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MULTI-DIMENSIONAL HARDY TYPE
INEQUALITIES IN HOLDER SPACES

EVGENIYA BURTSEVA, STAFFAN LUNDBERG, LARS-ERIK PERSSON AND
NATASHA SAMKO

(Communicated by J. Pecaric)

Abstract. Most Hardy type inequalities concern boundedness of the Hardy type operators in
Lebesgue spaces. In this paper we prove some new multi-dimensional Hardy type inequalities in
Holder spaces.

1. Introduction

The original Hardy inequality from 1925 (see [2])reads:

o x p p
{5 [roas] ar< (S25) [rwan p>1.
0 0 0

p
Since the constant <%> is sharp this means that the Hardy operator H defined

X
by Hf (x) := % ({ f(y)dy maps L, into L, with the operator norm p’ := ﬁ.

After this fundamental discovery by Hardy it was an almost unbelievable develop-
ment of this area which today usually is referred to as Hardy type inequalities. A great
number of papers and even books have been published on the subject and the research
in this area is still very intensive. One important reason for that is that Hardy type in-
equalities are especially useful for various types of applications within different parts
of Mathematics but also in other Sciences, see e.g. the books [5], [6] and [7] and the
references therein.

Most of the developments described above are devoted to study the boundedness
of Hardy type operators between weighted Lebesgue spaces and most of the results
are for the one-dimensional case. But for applications it is also often required to con-
sider the boundedness between other function spaces. Unfortunately, there exist not
so many results concerning the boundedness of Hardy type operators in other func-
tion spaces. However, some results of this type can be found in Chapter 11 of the
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book [6], where it is reported on Hardy type inequalities in Orlicz, Lorentz and rear-
rangement invariant spaces and also on some really first not complete results in general
Banach function spaces. Moreover, in [15] some corresponding Hardy type inequali-
ties in weighted Morrey spaces were proved; in [13] the weighted estimates for multi-
dimensional Hardy type operators were proved in generalized Morrey spaces; in [1]
was proved the weighted boundedness of some multi-dimensional Hardy type operators
from generalized Morrey to Orlicz-Morrey spaces. For more information concerning
Hardy type inequalities in Morrey type spaces and their applications we refer to [1],
[91, [10], [12], [16] and references therein.

In this paper we continue this research by investigating Hardy type inequalities in
Holder spaces in the multi-dimensional case. Holder spaces on unbounded sets can be
defined with compactification at infinity (see Definition 3.1) or without.

We study multi-dimensional Hardy operators of order a € [0,1) as defined in
(1.1). We refer to the paper [19] where a version of Hardy operators of the order a =0
was studied within the frameworks of Triebel-Lizorkin spaces. This version may be
regarded as a one-dimensional Hardy type operator in a given direction ‘;—‘ of a function
f of many variables. Multi-dimensional Hardy operators in our paper are of different
nature.

By CA(Q), 0 <A <1, where Q is an open setin R”, Q CR", n > 1, we denote
the class of bounded Holder continuous functions, defined by the seminorm

[f]?t = sup |f(x+h)_f(x)|<

X x+heQ |h|A
|n|<1

Equipped with the norm

[fller = sup|f(x)[+[f]a
xeQ

C*(Q) is a Banach space. We shall deal with the case Q = Bg, where Bg = B(0,R) :=
{xeR":|x| <R}, 0 <R < oo
We consider the Hardy type operators

J)

[

HOS) =* " [ )y and %) = g

Iyl <[l > x|

dy, a=0, (1.1)

where x € Bg, 0 < R < o for the operator H%, and R = oo for the operator 57%. We
write H = H* and 77 = 7% in the case o = 0.

The operator H*, o = 0, may be considered in both with and without compact-
ification settings, but a consideration of .7 requires the compactification due to the
needed convergence of integrals at infinity. We provide details for the operator H%,
o > 0, without compactification, and for both the operators H and .7Z with compact-
ification. We also show that in the setting of the spaces with compactification we may
consider only the case o = 0.

