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A SHARP BOUNDEDNESS RESULT FOR RESTRICTED
MAXIMAL OPERATORS OF VILENKIN-FOURIER SERIES
ON MARTINGALE HARDY SPACES
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ABSTRACT. The restricted maximal operators of partial sums with re-
spect to bounded Vilenkin systems are investigated. We derive the max-
imal subspace of positive numbers, for which this operator is bounded
from the Hardy space H, to the Lebesgue space L, for all 0 < p < 1.
We also prove that the result is sharp in a particular sense.
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1. INTRODUCTION

Pointwise convergence problems are of fundamental importance in Fourier
analysis, and as it is well known they are closely related to studying bound-
edness of associated maximal operators. In the present paper we will deal
with maximal operators. Let us first recall in brief a historical development
of this theory.

It is well-known (for details see e.g. [2] and [I1]) that Vilenkin systems do
not form bases in the space L (G,,) . Moreover, (for details see e.g. [18][19])
there is a function in the martingale Hardy space H; (G,,), such that the
partial sums of f are not bounded in L; (G,,)-norm, but Watari [I7] (see
also Gosselin [10] and Young [20]) proved that there exist absolute constants
c and ¢, such that, forn =1,2, ...,

1Snfll, < epllfll,, f€Ly(Gm), 1<p<oo,
SAUEM(ISnf|>A) < ¢llflly, f€Li(Gn), A>0.
>

In [14] it was proved that there exists a martingale f € H, (G,,) (0 <p < 1),
such that

sup 19841 £, ., = oo

The reason of divergence of Sy, 11 f is that the Fourier coefficients of f €
H, (Gp) (0 < p < 1) are not bounded (see Tephnadze [13]).
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Uniform and point-wise convergence and some approximation properties
of the partial sums in L; (G,,) norms were investigated by Goginava [8] O]
and Avdispahi¢, Memié [I]. Some related results can also be found in the
recent PhD thesis by Tephnadze [I5]. Moreover, Fine [4] obtained sufficient
condition for the uniform convergence it is in complete analogy with the
Dini-Lipschitz condition. Guli¢ev [12] estimated the rate of uniform conver-
gence of a Walsh-Fourier series using Lebesgue constants and modulus of
continuity. Uniform convergence of subsequences of partial sums was also
investigated by Goginava and Tkebuchava [7]. This problem was considered
for the Vilenkin group G,, by Fridli [5], Blahota [3] and Gat [6].

In [I4] the following maximal operator was considered:

S,f = sup - |_Slnf| ,

neN (n+ 1)YP 1 ogl! (n + 1)

(where [z] denotes integer part of x). It was proved that the maximal op-

erator 5; is bounded from the Hardy space H), (G.,) to the space L, (Gp,) -

Moreover, if 0 < p < 1 and ¢ : Ny — [1,00) is a non-decreasing function
satisfying the condition

O<p<l1

(n+ 1)YP 1 ogl?! (n + 1)

lim = 400,
then g
Supo =00, for 0 < p <1,
nen || ¢ (1) Lp.oo(Gm)
and
Snf
sup =
neN || ¢ (’I’L) 1
It is also known (for details see e.g. Weisz [19]) that
[Sn flly < el £l

holds if and only if
sup ||an||1 <c< 00,
keN

where D,,, denotes the njth Dirichlet kernel with respect to Vilenkin system.
Moreover, the corresponding subsequence S, of the partial sums S, are
bounded from the Hardy space H(G,,) to the Hardy space H, (Gy,), for
all p > 0.

It is also well-known (for details see e.g. Weisz [19] and Tephnadze [15])
that the following restricted maximal operator

S* f := sup|Sar, f|
neN

is bounded from the martingale Hardy space H), (G,,) to the Lebesgue space
L,(Gp), for all p > 0.

In this paper we find the maximal subspace of positive numbers, for which
the restricted maximal operator of partial sums with respect to Vilenkin
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systems in this subspace is bounded from the Hardy space H,, to the Lebesgue
space Ly, for all 0 < p < 1. As applications, both some well-known and new
results are pointed out.

The paper is organized as follows: Some Preliminaries (definitions, nota-
tions and basic facts) are presented in Section 2. The main result (Theorem
) and some of its consequences (Corollaries [IHD]) are presented and discussed
in Section 3. Theorem [l is proved in Section 5. For this proof we need some
Lemmas, one of them is new and of independent interest (see Section 4).

2. PRELIMINARIES

Let Ny denote the set of the positive integers, N := N1 U {0} and assume
that m := (mg, m1,...) is a sequence of positive integers not less than 2.

Denote by

Zpm, =1{0,1,...,my — 1}

the additive group of integers modulo my.

Define the group G, as the complete direct product of the group Z,,,
with the product of the discrete topologies of Z,,, ‘s.

