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1. Introduction and the main results

In the early days of Lie theory, W. Killing found all five exceptional simple Lie algebras,
yet without concrete geometric realizations. The simplest of these, the 14-dimensional Lie
algebra G(2), discovered in 1887, was realized as the symmetry algebra of two different
Klein geometries in 1893 by E. Cartan and F. Engel, in two successive papers in the
same issue of Comptes Rendus [2,11].

Supersymmetry was brought to life in the context of quantum field theory and it is
based on the theory of Lie superalgebras. The first simple (real) Lie superalgebra was
computed by J. Wess and B. Zumino in 1974 as the symmetry superalgebra of AdS°®
[38], a superization of the anti de Sitter space playing a special role in general relativity.
This was one of the classical Lie superalgebras su(2,2|1) = osp(4, 4/2; R) Nsl(4]1; C). The
classification of simple complex Lie superalgebras was achieved by V. Kac in 1977 [22],
and the simplest exceptional one, in the list of Lie superalgebras with a reductive even
part, is G(3) of dimension (17]14). This Lie superalgebra is traditionally described by
introducing the brackets on its even and odd parts and not as the symmetry superalgebra
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of some simple algebraic or geometric structure. (Arguably, one reason is that the smallest
non-trivial representation of G(3) is the adjoint representation [32].)

The goal of this paper is to realize G(3) as the symmetry of a (Klein) supergeometry,
and then study the invariants and deformations of this supergeometry. We remark that
(G(2) is a subalgebra of G(3), and we extensively make use of this important fact. Indeed,
we will establish super-analogs of the celebrated differential equations associated to G(2).
For simplicity, in this paper we restrict to Lie algebras and superalgebras over C, the
straightforward version over R corresponds to the split (normal) form.

Let us briefly recall the classical results before we describe the super-models.

1.1. History: realizations of G(2) as symmetry

In Cartan’s realization, G(2) is the symmetry of a rank 2 distribution in a 5-space.
This distribution is associated to the underdetermined ordinary differential equation

!
z =

%(u“)Q, (1.1)
for the functions u = u(z), z = z(z). Equivalently, it is the 5-manifold & = {z; = 1 (u2)?}
in the mixed jet-space J?1(C,C?) = C®(z,u,us,us, 2, 21) equipped with the Pfaffian
system

(du — uydz, duy —usdz, dz — ujdz), (1.2)

i.e., the pullback to X of the Cartan system in J%!(C,C?). Symmetries of (1.2) are often
referred to as internal symmetries of (1.1). In modern terms, this Pfaffian system is the
Klein geometry encoded as a rank 2 distribution on the flag variety G(2)/P;, where P;
is the parabolic subgroup with marked Dynkin diagram ;505%0 of G(2).!

In Engel’s realization, G(2) is the symmetry of a contact distribution € on a 5-
dimensional space M equipped with a field of rational normal curves of degree 3 (twisted
cubics) V C P(€), in modern terms, a paraconformal or GL(2)-structure. We recall that
a twisted cubic is given by A ~ [A* : A2 : X : 1] in some (projective) frame of the
distribution, modulo projective reparametrizations of A.

In 1910, E. Cartan [3] realized G(2) as the contact (or external) symmetry of an
overdetermined system of differential equations

Ugy = %)\3, Ugy = %)\2, Uyy = A (1.3)

Upon elimination of the parameter A, one obtains an involutive PDE system that we call
the G(2)-contact PDE system, namely

1 We will abuse the notation G(2) for the Lie group and the corresponding Lie algebra, and similarly for
G(3) in the super-setting later on. For parabolics, P will denote a Lie (super-)group with Lie (super-)algebra
p, sometimes with extra ornamentation.
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ugy, Upy = iy (1.4)

W=

It should be mentioned that D. Hilbert in 1912 [20] showed that (1.1) (resp. (1.3)) do
not allow integral curves (resp. surfaces) to be expressed in closed form, that is, without
quadratures, a phenomenon explained by E. Cartan in a more general context in 1914.
Henceforth (1.1) is called the Hilbert-Cartan equation. (Variations like the factor 1 in
equation (1.1) are inessential. Later we will also have similar differences in notation for
the super-versions.)

Since then many methods to compute symmetries of the HC equation (1.1) have been
developed, in particular relating internal to generalized symmetries. For us the most
important approach will be that of N. Tanaka [34] and B. Weisfeiler [37]. This gives an
upper bound on the symmetry algebra from the algebraic prolongation of the symbol
algebra (also known as the Carnot algebra in optimal control). We recall that associated
to any distribution D on a manifold, there is the weak derived flag

D'=DcD*c..-cDFc---, DEFL — [D, D). (1.5)

A distribution D is called regular if the ranks of D¥|, are constant in x for all k > 0,
that is, the D* are distributions for all k > 0. Setting g_;(z) = D|,/D?"!|,, the symbol
algebra at x € M is my = @, gr(x). If we assume that D is bracket-generating of
depth p (D* is the full tangent bundle and D#~1 ; D#) and strongly regular of type m
(all m, are isomorphic to a fixed negatively-graded Lie algebra m), then g, = 0 precisely
for all k < —p. The maximal prolongation of m = @ _ <, o 0k is then defined as the
unique (possibly infinite-dimensional) Z-graded Lie algebra

+oo
prm) = P o

k=—p

that extends m, is transitive (for all k > 0, if X € gy, is an element such that [X,g_1] = 0,
then X = 0) and is maximal with these properties. In particular go = dety,(m) is the
Lie algebra of grade-preserving derivations of m.

If M = (M,,Ap) is a supermanifold, with underlying topological space M, and
sheaf of superfunctions Ay, then a distribution is defined as a (graded) Ajps-subsheaf
D of the tangent sheaf TM = Der(Ays) of M that is locally a direct factor, see e.g.
[36, §4.7]. (We will often use “superdistribution” as a shortening of “distribution on a
supermanifold”.) Any such D induces a vector bundle D|y;, = Uzenr, D] on M, (where
D, is the evaluation of D at z € M,), but we note that this bundle does not fully
determine D. The weak derived flag associated to D is defined as in (1.5). Similarly, D
is called regular if DF are superdistributions for all k& > 0, and bracket-generating of
depth p if D* = TM. Hence we obtain vector bundles D¥|y;, = Uzenr, D*|, on M, and
a symbol m, at any = € M, that is a (finite-dimensional) Lie superalgebra.

We also consider the stalk D¥ of D¥ at x € M, as a module over the local ring (Aar).
and set gr(ToM) = @y~ gr(To M) i, where gr(T,M)_; = Dk /DE=1. This is naturally
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Fig. 1. G(2)-twistor correspondence as a relation between PDEs and ODEs.

a graded Lie superalgebra free over (Ajps),. Since supervector fields are not determined
by their values at the points of M,, the correct generalization of the concept of strong
regularity is given in terms of the stalks.

Definition 1.1. Let D be a regular distribution on a supermanifold M = (M,, As) that
is bracket-generating of depth . Then D is strongly regular if there exists a negatively-
graded Lie superalgebra m = @y, m-x such that gr(T,M) = (Ay), ® m at any
x € M,, as graded Lie superalgebras over (Aps),.

Concretely, a strongly regular superdistribution admits a local basis of supervector
fields adapted to the weak derived flag and whose brackets are given by the structure
constants of m, after the appropriate quotients have been taken. The superdistributions
considered in this paper will all tacitly be assumed strongly regular.

The proof of the existence and uniqueness of pr(m) given in [34] extends verbatim to
the Lie superalgebra case and the mild generalization pr(m, go) that includes a reduction
go C ety (m) of the structure Lie superalgebra is straightforward. In the context of
graded Lie superalgebras we will call it the Tanaka—Weisfeiler prolongation.

Let us come back to the classical case. The three realizations of G(2) discussed above
are conveniently related by the diagram of Fig. 1. On the left is the 5-dimensional space
G(2)/ Py equipped with a rank 2 distribution having growth vector (2,1, 2). (Here and in
the following, the growth vector is the list of dimensions of the graded components of the
symbol algebra. Another convention is to list dimensions of the filtered components, in
which case it is called a (2, 3,5) distribution.) On the right is the 5-dimensional contact
manifold G(2)/P, with a reduction of the structure group to GL(2) C CSp(4).

Finally, on the top is the 6-dimensional space G(2)/P;2 equipped with a rank 2 dis-
tribution D having growth vector (2,1,1,1,1) and this geometry is indeed derived from
the PDE model (1.4). Namely, as a 6-space & C J2(C?,C), it inherits:

(i) the Cartan distribution D? of rank 3, which coincides with the first derived of D. The
associated Cauchy characteristic space Ch(D?) consists of (internal) symmetries of
D2 that lie inside D? itself and is generated by

C, =D, - AD, ,

where

3 2 2

A A
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are truncated total derivatives.
(ii) 1-dimensional fibres for & — J1(C?,C), with vertical bundle spanned by Cy = 9.
The latter generates Ch(D?).

The rank 2 distribution D can be recovered from (i)-(ii) as the span of C; and Cs.

The left arrow in Fig. 1 is the quotient &€ — ¥ = £/C; of € by C; and ¥ inherits
the rank 2 distribution D?/C;. The right arrow is the quotient & — M = £/C; by Cs
and M inherits the contact distribution € = D*/C; equipped with the twisted cubic
obtained as (the Zariski-closure of) the push-forward of C; through the projection.

Both quotients exist in general only locally and only for G(2)-invariant (flat) struc-
tures. In fact, the second arrow does not exist for general curved parabolic geometries
(the field of curves determined by the push-forward of a vector field in Ch(D?) may
not be a rational normal curve, therefore it does not give rise to the required reduction
GL(2) C CSp(4)), while the first quotient exists universally, as the geometries are just
determined by the type of the associated distributions. The latter gives a bijection be-
tween involutive PDE systems of the second order for v = u(x,y) and (by a theorem of
E. Goursat) Monge equations, i.e., underdetermined ODEs of the type

Z/ = f(m,u,u’,u”,z) )

for u = u(z), z = z(z). Cartan [3] showed that (1.4) has maximal (contact) symmetry
dimension amongst all second order involutive PDE systems and (1.1) maximal (internal)
symmetry dimension amongst all Monge equations.

Generalizations of the G(2)/ P12 — G(2)/P; fibration to the other exceptional simple
Lie groups were first investigated by K. Yamaguchi [39]. Recently, work of D. The [35]
gave the first explicit geometric generalizations of the Cartan—Engel G(2)-models to the
exceptionals. The idea is simply illustrated in the G(2)-case: the twisted cubic V C P(C)
from Engel’s G(2)/Ps-picture is a Legendrian projective variety, i.e., its osculations give
a family V of Lagrangian subspaces, and the fibres of € — M are modelled on V. The
Lagrange—Grassmann bundle M=LG (€) = M (whose fibres are Lagrangian subspaces
of the contact distribution € on M) is locally isomorphic to J2(C?,C), so & C M
corresponds to a PDE. The difference of perspective in [35] is to view the PDE (1.4) as
an equivalent description of G(2)/Ps-geometry, using the fact that v provides the same
reduction to GL(2) C CSp(4) as V does.

We now turn to our results in the super-setting.

1.2. New results: realizations of G(3) as supersymmetry
We will demonstrate that a super-extension of the HC equation (1.1) is given by the

following system of partial differential equations that we call SHC (for super Hilbert-
Cartan):

1,2 — — _
Rx = iuw;p + Uy Ug T, Ry = UggUgy, Ry = UggUgpT, Uyr = —Ugg (17)
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where u = u(x,v,7) and z = z(x,v,7). It is a submanifold ¥ of codimension (2|2)
in the mixed jet-superspace J>'(C'12, C2I°), equipped with the pullback of the Cartan
system. Unlike (1.1), which has general solution depending on one arbitrary function of
one variable, the space of solutions of (1.7) depends only on five arbitrary constants, see
Section 5.3.

From the internal perspective, this corresponds to a superdistribution of rank (2[4)
in a (5/6)-dimensional supermanifold with growth vector (2/4, 1|2, 2|0), and the equation
can be directly produced by integrating the graded nilpotent Lie superalgebra associated
to the parabolic plY C G(3) (see Sections 2.2 and 2.3 for notations) via the super-version
of the Baker—-Campbell-Hausdorff formula and then locally rectifying the corresponding
Pfaffian system on G(3)/P2V. This is how we obtained (1.7) initially; however in this
paper we present a method closer to that used in [35]. We then prove that the internal
symmetry superalgebra of (1.7) is G(3) in Theorem 4.13.

Specifically, we begin with a contact grading. From Table 9, we note that there are
two contact gradings on G(3): the one associated to p} which corresponds to a purely
odd distribution (i.e., which gives rise to a “consistent” Z-grading in Kac’s terminology),
and the other associated to p!V corresponding to a distribution of mixed parity (i.e., an
“inconsistent” Z-grading). Both have purely even normal bundle and we will explore the
second option.

The homogeneous superspace G(3)/PY has dimension (5|4) and it comes with a
contact superdistribution € of rank (4]/4). We first determine an invariant cone field
in it, characterizing the reduction of the structure group to COSp(3|2) C CSpO(4[4);
note the order of letters. In other words, at any fixed topological point z € G(3)/PLV,
the projectivization of €|, contains a distinguished subvariety V|, of dimension (1]2).
This supervariety is isomorphic to the unique irreducible flag manifold of the simple Lie
supergroup OSp(3]2), namely

V]. = 0Sp(3[2)/ P,

where pl! is the parabolic subalgebra O——® . Wecall it the (1|2)-twisted cubic, because
its underlying classical manifold is a rational normal curve of degree 3 and it is super-
deformed in 2 odd dimensions.

Lagrangian subspaces obtained as osculations of the field of (1]2)-twisted cubics V C
P (€) determine a submanifold € in the superspace of 2-jets J%(C212, C'1°) and we obtain
the following extension of (1.4), which we call G(3)-contact super-PDE system:

_ 1,3 _ 1,2
Ugy = 5Uy, + Uy Uy Uyr, Ugy = 5 Uyy T Uy Uyr,

) (1.8)

Ugy = UyyUyy, Ugpr = UyyUyr, Upr = —Uyy,

where u = u(z,y,v, 7). See Theorem 4.7. Furthermore, we show that the contact sym-
metry algebra of this super-PDE system is exactly G(3), see Theorem 4.10.
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Fig. 2. G(3)-twistor correspondence considered in this paper.

The models we obtain are related by the diagram of Fig. 2. On the left we see the (5]4)-
dimensional superspace G(3)/P{Y with a field of (1|2)-twisted cubics in the projectivized
contact distribution, that is, with a reduction of the structure group CSpO(4[4) to
COSp(3]2). On the right there is the (5/6)-dimensional superspace G(3)/P3V endowed
with a superdistribution of growth (2|4, 1|2, 2|0), which corresponds to the SHC equation
(1.7).

Finally, on the top we see the (6]6)-dimensional superspace G(3)/PLy equipped with
the superdistribution D of growth (2|2, 1/2, 1|2, 1|0, 1|0). This is derived from the super-
PDE model (1.8). As in the G(2)-case, the superdistribution D is not the Cartan
distribution of the super-PDE model considered as a submanifold & of J2(C2/2, C!10).
In fact, the Cartan distribution is the first derived D? of D and has rank (3]4); we also
note that D? has rank (4/6), while D* has rank (56).

The superdistribution D? has a non-trivial Cauchy characteristic space Ch(D?), which
we compute in Section 4.4 (we remark that D? is simply denoted by the symbol K in
that section). It is spanned by the even supervector field

C=D,-AD, - 0D, — ¢D, , (1.9)

where D, Dy, D,,D, are truncated total derivatives (explicit formulae are given in
Section 4.4) and A = wyy, 0 = —uy;, ¢ = uy,. On the other hand D?* has a (1]2)-
dimensional Cauchy characteristic space Ch(D*) = (9,|9p, D).

The left arrow is the quotient by Ch(D*) and the contact superdistribution € on
G(3)/PY at the bottom left is D*/Ch(D*). The right arrow is the quotient by C'h(D?)
and the superdistribution of rank (2|4) on G(3)/P2V at the bottom right is D2/Ch(D?).
Note that the left and right arrows are swapped w.r.t. the classical picture presented in
Fig. 1; this is due to the reversal of the triple arrow in the Dynkin diagram of G(3) w.r.t.
that of G(2).

The local quotient given by the left arrow exists in general only for special (in par-
ticular flat) structures. However the local quotient to the right has no obstructions, and
there is an equivalence of categories for the corresponding geometries, see Appendix A.

1.3. Spencer cohomology of G(3) and curved supergeometries
Our proof that g = G(3) is the internal symmetry superalgebra of (1.7), resp. the

contact symmetry superalgebra of (1.8), is based on the explicit determination of all the
supersymmetries and on the computation of the Tanaka—Weisfeiler prolongation of the
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symbol algebra associated to the relevant distribution, resp. with a further orthosym-
plectic reduction cosp(3|2) C dery,(m). We emphasize that in [35], the proof that the
given PDEs have symmetry realized by the exceptional Lie algebras was given indepen-
dently from the explicit symmetry computation. That result was based on the theory of
parabolic geometries, which is not available in the super-setting.

Theorem 3.16, resp. Theorem 3.9, computes the first Spencer cohomology group
H'(m, g) (see (3.4) for its decomposition into homogeneous components) of the negatively
graded Lie superalgebra m C g corresponding to the Z-grading induced by pLV, resp. pV.
Vanishing in nonnegative, resp. positive, degrees amounts exactly to pr(m) = G(3), resp.
pr(m, go) = G(3), that is, G(3) is the maximal prolongation.

In addition, we compute the second Spencer cohomology groups H?(m,g) that are
classically identified with the spaces of (fundamental) curvatures or structure functions
[18,19,27]. Traditionally, this has two motivations. First, Spencer cohomology consists
of compatibility constraints of the Lie equation on symmetry and can be expressed via
curvatures [25]. Second, in parabolic geometry H?(m,g) contains the complete obstruc-
tions to flatness of the (regular, normal) Cartan connection, i.e., the so-called harmonic
curvatures. In this paper we take instead the deformation approach, in which H?(m, g)
classifies filtered deformations of graded subalgebras [5]; note that the symmetry break-
ing mechanism of [26] is also based on this deformation idea and we apply it in the
context of supergeometry.

The relevant Lie algebra cohomologies are computed in the classical case via Kostant’s
version of the Bott—Borel-Weil theorem [23], a result which does not hold in the general
super-case. Cohomology groups have been known for some irreducible (i.e., depth p = 1)
supergeometries [27] and some distinguished (i.e., corresponding to a Dynkin diagram
with just one odd root) Borel subalgebras [7], but not for the parabolic subalgebras of
depth p = 2, 3 that we consider in this paper. (Note that G(3) does not have |1]-gradings.)
Our proofs use various techniques, such as the Hochschild—Serre spectral sequence for
plV and a combination of different exact sequences with the representation theory of
osp(1]2) for piV.

In the latter case, it is intriguing that H*2(m,g) = S2C?2, which yields a “square
root” of Cartan’s classical binary quartic invariant for (2,3, 5)-distributions, see Theo-
rem 3.20. A similar phenomenon has been observed in the context of supergravity [12].
For the second cohomology group of the graded Lie superalgebra associated to plV, see
Theorem 3.9.

Note that comparing (super)dimensions (p|q) has different meanings in the literature:
sometimes the maximal dimension is understood in the even sense (max p), sometimes
in the odd sense (max ¢) or in the total sense (max p + ¢). In this paper, we use the
stronger notion of partial order: (p'|¢’) < (plg) iff p’ < p and ¢’ < ¢. In this sense, we
prove in Theorem 4.9 that (17|14) is the maximal supersymmetry dimension for (locally
transitive) G(3)-contact supergeometries.

Finally, we discuss curved geometries modelled on the homogeneous superspace
G(3)/P}Y. We consider distributions in (5|6)-dimensional superspaces with growth
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(2/4,1]2,2]0) and prove that the SHC symbol is rigid, i.e., given this growth (plus
some mild non-degeneracy conditions), the graded Lie superalgebra structure is unique.
See Theorem 5.1 and Corollary 5.3. Contrary to the case of rank 2 distributions in 5-
dimensional spaces, the generic rank (2|4) distributions in (5/6)-superspaces have depth
© = 2, so the distributions with the indicated growth are not generic. We address the
restrictions this puts on their even part.

We investigate integral submanifolds of general superdistributions with the growth
vector (2|4, 1]2,2|0) in Theorem 5.10 and notice a difference it makes with the even case.

Then we observe a supersymmetry gap phenomenon in Theorem 5.12: The maxi-
mal supersymmetry dimension of (locally transitive) distributions with growth vector
(2[4, 1]2,2]0) of SHC type is (17|14), and among all such distributions any symmetry
superalgebra different from G(3) has dimension at most (10]8).

Finally, we show in Theorem 5.13 that the following deformation of the SHC

Zr = f(uxac) + UppUpr, 2y = f/(uxac)uxuv Zr = f/(ul'l')ul'7'7 Uyr = _.f,(uac:c)a

gives a realization of the above dimension bound whenever the function f of one (even)
variable is f(s) = [sFds with k # —2,—%,—%,0,1. These non-flat models can be
considered as super-extensions of Cartan’s classical submaximally symmetric G(2)/P
structures.

1.4. Structure of the paper and future directions

In Section 2 we recall the basics of G(3), its parabolic subalgebras and Z-gradings.
Fig. 4 gives all the 19 generalized flag varieties of G(3) and twistor correspondences,
further discussed in Appendix A. (The diagram is complete in the flat case, while for
curved geometries some arrows may disappear.) Associated to the G(3)-contact case,
i.e., to the flag superspace G(3)/P}V, we compute the supervariety V, its osculations,
and super-symmetric forms on a naturally associated Jordan superalgebra, leading to a
collection V of Lagrangian subspaces along V.

Section 3 is devoted to cohomology — this is an important ingredient in the proof
that G(3) is the symmetry superalgebra of the two main differential equations that we
will derive in Section 4. Some technical cohomological computations are postponed to
the Appendix B. We then explain in Section 4 the relation between the two differential
equations and give the explicit expression of supersymmetries: we encode them by the
generating function of the contact vector field in the case of the super-PDE (1.8) and we
delegate the formulae to Appendix C in the case of the SHC equation (1.7).

Finally in Section 5 we discuss curved geometries of type G(3)/PiV: their symbol,
genericity and in which respects they differ from SHC. The submaximally symmetric
models are derived at the end of this section, and their supersymmetries are explicitly

given.
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Throughout the paper, we will work with Lie superalgebras over the complex field and
freely exponentiate to the corresponding Lie supergroups and homogeneous superspaces
via the functor of points (see Section 2.4.3 and, e.g., [1] for more details).

In forthcoming works we will develop the theory of Cartan connections and parabolic
geometries in the super-setting. In particular, this will allow us to deal with curved
geometries with an intransitive symmetry superalgebra as well investigate the precise
geometric relationship between our fundamental binary quadratic invariant and Cartan’s
classical binary quartic. Geometries modelled on other simple Lie superalgebras are also
of importance, e.g., the Lie superalgebra F(4) is popular due to its relation to conformal
field theories. This work proposes G(3) as the supersymmetry of differential equations.
The relation of our construction to the twistor spinors associated to Nurowski’s conformal
metrics will be discussed elsewhere.

2. Algebraic aspects and parabolic subalgebras of G(3)
2.1. Root systems and Dynkin diagrams of G(3)

The (complex) Lie superalgebra (LSA) g = G(3) has dimension (17]14), with even
and odd parts:

a5 = G(2) @ A1), g7 =C"XC2. (2.1)

Here, we use the notation G(2) and A(1) = sp(2) to denote complex simple Lie algebras,
while g7 is the gg-representation that is the (external) tensor product of the standard
G(2) and A(1) representations. The somewhat unusual notation sp(2) will be reserved
specifically to the ideal A(1) C gg throughout the whole paper, to avoid confusion with
other sl(2)-subalgebras.

A Cartan subalgebra b of g is by definition a Cartan subalgebra for gg. All are conju-
gate, so we fix one such choice. We adopt the root conventions in [14, §2.19]. Fix vectors
J, €1, €2, €3 in h* with €; +ez2+e€3 = 0 such that (e;, €;) = 1—30;;, (6,9) = 2 and (¢;, ) = 0.
The G(3) root system A = Ay U Ay C h*\{0} is given by:

Aj = {£20, e, 6 —€;}, Ay ={£6,+0 £ ¢},
where 1 < i # j < 3. Given any even root « one has {«, @) # 0, and the usual reflection

2(8,a)

(o, a)

Sa(B) =8 — o (2.2)

on h* preserves each of Ag and Aj. The Weyl group of g is generated by all such even
reflections. For any fixed simple root system II and any odd isotropic root a € II, we
define the odd reflection (see [33])
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I IT II1 v
3
2 4 2 4 2 5 3 3
'e: @) e: Q) o%):@.
o%.," as as o c\zfl.,. as 2 ay ',." 2 as
"""""" pLTTN .--"al a2 OO g
ay; =6+ €3 oy = —0 — €3 oy = —0+ e Q) = €2 — €1
s = € as =08 — € ay =0 — €1 oy =€1 — 0
a3 = €3 — €] Q3 = €2 — €1 Q3 = €1 ag =9
Fig. 3. Inequivalent simple root systems for G(3).
B+a, (afB)#0;
SO&(B): 67 <avﬂ = ,ﬁ#a; (23)
—aQ, fB =
for any g € II.

