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Abstract
We classify all (locally) homogeneous Levi non-degenerate real hypersurfaces in C> with
symmetry algebra of dimension > 6.
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1 Introduction

The main goal of this paper is to provide the complete (local) classification of multiply-
transitive Levi non-degenerate real hypersurfaces in C3, i.e. hypersurfaces with transitive
symmetry algebra and stabilizer of dimension > 1 (Theorem 1.1). It is known [6,21] that any
real hypersurface in C” with non-degenerate Levi form has symmetry algebra of dimension
atmost n(n+2), which is achieved if and only if it is locally equivalent (under biholomorphic
transformations) to a hyperquadric given by:

Jm(w) =z121 £+ - £ Zy—12n—1.
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In C3, the next possible dimension of the symmetry algebra for a Levi non-degenerate hyper-
surface is 8, which is achieved for the so-called Winkelmann hypersurface [23]:

Jm(w + Z122) = |z1]*, (1.1)

where (21, z2, w) are holomorphic coordinates in C3. The 8-dimensional symmetry algebra
is transitive on this hypersurface. Moreover, it is also transitive on the two open (unbounded)
domains in C3 separated by this hypersurface. We show in this paper (Theorem 1.3) that hyper-
quadrics and the Winkelmann hypersurface are the only homogeneous Levi non-degenerate
hypersurfaces in C? whose symmetry algebras have open orbits in C3.

The analogous classification result in C? was obtained by Elie Cartan in his pioneering
works [3.4] on this subject. He also used this result to prove that the only bounded homo-
geneous domain in C? is the interior of a hypersphere. He claimed to prove a similar result
for bounded homogeneous domains in C3, but the details of this proof were never published
and seem to be hidden in the archives of his notes.! This led him to believe [5] that the only
bounded homogeneous domains in C" for any n > 2 are given by symmetric homogeneous
spaces. However, this proved to be not correct, and the first counterexample was discovered
by Piatetski-Shapiro in 1959 [16].

Levi non-degenerate hypersurfaces in C3 with large symmetry algebras were extensively
studied in a series of papers by Loboda. He classified all Levi non-degenerate hyper-
surfaces with 7-dimensional symmetry algebra [11,12], as well as all hypersurfaces with
6-dimensional symmetry algebra and positive definite Levi form [13]. In our paper, we com-
plete the classification of all multiply-transitive hypersurfaces in C3 by providing the full list
of Levi indefinite hypersurfaces in C with 6-dimensional symmetry algebra. We also correct
the Levi definite list [ 13, Theorem 3] by adding one missing hypersurface with 6-dimensional
symmetry algebra:

ve =2 g4
T 14 1'
Here z1 = x1 +iy1, 220 = x2 +iy2, w = u+iv so this hypersurface is tubular (see Sect. 4 for
the definition). This corresponds to the Levi definite real form of case D.6-1 in [9]—see also
Table 8. The symmetry algebra here is isomorphic to the semidirect product of s[(2, R) and
the 3-dimensional Heisenberg algebra. In Table 9, we match Loboda’s classifications with
our results.

The main idea of our classification approach is to pass from Levi non-degenerate hyper-
surfaces in C" to their complex analogue, which turns out to be a complete system of 2nd
order PDEs on one function of n — 1 independent variables (see Sect. 2). Such systems of
PDEs have the same dimension for their symmetry algebra, which is multiply-transitive on
the first jet-space J!(C"~!, C) if and only if the corresponding real hypersurface in C” is
multiply-transitive.

This idea of passing from real hypersurfaces in C” to families of complex hypersurfaces
(also known as Segre varieties) was first introduced by Segre [17,18], explored in more detail
in the original work of Cartan [4] in the case of real hypersurfaces in C2, and was extended
to more general cases in [1,14,19,20,22].

Geometrically, any Levi non-degenerate hypersurface M C C" inherits a natural CR
structure of codimension 1, which consists of a contact distribution C C T M equipped
with a complex structure J: C — C. This complex structure is compatible with the natural
conformal symplectic form on C and is integrable. Both these conditions are equivalent to

! Private communication with Robert Bryant.
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the fact that the eigenspaces J (i) and J(—i) of the operator J on the complexification C*
should be integrable subdistributions of the complexified contact distribution.

The corresponding complete systems of second order PDEs are encoded as complex
analytic manifolds of dimension 2n — 1 equipped with contact distribution C decomposed
into the direct sum of two completely integrable subdistributions £ and V. Such structures
are called integrable Legendrian contact (ILC) structures and they were studied in detail in
[9]. The fundamental invariant obstructing flatness? is harmonic curvature kg, which is a
binary quartic field when n = 3, i.e. dimension five, so one has a Petrov-like classification
based on its (pointwise) root type [9, (3.3)]. For CR structures, this is the complexification
of the degree four part of the Chern—Moser normal equation [10].

All multiply-transitive ILC structures in dimension five (in particular having symmetry
algebra of dimension > 6) were classified in [9] and organized according to their Petrov type.
In particular, only types III (triple root), D (two double roots), N (quadruple root), or O (flat
case) arise. Non-flat multiply-transitive CR structures necessarily arise as real forms of ILC
structures only of types D or N (Corollary 3.2).

Any multiply-transitive ILC structure can be encoded by certain complex Lie algebraic
data (s, €; e, v), which includes the symmetry algebra s, two subalgebras e and v that corre-
spond to E and V, and the isotropy subalgebra £ = ¢ N v of dimension > 1. In this paper,
we compute CR real forms of this data, which is equivalent to computing anti-involutions
¢: 5 — s that preserve £ and swap ¢ and v. (see Sect. 3 and Table 6.) Each such real form
uniquely defines the local structure of the CR geometry on the homogeneous real hypersur-
face.

The main difficulty is then to find the local equations of real hypersurfaces realizing this
algebraic data. To go from an algebraic model to a local realization, we use several techniques.
In Sect. 4, we identify tubular hypersurfaces and, in particular, those that correspond to
affine homogeneous hypersurfaces in A3 (see Tables 7, 8). For example, the Winkelmann
hypersurface corresponds to the surface in A3 given by the equation u = xy + x*. In Sect. 5,
we discuss the so-called Cartan hypersurfaces, which have semisimple symmetry algebra and
are treated uniformly in this paper, along with certain related quaternionic models. Finally,
in Sect. 6 all remaining local models can be covered by hypersurfaces of Winkelmann type,
which are given by

Im(w + z122) = F(z1, 21),

for some real-valued analytic function F. We can formulate the main result of our paper as
follows.

Theorem 1.1 Any multiply-transitive Levi non-degenerate hypersurface in C3 is locally
biholomorphically equivalent to one of the following:

(1) the maximally symmetric hypersurfaces Jm(w) = z1Z1£z222in C3 with 15-dimensional
symmetry algebra.

(2) tubular hypersurfaces listed in Tables 7 and 8 with symmetry algebras of dimension 6,
7, or 8.

(3) Cartan hypersurfaces (5.2) (see also Table 4) or the quaternionic models (5.6). These
all have symmetry algebra a real form of so(4, C) = s1(2, C) x sl(2, C).

(4) hypersurfaces of Winkelmann type given in Table 5, having 6-dimensional symmetry
algebra:

() Im(w 4 Z122) = (21)*(Z1)%, where a € C\{—1,0, 1,2},

2 Flatness refers to being locally equivalent under point transformations to the trivial PDE system u jx = 0.
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(i) Im(w + Z122) = exp(z1 + 21);
(i) Im(w + z122) = In(z1) In(Zy).

Remark 1.2 Among the Winkelmann type hypersurfaces, (ii) and (iii) are equivalent to the

tubular hypersurfaces u = xjx2 + exp(x;) and u = xpexp(x;) — % respectively (see

2
(Za—1) 5 € R (see

Tables 5 and 7), while (i) admits a tubular representation if and only if @@=

Sect. 6.)
Finally in Sect. 7, we prove:

Theorem 1.3 Up to local biholomorphism, the only locally homogeneous Levi non-
degenerate hypersurfaces in C3 whose symmetry algebra is transitive on an open subset
of C3 are:

(1) the hyperquadric Im(w) = 7121 £ 2222;
(2) the Winkelmann hypersurface Jm(w + Z1z2) = |z1|*.

Appendices A, B, and C summarize our classification results for the dimension five case.
Finally, to illustrate our methods in a simpler case, in Appendix D we derive Cartan’s clas-
sification [4, bottom of p.70] of (non-flat) homogeneous CR structures in dimension three
from the classification of (complex) 2nd order ODE that are homogeneous (in fact, simply-
transitive) under point symmetries.

2 Complexification of real submanifolds in C"

In this section, we mainly follow [14] to establish the relationship between real hypersurfaces
in C" and complete systems of 2nd order PDEs.

2.1 Complete systems of PDEs defined by real hypersurfaces

Let M be a real analytic submanifold in C" given by
Fo(zt, o iz 215005 20) =0,

where Fy are real analytic functions of the holomorphic and antiholomorphic coordinates.
Denote by C" another copy of C" with the opposite complex structure, so that the map

cr — Cn givenby (z1, ..., zx) = (Z1, ..., Z) isholomorphic. Let (ay, . . ., a,) be standard
coordinates on C" and define a complex submanifold M€ in C" x C" by:
Fo(zi, ...,z a1, ..., ay) =0. 2.1

Definition 2.1 We call M€ the complexification of the real analytic submanifold M C C".

We can regard (2.1) as an n-parameter family of submanifolds in C", or locally as an
n-parameter family of graphs of analytic functions from C"~! to C. Let £(M) be the corre-
sponding finite-type PDE system whose solution space coincides with this family.

Example 2.2 Take the Winkelmann hypersurface Jm(w +21z2) = |z1 |4 Its complexification
is

w—b+aiz — z1a2 = 2i(a121)%,
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where (ay, az, b) are holomorphic coordinates on C3. Regard w as a function of the two

. . . _ w o 2w .
independent variables z; and z. Letting w; = az; and wj; = 32000 we obtain
. 2 : 2
wy =ap +4i(a))°z1, w2 =—a;, wi =4i(a)’, wp=wyp=0.

Excluding the parameters (a1, az, b), we obtain the PDE system
wi] = 4iw%, wip = 0, woy = 0.

Proposition 2.3 Let M be a Levi non-degenerate codimension 1 real analytic submanifold
in C". Then locally E(M) is a complete system of 2nd order PDEs on one function of n — 1
variables.

Proof As shown in [6], locally we can always find a holomorphic coordinate system
(z15.--»2n—1, w) such that M is given as:

20m(w) = €12121 + - -+ €—1Zn—1Zn—1 + F (21,215 - - -, Zn—1, Zn—1, W),

where F is an analytic function whose Taylor series contains only terms of degree 3 and
higher and €; = £1 for j =1, ..., n — 1. The complexification M¢ is given by:

w=>b+eaizi+ -+ e€—1an-12n—1+ F(z1, a1, ..., Zn—1, an-1, b). (2.2)
Regarding w as a function of zy, ..., z,—1, and differentiating (2.2) with respect to z;, we
get

ow n oF 2.3)
wi=—=¢€ja; + —. .
/ 0z a 0z
By the implicit function theorem, we can uniquely resolve Egs. (2.2), (2.3) in
(ai, ...,an—1,b) in the neighbourhood of the origin in C”. Differentiating (2.3) one more
time and substituting there solutions for (ay, ..., a,—1, b) we obtain the complete system of
PDEs of 2nd order. o

It is clear from the construction that if we choose different holomorphic coordinates, this
will result in a system of PDEs point equivalent to the initial system.

2.2 ILC structures

Let us recall [9] that an integrable Legendrian contact (ILC) structure on an odd-dimensional
manifold is defined as a contact distribution C decomposed into a sum C = E @ V of
two completely integrable distributions that are Lagrangian with respect to the (conformal)
symplectic form on C.