The product measure u of the measures

pr ({53) == 1my (G € Zm,)
is a Haar measure on G,, with u (Gy,) = 1.

If the sequence m := (mg, my, . ..) is bounded, then G, is called a bounded
Vilenkin group, otherwise it is called an unbounded one. In the present paper
we deal only with bounded Vilenkin groups.

The elements of G, are represented by sequences

T = (mo,xl,...,xk,...) (ajkGka)_
A base for the neighbourhood of G,,, can be given as follows:
Iy (z) := G,

In($) = {y € Gn | Yo = Z0,---,Yn—1 = fL'n—l} ($ €Gm, n€ N)

Denote I, := I, (0) for n € N and I, := G, \I,.
It is evident that
N-1

(1) E - U Is\Is—i—l-
s=0
The generalized number system based on m is defined in the following
way
My =1, Mk—l—l = mp M (k S N),

Every n € N can be uniquely expressed as
[ee]
n= anMj, where  n; € Zp,; (j €N)
j=0

and only a finite number of n;‘s differ from zero.
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Let
(n) :=min{j € N:n; #0} and |n|:=max{j € N:n; #0},
that is M, <n < M, 41. Set
p(n):=|n|—(n), for all neN.
The norm (or quasi-norm) of the space L,(Gp,) is defined by

I11,= ([ Iflpdu>1/p (0<p<o0).

m

The space Ly oo (Gr) consists of all measurable functions f for which

1115, 0 = sup Mt (f > V)P < +oc.
A>0

Next, we introduce on G, an orthonormal system which is called Vilenkin
system.

First, we define the complex valued function r (z) : G,,, — C, the gener-
alized Rademacher functions as

ri () := exp (2muzy/my) (22 =-1, 2 € Gp, keN).
Let us define the Vilenkin system v := (¢, : n € N) on G,, as:

Yn(z) = [[ri* (@) (neN).
k=0

Specifically, we call this system the Walsh-Paley one if m = 2.

The Vilenkin system is orthonormal and complete in Ly (Gy,) (see e.g.
[2, [16]).

Now, we present the usual definitions in Fourier analysis.

If f € Ly (Gy) we can establish Fourier coefficients, the partial sums of
Fourier series, Dirichlet kernels with respect to the Vilenkin system in the
usual manner:

f@kd:uv (k € N) )

1

)
=
li

? C)\

Fk)yr, (neNy, Sof :=0),

"
~
I
(]

D, = Yp, (neNy).
0

1T
= O

e
Il

Recall that (see [2])

M,, if xel,,
@ N S
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and
[o'e) mj—l

(3) Dy () = n(z) [ D Dy (@) > 14 (2)
Jj=0 u=m;—n;

The o-algebra generated by the intervals {I,, () : € Gy, } will be denoted
by Fn (n € N). Let us denote a martingale with respect to F,, (n € N) by
f = (fn:neN) (for details see e.g. [18]). The maximal function of a
martingale f is defined by

f* = sup £

neN

In the case f € L1 (Gy,), the maximal function is also given by

/ £ () dis (u)
In(x)

For 0 < p < oo the Hardy martingale spaces H), (G,,) consist of all mar-
tingales, for which

* = su 71
f o= @)

11z, = (1]l < oo

A bounded measurable function a is a p-atom, if there exists an interval
I, such that

Jadi=0. lall < (D)7 supp(a) 1

The Hardy martingale spaces H), (G),) have an atomic characterization
for 0 < p < 1. In fact the following theorem is true (see e.g. Weisz [18, [19]):

Theorem W. A martingale f = (fn,:neN) € Hy(G,) (0<p<1) if
and only if there exists a sequence (ay : k € N) of p-atoms and a sequence
(p = k € N) of real numbers, such that for every n € N,

o
(4) > ukSar,ar = f
k=0
and
o
> P < oo
k=0
Moreover,

0 1/p
1/, - inf (Z |uk|p) ,
k=0

where the infimum is taken over all decomposition of f of the form ().

If f e Li(Gp), then it is easily shown that the sequence (Syy, f : n € N)
is a martingale.
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If f = (fn,n €N) is a martingale, then Vilenkin-Fourier coefficients are
defined in a slightly different manner:

FG) = lim [ fi(2)%; (z)du(z).

k—00 Gm

Vilenkin-Fourier coefficients of f € Ly (G,) are the same as the martingale
(Su, f : n € N) obtained from f.

3. THE MAIN RESULT
Our main theorem reads as follows:

Theorem 1. a) Let 0 < p <1 and {oy : k € N} be a subsequence of positive
natural numbers, such that

(5) sup p (ag) =: 2 < o0.
keN

Then the mazimal operator
S*Af = sup |Sa, f|
keN

is bounded from the Hardy space H,, to the Lebesgue space L.
b) Let 0 < p < 1 and {ay : k € N} be a subsequence of positive natural
numbers satisfying the condition

(6) sup p (o) = 0.
keN

Then there exists a martingale f € Hy, such that

22§||SakfllL,,m = 00.

