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We present an implementation and application of electron dynamics based Nne time-dependent density
com

functional theory (RT-TDDFT) and relativistic 2-component X2C
Hamiltonians to the calculation of electron circular dichroism (ECD)
In addition, the resolution-of-identity approximation for the Cou

TDDFT and formulated entirely in terms of complex quaterni
assessed on the dimethylchalcogenirane series, C,HgX (X =
by non-relativistic and relativistic methods start to disagree
observed for Po and Lv. The X2C approach, even in its si
4c results surprisingly well across the entire series while
overall acceleration of RT-TDDFT by means of X2C<and
a factor of almost 25 when compared to the full 4c freatment,
spectra. These results suggest that one-particle X

method for the calculation of chiroptical spectra in

\\mu.ge for theory in terms of ensuring reliable computa-

I. INTRODUCTION

s € ron

ient Dirac—Coulomb (4c)
d-étical rotatory dispersion spectra.
nb tegm (RI-J) is introduced into RT-
alg he proposed methodology was
ST,L}, Te, Ro, Lv), and the spectra obtained
e and.Te, while dramatic differences are
-particle form, reproduces the reference
ering 4n 8-fold speed-up of the simulations. An
-J intreases with system size and approaches
ithout compromising accuracy of the final
namics with RI-J acceleration is an attractive
e valence region.

\tional results and an opportunity for theoretical chem-

Chirality, i.e. non-superimposability of an dbject an
its mirror image, is a ubiquitous phenomenon 1% -
istry and a prime example of the relationghip between
molecular structure and properties. A pair enan-
tiomers, i.e. a chiral molecule and its i imagey dif-
fers in its interaction with other chiral ob%nduding
; different

indices of refraction for left- andfrig anded circularly
i the real (dispersive)

rcular birefrin-
gence and leads to optical ®gtatiOn, i.e% rotation of the
plane of polarization (if{gnear pola’rized light passing
through an optically aétivegnedium, whereas the differ-
ence in the imagina z:g%i{u;e) part of the index of

sircular dichroism and leads to the
in the linearly polarized light.' 3

difference in extinction coefficients or as the

icity. /The dependence of these properties
on the frequency of light is called optical rotatory disper-
sion (ORD) orlscircular dichroism (CD) spectroscopy, re-
; spectra can be measured in the UV /Vis or
X-ray regions as a result of transitions between electronic

tional states resulting in vibrational circular dichroism
(VCD).? All these chiroptical spectroscopies play a cru-
cial role in the identification of compounds or in the de-
termination of absolute configurations, presenting a chal-

istry to aid in the analysis of experimental data.6~®

The first-principles quantum-chemical determination
of indices of refraction, or chiroptical spectra in gen-
eral, requires the calculation of microscopic frequency-
dependent molecular property tensors. In the context
of time-dependent density functional theory (TDDFT),
there are two main approaches that can be used. The
first approach is based on perturbation theory and can
proceed in two ways. One either calculates excitation en-
ergies and the corresponding transition moments followed
by applying lineshape functions to the calculated stick
spectra.!12 Alternatively, one calculates the spectrum
directly in the frequency domain using damped response
theory.!® Several applications to the calculations of chi-
ropical properties have been reported and reviewed for
TDDFT™ 2! as well as for post-Hartree-Fock methods
such as coupled cluster (CC) theory?23.

The second approach, which has gained increasing
attention in recent years, considers the dynamics of
molecules under the influence of external fields by propa-
gating the electronic state directly in time, so called real-
time (RT) TDDFT,?*3! or similar post-Hartree-Fock
dynamical approaches3?-37. Frequency-dependent molec-
ular properties are then recovered as Fourier transforms
of time-dependent properties recorded in the course of
the simulations. Compared to perturbation theory-based
approaches, real-time methods allow the description of
molecules under strong external fields or external fields
with complicated time dependence. Moreover, they can
access spectra in various regions from a single run and
do not require the evaluation of response kernels. On
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‘ s lt] ther hand, long time propagations present a chal-
Jlehge in terms of computational cost, prompting the
PUbhé"e !a[l;& 1ent of various acceleration techniques such as
time-dependent incremental Fock build method,?® the
non-recursive Chebychev expansion,®® the Padé approxi-
mants?®; or the resolution-of-identity (RI) technique pre-
sented in this paper. Pioneering applications of RT-
TDDFT to CD spectra have already been presented at
the non-relativistic (1c) level of theory utilizing both real-
space grids*14? and Gaussian orbitals?3. For more infor-
mation on real-time methodologies the reader is referred
to a recent review by Goings, Lestrange and Li**.