The above complete system £(M) of 2nd order PDEs naturally defines an ILC structure
on the space J! = J!(C"~!, C) of 1-jets of (complex analytic) functions from C"~! to C.
The space J ! carries a natural contact structure C. The distribution V is defined as the tangent
distribution to the fibers of the projection J! — J% = C"~! x C. The second complementary
integrable distribution £ C C is defined by the equation £(M) itself. Namely, its fibers are
exactly the 1-jets of all its solutions. (As each solution is uniquely defined by its 1st order
derivatives, we see that through each point in J! goes a unique 1-jet of a solution.)

Suppose the equation £(M) is explicitly written as:

?w
070z

= fix(z,w,0w), 1<j,k<n-—1
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On J!, introduce local holomorphic coordinates (z;, w, pj),1 < j <n—1,where p; = %,
: : : J

so that the contact distribution C on J! is given as:
C={dw—pidz; — - — pp_1dzy—1 = 0}.
The distributions E and V have the form:
E =span{D; := 0, + pjduw + fixdp. }. V =span{d, }.

The integrability conditions of £(M) ensure that the distribution E is indeed completely
integrable.

We can also define a natural ILC structure on M¢ C C" x C" as follows. Consider
two projections 7: M¢ — C" and 7: M¢ — C" and define two completely integrable
distributions £ and V on M€ as the tangent distributions to the fibers of 7 and 7. Define
also C = E @ V. Let us show that this is in fact the same ILC structure as defined in
Proposition 2.3. Indeed, we shall show that M€ can be (locally) identified with J ! such that
the pairs of distributions (E, V) on J! and M¢ match. Let us assume that M¢ is given by:

F(zi,...,2p,a1,...,a,) =0.

Let (z, a) be a point in M. Consider now a codimension 1 analytic submanifold S, C C"
given by the above equation, where a € C" is fixed. Define the map:

o M€ — J!, (z,a) —~ jzl(Sa) =T;Sa.

Note that S, = 7 (7 1 (a)), and all such submanifolds are by definition all solutions of £(M).
This immediately implies that @ is a local biholomorphism establishing the equivalence of
the pairs of distributions (E, V) on M€ and J 1

2.3 Symmetry algebras

We recall that a holomorphic vector field X on C" is called an (infinitesimal) CR symmetry of
the real analytic submanifold M C C" if X is tangent to M. The set of all CR symmetries of M
forms areal Lie algebra denoted by Sym(M). We say that M is (infinitesimally) homogeneous
if Sym(M) is transitive on M, i.e. it spans T M at each point of M.

Let M€ C C" x C" be the complexification of M. Denote by Sym(M¢) all holomorphic
vector fields of the form X + Y that are tangent to M€, where X and Y are holomorphic
vector fields on C" and C" respectively. It is clear that Sym(M¢) is a complex Lie algebra.
We say that M€ is (infinitesimally) homogeneous, if Sym(M€) acts transitively on M.

Proposition 2.4 ([14, Corollary 6.36]) Assume M C C" is Levi_non-degenerate. Then
Sym(M°€) is spanned (as a complex vector space) by vector fields X+ X, where X € Sym(M).
Thus, the complex Lie algebra Sym(M€) is the complexification of the real Lie algebra
Sym(M).

Corollary 2.5 The submanifold M is infinitesimally homogeneous if and only if so is the
submanifold M€.

Remark 2.6 Proposition 2.3 shows that Levi non-degeneracy of M guarantees that the con-
dition of Proposition 2.17 and its Corollary 6.36 in [14] are satisfied.
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2.4 Algebraic model of hypersurfaces with transitive symmetry algebra

Let M C C" be a Levi non-degenerate hypersurface with transitive symmetry algebra
Sym(M). Consider its complexification M€ and let s = Sym(M€). By Corollary 2.5, s
is infinitesimally transitive on M¢.

Let z° be an arbitrary point of M C C". Then by definition the point (z°, z%) ¢ C"* x C"
lies in M¢. Let € C s be the subalgebra consisting of all vector fields that vanish at (%, z°).
Since s is transitive, £ has codimension 2n — 1 in s.

As above, let E and V be two completely integrable distributions on M¢ defining an
ILC structure on it. Denote by ¢ and v the two subspaces in s consisting of those vector
fields X such that X ,0 -0y € E,0 z0) and X .0 z0y € V(,0 0y respectively. Since E and V are
completely integrable, it follows that both ¢ and v are actually subalgebras in s. It is clear
that e N v = £ and that ¢ 4 v is a subspace of codimension 1 in s.

The fact that E 4+ V is a contact structure on M€ can be translated to the algebraic language
as follows. Consider the bilinear map:

e/txv/t—>s/(e+0), (X+EY 4+~ [X,Y]+ (e+0).

It is easy to see that it is well-defined and is non-degenerate.
We call the tuple (s, &; ¢, v) an algebraic model of the ILC structure (E, V) on M€. It
uniquely determines the local ILC structure on M in a neighbourhood of the point (z°, z°).
Consider now the involutive map:

C"xC'"—-C"xC", (z,a)+— @ 72).

By definition, it stabilizes M¢ and preserves s = Sym(M¢). Its restriction to s defines an
anti-involution ¢ of s that preserves ¢ and swaps e and . The tuple (s, €; ¢, v) with the anti-
involution ¢ uniquely determines the local structure of M itself in the neighbourhood of the

point 0.

3 Classification of real forms

Let (s, & e, v) be the algebraic data associated to a locally homogeneous complex ILC struc-
ture. This satisfies the following properties:

e £ C e, 0 C s are Lie subalgebra inclusions, and e N v = €
e ¢+ v has codimension one in s, and [e, v] Z ¢ + v.

Recall that any real form of the complex Lie algebra s is the fixed point set s# of an anti-
involution ¢ : s — s, i.e. a complex anti-linear map satisfying ¢> = id and ¢([x, y]) =
[o(x), (y)] forany x, y € s. We say that ¢ is admissible if: (i) it preserves £, and (ii) it swaps
¢ and v. Any homogeneous CR structure is obtained from some admissible anti-involution
¢ for a homogeneous complex ILC structure. Indeed, from (5%, (¢ + v)?, £°), the contact
subspace C corresponds to (¢ + v)¥ mod £¢, and we designate £ := ¢/€ and V := v/¢ to
be the +i-eigenspace C-0 and —i-eigenspace C%! under (the C-linear extension of) J. The
Levi form [£, 7] mod CC, for &, n € T'(C%") and with conjugation corresponding to ¢, can
then be evaluated from the above Lie algebraic data.

We say that two admissible anti-involutions ¢, ¥ are equivalent if y = To@oT !, where
T is an admissible automorphism of s, i.e. it (i) preserves €, and (ii) swaps ¢, v or preserves
both of them. Equivalent admissible anti-involutions yield isomorphic homogeneous CR
structures, so it suffices to identify representatives from each equivalence class.
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Theorem 3.1 A complete list of representative admissible anti-involutions for all non-flat
5-dimensional multiply-transitive complex ILC structures is given in Table 6.

The proof of Theorem 3.1 is a straightforward, but tedious, computation. We will outline
the details for some examples.

All non-flat 5-dimensional multiply-transitive complex ILC structures were classified in
[9, Tables 6-8]. The structure equations for any model (s, €; e, v) given there are written with
respect to an adapted basis {e'}, and we let {¢;} denote the dual basis. (As usual, the Lie

algebra structure [e;, ;] = cffj e is equivalently stated as d(w'!) = — %Clj ,@/ Aok In this

Cartan basis, |t = span{ei}?i:rg(ﬁ) e = span{ej, e} + ¢, and b = span{es, ea} + €|

Note that in swapping e and v, any admissible anti-involution ¢ must swap their respective
derived series. If the respective dimensions occurring in these series differ (in particular for
¢ = [e, ¢] and v = [v, v]), then we can immediately rule out the existence of admissible
anti-involutions. This is indeed the case for:

o N.7-1 (see [9, Table 6]): e = span{es, es} and o) = span{es, e4, €g}.
e D.6-4 (see [9, Table 7]): e =¢ = span{eq, ez, ec} and o) = span{es, e4}.
o II1.6-2 (see [9, Table 8]): ¢V = span{ep, e2} and o) = spanfea}.

For the next three examples, we refer to the structure equations in Table 1, and detail
the arguments. These have dim(s) = 6, so ¢ = span{ej, €2, €6}, V = span{es, e4, e¢},
£ = span{es}, and so an admissible anti-involution ¢ must satisfy ¢(eg) = Aeg with |A| = 1.
Let

ojk = le(e)), pler)] — o(lej, ex]).

IIL.6-1: Since ¢ = spanf{e>} and o) = span{es}, then ¢(ez) = se3 and ¢(e3) = %6‘2
(since p? = id). The maximal abelian subalgebras of ¢ and v containing £, namely span{e;, g}
and spanf{e4, eg}, must be swapped by ¢, so ¢(e1) = aeq + Beg and p(eq) = ye1 + e, with
ya # 0. Now

0 =026 = [se3, heg] —2¢(ex) =25s(A—1)es = A =1

1 9
0= 014 = [(164 + /366’ yei + 866] — @ <_€] + 56‘4 — g@(,)

1 y 5 9
—y(a—g)el —a(g—1)e4+(ﬁ—5+§(1+ya>)e6
5 5
0 =012 = [aeq + Bes, se3] — pr(ez) =—|3a+28+ 1)

1 1 /5
0=o034 = g([ez, vel + degl —3ez) = -z (ZV - 25+ 3) e

The first three equations yield («, B8, v, §) = (%, —%, 2, %), but this does not satisfy the
fourth equation, so the system is inconsistent. Thus, there are no CR structures associated
with the type III models in [9]. Since all non-flat multiply-transitive models are of type III,
D, or N, we conclude:

Corollary 3.2 In dimension five, all non-flat multiply-transitive Levi-non-degenerate CR
structures complexify to multiply-transitive complex ILC structures of type D or N.
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Table 1 Some ILC structures in the Cartan basis derived from [9, Tables 6-8]

II1.6-1:
(&1 €9 €3 €4 €5 €6
5 3 1 9 1 3
€|+ jJex je3—e5 —e1+ 54— 566 362 — {5€3+ €5
(&) ey + %83 —€5 . 2ey
e3 . 3es o 2e3
€4 . —%63 — 2e5
es . 2es
€6
D.6-1:
€1 €9 €3 €4 €5 €6
ei| - - —es+ %e,ﬁ —V2e,y 3er  —4e;
€ . V2ey —e5 — %Pb %82 —2ey
es3 . . —3e3  des
ey . —%61 2ey
es .
€6
N.6-2:
‘ €1 €2 €3 €4 €5 (&
e | - —2aey —eg —aesz — es —eg —e3 — 2ae5 —ey — aeg
€ . . bes — e5 .
€3 . 2bes — eg . .
€4 . €9 — 2b65 €3 — b(iﬁ

€5
€6

(Redundancy classified in [9]: (a,b), (—a,b), (a, =b), (—a, —b) yield equivalent models.)

D.6-1: ¢ must swap ¢! = span{e|, 2} and v()) = span{es, e4}. Now

0 =016 = Alg(er), es] +4p(e1), 0= 026 = Alp(e2), ec]l + 2¢(e2),
so ad(eg) |, = diag(%, %) in the basis {¢(e1), ¢(e2)}. But also ad(eg) |,y = diag(—4, —2)
in the basis {e3, e4}. Thus, . = —1 and @(e;) = se3, p(e2) = tes. Since ¢* = id, then
p(e3) = %el and ¢(eq) = %ez. Now

1
0:(714:|:se3,?e‘2j|+«/§(p(€2)=\/§(—%+t)64 = s:|t|ze]R+.

e &
025 c’

c?e3, cey, €5, eg) induces s > ;.