Remark 1. Since L, C Ly part b) means in particular that the statement
in part a) is sharp in a special sense for the case 0 < p < 1.

We also mention the following well-known consequences (for details see
e.g. the books [I8] 19] and [14]):

Corollary 1 (Tephnadze [14]). Let 0 < p < 1 and f € Hy,. Then the
mazimal operator

sup [Sa,+1f]
neNL

is not bounded from the Hardy space Hy, to the space L.
In fact, we only have to notice that
My, +1|=n, (M,+1)=0, p(M,+1)=n.
The second part of Theorem [I] implies our Corollary.

Corollary 2. Let p > 0 and f € Hy. Then the mazimal operator

sup [ Sag,+, -, f|
neNL

is bounded from the Hardy space H,, to the space L.
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We notice that
My, + My—1|=n, (My,+My,—1)=n—-1, p(M,+ M,—1)=1.
Thus, the second part of Theorem [ gives again Corollary
Corollary 3. Let p > 0 and f € Hy,. Then the maximal operator

S#f == sup|Su, f]
neN

is bounded from the Hardy space H,, to the space L.

We find that |M,| = (M,) = n, p(M,) = 0. Using part b) of Theorem [I]
we immediately get Corollary Bl

Since S,P = P for every P € P, where P is the set of all Vilenkin
polynomials. The set P is dense in the space L1(Gy,). Combining Lemma [I]
and part a) of Theorem [ we obtain that under condition (&) the restricted
maximal operator of partial sums is bounded from the space L1 (G,,) to the
space weak — L1(G,,) It follows that

Corollary 4. Let f € Ly and {ay : k € N} be a subsequence of positive
natural numbers, satisfying condition ({3). Then

Sof — f a.e. when k — oo.
Corollary 5. Let f € L. Then

Sm, f = f a.e. when n — oco.

4. LEMMAS

First, we note the following well-known result, which was proved in Weisz
[18, [19]:

Lemma 1. Suppose that an operator T is sub-linear and, for some () < p <1
/\Ta]pdu <¢p <00

1

for every p-atom a, where I denotes the support of the atom a. If T 1is
bounded from Lo to Lo, then

ITfIl, < el fllm, -
Moreover, if p < 1, then we have weak (1,1) type estimate, i.e. it holds that
Apfa € Go 2 TS (2)] > A} < ISy
for all f € L.
The next Lemma can be found in Tephnadze [13]:

Lemma 2. Let n € N and x € I{\Is41,0<s< N —1. Then

cM;

/IN\Dm—t)\du(t)sMN.




8 I. BLAHOTA, K. NAGY, L.E. PERSSON AND G. TEPHNADZE

We also need the following estimate of independent interest:

Lemma 3. Let n € N, |n| # (n) and x € Iy (ey) where e =
(0,...,0,1,0,...) € G, (only the k-th coordinate is one, the others are
zero). Then

| Dy ()| = ‘Dn—MW (w)‘ > M.

Proof. Let x € Ijpy 11 (e<n>). Since
In|—1
n=nyMuy+ Y nM; o+ 1y My
j=(n)+1

and
In|—1

n = Mip = ny My + 3 1My o+ (g = 1) My
j=(n)+1
Applying ) and ([3) we can conclude that

m('n)_l |n\ Mj—l
S
‘D"—M\n\ 2 [n-m, Doty DL Ty T [Ynem D Day Do
S=M(n) ~M(n) j=(n)+1 s=m;—n;
m<n>—1
J— S
= |Dmy, "'(n)

n<n>—1
J— S
= Duy, Z "(n)

s=0

Let x, = 1. Then we readily get for s,, < m,, that

Sn—1
S| et
> e

sin (wsp @y, /my)

sin (wxy, /my,)
_ SiI.I (m8p/my) o1
sin(w/my,) —
It follows that
‘Dn—Mw (:17)‘ 2 Dy, () = M.
Moreover, by using the same arguments as above it is easily seen that

|Dn (33)| = ‘Dn—M‘n\ ($)‘ , forze I<n>+1 (e(n)) ’ |n| # <7”L>, n e N.

»
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The proof is complete. O

5. PROOF OF THE MAIN THEOREM

Proof of Theorem [l First, we prove part a). Combining () and @) we
easily conclude that if condition (Bl holds, then

lovk |
[Daill; < Z HDMJ‘H1mj
J=(a)
|ok |
< ¢ Z Il=c(p(ag)+1) <c<oo.
j={ow)

It follows that S*2 is bounded from Lo to Lso. By Lemma [1 we obtain
that the proof of part a) will be complete if we show that

/

In

~ p
S*%al du < e < oo

for every p-atom a with support I = Iy. Since Sy, (a) = 0 when oy, < My,
we can suppose that ag > Mpy. (That is, |ag| > N.)

