse sizes, as well as
for different parallel loss terms [102].

One limitation with this model is that the radial dependence on γ, that is
the radial dependence on τw, is not seen. This is, however, a purely mathe-
matical model, and pulses with arbitrarily small amplitudes still count towards
the total number of pulses. Synthetic realizations of this process with a small
amount of noise (or simply, where pulses with amplitudes below a threshold
are removed) may be consistent with radially decreasing γ. Furthermore, it
is a one-dimensional model only taking radial blob propagation into account.
Other effects such as blob formation, two-dimensional motion in the plane
perpendicular to the magnetic field and blob dispersion are not part of the
model.
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3 | Summary of Papers

The main focuses of the papers presented here are theoretical advances on the
stochastic model and on methods for analysing fluctuation data time series.
These comprise three of the included papers. In addition, two of the papers
apply this analysis to plasma fluctuations in the SOL for Alcator C-Mod and
TCV.

Paper I presents an analysis of Langmuir probe data from TCV. The probe
was dwelled by the outboard mid-plane wall for 1 second, providing long, sta-
tionary data time series. This paper helps in justifying the stochastic modelling
perspective and uses PDFs, conditional averaging and auto-correlation func-
tions to achieve this aim. While the ion saturation current signal is the main
signal of interest, floating potential, particle flux and radial velocity estimated
from the floating potential are also considered. The radial velocity, in partic-
ular, appears amenable to continued stochastic modelling as the PDF is well
described by the FPP with exponential pulse shapes and Laplace distributed
amplitudes. (Note that this PDF, described in Eq. (40) in Paper V, is of the
same form as the PDF for the derivative of the FPP, described by Eq. (24)
Paper IV).

Noise is often present in experimental contexts, and affects the PDF, fre-
quency power spectrum and excess time statistics of data time series, as in
Paper III. The role of additive, normally distributed noise is addressed in Pa-
per II. The noise affects the moments and PDF by bringing the PDF of the
FPP with noise closer to a normal distribution, particularly for small values
of the random variable. The noise breaks the non-negative property of the
signal for positive definite amplitudes of the FPP, which suggests that a nor-
mal distribution may not be the best description of the noise, as both ion
saturation current and GPI intensity are positive definite. The presence of a
background density may alleviate this. The frequency power spectrum is also
calculated and described. If the noise has the same autocorrelation function as
the FPP, the power spectrum is unaffected. If the noise is delta-correlated, the
high-frequency tail of the power spectrum rises and flattens, and the flat part
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for low frequencies decreases in value. Methods for parameter estimation for
the FPP with additive noise are studied using Monte-Carlo simulations. The
results in this paper are general, and applicable to systems outside the SOL of
fusion plasmas.

In Paper III (a letter), GPI data from ohmically heated plasmas in Alcator
C-Mod is analysed for different line-averaged densities. In all cases, PDFs
become less Gaussian as the limiter shadow region is approached from the
LCFS. This increase in intermittency through the SOL is consistent with the
increased relative fluctuation level. Thus, the pulse overlap decreases through
the SOL, signifying that pulses are depleted and dissipate as they move. Line
averaged density does not appear to significantly alter the number of blobs. At
the same time, conditionally averaged pulse shapes and power spectra remain
basically constant with both changing radial position and line averaged density.
Under the stochastic model, the interpretation is that the blobs quickly take
on their shape as they are formed, that this shape is unaffected by the plasma
density, and that this shape remains constant as the blobs propagate through
the scrape-off layer. The stochastic model describes the fluctuations at all
radial positions in the SOL; PDFs, power spectra and rates of level crossings
are consistent with the stochastic model.

The last two papers deal with some theoretical aspects of the FPP, and
the results may be applied to other physical systems. Paper IV deals with
level crossings and excess time statistics. Several authors have previously in-
vestigated the rate of threshold crossings for the FPP, but require a one-sided
exponential function. By using the two-sided exponential pulse, Rice’s formula
may be applied directly. The rate of threshold crossings conforms to the rate
for the one-sided pulse in the correct limit. While the pulse asymmetry λ does
not enter into the expression for the PDF (as it does not enter In), it does enter
the expression for the rate of threshold crossings. Thus the rate of threshold
crossings depends on all parameters of the process, 〈A〉, τd, γ and λ, and pro-
vides an option for parameter estimation or a consistency check for the values
of τd and λ found from conditional averaging or the power spectrum and γ
and 〈A〉 from the moments or PDF. This contribution also contains analytical
expressions for the distribution of time spent above threshold in the limits of
weak and strong intermittency, and numerical results bridging the gap between
these for intermediate intermittency levels.