Up to Weyl group equivalence, there are four inequivalent simple systems II =
{a1,a9,a3}, and each leads to a Cartan matrix and corresponding Dynkin diagram
— see e.g. [4, §3] for details. These diagrams are given in Fig. 3.

e Nodes are white, black, or grey according to whether the corresponding simple root
a; is even, odd with (a;, «;) # 0, or odd with {ay, o;) = 0;

e Dynkin labels m1, mo, mg inscribed above each node correspond to the highest root
Qhigh = M101 + Ma2 + M3Qs.

One cannot extend the Weyl group to a larger group that includes reflections for isotropic
odd roots, since the latter cannot in general be extended to linear transformations of
h* that send roots into roots. Nevertheless, applying (2.3) to any § € II transforms one
simple root system to another, and dashed arrows in Fig. 3 indicate such transforma-
tions.

2.2. Parabolic subalgebras and a map of G(3)-supergeometries

A Z-grading of g is a decomposition g = P, 5 gr satisfying [g,9;] C giy; for all
i,j € Z. In particular, go is a LSA and each g is a go-module. Since the Killing form on
(G(3) is non-degenerate, then gr = (g_r)* as go-modules. The corresponding parabolic
subalgebra is p = g>o = @k>0 gk, and g_ is the associated symbol algebra, a nilpotent
graded LSA. Letting dery,(g—) denote the LSA of (super-)derivations of g_ of zero degree,
we have go C dergy,.(g—). Moreover, for these gradings g_; is bracket-generating, i.e., g_1
generates all of g_ by iteratively bracketing with g_1, so devy(g—) — gl(g_1).

Such Z-gradings are obtained from a choice of grading element Z € . Namely, define
gr = {x € g: [Z,z] = ka} for any k € Z. Note that Z € h C go and the root space
0o C gk for a € A such that «(Z) = k. It follows that Z € 3(go). If © = max{k : gy # 0},
then p = apign(Z) and g is said to have a |u|-grading. Given a simple root system
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II II1 v
123 R R M123

I I I 1T IT 11 T11 II1 I __ IV
‘ M, M13 Mz = Moy M12 Mz = My M12 Mz = M3
‘ M ’ My = My My = My = " MII M = MY

G(3)-contact SHC

Fig. 4. Map of G(3)-supergeometries. Green nodes are the focus of this article.

{a1, a0, a3}, let {Z1,Z5,Z3} C b be its dual basis. Then Z = . _ 1 Z; specifies a grading
element for any nonempty subset A C {1,2,3}, and in turn a parabolic subalgebra p4.
All non-trivial gradings of G(3) are of this form, varying the choice of simple root system
(labelled I to IV as in Fig. 3) [21].

We refer to M4 = G/Px as a G(3)-supergeometry, where G and Py are (connected)
Lie supergroups corresponding to g and py4 respectively. If B C A, there are natural
fibrations M4 — Mg. Considering each simple root system from Fig. 3 leads to the map
of G(3)-supergeometries given in Fig. 4, see Appendix A for further details.

For each G(3)-supergeometry, it is natural to search for some explicit geometric struc-
tures whose symmetry algebra is precisely G(3). Our goal is to carry out this program
in two cases, labelled in Fig. 4 as G(3)-contact and SHC.

2.3. SHC and contact gradings

We will work with IT = {1, as, a3} labelled IV in Fig. 3. This gives an associated
positive AT (resp. negative A™) system of roots. Explicitly,

Aér: a1, 2a3, as +ag, a; + as + ag, a; + 2a2 + 2a3, a; + 3as + 3ag,
2ar1 + 3ag + 3as;

A;‘: o, a3, a1 + ao, as +2a3, a; + as + 2a3, a1 + 2as + ag, a1 + 2a9 + 3as;

with A; = —Af, i € Z,. While there are many possibilities for Z, we will focus on two
choices:

o contact grading defined by Z = Z;, which is a |2|-grading;
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e SHC (“super Hilbert—-Cartan”) grading defined by Z = Z5, which is a |3]-grading.

These gradings closely parallel those considered in the classical cases in [35,39], and
indeed the even parts (g_)g give precisely the symbol algebras considered there. The
above choices of IT and Z were motivated from the following distinguishing feature in the
classical cases:

Let g be a complex simple Lie algebra not of type A or C. The adjoint representation
of g has highest weight (root) that is a fundamental weight i, = Qpigh = Y, mic; with
mi = 2 and ZieNk m; = 3, where Ny, are the neighbours to the kth-node (excluding the
kth-node) in the Dynkin diagram. The element Z = Zy, defines a contact grading, while
Z= ZiENk Z; defines a |3|-grading generalizing the one for classical (2,3, 5)-geometries
(in particular dimg_3 = 2 as for the Hilbert—Cartan grading).

For both gradings above, 3(go) = span{Z} C (go)5. Below are the roots organized by
parity and grading (with A;(k) = {a € A; : a(Z) = k} for i € Zs), along with the
module structure for the semisimple part (go)g* of (go)p-

Contact grading: ptV

2 Ag (k) A (k) |
0 +(az2 + as), £2a3 +ag, tas, H(as + 2a3)
L] en e tastas, o1+ o, a1+ as + 2as, (2.4)
a1 + 2a0 + 2a3, a1 + 3as + 3as | a1 + 2as + as, a1 + 2a0 + 3as
2 201 + 3as 4+ 3ag3
| k] (9r)o | (on); | dim]

0 | Cosl(2) dsp(2) | S2C2XRC? | 7/6 (2.5)
-1 S3C2RC C?2XC? | 4[4
2 CXC 10

Note that s + a3 = €1 and 2a3 = 20 are the positive roots of s[(2) and sp(2), respec-
tively. The bracket A?g_; — g_s yields a go-invariant conformal symplectic-orthogonal

structure on g_1, so we can naturally view go C cspo(g_1) = cspo(4]4). We will make
this explicit in Section 2.4.1. Also, gg = CZ; @ f = cosp(3|2), where

f=(80)5 @ (g0)1 = 0sp(3[2) (2.6)

is the semisimple part of gg.
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SHC grading: p5Y

|k | Ag (k) Az (k)
0 +aq, +2a3 +as
1 as +as, a1 +a2+as ag, a1 + g, as + 2a3, a; + az + 2as
2 a1 + 209 + 2a3 a1 + 2a9 + ag, a1 + 2as + 3ag
3 | a1 + 3as + 3as, 201 + 3as + 3as
(2.7)
| k] (9k)o | (gr); | dim |
0 |Casl(2)dsp(2) | CRC? | 7)2
-1 C’XC C?XKC? | 2/4 (2.8)
-2 CRC CXC? | 12
-3 C?KC 2|0

Note that a1 = €2 —€; and 2a3 = 20 are the positive roots of sl(2) and sp(2) respectively,
and go = C & sl(2) $ osp(1]2).

Proposition 2.1. For the contact grading of G(3), the subalgebra go C cspo(g_1) is a
mazimal subalgebra. For the SHC grading of G(3), we have go = deryr(g-).

Proof. To establish the first claim, it suffices to show that f = 0sp(3|2) C ¢ := spo(4[4)

is a maximal subalgebra. The decompositions of f and £ into even and odd parts are’

f=fo®f = (sl(2) ®sp(2)) ® (S°C?RC?), (2.9)
E=1t; Ot = (sp(4) ©so(4) @ (C*RCY), (2.10)

and fg < €5 via the action on g_1 = (g_1)5 ® (g-1)1 = (S*C?* K C) & (C2 K C?). Note
that so(4) = sl(2) @ sp(2), with sp(2) C fz embedded purely in the latter factor sp(2).
On the other hand, s((2) C f is diagonally embedded in sp(4) @ s[(2) and we denote its
image by s[(2)giag-
Step 1. We first claim that the unique subalgebra H properly contained between f; and
£ is b = s[(2) @ s0(4), where s[(2) C sp(4) via the irreducible action on S3C2.

Indeed, if E is a subalgebra such that f5 € E C €5 then H = b @ sp(2) for some
subalgebra

sl(2)aiag & b S 5p(4) B 51(2)

2 We use the symbol X to denote the external tensor product of s[(2) and sp(2) representations.
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where s[(2) is the first factor of s0(4). However sp(4) & s1(2) = (s1(2) & S°C?) @ 51(2) giag

as an s[(2) gjqg-module, where sp(4) 2 5[(2) & SC2. Since S°C? is an s[(2)-module and

sp(4) is a simple Lie algebra, we immediately see that S6C? is not a subalgebra of sp(4).
By the previous discussion

) sU(2) @ 51(2)diag = s1(2) @ 51(2), or
S6C2 @ s1(2) diag,

but the second case does not correspond to any subalgebra of sp(4) @ s[(2), hence the
claim.

Step 2. As fg-modules,
b= (SPC2RC)® (C?RC?) = (S4C?RC?) @ (S2C2 R C?),

where the last isomorphism gives the decomposition into irreducibles.

Assume f is a subalgebra such that { C f C ¢ so we get correspondlng inclusions of
their even and odd parts. Since fl is an fg-module, then fl = ¥ or f1 = f1 by Schur’s
lemma and we consider the two possibilities separately:

(a) f; = ;. In this case f5 = f5 or fg = b, thus [¢7,¢;] C b. However, [¢, 8] = £ since
¢ = spo(4/4) is simple.

(b) fl = f1. Here fo = t5 or fo = f) and in both cases f; C ¢ is b invariant. However #;
is [) irreducible.

In both cases, we obtained contradictions, so f C £ is maximal, hence the first claim is
proven.
The second claim follows from our Theorem 3.16 (in particular, H%1(g_,g) =0). O

Despite tensor fields on supermanifolds M = (M,,Ap) not being determined by
their values at points x € M,, the G-invariant geometric structures on the homogeneous
supermanifold M = G/P correspond bijectively to p-invariant data on g/p, cf. [31,16].
For the contact and SHC cases above, we will describe geometric structures given by:

« a superdistribution corresponding to (g_1 & p)/p;
« a reduction of the structure group Auty,(g—) with associated LSA det,(g—) to a
connected (super-)subgroup Gy with subalgebra go.

Since g4 = P gk acts trivially on (g_1 © p)/p, it suffices to consider the go-action on
g-1.

As no reduction is required for SHC, the rest of Section 2 is devoted to considering
the contact case and giving explicit descriptions of various gop-invariant structures on
g—1. More precisely, we will introduce the (1]2)-twisted cubic V|, C P(€|,), which gives
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rise to the maximal reduction Gy = COSp(3|2) C CSpO(4]4) of Proposition 2.1. For
simplicity of notation, we will denote V|, just by V in the rest of Section 2.

2.4. Structures associated with the contact grading of G(3)

Let g=g_2®g_1 D go D g1 ® g2 be the contact grading of G(3) associated with the
parabolic subalgebra p!V. In this and in the following subsection f = osp(3|2) is as in
(2.6).

2.4.1. The go-invariant CSpO-structure [n] on g_1
The Lie bracket A2g_; — g_5 induces a go-invariant conformal symplectic-orthogonal
(CSpO) structure on V' = g_;, which we make explicit in this section. Now

Vs =S83C?’KC, Vi=C?’RC?,

as modules for (go)5® = sl(2) © sp(2). We fix standard bases {z,y} and {e, f} on the
two copies of C2, along with dual bases {9,,9,} and {9.,9s} of (C?)*. We denote the
invariant symplectic forms on the respective copies of C? both by w and normalize
them by requiring w(x,y) = w(e, f) = 1. Finally, we let b : S*(C?) — S*(C?)* be the
duality induced by w, that is, the natural extension to an algebra automorphism of the
identifications C? 2 (C?)* given by z + 0y, y + —0;, and e + df, f — —0,.

The Lie algebra (go)3’ is spanned by the two s[(2)-triples

Hy =20, —y0y, Xi1=20y, Y1=y0., (2.11)
and
Hy =e€0. — fOy, Xo=edy, Yo= fOe, (2.12)

while the odd part (go); = S?C? K C? has a basis {22 ®e, 22 @ f, zy ®e, 2y @ f, Y* @
e, y? ® f}. The restriction of the adjoint action to (go)7 and V is determined by (80)5*-
equivariant maps, unique up to an overall scale (note that we use ® for symmetric tensor
product below):

Vo Vit (t@w,g) = ag)@uw,
Vi CV: (v, u®w)— ww,witou,

where t ® w' € (g0)i, 9 € Vg, u ® w € Vi, and ¢; is a constant that we shall soon fix.

There are also (go)g-invariant skewsymmetric and symmetric bilinear forms:

on V5: (g,h) = GuazPyyy — 39zayPyyz + 39ayyPyss — JyyyPazs » (2.13)

on Vi: (u1 ® wy,us ® wy) — caw(uy, us)w(wy,wsy) , (2.14)

where ¢g,h € Vg and u; ® wi, u2 ® we € Vi. Here ¢y is also a constant to be determined.
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Lemma 2.2. Let n be the symplectic-orthogonal structure on V.= V5 @ Vi defined by
n(V5, Vi) = 0 and the bilinear forms (2.13) and (2.14) on V5 and V7, respectively. Then
n is f-invariant if and only if cica = —6 and, in this case, its conformal class [n] is
go-tnvariant.

Proof. We have already seen invariance by (go)3*. Invariance of p under T' = y*®e € (go)1
implies

0=n(T(2*),y® f)+n(*T(y® f)) =n6cz®e,y® f) +n(a® y®) = 6crca + 36,

which forces ¢jco = —6. A longer check shows that this condition is also sufficient. O

2.4.2. The go-action on g_1

Let spo(4]4) be the LSA of linear transformations preserving 7, and cspo(4]4) its 1-
dimensional central extension. By Lemma 2.2, the conformal class [n] is go-invariant,
and this yields a reduction to go C cspo(4/4). We normalize c; = —6% (so ¢; = gz) and
consider the basis

{’l)17...,’l)4"U5,...,’Ug}:{$3, —3(132y, _6y37 —61’y2‘$®6, x®f’ y®f7 —y®€}

(2.15)
of V. In this case 7 is represented by (—6° times) the matrix
0 ids
—id 0
2 T (2.16)
ida 0

With respect to the basis (2.15), the semisimple part § C spo(4]4) of gg is spanned by
the following matrices, which act as usual on column vectors:

Even part
3
1
-3
-1
Hy = I , Hy = I ,
1 -1
-1 -1
-1 1
0 -3 0 0
0 0 0 4
0 0 0 0
0 0 30
X1 = 00 0 —1 | Xy = o1 o o |
001 0 00 0 O
000 O 00 0 O
000 O 00 —1 0
0 0 0 0
-1 0 0 0
0 0 0 1
0 1.0 0
Y, = 0 0 0 0 | Y, = 0 0 0
0 0 0 0 100 O
0 1 0 0 0 0 0 —1
-1 0 0 0 000 0
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0dd part
03 0 0 -3 0 0 0
0 0 -1 0 0 0 0 -1
00 0 0 0 00 O©
A = 00 0 0 A 0 00 0
1= 10 0 0o -1 ) 2= |0 o 0 )
00 0 0 00 0 -1
00 0 0 00 -3 0
00 3 0 00 0 O
0 0 0 0 00 0 0
0 -2 0 0 2 0 0 0
0 0 0 0 00 0 0
A 0 0 -1 0 A 0 0 0 —1
3= ]lo0o 1 0 o ) 4= |l 0o 0o 0o o )
00 0 0 010 0
00 0 0 00 0 2
00 0 -2 00 0 0
0 0 0 0 00 0 0
0 0 0 0 00 0 O
0 0 -1 0 00 0 —1
A — 0 -1 0 0 A 1. 00 0
5= 1 0 0 0 ) 6= | 0o o o0 0
00 0 0 1 0 0 0
0 0 0 0 0 -1 0 0
0100 0 0 0 0

These odd matrices correspond to A, = 322®e, Ay = 322® f, A3 = 6ryRe, Ay = 6TYR f,
As =6y> ®e, and 4g =632 @ f.

2.4.8. A distinguished supervariety

Let P(V) = Gr(1]0;4/4) = P3l* be the projective superspace corresponding to the
linear supermanifold V = V5 @ V5 = C*4, see [29, §4.3], with its natural action of the
connected Lie supergroup Gy = COSp(3|2) C CSpO(4]4) generated by go C cspo(4]4)
(resp. F' C SpO(4[4) generated by f C spo(4[4)). The underlying topological manifold of
P(V) is the 3-dimensional classical projective space P(Vg) = P3.

It is convenient to consider P (V') and the Lie supergroup Gy in the sense of their func-
tor of points A — P(V)(A) and A — Go(A) [1]. Concretely, for any finite-dimensional
supercommutative superalgebra A = A @ A7 (e.g., any exterior algebra with a finite
number of generators), we consider the A-module V ® A and set

P(V)(A) =PIV ®A),

that is the collection of free A-modules in V ® A of rank (1/0) [13, Prop. 1.7.7].
We note that V@ A = (Ve A); ® (V ®A)i, where

(VeA):= (V@A) & (Vi ®A7), (VeA):= (A1) e (V1 @A),

and set V(A) := (V ® A)g. The correspondence A +— V(A) is the functor of points
associated to the linear supermanifold V. The (set-theoretic) group Go(A) acts on V(A)
by means of even transformations with coefficients in A [30], thus giving an action of
Go on V in the sense of [1, Def. 11.7.2]. Clearly, we also have an action of Go(A) on the
full V ® A and therefore an induced action of G on P (V') via the associated functors of
points. A similar construction holds for the Lie supergroup F'.
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We consider the topological point o := [v1] = [23] € P(Vj) and its isotropy subalgebra
q C f, which is parabolic. More precisely f admits a |1|-grading

f=f_1@f0®H (2.17)

such that q = f>o. We note that f1; are abelian and that the grading comes from the
grading element Z, € b, that is:

k ‘ (fx)5 ‘ (fr)1 ‘ Even roots 0Odd roots

1 X, Ay, Ay as + as o, (g + 203
0 | Hy, Ho, X0, Y | A5, Ay | +203 +as

-1 Yi A5, Ag | —an — a3 | —ao, —ag — 2ai3

Let V C P(V) be the Gp-orbit through o. We explicitly describe V near o by exponenti-
ating the action of f_1 = span{Y7, A5, A} applied to o, thought as an element of V(A).
The relevant 1-parameter subgroups of Gy (in the sense of [1, §7.5]) are as follows:

o The curve A = (x + Ay)? in V(A) w.r.t. the even parameter A € Ay has derivative
equal to Y7 - 2% = 322y at A = 0 and indeed it coincides with exp(A\Y7) - v1. So we
calculate the latter via the components of (z + A\y)? in the basis (2.15);

o We use odd 6,¢ € Az for the 1-parameter subgroups generated by elements of the
odd part (go), e.g., exp(fAs) = 1 + 6 A5 since 6% = 0.

‘We obtain
1 1 1
0 -2 -2 -
0 -2 —A PSRN DY
0 exp(AY7) X exp(0As) % exp(¢pAg) %
- _ . — ki 0‘*‘ A (2.18)
8 0 0 é
S 0 0 9
0 —0X —0x

as an element of V(A). The projectivization of (2.18) yields our local parametriza-
tion of V near o with parameters A € Ag and 0,¢ € Aj. Its Zariski-closure is the
full Gy-orbit V, given by adding the super-point at infinity, i.e., the projectivization of
(0,0,1,0/0,0,0,0) .

Definition 2.3. The supervariety V C P(V) is called the (1|2)-twisted cubic and the
super-point £ = £(X\,0,¢) of V is the free A-module of rank 1|0 generated by (2.18) or
the super-point at infinity.

For later use in Section 2.5, it will be convenient to re-write the result (2.18) by
re-ordering the basis of V' and using the canonical isomorphism V @ A = A ® V that
interchanges right with left coordinates via the “sign rule”, namely:
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A3 2
v1 — A\vg — Qg — Pug — (F + )\0¢> vy — <7 + ng) vy — Apur + Nvs, (2.19)

where A € Ag and 6, ¢ € Az.

2.4.4. Osculations of V

Let U(go) be the universal enveloping algebra of gg, naturally filtered by degree, and
let U (go) denote the k-th filtrand, where k € Z>¢. Define the map Uk (go) — V given
by t — t - v1, and call its image TV the k-th osculating space of V at o = [v1]. (The
space :ﬁﬁ”\? is also called the affine tangent space of V at 0.) Since the semisimple part
o of o is contained in the annihilator of vy, the aforementioned map is fi’-equivariant.

Recall from (2.17) that q preserves the line o, so we obtain a g-invariant filtration of
V by osculating spaces

TRV c TRV c TV .|
with associated graded

e(V)= P N

kE€Zxo

given by the sum of normal spaces N = fék)\?/fo(kfl)\?. The induced surjection
Uk(go) — Nk has Uk_1(go) in its kernel, so it descends to a fF-equivariant map
U (g0)/Uk—1(g0) = Ni-

Since q preserves o and Uy (go)/Uk—_1(g0) = S*(go) as go-modules, so as f-modules
as well, the restriction

or 5" (1) = Ny
of our map to S*(f_;) is still surjective and f*-equivariant. Hence
Ny = S*(5-1)/ ker(er), (2.20)

as f’-modules. One can also easily see that N, has degree —k w.r.t. the grading ele-
ment Zo.

For any 4,j, the full symmetrization of S*(f_1) ® ker(y;) sits inside S (f_;) and
acting on v; lands in TS 7Dy Hence gr(V) inherits from the product in S*(f_;) a
(supercommutative, associative) Z-graded superalgebra structure

N; ® Nj — Ni+j’ (221)
which is f§’-equivariant.

We organize the roots (2.4) of V' = g_; using Z5 to obtain gr(V) = No@® N1 & N2 @ N3
with:
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’ gr(V) ‘ Grading Even part Odd part ‘
NO 0 —Q
Ny -1 —a1 — g — o3 —a1 — g, —o — g — 203 (2.22)
Ny -2 —a1 — 20 — 2a3 | —ap — 209 — 3z, —ap — 2000 — i3
N3 -3 —Q] — 30&2 — 30&3

The identification (2.20) yields the dictionary below, where Y7, A5, Ag refer to the equiva-
lence classes of these elements modulo ker (i), and similarly for the elements in S*(f_1),
k = 2,3. The action of a representative in a class on vy is illustrated next to it on the
right.

‘ I Even representatives | Odd representatives

Ny 1 U1
A5 Vs
N Y] —
1 1 V2 AG v6
Y1A5 —vs
N. Y1)? = A5A -
2 (Y1) 5416 Vg Y3 Ag v
N3 (Y1)3 = Y1A5A6 —V3

Note that one generating relation (Y;)? = AsAg arises. (The relations (A5)? = (46)? = 0
and AsAg = —AgAs are automatic since As, Ag are odd.)

2.4.5. Super-symmetric cubic and quadratic forms on a Jordan superalgebra

Let W = N;. Note that Ny ® No — N3 is a non-degenerate fi’-equivariant pairing and
that f3° acts trivially on the 1-dimensional module N3. Hence No & W* as f§-modules
and N1 ®N; — Ny yields a map W®W — W* that is fi’-invariant. The associated cubic
form € € S3W* is clearly supersymmetric, as the algebra structure (2.21) is induced from
the product in S®(f-1).

Concretely, we fix (Y1)? € N3 and consider the dual bases:

Basisof W : w; =Y, we = As, w3 = Ag.

2.23
Basis of W*: w! = (Y1)?, w? =Y14s, w®=-Y1As;. (2.23)

Proposition 2.4. The following supersymmetric forms are fi -invariant:

¢ T(wh)? —2wlw?u® € SBW*,
& = (w')? — 4w € S2W*,
[ %(w1)3 — %w1UJ2w3 S S3W,
& = (’LUl)2 — WaW3 € SZW,

and they are the unique g -invariant forms in these spaces up to scale.
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Proof. Since f§ is semisimple, it is generated by its odd part (fo)7 and it is sufficient to
check invariance under the latter. The claim follows then from a direct calculation using
the explicit expressions w.r.t. the basis (2.23) of the action of the elements of (fp); on W,

0 [0 2 0[-2 0
A A
=(=1lo0 o =00 o
3 o]0 o)’ 4 -1l 0 0)’
o 01 0 o 0 |0 1
—A3= (0o o), —Ai={(==270 o),
2|0 0 0]0 0

on W* given by the negative of the supertranspose. O

and the action

We note that post-composing W @ W — W* with the f§’-equivariant duality

’LU1|—>U)1, wg’*—>—§w2, w2l—>§w3,

from W* to W induced by & gives an fi-equivariant (supercommutative, not associative)
superalgebra structure o on W. Its multiplication table is

@) ‘ w1 w29 w3

1 1
w1 w1 §'LU2 5’[1)3
w2 0 w1
w3 —wW1 0

and we recognize a non-unital simple Jordan superalgebra, called the Kaplansky super-
algebra [21, p. 1381].

