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Abstract—This paper addresses the problem of position control
or waypoint tracking for an underactuated quadrotor. The
proposed control law is what is known as reaction based in the
way that the attitude system reacts to errors in the translational
motion. This methodology requires no generation of desired
attitude or angular velocity and the resulting control law is
model-independent in that it does not require the knowledge of
the inertia matrix. In addition the controller has a very simple
structure making it suitable for small quadrotor platforms.
Simulation results are provided and discussed to demonstrate
the proposed method.

I. INTRODUCTION

In recent years, Quadrotors have received a lot of attention
from researchers. Partly because of their simple mechanical
structure, low cost and high maneuverability, which makes
them suitable for a wide range of applications [1], [2]. How-
ever, they come with their own challenges such as instabil-
ity in the absence of feedback, highly nonlinear dynamics,
tight coupling between rotational and translational motion and
underactuation. Often feedback control is done using linear
techniques such as PID control [3], [4], [5] because they are
simple to implement and they yield good performance [6]. In
applications that require high-performance where quadrotors
operate near their physical limits it becomes necessary to use
nonlinear control strategies [1].

In several previous works on nonlinear quadrotor control
the focus is on the trajectory tracking problem where a
virtual position controller is first constructed assuming that the
quadrotor is fully actuated in its translational motion. Then a
desired orientation is extracted from the force vector generated
by the virtual position controller which is then tracked by an
attitude controller [7]. These approaches have to deal with the
topological obstructions of the orientation manifold [8], which
can lead to more complicated control structures. Another
approach that circumvents the topological obstructions of the
orientation manifold are dynamics extension techniques that
rely on taking the derivative of the thrust until three inde-
pendent control inputs appear in the translational equations
of motion [9]. However, these techniques present challenges
in that it becomes necessary to take motor dynamics into
consideration. In [10] the thrust vector is only differentiated
once and then the angular velocities are seen as a virtual

control input that is tracked by an attitude controller. The
derived attitude controller however, requires the derivative
of the desired angular velocity which can be difficult to
implement. In [11] a second order sliding mode attitude
controller is derived that exponentially stabilizes the attitude
at hover. A PD-controller for the translational error is derived
and is used to inject angular accelerations into the rotational
dynamics to perturb the system towards the desired trajectory.
In both works when the quadrotor is far away from its desired
position very large angular accelerations will be injected into
the rotational dynamics which can lead to a highly oscillatory
response. In addition, when the position errors become small
the robust controller will start to reject the injected angular
accelerations. In [12] a model-free robust attitude controller
built on differintegral fractional operators is developed, which
reacts to injected disturbances from the positional system.

In this paper a reactive controller is developed that in
concept is similar to [11] and [12]. There are however, some
key differences in that there is no desired orientation for the
attitude dynamics and the injected translational control signals
are saturated. The control design works in two steps, first
a backstepping position controller is derived that generates
a desired force that when tracked makes the equilibrium of
the error dynamics uniformly globally asymptotically stable.
Secondly, the desired force is then saturated and injected into
the attitude dynamics as a torque together with a dampening
term on the angular velocities. The dampening term ensures
boundedness of the angular velocities while the injected torque
consequently tilts the quadrotor’s thrust axis in the direction of
the desired force. This results in a very simple control structure
which is suitable for implementation on small quadrotors with
limited processing power. The attitude controller is free of
ambiguities and singularities, which usually occurs when de-
signing attitude controllers on SO(3). Additionally the attitude
controller is model-independent in that it doesn’t require the
knowledge of the inertia matrix.

This paper is organized in the following way. Section II
introduces notation and some useful properties of quaternions.
Section III details the dynamic model for the quadrotor that
uses quaternions for the attitude parameterization. Section IV
derives the position controller and the reactive-based attitude



controller which is the main result of the paper. In Section
V simulations are performed to show the potential of the
approach and a brief conclusion is given in Section VI
highlighting some possible extensions of this work.

II. PRELIMINARIES

A. Notation and reference frames

Vectors are denoted as lower-case bold letters while scalars
are non-bold for instance x ∈ Rn is an n-dimensional vector
while a ∈ R is a scalar. Matrices are upper-case bold letters
where the transpose of an n×m matrixM ∈ Rn×m is denoted
byM>. The n×n identity matrix is denoted as In×n while an
n×m matrix with zero entries is denoted as 0n×m. The unit
vector e3 is defined as e3 =

[
0 0 1

]>
. The derivative with

respect to time is denoted as ẋ = dx
dt . Reference frames are

denoted as F(·), and superscripts are used to denote a vector
frame of reference, such that the vector xA is expressed in
FA. Angular velocities are denoted as ωCA,B ∈ R3 which is the
angular velocity of FB relative to FA, expressed in FC . The
vector norm is the Euclidean norm denoted as ‖x‖ = 〈x,x〉 12 .
The set of quaternions is defined as

H :=
{

(q0, qv) : q0 ∈ R, qv ∈ R3
}

where q0 is the scalar part and qv is the vector part,
while the set of unit quaternions is defined as Hu :=
{q ∈ H : ‖q‖ = 1}. The set of vector quaternions is defined
as Hv := {q ∈ H : q0 = 0} .