The admissible automorphism (eq, ..., eg) > ( B

Since s = |t|*> € RT, we may normalize s = 1 and hence ¢ = € = %1. Finally,

1
0=o013=e3,e1]l— ¢ <—€5 + Z%) =estoles) = ¢les) = —es.

There are two real forms, parametrized by € = £1. The fixed point Lie algebra % has (real)
basis

E;
Es =ies, Eq=lieg.

e +e3, Ex=i(e1—e3), Ez=er+ceq, Eqg=i(er—cey),
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The contact subspace C is spanned by Ey, ..., E4mod €. In this basis, J =

since J acts as +i on E = ¢/ and as —i on V = v/¢ (and recall C*! is associated to
V). Since ¢ sends (e3, e4) — (eq, €e2), i.e. conjugation, then the Levi form [£, ] mod CC,

for &, 7 € T(C™), is represented by GZ’ EH Ei’ :ZD = <(1) 2) esmod (¢ + v). This is

definite if and only if € = 1.

N.6-2: This family is parametrized by (a, b) € C2, with the redundancy that (a, b),
(—a, b),(a, —b),(—a, —b) all yield equivalent models.? Thus, we can consider (az, b2) e C?
as the essential parameters. Each of ¢ and v contains a unique maximal abelian subalgebra
containing £, namely span{e;, eg} and span{es, eg} respectively. These must be swapped by
¢.Forsit; #0,

ple1) = s1es + s2e3 + 5366, @(e2) =13+ Nes, @(es) = Aee.

Then

0 =016 = [s1€4 + 5203 + 53€6, Aeg] + @(e2 + aeep)

_ a
=Ast+)es+ (r —Asib+al)es = tH=—si1h, b= (; — b) f
1
0 =012 = [s1e4 + 5203 + 5366, 163 + 12e6] + (2aer + ep)
= s1(t1(ec — 2be3) + t2(e3 — beg)) + 2a(ties + treg) + Aeg
= (=2bsit; + s1tr + 2aty)esz + (s1t; — s1tob + 2atr + L)eg
=311(@ — bsy)e3 + (—(s1)>A — s112b + 2at2 + L)eg

=a=bs;, =0, (s1)%=1L.

We conclude that | s; = € = +1 |and| & = €b | From ey = ¢%(e») and e1 = ¢2(e}), we find:

€ 52 _
p(e3) = 5 p(eq) = €ep + Te - €53M€6.

Now we obtain
52 _
0=o014 = |€eq + 5203 + 5366, €€] + 7 €s3hreq | + @(ee)
52 _
=|eq,e1 + 6762 — S3heg | + s2€ [e3, e1] + s3€ [eg, e1] + Aeg

52 _
=eq+ e%(—bez + e5) — 53A(e3 — beg) + sa€(aez + e5) + s3€(en + aeg) + reg

= €(s3 — b(s2/M1))ex + e(—€53h + spa)e3 + €(s2 + (s2/4))es + (es3a +53Ab + 1 + L)eg

The coefficients of e;, es imply | s3 = —s2b | and | 53 = —s»A |. The remaining coefficients

then become

0=es(I—APb. 0=—s1— Dbl +1+r=1+1 = [ri=-1] [neR]|

3 The map (eq, ..., eq) > (€1e1, €2en, €1€3, €2¢4, €5, €1 €2€¢), Where €] = £1 and e = =1, induces the
parameter change (a, b) — (€1a, €2b) and € — €1€€. This is an automorphism only when a = b = 0.
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We can simplify this further by using an automorphism 7. For any r € C, the linear map
T fixing ey, e3, €5, e and sending

el el —rey—areg, e4+> e4+rez— rbeﬁ

is an automorphism of s that preserves each of £, ¢, v. In the new basis e} = T'(ey), ..., és =
T (es), we have p(e1) = €e4 + 523 + §3€6, Where 53 = —$»b and (using 11 = —s|A = €)
we have §» = sp —re —rt; = so — (r +7)e. Since 5o € R, we may normalize (and

SO ). Hence, ¢ maps (eq, €2, €3, e4) > (€ey, €e3, €e3, €e1), and
0 =013 = [e4, e2] + p(aez + e5) = e5 — ber + €aey + p(e5) = e5 + p(e5) = .

le3, €eal les, 661]) = <(e) 8) es implies an

Since ¢ sends (e3, e4) — (€en, €eq), then
v (e5,e4) 1= (cen,cer) ([e4,eez] le4, €e1]

indefinite Levi-form.
We obtained a unique representative admissible anti-involution:

e ab # 0: Since a = €b, then € is uniquely determined.
e a = b = 0: Rescaling (e, e4, e) by € normalizes € = 1.

Using the aforementioned parameter redundancy, we normalize € = 1 (so that b = a). Thus,
b*> = a* € C are the parameters yielding CR structures, and in each case there is a unique
structure.

Remark 3.3 For N.6-2, the duality swap induces (a, b) — (b, a) (see [9, Table 14]), so the
structure is self-dual if and only if b? = a?. For the cases admitting CR structures, b: = a2,
so these are self-dual precisely when b? = a? € R. As shown in Sect. 4, these coincide with

the cases that admit tubular representations—see Table 7 for the tubular models.

All admissible anti-involutions can be computed in the same way. The final list is presented
in Table 6. The local models for all these anti-involutions are constructed in the following
sections.

4 Homogeneous tubular hypersurfaces

A natural class of CR structures are tubular hypersurfaces, which arise from analytic hyper-
surfaces in R” (i.e. their “base”). In C3, the majority of the hypersurfaces in our classification
are indeed tubular (Theorem 4.8). A complete classification of affine-homogeneous surfaces
in R3 was obtained by Doubrov—Komrakov—Rabinovich [7, Theorem 1], so using their list
is a natural starting point for our study. However, not all (CR-)homogeneous tubular hyper-
surfaces in C> have affine-homogeneous base, so it is important to be able to abstractly
identify tubular CR structures and determine the affine symmetry dimension for their base
hypersurfaces.
Consider an analytic hypersurface in R":

fxp, ..., xp) =0. 4.1)
A tubular hypersurface M in C" induced by (4.1) is defined by the equation
f(@Re(z1), ..., Re(zn) = 0. 4.2)
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Obviously, this hypersurface admits the symmetriesid;,, .. ., i d;,. Now (4.2) can be rewritten
as
21 +21 Zn + Zn
ey =0. 43
f ( 2 5 ) 4.3)
From Sect. 2, the complexification M€ of (4.3) is the following complex submanifold of
C" x C™:
21 +ai Zn +an
yeues =0. 4.4
p(ata. mte) o

Definition 4.1 We call a complex ILC structure given by (4.4) a tubular ILC structure.

Equation (4.4) can be seen as a (translation-invariant) family of hypersurfaces in C”
parametrised by a = (ay, ..., a,). The real hypersurface (4.3) is the fixed point set of
the anti-involution

7:C"xC"—> C"xC", 1(z,a) =@, 2). (4.5)

If the real hypersurface (4.1) admits affine symmetries, then these symmetries can be
extended to the complex-affine symmetries of (4.2) in C". More precisely, if ¢: R” — R”
is an affine symmetry

¢(x)=Ax+B, AeGL@m,R), BeR",

then for z = x + iy, the transformation z — Az + B is a symmetry of the corresponding real
hypersurface in C". The complex-affine symmetries form a subalgebra of the CR symmetry
algebra.

Recall [9] that given an ILC structure with integrable subbundles £ and V, the dual ILC
structure is obtained by swapping E and V.

Proposition 4.2 A tubular ILC structure is self-dual.

Proof Theinvolutiono (z, a) = (a, z) preserves (4.4) and swaps variables z ; with parameters
aj. This means that o is a duality transformation for the ILC structure M¢. O

It is well known that a hypersurface in R” with non-degenerate second fundamental form
induces a hypersurface in C" with non-degenerate Levi form of the same signature. To see
this, consider an analytic hypersurface in R". Using affine transformations, we can assume
it is of the form:

U=g(X1, ..., Xn—1) = €1X7 + -+ €p_1x2_, + O(|x]), €; ==l,

where u = x,,. The corresponding tubular hypersurface in C" is:

w4+ w _ 71+ 21 Zn—1+ Zn—1
e < b et )
21+ 21 2 Zn—1+Zn—1 2 3
:el( > >+-~-+€n_1<f) + O(|z]").

The holomorphic coordinate change w — w + %(elz% + -+ en_lzﬁ_l) transforms it to:

Re(w) = €1]z1> + - + €ntlza—11* + O(Iz%).
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Henceforth assuming non-degeneracy, take M C R”" of the form u = g(xy, ..., X,—1)
and with g having nonzero Hessian. Letting w = z,,, we see that M¢ is of the form
wH+c  (uta Zn—1+ an—1
5 = 7 > .

Differentiate this twice with respect to z; to obtain

S 1 ) Zn—1+an-1 R D ) Zn—1 + an-1
J=8j R 5 Wik = S8k 7 5 .

Since Hess(g) # 0, the first set of equations can be locally solved for z1+ay, . .., zp—1+an—1.
Substitution into the second set of equations yields the 2nd order PDE system

Wik = Gk (Wi, ..., wy—1). 4.6)

The translation group acts locally transitively on the space of solutions. Since hypersurfaces
with non-degenerate 2nd fundamental form cannot admit one-parameter groups of trans-
lations, the infinitesimal stabilizer should be trivial at each point in the solution space (a
hypersurface in C").

Recall from Sect. 2 that a complex ILC on M€ can be regarded as a double fibration over
the base manifold M¢/V = C” and the solution space M¢/E = C".

Lemma 4.3 Any non-zero symmetry of the complex ILC structure on the manifold M¢ has
non-zero projections on C" and C".

Proof Without loss of generality, assume that X is a symmetry of the ILC structure on M€
that projects trivially on C”. This implies X € I'(E). From the definition of ILC structure it
follows that for every point p € M€, there exists Y € I'(V) such that [X, Y], ¢ E, @ V,.
But then the field X does not preserve V. O

Every symmetry of PDE (4.6) induces an action on the solution space. Therefore for every
symmetry X € X(C") of (4.6), Lemma 4.3 gives a unique ¥ € X(C") such that X 4+ Y is
tangent to (4.4). We call X + Y the prolongation of the symmetry X to the solution space.