2.4.6. A key identity

Let W = Nj be as in Section 2.4.5 and let us recall that for any finite-dimensional
supercommutative superalgebra A = Ag® A1, we may define W(A) := (W®A); =2 (A®
W)g, where the isomorphism interchanges right with left coordinates via the “sign rule”.
In this section, we shall work exclusively with left coordinates; accordingly W*(A) :=
(A ® W*)5. We will also freely use Einstein’s summation convention by summing over
repeated indices.

For any T € W(A), we write

T = tw, = Awy + Ows + dws (2.24)

where the index @ = 1,2, 3 and the parameterst! = X\ € A5, t> =0 € Ajand 3 = ¢ € Ajz.
We extend the definition of € and & from W to W(A) using the non-trivial components



24 B. Kruglikov et al. / Advances in Mathematics 376 (2021) 107420
of € = € pewwbw® given by’

1 1
¢ = 3’ Cio3 = —3= —C30 = Ca31 = -+ -, (2.25)

and A-linearity (in the super-sense) on the left, i.e., we have

3
E(T3) := tt°t°C gy = % +2M0p, &(T?) :=t'1"&,, = A% + 469, (2.26)

for any T € W(A) as in (2.24). Here and in the following, the terms T2 and T° inside
the parentheses are meant to suggest 7' inserted twice or three times. We will also use
notation such as

1 1
¢ (T?) = gatc(c(ﬁ)), Coe(T) := 5atbcc(TQ), Cape := OpaCie(T),  (2.27)

so that €(T3) = t°€.(T?) = tt°Che(T) = t°t°t2€ ype, as expected. Then a straightforward
computation shows that

3C.(T%) = (A2 4209, 2Xp, —2X0),

A ¢ -0
-0 X 0

In a similar way we consider T* € W*(A) and write T* = t}w® = pw! + dw? + ew?,
where p € Ag and d,e € A7. We define

C((T)) = 5+ Zpbe, 6 (T")?) = i + e

and likewise introduce tensors of the forms (€*)¢((7*)?) etc., explicitly given by

3(€)°((T7)?) = %2 € ;
246
4 1 1
By 56 —30
sy = | e 0 L

A straightforward verification now yields a supersymmetric version of some key identities
for € and €* used in [35]. They will be crucial in the symmetry computation in Section 4.3.

3 Our definition of super-symmetric forms includes a weight in their expression as a sum of tensor products,

e.g. wiw® = %(w2 R w® — w? ® w?).
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Proposition 2.5. For any T € W(A) and T* € W*(A), the following identity holds:

C(T?)C, (T2)(E")(T™) = %@(T?’)tct: (2.28)

Via differentiation, we obtain:
1
ClT)E(T?)(E)(T%) = o (3&,(T)t +€(T)) (2:29)
and

Cape€a(T?)(EF)*(T) + 2844 (T)(E*)**(T*) € (T)(—1)

1 .
=5 (2€a (Tt + t5€,(T?) + €4(T)t}) (2.30)
where |c| € Zs is the parity of t© € A.
2.5. Lagrangian subspaces along 'V

In Section 2.4.3 we constructed the supervariety V C P(V), which we called (1|2)-
twisted cubic, and in Section 2.4.4 we carried out the osculations of V at the point
o = [v1] = [27] of its underlying topological manifold, the (classical) twisted cubic. Using
the explicit expressions of the matrices of f in Section 2.4.2 it is clear that the affine
tangent space

f‘(gl)\? = span{'U1, V2, Vs, U6}

is Lagrangian with respect to 7, i.e., it is n-null and of maximal dimension (2|2).

Let LG(V) be the Lagrangian—-Grassmannian of the linear supermanifold V', consid-
ered, as usual, via its functor of points A — LG(V)(A) :== LG(V ® A). Here LG(V @ A)
is the collection of Lagrangian free A-modules in V® A =2 A ® V of rank (2/2), see
[28]. In particular we may regard the A-module fo(l)V(A) = A®@TSVV as an element of
LG(V)(A).

Since V is Gp-invariant and the CSpO-structure [n] is Go-invariant too, then the
collection of Lagrangian A-modules

V= {@(1)\7 | ¢ = super-point of V} C LG(V)

given by the affine tangent spaces along V is also Gy-invariant. To describe % concretely,
we consider the local parametrization (2.19) of V and osculate at any super-point ¢ =
L(\, 0, ¢). Furthermore, to facilitate the passage to the super-PDE picture considered in
Section 4.2, we will describe both V and Vina CSpO-basis, i.e., a basis of V w.r.t. which
7 is represented by a multiple of
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(2.31)

In terms of (2.15), one such CSpO-basis is {bo, ..., b3, 0%, ..., b3} = {v1, va, vs, v, V3, V4,
V7, ’Ug}.

First of all, we observe that the local parametrization (2.19) can be efficiently re-
written using the cubic form € as

1 3
bo — t"by — §€(T3)b0 - §€a(T2)ba, (2.32)

with T' = t*w, = Awy + 0w + pws € W(A) as in (2.24). The affine tangent spaces fe(l)\?
are then obtained by supplementing the first derivatives

B t= ba - € (T?)00 + 3T, (1)t

of (2.32) w.r.t. the parameters t*, a = 1,2, 3, with (2.32) itself, or, alternatively, with
By := by + €(T*)° + gCG(TQ)b“ .

In other words, we have proved the following.

Proposition 2.6. A local description ofﬁ C LG(V) near the topological basepoint o =
[v1] = [23] is given by the affine tangent spaces Tf(l)V = spany {Bo, B1, B2, B3} varying
the super-point £ = £(\,0,0) of V.

Remark 2.7. Since go C cspo(g_;) is maximal by Proposition 2.1, then both V and
V reduce the structure algebra cspo(g_1) to precisely go. We now explain how V is
recoverable from V. We osculate the latter to get the subspaces @(2)\7. From (2.22), the
second osculating space ﬁ@v has associated graded vector space Ng @ N1 @& No, so has
codimension one in V. Noting that g_s is the root space for the root —2a; — 3as — 3as,
then (2.22) also implies that the orthogonal w.r.t. n of T2V is precisely the line o itself.
By Gp-invariance, the orthogonal w.r.t. n of @(2)\7 is £ itself, and in this way all of V is
recovered.

In Section 4, we further discuss V and V and derive our main super-PDE of study.
Proving that these have G(3) supersymmetry relies on key cohomological facts that we
establish next.
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3. Computation of the Spencer cohomology
3.1. Hochschild-Serre spectral sequence

Let m = my @ m; be a finite-dimensional Lie superalgebra (LSA) and M an m-
module. We recall that the n-cochains of the associated Chevalley—Eilenberg complex
are the linear maps A"m — M or, equivalently, the elements of M ® A"m*, where A® is
meant in the super-sense.

The space of n-cochains C" = C™"(m, M) = M ® A™m* has a natural descending
filtration

cC"=F'C" > FlCc" > ... o FrC" > F*Ficn =0,
where
FPC"™ = {c € C™ | ¢ vanishes upon insertion of at least n 4+ 1 — p elements of mﬁ}

for all 0 < p < n + 1. For simplicity, we will allow the filtration index p to “go out of
bounds”, with the understanding that the objects in question are either the full object
or zero (that is, F~'/C™ = C™ and F"™1TC™ =0 for all i > 0).

The Chevalley-Eilenberg differential @ : C™(m, M) — C™*!(m, M) is compatible with
the filtration; this means that (FPC™) C FPC™*. For n = 0,1 and 2 it is explicitly
given by the following expressions:

0:C%m, M) — C*(m, M)

(3.1)
dp(X) = (~1)"1¥IX - o,
d:CHm, M) — C%(m, M) (32)
0p(X,Y) = (=1)" X - (V) = (~1)*HDY - (X)) = o(1X, Y]),
d:C*(m, M) — C3(m, M)
p(X,Y, Z) = (—1)791X - o(¥, 2) — (-1 . o(X, 2) s

+ (1)t 7 o(XY) — (X, Y], 2)
- (_1)$(y+Z)90([Y» Z]7 X) - (_1)Z(I+y)90([zv X]v Y) )

where z,y,... denote the parity of elements X,Y,... of m and |p| the parity of ¢ €
C™(m, M), with n = 0, 1, 2 respectively.

The Hochschild—Serre spectral sequence is the spectral sequence (E,., 9, ),>0 associated
to the cochain complex C*® together with the filtration of subcomplexes FPC*®. More
formally, we have

ZP1 = {c c FrCrta | Oc € Fp+rcp+q+1} ,
BP4 = aZp—{'+1,q+r—2
T r—

)
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for all nonnegative integers p, q,r, where ¢ = n — p is the complementary index and r
the index of the spectral sequence. The rth-page of the spectral sequence is bigraded
E,. = @ EP? with the components given by

D,q
zZp

EPq —
T Tl,q—1 :
ZPTht 4 pr

and with the differential
3T - B Ep+r,q+17r
* s T

that is induced by the action of 9 on ZP9. We have 02 = 0 and E,1 = H*(E,, d,).

Since the chain complex and the filtration are both bounded below, the spectral
sequence converges EP9 = H™(m, M) to the Chevalley—Eilenberg cohomology. It is
not difficult to see that the Oth-page of the spectral sequence has components E}? =
M ® AP (mg)* ® A4(mg)*. We will be interested in n = 0,1, 2, in which cases the spectral
sequence degenerates at the 4th page. More precisely, we have:

Proposition 3.1. H%(m, M) = E°, H'(m, M) = E;° & ES' and H2(m, M) = E3° &
1,1 0,2
E;' @ B2,

The following lemma is straightforward.

Lemma 3.2. The groups E?’O and Eg’o consist of the trivial modules in M wunder the
action of mg and, respectively, m.

The following identifications will be useful to compute F; and Fs in Section 3.3.

Proposition 3.3. [15, Theorem 1.5.1] We have EY'* = H%(mg, M @ AP(m5)) for all p,q >
0. If mg is an ideal of m, then m/mg = my is a purely odd abelian LSA and

EYY = HP(m/mg, HY(mg, M))

for allp,q > 0. Here the action of m/mg on HY(mg, M) is given by the natural action of
my on M.

For more details on the Hochschild—Serre spectral sequence, we refer the reader to [15].
3.2. An ezact sequence in cohomology

Let g=g_, ® - ® g, be a Z-grading of g = G(3) with depth x> 0 and associated
parabolic subalgebra p = g>o = go®- - -®g,. We are interested in the Spencer cohomology

of g, i.e., the cohomology associated to the complex C*(m, g) where the negatively graded
part m =g_, ®--- ® g_1 of g acts on g via the adjoint representation.
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Note that the Z-degree in g extends to the space of cochains by declaring that g
has degree —d and that the differential 0 has the degree zero. In particular, the complex
breaks up into the direct sum of complexes for each degree and the group

H"(m,g) = P H""(m, g) (3.4)
deZ

into the direct sum of its homogeneous components. Any page EP¢ of the spectral
sequence decomposes in a similar way.

The space C%"(m, g) of n-cochains of degree d has a natural go-module structure and
the same is true for the spaces of cocycles and coboundaries, as 0 is gg-equivariant; this
implies that any H%"(m,g) has a representation of gy and hence of the (purely even)
Lie algebra (go)g. This equivariance is very useful in calculations, as we will have ample
opportunity to demonstrate. Any page of the spectral sequence is also a (go)g-module.

Lemma 3.4. The centralizer £g(m) of m in g coincides with the centre of m. Hence
H%%(m,g) =0 for all d > 0.

Proof. The ideal of g that is generated by the centralizer of m in p is easily seen to be
contained in p, hence it is trivial by simplicity of g. The last claim follows readily from

Proposition 3.1 and Lemma 3.2. O

There is an interesting and very useful relationship between the Spencer groups (3.4)
for the LSA g and the classical Spencer groups. Let

0— K" — A"m* =5 A"m} — 0

be the short exact sequence given by the natural restriction map res : A"m* — A"mZ
with kernel

K=o, K" = Z A" @ A'm for n>0,
1<ign
and let
0— g K®* 5 C*m,g) — C*(mg,g) — 0 (3.5)

be the associated short exact sequence of differential complexes. With some abuse of
notation, we give the following.

Definition 3.5. The differential complex C'*(mz, g) = g K*® is the subcomplex of C*(m, g)
given by C°(mg,g) = 0 and the n-cochains, n > 1, that vanish when all entries are in
mg.
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It is not difficult to see that every morphism in the sequence (3.5) is (go)g-equivariant.
The associated long exact sequence in cohomology, together with Lemma 3.4 and the
discussion above it, gives the following general result, which we will extensively use in
Section 3.4.

Proposition 3.6. For all d > 0, there exists a long exact sequence of vector spaces

0 — &d(mg) — H (my,g) — H'(m,g) — (3.6)
— Hd’l(m(],g) — Hd’z(mi,g) — Hd’Q(m,g) — Hd’Q(m(),g) .

where §g(m5) is the component of degree d of the centralizer of mg in g. The morphisms
in the sequence are all (go)g-equivariant.

3.8. Spencer cohomology for ptV C G(3)

Given the contact grading of g = G(3), we let p = pIV = g>0 and m = g_, and consider
the space of cocycles C*(m,g) and the cohomology groups H®(m,g) as in Section 3.2.
We first note that H%(m,g) = g_o by (2.5) and Lemma 3.4, and then turn to compute
H%(m,g) for d > 0 and H%2(m, g) for d > 0 using spectral sequences.

We recall that

Ef? = g® AP(mg)" ® Al(mg)”,

where AP(mj)* is meant in the super-sense, i.e., it refers to the symmetric p-th product
of elements.

3.3.1. The E1-page
Since [mg, m7] C (m_2); = 0, an immediate strong property is that

my and (my)* are trivial as mg-modules. (3.7)

This fact together with Proposition 3.3 directly implies that
EP? = H%(mg, g ® AP(mg)") = AP(mg)" @ H(mg, g) - (3.8)

Since mg C g5 = G(2) @ sp(2) is the negative part of the contact grading of G(2) and
sp(2) C go, we can use Kostant’s version of the Bott—-Borel-Weil theorem to compute
the Lie algebra cohomology group H9(mg,g) as a module for (go)g = C & sl(2) @ sp(2).

Let Vi, ¢[r] be the even irreducible representation with highest weight (k,¢) for sl(2) ®
sp(2) and with degree v w.r.t. the grading element Zy. We let Uy 4[r] be the same, but
regarded as an odd module.

Kostant’s theorem gives representative lowest weight vectors for each irreducible com-
ponent of H(mg, g) and we use square brackets around a given element to denote its
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Table 1
Irreducible (go)g-module decompositions and lowest weight vectors.
E o AF(mp)* Lowest weight vector H"*(mg,g) Lowest weight vector ¢
3 Us,3(3] €ar4as N Cajtas N €ajta, not relevant for our computations
U1 ,1(3] not relevant for our computations not relevant for our computations
2 Vo[2] €aitas N €ajtay Vz0[1] [ea; N €astastas ® €—ay—3as—3as]
Vo,0[2] €aytas A €ay+2a,+30; Va,2[2] [ea; A €aytasta; ® €—2a,]
tCeaitas+2as N Cait2as+as
Us,1[2] [ear A €artasta; @ €—ay—2a,]
1 Upa1] €aita, Vs,0(0] [ea, ® e—a,—3a,-3a,]
Vs3,2[1] [ea, ® €e—24,]
Uy,1[0] lea; ® e—a;—2a;—3as]
o C 1 Vo,0[—2] le—2a,—3a,—3as)
Vo,2[0] [e—20,]
Uy a[-1] €y —2as—3as)

cohomology class. We use the notation e, to denote the root vector associated to v € A
and attach a parity to e, in the natural way, e.g., since oy + as is odd (see (2.4)), then
€ay+asy 18 0dd too and ey, 4, A €q,+a, refers to a symmetric tensor product. Finally, we
let ho € B be the coroot corresponding to any o € A.

Note that G(2) @ sp(2) has simple roots and Cartan matrix given by

ay = az + as, 2 1 0
aQ — al? 5 <a“a5/> = —3 2 0 B
~ 0 0 2
a3 = 20[3

so that g = G(2) @ A(1) ® (C" K C?) as gg-modules, with respective lowest weights (see
(2.4)):

~ ~ ~ ~ o~ 1.
—20(1—30(2—30(3 = —30[1—20[2, —20(3 = —Qs3, —0[1—2&2—3&3 = —2(11—0&2—5043.

Applying Kostant, we get the groups H*(mg, g) given in Table 1.

Example 3.7. Note that C' K C2 = %% (13, i.e., (minus lowest) weight

~ ~ _ _ 1_
)\:)\1+/\3:2a1+a2+§a3,

where Xl, Xg, Xg are the fundamental weights. Because we work with the contact grading
of G(2), we use the Weyl group element w = (AQT) The affine action of the Weyl group
gives

which is (minus) the lowest weight of H?(mg, C” X C2). A lowest weight vector is



Table 2

E;-page (in degrees 0,1, 2) in the G(3)-contact case. Modules in blue clearly survive to the Es-page by (go)g-equivariance.

Vi4,2[2] + Us,1[2] + V7 0[1]

Degree < 2:
Us,1[2] + Us,1[2]

*

*

V3,2[1] + U4,1[0] + V,0[0]

Usz,1(2] + Uz 3[2] + Uy (2] + Uy 3[2]
V3,0[1] + V3 2[1] + V5 o[1] + V5 2[1]
Us,1[1] + U7 1 [1]

Degree < 2:

2U4,1[2] + U2 1[2] + Uz 3[2]

+Uy,3(2] + Us 1 [2] + Us,3(2]
+Vs,0[2] + Va,2[2] + Ve,2[2] + V5 2[2]

Vo,2[0]

Uy,1[1] + Uy 5[1]
+V0,0[0] + Vo,2[0] + V3 0[0] + V3 2[0]

Vo,2[2] + Va,0[2] + V3 2[2] + V3 4[2]
42Uy 1 (1] + Uy 3[1] + Uz 1 [1] + Us 3[1]
+V0,0[0] + V2,2[0]

Degree < 2:

Vo,0(2] + Vo ,2[2] + V2 0[2] + 2V (2]
+V2 4[2] + V4 2[2] + V4 42

+U; 1[1] + Uz 3[1]

[49

037L0T (1308) 9L& soUPWIYIDJY up saouvapy / ‘v 32 aoyybnayy g
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QS = [6&2 A eﬂi(al) ® e’LU(—)\)] = [eal A ea1+o¢2+a3 ® 67(1272&3]7

where o5 is the simple reflection corresponding to &. Hence, Z; gives ¢ degree 2, and
thus HQ(m@ (C7 X (CZ) = UG’I[Q].

Taking tensor products as in (3.8), we obtain the Ej-page of the spectral sequence as
in Table 2. Since for p+q = k < 2, E7"? only has degrees < 2, and we are only interested
in H%*(m,g) for nonnegative degrees d > 0, we only display those terms with degrees
0,1,2.

The differential 9y : EP? — EPTH9 is (go)g-equivariant, so for p + ¢ < 2, we immedi-
ately see that some modules survive to the Es-page by Schur’s lemma, e.g., U7 1[1] C E%’l
lies in ker(0;) but not in im(0;) (since Uz ;1[1] does not appear in either E?! or BV,
hence Uz 1[1] € Ey". All modules that survive to the Ey-page directly by Schur’s lemma
are coloured in blue* in Table 2.

3.8.2. The Es-page
For the Es-page, we may work directly with

EZT = HP (m/mg, H(mg, g))
due to the second part of Proposition 3.3. (Remember that [mg, m;] = 0.) Here, m/mg =

mj is an abelian LSA, whose action on H9(mg, g) is the one induced just on the coefficients
g of representative cocycles. We denote 0; simply by

d: E:f’q = Cp(m/m(ijq(m()vg)) — Ef+17q = Cp+1(m/m67Hq(m(jvg)>

and heavily rely on (2.4) and Table 1. We also note that EY"Y = H9(mg,g) coincides
precisely with the first column of Table 2.

Proposition 3.8. The Es-page is given by the following Table:

Table 3
E>-page (in degrees 0,1, 2) in the G(3)-contact case.
Vi 2(2] + V70[1] * * *

U4,1[0] + Vg,0[0] | V30[1] 4+ V50[1] + V52[1] | Degree < 1: | *
Us,1[1] + Uz a[1] —

- VQY()[O] U311[1} Degree < 1:

Modules in blue automatically survive to the Es-page by (go)g-equivariance.

4 In Tables 2 and 3, what is blue in the web version may appear as greyscale in print form. Check with
the online version for the proper colours.
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Proof. We start with
ES" = (H(mg, )™ .

The module Ug1[2] C H?(mg, g) has the Lw.v. ¢ = [ea, A €aytastas @ €—as—2a5) and,
letting u = €_q, —205—as € My, we see that (0¢)(u) = —u - ¢ is a nonzero multiple of

[6041 N €as+as+az @ 6—041—3042—3043] )

that is, the Lw.v. for V;o[1] € H?(mg, g). Thus, Us1[2] ¢ Ey°. The modules V3 [1] C
H'(mg,g) and Vg 2[0] C H%(mg, g) have Lw.v. [, ® €_24,] and [e_aa,] respectively,
and we may similarly conclude Vs o[1] ¢ Ey', Vo 2[0] ¢ EY°. The left-most column of
Table 3 is so established, as all other modules in the left-most column of Table 2 are
blue and survive to the Es-page.

Furthermore, we also immediately infer that Ugs.[2] C E}®, Vs,[1] ¢ Ep' and
Vo,2[0] C E% 0 are in the image of 0 and therefore do not survive to Ej.

We consider now the cases (p,q) = (1,0), (1,1) and:

(i) For each (go)g-irreducible representation T in EY*? that is not yet known whether it
survives to Ey or not (they are displayed in Table 4), we write the associated l.w.v.
0.

(ii) For each such ¢, we examine 8¢ € E'T1? using (3.1)-(3.3). If ¢ # 0 then T ¢ ED*
by Schur’s lemma, since T always occurs with multiplicity one in E}*%.

The results of these computations are summarized in Table 4 and, in turn, this establishes
EPY in Table 3 for (p,q) = (1,0),(1,1). We also see that the modules Uj 3[1], V2 2[0],
V0.0[0] and (one copy of) Uy [1] in EZ° are in the image of @ and therefore do not
survive to Fs.

We turn to the case (p, q) = (2,0). By the previous discussion, the irreducible modules
in E12 0 that we do not yet know whether they survive to F5 or not are in Table 5, together
with the associated l.w.v. The proof is similar to previous cases and we omit most details.
Table 5 also implies that Uy ;[1] and Us 3[1] in E}° are in the image of & and do not
survive to Fs.

Let us however give some details for verifying (9¢)(u, u,u1) # 0 on 2U; 1[1] C E>Y,
As (go)¥-modules, mj = C* K C? = Uy 1 [-1] C H"(myg, g). Take the basis

€] = T1T2 <7 €—qy—as €2 = Y1T2 <7 €_ay —2a5—as>
€3 = XT1Y2 £ €—ay—ay—2as> €4 = Y1Y2 £ €—ay—2a3—3as>

and let (w!',w? w? w*) be the dual basis. The lowering operators are Y; = 3,0,, and
Y2 = y20,,, which we use to verify that any Lw.v. ¢ € 2U; 1[1] C A’ (mp)* @my is of the

form:
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Table 4
The remaining modules in EY"? = AP(m1)* ® H%(mg, g) for the values (p,q) = (1,0)
and (1,1). Here u = e_qo, —a, € m; and ¢, ¢; are constants.