In order to correctly describe molecules containing
atoms from across the whole periodic table, one needs
to take relativistic effects into account.*®> A typical ap-
proach in relativistic quantum chemistry is to combine
the 4c¢ one-electron Dirac operator with a non-relativistic
Coulomb interaction between the electrons into the 4c
Dirac-Coulomb (DC) Hamiltonian. This currently rep-
resents the “gold standard” in relativistic quantum chem-
istry and can be used to benchmark more cost-effictive

& pndy) = By ; .
approximate methods. One rung below the 4c Hamilton ‘ J .
ans are the 2-component (2c) Hamiltonians, some of $he m" (w) = —Bji(w)Ej(w) + ...

zeroth-order regular approximation (ZORA)
nian?:%9 the normalized elimination of small ¢

Il. THEORY

A. Chiroptical properties

The central microscopic molecular property that can
be directly related to ORD and ECD is the electric
dipole-magnetic dipole (Rosenfeld) tensor 3.2 In the
sum-over-states formalism, the ij Cartesian component
of this tensor reads (%tomic units)

Bij(w) = 3%;

where p and ¢ areqnan,
E, - i

(<plg%j>_<illgnj P) )

article stationary states, 1q, =

energy/frequency difference, () refers
'L‘Z} art, m is the magnetic dipole and p
ipole moment operator, respectively. The
nnects the induced electric dipole mo-
derivative of a magnetic field (B) as well

the in d magnetic moment to the time derivative
an elegSric field (E):!

Bij (W)BJ (w) + )

magnetic fields that can be neglected for isotropic sam-
ples and the weak-field regime, as considered in this

popular and variationally stable ones being the second
order Douglas-Kroll-Hess (DKH2) Hamiltonian%ixnf{;fhe ellipses stand for higher-order terms in electric and

(NESC) Hamiltonian1:52]
act” 2-component (X2C) Hamiltonian

53-5

the relativistic quantum chemistry com
years,?®% as it allows for a reduction of t
problem to 2c form at the exp

The first implementation o
sented by Repisky et alf? followed /by its application
to X-ray absorption neX dge strucfure (XANES) spec-
trabl. Later, it has een&hxn«that the X2C transfor-
mation can be applied inythe time-dependent context as
well, provided thg external field has a small amplitude or
frequency.52:63

£

4

present an implementation of 4c-
VStivistic electron dynamics and their
iroptical spectra of the benchmark
enirane series, C,HgX (X = O, S, Se,
e begin by defining the central chirop-
preperty tensor, then continue with the description
relativistic density matrix propagation, and fur-
hulate the RI approximation within RT-TDDFT.
The paper ends with a discussion of the results, with an
emphasis on relativistic effects and the accuracy and per-
formance of the X2C method in combination with the RI
acceleration.

study. In the next section, we outline how to obtain
the Rosenfeld tensor from electron dynamics simulations
using Eq. (3).

B. Relativistic electron dynamics for chiroptical properties

The dynamics of electrons in the presence of a time-
dependent external field is described by the Liouville-
von Neumann equation,’® which for Kohn-Sham RT-
TDDFT® in an orthonormal basis takes the form

oD(t)

i =

ot

[F(t), D(t)] . (4)
In Eq. (4), D(t) is the one-electron reduced density
matrix and F(¢) is the Fock matrix constructed from
D(t). Eq. (4) is, therefore, non-linear and requires
sophisticated propagation techniques.5%:67"7* Qur imple-
mentation utilizes the Magnus expansion truncated to
first order combined with an extrapolation—interpolation
scheme.®® The Fock matrix F(¢) in Eq. (4) can be ex-
pressed as

F(t) =h+V*[pt)] + GD{)] + V(1),  (5)
where h is the one-electron term, VX is the exchange—
correlation potential matrix, and G is the two-electron
term containing the Coulomb interaction J and, in the
case of hybrid functionals, also the exchange interaction
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is the time-dependent external field matrix
at, gov )I'Ilb the time evolution of the system.
‘h DC relativistic electron dynamics, the one-
electron term is the matrix representation of the 4c one-
electron Dirac Hamiltonian consisting of the kinetic con-
tribution and the electron-nuclear Coulomb contribution,
respectively. The two-electron term is constructed by as-
suming an instantaneous, non-relativistic Coulomb inter-
action between electrons. Similarly, the DFT exchange—
correlation potential is expressed in its standard non-
relativistic and adiabatic form, utilizing in the current
implementation a non-collinear formalism based on the
spin magnetization vector’™ as described in detail in
Ref. [76].