Example 4.4 Consider the following affine surface in R3:
u=caln(x) +1In(y), « e R\{0,—-1}. 4.7
It is affinely homogeneous [7] and gives rise to the tubular hypersurface M C C? given by
Re(w) = aIn(Re(z1)) + In(Re(z2)). 4.8)

Complexifying (4.8), we get a 3-parameter family of surfaces in C3, parametrized by
(a1, az, b) € C:

w=2aln (2N pon (BT2) 4.9)
2 2
Differentiating (4.9) twice yields
20 2 20 0 2
wy] = , wy = , w=—————, wp=0, wpy=——7-—.
! 721 +ai 2 2 +a H (z1 +ay)? 2 » (z2 +a2)?
We eliminate (a1, a2, b) in w1, wiz, wyy using the equations for w, wi, wy, and obtain
(wy)? (w2)?
wi = — , wie=0, wp=- . (4.10)
20 2
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Using [9, (3.3)], this complex ILC structure has type D harmonic curvature. More precisely,
from [9, Table 1], it is point-equivalent to the D.7 model wy; = (wl)z, wir = 0, wy =
*(w2)? with A = . Anabstract description for D.7 [9, Table 7] is given in terms of a parameter
a,and [9, Table 12] gives A = 354¢ hencea = 3(%1) € R\{3}. Theredundancy a > —a
induces o — é

The point symmetries of (4.10) can be easily computed, for example in Maple via:

with(DifferentialGeometry): with (GroupActions) :
DGsetup([zl,z2,w,wl,w2],M) :

F:=-wl"2/2/alpha: G:=0: H:=-w2"2/2:
E:=evalDG([D_zl+wl*D_w+F*D_wl+G*D_w2,D_z2+w2*D_w+G*D_wl+H*D_w2]) :
V:=evalDG([D_wl,D_w2]):
InfinitesimalSymmetriesOfGeometricObjectFields ([E,V],output="1ist");

This yields holomorphic vector fields on the jet-space J L2, 0): (z1, 22, w, wy, wy) that
are projectable over C3 = JO%C?, ©): (z1, 22, w). On the latter space, these are given by

Beys Dy Oy 210z, 220z, (2170 + 20218y, (22)%0, +2228,.  (411)
Consider the vector fields
dars s Oy @10ays @20ays  (@1)* 0y +20a18p,  (a2)%8a, + 2020y, (4.12)

which are obtained by replacing z;, z2, w in (4.11) with ay, as, b. The vector fields (4.12)
are projections of ILC symmetries on (aj, az, b)-space due to self-duality of tubular ILC
structures. By Lemma 4.3, for every vector field X in the linear span of (4.11), there exists
a unique vector field Y in the linear span of (4.12) such that X + Y is tangent to (4.9), i.e.
X + Y is the prolongation of X to the solution space. Here, the prolonged symmetry algebra
is spanned by:

97, — O0ay» 0z, — Oays 0w — O, 2107, + ¥y + a10q, + adp, 220, + Oy + @204, + 0,
(21)28;, + 200213y — (a1)*8, — 20a13p,  (22)*9;, + 22280 — (@2)*day — 2023
The t-stable subspace [see (4.5) for t] immediately gives the CR symmetry of (4.8):

107, 10, 1[0y, 2107 +0dy, 2207, + 0y,

i(21)20;, + 2iaz10y, i(22)205, + 20220y,

and this is isomorphic to s[(2, R) x s[(2, R) x R. (We use the common convention of sup-
pressing the explicit action on z;.) Note that z10;, +ad,, and z29;, + 9,, are affine symmetries
of (4.8).

We already know that the complex ILC structure corresponding to this model is D.7 with
a = %(g{%i) € R\{:I:%}. (Recall that the essential parameter is a? here.) To complete the
abstract classification of these models, we must determine the anti-involution in Table 6.
First note that (4.7) has Hessian matrix <u” Uy > = diag(—%, — ), so the Levi-form of

Uxy Uyy vy

(4.8) has definite signature iff « > 0 iff |a] < %. From the abstract D.7 structure equations
in [9, Table 7], we can identify the real form s¥ of s = s((2, C) x s[(2, C) x C for each
anti-involution ¢ in Table 6 by examining the signature of the Killing form for the semisimple
part of 5. Furthermore, the parameter redundancy a +> —a induces ¢\ > (1),
we obtain:

SO
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Anti-involution lal < % a > % Levi-form signature
ol su(2) x su(2) x R sI2,R) x su(2) x R Definite

(pilfl) sl2,R) x su(2) x R sl(2,R) x s[(2,R) x R Indefinite

o~ 512, R) x su(2) x R su2) x su(2) x R Indefinite

p"bD sl2,R) x sl(2,R) x R 512, R) x su(2) x R Definite

Putting all the above facts together, we get the classification in the first line of Table 8.

Example 4.5 Fora € R\{0, —1},u = o In(e**+1)+In(y) andu = « In(e* +1)+In(e?’ +1)
in the 2nd and 3rd lines of Table 8 are both affinely inhomogeneous, and the corresponding
tubular CR structures are definite iff @« < 0 in the former case, while o > 0 in the latter case.
These have respective tubular ILC structures:

wi(w)—2a —2
wi = — 1(210[ )’ w11=_u11(u&1a oz)’
w12 =0, s wipy =0,
2 )
wy = _(wé) Wy = _wz(wzz )
The transformations (Z1, 22, W) = (€°!, z2, —%) and (71, Z2, w) = (€%, 2, —%) respec-
tively map the above systems to (after dropping tildes) w1 = w2 w2 =0, wxn = A(wr)?,

where A = «. As in Example 4.4, this leads toa = %(%). The explicit CR symmetry alge-
bras (see Table 8) are isomorphic to s[(2, R) x su(2) x R and su(2) x su(2) x R respectively.
In the latter case, the data obtained so far (together with the table at the end of Example 4.4)
is sufficient to obtain the corresponding anti-involution classification in Table 8. However,
in the s[(2, R) x su(2) x R cases it is insufficient. To do this, we need to find a Cartan basis
(§ 3) {e1, ..., e7} with the CR symmetry algebra arising as the fixed point set of one of the
anti-involutions in Table 6.

First, we should work at a nice basepoint. Apply a real affine transformation (x, y, u)
(x,y—1l,u—ax —y—aln@) + 1), so u = aIn(e2* + 1) + In(y) becomes

u= aln(ezx +D+In(y+1) —ax —aln2) — y. (4.13)
The corresponding tubular hypersurface has CR symmetry algebra

fl = iazw f2 = iazzv f3 =10y,

.22(z+2 (22)?
fi= Gk Dy — b, fo =i 22Dy, G,

f6 = cosh(z1)9;, + asinh(z1)dy,, f7 =isinh(z1)9;, + ia(cosh(zy) — 1)0y,.

These are also point symmetries for the corresponding ILC structure:

2 2 2
a” — (wy) (w2 + 1)
wip=———, wpe=0, wp=-———F——. 4.14)
2a 2
The complexification of (4.13) has w; = 37“; and wy = 37"; vanishing at (z1, 22, w) =

(0,0,0) (and (ay, a2, b) = (0,0, 0)). At the basepoint (z1, z2, w, wi, w2) = (0,0,0, 0, 0),
we have £ = (fs5, f7) and

e=(E1:=fo—ifi, E2:= fa—ifa) £t o=(Vi:=fe+ifi. Va:= fatifa) +¢
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Recalling that a = %(f) we find that a Cartan basis is given by:
1 1
=E|, ea=E-ifs, ea= —5(461 =3V, e= —5(40 +3)(Va+ifs),

es=iat3)fs+5Qat D fs—50a~Dfi, = —ifs—ify e1=ifs+ifr

Although ies, ieg, ie7 are real, i.e. lie in the CR symmetry algebra, this Cartan basis is not
aligned to the representative anti involutions in Table 6. We still need to use the residual basis

change freedom diag(cy, c2, — Cl s Cz 1, 1, 1) preserving the ILC D.7 structure equations [9,

Table 7]:
a o cl ) Anti-involution (p(el <)
4a— —4a+3 —1,—1
a>% a<—1 “23 ( g+)(x (0% )
3 —4 4a-3 +1,4+1
a<-—j3 —-1<a<0 32” o go% )
la| <% 0<a<oo 3724a /(74c21+3)a ¢§+1,—1)

(€1,€2)

(Recall that the parameter redundancy a — —a induces the flip ¢, — go}ez’e' ) , which

(=1,+1)

explains why it is not necessary to list ¢, above.)

Example 4.6 For @ € R, u = aarg(ix + y) + In(x> 4+ y?) has corresponding tubular ILC
structure:

wiwra — (w)? + (w)? s — (w2)? — (wnHa — dwiw;

W = —wyp = 214 ; 22+ 4)

_ia42
aZ4+4’
transforms this system (after dropping tildes) to the D.7 model w;; = (w)?, wpp =

0, wp = A(wy)? with A = %""“ As mentioned in Example 4.4, 1 = gfiz, SO we

obtain a = %i «. From Table 6, we see that ¢, gives rise to these CR structures (that have

50(2, C)r x R symmetry). It is clear that ¢ — —a is a parameter redundancy here since the
reflection x — —x induces o —> —o.

The complex affine transformation (z1, z2, W) = (z2+iz1, 21 +iz2, cw), where ¢ =

Existence of a tubular representation can be characterized at a Lie-algebraic level.

Definition 4.7 A tubular realization for the complex homogeneous ILC structure (s, ¢; ¢, v)
in dimension dim(s/€) = 2n — 1 is a pair (a, ¢), where

(T.1) a C sis an n-dimensional abelian subalgebra;
(T.2) the centralizer c(a) = {X € s: [X, Y] =0, VY € a} coincides with a itself;
(T.3) ais transverse to both ¢ and v,i.e. aNe =0 = aNv, so a complements both ¢ and v
in s;
(T.4) ¢ is an admissible anti-involution of (s, €; e, v) (see Sect. 3) that preserves a.
For a tubular ILC structure (arising from (4.4)), the ILC symmetry algebra s contains
a = spanc{d;; — g, . . ., 0, — g, }, Whichis n-dimensional abelian (T.1). By Lemma 4.3, we

can identify a with its projection span{d;,, ..., 3, } to M /V = C", and similarly its projection
span{dy,, ..., dg,} to M/E = C". Every vector field on C" commuting with all d,; is itself
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an infinitesimal translation, so (T.2) holds. The Lie group of translations acts transitively on
M/V =C"and M/E = C", which by dimension reasons forcesaNv = 0 = aNe, so
(T.3) holds. The anti-involution ¢ of s induced by 7 (4.5) preserves a, i.e. (T.4) holds, and
a¥ = spang{id.,} (or more precisely, i (3;; — 0z,) here).

The elements of N(a)/a are in 1-1 correspondence with complex affine symmetries
of (4.2). Indeed, let X € X(M/V) lie in N(a), so [0, X] = A’; dz,, where A’; e C.
Then X = AXz0, ; + Bjo;;, where B; € C, is complex-affine. Obviously any complex
affine symmetry belongs to N(a). Moreover since the second fundamental form of (4.1)
is non-degenerate, there are no symmetries of (4.2) that are translations. This makes the
correspondence with N (a)/a one to one.

Most of the CR structures in this article are tubular. (Exceptions are discussed in Sects. 5
and 6.)

Theorem 4.8 Every multiply-transitive Levi non-degenerate hypersurface in C3 admits a
tubular realisation unless it is a real form of D.6-3 (a% € R\{0, 9}) or N-6.2 b =ate
C\R).

Proof First, we show that the exceptional models do not have any tubular realisations. We
can see this immediately for D.6-3 (a®> # 9) since the 6-dimensional symmetry algebra in
this case is semisimple and cannot have a 3-dimensional abelian subalgebra.

As discussed in Sect. 3, the ILC N.6-2 models have essential parameters (a?,b?) e C2.
These admit underlying CR structures when 5> = @> € C. By Remark 3.3, such structures
are self-dual when b = a”> € R, which is a necessary condition for tubular realisability
according to Proposition 4.2.

The existence of tubular realisations for all other cases is examined on the Lie algebra
level. In Table 2 we list abelian subalgebras a defining tubular realizations. Corresponding
affine surfaces and symmetries of induced tubular CR hypersurfaces are listed in Tables 7
and 8. O

Example 4.9 (N.6-2 tubular cases) In R?, consider the affine surface u = y exp(x)+exp(ax),
for « € R\{—1,0, 1, 2}. Proceeding similarly as in Example 4.4 yields the complex ILC
structure

oo — 1) (w2)* + w) wy

wip = , wp=—, wyp=0
2 2

Then (21, 22, W) = (exp(¥), 22 exp(%), cw), where ¢ = 2a-T, transforms the above system
to
Wi =a(e — DED* 2 @[@2)%,  Wip = i =0.