Finally, Paper V contains results related to the effect of the pulse ampli-
tude distribution on the distribution of the FPP. Exponentially distributed
pulse amplitudes results in a Gamma distribution, which gives a good descrip-
tion of the ion saturation current, GPI intensity and temperature fluctuations
in the SOL of fusion plasmas. One might ask how much the large amplitudes
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contribute compared to the small amplitudes which, for the exponential dis-
tribution, are far more numerous. The comparison to a Gamma distribution
with shape parameter greater than unity is natural, as this distribution has an
exponential tail, but falls to zero for small values of the random variable. It
turns out that the PDF of the FPP with Gamma distributed amplitudes with
shape parameter 2 can be expressed analytically. This PDF is, however, very
close to the PDF of the FPP with exponentially distributed amplitudes and
slightly higher intermittency parameter. This indicates that the low amplitude
events do not significantly alter the shape of the PDF. The PDF of the FPP
with Laplace distributed amplitudes is derived, providing the origin of the ex-
pressions used for the radial velocity in Paper I and [35]. While more general
amplitude distributions, such as the Gamma distribution with arbitrary shape
parameter or the skewed Laplace distribution, may be of interest, analytical
expressions for the PDF of the FPP only exist in special cases. This is partic-
ularly true if additive noise is also considered. By contrast, the characteristic
function is often available. Therefore, a numerical study of parameter estima-
tion from the characteristic function is also performed in this contribution.

3.1 List of other works

I am a co-author of several other publications, and I have some conference
presentations. These are detailed in the following list:

Unpublished manuscripts

G. Decristoforo, O. E. Garcia, R. Kube and A. Theodorsen: ‘Intermittent
fluctuations and Lorentzian pulses in flux-driven thermal convection’, in prepa-
ration. [100]

A. Theodorsen, O. E. Garcia, R. Kube, B. LaBombard and J. L. Terry:
‘Universality of Poisson-driven plasma fluctuations in the Alcator C-Mod scrape-
off layer’, ready for submission, arXiv: 1802.05052. [87]

2018

R. Kube, O. E. Garcia, A. Theodorsen, D. Brunner, A. Kuang, B. LaBom-
bard, J. L. Terry: ‘Intermittent electron density and temperature fluctuations
and associated fluxes in the Alcator C-Mod scrape-off layer’, Plasma Physics
and Controlled Fusion 60, 065002. [35]
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O. E. Garcia, R. Kube, A. Theodorsen, B. LaBombard and J. L. Terry:
‘Intermittent fluctuations in the Alcator C-Mod scrape-off layer for ohmic and
high confinement mode plasmas’, Physics of Plasmas 25, 056103. [66]

O. E. Garcia and A. Theodorsen: ‘Intermittent fluctuations due to uncor-
related Lorentzian pulses’, Physics of Plasmas 25, 014506. [99]

O. E. Garcia and A. Theodorsen: ‘Skewed Lorentzian pulses and exponen-
tial frequency power spectra’, Physics of Plasmas 25, 014503. [98]

2017

O. E. Garcia and A. Theodorsen, ‘Auto-correlation function and frequency
spectrum due to a super-position of uncorrelated exponential pulses’, Physics
of Plasmas 24, 032309. [92]

O. E. Garcia and A. Theodorsen, ‘Power law spectra and intermittent fluc-
tuations due to uncorrelated Lorentzian pulses’, Physics of Plasmas 24, 020704.
[91]

O. E. Garcia, R. Kube, A. Theodorsen, J.-G. Bak, S.-H. Hong, H.-S. Kim,
the KSTAR Project Team and R. A. Pitts, ‘SOL width and intermittent fluc-
tuations in KSTAR’, Nuclear Materials and Energy 12, 36-43. [27]