The reference frames that are used in this work are defined
as

Inertial frame This reference frame denoted as Fi has its
origin at a fixed point in space and its axes are fixed.

Body frame This coordinate reference frame denoted as
Fb is fixed at the rigid-body’s center of mass and the axes are
fixed to the rigid-body.

Desired frame This coordinate reference frame denoted as
Fd represents the rigid-body’s desired pose.

B. Quaternions

In this section a brief overview of unit quaternions are given,
more complete formulations can be found in literature cf. [13],
[14]. Commonly unit quaternions are constructed as

q =
[
cos θ2 u>θ sin θ

2

]>
(1)

where θ ∈ R is the angle of rotation and uθ ∈ R3 is a unit
vector pointing in the direction of axis of rotation. A vector
u ∈ R3 can obviously be extended to Hv and this fact is
implicitly used in this paper. A vector ub ∈ Hv can be rotated
from Fb to Fn by the use of the sandwich product

un = qnb ⊗ ub ⊗ q∗nb (2)

where un ∈ Hv and qnb ∈ Hu represents the orientation of
frame Fb with respect to Fn and where (·)⊗ (·) denotes the
quaternion product and is defined as

q1 ⊗ q2 =

[
q1,0q2,0 − qT1,vq2,v

q1,0q2,v + q2,0q1,v + q1,v × q2,v

]
(3)

Fig. 1: Illustration of reference frames often used in quadrotor
literature c.f. [9].

which is associative and distributive, but not commutative and
(·)∗ denotes the quaternion conjugate q∗ =

[
q0 −q>v

]>
. The

norm of a quaternion can be defined as

‖q‖ =
√
q>q

and should always be equal to unity for a unit quaternion to
ensure that lengths are preserved when using (2). Quaternions
can be combined using the quaternion product to represent
composite rotations as

qnd = qnb ⊗ qbd

and difference in rotations can be defined as

qbd = q∗nb ⊗ qnd.

The quaternion kinematics is defined as [13]

q̇nb =
1

2
qnb ⊗ ωbnb (4)

where ωbn,b ∈ R3 is the angular velocity of Fb relative to Fn,
expressed in Fb.

III. MODELING

A. Quadrotor kinematics and dynamics

In the quadrotor dynamics literature c.f. [15], [16], [9], the
Newton-Euler equations of motion, with reference frames as
shown in Figure 1, for a quadrotor is commonly defined as

ṗn = vn (5)

q̇nb =
1

2
qnb ⊗ ωbnb (6)

v̇n =
1

m

(
fnG − qnb ⊗ f bT ⊗ q∗nb

)
(7)

ω̇bn,b =
(
Jb
)−1 (

τ bu − ωbn,b ×
(
Jbωbn,b

))
(8)

where pn ∈ R3 is the inertial position of the quadrotor,
vn ∈ R3 is the quadrotor’s inertial velocity, fnG ∈ R3

is the gravity vector, qnb ∈ Hu is the orientation of the
quadrotor parameterized using quaternions, ωbn,b ∈ R3 is the
angular velocity of the quadrotor, Jb ∈ R3x3 is the inertia
matrix, f bT =

[
0 0 T

]>
is the quadrotor’s thrust vector

and τ b ∈ R3 is the applied torques on the quadrotor. The



total thrust is defined as the sum of the thrusts Ti ∈ R as seen
in Figure 1, that each rotor generates

T =

4∑
i=1

Ti =

4∑
i=1

cTσ
2
i (9)

which is related to the rotor’s angular velocity σi ∈ R through
the thrust coefficient cT ∈ R. From Figure 1 it is clear that
the input torques acting on the quadrotor are also related to
the thrust of each rotor by [15]

τx = drT2 − drT4 = drcTσ
2
2 − drcTσ2

4 (10)

τy = drT1 − drT3 = drcTσ
2
1 − drcTσ2

3 (11)