From [9, Table 1], this is equivalent (for « # 0, 1) to an N.6-2 model with 1 = « and
k = a — 2. The parameters (u, «) are related to Cartan basis parameters (a, b) by [9, Table
12]:

: + 3 ) + i (4.15)
== ————, k=—+ ——. .
2 2Vb2 +4 2 2Ja2+4
Hence, 4 = o and k = o —2 forces fora € R\{—1, 0, 1, 2} the relation displayed in Table 7:
—Qa — 1)? 1
Pt =D (e ulll) (4.16)
(¢ +D(x—2) 2
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1

For u = xy + exp(x), we get ILC structure wy; = %ewZ, wi2 = 5, wyp = 0. Then
(1,22, W) = (3, %, % — *2) transforms it to the N.6-2 model in [9, Table 1] with

W = k = 00, which is the same as b = a? = —4[9, Table 12]. Similarly, u = y exp(x) — %
yields the system wy; = §(wi + In(wz) — 1), wi2 = Swz, wyy = 0. Then (31, 22, W) =
(7, Fexp(H), 5 + %) transforms this to the N.6-2 model with u = 0,k = —2, i.e.
r=ag2=1

=a’=5.

It remains to describe the tubular cases corresponding to b2 = a® € (—4,0]. For B € R,
consider u cos(x) + y sin(x) = exp(Bx). Replacing (x, y, u) by (5, i (y +u), —y +u) maps
this to ue /2 — ye*/2 = PI*/2 ory = ye* +¢** witha = Birl we get to (4.16) as above,

>
which yields b*> = a? = — ;f:g. This yields the classification on the third line from the end
of Table 7.

Example 4.10 In the D.6-2 case, consider the affine surface u = y2 + ex® for x > 0 and
a € R\{0, 1, 2}. Following the procedure above, we get u = g—j, where p is the parameter

appearing in [9, Table 1, D.6-2]. Since u = %4=1) from [9, Table 12], we geta = 2(%E1) €

R\{3. . 1}. From Table 6, we have 7 = —(3“_2;(”_1) = 2(2‘;;22), and for p = =1 the

anti-involution ¢® for D.6-2 in Table 6 yields a definite structure if and only if p7 > 0, i.e.
p (o —2) > 0. On the other hand, we find that the 2nd fundamental form of u = y2 +ex%is
definite if and only if ea( — 1) > 0. This forces p = € fora € (0, 1) U (2, 00) and p = —¢
fora € (—o0,0) U (1, 2),i.e. p = esgn(a(a — 1)(o — 2)). In terms of a, this is the same
(after simplification) as p = € sgn((3a — 2)(3a — 4)(a — 1)).

As in the above examples, we can consider other affine-homogeneous surfaces in R3 listed
in [7]. According to [7], all of those with at least 3-dimensional affine symmetry algebra are
given by cylinders with homogeneous base, quadrics, or the Cayley surface u = xy — % In
almost all cases, these give surfaces with degenerate 2nd fundamental form or lead to flat CR
structures. The only exceptions are the (pseudo-)spheres u> + x> + €2y = 1, where we
can take (€1, €2) € {£(1, 1), (1, —1)}. These lead to complex ILC structures of type D.6-3
(with ¢ = 9 and symmetry algebra so(3, C) x C3) and their corresponding CR real forms.
In all other cases in [7], the affine symmetry dimension is precisely 2.

Remark 4.11 Note all surfaces in [7] give multiply-transitive tubular hypersurfaces, e.g.

e y =x(alnx+Iny):typeIwhena # —1, 0, 8; type Il when @ = 8; type N when o = 0;
Levi-degenerate when o« = —1.

o Xu = y2 +x*: type I when o # 0, 1,2, 4; type D when o = 0, 4; Levi-degenerate when
a=1,2.

Recall from Table 6 that all the CR structures in our classification are of type N or D.

We conclude this section by showing that the dimensions of the affine symmetry subalge-
bras, i.e. dim(N (a)/a), listed in Table 2 are maximal among all possible tubular realizations
(a, ). It remains to prove this for those cases in Table 2 with dim(N (a)/a) < 1. See Tables 7
and 8 for models.

N.7-2.Here, s = s[(2, C) x (VL ® V), where V} denotes the standard (k + 1)-dimensional
irreducible s[(2, C)-module. (Here, V, @ V) is an abelian ideal in the symmetry algebra.)
Then ¢ and (p(_l) (see Table 6) lead to CR structures with s[(2, R) x (V> & V) and
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su(2) x (Vo @ Vo) symmetry rf:spectively.4 It suffices to consider the latter case. We will
show N (a) = a always.

Since a C s is self-centralizing, then a ¢ V> @ Vp orelse c(a) D V, & Vy. The projection
of a on su(2) must be 1-dimensional. Consider x + v € a, where 0 # x € su(2) and
v € Vo @ Vp. From the centralizer of x + v, we get a = (x + v, vg, v1), where vy spans Vp
and 0 # v; € V, is in the kernel of x. Since x + v is semisimple and has 1-dimensional
kernels on su(2) and V3, then dim(N (a)) = 3.

D.7. When a # :l:%, the symmetry algebra is s = s[(2, C) x sl(2,C) x C. All real

forms of s are determined by real forms of the semisimple part, namely s[(2, R) x s((2, R),
502, R) x su(2), su(2) x su(2), and s[(2, C)g. Any 3-dimensional abelian subalgebra a C s
is generated by the center and one element 7; from each copy of s[(2, C), and N(a) is
the intersection of the normalizers of T);. The element 7; has a 2-dimensional normalizer
in the corresponding copy of s[(2, C) if it is nilpotent and 1-dimensional otherwise. Since
su(2) consists of semisimple elements, we immediately see that dim(N(a)) < 5 for the
sl(2, R) x sl(2, R) and s((2, C)R cases, dim(N (a)) < 4 for the s[(2, R) x su(2) case, and
finally dim(N (a)) = 3 for the su(2) x su(2) case.
When a = ﬂ:%, s = s[(2,C) x t, where t has relations [S, X] = X, [S,Y] =
—Y, [X,Y] = Z. Since c¢(a) = a, and v contains no 3-dimensional abelian subalgebra,
then a must be spanned by the central element Z, a non-central element R € t, and some
T € sl(2, C). The normalizer in t of R is at most 3-dimensional in t, and the normalizer in
s[(2, C) of T has dimension 2 if T is nilpotent and 1 if T is semisimple. Hence, if the real
form of s contains so0(3) (namely, for ¢€1°1), then dim(N (a)) < 4.

N.6-2. Tubular CR structures arise when b> = a” € R. Using the parameter redundancy
(see Sect. 3), we can always assume that » = a. In the generic case, b =da?¢ R\{—4, %},
consider the basis of s from [9, Table 12]. This satisfies xk = u — 2 and the commutator
relations in [9, Table 9]:

‘Sl AY) Ny N> N3 Ny
NI : (n— 1Ny 1N uN3  (u—1)Ng
S . (w—=1N;  (u—1N2 N3 1Ny

with n = (N, Nz, N3, N4) an abelian ideal. From (4.15), we have u = % + 24 €
2va2+4

C\ {0, 1}, and according to [9, Table 13] models parametrised by n and 1 — p are equivalent.

To show dim(N(a)) < 4 for any affine realization a C s, it suffices to show
dim(N(a) N n) < 2. First note that a ¢ n, since otherwise its centralizer would con-
tain n (4-dimensional). Therefore a must contain an element 7 = «S; + 8S> + v, where
v € nand («, B) # (0, 0). Since a is abelian, then (AdrlN(a))2 = 0. Since Adr|, is diag-
onalizable, then kf:r(AdT|n)2 = ker(Adr|,). Hence, N(a) N n C ker(Adr|,). We want
dim(ker(Adr|,)) < 2. The eigenvalues of Adr|, are

a@+pu=0, (@+pu—-4 (@+pu, (@+pu—a, (4.17)

and dim(ker(Adr|,)) > 3 would contradict (o, 8) # (0,0). Thus, dim(N(a) N n) < 2
follows.

4 We have abused notation here: V; refers to the adjoint representation of s[(2, R) or su(2) respectively, and
Vp is the trivial 1-dimensional representation.
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The two remaining cases are a> = b*> = —4 and a®> = b* = % The former admits an
affinely homogeneous tubular representation, while the latter has structure constants (see [9,
Table 12]):

‘Sl S Ny N> N3 Ny
S1 N3 —Ni . . —Ny
S -Ni —-M . .

(Again, n = (N, N2, N3, N4) is an abelian ideal.) The condition dim(ker(Adrl,)) < 2
easily follows.

N.6-1 (a2 = 2). From [9, Table 9], we have abelian n = (N3, N3, N4, N5) and commu-
tators

B N N» N3 Na Ns
S Ni — N> N> 2Nj 3Ny 2Ns
Ny N3 Ny . .

As above, a ¢ n, and a contains T = oS 4+ BN + v, where v € n and (o, 8) # (0, 0).
Since dim(a) = 3, then dim(a N n) > 1, and Ad7|qnn = 0. This forces « = 0. Hence, a
must be spanned by Nj + to N> + t13N3, N4, N5. Note N3 € N(a), so dim(N(a)) > 4. But
dim(N (a)) < 4, since

[y S+ 8Na, N + 2Ny + 13N3] = y (N1 + (12 — 1) N2 + 213N3) — 8N3
=y(—Ny+13N3) —6N3 mod a,

indicates that ¥ S + § N € N(a) only when y = 4§ = 0.
5 Real forms of ILC D.6-3 models

5.1 Real form symmetry algebras

The ILC D.6-3 models [9, Table 7] admit a single essential parameter a> € C\{0}. In the
Cartan basis, the D.6-3 structure equations are:

el e €3 e4 es e
3 3
ey - See  —es — 3¢ . —5e1 — 5e4  —el
3 3 a
€2 : : —es+5e6  —5€2 — 563 e
3 .
e3 . —%66 +5e3 + %82 e3 G.D
eq . +%e4 +5e1  —ey
es .
€6

When a? = 9 (labelled D.6-34 in [9]), the symmetry algebra is s = s0(3, C) x C3, the
model admits a tubular representation, and all CR real forms are given in Table 8. (The 2nd
fundamental form for u2 + e x2 + € y2 = 1 has definite signature if and only if €€, > 0, so
(€1, €2) = (1, —1) corresponds to ¢; since this yields an indefinite structure (Table 6). The
<p§i1) cases are then identified from (5.1) and the semisimple part of the symmetry algebra.)

All models with a*> € C\{0, 9} are non-tubular with symmetry algebra s = s[(2, C) x
502, C) = so0(4, C). Recall that the real forms of so(4, C) and their Killing form signatures
are
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Table 3 CR structures underlying ILC D.6-3 models with so(4, C)-symmetry

Anti-involution a? range Real form of so(4, C) Levi-form type
0<a®<9 s0(3, 1) .
01 29 50(2.2) Indefinite
2
+1) 0<a® <9 50(4) .
®, 259 50(3. 1) Definite
2
(&) 0<a” <9 50(2,2) .
®, 2> 9 50(3. 1) Definite
@3 a? <0 50%(4) Indefinite

50(4) = su2) x su2) : (0, 6);
50(3,1) Zsl2,C)r : (3,3);
50(2,2) =sl(2,R) xsl(2,R) : (4,2);
50%(4) = sI(2,R) x su?) : (2,4).
Using our list of the D.6-3 admissible anti-involutions ¢ (Table 6), we obtain a basis of the

real form s? of so(4, C), and classify s¥ from the signature of its Killing form (Table 3).
Note that these CR structures only arise when a® € R\{0, 9} (Theorem 4.8).

5.2 Cartan hypersurfaces

Let (-, -) denote a non-degenerate symmetric bilinear form on C*. The Lie group O(4, C)
preserves Q = {[z] : (z,2) = 0} C CP3 and acts transitively on (C]P’3\Q. Define A =
((z, 2) (z,2)

(z,2) (z,2)

On CP3\Q, this scaling action has invariant a :=

). The (complex) scaling z — Az induces A — LAL, where L = diag(, X).