2016

O. E. Garcia, R. Kube, A. Theodorsen and H. L. Pécseli, ‘Stochastic mod-
elling of intermittent fluctuations in the scrape-off layer: Correlations, distribu-
tions, level crossings and moment estimation’, Physics of Plasmas 23, 052308.
[88]

A. Theodorsen and O. E. Garcia, ‘Level crossings, excess times, and tran-
sient plasma-wall interactions in fusion plasmas’, Physics of Plasmas 23, 040702.
[105]

R. Kube, A. Theodorsen, O. E. Garcia, B. LaBombard and J. L. Terry,
‘Fluctuation statistics in the scrape-off layer of Alcator C-Mod’, Plasma Physics
and Controlled Fusion 58, 054001. [26]

Oral Conference Presentations
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2017
A. Theodorsen, O. E. Garcia, R. Kube, B. LaBombard and J. L. Terry: ‘Appli-
cation of RL-deconvolution for identifying burst amplitudes and arrival times
in Alcator C-Mod far SOL plasma fluctuations’. Contributed oral presenta-
tion, 59th Annual Meeting of the APS Division of Plasma Physics. Session
CO4.12

A. Theodorsen and O. E. Garcia: ‘Using statistics to describe turbulence
in fusion plasmas’. Invited award talk for Martin Landrøs prize, Fysikermøtet
i Tromsø. Program

2016
A. Theodorsen, O. E. Garcia, R. Kube, D. Brunner, B. LaBombard and J. L.
Terry: ‘Level crossings and excess times of intermittent fluctuations in scrape-
off layer plasmas’. Contributed oral presentation, 58th Annual Meeting of the
APS Division of Plasma Physics. Session UO4.2

http://meetings.aps.org/Meeting/DPP17/Session/CO4.12
http://meetings.aps.org/Meeting/DPP17/Session/CO4.12
http://site.uit.no/fysikermotet2017/sample-page/program/program-onsdag-9-august/
http://meetings.aps.org/Meeting/DPP16/Session/UO4.2
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4 | Conclusion and future work

The implications of turbulent fluctuations in the boundary of fusion plasmas is
a serious concern for the next generation confinement experiments and future
fusion power reactors. As such, an accurate description of all the statistical
properties of the turbulence is a necessary first step for both understanding
and predicting its causes and effects on the reactor and walls. The filtered
Poisson process is capable of describing the fluctuation probability densities,
power spectra, level crossing rates and possibly the radial profiles observed in
the scrape-off layer. In this thesis, the stochastic model has been extended
by considering the effect of normally distributed noise and different amplitude
distributions and by providing predictions for excess time statistics. The excess
time predictions are consistent with GPI data in Alcator C-Mod. Additionally,
the assumptions of the model have been tested on Langmuir probe data from
TCV and on GPI data from Alcator C-Mod. The universal shape of the power
spectral density of fluctuations in Alcator C-Mod has been interpreted using
the model.

Future work will involve analysis of experimental data and numerical sim-
ulations as well as theoretical work extending the model. By analysing scans
in plasma parameters such as plasma current, particle density, magnetic field
strength or SOL width, scalings of model parameters can be discovered. The
universality of the fluctuations can also be investigated by comparing toka-
maks, spherical tokamaks and stellarators with different machine parameters,
and in different confinement regimes.

The model provides a powerful tool for code validation, as numerical simu-
lations of SOL turbulence must replicate the fluctuation statistics described by
the model. In addition, scaling of particle and heat transport with model pa-
rameters, as well as the role of the SOL width and the effects of the boundary
conditions, can be investigated using numerical simulations.

While some work on the correlations between ion saturation current, tem-
perature, floating potential and radial velocity has already been performed, the
model has not yet been extended to describe multiple, correlated, variables.
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The different fluxes, computable from the time series of different plasma vari-
ables, should also be investigated using the model. In addition, the possible
role of low-frequency trends, multiple temporal scales and clustering of events
can be explored. The method for deconvolving data time series with the pulse
shape in order to reveal the underlying pulse amplitudes and arrival times is
still in its infancy. Monte-Carlo studies assessing the role of pulse overlap and
additive noise and optimization for long time series is necessary before the
method can be applied systematically.
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