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1 Introduction

Concerning definitions used in this introduction we refer to Sect. 2. Weisz [47] proved
the boundedness of the maximal operator of Fejér means o¥** with respect to bounded
Vilenkin systems from the martingale Hardy space H,(G,,) to the space L,(G,,), for p > 1/2.
Simon [31] gave a counterexample, which shows that boundedness does not hold for 0 <
p < 1/2. The corresponding counterexample for p = 1/2 is due to Goginava [14]. Moreover,

Weisz [50] proved the following result.

Theorem W The maximal operator of Fejér means oV* is bounded from the Hardy space
Hy5(G,,) to the space weak-L15(G,,).
In [35] and [36] it was proved that the maximal operator Ep‘lj’* defined by
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~y low |
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P nelg (1 + 1)VP210g? 127 (51 4 1)

where 0 < p < 1/2 and [1/2 + p] denotes the integer part of 1/2 + p, is bounded from the
Hardy space H,(G,,) to the space L,(G,,). Moreover, for any nondecreasing function ¢ :
N, — [1, 00) satisfying the condition

1 1/p—21 2[1/2+p] 1
lim (n+1) o(g) (n+1) = 400, (1.1)
n—00 pn
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there exists a martingale f € H,(G,,), such that

oyﬁb f
o(n)

sup
neN

= 0Q.
p

For Walsh—Kaczmarzi system some analogical results were proved in [16] and [37].
Weisz [47] considered the norm convergence of the Fejér means of a Vilenkin—Fourier
series and proved the following result.

Theorem W1 (Weisz) Letp >1/2andf € H,(G,,). Then there exists an absolute constant
¢y, depending only on p, such thatforallk = 1,2,... andf € H,(G,,) the following inequality
holds:

loi'£1, = collf (G-

Moreover, in [34] it was proved that the assumption p > 1/2 in Theorem W1 is essential.
In fact, the following is true.

Theorem T1 There exists a martingale f € Hy/2(G,,) such that
sup||<7,’ff|| 12 = TO0
neN

Theorem W1 implies that

1 Kol fIb

n2p-1 k2-2p
k=1

< cp|[f||f{p<Gm>, 1/2<p<oo,n=1,2,....

If Theorem W1 holds for 0 < p < 1/2, then we would have

1 2 NolfI
log[1/2+p] n k2—2p

gcpufn’,‘;p(Gm), 0<p<1/2,n=23,.... (1.2)

For the Walsh system in [38] and for the bounded Vilenkin systems in [37] were proved
that (1.2) holds, though Theorem T1 is not true for 0 < p < 1/2.

Some results concerning summability of the Fejér means of a Vilenkin—Fourier series
can be found in [10, 12, 16, 25, 28, 30].

The Riesz logarithmic means with respect to the Walsh system was studied by Simon
[31], Goginava [15], Gat, Nagy [13] and for Vilenkin systems by Gét [11] and Blahota, Gat
[3], Persson, Ragusa, Samko, Wall [26]. Moreover, in [27] it was proved that the maximal
operator of the Riesz logarithmic means of a Vilenkin—Fourier series is bounded from the
martingale Hardy space H,(G,,) to the space L,(G,,) when p > 1/2 and is not bounded
from the martingale Hardy space H,(G,,) to the space L,(G,,) when 0 <p < 1/2.

In [35] and [36] it was proved that the Riesz logarithmic means has better properties
than the Fejér means. In particular, one considered the maximal operator INQZ”* of a Riesz
logarithmic means ﬁ}f* defined by

B IRy | log(n + 1)
p = SUP P2 |0g21/217] '
neN (n + 1)VP-21log n+1)
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where 0 < p < 1/2 and [1/2 + p] denotes the integer part of 1/2 + p, which is bounded from
the Hardy space H,(G,,) to the space L,(G,,).