τz = cQσ
2
1 + cQσ

2
3 − cQσ2

2 − cQσ2
4 (12)

where σi for i = 1, 2, 3, 4 is the angular velocity of the ith
propeller, cQ ∈ R is the torque coefficient and dr ∈ R is
the distance from the center of the quadrotor to the center of
the propellers which is assumed to be equal for all the rotors.
Since the equations are linear in σi they can be represented
by a linear mapping from angular velocities of each motor to
applied thrust and torque as

T
τx
τy
τz

 =


cT cT cT cT
0 drcT 0 −drcT

drcT 0 −drcT 0
cQ −cQ cQ −cQ



σ2

1

σ2
2

σ2
3

σ2
4

 . (13)

The mapping from rotor angular velocities to applied force
and torque on quadrotor is of full-rank and therefore inverse
mapping exists at all times since cT , cQ and dr are constants.

IV. CONTROL

In this section a positional controller that assumes the
translational dynamics are fully actuated is developed using
the well known backstepping approach [17], [18], [3]. The re-
sulting fully actuated control force vector is then saturated and
injected into the attitude dynamics together with a dampening
term that ensures boundedness on the angular velocities. Then
the fully actuated control force vector is mapped to the total
thrust T .

A. Translational control

Given a desired constant position defined by pnd ∈ R3 the
position error is defined as

p̃n = pnd − pn (14)

with the error kinematics

˙̃pn = ṽn = −vn (15)

and the following assumptions
Assumption 1: The mass m of the quadrotor is assumed

to be known.
Assumption 2: The attitude of the quadrotor qnb is

assumed to be known.

Assumption 3: The quadrotor is assumed to be fully-
actuated i.e. the control force in (7) is replaced by a fully
actuated control force fnu .

Theorem 1. Consider a Quadrotor as shown in Figure 1
with its kinematics and dynamics described by (5)-(8) together
with Assumption 1, Assumption 2 and Assumption 3. Given a
desired constant position pnd , define the error kinematics as in
(15). If the input force fnu is given by

fnu = fnG − (1 + kpkd)p̃
n + (mkp + kd)v

n. (16)

then (p̃n, ṽn)→ (0,0) as t→∞ for any initial condition.

Proof: Consider the radially unbounded Lyapunov func-
tion candidate

V =
1

2
p̃n>p̃n +

m

2
(kpp̃

n + ṽn)
>

(kpp̃
n + ṽn) (17)

taking the derivative of (17) and inserting (15), (7) and (16)
yields

V̇ = −kp‖p̃n‖2 − kd‖kpp̃n + ṽn‖2 ≤ −V < 0 (18)

making the equilibrium of the closed loop system with the
backstepping controller globally asymptotically stable.

B. Attitude control

The developed translational controller fnu in (16) requires
that the translational system is fully actuated and is therefore
not realizable for a quadrotor. To realize the control input the
vector fnu is partitioned into a desired direction and desired
thrust magnitude. An attitude controller is then designed
to point the quadrotor’s body z-axis along the axis of the
direction of f bu. This usually requires an attitude tracking
controller that tracks a desired attitude designed from f bu and
is therefore susceptible to complications due to the topological
obstructions of the SO(3) manifold [8]. The proposed attitude
controller circumvents this issue by injecting the control force
f bu into the attitude system as a torque. This is achieved by
first saturating the control force fnb in (16) with for instance
a saturation function defined as

f̃nu = α
(

1− e−kf‖f
n
u ‖
) fnu√
‖fnu ‖2 + ∆2

(19)

or

f̃nu =

{
fnu if kf‖fnu ‖ < α

α
fn
u√

‖fn
u ‖2+∆2

if kf‖fnu ‖ ≥ α
(20)

where ∆ is a positive constant that avoids division by zero if
‖fnu ‖ = 0, α ∈ R represents the maximum torque the control
vector can inject into the attitude system and kf ∈ R is a
tuning parameter that affects how quickly f bu gets saturated.
In both cases of (19) and (20), f̃nT is bounded from above by
α > 0.

Theorem 2. Consider a Quadrotor as shown in Figure 1 with
its kinematics and dynamics described by (5)-(8) together with
Assumption 1, Assumption 2. Suppose a force vector f̃nu is



calculated from (16) and saturated using (19) or (20) and let
the input torque be defined as

τ bu = −e3 ×
(
q∗nb ⊗ f̃nu ⊗ qnb

)
− kωωbnb. (21)

Then the torque τ bu is bounded by α, and ωbnb is bounded by
α
kω

.