(p,q) (g0)g-module  Form of L.w.v. ¢ € EP? Remarks
(1,0) Uy s[1] Coyta, @ [€—2a,] (0¢)(u,u) # 0
Us,1[1] €atas D [h2a,] + Ceaytas+2a; @ [€—2a,]  (0¢)(u,u) #0
Vs 2[0] €atas @ [€—a,—2a;—3as] (0¢)(u,u) #0
Vo,0(0] Cayta, ®l6—a,—20,—3a,] (0¢)(u,u) #0
FC1€a fast2as ® [E—a) 200 o)
+e2ea,+2a,4a; ® [€—a,—ar—2a4]
t+ezea, +2as+3as @ [€—a;—as]
(1,1)  Ussl2] Cartas ® [€a, ® € 2a,] (8¢)(u,u) # 0
Usa(2] Cartas ® [€a; ® haa,] (8¢)(u,u) # 0
tceastast2a; @ [€ay @ €-2a,]
U2,3(2] €a ta; ® [€a;tasta; ® €—2a,] (09)(u,u) #0
+Cla+2as+as @ [€a, ® €_2a,]
Us,1[2] €aitaz ® [€a;+aztas ® haay] (0¢)(u,u) # 0
+C1ea,tas+2a5 @ [€a;+as+as ® €—2a,]
+C2ea, 42054305 D [€a, ® €_2a,]
+C3€a;4+2ar+as @ [€a, ® haa,]
Table 5
The remaining modules in E7° = A?(m;)* @ H°(mg, g). The elements u = €_o,_q, and u; =

€_a,—2a,-3a; are in my and a, b, ¢, ¢; are constants.

(p, q) (g0)g-module  Form of Lw.v. ¢ € EP'? Remarks
(2,0)  V3.4[2] €artas A €ayta, @ [e—2a,] (0¢)(u,u,u) #0
V2 2(2] Carta; N eayta, ® [haa,] (09)(u, u,u) # 0
+cea,tay A €ajtast2as ® [€-2a,]
V2,0[2] €artas N €ayta, ® [€2a,] (09) (u,u,ur) # 0
+e1€a;tas A €artast2a; ® [h2ag]
+e2€a;tas+2a; A €artast2a; @ [€—24,]
Vo,2(2] (€a)+as N €ay+2as+3as (09)(u,u,ur) #0
+cea;+as+2a; A €ayt+2as+a;s) ® [€—2a,]
Us,3[1] €artas N eata, ® [€—a;—2a,—3as) (0¢)(u,u,u) #0
2U; 1 [1] @€aitar N €arta; ® [€—a;—a, (9¢) (u, u,u1) # 0

+aea,+a, N €atas+2a; @ [€—a; —as—2as] for generic a,b
+aca,+a; N €ay+2as4as ® [6—a;—2a;—as]
+(a = b)ea,+a, N €ar+2a+3a; @ [€—a;—2a,-3a;s]

tbea, +as+2as A €ar+2astas ® [€—a;—2a;—3a,]

p=a(w rNw'@er+w AW ®es+w Aw® ®es) + ((a—bw' Aw* +bw? Aw?) @ey.

Since [e1,e4] # 0, then (9)(e1,e1,e4) = —2[er, d(er, eq)] — [ea, Pler,e1)] = (=3a +
2b)[e1, e4] is generically nonzero, while b = %a yields a L.w.v. for Uy 1[1] C E12’0 in the
image of 8|E}=°' O

3.3.3. The main result

By Proposition 3.1 and Proposition 3.8, it only remains to understand whether
Va2[2]) C E20 2 Survives to the E,-page. We note that this is the only possibly non-trivial
contribution to the cohomology group H??2(m,g), and that the latter is a representation
for the semisimple part osp(3|2) of go. However, a simple LSA does not admit any non-
trivial representation that is purely even, hence Vy 2[2] does not survive to the E4-page.
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Theorem 3.9. Let g =g_o @ -+ B go be the contact grading of g = G(3) with associated
parabolic subalgebra ptV. Then:

0, d>0;

H"!(m,g) =
V670[0] D V270[O] D U471[0], d = 0,

and
H®%?(m, g)
)0, d=0 ord>1,;
V7.0[1] ® V3 0[1] @ V50[1] @ V52[1] ® U7 1[1] @ Us1[1] ® Us1[1], d=1;

where Vi, ¢[r] is the even irreducible representation with highest weight (k,£) for sl(2) &
sp(2) and having degree r w.r.t. the grading element Z; of g, and Uy, ¢[r] is the same, but
regarded as an odd module. The cohomology groups H%(m,g) and H>?(mg) are drre-
ducible representations for 0sp(3|2), their highest weights w.r.t. a choice of distinguished
Borel subalgebra (i.e., corresponding to a Dynkin diagram with just one odd root) are
(4,1) and (5,2), respectively.

Proof. We already proved the first claim.

Consider now a composition series for the 0sp(3|2)-module H%!(m,g) and note, by
dimension reasons, that its irreducible constituents are given by some of the osp(3]2)-
modules of small dimension displayed in [14, Table 3.65] (possibly up to a parity change).
Under the finer decomposition for the action of sl(2) @ sp(2) C osp(3|2), the group
H%'(m,g) is the direct sum of all the irreducible s[(2) @ sp(2)-submodules that appear
in its osp(3|2)-constituents. A look at such decompositions for the o0sp(3|2)-modules in
[14, Table 3.65] of dimension less than or equal to dim H%!(m, g) = (10]10) immediately
implies that the composition series consists of just one module of highest weight (4, 1),
i.e., H%1(m, g) is 0sp(3|2)-irreducible. (Note that the labels in [14, Table 3.65] are in the
opposite order than ours and that osp(3|2)5-modules are indicated by their dimensions.)

The argument for H%2(m, g) is completely analogous. O

As go-modules, H%!(m, g) = dery,(g—)/go = cspo(g_1)/go, so our result H%!(m, g) =
V6,0[0] @ V2,0[0] & Uy1[0] could have been directly obtained from the modules S°C? &
51(2) ® S*C2 X C? appearing in the proof of Proposition 2.1. Vanishing of H%!(m, g) for
d > 0 implies that for the Tanaka—Weisfeiler prolongation pr(m, gg), we have [34]:

Corollary 3.10. Let g =g_o®--- D go be the contact grading of g = G(3) with associated
parabolic subalgebra ptV. Then g = pr(m, go).
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Table 6
The decomposition of the graded components of g = G(3).
Graded components do g+1 g+2 g+3
As go-module ctloxctio crlorctl? clogcetlr crogctlo
sl(2) B C°
C'1° ® osp(12)
Even part as (go)g-module CXC C’KC CXC C’KC
s[(2)XC
C X sp(2)
Odd part as (go)g-module CKXcC? C*RC? CKXcC?
Dimension 7|2 2|4 1|2 2]0

3.4. Spencer cohomology for pLY C G(3)

3.4.1. The cochain complex for p5¥ C G(3) and the groups H*(m,g)

Theorem 3.20 deals with the Spencer cohomology of G(3) w.r.t. the grading with
associated parabolic subalgebra pLV. Proofs will be given in this and next sections, and
in Appendix B. We depart here with the description of the relevant cochain complex and
some intermediate but important results.

Table 6 recollects the components of the Z-grading g = g_35@® --- ® g3 of g = G(3),
emphasizing their structure as modules for the (semisimple part of the) reductive LSA

go =CZ @sl(2) dosp(1]2)

where Z = Z, is the grading element, together with branchings w.r.t. the purely even
subalgebra (go)g = CZ @ sl(2) @ sp(2) (as already discussed in Section 2.3). Note that
the grading is compatible with the decomposition

9=05®01 = (G(2) ®sp(2)) @ (CTRC?); (3.9)

more precisely the grading induces the (2, 3,5)-grading on G(2), sp(2) sits all in degree
zero while the odd part g7 has no graded components in degrees +3. In particular, Z is
an element of G(2) and it precisely coincides with the grading element of the (2,3, 5)-
grading.

Some of the components obtained by restriction of the bracket of G(3) to the irre-
ducible (gp)g-modules of Table 6 are automatically zero, by (go)g-equivariance, parity
and Z-degree. It is a straightforward matter using the root system of G(3) to verify
that all other components have “full rank” —i.e., image as large as permitted by Schur’s
lemma, parity and Z-degree — with the sole exception of the Lie brackets between the
irreducible (go)g-components of go.

This implies the following lemma.

Lemma 3.11. The centralizer of (§—2)5®(g—3)5 in g is given by sp(2) D (g9-1)1Dg—2Dg—3
and the centralizer of mgz by sp(2) @ (g—2)1 ® g—3.
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Now, a direct application of Kostant’s version of the Bott—Borel-Weil theorem tells
us that, as s[(2)-modules, H%!(mg, G(2)) = 0 for all d > 0 and

0 foralld>0,d#1

H%!(mg,C)
(ma; €) {(C2ifd:1

0 foralld>0

H% (mg,CT) =
(ms, C°) S2C2 ifd=0

so that the only non-trivial homogeneous components of H'(mg,g) are H%!(mg,g) =
S2C2X C? and HY!(mg,g) = C? X sp(2). Explicitly:
O mg.) = {ip: (8105 = (8-1)1 | X, 0(¥)] = [V o(X)] for all XY € (g-1)p)} .
H" (g, g) = 5p(2) ® (9-1); -
(3.10)

The following is a consequence of the above discussion, Proposition 3.6 and Lemma 3.11.

Proposition 3.12. There exist long exact sequences of (go)g-modules

0 — sp(2) — H%'(mj,9) — H*'(m,g) — S?C?*RC? (3.11)
0 — H"'(m7,g) — H'(m,g) — C?*Xsp(2) (3.12)
and
0 — H%'(mg,g) — H®'(m,g) — 0 (3.13)
foralld > 1.

To proceed further, we shall need the explicit form of some of the Lie brackets of
g. We fix a symplectic basis (e, ez) for C2 X C and (ej, €3) for C X C2, normalised
to wig = w'? = 1, where w denotes the symplectic structures on both spaces. We will
use small Latin indices for C? X C, employ Einstein’s summation convention and the
Northeast convention to raise and lower indices, when working in components:

X=X and X, =wapX?,
from where it follows that wew?® = d5. We will work on C X C? likewise with Greek
indices. Finally, we fix a basis 1 of CKXC and use the short-cut €,, = e,X¢€, for elements

of C? X C2. The proof of the following result is omitted for the sake of brevity.

Lemma 3.13. The non-trivial components of the Lie brackets of m are:
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(i) For all eq,ep € (g-1)5 and €qn, €pp € (§-1)7 we have

[ea; 6b] = wepl ,
[€q; €bs] = warep , (3.14)

[eaav ebﬁ] = Wabwozﬁ:ll )

where all R.H.S. are in g_o;
(if) For all eq € (9-1)5, €aa € (-1)7 and €g € (g—2)7 we have

[em 1] = €q,
(3.15)
[eaaa eﬂ] = Wap€a

where all R.H.S. are in g_3.
The LSA g acts by derivations on m via the natural action of (go)g on the irreducible

modules of Table 6 and the action of any €y € (go)7, whose non-trivial components are
given by:

(3.16)

where e, € (§-1)5, €aa € (9-1)7 and €5 € (g_2)7-
We depart by directly computing some of the cohomology groups of Definition 3.5.

Lemma 3.14. The cohomology group H%'(mi,g) = sp(2) whereas H**(mq,g) = 0 for all
d > 0.

Proof. The groups in question consist just of the cocycles ¢ € Hom(mi,g) (remember
that C%(mg, g) = 0 by definition). We first note that 0 = dp(X,Y) = [X, p(Y)] whenever

(i) X € mg has degree —2,—3 and Y € my; or
(i) X € (g-1)p and Y € (g—2)1.

We then have

0(g-1)1 Csp(2) ©(9-1)1 g 2D g3,

(3.17)
¢(g-2)71 C5p(2) ®(9-2)1 D93,
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by Lemma 3.11, in particular H%!(mg,g) = 0 for all d > 2. We now decompose ¢ =
5+ 7 into its even and odd components and study them separately and for each degree
d=0,1,2.

Case d = 2 In this case ¢ = @7 : (g—2)7 — sp(2) by (3.17) and 0 = ¢([X,Y]) for all
X €(g-1)gand Y € (g_1)7, whence ¢ = 0.

Case d = 1 Similarly ¢ = o7 : (g—1)7 — sp(2) and 0 = [V, p(X)] for X € (g_1)7 and
Y € (g_2)7, whence ¢ = 0.

Case d =0 In this case ¢7 = 0 by (3.17). We work in components and write ¢ =
08 o + P, where

Now

0= 0p(eq, €rp) = [€a, p(evs)] — plea, €]
= (SOa’YbB - Wab‘zp’yﬁ)ew

for all e, € (g—1)5 and €53 € (g—1)7. It follows that Ye s = Wapp~s, with the component
(3.18) completely determined by (3.19). Furthermore

0 = J0p(€qa, Ebﬂ) = [€qa; ‘P(Ebﬁ)] + [€b67 ¢(€aa)]
= (aabg + Pbpaa)l

for all €44, €53 € (g—1)7, which readily implies po3 = @ga.

The group H%!(my,g) is a (go)s-module and we have just seen that it either van-
ishes or it is isomorphic to sp(2). However, it cannot vanish due to the exact sequence
(3.11). O

Corollary 3.15. H*'(m,g) = 0 for all d > 1 and there exist short exact sequences of
(90)g-modules

0 — H%'(m,g) — S?C*KC?, (3.20)

0 — H"'(m,g) — C*Rsp(2) . (3.21)

We are now ready to prove our first main result, namely the vanishing of H!(m, g) in
non-negative degrees. In view of the preceding corollary, this amounts to understanding
the images of the embeddings in (3.20) and (3.21).

Interestingly, this can be done without any computation. Recall that any group
H%1(m, g) has a representation of the LSA gy and not just of (go). In particular, it
carries a representation of the “di-spin” algebra osp(1]2) [6]. By a result of Djokovié
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and Hochschild, all (finite-dimensional) representations of osp(1|2) are completely re-
ducible [9]. Moreover, any irreducible representation different from the 1-dimensional
trivial one decomposes, under osp(1|2)5 = sp(2), into the direct sum of two irreducible
sp(2)-modules with highest weights which are different and consecutive [6].

By Corollary 3.15

H%'(m,g) c 3C? (3.22)
H'!(m,g) C 25°C? (3.23)

as sp(2)-modules. The above discussion tells us immediately that H%!(m,g) = 0 for
d = 0,1 and we have proved the following.

Theorem 3.16. Let g = g_35 @ --- D g3 be the Z-grading of g = G(3) with the associated
parabolic subalgebra pLY. Then H%'(m,g) =0 for all d > 0.

By [34] we then have:

Corollary 3.17. Let g be as in Theorem 3.10, then g = pr(m).

3.4.2. The groups H?(m,g) and the main result
We now turn to the second cohomology group, whose determination is more involved.
The classical Kostant’s theorem tells us that

H'(mg, G(2)) = §'C*,
H*?(mg, C) = S*C?,
H%?(mg,C7) = §°C?

as s[(2)-modules, and this gives, together with the knowledge of the lowest weight vectors,
all the non-trivial components of H?(mg, g):

H*?(mg,g) = {%bdc 1 (9-1)0 ® (9-3)p — sH(2) | Pabdc = Qﬁ(abdc)}

+{eaat (8-1)0 (8-8)0 > 5p(2) | P’ = Pat) |
=~ SIC? R C + S*C2Wsp(2), (3.24)

H*?(mg,g) = {%bm 1(8-1)0 ® (9-3)0 = (9-1)1 | Pare” = @(abc)”}
> S3C?RC?.
By Propositions 3.6, 3.12 and Theorem 3.16 we then have:

Proposition 3.18. There exist long exact sequences of (go)g-modules

0 — sp(2) ® (g—1)5 — H"?(my,g) — H"*(m,g) — 0 (3.25)
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0 — H>?(mi,g) — H>?*(m,g) — S*C?R C? (3.26)
0 — H*?(mz,g) — H*?(m,g) — S*C?*KC + S?’C?* K sp(2) (3.27)

and
0 — H?(mz,g) — H?(m,g) — 0 (3.28)

ford=2 and alld > 5.

Sequence (3.27) can be immediately improved as follows. We first note that C*2(m, g),
as a (go)g-module, has a unique irreducible submodule of type S*C2? X C, which consists
of the maps as in the first set described in (3.24). Its elements are closed in the classical
complex C*(mg, g), but they are not closed in the full complex C*(m, g): the condition

8@(311; €p, Ecw) - _Spabdced'y =0
for all e, € (g-1)g, € € (9-3)5 and €., € (g_1)7 yields ¢ = 0. It follows that H*?(m, g)

does not contain any irreducible (go)g-submodule of type S*C? X C and that the image
of the restriction map

res : H*?(m,g) — H**(mg, g)
is actually included in S%2C? X sp(2). We proved:

Proposition 3.19. There exists a long exact sequence of (go)g-modules
0 — H*?(mz,g) — H"?(m,g) — S?C?*Xsp(2) . (3.29)
The next one is our main result.

Theorem 3.20. Let g = g_3 @ --- @ g3 be the Z-grading of g = G(3) with the associated
parabolic subalgebra ptY. Then:

H%'(m,g) =0 for alld >0,

0 for alld > 0,d # 2,

H®? m,g)g =
(m. 8)s {5262®A2<c2ifd=2,

H%(m,g); =0 for alld >0 .

Moreover, any cohomology class in H*%(m, g)s admits a canonical representative p with
components
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Pabp” : (8-1)6 ® (9-1)1 = (90)1

Paabs® P + Paans™ ) 1 A%(g_1)1 — sl(2) B 5p(2) C (g0)p -
aa  (9-2)1 ® (9-1)5 — (9-1)1 4
Paab” : (9-1)1 ® g-3 — (9-2)1 ,

which are symmetric (resp. skewsymmetric) in lowered Latin indices (resp. Greek indices)
and which all depend on the first component pq.pg” via the cocycle conditions

Spbﬁa’y = _290(117,3’}/ 5

PacbB = PcbBa » (3 30)

@aabﬂgr(m(ec) = *2<Pcb,6’o<ea - 2(pcao<,6’eb s

‘paabﬁsp@) (e'y) = _2wa'y(,0abﬁée5 - 20‘)575017110(665 ;
where e, € C2X C and e,eC X C?2.

Proof. The claim on first cohomology groups has already been established in The-
orem 3.16 whereas the vanishing of H%2(m,g); in positive degrees uses Djokovié-
Hochschild theorem and it is postponed to Proposition 3.21. It remains to compute
the even part of the second cohomology groups, which we do via Propositions 3.18 and
3.19 and an explicit description of the groups H%2(my, g)5.

In Appendix B, we show that H%2(my,g); = 0 for all d > 3, so in particular
H%2(m, g)g = 0 for all d > 5 by (3.28). The even part of (3.26) is

0— H3’2(m17g)5 — H:"’Q(m7 d)g — 0,

whence H3?(m, g)s = 0 as well.
By the first part of Proposition B.3 in Appendix B and Proposition 3.19 we have an
exact sequence

0— H4’2(m7 9)g — S2C? Ksp(2),

so that H*%(m, g)g = 0, since H*2(m, g)5 does not contain any (go)g-submodule isomor-
phic to S2C? X S2C? by the second part of Proposition B.3.
It remains to deal with the cases d = 1,2, which we now study separately.

Case d = 2 We have H*?(m, g)5 = H?*?(mz, g)5 by Proposition 3.18 and we compute the
latter.

We first note that there is a non-trivial space (g1); ® (g-1)F + (g0)1 ® (9-2)F of
1-cochains, on which the differential acts faithfully. Indeed, we may use the associated 2-
coboundaries to accommodate any 2-cocycle p € Z*2(my, g)g to vanish on (g_2)s®(g-1)1
and (g—2)5 ® (g—2)7. Any such “normalized” 2-cocycle has therefore components



44 B. Kruglikov et al. / Advances in Mathematics 376 (2021) 107420

Pabs” t (9-1)5 ® (9-1)1 — (90)1 ;
Paabs” + Paabs®® + Paars™? 1 A%(9-1)1 = (80)5 = CZ & s1(2) B 5p(2)
Paap’ 1 (8-1)1 @ (8-2)1 — (9- )
Paa” 1 (8-2)1® (8-1)5 — (8-1)1
Paab” 1 (8-1)1 ® g—3 — (g-2)1 ,
Pap” 1 A% (8-2)1 — (9-2)5

First of all we note

b b
9l (g-2)5®(5-1)18(g-2)1 =0 = Paas € =0 = paap =0,

9¢l(g_2)5@(5-1)18(5-1)1 = 0 = Paabs” = 0.

Now
6¢|(972)6®(971)I®(9—1)6 =0= [‘Pabﬁ’yew 1] + ¢(€vs, [€q; 1]) = 0
= 2abs €y + Ppa €y =0
= Vg’ = —20ans” (3.31)
and

3l(5 1)o@ (6-1)0@(0-1)1 = 0 = [€a; Pber €5] — [€5, Pacy €]
— p([ev, €], €a) + p([eq, €], 1) =0

1) ) dé dd
= Pbey €as — Pacy €bs = WacPryb  €ds — WhcP~a  €dS

- @bc'ya(sg - @ac755g = wac@'ybdé - Wbc@vad(s . (332)

In a similar way, one gets
8@‘(9—1)6@(9—2)1@(972)1 =0= Wba@aﬁl = PBaba T Paabs (3.33)
9¢|(g_2)10(5_1)6@(a-1)s = 0 = Palably =0, (3.34)
99l(5_2)1®(a1)18(0-1)s = 0 = Pcbpa — Pachs = WoePas " - (3.35)

It is clear by equations (3.33)-(3.35) that

Pap' =0, (3.36)
PBaba = ~Paabf (3.37)
Pacbf = PcbBa » (338)

whence
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PebBa = —Pebap = PbeBa s (339)

i.e., the first component of the normalized cocycle defines an element of S?C? X A2C?2.

We want to show that (3.32) is automatically satisfied. We first plug (3.38) back into
(3.32), lower all the indices, use skew-symmetry (3.39) in the Greek indices and rearrange
terms to arrive at the equation

WdaPbeys — WeaPbdys — WdbPacys + WebPadys = 0 5

which, suppressing Greek indices, is a linear equation on symmetric bilinear forms on C?2
(w.r.t. Latin indices). By sl(2)-equivariance, this equation is either solved only by the
zero form or the whole S?C?2. It is not difficult to check that at least one non-zero form
solves the equation, hence all do.

The cocycle conditions

09lg_so(a_1)10(a-1); =0 = [Paatp™?, €c] = WarPrseT €0 + WprPaac €l
= [%abﬁsm), ec] = Ypscaa + Paacs€d
= [ b55[(2), el = —2¢chpaa — 2¢cans€s (3.40)
3¢l(g_2)10(-118(-1)1 = 0 = [Paabs™?), €] = wayPrsa’€s + WprPaas’ €
= [Paabs™?, €] = —2wary Pabs’€s — 2wp1Pbaa’ €s ,

(3.41)

determine the remaining components taking values in s[(2) and sp(2) in terms, again,
of the first component of the normalized cocycle. It is a direct matter to verify that the
remaining cocycle conditions on (g—1); ® (g-1)1 ® (§-1)1, ¢ € Za, are all automatically
satisfied.

In summary, all non-trivial components of the normalized cocycle are determined by
the first component

Pabsy € SPCER A2C?

via (3.31), (3.38), (3.40) and (3.41). Hence H>2(m, g); = S2C2 K A2C2.
Case d =1 We recall that H'?(m,g); = H"*(mj,9)5/9(sp(2) ® (g-1)5) by Proposi-
g)5 has

tion 3.18 and note that any 2-cocycle ¢ € Z'+2 (ml, s components

©a“bp 1 (9-1)0 @ (9-1)1 = (9-1)1
Paabs” : A*(g-1)1 = (9-1)5 »

Paca” : (8-1)1 ® (8-2)5 — (9-2)1
Caas’ : (9-1)1 @ (8-2)1 — (9-2)5 ,
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©a"p: (9-1)5 ® (8-2)1 — (9-2)1
Pap® : A*(g_2)7 —> g3 .

Now H'!'(mg,g)5 = 0 by Lemma 3.14, whence Z1!(mg, )5 = B! (mg,9)5 = 0 and the
differential 0 acts faithfully on the space of 1-cochains C'!(mg, g)5 = (g0)7 @ (g9-1)% +
(9-1)1 ® (9—2)%. We may use the associated 2-coboundaries to modify ¢ € Z"?(mz, g)g
in such a way that

6 _
@ =0,
et (3.42)

@aaﬂl - Oa

and, when working in H"?(m,g); = H"?(ms,g)5/0(sp(2) ® (g-1);), we may quotient
also with d(sp(2) ® (g—1);) and arrange for

PayB = —Papy - (3.43)

We have proved that H':2(m,g); is isomorphic with the space of 2-cocycles ¢ €
Z%2(myq, g)g which satisfy (3.42)-(3.43). We now show that this space is trivial.
The non-trivial cocycle conditions are:

9¢l(a_2)s@(a-01@(a-1); = 0 == Paass® =0, (3.44)
9l (g_2)18(5-1)18(g-1)g = 0 = Pacybp — WebPapy — WabPpye =0, (3.45)
9¢l(g_1)58(6-1)10(g-1)1 = 0 = Pacybs + Pabsey =0, (3.46)
00l (g_1)5®(a-1)6®(a-1)1 = 0 = Pbasey — Pabsey = WebPasy — WeaPboy - (3:47)

It follows that

Pvadscy — Pabdcy = WebPady — WeaPbdy
= Pacybs — WabPsyc — Pbcyad + WhaPs~c
= Pacybs — Pbcyas — 2wab@6’yc

= —Pabdcy + Pbascy — 2Wab905'yc 5
whence pq,5% = 0. Furthermore
Pacybs = WebPaBy

= WbcPavp

= PabBcy

so that ¢,“Vps =0 and .73 =0. O
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Recall that H%2(m,g) is naturally an osp(1]|2)-module and that its odd part has

~

highest weights under osp(1|2); = sp(2) which are necessarily odd integers. By
Djokovié-Hochschild theorem and the results on H%2(m,g); of Theorem 3.20, it fol-
lows that H%2(m,g); = 0 for all positive d # 2, and that H??2(m, g); is either vanishing
or S2C% X C2.