The X2C Fock matrix is constructed by a block diag-
onalization of the original 4c¢ Fock matrix and discard-
ing the block with negative-energy eigenspectrum. In an
ideal case, such a procedure would require the X2C block-
diagonalization of two-electron terms in each time step
which leads to a method even more expensive than the
full 4c treatment. Therefore, in practice, approximate so-
lutions are sought after, both in the static”” ®! as well as
dynamic (time-dependent) case.5>%3 In our present im-
plementation, we apply the one-electron X2C approxi

the one-electron term, i.e.

mation that only considers the block—diagonalizatiou&

de X4C _ gripderr (BFC 0 2 e
h* — h =Uh*U= 0 hX4C —h =

while adding the untransformed two-electron

block. The decoupling matrix U is built \ i
case from eigenvectors of h*¢ by solvi braic
tions.?® 7 In the dynamical regime, the
trix is in general time dependents however,
this time dependence by invokidg an adiabatic approxi-
mation valid under condition, ussed in our previous
work%2. The detailed derivdtion of he/X2C variant of
the Liouville-von Neumann tion,as well as the de-
coupling procedure in Tg{; tim cmzﬁ'e can be found in
earlier work by Konec 152 a

e Goings et al%3.
To calculate EC arrd}OR
in Eg. (5)

ectra, the external per-
turbation potentia takes the form of an elec-
tric pulse described within the dipole approximation as
Vext(t) = —P4E(t) Avhere® is the matrix representation
of the electrie dipole moudent operator and E(t) = kd(t—
tric field with the vector ampli-
tude k an 5—func1§f)‘nal time dependence. The ground-
istent/field (SCF) density matrix Dy is per-

ulse, D(tg) = exp|—iP]Dgexp[iP],5

and evolyed f&n an initial time ¢¢ in a series of discrete
steps ngth At. In each time step ¢;, the induced
“dipole moment is calculated from a trace of the
ic dipole moment matrix and the time-dependent

= Tr[MD(t;)] — m™*e, (7)

where the static magnetic moment is calculated as

mstatic = Tr[MDy]. The recorded magnetic dipole mo-
ments are subsequently transformed to the frequency do-
main by means of a discrete Fourier transformation, while
introducing an artificial damping factor ~ to ensure finite
width of the spectral lines

md 1nd t; ]k
At Tt 2mi— 8
Z m Je exp{ i - } (8)
Here, k =0,1,... ,ng/l where n is the number of time
steps and wy, = 27k /At 18¢he k-th frequency point.
The frequency-

p'a)lent uced magnetic moment in
ed fo the expansion in Eq. (3) as
= ifBji(w)k;, (9)

provided at‘bgher order terms have been neglected in
Eq. (3) and ag‘typedmpulse electric field was assumed as
discusfed in the'previous paragraph. The final expression
for th Rosenﬁld tensor thus reads

. L O
G O

e ORD spectral function is then proportional to the

real ‘part of B;;(w) (or the imaginary part of mi*d(w)),

1d/the ECD spectral function is proportional to the
imaginary part of 3;;(w) (or the real part of mi"(w ))

(10)

- — Note that the procedure outlined above does not sim-

ulate the experimental ECD process directly but rather
takes advantage of the fact that the Rosenfeld tensor that
defines the lowest-order chiroptical properties also ap-
pears in other formulas, such as Eq. (3). Time-dependent
magnetization induced by electric component of the ex-
ternal radiation field described by Eq. (3) is more suitable
for RT-TDSCF treatment.