Proof: Let a Lyapunov function candidate V be defined
as

V =
1

2

(
ωbnb

)>
Jωbnb (22)

which is positive definite and radially unbounded. The deriva-
tive can be written as

V̇ =
(
ωbnb

)>
Jω̇bnb (23)

and inserting (8) and (21) yields

V̇ =
(
ωbnb

)> (−e3 ×
(
q∗nb ⊗ f̃nu ⊗ qnb

)
−kωωbnb − ωbnb × Jωbnb

)
. (24)

Using the fact that
(
ωbnb

)>
ωbnb × Jωbnb = 0 in (24) yields

V̇ =− 1

2
kω‖ωbnb‖2 − ‖ωbnb‖‖f̃nu ‖ sin θ1 cos θ2

− 1

2
kω‖ωbnb‖2 (25)

where θ1 is the angle between e3 and f̃ bu, and θ2 is the angle
between e3×(q∗nb ⊗ fnu ⊗ qnb) and ωbnb. Since the inner angle
between two vectors is θ1 ∈ [0, π] such that sin θ1 ∈ [0, 1] then

V̇ ≤ −1

2
kω‖ωbnb‖2−‖ωbnb‖‖f̃nu ‖ cos θ2−

1

2
kω‖ωbnb‖2. (26)

Completing the squares in (26) yields

V̇ ≤ −1

2
kω‖ωbnb‖2 −

(√
kω
2
‖ωbnb‖+

1

2

√
2

kω
‖f̃nu ‖ cos θ2

)2

+
1

2kω
‖f̃nu ‖2 (cos θ2)

2 (27)

≤ −1

2
kω‖ωbnb‖2 +

1

2kω
‖f̃nu ‖2. (28)

From (19) and (20) it clear that ‖f̃ bu‖ is bounded by α such
that

V̇ ≤ −1

2
kω‖ωbnb‖2 +

α2

2kω
(29)

which is negative definite when
α

kω
< ‖ωbnb‖ (30)

which implies that ωbnb is bounded. Inserting the bounds on
ωbnb and (19) shows that τ bu is bounded by 2α. It can be seen
from (21) the attitude controller does not require knowledge
about the inertia matrix, only of the total mass of the quadrotor
from (16) is needed. The effect the term e3 × f̃ bu has on
the attitude system is that it causes a tilting motion towards
the direction of f bu. This causes ‖f bu‖ to decrease since the
quadrotor is thrusting in this direction such that the bound on

the body angular velocities will also decrease. Additionally
both θ1 and θ2 will also decrease such that ‖ωbnb‖2 will
dominate ‖ωbnb‖‖f̃nu ‖ sin θ1 cos θ2 and the angular velocities
will decrease. The angular velocity will only go to zero when
sin θ1 goes to zero. When sin θ1 is non-zero the attitude
controller will try and tilt the quadrotor towards f bu. This leads
to the quadrotor converging to the desired position.

C. Thrust control

The magnitude of f bu needs to be mapped to the actual thrust
vector of the quadrotor in (7). This is done by relating f bu to
the total thrust T of the quadrotor. There are several possible
ways to define the thrust T from fnu , for instance if the thrust
T is defined as

T = e>3 q
∗
nb ⊗ fnu ⊗ qnb (31)

then the translation control becomes a height controller that
gives suitable transients for position control. However the con-
troller can yield negative thrust values which is not realizable
unless the quadrotor can vary the pitch of the propellers, it
is therefore necessary to saturate the thrust to zero when it
reaches negative values. Defining the thrust T as

T = ‖fnu ‖ (32)

together with high values of kp and kd yields a more ag-
gressive controller that can give better results for trajectory
tracking. The reasoning for this is that the controller will
always yield positive thrust even if the quadrotor is pointing
away from the desired position. For instance if quadrotor is in
hover and the desired position is below the quadrotor, it will
start thrusting away from the desired position until the attitude
controller flips the quadrotor upside down towards the desired
position.

V. SIMULATION

In this section the quadrotor dynamics in (7) and (8)
are simulated with the position controller (16) and attitude
controller (21). Two cases are presented where in case one
position control is explored and in case two a circle tracking
example is demonstrated. In both cases the physical data of
the quadrotor is found in Table I

A. Case 1: Position control

The gain parameters were chosen as kp = 2, kv = 1, kω =
3, α = 5, ∆ = 0.1, kf = 0.5. The desired position is defined
as

pnd =
[
5 5 −10

]>
(33)

TABLE I: Inertia parameters for a quadrotor [19]

Parameter Value Unit
Quadrotor mass, m 4.34 kg
X-axis inertia, Jxx 0.082 kg·m2

Y-axis inertia, Jyy 0.0845 kg·m2

Z-axis inertia, Jzz 0.1377 kg·m2
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Fig. 2: Translational motion of case 1.
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Fig. 3: Rotational motion of case 1.

with initial conditions set to

qn,b(0) =
[
1 0 0 0

]>
, ωbn,b(0) =

[
0 0 0

]>
[rad/s]

pn(0) =
[
0 0 0

]>
[m], vn(0) =

[
0 0 0

]>
[m/s]

σi(0) = 0 [rad/s], i = 1, 2, 3, 4.