Moreover, this result is sharp in the following sense: For any nondecreasing function
¢ : N, — [1, 00) satisfying the condition

—(n+ 1)V 210?22 (4 1) ~

) ¢(n)log(n + 1) oo (1.3)

there exists a martingale f € H,(G,,), such that

R/

went| ()

neN

p
The main aim of this paper is to derive a new strong convergence theorem of the Riesz
logarithmic means of one-dimensional Vilenkin—Fourier (Walsh—Fourier) series (see The-
orem 1). The corresponding inequality is pointed out. The sharpness is proved in Theo-
rem 2, at least for the case with Walsh—Fourier series.
The paper is organized as follows: In Sect. 2 some definitions and notations are pre-
sented. The main results are presented and proved in Sect. 3. Section 4 is reserved for

some concluding remarks and open problems.

2 Definitions and notations

Let N, denote the set of positive integers, N := N, U {0}.
Let m := (mo, my,...) denote a sequence of positive integers not less than 2.
Denote by

Zomg = {0, 1,...my = 1)

the additive group of integers modulo .

Define the group G,, as the complete direct product of the group Z,,; with the product
of the discrete topologies of the Z,,.

The direct product u of the measures

wi(U)) s= Ui G € Zn)

is a Haar measure on G,,, with u(G,,) = 1.

If sup,,cy 1, < 00, then we call G, abounded Vilenkin group. If the generating sequence
m is not bounded, then G,, is said to be an unbounded Vilenkin group. In this paper we
discuss only bounded Vilenkin groups.

The elements of G,, are represented by the sequences

x:= (X0, X105 Xppe ) (X € Zgy).
It is easy to give a base for the neighborhood of G,,;, namely

I()(?C) = Gm:

L,(x):={y e Gu | y0 =%0,... V-1 = %41} (*x€G,,neN).
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Denote I, := I,(0) for n e Nand I, := G,,\I,.
Let

e,:=(0,0,...,x,=1,0,...) € G,, (meN).

It is evident that
M-2m—1 M—-1 m—-1 M-1my—1
- (U U U U s >) v (U U 1M<xkek>). 2
k=0 xp=1 l=k+1 x;=1 k=1 xp=1

If we define the so-called generalized number system based on  in the following way:
My:=1, M1 =My (keN),

then every n € N can be uniquely expressed as n = Y-, n;M;, where n; € Zy; (j € N) and
only a finite number of the #; differ from zero. Let |n| := max{j € N; n; # 0}.
The norm (or quasi-norm when p < 1) of the space L,(G,,) is defined by

1/p
|vm~=(é VWdu) 0<p <o),

The space weak-L,(G,,) consists of all measurable functions f for which
IIf llweak-L, (G) = SUP AP i (f > A) < +00.
A>0

Next, we introduce on G,, an orthonormal system which is called the Vilenkin system.
Let us define complex valued function r¢(x) : G,, — C, the generalized Rademacher
functions, as

ri(x) := expQrixg/my) (i =-1,x € G,k €N).

Now, define the Vilenkin system ¢ := (¢, : » € N) on G, as

o0

Yalx) = Hr,fk(x) (neN).

k=0

The Vilenkin systems are orthonormal and complete in Ly(G,,) (for details see e.g. [1]).

Specifically, we call this system Walsh—Paley if #1; = 2, for all k € N. In this case we have
the dyadic group G, = ]_[;.’:0 Z,, which is called the Walsh group and the Vilenkin system
coincides with the Walsh functions defined by (for details see e.g. [17] and [29])

o0

wa) 1= [ @) = ng @160 5% (e N),
k=0

where ny =0V 1landx, =0V 1.

Now, we introduce analogues of the usual definitions in Fourier analysis.