(2,2)?
@0@E2"

degenerate and R-valued on R* c C%, sothat (Z,Z) = (z, z). In this case, B = |E§2| eRis

invariant under complex scalings, and @ = 2. We refer to the real hypersurfaces of CP3\ Q
uniformly described by

We will fix (-, -) that is non-

(z,2) = Bl(z, 2)| (5.2)
as Cartan hypersurfaces. A precise list of inequivalent such structures is given in Table 4.
Restricting z = (z1, ..., z4)T in (5.2) to the standard affine coordinate chart z; = 1 on

CP? recovers Loboda’s models [11, Egs. (2.8) and (2.9)], [13, eqns (6)&(7)], which are
generalizations of models found by Cartan [3, Eq. (10)]. In this subsection, we match these
models with their corresponding ILC structures and identify the associated anti-involutions.

Givenz = (z1,...,24) ", consider (z, z) = €1(z1)*+- - - +€4(z4)%, where €; = £1. Then
50(4, C) can be identified with the C-spanof Zj; = €;z;0, —€xzk0z;, wherel < j <k < 4.
Their R-span is identified with the real form of s0(4, C) that preserves the restriction of (-, -)
to R* c C*. Let us classify real 5-dimensional orbits of each of O(4), O(3, 1), O(2,2) on
(C]P’3\Q. (Here, we take O(3, 1) corresponding to €] = € = €3 = +1 and €4 = —1, etc.)
Given [z] in such an orbit, v = PRe(z) and w = Jm(z) span areal 2-plane IT in R* (otherwise
the orbit is only 3-dimensional). Since (c1 + ¢2i)(v + wi) = cjv — caw + (c2v + crw)i,
then the new real and imaginary parts satisfy

(c1v — cow, c2v + ciw) = c1ca((v, v) — (w, w)) + (c% — c%)(v, w). (5.3)
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This quadratic in ¢y, ¢z has discriminant ((v, v) — (w, w))2 + 4(v, w)? > 0. Thus, using
complex multiplication, we may assume that (v, w) = 0. Hence, 0 # (z,z) = (v + wi, v +
wi) = (v, v) — (w, w) so that only real (c; = 0) or purely imaginary (c; = 0) rescalings
preserve this orthogonality.

Suppose that (-, -)|r7 is non-degenerate. Applying each real orthogonal group and the
residual rescalings to the orthogonal pair {v, w}, we obtain the following normal forms for

[z] € CP3\Q:

(1) IT positive-definite: z = (1, iy, 0,0), where 0 < y < 1. Then 8 = ifyi > 1.
(2) TI indefinite: assuming signature (+ + + —) or (4 + — —) we have

e 7=(1,0,0,iy),where0 <y <1 = ,3_

e 7=(iy,0,0,1),where0 <y <1 = pB=-—

+)

The negative-definite case can be made positive-definite by absorbing a sign in (5.2) into 8.

For a given orbit M with basepoint a normal form o = [z] above, the standard com-
plex structure J on CP? induces H = TM N J(T M) and a CR structure. For each such
M, we determine a Cartan basis ey, ..., ¢ of so(4, C), i.e. so that the ILC D.6-3 struc-
ture equations are satisfied. (Each basis element will be a C-linear combination of Z;;.)
We begin by choosing a generator ¢ for the (complex) isotropy ¢ C so(4, C) so that
ad(ee) has eigenvalues (+1, —1, —1, 4+1) on (¢ + v)/€ (which corresponds to H). We then
choose a basis ey, . .., e4 adapted to the £i-eigenspaces for J, then rescale the basis so that
[e1, e2] = —[e3, e4] € &, and finally choose es to satisfy the remaining structure equations.
We summarize the results below. In each case, with respect to the basis eq, . . ., e mod £, we

0 0 —
have J = diag (( 0y> , (1 Oy>). We also define vy, v so that

y y

[—i—i eigenspace ¢/¢€ = span{vy, v2} mod &, (5.4)

—i eigenspace v/€ = span{vy, vo} mod &.
(1) TI positive-definite for O(4), O(3, 1), 0(2,2): 0 = [(1, iy, 0, 0)',0<y<1. Isotropy:
Z34.
Zi3lo = 813’ 230 = iyaZ3a Zialo = az4a Zo4lo = iyau (contact subspace);

Vi = yZi3 + i3, 0 3(1-y%)
Vo = yZi4 +iZy 1+y?

0<a’><9, B>1|

e1 = p(Vi —iV2), e2 = p(Vi + iV2),

e O(4)-case: p = /ﬁyz), e3 = /O(Vl +iv2), es = p(Vi —iV2),

es = 1+ TrZi2, e6 = iZ34

er =p(Vi —V2), e2 = p(Vi +V2),

o 0G. D-case: p = \ [yt o3 = P+ VD). &4 = P11 = V),
es = eq = Z34

H—y
er = p(Vi +ivy), e2 = p(v] —iVy),

o O(2,2)-case: p = ,/ﬁiz)’ e3 = p(Vl iv2), e4 = p(V] +iv2),

es = 1+y Tralio, €6 =iz
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(2) TI indefinite for O(3, 1), 0(2,2): 0 = [(1,0,0,iy)T],0 < y < 1. Isotropy: Z»3.
Zi2lo = 02y,  Zoalo =1y0z,, Zizlo = 0z3, Z3alo =1iydz; (contact subspace);

{vl =yZn+iZa. 30+

. a=—>5 = a>>9, 0<p<l1
Vo = yZ13 +iZ3a 1—y

e1 = p(Vi — V), ex = p(Vi +iV2),

o OB, D-case: p =i /5775, 13 = p(Vi +iV2). es = p(vi — iV2),
3i
1—

,since 50(3, 1) = spang{i(e; +e3), e1 —e3,i(e2 +es), 2 —

es = §2214a e¢ =173

Anti-involution: go(_l)

e, ies, ieg).
e1 =p(Vi —V2), e2 = p(V] + V2),

o 02, 2)-case: p = /o35, 1 €3 = p(V1 +V2). €4 = p(vi = V2),

3iy
es = 7214, €6 = 123

1
(3) II indefinite for O(3, 1): 0 = [(iy, 0,0, 1)T],0 < y < 1. Isotropy: Z53.
Zoalo = 0z, Zi2lo = iy0z,, Z3alo = 33, Zi3lo = iyd;; (contact subspace);

Vi = yZos +iZy, " 3(1+y%)
vy 1= yZ34 +iZ13 1—y?

a’ =09, —1<p<0

e = p(Vi —iV2), e2 = p(V] +iV2),
e O3, I)-case: p = /ﬁ, e3 = p(Vi +ivy), eq = p(Vi — iVa),

3iy .
es = ﬁzm, €6 =223
Anti-involution: (pé'H), since s0(3, 1) = spang{e; + e3,i(e; —e3),ex +e4,i(e2 —
e4),ies, ieg). By flipping the signature, we can write this as an O(1, 3) case with
0<pB<l.

e O(2, 2)-case: Flipping the signature reduces this to the earlier O(2, 2) case.

A posteriori, we have a’ = g = % , so all of Table 3 is covered except for the models

arising from ¢3. The complete list of inequivalent Cartan hypersurfaces (5.2) is given in
Table 4. This classification is consistent with that of Loboda [11, Eqgs. (2.8) and (2.9)], [13,
Egs. (6) and (7)].

5.3 Quaternionic models

It remains to describe the CR structures associated with the anti-involution ¢3, which are
all indefinite type and admit so*(4) symmetry. To our knowledge, these models are new.
While s0*(4) is customarily defined via a skew-Hermitian form n on HZ, where H is the
quaternions, we will instead focus on the special isomorphism so0*(4) = s[(2, R) x s5u(2). In
doing so, we will work with a particularly simple representation of this Lie algebra and the
choice of 1 will arise naturally from this. In contrast, if we were to fix a choice of  first, the
resulting realization of s0*(4) could be quite complicated.

Recall that H is the associative R-algebra with R-basis 1, i, j, k, standard relations ij =
k,i?=j=k>=—1I, conjugation satisfying g1¢> = g2 q1, and norm lq1?> = qq = qq. Let
SU(2) denote the unit quaternions, which act on H on the left. Let §t(2, R) denote 2 x 2 real
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Table 4 Inequivalent Cartan hypersurfaces {[z] : (z,2) = B|(z, 2)|} C CP3\Q, where (z, 7) = 612% 4+

64242‘ with € ; = £1. These complexify to the ILC D.6-3 model with at = /i%

Real form Signature of (-, -)|p4 B-range Levi-form type Anti-involution
04) ++++ B> 1 Definite oSt
0G3,1) +4+- 0<p<1 Definite oS
B>1 Indefinite o
0(1,3) +—-—= 0<p<l Definite (pé-H)
0(2,2) ++—— 0<pB <l Indefinite 1
B>1 Definite o

matrices with determinant &1, which act on R2. The group § = §i(2, R) x SU(2) acts on the
external tensor product R* ®p H, and we identify this naturally with HZ. This identification

is S-equivariant if for g = (Zl € H2, we declare that A € §t(2, R) and g9 € SU(2) each
2

act by multiplication on the left, with the latter identified with diag(qo, go). (These actions
commute.) While H? is naturally a right H-vector space, it will be more important for us
to consider it as a C-vector space by restricting this right action to C := {ls +ir : 5,t €
R} C H. (This in particular distinguishes the imaginary unit i.) We will be interested in the
5-dimensional S-orbits in CP? = P (H?).

There exists an S-invariant skew-Hermitian form on H? (unique up to a real scaling) given
by n(g, w) = qrwz — gawy, and this is valued in Jm(H). Let (g, ¢) = ib + ju, forb € R
and i € C. Given A € C, n(gx, gr) = An(q, ¢)A, hence (b, ) — (b|A|?, ur2). Writing

z1 +jz2
= . forz; € C,
a <z3 +JZ4> orz €

n(q, q) = 7123 + 2224 + j(z124 — 2223). (5.5)

Note that O = {lg] : Me(in(g, q)) = 0} is the flat (indefinite) CR structure Jm(z1z3 +
72z4) = 0, so we exclude b = 0. We will also exclude the u = 0 case (see below), since this
yields only 4-dimensional S-orbits. When bu # 0, we have the complex scaling invariant
y = WhTI € R\{0}. Since b = —Re(in(g,q)) and u = —jn(q, g) — bk, the S-orbits in

(CIP’3\Q# satisfy
Re(in(g, q)) = —vlinlg, )k + Re(in(q, 9))I. (5.6)

Equivalently, IJm(z1z3 + Z2z4) = y|ifRe(z1Z3 + z2Z24) — (2124 — 2223)K|, which further
simplifies to

IM(Z1z3 + 2224) = YV 1Re(213 + 2272) 1 + |z2124 — 2223 )% (5.7)

Let us find representatives for the S-orbits on CP3\ Q. Given 0 # ¢ € H?, we may
swap g1 and gy if necessary to assume g; 7# 0, and then use SU(2) and a real rescaling
1 0
€ SL(2, R), we may assume Re = 0. Usin
—Re(qn) 1) (2,R) y (92) g
€ € SU(2) and the right C-action by e 7%, we can replace g» — ¢ gre™?, so choose ¢
to normalize go = is + jt, where s, ¢ € R with ¢ < 0. Finally, use diag(}, %) e SL(2, R)

and right multiplication by % to normalize g to be of unit length. Thus, we have g, = iek?,

to assume gq; = 1. Using <
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1
for some fixed 0 < 6 < w. For g = (iek‘g)’ we have 1(q, g) = 2ie*?. When § = Z
or 0, we have b = 0 or u = 0, so we exclude these. The (S-equivariant) conjugation
arising from the identification H> = C%, i.e. u 4+ jv = it + jv (where u, v € C?), maps
1 1 . . .
(iek9> — (iek(ﬂ_9)>. Thus, we can restrict to y = cot(d) > 0, or equivalently require

0 € (0, %). Hence, we can restrict to 0 < 6 < % which is in 1-1 correspondence with
y =coth € RT.