As can be seen from Figure 2a the position error converges
to zero. The angular velocities in Figure 3b are within the
bound of 5

3 and the torques in Figure 4 are within α. There are
some oscillations in the start on the angular velocity which is
related to the −v in (16) such that if the quadrotor accelerates
too much the control vector will start to point away from the
desired position and cause the quadrotor to tilt away from
the desired position to slow down. At the start in Figure 4
the torques are initially at τ bu =

[
1 −1 0

]>
since it is

dependent on the desired position and initial conditions of the
translational system.

B. Case 2: Circle tracking

In this case the physical limitations of the proposed con-
troller is explored by injecting large disturbances on states
used in the controllers. The quadrotor is also made to follow
a trajectory by augmenting the backstepping controller in (16)
to be

fnu = fnG −mp̈nd − (1 + kpkd)p̃
n − (mkp + kd)ṽ

n (34)

where the errors are now defined as

p̃n = pnd − pn (35)
ṽn = ṗnd − vn. (36)

0 1 2 3 4 5
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0

0.5

1

Fig. 4: Quadrotor control torque of case 1

and the desired trajectory is assumed to be at least twice
differentiable and bounded i.e. pnd , ṗ

n
d , p̈

n
d ∈ L∞. A trajectory

that satisfies these requirements is given as

pnd =
[
c1 sin c2t c1 cos c2t c3 − c4 sin c5t

]>
[m]

ṗnd =
[
c1c2 cos c2t −c1c2 sin c2t −c4c5 cos c5t

]>
[m/s]

p̈nd =
[
−c1c22 sin c2t −c1c22 cos c2t c4c

2
5 sin c5t

]>
[m/s2]

where c1 = 10 m, c2 = 0.15 rad/s, c3 = −10 m, c4 = 0.0 m
and c5 = 0.0 rad/s. The initial conditions were set as

qn,b =
[
1 0 0 0

]>
, ωbn,b =

[
0 0 0

]>
[rad/s]

pn =
[
0 0 0

]>
[m], vn =

[
0 0 0

]>
[m/s]

σi = 0 [rad/s], i = 1, 2, 3, 4.

In addition a yaw tracking controller was added to the attitude
system where the kinematics of a desired pointing trajectory is
defined as ḃn = ω̄ze3×bn with yaw orientation error defined
as b̃ = qnb⊗e1⊗q∗nb×bn where both qnb⊗e1⊗q∗nb and bn

have been projected to the xy-plane. Then the yaw controller
τ byaw = keb̃ + kω

(
ω̄z − ωb>nb e3

)
e3 makes the equilibrium of

the error system asymptotically stable. The desired angular
velocity ω̄z was set to 2 rad/sec and bandlimited white noise
with power spectral density of 5 · 10−6 was added on all state
variables in the control laws. As can be seen from Figure 6a
the position error seem to go to zero. However, the position
error converge to around 2 · 10−1m which implies that the
body z-axis never fully aligns itself with the force control
vector in (34). This is expected because of the added noise and
that the attitude controller does not ensure trajectory tracking.
However, the performance of the tracking can be improved by
increasing kp at the expense of increased oscillations on ωbnb
at the start of the simulation.

VI. CONCLUSIONS

In this paper a reaction-based control strategy was devel-
oped for a simplified model of a quadrotor. The proposed
controller has several advantages such as not requiring the
knowledge of the inertia matrix and the controller avoids issues
related to the topology of SO(3) by not tracking a desired
attitude. Simulations were performed which shows that the



Fig. 5: Trajectory plot of case 2.
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Fig. 6: Translational motion of case 2.
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Fig. 7: Rotational motion of case 2.

0 5 10 15 20 25

-2

-1

0

1

2

3

(a) Angular velocities.

0 5 10 15 20 25

-4

-2

0

2

4

(b) Applied torques.

Fig. 8: Angular velocity and applied torques of case 2.

quadrotor converges to desired positions and it also shows
that the proposed method can do trajectory tracking in cases
with large disturbances in the quadrotor states. Future work
will include testing the controller in experiments, adding an
adaptive position controller that can estimate the quadrotor
mass, and improving the proposed controllers disturbance
rejection and tracking capabilities.
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