A finite-basis representation of the magnetic dipole
moment operator, denoted as M in Eq. (7), has the fol-
lowing forms in non-relativistic (1c) and 4c theories (in
Hartree atomic units):

1
lc
ml =~ v, < p, (1)
1
m* = —5Te X @ (12)

Here « is the vector composed of Dirac’s o matrices, p is
the non-relativistic momentum operator and ry = r— R,
is the electron position operator relative to a fixed gauge,
R,. All calculations presented in this paper assume the
gauge placed in the centre of mass of the molecule. Al-
though the present methodology is gauge dependent, this
dependence is well established for ECD and ORD both at
the non-relativistic and relativistic levels of theory!®!7,
and we have not explored this further here. In 4c the-
ory, the operators are represented in a restricted kinetic
balance (RKB) basis X%, where the individual large (L)
and small (S) component basis elements are defined as

= (5 8) = (5 o o ) o 09
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‘ s I}P o is a 2 X 2 unit matrix, o is the vector composed
ot P

{ Pauli matrices, and the functions x,(r) are elements

PUb“&m @& scalar basis set, in our implementation chosen

to be Gaussian-type orbitals (GTO). The elements of the
4c magnetic dipole moment matrix in the RKB basis are

My, = (14)
_1 ( 0 (Xul(rg x o) (0 ~p)|xy>>
4e \(xul(o - p)(rg x o)[x0) 0 ’

In X2C theory, the magnetic dipole matrix is given by
a picture-change transformation of the original 4c dipole
moment matrix using the aforementioned decoupling ma-
trix U and leaving only its upper diagonal block, i.e.

M*2¢ = [UTM*U]_, (15)

which resembles the decoupling procedure for h*¢ out-
lined in Eq. (6).

C. Resolution-of-identity for the Coulomb problem in
RT-TDDFT

In the relativistic two- and four-component moleCLK
in

electronic structure calculations, the Coulomb term
the Fock matrix

Ty (t) = [ | Tr(Rex Dk (1)),

8 NI

?NQ sion
1 \

requires the evaluation of four-centre elect
integrals (ERIs)

(9, Q0] = / XL(rl)Xu(rl)ﬁxg(rg)xA )drydry,

(17)
where X, refers to a multicomponent basis which, in ac-
cordance with Eq. (13), can’ be eit Y = XL‘ for 2¢

o the multicom-
ponent nature, all elendents asseciated with the basis,
density matrix, or Coulomb'matrix have an internal 2x2
or 4x4 structure, a cfllat is Indicated by bold symbols
in our notation. wise, Tr() in Eq. (16) denotes the
matrix trace over the tiple components.

theory or X,, = X forgzl/ theprd. D

ted in the sense of a Dunlap’s ro-

] such that the residual Coulomb-

perposition of real, scalar, atom-centered auxiliary basis
functions |a], then

AQ] = Q] =D ci¥lal. (19)

The individual expansion coefficients c#” are then ob-
tained by minimizing the residual Coulomb-repulsion in-
tegral with respect to c4”. This leads to a set of linear
equations

> lalBles” = [,
B
whose solution when inserted into the expression for J

with approximate inxt?yals gives

()~ 3519

W]l (B Tr(2aDak(1))].
D (21)

involving the evaluation of four-

torized into the product of two-
rals, and the procedure is custom-
e resolution-of-identity approximation
1b term (RI-J). The RI-J technique is

(20)

KA «

etgy by only 0.1 mHartree per atom, pro-
ided pre-optimized auxiliary sets are employed®3. The
approach has recently been extended also to the relativis-
Ac domain®*8°. However, it is not known if the RI-J
approach is numerically stable for RT-TDDFT covering

rgé time-propagation ranges.
n our implementation of RI-J within RT-TDDFT,

\L-he Coulomb term in Eq. (21) is calculated at ev-

ery time point t; in three steps: (a) 3-center ERIs
are evaluated and contracted on-the-fly with the time-
dependent density matrix, >, ,\[a|Tr(Q.Dac(t;))] =
da(t;); (b) the linear set of equations derived from
Eq. (20), >_glBles(ty) = da(ty), is solved by means of
a Cholesky decomposition; (c) 3-center ERIs are evalu-
ated once again and contracted on-the-fly with the scalar
expansion coefficients, >~ 5[€2,,,[8]cs(t;). The most time-
consuming part of the algorithm is the first step, as its
floating point operations (FLOPs) increase in the rel-
ativistic regime due to the multicomponent character of
the density matrix and basis elements as compared to the
non-relativistic RT-TDDFT. However, the FLOPs can be
greatly reduced in this case by reformulating the prob-
lem into the complex quaternion algebra, H¢, also known
as biquaternion algebra. For example, every complex 2¢
density matrix D(¢) € C2V*2N | which is Hermitian and
does not impose any time-reversal symmetric structure
D(t) = <B;1 B;z) ) D117D127D217D22 S CNXN?
(22)
can be mapped onto the matrix of complex quaternions,
QD(t) e HY N .
D— 2D =D +i*D)+ ('D+i°D)i
+(D+i°D)j+(*D+i D)k (23)