. . 10 01 00
The elements i, j, k span su(2), and let H = <0 _1> X = (0 0) Y = <1 0) span

s[(2,R). Consider the S-orbit M through [¢] € CP3\Q¥, where g = (ie}(g) for 0 <

6 < 5. Then [¢q] has I-dimensional isotropy € spanned by T = —iek? + X — Y. (Note
€ = spanp{i, X — Y} when 6 = 0.) The complex structure J on CP? is induced from right
multiplication by i on H?. Defining

wy =Kk, wp:=j—2sin(@)Y, wsz:=H, wy:=1i+2cos)Y, (5.8)
the elements w; - g, ..., W4 - ¢ mod [g] span the contact subspace Hi;) C Tj;M. In this
basis, J = diag((? _01> s (? _01>). In spang{wy, ..., wy, T}, define

V] = 1isin(0) (W) +iwy) —i(cos(0) — 1)(wz + iwyg) — (cos(0) — DT, (5.9)
vy =i sin(0)(wy +iwp) —i(cos(0) + 1)(w3 +iwg) + (cos(9) + 1T. (5.10)

Here we have distinguished the scalar i from the Lie algebra element i. The —i-eigenspace v/£
for J is spanned by {vi, vo} mod T, while the +i-eigenspace ¢/€ is spanned by {v{, v2} mod T.
(We caution that this conjugation fixes each of wy, ..., wy, T and conjugates the scalars. It
is distinct from the conjugation on H., and that associated with H?> = C*.) The ILC D.6-3
structure equations are satisfied if we take

V3 €1 = Topeontt) s V- €2 = Treom V2
o= T\/l +sec(d), ez = %vl, eq4 = mn , a=3itanf.
es = 2isec(0)(ik! +X—Y), eg=—iT
(5.11)
In particular, | a? = —% < 0 classifies the corresponding ILC D.6-3 structure.

6 Hypersurfaces of Winkelmann type

Generalizing (1.1), we say that a real hypersurface in C> is of Winkelmann type if in some
holomorphic coordinate system (z1, z2, w), it is given by

Im(w + z122) = F(z1,21), (6.1)
where F is an arbitrary real-valued analytic function. These all admit the symmetries

N1 =210, N2=0; +210y, N3 =100, —iz1dy, Ni=0y.
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Table 5 CR structures underlying ILC N.6-2 models

Model ILC N.6-2 classification CR symmetries aside from Ny, Np, N3, Ng
z NN 2 2 —Qa-1)? - _
Jm(w + z2122) = (21)%(Z1) b” =a* = [CERNCED) 710z + (@ +a — )220z, + (@ + @) wdy,
(@ e C\{-1,0.1,2}) € C\(—4, 1} iz10z il — a4+ 1220z, +i(a — @)wdy
_ _ |, (200w,
Jm(w + z122) = exp(z1 +21) b2 =a?=—4 19z + 1220w

0z + 22207, + Qw — z2)w

Zlazl - Z23zz +2i lﬂ(Z])aw,

~ F _ H 2 _ 2 _
Im(w + z122) = In(z1) In(Z1) b* =a* = 12102, + 12202y + 21n(z])du

o=

They span an abelian Lie algebra that induces a (holomorphic) foliation of C* by 2-
dimensional holomorphic hypersurfaces z; = const outside of the singular set z; = 0.
Complexifying (6.1), we get the following complex hypersurfaces in C? x C3:

w=>b—aizy+z1a2 +2iF(z1, ay). (6.2)
Regarding w = w(z1, z2), we obtain w; := 37“: =axy+2iF; (z1,a1) and wy 1= 37“; = —qaj.

Differentiate with respect to z; and z» once more and eliminate the parameters (ap, az, b).
Making the variable change z, +— —z2, we arrive at the PDE system

wiy = 2iF;7 (21, w2), wip = wyp =0. (6.3)

The harmonic curvature [9, (3.3)] is of type N if F;, 7 w,w, 7 0. Let us consider the specific
Winkelmann type hypersurfaces given in Table 5.
Writing out (6.3) for F(z1, 21) = (21)%(z1)%, we obtain

wiy = 2ia(a — 1)(z1)* 2 (w2)*, wip = wy = 0. (6.4)

Using a constant rescaling of z;, and relabelling, we can bring (6.4) into the same form as
that listed in [9, Table 1] for the N.6-2 models with u = @ and k = o — 2. The F(z1,21) =
exp(z1) exp(z1) and F(z1, z1) = In(z1) In(Z1) cases are handled similarly. The corresponding
ILC N.6-2 models have u = k = oo for the former and (i, ) = (0, —2) for the latter, c.f.
[9, Table 1].

As discussed in Sect. 3, the N.6-2 models are described using (a, b) € C2, with (a2, b?)
being essential parameters. Using (4.15) with u = & and x = « — 2, we find that for
aeC\{-1,0,1,2}:

_ —Qa —1)? 1

b2=a2=LeC\ —4, - ¢.
(¢4 D(x—2) 2

(The « = —1 and & = 2 cases lead to the ILC N.8 model.) The b2 = 4% € {—4, %} cases

were described in Example 4.9. From Sect. 4, the b? = 42 € R cases are tubular (see Table 7
for models).

Proposition 6.1 The hypersurfaces of Winkelmann type given in Table 5 are models for all

real forms of the complex ILC N.6-2 structures. Their (6-dimensional) CR symmetry algebras
are never transitive outside of these hypersurfaces.
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Proof From Table 6, b> = a*> e C are the parameter values that yield underlying CR
structures, and in each case there is a unique structure. Thus, Table 5 gives a complete
classification as claimed.

For the second claim, let us fix a basepoint o € C? and suppose that 7| |, = ¢ + di, where
¢,d € R. Then Ni —cN3 —d N3 + (¢2 4+ d?*) N4 vanishes at o. Thus, these symmetry algebras
have at most 5-dimensional orbits at all points in C. O

7 Transitivity of the symmetry algebra

In this section, we prove Theorem 1.3. According to [14, Cor.6.36], Sym(M) is transiti_ve on
an open subset of C if and only if Sym(M°¢) is transitive on an open subset of C3 x C3.

Proposition 7.1 Suppose M C C3 is locally transitive, and let (s, & ¢, v) be an algebraic
model of the ILC structure (E, V) on M. Then Sym(M°) is transitive on a non-empty open
subset of C3 x C3 if and only if for some T € Int(s), we have:

e+ T (v) =s. (7.1)

Proof Assume thats = Sym(M¢) is transitive on a non-empty open subset of C3 x C3 and fix
a point (z, @) in this subset. Then the projection of s on C? is transitive on an open subset of
C3 containing z € C3. The isotropy subalgebra of this action at z is conjugate to v by means
of some inner automorphism 7} € Int(s). Similarly, the projection of s to C? is transitive at
a € C3 with the isotropy subalgebra equal to 7> (e) for some 7> € Int(s).

Note that s is transitive at (z, a) if and only if the projection of Tj(b) to C3 is transitive
ata € C3, or, similarly, if the projection of T5(¢) to C3 is transitive at z € C3. Both these
conditions are equivalent to the equality 77(v) + 72(¢) = s. Applying Tz_l to both sides of
this equality we get e + T'(v) = s, where T = TZ_1 Ti. ]

Corollary 7.2 The symmetry algebra s = Sym(M€) is transitive on a non-empty open subset
of C* x C3 if and only if the set of € € C satisfying:

e+exp(eX)(v)=s
is non-empty for any X € s not contained in ¢ + v.

Proof Fix X € s\(e+v),and decompose s into a direct sum of linear subspaces Vi @CX @ V3,
where V| C eand V> C v. It is well-known that the exponential map:

exp: Vi x Cx Vo > Int(s), (Xq,€, X2) — exp(X1)exp(eX)exp(Xr)

is locally biholomorphic in a neighborhood of 0. Taking T = exp(X) exp(e X) exp(X3) in
(7.1) and multiplying both sides by exp(—X) we get:

exp(—X1)(e) + exp(eX) exp(X2)(v) = 5
But by construction exp(—X1)(¢) = ¢ and exp(X3)(v) = v. ]
Corollary 7.3 If s has a non-trivial center, then s is not transitive at any point of C3 x C3.

Proof Let Z be any central element in s. Since the subalgebra £ is effective, then Z ¢ £.
Recall that Levi non-degeneracy of M C C? implies that the bilinear form:

A’(e+0)/E—s/(e+0), (X+BDAY +8)— [X, Y]+ (e+0)
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is non-degenerate. Hence, it follows that Z does not lie in ¢ + v. But it is obvious that
exp(eZ)(v) = v for any € € C, and s is not transitive according to Corollary 7.2. O

This proposition implies that the local transitivity of Sym(M¢) on C3 x C3, and hence
the local transitivity of Sym(M) on C3, is a property of the algebraic model (s, €; e, v) itself
and does not depend on the particular realization of this model in local coordinates.

Transitivity off the hypersurface is well-known in the maximally symmetric and Winkel-
mann hypersurface cases [23]. Consider all remaining cases. For N.7-2, D.6-1, and D.7, s
has non-trivial center, so these are ruled out by Corollary 7.3. (See also Example 4.4 where
it is computed explicitly as a Lie algebra of vector fields on C? x C3)

The remaining cases have 6-dimensional symmetry, so it suffices to exhibit a relation
amongst the symmetry vector fields. For N.6-1, tubular realizations are given in Table 7 and
share the symmetries N1 = i0;,, N» = idy, N3 = 0;, + 210y, and Ny = iz10;, + iﬁaw.
Letting 71 = a+bi,wehaveaN| + “Lzrbz N2—bN3— N4 = 0. The N.6-2 cases were similarly
ruled out in Proposition 6.1. The D.6-2 realizations (see Table 8) share the symmetries
Ni = id;,, Na = idy, N3 = 3, + 2208y, and N4 = i223;, + 239, Letting 2o = ¢ + di,
we have ¢cN| + (¢ + d*)Ny — dN3 — Ny = 0. For D.6-3 (% = 9), the symmetries of the
tubular models in Table 8 have an obvious dependency. Finally, for D.6-3 (a* # 9), see § 5
where the orbits of Sym(M) are described explicitly.
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Appendix A: Representative admissible anti-involutions

In Table 6, we classify all representative admissible anti-involutions (see Sect. 3) for all
non-flat 5-dimensional multiply-transitive complex ILC structures. Each anti-involution is
expressed in the same basis used in [9, Tables 6-8].

There are ILC parameter redundancies resulting from certain basis changes [9, Table 13]:

e N.6-1,D.7, and D.6-3: a — —a.
e N.6-2: a — —a and b — —b are independent redundancies.

e D.6-2: none.