Page 4 of 17
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If f € L1(G,,), then we can establish the Fourier coefficients, the partial sums of the
Fourier series, the Fejér means, the Dirichlet and Fejér kernels with respect to the Vilenkin
system 1 (Walsh system w) in the usual manner:

Fky= | fardp (ex=wior v) (keN),
Gm
n—lA
Sof = Z (Kax (k= wg or Y) (n eN,,8f := 0),
k=0
1 n-1
oif ==Y Sif (a=wory)(meN,),
k=0
n-1
D; = oy (a=wory) (neN,),
k=0
1 n-1
K= Y D¢ (@=wory) (meN,).
k=0

It is well known that (see e.g. [1])

sup/ |Kf[ | du <c<oo, wherea=wor . (2.2)

neN m

The o -algebra generated by the intervals {I,,(x) : x € G,,} will be denoted by F,, (n € N).
Denote by f = (f*),n € N) a martingale with respect to /,, (n € N) (for details see e.g.
[5, 23, 46]). The maximal function of a martingale f is defend by

f* :supv(")|.

neN

In the case f € L1(G,,), the maximal functions are also given by

F@) = sup

)f () e (ue)

In(x

For 0 < p < oo the Hardy martingale spaces H,(G,,) consist of all martingales for which
W Wy 2= 1], < 00-

If f € Li(G,,), then it is easy to show that Sy, f is F, measurable and the sequence
(Sar,f : n € N) is a martingale. If f = (), n € N) is a martingale, then the Vilenkin—Fourier
(Walsh—Fourier) coefficients must be defined in a slightly different manner, namely

k—00

f(i) := lim /; f<k)(x)5i(x) du(x), wherea=wory.

The Vilenkin—Fourier coefficients of f € L1(G,,) are the same as those of the martingale
(Sm,f : n € N) obtained from f.

Page 5 of 17



Lukkassen et al. Journal of Inequalities and Applications (2020) 2020:79

In the literature, there is the notion of the Riesz logarithmic means of a Fourier series.
The nth Riesz logarithmic means of the Fourier series of an integrable function f is defined

by
I — S
RYf = Ez%, where o = w or V¥,
k=1
with
n
1
l,:= —.
k

k=1

The kernels of Riesz’s logarithmic means are defined by

1 DY
LY = I k; Tk’ where (o = w or ¥).

For the martingale f we consider the following maximal operators:
o®*f :suplosf| (a=wory),
neN
R*f :=sup|Ref| (a=wory),

neN
~ R¢
R**f :=sup _RJT ]
neNv 10g(n +1)

~ log(n + 1)|RSf |
RY*f := —_—
oS =S s 1yt

(¢ =wory),
(x =wor ).
A bounded measurable function « is a p-atom, if there exists an interval I, such that

/adu =0, lalle < M(I)_l/pr supp(a) C 1.
1

In order to prove our main results we need the following lemma of Weisz (for details see
e.g. Weisz [49]).

Proposition 1 A martingale f = (f*,n € N) is in H,(G,,) (0 < p < 1) if and only if there
exist a sequence (ay, k € N) of p-atoms and a sequence (u, k € N) of a real numbers such
that for everyn € N

o0
> wkSu,ax = (2.3)
k=0

and

oo
>l < 0.
k=0

Moreover, ||f | H,(G,) inf(> 00, |ukl?)V?, where the infimum is taken over all decomposi-
tions of f of the form (2.3).

Page 6 of 17
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By using atomic characterization (see Proposition 1) it can be easily proved that the
following statement holds (see e.g. Weisz [50]).

Proposition 2 Suppose that an operator T is sub-linear and for some 0 < py <1
[|Ta|"° du <cp <00
1

for every py-atom a, where I denotes the support of the atom. If T is bounded from L, to
Ly, (1 <p; <00), then

1 ZF Nlpo < Cpo IUf Il 2y (G- (2.4)

Let us define classical Hardy spaces (see e.g. [44]). Let H,(D), p > O be the one-
dimensional complex quasi-Banach space of analytic functions f on the unit disc D :=
(z:|z| < 1) for which

oy a)

Wl =P 5 ( o

Now, we define real Hardy spaces. A real-valued distributions f(¢) € D'(T) belongs to
H,(T) where T = (-, ] if and only if there exists a function F(z) € H,(D) with the prop-
erties Im(F(0)) = 0 and f(¢) = lim,_,; Re F(re") in the sense of distributions. Equipped with
quasi-norm |[f(2)ll,(r) = IF(2)ll () the class obviously becomes a real quasi-Banach
space with quite the same properties as H,(D). Atomic decomposition of classical Hardy

spaces and real Hardy spaces can be found e.g. in Fefferman and Stein [6] (see also Later
[19], Torchinsky [44], Wilson [51]).