In Sections 2 and 3 we present and prove our new results on the boundedness of
the Hardy type operator H% in Holder spaces without compactification (Theorem 2.2),
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and for the operators H and ¢ in the case with compactification (Theorems 3.5 and
3.6).

2. Boundedness of the Hardy type operator H* in a Holder type space

Denote
Ch (Br)={f € C*(Br) : f(0) =0}.
For the Hardy operator H* defined by

HOS() = 1 [ f0)dy. >0,
Iyl <]
we show that it maps Holder space into itself in the case o =0 and we prove a bound-
edness result of the type C* — C**+% in the case o >0 provided that A + o < 1, see

Theorem 2.2.
In the case o > 0 we will need the following Lemma:

LEMMA 2.1. Let

g(r)zi / f)dy, 0<r<R,

r}’l
ly|<r

where fEC}”(BR), 0<A<I1,0<R<L . Then

£ <Cur DB 0<r <R e

where C, ; depends only on n and A.

Proof. Passing to polar coordinates, we have

r

1
g(r)=— " lo(n)dt, ®(r)= | f(to)do.
-/ J
Hence,
/ / n— P r n—
§0) = 0/ s 2 = 0/ 1 [@(r) — D (1)]dr.
Therefore,
8] < o7 / 11| (r) — (1) dr.

It is easily seen that
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Consequently,

r 1
o <D g 2 19U
8] < T [ =)t = [t =stas

rn—|—1
0 0

and we arrive at (2.1). The proof is complete. [

In the following theorem we deal also with the space C’& (Q) consisting of func-
tions f for which [f], < e and f(0) = 0. This space contains functions which are
unbounded in the case Q is unbounded. Note that [f]; is a norm in this space.

Now we are in a position to prove the following theorem:

THEOREM 2.2. Let &« >0, A >0 and A + a < 1. In the case oo = 0 the Hardy
operator H%* is bounded in C}” (Br) and [H* f|q=o0]y < C[f]- In the case o > 0 the
operator H% is bounded from C}(Bg) into C“())“Jr“(BR), O0<R< o

Proof. Let first &« =0. For Hf = H*f|4—o we have
Hf@ =R [ foidy= [ f(lndy
Iyl <[ B(0,1)
so that
HfG+m) =@ < [ 1ot hly) = £yl dy
B(0,1)
v [ Il hl = yfay =4,

B(0.1)

Since, by triangle inequality ||x—+ 4| — [x[|* < |h|*, A > 0, for all x,x+h € R", we
obtain that

A<ifh [ Wiy <[l [ sty =Cla*ifl.

B(0,1) B(0,1)

Thus, (x4 h) — Hf(x)| < C|h|*[f], and therefore [Hf]; < C|[f],, with C not
depending on x and A.

Since the inequality sup |Hf(x)| < csup|f(x)| is obvious, the proof is complete
xeQ xeQ

for ¢ = 0.
Letnow a >0 and f € C}(Bg). We have

HOf() = Wl xl), s() == [ fo)ay

B(0,r) B(0,1)

)

f(ry)dy. (2.2)
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Hence, by the triangle inequality,

[Hf(x+h) —H f(x)] < |lx+h|*-
< Clflalbe+ A% = el e At 4 [g (1 + )

= Al +A27

[ * g (1x+ A[) + g (|x + Al) — g(|x[)| 1x|*
— g (x| |x

where we used the fact that f(0) =0 and consequently

lg(l+A)| = [HF(|x+h)| < Clx+h* [ (2.3)

according to the case o = 0O in the last passage.
We consider separately the cases |x+ h| < 2|h| and |x+ h| > 2|A|.

The case |x+h| < 2|h|.
In this case we also have |x| <

Thus, by (2.3),

3|h|.
A1 < C[f]al|%x +h[* < Ci[f5|n* T

and
A> < Clgla )M x]* < Ci[f]a )M

1—( “')a.
|x + A

< 1, we obtain

The case |x+h| > 2|h|.
We have

< Clflalx+h**e

Since, [ —t*| < |l —¢t|foral 0<t<1,0< @
||x +A| — |x]] P
A <C — < C h .