where i stands for the imaginary unit and 1,7, 7, and k
denote the basis elements of H¢ which obey the identities
(24)

ook =ijh= -1
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‘ s IEP that these relations also determine all the possi-

fe procucts of 4,7 and k. The complex quaternion con-

PUbll§h{1[:]1g 0="D € RV*N are given by

D = R(Dy; +D3y)/2, ‘D= (Di; —D3y)/2
'D = 3(Dy; +D35y)/2, "D=-R(Dy; —D3,)/2
D = R(D12 —D3,)/2, D= S(Diz+D3;)/2
°D =S3(D12 — D3y)/2, "D =-R(D12 + Dj,)/2
(25)
and have the following matrix properties
FD—tD". D =_ID", ke0,56,7 l€1,23,4.
(26)

Considering the properties in Eq. (26) as well as the
fact that the matrix of 2¢ overlap distributions, Q(r) =

(XL)T XL e C?2V*2N(R?), has in its complex quaternion
representation only one non-zero component, i.e.

Q-0 ="q, (27)

the entire contribution to ), [a|Tr(Q.3Da,(t;))] arises
only from a single component of the complex quaternion
trace:

2> "[0]°Qal" D (t). (2

four terms

3
2 > al* Q" Dax(t;) (31)

KA k=0

that require just real (time-reversal symmetric) con-
stituents of the complex quaternion density matrix. Note
that the use of quat;?ﬁon algebra for reducing compu-

tation burden of rel istic 4c calculations has already
been advocated by everawlors, with a primary focus
E%ation 088 or on the relativistic

. All these approaches, however,

111s
res%at approach based on a generalized con-
7 quaternions focuses mainly on reducing

constryction. 4In addition, the use of complex quater-
nions allews té elegantly address Kramers-unrestricted
(an—shell regime, which is indispensable in the real-
t1 TD‘DFT calculations.

L -

1. OMPUTATIONAL DETAILS

with X = O, S were taken from other study'?, while for X

8
KA ‘i\ Geometries for lighter dimethylchalcogeniranes C,HgX
ce-

Coulomb term in terms of complex
is slightly more elaborate. First,

matrix D(¢) € C*V>4N and of th
matrix Q(r) = (X4C)T X1e

quaternions in the senscz .
Q(r) -W(r) ="Q +1900 %25 +40k € HZV 2N (R?).

read

:{XMXV 0 )
4 0 (Vixu)(Vixy) )’

0
0 5zlcl(ka;L lel/

) )> ’
w \QQW = 8 Eykl(VkXOu)(leV)> ’
0, - () O o) 80

0 exrt(Vixp)(Vixy)

where ¢ is the Levi-Civita symbol. In the formulation
presented, the evaluation of the 4c trace in expression

Q

= Se, Te, Po, Lv the geometries were optimized using the
ADF program suite?® 92 with the scalar ZORA Hamilto-
nian (Se, Te) and with the spin-orbit ZORA Hamilto-
nian (Po, Lv), employing the PBE functional®® % and
the ZORA/TZ2P Slater-type orbital (STO) basis set?.
All geometries can be found in the Supplementary Ma-
terial.