3 Main results

Our first main result reads as follows.

Theorem 1 Let 0 < p <1/2 and f € H,(G,,). Then there exists an absolute constant c,,
depending only on p, such that the inequality

~_log” n||R}fII%,
p(Gom) »
Z P < & lf 1,6, (3.1)

n=1

holds, where Rff denotes the nth Riesz logarithmic mean with respect to the Vilenkin—

Fourier series of f .
For the proof of Theorem 1 we will use the following lemmas.

Lemma 1 (see [38]) Letx € In(xrex +xie1), 1 < <myp—1,1<x; <m;-1,k=0,...,N-2,
I=k+1,...,N—1. Then

cMM
|KY (x— )| du(t) < EK  whenn> My.
In nMy
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Letx € Iy(xxex), 1 <axx <my—1,k=0,...,N - 1. Then
cM,
_/ K (x - 1) du(t) < =K Whenn > My.
IN MN

Lemma2 (see [39]) Letx € In(xrex+xie)), 1 <xp <my—1,1<x;<m;-1,k=0,...,N-2,
l=k+1,...,N—1. Then

/ ” |1<¢(x— £)| o < cMiM;
du(t) < —5—.
In j=Mn+1 MN

Letx € In(xer), 1 <xp <my—1,k=0,...,N - 1. Then

n I(w
/ | (x t)| ,u(t) CMkl
In

J=Mpn+1

Proof By using an Abel transformation, the kernels of the Riesz logarithmic means can be
rewritten as (see also [39])

1 o 1<“’

- Z Tt (3.2)

VI

o~

Hence, according to (2.2) we get

supf ‘LZ‘dufc«)o, where o = w or ¢
Gm

neN

and it follows that RZ/ isbounded from L, to L. By Proposition 2, the proof of Theorem 1
will be complete, if we show that

> log?’n [, |RY alP d
Z g f12|2"| Mgcp<oo, forO<p<1/2, (3.3)
ne—<r

n=1

for every p-atom a, where I denotes the support of the atom.

Let a be an arbitrary p-atom with support / and u(I) = M3!'. We may assume that I = Iy.

It is easy to see that R},//a = (r,;/f (a) = 0, when n < My. Therefore we suppose that n > My.

Since ||als < cM% if we apply (3.2), then we can conclude that

RYa)

- /1 la®)||LY (x - 0)| da()

< ||a||oof1 1LY (= )] dpa(t)

CMl/p nl |I(‘l' (x—1)|
——d
j+1

u(t)
IN]M +1

1
cMy; p

+ |K‘”(x— t)\du(t) (3.4)

n
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Letx € In(xrex +x1€1), 1 <xp <mi—-1,1<x;,<m-1,k=0,...,N-2,l=k+1,...,N-1.
From Lemmas 1 and 2 it follows that

1/p-2
_ MMMy

IRV a(x)| (3.5)

log(n + 1)

Let x € In(wxex), 1 <xx <myp—-1,k=0,...,N — 1. Applying Lemmas 1 and 2 we can
conclude that

IRV a(x)| < M\P™ My (3.6)

By combining (2.1) and (3.4)—(3.6) we obtain

fT’Rn‘/’a(x)V du(x)

N-2 N-1 mj_1

N-1
_ v |P v |P
= Z k,1|R"a| du+§/I§N|Rna| du

k=0 I=k+1x;=0,je{l+1,..N~-1* N

— N-1
M - myo (MM My ™ 3 1

- le—p
My logf(n + 1) My KN

k=0
N-1 p
Mk

cM — (M[Mk)p
gL o

k=0

< 7( +Cp. (3.7)