[f]k |x+h|1_l_a [f])~| |

For A, we use the mean value theorem and find that

A < C|g'(&)] [+l = |x]| 1x|% < Clg' (&)1 |x|*

with & between |x| and |x+ 4.
If |x| < |x+ A|, then, by Lemma 2.1, we get

[f] o <C [f] |h| < [ ]Mhll—o—a

|§|1 A| | |h|\ ||1 A—o

|x 4+ h| — |h| = |h|. Finally, when |x| >

Fla_| e 12 1 LIRS
g < e e ()

|x] | eth| 3
where & +h‘ FEsn + X +h| . Therefore,

AZ\

because |x| > |x+ hl|, we have

A <C

< Clf]aln)* e
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It remains to gather the estimates for A; and A;.
In view of (2.2), the equality H* f(0) = 0 is obvious, so the proofis complete. [

We define the generalized Holder space C®()(Q) as the set of functions continu-
ous in € having the finite norm

£l cocy = sup LF ()| + [flo)
xeQ

with the seminorm

oy = sup LR =)

X X+heQ Cl)(|h|)
|h|<1

Y

where o : [0,1] — R, is a non-negative increasing function in C([0,1]) such that
®(0) =0 and w(r) > 0 for 0 <7 < 1. Such spaces are known in the literature, see
for instance [8], [14], [17, Section 13.6], [18].

Let also Cg)(')(BR) = {f e C®)(Bg): f(0)=0}.

As usual, by saying that a function ¢ is almost decreasing, we mean that ¢(r) <
Co(s) forsome C > 1 and forall 7 > s.

Following the same lines as in proof of Theorem 2.2 one can prove the following
generalization of Theorem 2.2:

THEOREM 2.3. Let @ € C([0,1]) be positive on (0,1], increasing and such that
©(0) =0 and 24

t —a
bounded in C®")(Bg). When o > 0, it is bounded from CS)(’)(BR) into C‘g’“(')(BR),
where @q(t) =t%w(t).

is almost decreasing. In the case oo =0 the operator H*|q—q is

3. Boundedness of Hardy type operators in Holder type spaces with
compactification

Let R” denote the compactification of R” by a single infinite point.

DEFINITION 3.1. Let 0 <A < 1. We say that f belongs to C*(IR"), forall x,y €
R”, if
x—y*

) = SO S S pE

The set C* (R™) is a Banach space with respect to the norm

(u+umrﬂm)?

1fllca gy = 1 lleeny + sup [£(x) = f(3)] [x— ]

x,yeR"

It may be shown that C*(R") is a subspace of C*(IR"), which is invariant with

respect to the inversion change of variables x, = h%, ie.

C*RY ={f: feC*R") and f, cCRM},
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where f. = f(x,). ‘
In the setting of the spaces c* (R™) we consider only the case @ = 0, see Remark
3.4 below.

3.1. Hardy operator H

Our main result in this case reads:

THEOREM 3.2. Let 0 < A < 1. Then the operator H is bounded in C*(R").

Proof. We note that

Hf @) =HFG) = [ (i) = f (1)) dz

B(0,1)
Hence,
[l — [y] | |2
Hf0)-HfW < [
oy PRI+ D
<CHXI—|yHA/ i dz=A (3.1)
s oy PRI (I D]
Let x| > 1, |y| > 1. Then
A A
aseld-pit | <|x||z|>|§|<|y||z|>ﬂdzzC||Tal|%||yy|y / |f_|i
B(0,1) B(0,1)
A A
x| = [yl 1 / dz lx— |
<C <G ) 3.2)
[<1+|x|><1+|y|> SRRSO R A

: 1 2
S1Imce ] < T+

Let x| <1, |y| < 1. Then
A< c|)c—y|’l / |Z|)LdZ201|X—y|)L
B(0,1)
e —y*
(1 )1+ [y)A

(3.3)