All property calculations were performed with a de-
veloper’s version of the ReSpect program®’ using the
PBE functional®® “°. All-electron GTO basis sets were
employed in their uncontracted form, namely Dyall’s
augmented cVDZ basis?® 19 for Te, Po and Lv, and
Dunning’s augmented cc-pVDZ basis!?1 103 for all other
elements. The auxiliary basis sets for the RI-J pro-
cedure were generated by an adjusted even-tempered
algorithm'%* and are available in the Supplementary
Material. The numerical integration of the exchange-
correlation potential was done with an adaptive molecu-
lar grid of medium size (program default), employing a
noncollinear approach within the Kramer’s unrestricted
formalism as specified in Komorovsky et al.7%. In 2c and
4c calculations, atomic nuclei of finite size were approxi-
mated by the Gaussian charge distribution model.'% For
the evaluation of four-center two-electron repulsion inte-
grals in the 4c theory, we employed an atom-pair ap-
proximation where all integrals over the atom-centered
small-component basis functions X5 are discarded un-
less the bra and ket basis pairs share the same origin,
ie. [XSX3IXEXP)|6apdcp. Here, § is the Kronecker
delta function over atomic centers A, B, C, and D.
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FIG. 1: Structural formula of « A A ‘ A »
(2R,3R)-2,3-dimethylchalcogenirane C,HgX (X = O, S, 8 Umnam e g\t I VV 0 @
Se, Te, Po, Lv). - " V\} \ o
-20
_10 =
i
The elements 3;; of the Rosenfeld tensor were calcu- 5 ’ p 10 12
lated using Eq. (10) from three simulations where the \qur [eV]
molecules were perturbed by external electric fields in di- gy
rections x, y, and z. The amplitude of the delta function
perturbation was in each simulation x; = 0.0001 au, ¢ € FICG. 2: Th OH.TI;ﬂTiSOH of 4c ECD and ORD spectra

{z,y,z}. The time evolution was carried out for 30000
time steps of length 0.15 au (0.0036 fs) which corresponds
to a total simulation time of approximately 109fs and
frequency-domain resolution 0.0014 au (0.038¢eV). Con-
vergence thresholds for the microiterations in the Magnus
propagator were set to 1076, The transformation to the

(in tomic units) of Te-based system calculated with
and\without, the RI-J acceleration. The simulation

[ sproceededfor 15000 time steps of length 0.15 au.
! -

frequency domain was performed by the discreet Fouri is clistomary to assess the RI-J by evaluating the energy
transformation utility in the SciPy package!%®. The Fm%l\ iffofence per atom:® AE = |Eexact — pRIZJ|[/N -
04 a

spectra were broadened by a damping factor v = 0.
(see Eq. (8)).

IV. RESULTS AND DISCUSSION

We demonstrate the use of relativisti
ics for the calculation of chiroptical prop
of dimethylchalcogeniranes C,HgX, where

Te, Po, Lv (see Fig. 1). Dimethylo e is a prototypi-
cal chiral molecule used as a ’hm&r%ﬁ'ys‘cem for chi-
roptical properties, whereas thiirane and other
heavier analogues were selé¢ted £o determine the effect
of relativistic treatment @én th GC% and to assess the

performance of X2C afd™RI-J aceeleration. As a spec-
tral function, we plo thsisot ic value of the Rosenfeld

tensor:

(32)

S) =5 Balw)
/ i

e performance of the RI-J tech-

nique in the‘epntext of time-dependent relativistic meth-
ods by calculatifte ECD and ORD spectra of dimethyl-

%d without the RI-J approximation. The
obtained with the 4c Hamiltonian are re-
in_Fig. 2, whereas corresponding results for the
ammonian, that resembles the reference 4c data,
are available in the Supplementary Material (Fig. 1).
Visual inspection of the lines in Fig. 2 shows perfect
agreement between the pairs of 4c and RI-J 4c spectra in
the valence region. However, it is desirable to quantify
this agreement. In time-independent RI-J calculations, it

Here, we extended this concept to the time domain by

\me—averaging of the energy error function AE:

E(to, tmax) =

1 tmax Eexact (4) _ EleJ t
[ -,

m to Natom
(33a)
. 1 steps [exact (t]) _ ERI_J(t]‘)|
nstepS = Natom
(33b)

Eq. (33a) thus defines the difference between the ex-
act energy per atom and its RI-J approximant over a
whole interval of propagation from ty to tpax. Since
the propagation is performed in a series of discrete time
steps, Eq. (33b) is used in practice. For the simulation
that yields to the spectra on Fig. 2, AE(0au, 2250 au)
is equal 1.4 - 10~% au, which agrees with AE observed in
the static case. A summary of AE(ty,tmax) for the en-
tire dimethylchalcogenirane series as obtained from the
first 10000 time steps is listed in Table I. In all cases,
the time-averaged energy error remains sufficiently small
and RI-J typically affects energies by only 107%au per
atom, regardless of the relativistic Hamiltonian used.