Proposition 3.21. Let g =g_3&---®gs be the Z-grading of g = G(3) with the associated
parabolic subalgebra pyY. Then H%%(m,g); =0 for all d > 0.

Proof. We only need to show H*%(m,g); = 0 and by the exact sequence (3.28) this is
the same as H??2(my,g)7 = 0. A cocycle p € Z*2(mq, g)7 has the components

Pavs” + avs™? + @ap™ @ 1 (9-1)5 © (9-1)1 = (90)5 = CZ @ 51(2) © 5p(2) ,
Paabp” : A*(8-1)1 = (90)1
0o’y (9-2)1 @ (9-1)1 — (9-1)
P1aa’ : (8-2)0 ® (9-1)1 — (9-1)
Pa’at (9-2)1 @ (8-1)5 — (8-1)g »
Pabs’ 1 9-3® (g-1)1 — (9-2)5 »
Pap” 1 A(8-2)7 — (g-2)1
p1a’: (9-2)5® (9-2)1 — (9-2)5 »

Yaa’ 9-3® (g_2)] — g_3 .

=i

i

In this case, we may use 2-coboundaries in 9((g1)5® (g-1)7) and I((CZDsl(2))@(g-2)7)
to accommodate first for

P1a0” =0, (3.48)
Pa’a=0. (3.49)

Using that the first prolongation of sp(2) acting on the purely odd space C? is trivial (see,
e.g. [17]), one sees that the component ¢,4” of the Spencer differential on 5p(2) ® (g-2)]
is injective, hence an isomorphism and

Pap’ =0 (3.50)
too. It follows that H*2(mi,g); is isomorphic to the space of 2-cocycles satisfying

(3.48)-(3.50).
We first note

¢l (5-2)0®(5-1)18(-1); =0 = Paars” =0,
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0¢l(g_2)1(s-108(a-1)y =0 = ¥1a" =0,
0¢l(g-2)18(s-2)08(5-1)y = 0 = Paa” =0,
0¢l(g-2)58(s-1)08(-1)1 = 0 = Pavs” = —20avs”
96l(g_2)1®(9-2)1®(a-1)1 = 0 = Ppbacy = —Pabsey

and that the identity with 3 odd elements of degree —1 is automatically satisfied.
Now

a(p|(9—3)6®(g—1)5®(g_1)1 =0= [SDbCWS[(Q)a e = 3<Pbcvzea - SDac'y]leb

S [906075[(2)a ea] = 3<pb0'yzea + Z(Pacvzeb

whose pure trace as an endomorphism of (g_3)5is 0 = Swa@bCWZ—wafgpawZ —WpaPfer .
Multiplying by w® yields 8¢p.,Z = 0, so that

gpbc‘yz =0,
Qobc'ysl(Q) =0 ;
(pbmﬂ =0.

Finally

90l(g_2)1®(a_1)10(g_1); = 0 = [@baa5p(2)» €3] = @ﬁb‘saaéa

= Pbaasp = PBbsac »

which implies the vanishing of the two terms separately, due to symmetry and, respec-
tively, skew-symmetry in the indices § and 8. O

4. G(3) as the supersymmetry of differential equations
4.1. Super jet-spaces and equation supermanifolds

A contact supermanifold (M, C) is a supermanifold M of dimension (2p+1|n) equipped
with a distribution € of corank (1]0) that is maximally non-integrable, i.e., locally, € =
ker(o) for some (even) 1-form o € Q(M) such that n = dole is non-degenerate. The
latter is a super-skewsymmetric bilinear form on €, namely, it is skew-symmetric on
Cs and symmetric on Ci, and since ¢ is only well-defined up to scale, we refer to the
conformal class [n] of n as a CSpO-structure on C.

We will be interested in the case where n = 2q is even. In this case, there exist
Darboux coordinates (x%,u,u;) on M, i.e., coordinates w.r.t. which

p+q

o=du— Z(dm’)uz .

i=1
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We remark that v is an even coordinate, whereas (x%) and (u;) consists each of p even
and ¢ odd variables. For any fixed i = 1,...,p+ ¢, the variables z* and u; have the same
parity, which we denote by |i| € Zs.

Letting Dyi = 0y + 0y, we have tp ;0 = 1p, 0 =0, where ¢ denotes insertion from
the left, so the distribution /

C=(Dyi,0y, |i=1,....,0+q) . (4.1)

We will often use the shortcuts D; = D,., U’ = 9,,,, and C = (D;, U%). It is now clear
that do = Zf;q dx® A du; is non-degenerate on €. Locally, we refer to M as the first
jet-(super)space J'(CP4, CHO) where {2} are the independent variables.

Definition 4.1. A frame F = {D;,U? | i = 1,...,p+q} of the superdistribution € is called
a CSpO-frame if n is represented w.r.t. F by a multiple of (2.31).

Example 4.2. The “flat frame” Fpor = {D;, U | i = 1,...,p+ ¢} is always a CSpO-
frame.

The setting for 2nd order super-PDE is the Lagrange—Grassmann bundle M =
LG(€) & M consisting of the collection of all Lagrangian subspaces in (C, [dole]). As
usual, we introduce M via its super-points, i.e., using the definition of the Lagrangian—
Grassmannian LG (V') via the functor A — LG(V)(A) given in Section 2.5 and the flat
CSpO-frame of Example 4.2.

Explicitly, we take bundle-adapted local coordinates (%, u,u;, ui;) on M , where the
{u;;} correspond to the Lagrangian subspace L = spanA{ﬁmq,} generated by the super-
vector fields

_ p+q rtq )
D, = (911 + u; 0y + Z Uijauj =D, + Z uijUJ , (42)
=1 =1

for e = 1,...,p + q. Here L is thought as a super-point of the Lagrange—Grassmann
bundle, in particular the local coordinates on M are thought as elements of A of the
appropriate parity. We stress that u;; = (—1)‘i||j‘uji and that ﬁx (uj) = wj.
The supermanifold M inherits a canonical differential system €. In terms of the functor
of points, we have @| . = (m)"Y(L) at any super-point L of M. Equivalently, we let
p+q )
o = duy — Z(dzl)uik

i=1

and get

ézker{a,al,...,ap+q}: <5zi,8uij li,j=1,...,p4+¢q) .
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Locally, we refer to M as the second jet-(super)space J*(CPla, C10),
A vector field S on M is a contact vector field if it preserves C via the Lie derivative,
., L€ C €. Vector fields on M that preserve € are also called contact. Any even,
resp. odd, contact vector field S on M canonically prolongs to a unique even, resp. odd,
contact vector field S on M. Conversely, we have the (super) Lie-Bécklund theorem: any
contact vector field on M is the (unique) prolongation of a contact vector field on M.
Indeed, the derived distribution

62 = [é,é] = (Opi + 0y, auwauij>

has associated Cauchy characteristic space Ch(€2) = (Ou,; 14,5 =1,...,p+ q) and any
contact vector field on M preserves this space, hence it is projectable over M.

Fixing a (local) defining 1-form o of €, any (local) contact vector field S on M is
uniquely determined by the generating superfunction f = tgo, and conversely any (local)
superfunction on M determines a contact vector field. The explicit expression of S in
terms of f is given in Proposition 4.3. We will write S = S; and induce the Lagrange
bracket on superfunctions from the Lie bracket of vector fields via Sj; g1 = [Sy, S|, where
f and g are two superfunctions.

Proposition 4.3. The contact vector field associated to a superfunction f = f(z*, u,u;)
on M 1is given by

ptq pta
S; :fc%—Z( D)9, £)D,s +Z DD, ), (4.3)
=1 =1

and the Lagrange bracket by

p+q pt+q

[£,9) = FOug — (=1)19ga, f + > (=)D )0 g = > (1) (Dyig)a, £

i=1 i=1

(4.4)

where f and g are two superfunctions. Finally, the canonical prolongation §f of the
contact vector field Sy is given by

p+q
Sy =Sy+ Y hjkduy, , where hy, = (=)D D f (4.5)
k=1

Proof. We will use Einstein’s summation convention by summing over repeated indices,
and write S = a’0,: + b9, + ¢;0,, and f = 1s0 = b — a'u;. Computing modulo o yields

0= Lgo = d(1g0) + tgdo = da (D, f) + du(Duf) + dui(Dy, f) + a'du; — (—1)1 ¢;da?
= da' 0y f +widuf — (1) le) + du (9, f + (1)1 D4)
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whence

S = —(—1)lI0s+D (C%if) B, + (f _ (71)‘1"‘”‘“)(auif)ui)au

which coincides with (4.3). Then a direct computation yields (4.4).
Finally, we find that 15,0k = (=1)*IF1 D« f, and hence

0= [;gfak = d(Lngk) + Lgfdak
= ()" V1D f) — (~1) MV dug; (00, f) — (~1)7 1 1da? (hy0)
= —(—1)Ul|f‘dxj(hjk)
+ (=1)kl] (dmi(f)xiﬁwk £) + dui; (u,, Do f) — dui (D, f))
= di ( — (=) (_1)|k\\f|(5ﬂ5mkf)),
where we used that the parity |h;x| = |f| + |j] + |k|. This immediately gives (4.5). O

Definition 4.4. A 2nd order super-PDE is a sub-supermanifold & C M. A contact (or
external) symmetry of &€ is a contact vector field S on M that is tangent to €.

We recall that a vector field on a supermanifold is not determined by its values at
points. The definition of the restriction of S to € may easily be given via the action on
superfunctions, see e.g. [31, §1.5].

4.2. The G(3)-contact super-PDE

From now on and until the end of Section 4, we restrict ourselves to the case where the
contact supermanifold (M, €) has dimension dim M = (5|4), so the contact distribution
€ has rank (4/4). On M we consider coordinates (z°,u,u;) = (T, Y, V, T, U, Uy, Uy, Uy, Us ),
where z,y,u, u,, uy are even and v, 7, u,,u, odd, and similarly for the coordinates on
M, which is (9]8)-dimensional. In the rest of Section 4, it is convenient to let the index
7 run from 0 to 3, instead of 1 < 4 < 4 as per Section 4.1.

Given any CSpO-frame

F={D;,U"|i=0,...,3} (4.6)

of C, we may introduce a subvariety V C P(C) of projectivized supervector fields ac-
cording to the (Zariski-closure of the) parametrization (2.32). See also the note before
Definition 2.3. Namely, for any fixed T' = t®w, = Aw; + Ows + pws € W(A) as in (2.24),
we consider the (even) supervector field
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1
V(T) = Dy —t°D, — 5¢(T3)U0 - ;@a(TQ)U“ (4.7)

and the A-submodule [V(T')] = spany {V(T)} of rank (1|0) that it generates. The anal-
ogous definition can be given for the super-point at infinity.

Definition 4.5. The subvariety V C P(C) with functor of points A — V(A) =
Urew ) [V(T)] is called the field of (1[2)-twisted cubics associated to the frame (4.6).

One can easily check (using Remark 2.7 and the functorial description of Lie super-
groups) that the field of (1]|2)-twisted cubics depends only on the orbit of a CSpO-frame
under the natural right action of Gy = COSp(3|2), the connected subgroup of C'SpO(4]4)
with LSA go = cosp(3]2) C cspo(4]4).

Definition 4.6. A G(3)-contact supergeometry (M, C,V) is the datum of a contact super-
manifold (M, €) of dimension (5]4) equipped with a field of (1]2)-twisted cubics V C P(C)
associated to a Gg-stable family of CSpO-frames.

To any G(3)-contact supergeometry, we may also associate the collection
V= {@(1)\7 | £ = super-point of V} ¢ M = LG(€)

of the affine tangent spaces along V. From Proposition 2.6, we locally have f[%.)(T)]V =
spany {Bo, Ba}, where a = 1,2,3 and

3
By = Do+ &(T*)U° + §€a(T2)Uav

5 (4.8)
B, =D, + 5¢a(T2)UO + 3¢ (T)UC .

We recall that V and V provide the same reduction Gy C C'SpO(4[4) of structure group
and that V can be canonically recovered from v (see Remark 2.7). From this and the
Lie-Béicklund theorem, it follows that (M, C,V) and (M ,é,??) have the same contact
symmetries.

We will now focus on the flat G(3)-contact supergeometry, i.e., the supergeometry
(M, €, V) for which an admissible CSpO-frame is Ffjr = {D;, U* | i =1,...,p+q} (see
Example 4.2).

Theorem 4.7. The 2nd order super-PDE € = VM naturally associated to the flat G(3)-
contact supergeometry is (6]6)-dimensional and it is given by the G(3)-contact super-PDE
system, i.e., the following generalization of the classical G(2)-contact PDE system:

— 3 = — 2
Upy = 3uyy + 2Uyy Uy Ugyry  Ugy = 2uyy + Uy Uyr,
(4.9)

Ugy = UyyUyy, Ugr = UyyUyr, Upr = —Uyy.
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Proof. Comparing the expressions for T [V(T \7 = spany {Bo,B,} with the bundle-
adapted local coordinates of M defined by (4.2), we observe that V is simply defined

(i i) = (selledy 5ei) @0

or, using the explicit components of € from (2.26), by

by the relations

Uye Uy Uy Uyr | A 406 A ¢ =0 [ (411)
Upy Upy Upy Upr )\qﬁ (;5 0 A
Urgy Ury Ury Urr —)\0 —0 A 0

Eliminating the parameters A, 6, ¢, yields the desired result. O

In the next sections, we will show that the space of contact symmetries of (4.9) has
the maximal possible dimension. Even more, we will see that it is isomorphic to G(3)

Remark 4.8. The so-called Goursat PDE play an important role in Cartan’s classical
G(2)-story [3], and Yamaguchi [39] considered their generalization to the other excep-
tional simple Lie algebras g. In [35], a uniform and explicit parametric description for
such equations with symmetry g was found. Remarkably, this further generalizes to the
G(3)-case as:

oo = 1 upg — 2€(T3), gy = tPupa — ;CQ(T'A’), 1<a,b<3. (4.12)

Analogous to [35], this system is geometrically obtained by considering the family V of
all Lagrangian subspaces, locally described by (4.2), which contain some super-point ¢
of V, locally described by (4.7) w.r.t. the flat frame Ff;q4 over M. In particular, V.
Imposing the incidence condition quickly leads to the given expressions.

Equations (4.12) define a submanifold in the second jet-space M , parametrized by
A € Aj and 0, ¢ € Az. Eliminating these (1|2) variables from the above (2|2) equations
yields the following single (1|0) super-PDE (we denote r = gz, S = Upy,t = Uyy,q =

Upr):
(127t —125%t* — 3675t + 325> +9r?) (2t° — 65t +3r) (2qt* —4gs+2st —3r)* = 0 mod {ay},

where 0 < k < 3 and ap = UzpUzr, 1 = UzpUyr, G2 = UprlUyy, G3 = Uy, Uy, define
a nilpotent ideal: ai = 0, apaz = ajas in the ring of even functions. The coefficients
of ag,a1,a9,a3,ai1as can be found in the Maple supplement accompanying the arXiv
posting of this article.
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The arguments in Section 4.3 simultaneously establish that (4.12) has symmetry su-
peralgebra G(3). Evaluation of this super-PDE gives the classical Goursat second order
PDE 12rt3 — 1252 — 36rst + 3253 + 9r? = 0 invariant with respect to G(2).

4.3. Symmetries of the G(3)-contact super-PDE
In this section, we show:

Theorem 4.9. The upper bound on the dimension of the contact symmetry algebra
inf(M,C,V) of a locally transitive’ G(3)-contact supergeometry (M,C,V) is (17|14).
Among these, it is reached only for the contact symmetry algebra of the flat G(3)-contact
supergeometry.

Theorem 4.10. The contact symmetry algebra 'mf(M,é,\?) of the G(3)-contact super-
PDE system (4.9) is isomorphic to g = G(3) and it is spanned by the following (17|14)
symmetries:

Table 7
Generating functions of the symmetries of the G(3)-contact super-PDE system (4.9).
g2 w(u — TU — YUy — VU, — TU;) — % (%3 + QyL/T) Uy + % (%uz + %uyu,,uf) x

+1 (y* +2v7) (%ui + %ul,m.) + yTuyur + Fyruyu,

g1 (U — TUL — YUy — VU, — TUL) — % — yut
y(u — zuy — %yuy — gvuu — %‘ruf) + %mui + %mu,,uf + %VT’LLy
v(u — Tuy — 2Yuy — 2TUL) — %:L’uyu,. — éy Ur
T(u — Uy — FYUy — guul,) + %uyul,z + %yzuy
Uy — %uB — FUYUL UL
Uy + %yguQE + vTU, — %yui — %yuyu,. —
ULy + YTUy — %7’u2

1 1
FUUYUY — FTUYUr

1 1
— 3TULUr — FYUYUy

UUr — YVUg + %Vug + %uuuu,- — %yuyuf
3(g0) Z:=2u— TUy — YUy — VU, — TU;
a9y f1 YUy — %ui — %ul,uf, Vg + %uyuﬂ TUp — %uyup
fo Zp := 3zus + 3 (yuy + vu, + TuL),

VUy — TUr, VUr, TUy, YUy —2TUy, YUr + 20Uy
y2
fo1  wuy + % v, zuy +yT,  TUr — YV
g1 Ty Y, Uy Ty Uy Uy, Uy s Ur

g2 1

We now turn to the proof of the theorems. We shall work locally and consider Darboux
coordinates (z%,u,u;) on M, where 0 < i < 3. We set

deg(a:i) =deg(u;) =1, deg(d,i) = deg(dy,) =-1,

5 The transitivity hypothesis here can be removed to obtain a stronger result, analogous to that in the

(classical) parabolic geometry setting. Details for achieving this generalization will be given in a future
work.
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deg(u) =2, deg(d,)=-2,

and extend the definition of degree to any weight-homogeneous polynomial vector field
on M in the obvious way. In particular, we may decompose the space inf(M,C) of all
contact vector fields on M into the direct sum

inf(M, @) = @ inf(M, )y , inf(M, @), = {S € inf(M, C) | deg(S) = &k} ,

k>—2

of its homogeneous subspaces and we have an associated filtration inf(M,C) =
inf(M, €)% C inf(M,C)~! C inf(M,C)° C --- of inf(M,C), compatible with the Lie
bracket of vector fields.

Now the contact symmetry algebra inf(M, €, V) of a supergeometry (M, C,V) is not
graded in general but it is naturally filtered by the filtration induced as a subspace of
inf(M, €). The associated graded LSA a = gr(inf(M, C,V)) has non-positive part a_ @ ag
contained in g_ @ go, where g = g_o @ --- @ go is the contact grading of g = G(3) with
parabolic subalgebra p!V. By local transitivity, we have a_ = g_, so [ax,g_1] C aj_1 for
all k > 0, hence a C pr(g—,ap) C pr(g—,go0) = g, where the last isomorphism is due to
Corollary 3.10. So

diminf(M, €, V)5 = dimag < dimgg = 17,
diminf(M,G,V)i = dim ay g dimgi =14.

This proves the first claim of Theorem 4.9.

Assume now diminf(M, C,V) = (17]14). Then inf(M,C,V) is a filtered deformation
of the graded LSA a = gr(inf(M,€,V)) C g, which by dimension reasons is necessarily
g = G(3). Since the grading element Z = Z; of the contact grading g =g_2® --- D g2
of G(3) belongs to g, any filtered deformation of g is actually isomorphic (as a filtered
algebra) to g = g_2 @ - - - @ go. This proves the uniqueness statement of Theorem 4.9.

In view of the discussion above Theorem 4.7, the contact symmetry algebra
inf(]\Aj ,C,V) of the 2nd order super-PDE (4.9) is isomorphic to the contact symme-
try algebra inf(M, C,V) of the flat G(3)-contact supergeometry. Hence, we conclude the
proofs of Theorems 4.9-4.10 if we verify that the supervector fields described in Table 7
are contact symmetries of (4.9). (In particular, this shows that the upper bound on
symmetry dimension is realized.)

We now turn to the explicit computation of the contact symmetries of (4.9), but we will
in fact carry out a more conceptual calculation of the symmetries of (4.10), with the cubic
form € on W(A) only required to satisfy the key identities of Proposition 2.5. Similar
identities hold for the exceptional Lie algebras, and our calculation is a generalization
of [35, §3.4] to the G(3)-case. We will use an index notation with 0 < 4,7,k < 3, while
1<a,b,ec<3.
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Table 8
Generating functions of the symmetries of the G(3)-contact super-PDE system (4.9)
expressed in terms of the cubic form €.

g2 u(u — z'u;) — 3E(X3*)ug + L&*(P?)a® + 2. (X?)(€*)°(P?)

g1 zo(ufziui)f %Q‘(XS)
2% (u = whug) + (—1) (3@ (P2’ + §€,(X2)(€")**(P))
uug — $€*(P?)
e + 2€4 (X% up — $€au(X)(€*)?(P?)

3(g0) Z:=2u—2'u,

gf)s f1 z%up — %(gil)lal(@l*)a(Pz)
3(fo) Zg := 3z uo + %mLuc
o Py = aup + (—1)1* (8% zue — 9(—=1)1Pl €y (X) (€7)° (P))
F_1 ez’ + 2, (X?)

g1 zt u

g—2 1

Using € given in (2.26), it is straightforward to check that Table 7 is a specialization
of the formulas in Table 8. Here we use the notation X = x%w, € W(A) and P = u,w* €
W*(A), where {w,} is a basis of W and {w“} is the corresponding dual basis in W*.

The functions listed in g_1,g_2 and 3(go) in Table 8 generate the vector fields

2'0, + (—1)'”5)%, —0yi, Ouy 2u0y + 20y + ui0y,

whose prolongations have a trivial action on all the coordinates u;;. Clearly, these pro-
longed vector fields are symmetries of (4.10). The last vector field acts as a grading
element Z.

Let us assume for the moment that the generating function f in go is a symmetry.
Then, by repeatedly applying g_; to f via (4.4) we obtain all the symmetries in g; and
go- (In particular, f; and f_; are spanned by [x¢,[uo, f]] and [u,, [z°, f]] respectively,
while fo is spanned by the grading element Zg = [2°, [ug, f]] — 3Z of f and by %, :=
(2, [up, 1] - 0%(~1)la(3Z + 120).)

We are then left to prove that f is a symmetry of (4.10), but verifying that directly
would require calculating the prolonged vector field via (4.5) and checking infinitesimal
invariance, an approach that is computationally very involved. Instead, we recall that V
and V have the same contact symmetries and turn to prove that f is a symmetry of the
flat G(3)-contact supergeometry (M, C,V):

Proposition 4.11. The even function
i 1 3 L oip3y.0 9 2\ (g *\ ¢ P2
f=ulu—az'u;) — §€(X Juo + 5@: (P)z” + EGC(X )(€H)(P?) (4.13)

generates a contact symmetry Sy of the flat G(3)-contact supergeometry (M, C,V).
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Proof. Let us first explain how the general form of f has been obtained. Since [g2, g_2] C
3(g0), we may impose the normalization condition Z = [1, f] = f,,, which implies

f=ulu— :ciui) + g(:ci, u;) -

The condition [Z, f] = 2f is equivalent to x'0,ig + w;0y,g = 4g, i.e., g is even and
homogeneous of degree 4. We will now show that the vector field

Sy = (xiu — (—1)‘i‘6uig>8xi + (u2 +g- ui(auig))au + (uzu — uixjuj + 3mig)6ui

is a contact symmetry of V for f as in (4.13). In other words, we consider V = V(T') as
n (4.7) (for the flat frame) and study the equation

Sy, V] € T}y)V = span{V,B,}, VT € W(A), (4.14)

where B, was defined in (4.8) (again, for the flat frame).
We depart with

5. D4] = = (0 + wpa' = (=1)19,40,,9) Di = (9,40,:9) U, (4.15)

[Sy, Uk] = ((—1)|i‘8uk8uig)Di + ( — 5f(u — xjuj) + (—1)‘k|xkui — 8uk8ﬂ-g)Ui,
(4.16)

and specializing to f as in (4.13), we obtain:

S/, D] = — (uamo + gca(x2)> Dy + (—5gu gzt + (—1)lc|9¢ab(x>(e:*>b0(13)) D.
+ <3€aC(X)uo — geacb(e*)b(ﬁ)) U°,

[S;,U° = (—u+ 27u; + 2%) U + (xouc + gﬁc(X2)> U,

87,07 = (1) (3(€)*(P)a® + Je(x*)(€)) D,
+ ((—1)“'x“u0 —~ g(e*)a(zﬂ)> U’
+ (—5g(u — wiuy) + (1)l gy, — 9(—1)Iallclccb(X)(a*)ba(P)) Ue.