It is easy to see that

[e¢]

1
Z < for0<p<1/2. (3.8)

2-2p — 1-2p’
n=Mp+1 MN

By combining (3.7) and (3.8) we get

©  log? nfm R,alP du

Z n2-2r

n=Mp+1

o]

1-2
My T ¢

< E +—— ) +¢,
nr nr

n=Mp+1

o0 o0
1-2p 1 1
<My 2p+ —2p+cp§Cp<oo.
E = § 2

72
n=Mp+1 n=Mp+1

It means that (3.3) holds true and the proof is complete. O

Our next main result shows in particular that the inequality in Theorem 1 is in a special
sense sharp at least in the case of Walsh—Fourier series (cf. also Problem 2 in the next
section).

Page 9 of 17
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Theorem 2 LetO<p<1/2and @ : N — [1,00) be any nondecreasing function, satisfying
the condition

lim & (n) = +00. (3.9)

n—00

Then there exists a martingale f € H,(G,) such that

00 wL P
Z log” n||RYf ||, (n) — o0, (3.10)

2-2p
n
n=1

where R)f denotes the nth Riesz logarithmic means with respect to Walsh—Fourier series

of f.

Proof 1t is evident that if we assume that @(n) > cn, where c is some positive constant
then

log? n®(n)

> pl~% log n— 00, asn— oo,
n2-2r

and also (3.10) holds. So, without loss of generality we may assume that there exists an
increasing sequence of positive integers {«; : k € N} such that

@ (o) =o(e), ask— oo, (3.11)

Let {ay : k € N} € {o : k € N} be an increasing sequence of positive integers such that
oo > 2 and

o0
> 00, (3.12)
1/2 2
o (2 )

k-1 220:,,/19 22ak 1/p+1

¢1/2p(22a,7) - (pl/Zp(zZak 1)

(3.13)
=0

=

22ak,1/p+1 1 22ak(l/p—2)
@1/2p(22ak_1) = 1280 @I/Zp(zzak)'

(3.14)

We note that under condition (3.11) we can conclude that

220(,7/17 ( 220[,,

1/2p
>
(pl/Zp(zzan) > (D(22o‘n)) — 00, asn— o0

and it immediately follows that such an increasing sequence {o : k € N}, which satisfies
conditions (3.12)—(3.14), can be constructed.

Let
A= Y
{k;20, <A}
where
1
=

[0} 1/2p(22ak)
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and
ai = 22ak(1/p_1)(D22ak+1 —D22ak).

From (3.12) and Lemma 1 we can conclude that f = (f"),n e N) e Hy(Gy).
It is easy to show that

2205]<(1/P*1) g . 2 2 1
fw(]‘)z W, lf]€{2 “k,...,Z““ —1},/(€N, (315)
0, ifj & Upoy {22, ..., 22+ — 1},
Forn=3:,2",n <ny<--<ns; wedenote
Sn
Agp = neN:n=20+22+ZZ”i
i=3
Let 22% < j <224+l _1and € Agy. Then
2 k1 j
S S
RWf_— > S, 1 Z "f_l 1I. (3.16)
n=1 n 22D‘k
Let 1 < 2%%. Then from (3.13), (3.14) and (3.15) we have
k=1 22em+l_y k-1 22em+l_q o2y (1/p-1)
w w
srel=X X P0I=Y Y g
=21 v=2%n
k-1 22ay/p 22etk_1/p+1 1 22 (1/p-2)
= r]2=0: ¢l/2p(220tn) = (pl/Zp(zZak,l) = 1280 (151/2p(22ak)'
Consequently,
L ISYf @)l
1
=ty
n=1
1 1 220(;((1/;172) 2%% -1 1 1 220(/((1/;172) ( )
3.17

< = e B
T Lypay 1280 P20 (220k) ~ n " 128a @1/2p (220k)