Since the main quantities of interest in RT-TDDFT
property calculations are frequency-dependent spectral
functions, AE(ty,tmax) may not be the most suitable
quantity to measure the accuracy of RI-J. Therefore, we
extended the concept of averaged energy error functions
from the time domain to the frequency domain by intro-
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EL Assessment of the accuracy of RI-J approach in the relativistic two-component (2c) and four-component
)_ RT. TDDFT calculations of chiroptical ECD and ORD spectra of dimethylchalcogeniranes C,HgX (X=0, S, Se,
Ilﬂg _v) using the energy error function of Eq. (33b), AE(to, tmax), and the spectral error functions of Eq. (34b)
ASECD (W0, Wmax) and ASorp (wo, Wmax ). All results are reported in atomic units and were obtained from the first
10000 time steps of length 0.15 au that corresponds to the total simulation time ty. ~ 36.3 fs. The maximum
spectral frequency wpax was set to 0.45au ~ 12.2eV.

Al

Publl

Heteroatom E(O fs, 36.3 fs) ASkcp (0eV,12.2eV) ASorD (0eV,12.2eV)
4c 2c 4c 2c Z 4c 2c
¢} 2.7-107° 2.7-107° 2.4-107* 6.7-10° £ 1.9-107* 6.7-107°
S 2.6-107¢ 3.9-10°¢ 2.7-107* 1.2.107* \3.0 -1074 1.1-1074
Se 3.4-107° 3.5-107° 51-107* 9.0-10 3 1-107* 8.8-107°
Te 1.4-107¢ 1.6-107 1.3-1073 1.5-1073 9.7-107°
Po 7.9.1078 1.5-107¢ 4.0-1073 4.0-1073 41-1073
Lv 6.5-1078 1.7-107¢ 5.3-1073 5.2-1073 55-107°

ducing the following spectral-function error:
SRI=T (4

- 1 Wmax Sexact
AS(wo, Wmax) = m/ | (w) -
max

atom

Nsteps
1

SRI J

Scxact (OJ )

n.
steps j=1 atom

(w;)]
(
where again, Eq. (34a) is the definition %
ideal continuous case whereas Eq. (34H) s i d1
cretized variant used in practice. Th lues, of
TS(wo,wmax) for ECD and ORD speétr ented on
Fig. 2 are ASgcp(0eV, 12eV) = 1. 1 fan and
ASorp(0eV,12eV) = 4.1-10~* au, respectively. A sum-
mary of AS(wp,wWmax) for the entire dignethylchalcogeni-
'1:‘;‘;&?0 time steps is
listed in Table I.
Encouraged by these re i
celerated simulations to the r
relativistic and rela
ries. While there i
ementary Material), the differ-
arting with Se and Te. For
stitu?d systems the 1lc results cannot
P

rane series as obtained from th
in Fig. 3 show how ;pect
ivistic methods differ across the se-
pradtically no difference for O and
proximation of the relativistic

P tlculaug, r the Po system the lc spectra
resemble_thesmirror image of the relativistic spectra in
i oximately 4.5 to 7eV meaning that

tral Teg
%? monstrates the poss1b1hty of 1c and 4c spec-
ing like mirror images, a phenomenon that can

span over a larger spectral range for a different system
making lc calculations unsuitable for interpreting ECD
measurements in molecules where relativistic effects are
prominent. Moreover, Fig. 3 shows that the X2C ap-
proach reproduces the reference 4c results surprisingly

S

well across thejentire series with only minor differences
f r‘the vieSt elements. Similar conclusions can be

rawar about the ORD spectra as supported by the Fig-
available in the Supplementary Material.

Finally7 to assess the acceleration of RT-TDDFT
achieved by the introduction of the RI-J technique we
report in Table II the average time per microiteration of
the propagation solver. These values were obtained from
the first 50 time steps (each time step required on av-
erage approximately 3 microiterations) and the achieved
accelerations range from 2.1 for the X2C Hamiltonian of
C,HgSe to 4.0 for 4c Hamiltonian of C,HgLv. Note that
these values do not reflect the actual acceleration associ-
ated with the evaluation of the Coulomb term but rather
refer to the whole microiteration speed-up that also in-
volves a diagonalization. Since the diagonalization step
dominates in some cases, the overall effectiveness of RI-J
may be reduced within RT-TDDFT when compared to
the time-independent regime. However, a positive obser-
vation is that for both relativistic Hamiltonians, larger
systems benefit more from RI-J. This trend is more pro-
nounced for the 4c Hamiltonian, where the calculation
of the two-electron contribution is by far the most time-
consuming step. Moreover, orbital basis-function prod-
ucts over both the large and small component basis are
fitted by identical auxiliary basis set. The observed ac-
celeration when going from 4c to X2C ranges from 7.6
to 8.8 and agrees with our previous findings®2. The
overall acceleration provided by the combination of the
X2C and RI-J methodologies ranges from 14.3 to 23.5 for
the systems studied when compared to the full 4c treat-
ment, without compromising the accuracy of final spec-
tra. These results suggest that one-particle X2C electron
dynamics with RI-J acceleration is a viable and promis-
ing method for calculations of chiroptical spectra in the
valence region.
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ECD spectrum