X

. 2
since 1 < T

Let |x| <1, [y| > 1. Then

j2*

A<clx—yl / Z—AdzéC
(Iyllz])
B(0,1)

1 x—y|*
(14 [x)A (1 +[y)*
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Let |x| > 1, |y| < 1. Then

A A
A<Lclx— A / Ldng x— | .
SR = (R (R

Since the inequality ||H f1|¢(gn) < ¢ f||cgn) 1s Obvious, the proofis complete. [

3.2. Hardy operator .77

To formulate the corresponding result for the operator .7 we need to consider the
following subspaces:

Co(R") = {f e C*(R"): f(0) =0}, CL(R")={feCHR"): f(=) =0}

and
A A A
Coo70 - Coo N CO .

THEOREM 3.3. Let 0 < A < 1. Then the operator F is bounded from C&,p(R”)
to CA(R")

Proof. Let f € CO);’O(R”) and denote g(x) = 7 f(x). Clearly, g(eo) =0, and

g(x) —g(y) = / F(lade) — (bl & (3.4)
|z]>1 |Z|
<C|x—y|l/ 2 dz =:
(14 |l 2))* (1 + [y]|z)*

|z|>1

Let |x| > 1, |y| > 1. Then

_ylA A
<C|xz,y|/1 / diA< 1 |x;1y’ 2
x4 [yl 2| (T x)* (1 +1y])

Hence g(x) € C* ,(R").
Let |y| < |x|] <2.
Since f(0) =0, we have |f(z)| < C|z|* and then

x—y|*
A A’
(14 |x)™ (T +1y])

] Jx]
g(x) —g()|= /%dz <C/|z|*—”dz:cl (|x|A —|y|’L) <G
Iyl Iyl

since al—b’lg(a—b)k, a>b>0,0<A <.
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Let now |y| < 1,|x| > 2. JZf is bounded. Indeed,

50— g0 < [ 1

~
n
2|
n

dz.

As already shown, for each function f € Co/}»,o we have that |f(z)| <clz|*, 0< |z] < 1
and |f(z)] < ﬁ, z| > 1. Therefore

I 0
1 1
|g(x)] <Clo/ |z|”_’1dz+621/ |Z|n+/le:C<°°’

for 0 < A < 1, and then
lg(x) —g()[ < C.

It is easily checked that

lx—y|

LSO

when |y| <1, [x|>2. (3.5)

Consequently,

e —y*

A A’
(1 [x)™ (T4 Iyl)

lg(x) —g()|<C<G

which proves that g(x) € C% (R") also in this case.

The case |x| < 1, |y| > 2 can be similarly treated.

Similarly as in Theorem 3.2 we note that the boundedness of the operator 7 in
C(R") is obvious, so the proof is complete. (]

REMARK 3.4. When o > 0. Theorems 3.2 and 3.3 may not be extended to the
setting C*(R") — C**%(R"), in which we require the Holder behavior of func-
tions also at the infinite point, in contrast to Theorem 2.2. In fact, the function fy =
m eCt (R,) provides a corresponding counterexample for both the operators

X
H* and 7% . For example, for the operator H* we have

a—1

HE folx) = T [(14+0) 7+~ 1],

Hence, when x — oo we obtain that H% fy(x) ~ cx®*~* | while the inclusion H® fy(x)
€ CAT*(R ) requires the behavior |H®* fy(x)| < ¢(1+x)" %4,

Corresponding generalizations of Theorems 3.2 and 3.3 may be also formulated
in terms of the generalized Holder spaces C®(R"), C2(R"), C§(R") and C2 ,(R")
defined below.
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DEFINITION 3.5. Let @ = @(h) be an increasing function. The generalized Holder

space C®(R") is defined as consisting of all functions satisfying the condition

[x =yl
(T4 [x)(1+1y])

)~ £O)] <c«o( ) oy CR"

The subspaces C2(R"), CP(R") and C2,(R") of the space C®(R") are defined by

b))

the conditions f(e0) =0, f(0) =0 and f(0) = f(eo) = 0, respectively.
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