These have no effect on anti-involutions except in the D.7 case: ((pfé"ez) L) >
(e2,€1)

(¢, , 92).
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Table 6 Representative admissible anti-involutions

Model Representative anti-involution Parameter conditions Levi form
type
0001
. 0010 01 .
N.8 ¢ = diag 0100 ,—1,—1, [1 O] - Indefinite
1000
000c¢€
} © _ 4 00e0| ., _ )
N.7-2  ¢'¢) = diag 0e00]| 1,—1,—1 e ==+1 Indefinite
€000
[0 007
) 0070 a? e R\{—1,0} )
N.6-1 ¢ =diag 0oloo ,—1,—1 aa Indefinite
T T= g2+]
1
Lz 000
00 e
‘ 00€0 €=l .
N.6-2 ¢ =diag ,—1,—1 b=¢ca, aecC Indefinite
0€00 (Sete = 1ifa =0)
€000 - -
000 q ac®
D7 o) _ diag 2| 1,-1,-1| ifa=0then Definite if
1 eg 000
06 00 (e1,€2) e {=(1, D, (1, =D} € =1
0001
¢y = diag g (1) (1) 8 ,—1,—1,1 a€iR Indefinite
1000
Mo1o
_ € _ g 000¢€ IR _ e
D.6-1 ¢'¢ =diag 1000 1, —1 € ==+1 Deﬁflt]elf
0600 €=
00¢€0 €=+l
D62 ¢© =diag| 2007 | —1 1 aeR\{1, %) Definite if
€000 Ba=2)(a—1)
r=_0 €T >0
10700 9
r0ool
. 0010 .
D.6-3 ¢ = diag 0100 ,—1,1 a € R\{0} Indefinite
L1000
00€0
€ _ . 000e| . € ==1 .
®, = diag c000]|° 1, -1 a € R\{0} Definite
0€00
o o1 0
@3 = diag (l) 8 8_01 ,—1,—1 a € iR\{0} Indefinite
L0 —-10 0
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Appendix B: Tubular hypersurfaces

In Tables 7 and 8, we give the complete (local) classification of (non-flat) homogeneous
tubular hypersurfaces in C3 with non-degenerate Levi form, organized according to Petrov
type. The third column classification is given in terms of our ILC classification and the anti-
involutions presented in Table 6. (No anti-involution is specified if there is a unique one.)
We let € = =£1 here, and write x = Re(z1), y = Re(z2), and u = Re(w). CR parameter
redundancies are indicated, e.g. @ ~ —a.

By Theorem 4.8, the structures excluded from this list are D.6-3 (a@® € R\{0,9}) and
N.6-2 (b* = @*> € C\R). These are discussed in Sects. 5 and 6 respectively.

Remark B.1 For u = yexp(x) + exp(ax) in the N.6-2 case, ¢ = 0, 1 lead to the flat model,
while « = —1, 2 give alternative descriptions of the N.8 model.

Remark B.2 1n the first three D.7 cases, @ = —1 yields the flat model. This is also true in the
D.6-2 case whena =0, 1, 2.

Appendix C: Loboda’s models

In Table 9, we give a dictionary between Loboda’s classifications and our results. The first two
series of examples describe all non-degenerate hypersurfaces with 7-dimensional symmetry
algebra and indefinite [11] or definite [12] Levi form. The last seven rows correspond to
hypersurfaces with 6-dimensional symmetry algebra and positive-definite Levi form found
in [13].3 All equations here use the notation zj=xj+iyjand w =u+iv.

Loboda’s models are not in the tubular form (4.2), but we find the corresponding complex
ILC structures as in Sect. 2.1 (by replacing barred variables with parameters), see for instance
Example 2.2. We then proceed similarly as in the examples in Sect. 4 to identify these models
in our classification.

5 As noted in the Introduction, a D.6-1 real form is missing from Loboda’s list.
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Appendix D: Homogeneous 3-dimensional CR structures

It is well-known that all Levi non-degenerate real hypersurfaces in C? admit at most an
8-dimensional symmetry algebra. Moreover, the submaximal symmetry dimension is 3 and
E. Cartan gave a complete local classification of all such (homogeneous) models [4, bottom
of p.70]. Here we outline how this classification can be alternatively derived from the well-
known classification of (complex) 2nd order ODE that are homogeneous (in fact, simply-
transitive, so the isotropy subalgebra is everywhere trivial) under point symmetries [15, Table
71.% The list is:

(A):u” =30 43

B): u” = 6uu’ — 4u3 + e’ — u?)3/?, where ¢ € C\{0}; ¢ ~ —c

(©O):u”" = W)Y, wherey € C\{0,1,2,3}; y~3—vy

D):u" = e

All parameters that yield equivalent models are indicated, e.g. ¥ ~ 3 — y. Set p = u’ below.

Label Point symmetries Lie algebra structure

el :ax, ez:xax—uau—Zpap, [61,62]261

) e3 = x20x — 2xudy — (4xp + 2u)d) {2 2} _ isz
R e it/ SN - o RSO
(D) o o, Ei Ei E gﬁ e

For each model, pick a general point o, identify the (1-dimensional) subalgebras ¢ and v
of the point symmetry algebra s corresponding to the line fields £ = span{d, + pd, + f0d,}
and V = span{d,} at o, and then classify all anti-involutions of s that swap ¢ and v. (This is
tedious, but straightforward.) All representative such admissible anti-involutions are given
in Table 10.

/2
6 The ODE u” = % + cu? as listed in [15, Table 7] is flat when ¢ = 0 (so 8 symmetries) and all ¢ # 0
are equivalent via scalings, so we normalized ¢ = 1. Similar normalizations were done in the other cases.
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Table 10 Anti-involutions associated to (non-flat) homogeneous 2nd order ODE

Label General point e v Anti-involutions swapping ¢ and v
(A) x=0,u=1, e — te3 e None
p=0
—€ 00
(B) x=0,u=0, e3 e p=|4;00 =20 5], e=
p=1 3o —=2) 0o 0
%2— 5 =4iL
o= 164¢2
1 0 0
y e R\{0,1,2,3}: 9oy =|—-1-1 0
-1 0 —1
(©) x;ilzo, ey +e3 —ej eq 100
Re(y) = 3 : wm=[101
110
-1 01
D) x=y=p=0 el +e3 e3 =10 —-10
0 01

It is easy to recognize tubular CR structures from Table 10. These arise from (C) and
(D), since each admits a unique abelian subalgebra a (namely, span{e;, e3} and span{e;, e2}
respectively) thatis complementary to both e and v, and satisfies the properties given in Sect. 4.
(None exists for (B) since s = s((2, C).) The listed anti-involutions preserve a in these cases,
and since dim(N (a)/a) = 1, the base curve for the tubular CR hypersurface model is affine
homogeneous. The classification (up to affine equivalence) of locally homogeneous curves
in the affine plane consists of lines, quadrics, and the curves given below. (See Example 1 in
[8], particularly p.32 there.)

Real affine curve F(x,u) =0 Classification CR syms of F(Re(z), Re(w)) =0
beyond i9;, i 0y
u=x“ ©) _a=2 0, + 0
(@eR\(0,3.1.2) a~ 1) T e et
u = In(x) flat model 8 CR symmetries
u = xIn(x) (D) 207 + (2 + w)dy
2 2 .
x° +u” =exp(barg(x +iu)) _ 3. b; _
(beR: b~ —b) ©.y=5%x7i, ¢ (bz = 2w)d; + (bw + 22)dy
Upon complexification (Sect. 2), u = In(x) leads to u,, = —(uy)?, which is equivalent

to iy = 0 via (X, u) = (x,e"), and hence this leads to the flat CR structure with 8 CR
symmetries. On the other hand, # = x“ and u = x In(x) lead to the CR models underlying (C)
(withy = Z%% € R\{0, 1, 2, 3} and anti-involution ¢ ) and (D). This is not so straightforward
for x? + u? = exp(barg(x + iu)), so we instead work abstractly and align the Lie algebra
data. Letting
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Ly = (bz —2w)d; + (bw + 22)dy, L =1i0;, L3 =1i0y,
we have
[Ly,Ly] =—-bLy, —2L3, [Ly,L3]=2Ly,—bL3, [Lj,L3]=0.
On the other hand, the anti-involution ¢; from case (C) has real fixed point set spanned by
Ey=4di(e1 —e), Erx=ex+es, Ez=iler—e3).
Since we must have y = % + ti, then
lEy, E2l =4tE) — 2E3, [Ey, E3] =2E> +4tE3, [Ea, E3]=0.

To align the structures, take ¢t = —%. Clearly (x,u) — (x, —u) induces the parameter
redundancy b — —b,soy = % + %i. Hence, all CR structures underlying (C) and (D) have
been accounted for.

All ODE models for (B) admit s = s[(2, C) = s0(3, C) symmetry. We show that all
underlying CR structures are exhausted by the Cartan hypersurfaces (z, z) = B|(z, z)| as in
(5.2). Since the classified anti-automorphisms for (B) are very complicated, we proceed in a
different manner. Note that s has two real forms: s[(2, R) = s0(2, 1) and su(2) = s0(3). For
each, a left-invariant CR structure is uniquely determined by a two-dimensional subspace
C with [C,C] ¢ C, and a complex structure J: C — C. The subspace C is uniquely
determined by its Killing perp CL.Insu2), [C, C] ¢ C always. In sl(2,R), [C,C] C C
if and only if C* is spanned by a nilpotent element, and C is conjugate to the subalgebra of
upper-triangular matrices in s[(2, R). (Exclude this last case.)

Identifying J with a 2 x 2 real matrix satisfying J> = —1, we have J2 —tr(J)J +det(J) =
0.Iftr(J) # 0, then J is a real scalar matrix, which cannot satisfy J? = —1. Thus, tr(J) =0
and det(J) = 1. Hence, J = ((f b ) with a2 + be = —1,ie.c = —‘lzb—H.

—a

Letus classify all J: C — C up to automorphisms stabilizing C. For example, in s[(2, R)
consider the case of C spanned by h = ({ ° ). Then C hasbasise; = ( %, }). e2 = (0})),

and Adexp(ip) is represented in this basis by T = (Zf;ﬁgt’)) ;;nsl;l%’t)) ) With J as above, we find

that 7JT ! is anti-diagonal iff tanh(47) = b%“c = % This is valued in (—1, 1), so

such ¢ exists. Thus, J can always be brought to the form ( 1(/)(1 o ) Note that C is also stable
under Ad (/). It induces the transformation e; > —ej, ez > e; and thus the parameter

equivalence o ~ —a. Performing similar computations for other subspaces C, we get the
following list of all algebraic models for case (B).

Real form Basis of C1  Basis of the contact plane C Complex structure ~ Parameter

of 51(2, C) equivalence
i 0 01 01i 0 —«a

su(2) (o 4) ear={_ 0)’ e2=\; o) (1/a 0 > o~ —o /e
01 10 01 0 —«o

sl(2, R) (_] 0) el = 0 _]>, e =\, 0) <1/a 0 > a~—a,l/a
10 01 01 0 —«o

sl2, R) (o —1> a={_y 0)’ 2=\ o) <l/a 0 > an~—a

The first of these cases is treated in detail in [2]. The two others are their non-compact
analogues.
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To construct the local models, we proceed as in Sect. 5.2 and just give a summary here.
Given z = (z1, 22, z3) |, consider (z, z) = 23:] Ej(Zj)z, where €; = £1. Then s0(3, C)
is identified with the C-span of Zj; = €;z;0d, — ekzkazj, where 1 < j < k < 3. Let
Q ={[z] : (z, z) = 0}. Given [z] in a real 3-dimensional orbit of O(3) or O(2, 1) in (C]P’Z\Q,
v = MRe(z) and w = Jm(z) span a real 2-plane IT in R3. Using complex multiplication, we
can assume (v, w) = 0. Taking (-, -)|;1 non-degenerate, the following are normal forms for
[z] € CP?\ Q (which slightly differ from those given in Sect. 5.2):

(1) TIis positive-definite and the signature of the scalar product (z, z) is (+++) or (++—):
2
z=(1,iy,0),where 0 < y < 1. Then 8 = % > 1.
(2) Tl is indefinite: assuming signature (+ + —), we have: z = (1, 0, iy), where 0 < y # 1.

2
Then B = 52 satisfies 0 < |B| < 1.

1—
1+
Matching these orbits with the above algebraic models is straightforward. Fix the affine chart
(1, z2, z3) in CP2. For case (1), the orbit of O(3) or O(2, 1) has 3-dimensional real tangent
space in C> = Ti,jCP? given by ((1 — y?)d,,, 075, 1y0z;). (The scaling 210, +220;, + 230,
on C3 induces a trivial action on CP2, so in the given chart, we can make the substitutions
07, = —220;, — 230z into Zj.) Then C = (9,5, iyd,,), and multiplication by i is represented

by ( l(/Jy 70y ) in this basis. The range 0 < y < 1 matches with the first two cases in the table
above (namely, set y = «). Case (2) is handled similarly.
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