ECD spectra (in atomic units) of
dimethylchalcogeniranes computed using PBE

functional with RI-J acceleration. The corresponding
spectra are labelled by the chemical symbol of the

heteroatom. ECD spectra of lighter analogues and all
ORD spectra can be found in the Supplementary

Material.

TABLE II: Wall-clock times per microiteration (in
seconds) and achieved accelerations for the relativistic
electron dynamics simulations with 4c and X2C
Hamiltonians using exact four-centre integrals or the
RI-J technique. The accelerations are reported in
parentheses. The calculations were performed with
OpenMP parallelization on a single node equipped with
dual-socket Intel Xeon processor (E5-2680v3, 2.5 GHz)
with 12 CZU cores per socket.

 —

Heteroatom X2C

exact” RI-J¢

1.4 (7.7) 0.8 (1.9)

1.6 (7.6) 0.8 (2.0)

2.1(7.6) 1.0 (2.1)

3.1(7.6) 1.3(2.3)

49 (8.7) 1.8 (2.7)

50. . . 5.7 (8.8) 2.2 (2.7)

I a&elerahmalculated as time ratio of exact vs. RI-J for 4c.
C

aceéleration calculated as time ratio of 4c vs. X2C for exact J.
leration calculated as time ratio of exact vs. RI-J for X2C.

-

2
Q\\ ONCLUSIONS AND PERSPECTIVES

We have presented an implementation of relativistic
Liouville-von Neumann electron dynamics based on 4c
Dirac-Coulomb and 2¢ X2C Hamiltonians and its ap-
plication to the prediction of chiroptical spectra via the
analysis of time-dependent induced magnetic dipole mo-
ments. The implementation was further enhanced by
the resolution-of-identity approximation for the Coulomb
term (RI-J), a relativistic formulation of which has been
presented for the first time in terms of complex quater-
nion algebra. The proposed methodology was assessed on
the dimethylchalcogenirane series, C,HsX (X = O, S, Se,
Te, Po, Lv), and it was observed that while the RI-J alone
offers a speedup at least of a factor two, the combination
of the X2C Hamiltonian and RI-J can lead to almost 25-
fold acceleration compared to the full 4c treatment. The
RI-J acceleration is observed to be increasing with sys-
tem size in the studied series and the trend is expected
to hold making the methodology even more promising as
one starts to consider larger molecules.

The calculation for the dimethylchalcogeniranes
showed increasing importance of relativistic effects with
increasing atomic number. Most notably, for the Po sys-
tem, the 1c ECD spectrum was a mirror image of the
relativistic spectrum in a certain frequency region, high-
lighting the necessity of a relativistic treatment when
interpreting spectra of molecules containing heavy ele-
ments. Furthermore, the X2C approach, even in its sim-
plest one-particle form, reproduced the reference 4c re-
sults surprisingly well across the entire series. All these
findings suggest that the RI-J-based relativistic electron
dynamics, in particularly when combined with the X2C
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Itonian, is a viable and promising tool for the cal-
la‘mon of chiroptical spectra in the valence region.
PU bli |S ﬂ;& ethodology presented can be further extended by
mtroducing the RI approximation for the exchange term
(RI-K), allowing accelerated calculations also with hybrid
DFT functionals. In addition, chiroptical spectroscopy in
X-ray regions is another exciting area of research where
relativistic corrections are expected to play a significant
role and this line of investigation is currently pursued in
our laboratory.

VI. SUPPLEMENTARY MATERIAL

Molecular geometries, auxiliary basis sets, and addi-
tional ECD and ORD spectra.
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