In view of (4.7), we have that [Sf, V] = p'D; + u;U?, where:
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pl=— (u + uoxo) + t® (uaxo + gCa(X2)> ,

lel %(Q*)C(Pz) —t@ <75,§u — uex® + (*1)|C|9¢ab(X)(¢*)bc(P))

p° = —upz® + (—1)
- )0 (3@ P + fe e
2 2 ’
o = ~€(T) (—uct ay + ) = 5€,(7%) ((=1)a"g = S(€ (P )
He = *%Q:(TB) (xouc + ;Q:C(XQ)) +t* <3€ac(X)u0 + ggacb(Q:*)b(Pz))
- gea(ﬁ)( —0%(u — 27 uy) + (—1)l 2%, — 9(—1)‘a“clccb(X)(c*)ba(P)).
Using (4.8), we then find that [Sy, V] — p°V — (p¢ + p%t¢)B. = 0, U?, where

.3 3
00 = po = pIE(T?) = SpCT?), 0 = pre = 5p"Ce(T?) = 3p"Cpe(T).

Thus, (4.14) holds if and only if oy = o, = 0. Let us first examine og:

= —%@(T?’) (—u +a:juj + :couo) - gCC(T2) <( )Ic‘xcuo - —(Q*) (P )>

(u+ ugz®) +t° (ucxo + g@c(X2)>) a(T?)

l\DIOJ

( upz® + ( (¢*)( 2) =% (=05u = uaa® + (~1) 19 (X) (€)(P))
ety ( (@) (P + Ja @) ) ) er?)
=z (247¢ (T?)€,(T?)(e*)(P) — €(T3)tcuc>

+ %tacab(X)Qc(TQ)(Q*)Cb(P) - %C(T?’)xcuc - gtauaxCCC(TZ)

+2 (247¢ (T2)€,(T2)E,(X?)(€)* - ¢<T3)fc¢‘f(X2)) ’

where the last equation follows from the vanishing of all terms which are either quadratic

in ¢t or involve u or wug. The identity o9 = 0 follows then directly from equations
(2.28)-(2.29).

Finally, we turn to o.:

o = —%@(T?’) (mouc + gcc(X2)> +t° (—BCGC(X)uo + g%cb(@‘)b(Pz))
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(12) (=52(u — #7uy) + (—1)lau, = 9(=1)Ides (X) (€)1 (P))

l\.')IOJ l\.')IC/O

3
upz® + ( |b‘

(U
< U+ uox + ¢ <uax0 + gCG(X2)>) ¢.(T?)
-3(- 3(@)(P2) 17 (<t - war + (~1)P9,4(X)(€)(P))

_gea(zﬂ)(_nlb\ (3(@*)@1’(13)350 + ge:d(XZ)(c:*)d“b» Coe(T) -

The terms linear in ¢ and those involving u or ugy are easily seen to vanish. The terms
cubic in t and those involving 20 vanish both by (2.29). Only the terms quadratic in ¢
remain, i.e.,

2
§Uc = —Co(THxUe — 2°Co (T ue — 26Uz’ Cpe(T)

+9 (€0 (0)€(T) (@) (P) + 24" (~1)"€4e (X) (€ (P)ue(T)
and vanish as a consequence of (2.30). O
4.4. Cauchy characteristic reduction and the super Hilbert—Cartan equation

We recall that V C M defined by (4.9) admits local coordinates (z,y, u, Uz, Uy, A | v, T,
Uy, Ur, 0, 0). We let & = V and pass to a certain (local) quotient & of & equipped with a
distribution .

The tautological system € = span{f)mi,@uij} on M induces on € the rank (3]4) dis-
tribution

H= <Dx7Dy78)\ | DuaD‘r780aa¢>u (417)

where the vector fields D,, Dy, D,,, D, are the restrictions of the (truncated) total deriva-
tives of M to &, namely:

Dy = 0y +uz0y + (3 ° 4 200X)0u, + (3 i 00)0u, + APy, — MOy,
Dy = 0y + uy0y + (3 C 1 00)0,, + A, , + 304, — 00, ,

Dy = 0y + u, 0y + ApOu, + ¢y, — au, ,

Dy =07 + ;04 — A3y, — 00y, + A, -

(4.18)

Note that D, D, D,, D, supercommute. Let
inf(H) ={X e X(&): LxH C H}

be the algebra of internal symmetries of H. It is clear that all contact symmetries of
(4.9) (namely, G(3) as stated in Theorem 4.10) induce symmetries of H, but inf(H) is
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in fact larger. Indeed, the Cauchy characteristic space
Ch(H) ={X eT(H): LxH C H}

is contained in inf(3) and it is a module for the space of superfunctions of €. So, if
Ch(3) # 0, then Ch(H) and inf(H) are infinite-dimensional. This is the case here:

Proposition 4.12. Ch(H) is spanned by C = Dy — AD,, — 0D, — ¢D,.
Proof. We let
C=a1D; +axDy + a30x + as D, + asD; + agOg + a70y
and compute Lie brackets modulo H. We depart with
0= [D,,C| = as[D,, 0] + as[Dy, 96| + a7[D,, 0g] = (—as5¢ + a7A\)0y, + @50, + a70y,,

5 — (a;)7 for all a; = (a;)5 + (ai)7, i = 1,...,7. Thus, a5 = a7 = 0 and

where a; = (a;)
similarly [D., C] = 0 implies ag = 0. Moving on, we have

0= [0, C] = (2010 + @26 — @NDu, + (@16 — @)D, — (@A + d3)u,,
so that as = —a1 A and ay = —a1¢, since A is even and ¢ is odd. Finally, we have
0 =[04,C] = (—a10X + a3\)0y, + (—a10 + a3)0y,

so that a3 = —a16. The remaining conditions [D,,C] = [D,,C| = [0, C] = 0 are all
easily verified. O

Consider the (local) quotient € = &/Ch(JH), namely the space of integral curves
of Ch(XH). We notice that {z = 0} defines a hypersurface transverse to Ch(H), so
we can locally identify it with € and consider in there the (5|6)-coordinates given by
(Y, 1y 2, Uy, A | Uy Ty U, Uy, 0, @), where 2 := u,. On &, we have the rank (2|4)-distribution
induced from (4.17), namely:

j{ = <Dy78)\ ‘ DV7DT78938¢>a (419)

where Dy, D, and D, are as in (4.18) (with 0,, replaced by 0.). A direct computa-
tion shows that the growth vector of I is (2|4, 1|2,2|0) and that the symbol algebra is
isomorphic to the negatively graded part of the SHC grading of G(3), as presented in
Section 2.3.

Alternatively, H is determined by the Pfaffian system
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du — (dy)u, — (dv)u, — (dr)u,
dz — (dy) (% +06) — (d)A6 + (Ar)\0

— (dy)A — ()6 + (dr)6 (1.20)
— (dy)¢ — (dr)A
duT + (dy)8 + (dv) A,

on the mixed jet-space J%2(C2, C2l9) to the sub-supermanifold
)\2
Ry = 2 + 9¢7 Ry = )‘(257 Rr = —>\6, (4 21)
=A

Uyy = o, Uyr = =0, Uyr=-—AX.

Eliminating the parameters A, 6, ¢ and relabelling y to x, we obtain the SHC equation
(1.7).

Theorem 4.13. The internal symmetry algebra inf(€,H) of the SHC' equation is isomor-
phic to G(3) and is spanned by the (17|14) symmetries given in Appendiz C.

Proof. All contact symmetries of the G(3)-contact super-PDE system (4.9) preserve
(€,9() and hence Ch(H). Therefore, they project to a subalgebra of inf(&, H).

We claim that they project isomorphically. First note that all contact symmetries of
(4.9) preserve the vertical bundle Vert(€) = (0, dy, O4) over the contact supermanifold
(M, €). On the other hand, we check using Proposition 4.12 that Ch(H) does not preserve
Vert(&). It follows that the contact symmetries of (4.9) are transverse to Ch(H), hence
our claim. Note that the subalgebra of inf(€, ) so determined is isomorphic to G(3) by
Theorem 4.10.

Finally, by Theorem 3.16 and the arguments from the proof of Theorem 4.9, we obtain
that dim(inf(€,3()) < (17|14). Thus, inf(€,H) = G(3). O

5. Curved supergeometries from G(3)-symmetric models
5.1. Rigidity of the symbol

Consider a bracket-generating superdistribution D C T'M without Cauchy character-
istics. Then its symbol superalgebra m = g_ is fundamental (i.e., it is generated by g_1)



62 B. Kruglikov et al. / Advances in Mathematics 376 (2021) 107420

and non-degenerate (i.e., it has no central elements in g_1). In this section we specialize
to the case dim M = (5|6), with the growth vector of D given by (2/4, 1|2, 2|0).

The Lie brackets on the even part mg of m consist of the skew-form w : A%(g_1)5 —
(g—2)5 as well as the map 8 : (g—1)5 ® (g—2)5 — (g-3)5 that, when non-degenerate,
serves for a (conformal) identification (g_1)5 = (g—3)5. We denote the remaining Lie
brackets on m by

q: A (g-1)1 = (9-2)5: E:(9-1)5® (9-1)7 = (9-2)1, O :(9-1)1 @ (9-2)1 = (9-3)5-

We recall that A® is meant in the super-sense, in particular ¢ is a quadratic form. The
only non-trivial Jacobi identity is

@(91, E(e, 02)) + @(92, E(e, 91)) = ﬁ(e, q(91, 92)), (51)

for all e € (g_1)5 and 61,65 € (g—1)7, and the fundamental and non-degeneracy proper-
ties are equivalent to:

(F1):w#0o0r g #0; (F2):ImE = (g_o)i; (F3):ImB+ImO = (g_y)p;
(N1):w(e,-)=0,Z(e,)=0=e=0; (N2):¢(0,)=0,Z2(-,0)=0=0=0.
Let us remark that since w does not appear in the Jacobi identity (5.1), its value is

important only via properties (F1) and (N1).
Using the following uniform notation for the basis of m,

(9-1)p = (e1,€2), (9-2)5 = (h), (9-3)5 = (f1, f2), (5.2)
(g—l)i = <9/1’ /1/’9/2’9/2/>’ (9—2)1 = <Q1a Q2>a (5-3)

we obtain such fundamental, non-degenerate symbols with growth (2[4, 1|2, 2/0):

(M1) SHC symbol algebra:

w(er,e2) =h, PBler,h) = f1, PBlez,h) = fa,

q |0, 0 6, 0 E\ 01 07 0y 0 Ola o
1o h 0 er| 0 0 o1 o 1A 0
/10 0 0 h e2|—02 oo 0 0 0/ 10 fi
0| h 0 0 0 0| 0 —f
510 h 0 0 03 | fa 0
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(M2) rank(B) = 1:
wler,ea) =h, Pler,h) = f1, PBlea,h) =0,

g lo e e (6 6y 0 6 o] o o
6,10 0 h O ex|pr p2 0 0 0L 0  fo

oS
(S
(1]

/10 0 0 h 210 0 0 0 0/ | —f, 0
o h 0 0 0 0| fi
10 h 0 0 oy 0 A

(M3) ¢g=0and © =0:
W(elyez) =, /3(617h) = f1, 5(627}1) = fa,
=60 0y 6, o

et |p1 p2 0 O
€2 0 0 P1 P2

(M4) w=0:¢q, 8, Z, © are the same as for the SHC symbol algebra.

The SHC symbol algebra is so-called because it is isomorphic to the negatively graded
part of the Z-grading of G(3) associated to pL¥ C G(3). In the notation of Appendix C,
the basis elements are explicitly given as supervector fields by

61:—DI, 622811,117 hzauf_‘_uxxaza f1:8u7 f2:8za
9. =D,, 0/=D,, 60,=0,.,, 0/=20

Ugr

01 = auy + u:ETaZ y 02 = au,. - uzyaz )

where (z, U, Uy, Ugy, 2|7, V, Ur, Uy, Ugr, Uz, ) are coordinates on a (5]6)-supermanifold and
the supervector fields D,, D,, D, are as in Appendix C.

Theorem 5.1. Any fundamental, non-degenerate symbol superalgebram = g_1Pg_oDg_3
of growth (2|4,1|2,2|0) is isomorphic to one of the models (M1)-(M/).

Proof. The proof splits into three main steps. Throughout the proof, we will use the
notation K. = KerZ(e,-) C (g—1)7 for any e € (g_1)g-

Step 1: Either (i) rank(8) = 1 and ¢,w are non-degenerate, or (ii) 8 is an isomorphism
and Z(+,0) is an isomorphism for generic 6.
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Suppose that Z(-,0) is degenerate for all § € (g_1);. Then property (F2) implies that
the linear map

Z: (g-1)1 — Hom((g-1)5, (9-2)1) = End(C?)

has rank equal to 2 and that there is 0 # ey € (g—1)5 such that Z(eq,0) = 0 for all
0 € (g-1)7- Indeed, consider the matrix of this map

E( ) (511( ) §12(9)) ,
§a1(0)  &22(0)

with linear functionals &;; € (g—1)] as entries. Since = # 0 at least one entry is non-zero,
as a polynomial in 6. Assume, e.g., {12 # 0. Then det Z(+,0) = 0 implies that &5 divides
&11-&22. Hence &1 divides either 11 or £ao. In the second case the rows of Z(-, ) are
proportional and consequently I'm = is a 1-dimensional subspace in (g_2)7, contradicting
(F2). Therefore we get the first case, in which the columns of Z(-,6) are proportional,
whence the claim.

By (N1), this claim forces w # 0. Moreover, for any e; € (g—1)7 \ Cez we have that
E(e1,) : (g—1)7 — (g—2)7 is an epimorphism by (F2), so dim K., = 2. By (N2), any
0 # 0 € K., satisfies ¢(0,-) # 0. Since dim((g—2)5) = 1, then (5.1) implies B(ea, h) =0
for every 0 # h € (g—2)5-

We claim fS(ej,h) # 0. If not, then 8 = 0, so by (5.1), O(-,=(e1,-)) is skew and
this descends to (g_1); mod K., which is 2-dimensional. Thus dimIm(0) < 1, which
contradicts (F3).

Since K, is g-isotropic by (5.1) and ¢(0,-) # 0 for 0 # 0 € K., then ¢ is nondegen-
erate. The corresponding normal form of all brackets is that of the model (M2).

If Z(+, ) is an isomorphism for some 6 then it is an isomorphism for all 6 in a Zariski-
open subset U C (g_1)7. In this case, identity (5.1) with §; = 62 = 6 € U implies
ImO C Imp, so Imp = (g—3)5 by (F3) and 8 is an isomorphism. From now on we
consider only this case.

Step 2: (i) dim K, = 2 for all 0 # e € (g_1)5 and (ii)) K., N K., = {0} for any two
linearly independent vectors ey, es € (g—1)5-

Let 0 # e € (g_1)5 be arbitrary. Clearly dim K, > 2, since dim(g_1); = 4 and
dim(g_2)7 = 2. Moreover, K, is g-isotropic (using (5.1) and that § is an isomorphism).

We first establish (ii). If (ii) fails, then there exists 0 # 6 € (g_1)7 such that Z(-,0) = 0,
so q(0,-) # 0 by (N2). By (5.1), for any 62 € (g_1)7, we have the identity

O(0,Z(e, 02)) = B(e, q(0,02))

of elements (g_3)5. Since 3 is an isomorphism, then:
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(a) fixing 02 € (g_1)7 with ¢(6,62) # 0, we see that O(6,-) : (g_2)7 — (g—3)5 is an
epimorphism with dim(g_s); = dim(g_3)g, so is an isomorphism.
(b) K. ={62:q(6,02) =0} for any 0 # e € (g_1)g- Since ¢(0,-) # 0, then dim(K.) = 3.

By (5.1), K, is a 3-dimensional g-isotropic subspace of the 4-dimensional space (g_1)j.
Hence, there exists 0 # 0’ € (g_1)7 with ¢(¢’,-) = 0. Setting §; = ¢’ and 02 = 6 in (5.1)
yields ©(8,=Z(e,0")) =0 for all e € (g_1)5- By (a), we get =Z(-,6") = 0, which contradicts
(N2).

This implies claim (ii), and then claim (i) follows easily.

In summary, we may decompose (g_1); = K., KL, into the direct sum of complemen-
tary g-isotropic planes, hence Ker(q) is even-dimensional. Moreover, the decomposition
implies that E(eq,-) : (g—1)7 — (g—2)1 is injective on K,,, and similarly for Z(es, ), so

E(er, Key) = E(ea, Ke,) = (9-2)1- (5.4)

(Note that the collection of g-isotropic planes K. determined by [e] € P((g_1)5) is
nothing but the projective line of the so-called a-planes, for some choice of orientation.)
Step 3: Either (i) ¢ =0 and © = 0, or (ii) ¢ is non-degenerate.

If © = 0, then (5.1) implies ¢ = 0 (since 3 is an isomorphism), and moreover (F1)
implies w # 0. Conversely, if ¢ = 0, then take ej,es € (g_1)g linearly independent as
above, and set e = eq, 03 € K,,, and 0; € K., in (5.1) to get ©(02,Z(ea,01)) = 0.
By (5.4), we have O(f2,-) = 0. Similarly ©(6y,-) = 0, implying © = 0. Using the
decomposition (g_1); = K., ® K., and (5.4), it is easy to see that the corresponding
normal form is that of the model (M3).

Now suppose ¢q # 0. If ¢ is degenerate, we may choose 6} € K., such that ¢(65,-) = 0.
Then (5.1) with e = e implies ©(05,Z(es,01)) = 0 for all §; € K,,, hence ©(05,-) =0
by (5.4).

Let 05 be any element in K., that is not proportional to 64. Note that ©(65,
=(e1,64)) = 0 by (5.1) and the previous argument, and that ©(65,=(e1,65)) = 0 since
K., is g-isotropic. It follows from (5.4) that ©(65,-) = 0, thus ©(K,,,-) = 0. One sim-
ilarly shows ©(K,,,-) = 0, yielding © = 0, which contradicts the assumption ¢ # 0.

Hence ¢ is non-degenerate.

We now turn to the normal form of the Lie brackets when ¢ is non-degenerate. Fix
bases as in (5.2)-(5.3) such that: (1) S(e;, h) = fi, (2) we have a ¢-Witt basis of (g_1)7,
ie., Ke, = (05,07) and K., = (8,05 with q(62,607) = (1—6;;)0°h, (3) pa = E(e1,0%)
(recall equation (5.4)).

Using (5.1) with the inputs indicated below, we get the relations

05,05, e = O0F,p5) =651, (5.5)

05,05 e; = O(03,p3) +O(05,ps) =0, (5.6)
6?7015’62 = @( ?75(6276,18)) + @(9,1875(6270?)) =0 ) (5'7)
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03,00, e5 = ©O(0,2(eq,05)) = 6°C f . (5.8)
Equations (5.5)-(5.6) force © to agree with the corresponding component of the SHC
symbol (M1), except for the element ©(0,p1) = —O(05, p2). Then, (5.5)-(5.7) imply
E(e2,07) = —cpe and E(ez, 07) = cp1 with ¢ # 0 since E(eq, -)|x,, is injective. Finally,
the relations (5.8) imply that ©(05, p2) = —21 fo = —O(64, p1).
Rescaling e; and fy, we arrive at the canonical normal form for ¢, 5,Z,0 as in the
SHC symbol algebra. The map w is either vanishing, in which case we are led to the
model (M4), or non-degenerate, in which case w(ej,es) = Ah for some 0 # A € C.

Rescaling the generators eq, es, f1, f2, p1, p2 by A~Y/2, we precisely get the SHC symbol
algebra. 0O
A fundamental, non-degenerate symbol superalgebra m = mgz & m; of growth

(2/4,1]2,2]0) is called a super-extension of the HC symbol if it has even part mg iso-
morphic to the unique fundamental graded nilpotent Lie algebra of growth (2,1,2). By
Theorem 5.1, such a super-extension m is isomorphic either to the model (M1) or (M3).

Definition 5.2. A (strongly regular) superdistribution D on a supermanifold M =
(M,, Apr) with the growth vector (2|4, 1]2,2/0) is called:

(i) a super-extension of a generic rank 2 distribution on the 5-dimensional space M, if
its symbol superalgebra is a super-extension of the HC symbol,
(ii) of SHC type if its symbol superalgebra is isomorphic to (M1).

Clearly, any SHC type superdistribution is a super-extension of a generic rank 2
distribution on M,. Since a super-extension m of the HC symbol with ¢ # 0 is isomorphic
to (M1), we have:

Corollary 5.3. The symbol superalgebra of any superdistribution of SHC type is rigid
w.r.t. small deformations of the superdistribution preserving the growth vector.

5.2. Rank (2]4) distributions in a (5|6)-dimensional superspace

5.2.1. Generic rank (2|4) distributions

In the classical case, a generic rank 2 distribution on a 5-dimensional space has growth
vector (2,1,2). Such distributions are equivalent to Monge normal form given by the
Cartan distribution of the ODE z, = f(x,u, Uy, Uy, 2) with 65”f # 0, so they are
parametrized by 1 function of 5 variables.

On the other hand, a generic rank (2[4) distribution on a (5/6)-dimensional superman-
ifold has depth 2. More precisely, the growth is (2[4, 3|2) as the brackets [, -] : A2D; —
(TM/D)s and [,+] : D5 ® D7 — (TM/D); are both surjective in general, by a direct
counting of the rank of the stalks of the sheaves. We conclude that superdistributions
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of SHC type are not generic among all rank (2|4) distributions on a (5|6)-dimensional
supermanifold.

Let us compute the functional dimension of a generic rank (2|4) distribution on the
superspace M = (C5|6(xk|90), where 1 < k < 5 and 1 < ¢ < 6. The distribution has

generators

5 6
wi = 0pi + Y Al(2,0)0, + > Bl(x,0)0p (1<i<2),

=3 b=>5
. ] (5.9)
Co=0pe + > _ Ci(x,0)05s + Y _Dh(2,0)0p (1<a<4),
j=3 b=>5

where A{ , Db are even and BY,CJ odd superfunctions. Note that any superfunction on
M has a Taylor expansion in the 6 odd coordinates, with coefficients being ordinary func-
tions of the 5 even coordinates. The total number of the coefficients in a superfunction
is 26 = 64, and for an even or odd superfunction is %64 = 32. Consequently the space of
distributions of the form (5.9) is parametrized by 6 -5 - 32 = 960 ordinary functions of 5
variables.

A general (parity-preserving) change of coordinates involves (5+6)-32 = 352 ordinary
functions, and its action on the space of distributions (5.9) is generically free: this is the
absence of symmetries for generic distributions of the given type. Therefore the moduli
space of such distributions is parametrized by 960 — 352 = 608 ordinary functions of 5
variables.

5.2.2. Distributions of SHC' type

The moduli space of rank (2]4) distributions of SHC type is smaller, but it is still
quite difficult to parametrize. Here, we restrict to the following system of 4 differential
equations that generalizes the SHC equation (1.7):

zo=F, z2,=G, z=H, u,=K, (5.10)
where F, K are even superfunctions (resp., G, H odd superfunctions) on the superman-

ifold M = Co(x, u, uy, Uz, 2|V, T, Uy, Ur, gy, Ugr ). The associated Cartan superdistri-
bution D has even generators

Dy = 0y + ug0y + Uy Ou, + FO, + g0y, + Uzr0u., Ou,,, (5.11)
and odd generators

Dy =0y + U0y + g0y, + GO, + KOy, O,
Dy = 0r + ur0y + g0y, + HO, — KO,,, O

UgT*

(5.12)
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Naively, we would expect that such superdistributions are always of SHC type, but
this is not the case in general. For instance, the distribution associated to the system

zwzf(x,u,ux,um,zL 2,=0, 2z=0, u,,=0,
has growth vector (2[4,2|2,1]0) provided 9,,,f # 0, and clearly it is not the super-

extension of a Monge equation in the specified sense. The superfunctions F,G, H, K
which give rise to superdistributions of SHC type are constrained as follows.

xTx

Proposition 5.4. The superdistribution D with generators (5.11) and (5.12) is of SHC-
type if and only if 3?th is invertible (as a superfunction, i.e., its evaluation to the
underlying classical manifold is nowhere vanishing) and the following differential system
is satisfied:

D,G = D,F + (DyK)(0, F), DyH = D,F — (D,K)(d,, F), (5.13)
D,G=D,H=0, D.G+D,H=0, D,K=D.K=0, (5.14)
84, G=0,, F=0, H, 08, G=08, H=0, 0, K=0, K=0, (515)
Ou,. G = (0u,, K) (O, 1), Ouy H = —(0u,, K) (O, F). (5.16)

Proof. The supervector field T = [0,,,, Dy] = Oy, +(0u,, F)0., generates (g_2)5 modulo
D. On the other hand, the Lie brackets between the odd generators of D are

(auTyG)az + (auT,,K)auT ) [auml,a DT} = (aumyH)az - (auTyK)aul, )

D,] = du, +
Ou,. . Dr] = 0, + (8u,. H)D: — (Bu,. K)uy, »  [0us. s Dy = (Bu,. G)0s + (Ou,. K)Ou.
3Dy, D)) = (D,G) 0. + (D,K) 8y, , 3[Ds,D;]=(D;H)0. — (D:K)0y, ,
[D,,D,] = (D,G + D,H)d, + (D,;K) d,. — (D,K)d,, ,

and it is not difficult to see that these supervector fields are multiples of T modulo D
if and only if they are multiples of T. This immediately yields the equations (5.14) and
(5.15).