Let 22% < 5 < 22%*1 _ 1, Then we have the following:

k— 122a77+1 1
Sif = Z > frw+ wa(vm
= 22&77 220‘/(
k-1 920 (1/p-1) 92ax(1/p-1)

w V4 w w
@ 12p (200 (D22an+1 - 22%) + @ 1/2p(220k) (Dn - 22%)'
=0

Page 11 of 17
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This gives

1 22ak+1 1 k-1 220[”(1/1771)
S — R 14 _w
1 = l] Z n Z @1/2}7(220(,7) (D220‘71+1 Dzzan)
n=0

™
N 1 22e(lp-1) (DY —D;"mk)
[, @12 (22 ) S 7
=11 + I1,. (3.18)

Letx € I(eg + €1) € Iy\1. We use well-known equalities for Dirichlet kernels (for details
see e.g. [17] and [29]): recall that

2", ifxel,

D3, (x) = (3.19)
0, ifxe¢l,
and
o0 (e e} o0
Dy =w, Z nkrszwk =w, Z rzk(D;"k+1 - Dzwk), forn = Z n;2, (3.20)
k=0 k=0 i=0

so we can conclude that

" wy, if nis odd number,
D;x) = L
0, if 7 is even number.

Since o > 2, k € N we obtain 2ay > 4, for all k € N and if we apply (3.19) we get
I, =0 (3.21)

and

(j-1)/2
Wan+1 _ Won

=7 dl2p (o2 =7 pl2p(02 .
OVHEE) L Dnal [ VR Lx il

(i-1)/2

1 22ak(1/p—1) 1 22ak(1/p—1)r1

1,

Let x € Ir(eg + e1). Then, by the definition of Walsh functions, we get
Wins2 = MWan = —Way

and

1 22ak(l/p—l)
l_,» &1/ (220)

Won

1| =
M| 121f1+1

(i-1)/2 ’

n=2°%k"
(-1)/4

Wj-1 W44 Wip-3
—— + +
j Z (411 -3 4n-1 ) ’

n=22%"241

1 22ak(l/p—l)

- Z &1/ (220)
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1 22ak(1/p—1) Wi -1/ Wayp—4 Wan_o
T Loy " 2. 4n-3 4n-1
/ n=22%2 41
c 92 (1/p-1) Wiy (j-1)/4 1 1
= 201+1) b L1/2p (D2 i Z Wan-al| 7—= =
log(22ex+1) @1/2p(220k) j 4n-3 4dn-1
n=22%2 41
1 a0 Vg 1
S sl LS _ . 62
Aoy DV (22) \ j dn-3 4dn-1
n=22%2 41
By a simple calculation we can conclude that
SEANER
cmias dn-3 4n-1
ey (4n - 3)(4n —1)
ey 4n-4)4n-2) 2 B 2n-2)2n-1)
(i-1)/4 (i-1)/4
1 1 1 1
<2 X Goms3 8 2 G DeD
n=22%=241 n=22k=211
(i-1)/4 (i-1)/4
1 1 1 1 1
= 8 Z (n-1)(n-2) 8 Z <n—2 - n—1>
n=22%=241 1=22%%=241
1 1 4 1 1 4
<" J<f—""").
“g\22w2-1 j—5)~8\22w2-1
Since 22% < j < 22%*1 _ 1, where ax > 2, we obtain
2 2 1
- < I
220 —4 — 244 6
and
1 2% /1] 1 4
> ——> (- (— = 3.23
| 2| - 40”( (pl/Zp(zZak) ] 8 <22ak—2 -1 ]>) ( )
1 22ak(1/p—1) 3 1

1 22ak(1/p—1)
Z e —

4'0lk 1)) 1/2p(22ak)

+

)
==

1 1

2 2%k 2220 _4
2

Fws)

)
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1 2201k(1/p—2) 1 22ak(l/p—2)
> > .
- 48ak ¢1/2p(22ak) - 640lk (pl/Zp(zZak)

By combining (3.14), (3.16)—(3.23) for € Iy (e + e1) and 0 < p < 1/2 we find that