Let t € Iy and € I \Is41, 1 < s < N — 1. If (o) > N, we get that
s < N < {ag) and since x —t € I;\I411, by combining (2]) and (B]) we obtain
that

(7) D, (x —t) =0.

Analogously, by combining again (2)) and (B]) we can conlude that () holds,
for s < (ag) < N —1.
It follows that

(8) |Sa,a(z)] =0, either (ag) >N, or s< (o) <N —1.
Let 0 <p<1,telyand z € [\I;11, (ag) < s < N — 1. Applying the
fact that ||a||,, < M]{,/p and Lemma [2] we find that

Sy (@) < MY / Day (& — )] dpe () < euM77 0,

Iy

Let us set ¢ := mingey (o) . Then, in view of (§) and (@) we can conclude
that

(9)

and

S*hq (x)‘ =0, for x € I\Is41, 0<s<p

(10)

g*’Aa(x)‘ < cpM}V/p_lMs, for x € I\Is41, 0<s< N —1.
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By the definition of p there exists at least one index kg € N such that
0 = (ag,) . By using contition (B]) we can conclude that

N—-po = N- <ak0> < |ak0| - <ako>
< supp (o) = x < ¢ < 0.
keN

Let us set m. := supy, my.
Let 0 < p < 1. According to () and using (@), (I0) and (II) we obtain

that
~ P Nl ~ P
/_ S*’Aa(x)‘ du(z) = Z / S*’Aa(az)‘ du (z)
IN 8:Q+1 IS\IS+1
N-1
_ MP
< cpM}Vp Z MS
s=p+1 S
N-Ty
1-p
= My Z =
s:g—l—lMS ?
M _
< P 1pr Scpm%(l p)gcp<oo.
M,

Let p = 1. We combine ([@)-(II]) and invoke identity (II) to obtain that

N-1

felewlaer = X [

s=p+1
N-1 M,
¢y =
s=p+1 s
N-1
= ¢ Z 1<cr<c<oo.
s=p+1

S*0q (az)‘ dp (z)

IN

The proof of part a) is complete.
Now, we prove the second part of our theorem. Since,

My > 20(0%)7
Mq,)

under condition (), there exists an increasing subsequence {nj : k € N} C
{ag + k € N} such that ng > 3 and

A4-P)/2

: |7k | _
1D o MP =
Nk
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and
oo py-p)/2
(ng)
(12) kzo 7M‘(1_|p)/2 <c < 00.
— s

Let f = (f, :n € N) be a martingale defined by

foi= ) Ak,

{k: |ng|<n}

where
1/p—1
Tl .
a = <DMﬁkH DMVu)

and

m*M<(1/§7—1)/2

_ ik
(13) Ae = ke
ny,

It is easily seen that a is a p-atom. Under condition (I2)) we can conclude
that f € H,. (Theorem W immediately yields that || f|z, < ¢, < 00.)
According to (I3) we readily see that

MR PR G I My a1 — 1), k€N,

-~ . (ng) I

0, jé kL—JO {MW, s My 41 — 1}.

Since, M,,| < ng, we get

Miny =1 n—=l
Sk = D fi+ > fO)y
J=0 =My,
SMn f+M(Tll/p—l)/2M(i/p—1)/2¢Mn D"k_Mn
|| (nk) || || k|
= I+1I
According to part a) of Theorem [I] for I we have that

||I||ip,oo S HSMI"Mf‘ ,

< Po<e < o0
Lyoo Cp ||f||Hp SCp <0

Moreover, under condition (@) we can conclude that
(ng) # |ng| and (ng — M, ) = (ng) -

Let © € I,y 41 (e<nk>) . Applying Lemma [3] we obtain that

‘D”k—M\nk\‘ Z M)
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Thus, we immediately have

_ (1/p=1)/2 5 ,(1/p—1)/2
1] = M(nk) Mlnk\ ‘an_M|"k|
M(1/p+1)/2]\4(1/p—1)/2
= (nk) |7ke| '
It follows that
[rad/i.
_ p -
s (O s s 1 )
(1-p)/2 3 r(14p)/ M,
1-p)/2 1 (14p)/2 n
> CPM\nklp M<nk>p N{I<nk>+1 (e<nk>)} - ]\4(17_2)/2.

(k)
Hence, for large enough k,

1S fII7,
1
> |1y, =M, o= 5 I,
(1-p)/2
CpM|nk|
———— — 00, when k — oco.
MA=p)/2
(nK)
The proof is complete. O
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