Next, we calculate the Lie brackets between even and odd generators of D. We first
set

S1 = [0u,,, Dz] = Ou, + (Ou,, F)0z, S2=[0u,,,Ds] =0u, + (0u,.F)0:,

and note that the equivalence classes of S; and Se modulo D generate (g_2)7. Again, it
turns out that the supervector fields

[Dg;7 Dl,] = (DZG — D,,F) 0, + (DIK) 8u7, [D:c, DT} = (DwH — DTF) 0, — (DIK) auu,
[8uzz7DV] = (8 G) 0; + (auz K) 8u77 [auvaT] = (6% H) 9, — (8 K) auz/’



B. Kruglikov et al. / Advances in Mathematics 376 (2021) 107420 69

are linear combinations of S; and S, modulo D precisely when they are linear combina-
tions of S; and S,. This gives (5.13) and (5.16).

A closer look at the Lie brackets determined so far tells us that the maps ¢ and
w defining the models of Theorem 5.1 are both non-zero. Hence the symbol of D is
isomorphic either to (M1) or (M2). Concerning the map =, note that (the equivalence
class of) a supervector field E € (Aa), ® (g—1); satisfies Z(E,-) = 0 if and only if E is
a multiple of 9, and 9,,, K = 0. The last condition follows from the identities

[aumaDV] = (Ou,.K)S, [&LM»DT] = —(0Ou,. K)S1, [aumaauw} = [8umaaumr] =0.
Finally, the map 5 is given the following Lie brackets:

[Ow,,, T] = (85MF)8Z , [Dy, T] = -9, mod (0,) .
Thus the invertibility of 97 F is a necessary condition for a superdistribution of SHC
type, but it is also sufficient since differentiation by w,, of the first identity in (5.16)
yields 02 F = (0u,, K)(Ou,,u,, F), and d,,, K is invertible too. O

Remark 5.5. Superdistributions of SHC-type are strongly regular by definition. It can
be shown that the superdistribution D with generators (5.11) and (5.12) is strongly
regular and with fundamental, non-degenerate symbol of growth (2|4,1|2,2]0) that is
not of SHC-type if and only if 0,,,K = 92 F = 0 and the symbol is (M2). This
case does not correspond to the super-extension of a Monge equation and it is charac-
terized by additional differential conditions on (F,G, H, K) that we omit due to their
size.

If 0

Uz

K is neither zero nor invertible, then the superdistribution D is not strongly
regular.

Corollary 5.6. The functional freedom of analytic superdistributions as in Proposition 5.4
does not involve any ordinary function of 5 variables.

Proof. For the sake of brevity, we will omit the dependence on even coordinates in this
proof. From (5.15), we obtain the following equations

K=K,7,u,,u,),
G = GO(V7 T7 uV? U-,—) + L(V7 T7 ul/7 U/T)U‘IIM
H = Hyo(v,1,up,ur) + L(v, 7, up, ur )y,
where L, K are even superfunctions and G, Hy odd superfunctions.

If we set F' = Fo(v, T, up, ur) + Fy (U, Ty Uy, Ur JUgy + Fo (v, Ty Uy, U )Ugr + Fro(v, 7,1y,
Ur ) Uz Ugr, fOr Fo, F1o even and Fiy, F5 odd superfunctions, we see from (5.15) that
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L=90

Uz

Fy, Oy Fi1=0,, Fr=0,,F2=0, (5.17)
and from (5.16) that

Go=—(0u, K)Fs, 04, L=—(0y, K)Fis, 0

Hy = (04, K)F:. (5.18)
Finally, taking the wu,,-coefficient of the equation D, K = 0 in (5.14) we get

0, K =—L0.K. (5.19)

The system (5.17)-(5.19) of 8 equations on the 8 unknowns Fy, Fy, Fy, Fi2,Go, Ho, L, K
is a classical system of PDE: as soon as it is expanded in the odd variables v, 7, u,, u,
it becomes a system of 64 equations of the first order on 64 unknown ordinary func-
tions (the coefficients of the expansion). We claim that this quasi-linear PDE system is
determined.

Indeed, the symbol of the system is a 64 x 64 matrix A with linear functionals on
T*M, as entries (i.e., functions linear in momenta p,, Py, Pu, » Pu,., , Pz ), and an easy com-
putation shows that its determinant P = det A is a non-zero homogeneous polynomial
in momenta. In fact, P = p3° (pu, + L|op-)®, where L|, is evaluation on M, of the
restriction of L on the 0-jet of a solution.

The locus of P in PT*M, is the characteristic variety of the system (depending on
the 0-jet of a solution) and a (4-dimensional) hypersurface ¥ C M, is non-characteristic
if at every point its annihilator is a non-characteristic covector, i.e., P(AnnT¥%) # 0.
The Cauchy data are given by arbitrary values of the coefficients of the expansions of
Fo, Fy,...,L,K on 3.

If ¥ is analytic, non-characteristic and the Cauchy data are analytic then by the
Cauchy-Kovalevskaya theorem there exists a unique solution to the system. Thus (an-
alytic) solutions are determined by 64 functions of 4 variables and the statement is
proved. O

Remark 5.7. The above corollary also holds in the formal category (i.e., for power series).
The result implies that the functional dimension drops by passing from classical Monge
equations to super-differential equations (5.10) that are of SHC type. Informally, this
can be understood on the basis of our finding that H%2(m,g) = S2C? for d = 2 (and
trivial for other d > 0) for the SHC grading of g = G(3).

Indeed, the Cartan quartic of the underlying generic rank 2 distribution on a 5-
dimensional space should admit a square root, hence must be of Petrov type D (a pair
of double roots), N (a quadruple root) or O (identically zero). Put it differently, not
all Monge equations are super-extendable to equations of SHC type. Details for achiev-
ing this correspondence in the framework of parabolic supergeometries will be given
elsewhere.
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5.8. Integral submanifolds of the SHC' distribution

In this section, we will consider solutions of the SHC equation (1.7). More generally,
we consider its space of integral submanifolds, i.e., the (set-theoretic) space consisting of
all integral submanifolds of the associated Cartan superdistribution. Namely, let M =
Co10(2, u, Uy, Up, 2|V, Ty Uy, U, Ugrs, U7 ) De equipped with the Pfaffian system ¥ = 5@
Wy given by

U5 = (dz — dx - (%uix F UgpUgr ) — AV + Ugg Uy — AT + UgpUgr,
du —dx - uy — dv - uy, —d7 - ur, duy —dT - Upy — dV - Ugy — dT - Uy ),

\IJI = <de —dx - Ugyy — dT - Uz, dur —dx - Ugr + dv - ngc>7

and consider morphisms ¢ : CPl9 — M such that ¢*¥ = 0 and ¢ is an immersion almost
everywhere, i.e., the pull-back ¢* : Ayy — Agcrle on the sheaf of superfunctions is surjec-
tive at almost every stalk. We recall that the pull-back between stalks is by definition
an even morphism of superalgebras.

Our space of integral submanifolds has to be compared with the more general notion
of superspace of integral submanifolds [8], usually introduced via the functor of points and
for which the main role is played by families of integral submanifolds parametrized by
odd elements in an auxiliary algebra A (these are the super-points of such a superspace).
Integral submanifolds in our sense are called “bosonic solutions” in the mathematical
physics literature and it is customary to restrict the analysis to them.

Before turning to integral submanifolds, we give the following preliminary result.

Proposition 5.8. Even superfunctions v = u(x|v,7), z = z(x|v,7) satisfy the SHC
equation (1.7) if and only if

1.2, 1..3
u = co+ 1o + 5cow” + ge3x” + (c2 + c3x)vT,
1.2 1 2,123 (5'20)
z = cq+ 5657 + 5020377 + 5e3x” 4 c3(co + c3x)vT,

for some constants cg,...,cqy € C.
Proof. Expand u and z in the odd coordinates v, 7 and substitute into (1.7). O

We will consider integral submanifolds up to re-parametrization of the source CPl4
and shortly refer to them as “cointegrals”. (This nomenclature stems from the fact that

sIt that are constant on cointegrals.) We will denote

“integrals” are morphisms j: M — C
generic variables of M by s € {x,u, uy, tzs, 2} (even) and & € {v, 7, Uy, Ur, Ugy, Uzr }
(odd).

We consider various cases separately, depending on the dimension of the source CP9,
When the space of (p|g)-cointegrals is reducible, we describe the regular stratum of
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biggest functional dimension. It is not difficult to obtain the complete stratification, but
we will not pursue this here for simplicity of exposition.

(0]0)-cointegrals. Just to start with: these are the points of the classical manifold M, =
C?, so they are parametrized by 5 constants.

(1]0)-cointegrals. In this case t*¢ = 0 for any odd variable, so cointegrals are just the
integral curves ¢ : C — M, of the classical HC Pfaffian system. It is well-known that
they are parametrized by 1 function of 1 variable.

(0]1)-cointegrals. Let @ be the odd coordinate of the source. In this case, 1§ = c¢0 for
ce € C and there exists a point o € M, such that t*s = slo is evaluation at o. By
reparametrization of the source, the constants c¢ have to be considered up to an overall
scale.

The condition ¢*¥ = 0 is then equivalent to the system

CuCuy, +CrCuy, =0, Cuy = (Uszlo) 6ry  Cup = —(Uazlo) Cu,s

hence it is encoded in a projective quadric of dimension 2. Taking into account the choice
of the point 0 € M, the space of (0|1)-cointegrals is parametrized by 5+2 = 7 constants.

(1]1)-cointegrals. The source has coordinates (¢|0) and we set t*s = s(t) and ¢*§ = c¢(t)6.
Note that the (1]0)-cointegrals v = ¢, : C — M, obtained by composing ¢ : C*I* — M
with the natural embedding of C = C!° in C!I' are parametrized by 1 function of 1
variable.

We restrict to the generic case and reparametrize the coordinate ¢ so that z(t) = ¢
locally. Finally, reparametrizing the odd coordinate 6 implies that the 6 functions c¢(¢)
have to be considered up to overall ¢-dependent scale.

Using the coefficients of the 1-form dt in the system of equations ¢*Ug5 = 0, we get
the classical HC constraints

ug(t) = u'(t) ,  uea(t) =0 (t), 2'(t) = %(u”(t))2 :

and if we use the coefficients of df in the systems ¢* U5 = 0 and ¢*¥; = 0, we get a
section of the bundle of quadrics over v(C) C M,:

co(t)eu,, (t) + cr(t)cu, . (t) =0, cy, (t) =u"(t)er(t), cu (t) = —u"(t)c,(t).

Finally, if we combine these identities with the coefficients of dt in *¥; = 0, we arrive
at the following equations

Cu,, (B) =0 (t)er (1), cu,, () = —u""(t)ey (1)

In summary, the (1|1)-cointegrals are parametrized by the function u(t) (together with
the quadrature required to get z(t)) and the function [c,(t) : ¢-(t)] € ]P’lw, therefore by 2
functions of 1 variable.



B. Kruglikov et al. / Advances in Mathematics 376 (2021) 107420 73

(0]2)-cointegrals. We let 67,65 be the two odd coordinates of the source and note that
the image of the underlying classical morphism ¢, : C%° — M, is just a point o € M,.
Then

L*s = 8|, + c5 0102 and €= c’EQk = cé@l + cgﬂg, (k=1,2),

where cg, c’g € C for all even and odd coordinates of M, respectively. The system .*¥ = 0
may be expanded in the 6’s and dfy’s, turning into a system of 20 equations on 22
unknowns constants. The unknowns are the coordinates of 0 € M, and the constants cg
and clg .

If ¢, # 0, it turns out that this system is generated by the following 11 equations:

Cu = (uzlo) o + (taalo) (e = €her),  cup = (Uaalo) Co + CZ?I (cyc2 = cher),
Cz = %(uxz|o)201 + Cij (ua:a:‘o) (0111072' - Clzjc'lr)a
Cﬁu = (uzl‘r)) Cf—v CﬁT = _(“ww|0) c],f, Cﬁw = %C-]ﬁv cﬁw = —%057 (k= 1>2)~

If ¢, = 0, the number of independent equations increases, so this is not the generic case.

Taking into account the reparametrization group GL(2) associated to the source,
we conclude that the number of independent constants is 7. They are given by the
coordinates of o € M, and the constants ¢, and c¢,,,. Thus (0]|2)-cointegrals depend on
7 constants.

(1]2)-cointegrals. A straightforward computation says that the operation of jet-
prolongation sets up a bijective correspondence between the (unparametrized) regular
cointegrals and the solutions of the SHC equation (1.7). By Proposition 5.8, the space
of cointegrals depends on 5 constants.

(p|q)-cointegrals with p > 1 or ¢ > 2. In all the remaining cases, the space of cointegrals

is empty. If p > 1, this follows just as in the classical case: the even part mg of the SHC
symbol m = g_ is non-degenerate, i.e., it has no central elements in (g_1)5. The explicit
brackets of m show that there are no Abelian 3-dimensional subspaces in (g_1)7, hence
the claim for ¢ > 2.

Remark 5.9. We showed that solutions of the SHC equation (1.7) correspond to the
integral submanifolds of the largest possible dimension. On the other hand, the (1|0)-
cointegrals correspond to the integral curves of the classical HC equation. This fact can
be regarded as (another) confirmation that (1.7) is a super-extension of the HC equation.

Now we show that the functional dimension count persists in the curved setting.

Theorem 5.10. The space of cointegrals associated to an analytic superdistribution of SHC
type on a (5/6)-dimensional supermanifold M = (M,,Anr) has the same functional di-
mension as for the SHC' equation (1.7). Namely, the only non-trivial spaces of cointegrals
are as follows:



74 B. Kruglikov et al. / Advances in Mathematics 376 (2021) 107420

Type (plg) | (00)  (1j0)  (O]1)  (1[1)  (0)2)  (1]2)
Generators ‘ 5 const 1 funct 7 const 2 funct 7 const 5 const

where “const” means complex constant and “func” means ordinary function of 1 variable.

Proof. Let us recall that the —1 degree component g_1 = (g—1)5 @ (g—1)7 of the SHC
symbol (M1) is the direct sum of two modules for (go); = s/(2) @ sp(2):

(9-1)p 2C*XKC and (g_q); X C*XC2.

The Lie brackets between the elements of g_; are encoded in the symplectic form w and
the maps ¢,= as in (M1). In particular, the quadratic form ¢ : A%(g_1); — (g_2)5 is
given by q(vy Kwy, va Kwsy) = (v1, va)(wy, wa), with (—, —) the symplectic form on each
factor of (g—1)3-

The case of (p|q)-cointegrals with p > 1 or ¢ > 2 is proved in the same way as for the
SHC equation and the case (p|q) = (0|0) is immediate. For (p|g) = (1|0) we get classical
integral curves of a generic rank 2 distribution on M,,.

To treat the case of (0]1)-cointegrals, we need to consider the g-isotropic lines in (g_1)7.
They form the 2-parametric family [v]X[w], which coupled with the 5 parameters needed
to describe the point 0 € M, gives 7 constants.

Next, (1]|1)-cointegrals are given by a classical integral curve (parametrized by 1 func-
tion) and an odd supervector field along it. Using =, it is not difficult to see that the
2-dimensional subspace of g_; generated by v X1 € (g_1)5 and ¥ € (g_1)7 is Abelian if
and only if ¥ belongs to the a-plane v C? corresponding to v. (Recall that the isotropic
planes in a 4-dimensional complex metric space (C*,q) form two P!, i.e., the a-planes
v C? and the B-planes C2Xw.) Thus 9 is given by another 1 function and the claimed
functional dimension follows.

Similarly, the space of (0|2)-cointegrals is parametrized by the 5 parameters required
to describe o € M, and an isotropic plane in (g_;)7, which is parametrized by 2 con-
stants.

Finally, (1]|2)-cointegrals are parametrized by 5 constants. This counting does not de-
pend on a particular superdistribution of SHC type, as the involutive prolongation of the
system (5.10) has the same type of equations as the SHC equation. Involutivity implies
that there exists a unique solution for any Cauchy data, which can be parametrized by
the 5 constants z, u, Uz, Uzs, Uggr. O

5.4. Super-deformation and submazimally supersymmetric models

Here we discuss locally homogeneous superdistributions of SHC-type with submaximal
symmetry dimension, along the lines of [24]. The condition of local homogeneity can be
relaxed, but this involves the development of new techniques, which will be considered
in a separate work.
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5.4.1. A bound on the dimension of transitive symmetry Lie superalgebras
Model distributions with transitive symmetry superalgebras can be obtained by de-
formation theory as follows.

Proposition 5.11. Let g = @, .5 ok be a Z-graded LSA such that H*'(g_,g) = 0 for all
d > 0, where g_ is the negatively graded part of g, and b a filtered LSA whose associated
graded gr(h) embeds into g (with filtration g7 = ®p>;9x) and gr(h)— = g_. Let H be a
connected Lie supergroup with LSA b and H° the connected closed subgroup of H with
the algebra h° C b.

Then the homogeneous supermanifold M = H/H" equipped with the H-invariant dis-
tribution D determined by D], = h~1 mod h° has symmetry superalgebra inf(M, D) D b.
Moreover:

(i) diminf(M, D) < dim g, with equality if and only if inf(M, D) = g,
(ii) if b cannot be embedded into g as a filtered Lie algebra, then inf(M, D) # g.

This proposition allows a straightforward generalization for the case H%!(g_,g) =0
for all d > 0, which concerns distributions with a reduction of the structure group Gp.

Claim (i) follows from the fact that inf(M, D) inherits a natural filtration such that the
associated graded LSA embeds into g, in other words inf(M, D) is a filtered deformation
of a graded subalgebra of g. In addition, if a filtered deformation of a graded LSA includes
the grading element then it is actually graded and this implies claim (ii).

Theorem 5.12. Let D be a superdistribution of SHC-type on a (5|6)-dimensional super-
manifold M such that the symmetry superalgebra inf(M, D) acts locally transitively on
M. If inf(M, D) # G(3), then diminf(M, D) < (10]8).

Proof. We set h = inf(M, D) and note that the graded Lie algebra a = gr(h) C g, where
g = G(3) is equipped with the SHC Z-grading. We will tacitly identify b and a as Zo-
graded vector spaces and denote the Lie brackets of h by [—, —] = [, =]o + [—, =]+ :
a® a— a, where

o [—,—]o is the fixed (zero-degree) Lie bracket of a, and
o [—,—]+ comprises the deformation components, which are of positive total degree.
By the transitivity assumption we have a_ = g_, which implies [a>9,g-] C a. We will

use this fact extensively and rely on the root decomposition discussed in Section 2.3. See
also Table 6 and the discussion before Lemma 3.11.

Let us first note that if ag # 0 = (a2)sg # 0 = a1 = g1. Also if (az); # 0 =
(a1)g = (91)g- Thus if a; # 0 we get a; # 0. One can similarly check that if G(2) C a
=a=g.
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Step 1: We first classify all graded subalgebras a C g with the indicated properties such
that (i) either dimag > 10 or dim a; > 8, and (ii) a does not include the grading element.
Case 1. If (a1)5 # 0, we may conjugate by the Lie group (Go) = SL(2) x Sp(2) x C*
so that eqyta; € (a1)g. Then e_,, € (a9); and eiqa, € (ag)7, which in turn implies
Casy Cast2as € (01)7 and sp(2) C (ag)g. Moreover (ag)g contains the 2-dimensional sub-
space of the Cartan subalgebra of g generated by h,, and h,,.

This yields a subalgebra a of g of dim a = (11|10), whose non-negative part is displayed
in (5.21). It is not difficult to see that a cannot be extended to a proper graded subalgebra
of g.

’ k ‘ even part odd part
1 Casz+tas €ass €Casr+2as (521)
0 haza hag; efa17 ej:20¢3 eiag

Case 2. If (a1)5 = 0 but (a1)7; # 0, then ag = a3 = 0 and (a1)7 is abelian. In this case,
we may conjugate by (Go)g so that either e, + €y +as+2as € (01)7 O €, € (a1)7.

If eq, + €ay+ast2as € (01)7, then also e_qo, € (ag)7 and hence eq, 4ay+as € (a1)5 # 0,
which contradicts our assumption. Therefore ey, € (a1)7, whence e_q,,€_2q4,ha, €
(ap)g and e_q, € (a9)1, giving a subalgebra b C a of dim b = (8]8).

In the case a satisfies (ii) and the first condition of (i), which in our case is 6 =
dim(ag)g > dim(bg)g + 2, then (a;); 2 (by)7 implying the second condition of (i). Also

in the case 2 = dim(ag); > dim(bg); we get (a1)7 2 (b1)7. Thus we can always assume

(a1); 2 (b1)1, in which case the abelian condition on (a;); gives a non-zero element
Cleay+as T C2€0s+205 € (a1)7. If ca # 0, then eq,4a, € (a1)5 # 0, which contradicts our
assumption.

Consequently e, +a, € (a1)7, whence ey, ha, € (o). This yields a subalgebra a
with dim a = (10|9), which cannot be further extended to a proper graded subalgebra of

G(3) with (a;)g = 0. Its non-negative part is:

‘ k ‘ even part odd part
1 Caz; Caitan (522)
O eia17 hOt17 hoz27 6—2(13 e—a3

Case 3. If a; = 0 then dima < (11|8). In the case of equality (ag); = sl(2) ® sp(2)
and (ag)7 = (go)7 or (ag); = 0. The two sub-cases have respectively dima = (11/8) and
dima = (11/6).

Step 2: We will now study filtered deformations of the above algebras a with big di-
mensions. Note that in each case the subalgebra ag = a5 N G(2) has dimag > 7, so by
the classical sub-maximal bound [3,26] we conclude that a5 ~ ag5/(sp(2) Nagz) C G(2)
has no filtered deformation as the quotient algebra, and so it will be fixed under super-

deformation.
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Case 1. In this case, dima = (11]|10) and a5 = a5 ® sp(2) as the direct sum of two ideals,
where a5 = G(2)_ & G(2)§° C G(2) is the opposite parabolic of the contact Z-grading
of G(2) with the “reduced” Levi factor G(2)§° = (e—ao—agzs Pastass Castas) = 5(2). The
Levi subalgebra of a5 is | = G(2)§° @ sp(2) = s1(2) @ sp(2).

Since the semi-simple factor is rigid, the even subalgebra ag will get no deformation.
Thus hg = ag remains graded. By the Whitehead lemma H* (I, M) = 0 for any semisimple
Lie algebra [ and its finite-dimensional module M. Applying this to [ = s[(2) ® sp(2) and
M = Endaj we conclude that the brackets of [ with a; can be assumed non-deformed
(graded).

In order to study the remaining Lie brackets of the filtered deformation b, we exploit
l-equivariancy of the bracket [—, —]; : a ® a — a, decompose into irreducible [-modules

a5 = (CRC)®(SPC?*KC)@(S2C2 R C) @ (C W S2C?), a; = (CIRC?@(S?°C?*KC?),

[

and note that these subspaces of a are not graded (except for sp(2)).
Let us first study filtered deformation of the map [—, —] : (S?C?2 XK C) ® a; — aj.
Observe that there are unique (up to constant) l-equivariant maps

(S3C?RC)® (S*’C?RC?H = (C?°RCH @ (S3C?*’RCH @ (S°C?RC?) — (C2RC?),
(S’C*RC)® (C?RC?) = (S*C?RC?) ¢ (S*C?RC?) — (S?C?RC?),

and that the first map coincides with a component of [—, —]o, therefore it has total degree
0. This is not true for the second map, which is graded of degree 3, as follows from the
fact that with the insertion of w € S3C2KC the first map [w, —] : S?C2XC? — C2XC?
is conjugate to the second map [w, —] : C2XC? — S?C2KC? (the modules are self-dual).