RIf(x)| = o] — |IT1| - 11|
1 22ak(1/p72) 1 22(1/((1/}772) 1 22ak(1/p72)
> - = .
= 6day DU (224) 1280y PV2P(22%) | 1280y 12 (22%)

Hence,

||wa||weal< -Lp( Gy)
1 22(1-2p)

1 920 (Lip-2) ) 1/p
> -
- 1280{5{’ @1/2(220‘k) )}

= 1280y 12 (22

1 22ak 1/p-2)
= 128ay @1/2p(22ak)}

Peasz|

1 22ak(l—2p)
> —
= 1287 @172 (22) "

{x€12(€0+€1 |R f|

20 (1-2p) 20(1-2p)
> (n(x € hleo +e1))) S (3.24)
— < (X ey t+e >— )
= 12807 @12 (22mc) W SO T V)T P 17 (g2
Moreover,
> ”R f”weak -Lp(G2) logp (])CD(])
> F=7
j=1
”wa”weak Ly lng (/)¢ (/
D> =
{jehgp:2%% <j<22%c+1_1)
20 (1-2p) P .
L2 3 log? ()@ (j)
= al’ ¢p/2(2201k) j2_2p
k {jehop:22% j<22k+1_1}
c® (22 log? (22k) 22k(1-2p) Z 1
- P @1/2(D2ak D op
i ( ) {jehgp:22% <j§22°‘k+1_1;]
2 (p1/2(22ak) — 00, as k—) 00.
The proof is complete. .

4 Final remarks and open problems
In this section we present some final remarks and open problems, which might be inter-
esting for further research. The first problem reads as follows.

Problem 1 For any f € Hj, is it possible to find strong convergence theorems for Riesz
means R}, where o =wora =y?

Remark 1 Similar problems for Fejér means with respect to Walsh and Vilenkin systems
can be found in [2, 4, 40] (see also [45] and [48]). Our method and estimations of Riesz
and Fejér kernels (see Lemmas 1 and 2) do not give an opportunity to prove even similar
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strong convergence result as for the case of Fejer means. In particular, for any f € Hy; is
it possible to prove the following inequality:

1 - ” Zf”% 1
2 : R 2
<c H where ¢ =wora =y?
log k=1 k - ”f” 1/2° 4

It is interesting to generalize Theorem 2 for Vilenkin systems.

Problem 2 For 0 < p < 1/2 and any nondecreasing function @ : N — [1, 00) satisfying the
conditions lim,_, o ®(#) = +00, is it possible to find a martingale f € H,(G,,) such that

)

i log” n|| R} fI5® (n)
=00

n2-2r
n=1

where R f denotes the nth Riesz logarithmic means with respect to the Vilenkin—Fourier
series of f?

Problem 3 Is it possible to find a martingale f € H;/,, such that
sup | R/ |, = 0,
neN

wherex =wora =y?

Remark 2 For 0 < p < 1/2, divergence in the space L, of Riesz logarithmic means with
respect to Walsh and Vilenkin systems of martingale f € H, was already proved in [27].

Problem 4 For any f € H, (0 < p < 1/2), is it possible to find necessary and sufficient
conditions for the indices k; for which

Rif - 0, j ,
IRy 11, ~ 0. asj—oc
whereax =wora =y?

Remark 3 Similar problem for partial sums and Fejer means with respect to Walsh and
Vilenkin systems can be found in Tephnadze [41, 42] and [43].

Problem 5 Is it possible to find necessary and sufficient conditions in terms of the one-
dimensional modulus of continuity of martingale f € H, (0 < p < 1/2), for which

||R;"f —f||Hp — 0, asj— oo,
where a = wor ¥?

Remark 4 Approximation properties of some summability methods in the classical and
real Hardy spaces were considered by Oswald [24], Kryakin and Trebels [18], Storoienko
[32, 33] and for martingale Hardy spaces in Fridli, Manchanda and Siddiqi [9] (see also
[7, 8]), Nagy [20—22], Tephnadze [41-43].
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