Because [(S?C2 X C),(S?C?2 X C)] = C X C generates the rest of ag, this gives

an ag-equivariant map [—,—]4 : ag ® a; — a7 and hence an ag-equivariant candidate
[—,—] =[—,—]o + €[—, —]+ for the new bracket with deformation parameter ¢ € C.
In a similar way, we consider the [-equivariant bracket [—, —]; : A%a; — a5 and

decompose A%aj into I-irreducibles. The relevant I-irreducible modules appear with mul-
tiplicity 1,

S3(S?C*RC?) — |,
S%(C?*RC?) — CXC,
(S?°C?’RCH ®(C*RC? — SPC*RC,
and the unique l-equivariant projections have zero degree. Therefore [—, =], [z24, van-
ishes.
Now we verify the Jacobi identity with one even and two odd arguments, more pre-

cisely investigate equivariance of the middle map above with respect to w € S2C2 X C.
This gives € = 0 at once, and we conclude that a = b as LSA.
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Case 3. Next we consider the third case, where dima = (11|8) or (11|6). Then a5 =
dg @ sp(2) as the direct sum of two ideals, where dg = G(2)_ ® G(2)§* C G(2) is
the opposite parabolic of the HC Z-grading of G(2) with “reduced” Levi subalgebra
G(2)5° = (e—a1» hay s €ay) = 51(2).

As in Case 1, b = ag is non-deformed, as well as the Lie brackets of [ with aj. However
here the Levi subalgebra [ = G(2)§° @ sp(2) = sl(2) @ sp(2) = (ag)g is graded in zero
degree.

The following decompositions of components of a into irreducible modules under the
adjoint action of [ are compatible with the grading:

a5=(C?XRC) 30 (CRC) 2@ (C2RC)_; & (S’C*RC) @ (C X S?C?),,

[

(5.23)
a; = (CXC?) 5 & (C2RC?)_; & (CRC?),

and the last (zero grading) term in aj has to be omitted when dima = (11]6). We note
that, contrary to Case 1, this case exhibits non-trivial multiplicities, and we will get
many candidates for the [-equivariant map [—, —]; : a® a — a.

First of all, we remark that (C? X C)_; generates (ag)_, therefore any l-equivariant
map [—, —]+ : a5 ® a5 — ag is completely determined by its restriction [—, —]; : (C2 X
C)_1 ® ag — a; due to the Jacobi identities. We then compute

((C2 X (C)_l ® ((C X (CZ)O = ((CQ X (CQ)_l,
(C?°RC)_;®(C?RC?)_; = (CRC?H_ 5y (S?°C?RC?Y),,

(C?XC)_; ®(CRC?)_,=(C*?RC?_,.
Due to multiplicity the middle term has two possibilities: the bracket of degree 0 (values
in degree -2) that restricts the non-deformed bracket [—, —]o of a, and the bracket [—, =]+
of degree 2 (values in degree 0) that is a deformation (this case is vacuous when (ag); =

0).

Above we indicate with a cross the irreducible modules not relevant for our arguments

(kernel of the projection: they do not arise in the decomposition of a) and underline those
which may contribute to [—, —]; : (C2X C)_; ® aj — aj, namely

[~ —]4+: (C2RC)_; ® (C2RC?)_; — (CRC2),
[ —]4: (C2RC)_; ® (CRC?)_y — (C2RC2)_,

o
B
By changing the [Fmodule decomposition a; = (aj)—2 ® (a7)-1 @ (ag)o in (5.23) to
a; = Im(a) @ (a;)_1 ® (a7)o we may ignore « and study the possibility of a; being ag
module as if we had a = 0; note that « plays no role when dima = (11]6). With this
trick we have only one deformation parameter ¢ € C in the next computation.

We consider the basis (5.2)-(5.3) of the negatively-graded part h_ of h and focus on
its Lie brackets (only the non-trivial relations are shown):
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[61362] =h, [elah] = f1, [eQah] = fa, [0/113012/] = h, [9l1a012] =
le1, 05] = p1, [e1,05] = p2, [e2,07] = p1, [e2,01] = —p2 p = SHC symbol
[ 117[)2] - f17 [ ;_apl] - fla [9127p2] - _.f27 [eé/?pl] = f2

ler, p1] = €07, [e1, pa] = —€b1, [e2,m 5, [e2, p2] = —€by,

[h 9”}—6 , [, 6’]—69 [h, 62 [h9 ] 25
[f1,92] = 36p1, [flag ] - 36p2a [fQ, pla [f27 ] _3€p27
[f1.p1] = —3629/1,7 [f1,p2] = 3¢? 917 [f2,p1] = 3¢? 927 [f2,p2] = 3529§/~

| =

[h, p1] = —2€p1, [h, p2] = 2602,
]
]

Computing 0 = [[e1, f1],05] = —6€20] via the Leibniz identity, we conclude that e = 0.
Thus 8 = 0 in the splitting of a3 where o = 0, so we get one deformation parameter €;
entering «a, 5. Returning to the original grading, we get explicit expressions of the new
brackets bz ® h; — b3 via €; (we indicate only non-trivial relations):

[w_1,00] = c(w,8)_1, [w_1,{-1] = c(w,{)—2 + e1¢(w,{)o, [w—_1,0_2] = —€1¢c(w,0)_1
[h,Q, 90} = C(h, 9),2 + elc(h, 9)0, [h,Q, 9,2} = —€1C(h, 9),2 — elc(h, 9)0

Here w € C2XC,h e CXC, 0 € CRC? and ¢ € C2KC? are elements of the
modules entering decomposition (5.23), subscript indicating the grading to distinguish
them. The bilinear map ¢(—, —), denotes the contraction of the corresponding modules
taking values in the (odd) module of grading p. It reads off the graded bracket [—, —]o
of a.

We now deal with the [-equivariant map [—, —]; : A%a; — ag in a similar way. Namely,
we have the following decompositions into [-irreducible modules:

S%(C R C?)y = (C K S*C?),,
(C’RC?H_;®(CRC?)y=(C*’KRC)_; & (C?KS2C?),,
(CRC?) ,®(CRC?)y=(CRC)_,d (CKS2C?),,

S?(C?*HC?)_; = (CRC)_» @ (S?C* X S?C?),,
(CRC?)_,®(C*?RC?)_; = (C°RC)_5v_1 & (C*°RS*C?),,
S*(CRC?)_y = (CRS*C?)o.

Again irrelevant terms are indicated by a cross and the candidate terms for deformation
are underlined. If dim a = (11|6), the first three lines disappear, so the last two underlined
terms are the only potential contributions to the deformation. Similarly to the above, we
arrive at explicit expressions of the new brackets A2h; — by via deformation parameters

€2, €3, €4:
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[967 96,] = 0(9/7 9//)07 [C*la 90] = C(Ca 9)717 [9L27 9(/)/] = 0(9/’ 9”>72 + 626(9/7 9//)07
[ ) =e(( (") =2,y [0-2,¢1] = c(0,{)—3 + €3¢(0,) -1, [0 5,0" 5] = esc(8',6" ).

For dim a = (11|6) the relations with 6y and the deformation parameters €1, €5 disappear.

Now we investigate ag-equivariance of the new brackets. In the case dima = (11|8) the
Leibniz rule for ad,,, w € (ag)_1 ~ C? K C, applied to the first line of brackets implies
€2 = €3 = —e1. Then applied to the second line of brackets it gives e = 0, ¢4 = 6% =0
and hence e; = e3 = 0. In the case dim a = (11|8) we get only the second line of brackets,
and they similarly imply e3 = 0 and then ¢4 = 0.

Thus we again conclude that the deformation is trivial, so that a = § as LSA.

Case 2. In the remaining second case ag = a5 & b(2), where b(2) = (hq,,€_24,) and
a5 = G(2)— ® G(2)§* C G(2) is the opposite parabolic of the HC Z-grading of G(2) as in
Case 3, i.e., with the “reduced” Levi subalgebra G(2)§° = (e_qa,, Py €a,) = 51(2). We
stress that b(2) is abstractly isomorphic to a Borel subalgebra of sp(2), but it is actually
not contained in sp(2) because the coroot h,, sits diagonally w.r.t. the decomposition
80 = G(2) & 5p(2).

This case is the most involved, as [ha,, €+a,] # 0 and a5 = a5 & b(2) is not a decom-
position into ideals. Moreover, the Levi factor of ag is just [ = G(2)§° = sl(2) and its
representation theory is less restrictive than in the previous cases. Thus we exploit the
representation theory of s[(2) but also use a brute force computation. Those are done in
Maple (available in the arXiv supplement) and rely on linear algebra over Q only, so no
rigour suffers.

We will now summarize the computations. Following the same strategy as before we
show that the Lie brackets on ag are rigid. Indeed, the quotient algebra dg = a5 mod b(2)
as well as the subalgebra b(2) C (ag)g is non-deformed, and the sl(2) module structure

a5 = (C*)_3® (C)_2® (C*)_1 ® (S°C*)p & (C & C)o

is rigid. Thus the only contribution to the filtered deformation may arise from the positive
degree brackets (C?)_3®(C2?)_; — (C®C)_; and A%(C?)_3 — (C®C)_;. These carry
four parameters (by sl(2)-equivariance), which have to vanish due to the Jacobi identity.

Next we deform the even-odd brackets, i.e., the representation of aj over a;. As an
5[(2)-module

a1 =(CHC)_,®(C2aCH_1®(C) ® (C?),

and we employ the sl(2)-equivariance of the brackets aj ® a; — a;. These satisfy the
module structure constraints if and only if ag @ a7 with trivial brackets on a;j is a Lie
algebra. The Jacobi identity constrains the parameters of the semi-direct product ag x ag
as follows:

le1,ea] = h, [e1, h] = fi, [e2,h] = fo, [u,e2] =e1, [I,e1] = e2,
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[s,e1] = e, [s,ex] = =€z, [u, fo] = f1, [, fi] = fo, [s, fi] = f1, [, fo] = —fo,
[u,l] = s, [s,u] =2u, [s,l]] = =2, [r,n] =2n,
[rye1] = ge1, [rea] = jea, [r,h] = Sh, [r, f1] = 3f1,[r, fo] = 3 fa, [u,05] = 6,
[1,01] = 03, [s,61] =01, [879/2/] = =0y, [u, 03] = =07, [I,07] = 05,
[s,07] = 07, [s,05] = =03, [u,&] =&,
[1,61] = &, [5,&1] = &1, [5,&2] = —&a, [n,01] = €261 + 0, [n,05] = €260 — 05
[n, p2] = —p1 +261C, [r,p1] = 3p1 —€1C, [ p2] = —5p2 + €3¢, [r,07] = =307 + eséy,
[r,05] = =305 + caa, [1,07] = 301 + Sea&a, [, 05] = 505 — 5eabo, [,(] = ¢,
[r 6] = 361, [, &) = 28, le1,&] = ¢ = —[e2,&1], [e1,(] = e2&1 + 67,
[e2,C] = €262 — 0, [e1,05] = po + 3 (ea — €3)¢ = —[e2,61],
le1,05] = p1 — (2e1 — €2)¢ = [e2,07], [e1, p1] = 2€16261 + 26167,
le2, p1] = 2e1€28a — 26105, [e1, p2] = %639/1/7 le2, p2] = —§639/2>
[h,&1] = =261 = 07, [h,&o] = —€2bo + 03, [h, (] = 4e1( — 2p1, [h, 0] = €261 + €207,
[h,01] = —2€48] — Sea(es + 2ea)6n, [h, 03] = Zeally — Fea(es + 2€4)Ea,
[h,05] = —e2&a + €26, [h, p1] = 8€1¢ — derp, [h, p2] = —3esp1 + Seres(,
[f1,&] = 3p1 — 6e1C = —[f2,&1], [f1,05] = 2eap1 — dereaC = —[fa,01],
[f1,05] = 3eapr — Gerea = [fo, 0] .

Here sl(2) = (u, s,1), 6(2) = (r,n), (a0)7 = (¢), (a1)7 = (&1,&2), and the other notations
are as in (M1). The parameters €1, €9, €3, €4 satisfy the following branching condition:
either e = 0 or else e = 1, ¢4 = 0. We now turn to the Lie superalgebra bracket
between odd elements.

In the second branch no ag-equivariant map A%a; — ag exists. In the first branch
such a map exists if and only if ¢4 = 0, in this case it is unique and survives the
Jacobi identity for all odd elements. In other words, we get a two-parametric filtered
deformation of dimension (10|9). However this deformation is trivial: the change of basis
p1— p1 — 2€1(, pa > p2 — %@,C eliminates the parameters from the expression for the
brackets.

Summary. No nontrivial filtered deformations of a exist, and all cases give rise to the
flat structure with maximal supersymmetry, contrary to the assumption. Hence the
claim. 0O

5.4.2. Realization of the supersymmetry bound
Consider the following system of PDE involving one arbitrary function f of 1 variable:

2y = f(uzw) + Ugp Ugrs Zr = f/(ua:;v)u:m’a 2y = f/(ua:m)uwua Ury = fl(uww) (524)



82 B. Kruglikov et al. / Advances in Mathematics 376 (2021) 107420

According to Proposition 5.4, the associated Cartan superdistribution D on the super-
space M = C®l0(2, u, Uy, Upg, 2|T, V) Ur, Uy, Uy, Uz, ) is of SHC type when f” # 0, and
in this case it shall be considered as a super-extension of the classical family of generic
rank 2 distributions on a 5-dimensional space with Monge normal form z, = f(uz).
We will now see that super-extensions of the classical submaximally symmetric models

given by the choice f(s) = %sm, namely

_ 1 m _ . m—1 _ ., m—1 _ . m—1
2y = oUny F UgyUpr, 2 = Upy Ugr, 2y = Upy Ugy, Ury = Upy (5.25)

do realize the upper bound of Theorem 5.12.

Theorem 5.13. The internal symmetry superalgebra of the SHC type equation (5.24) for
f(s) = Ls™ with m # —1,0,%,2,1,2, as well as f(s) = Ins and f(s) = exps has
dim = (10|8).

Proof. It is obvious that for m # 0,1 we have f” = 0, hence the distribution is of SHC
type. We claim that for m # —1, :1,), 3,2 the symmetry superalgebra inf(M, D) is not
g = G(3). Otherwise, the superdistribution D would be flat and the underlying classical
distribution of HC type would be flat too. Indeed, the supersymmetry G(3) of D reduces
to the symmetry G(2) of the underlying distribution (recall that G(3)5; = G(2) ® A(1)

but the second factor belongs to the kernel of the action), which is possible only for

—1, %, 2,2, see [10].
We will now give the explicit realization of inf(M, D) for m # —1,0, é, g, 1,2, and at

the same time show that the local transitivity assumption required in Theorem 4.9 is
satisfied. In particular dim inf(M, D) < (10|8) by Theorem 5.12.

A supervector field on M = C56(2, u, Uy, gy, 2|7, Uy Uy, Uy, Ugr ) Ugy ) 18 i inf(M, D) if
and only if its coefficients satisfy an appropriate system of differential equations in super-
space. As soon as it is expanded in the odd variables, this gives a large overdetermined
system of PDE on ordinary functions of 5 variables, which we solve bringing the system
to involution. To write down the explicit expression of the generators of inf(M, D), we
find convenient to relabel the odd coordinates 8y = 7,05 = v, 03 = u,, 04 = u,, 05 = Uy,
06 = Uy, and set 0;; = 0,0, ;51 = 0,0;0),. Here are the even generators

Wi :63')7 Vo = 623 Va3 = aux +-Tau7 Vi = 8ua
Vs =20, + 2u0y + uy0y, + 20, + 2010, + 2040, — 050,

Uz T

+ 060u,,
Vo =u0y + ug0y, + umaum +mz0, + 010, — (m — 1)020, + mb40,, + MU0, ,
Vo =ul 10, — (2 — upu™ ! 4 036 — 045) 0y + (—u:m — 056)0u,

+ u;'";;l(Mngl) e — 056)0: + 0607 — 050, + ulfs " (050u, + 060, ),

va = 9187' - 9281/ - 93auT + 94aul, - 95aum7. + QGaum,,a
Vo =020, — 030y, — 050y,,, Vio = 010, — 0404, — 060.,.,



B. Kruglikov et al. / Advances in Mathematics 376 (2021) 107420 83

and the odd generators

Ul :au,. - 018u7 U2 = aul, - 92aua U3 = 8‘m U4 = aua
Us =0y, + 20y, — 2010y — 010y, — 040, Us = Oy + 20, — 2020y — 029, + 030,

Uz Uzv

U; = (04 — (2m — 1)u;’;7191)3x + (Um94 + (2m — 1)((2 — uxu;r;fl)ﬁl + 0136 — 9145))6u
— (2m — 1)(%_111,2;01 — 9156)8um — 211@1066

- u%_l(%uﬂel — (2m — 1)9156>a3

- (2m - 1)01687— + (ux + (2m — 1)915)6V - (mTflqu; - 2m955)3u“
—(2m —1)(z + u" 1 015) 00, — (2m — Du" 10160,

Ug = (93 + (2m — 1)ugﬁ;7192)3$ + (Uweg + (2m — 1)((uwu;”;1 — 2)92 + Ooys — 9236))8u
-+ (2m — 1)(%_111,2’;02 — 9256)81% — 2’[1,1105(9

Uzx

+ul (=L 0 — (2m — 1)0256) 0,

+ (ux + (2m — 1)926)37— - (2m — 1)0256y + (mTiluzﬁ; - 2m056)6u1‘u
+ (2m — l)u;';c_19258uT + (2m — ].)(Z + u;’;_lﬁ%)auy.

We note that the even part inf(M, D)g is given by the direct sum of sp(2) = (Vg, Vo, Vio)
and the 7-dimensional complementary subalgebra (V1, ..., Vz), corresponding to the clas-
sical submaximal symmetry of the Monge equation z, = %ug";

The above expressions hold for a generic value of the parameter m and they only

change a bit for m = 1, see [10]. The case f(s) = Ins (as well as f(s) = exps, which
1

classically corresponds to the case m = 3) is treated similarly and we omit the details. O

5.4.8. Special values of the parameter m

The exceptional values of m in Theorem 5.13 are the same as in the classical case.
The function f(s) = -s™ in (5.24) is not defined for m = 0, but throughout this section
we will replace it with the function f(s) = s™.

For the underlying (2,1,2) even distribution the values m = 0,1 correspond to dis-
tributions of infinite type. Indeed, the distribution fails to be totally non-holonomic
and has isomorphic maximal leaves, whence infinite-dimensional symmetry. The values
m=—1, %, %, 2 correspond to flat distributions with symmetry G(2). For all other values
of m, as well as for f(s) =1Ins and f(s) = exps, the symmetry dimension is equal to 7.

In the super-case, the values m = 0,1 again correspond to infinite-dimensional sym-
metry, but for a different reason. In fact, the distribution is totally non-holonomic
with the growth vector is (2]4,1|2,2|0), and its symbol superalgebra is isomorphic to
(M2). This has an Abelian even ideal (eq,h, f1, f2), in coordinates corresponding to
(Ou, Ou, s Ou,,, 0z). Thus the classical argument for infinite type fails here, yet we can

explicitly demonstrate the claim as follows.
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For m = 1, equation (5.25) becomes
2g = Uge + UgpUgpr, Zr = Ugr, 2y = Ugy, Ury =1

whose solutions are u = ¢(z) + v, z = ¢'(z) + ¢, for an arbitrary function ¢(x) and
constant ¢. The vector field &€ = ()0, + ' (2)0y, + " (2)0y,, + ' (x)0, is a symmetry
for any function (), thus the symmetry superalgebra is infinite-dimensional.

For m = 0, the corresponding equation is

Ze = 1+ UppUpr, 2, =0, 2,=0, u, =0

whose solutions are u = ¢(x), z = = + ¢, for an arbitrary function ¢(z) and constant
¢. The vector field & = ¢¥(x)0y, + ¥/ ()0, + V"' (2)0y,, is a symmetry for any function
().

We already know that the value m = 2 corresponds to the SHC equation with sym-
metry superalgebra G(3). The other three values m = —1, %,% are however special: a
direct computation shows that the symmetry superalgebra has dimension (10|8) in each
case! Hence, a maximally symmetric classical rank 2 distribution can be super-extended
to one with the submaximal supersymmetry dimension.

However a maximally symmetric rank 2 classical distribution can also be extended to
a superdistribution of SHC type with maximal supersymmetry G(3). In fact, there are
super-extensions of the Monge equations z, = %ué’; for m = —1, %, % with supersym-
metry G(3). To get one, take a classical equivalence of any of these cases with the m = 2
case [10] and apply its super-extension to the SHC equation.

For instance, the Legendre transformation

(va; v,u, umuﬂuv) — (uza'ra V, U — Uy, 7933“7'3”“%)

maps the SHC equation to the following system:

_ -1 -1 ) -2 _ o, -1 —1
Zo = Upy — Upe UgpUgry  2r = —Upslgpr, 2y = —Upslgy, Ury = 2Uy, — Uyps UgyUgr-
This is a super-extension of the equation z, = —u,,} with supersymmetry G(3).
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Table 9
Distributions on generalized flag supermanifolds M4 = G/Pj4.
Type of Py Structure group Go dim M 4 no Growth vector
P! G(2) x C* (1]7) 2 (0|7,1]0)
P} =P =pH GL(2|1) (6]5) 2 (413,2]2)
Pt = pIV COSp(3]2) (5]4) 2 (4]4,1|0)
Pl'=pP" =PIV  GL(2/1) (6]5) 3 (2]2,2(2,2]1)
PV GL(2) x OSp(1]2) (516) 3 (214, 1|2, 2|0)
Pl =PI GL(2) x SL(1|1) (616) 4 (212,1]1,2]2,1]1)
Pl GL(2) x C* (6|7) 4 (4]2,1|3,0]2, 1|0)
pPII GL(2) x C* (6]7) 4 (05,5]0,0]2, 1]0)
PlL =PIl GL(1]1) x C* (716) 5 (212, 1]1,1]1,2|1, 1|1)
Pl = pIY GL(1]1) x C* (716) 5 (212,2]2,1]1, 1|1, 1]0)
PIY COSp(1]2) x C* (66) 5 (2|2,1]2,1]2, 1]0, 1]0)
P, GL(2) x C* (6|7) 6 (21,1/2,2|1, 02,01, 1|0)
Pl, = P} GL(1]1) x C* (716) 6 (21,11, 1)1, 11, 1|1, 1|1)
Py GL(2) x CX (6]7) 6 (0|3, 3]0, 0|3, 1]0, 0|1, 2|0)
Pl: GL(2) x C* (6]7) 7 (013, 2|0, 0|1, 1]0, 0|2, 3]0, 0[1)
Pt C* xC* xC* (7]7) 7 (112,12, 1]1, 2|0, 1|1, 0|1, 1]|0)
Pl C* x C* x C* (717) 8 (2]1,11,1]1,1|1,1]1, 01,01, 1|0)
Pl C*X x C* x C* (717) 8 (1)2,2|1,1]1,0/2, 1|0, 0|1, 1|0, 1|0)
P, C* x C* x C* (717) 9 (1/2,1]1,1]0, 0|1, 1]0, 0|1, 1|1, 2|0, 0]1)

Appendix A. Parabolic G(3)-supergeometries and equivalences

Here we discuss the 19 supergeometries associated to parabolic subgroups P4 C G,
loc

where G is a Lie supergroup corresponding to g = G(3). The flat models M4 = G/Py ~
expm are shown in Fig. 4, and in Table 9 we specify the type of the left-invariant
distribution D given by g_;. In particular, we indicate its depth pp and growth vec-
tor.

In the curved case, the geometry of type (G, Py4) is given by a distribution D on M
with symbol as in the flat case and with a possible reduction of structure group to Gy
(and perhaps even higher order reductions). The latter is related to the computation
of the cohomology group H!(m,g) and will not be discussed here. Specific bracket re-
lations are encoded by the roots associated to each Dynkin diagram, and will not be
indicated.

For example, the first case represents a (G(3), P{) type geometry via a purely odd
contact structure. If ¢ is a local defining 1-form for the rank (0|7) contact distribution
C, then [do|e] is a conformal metric (in the classical sense). A reduction of the structure
group to G(2) x C* C CO(7) can be encoded by the additional choice of a conformal
class of generic 3-forms on C.

Let us focus on the geometries highlighted on Fig. 4. The geometries of types M}V
and M1V are well studied in this paper. To understand the type MLy, we consider the
roots organized by parity and grading for the parabolic subalgebra piy:
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3 Ay (k) \ Aq (k)
0 +2as3 +ag
1 a1, ag + Qs as, as + 2ag,
2| ar+axtas a1 +az, a; +az + 2as (A1)
3| a1+ 2as +2a3 | a; + 2a0 + a3, a1 + 2as + 3ag
4| ay 4+ 3as + 3as
5| 2a1 + 3 + 3a3

The bracket structure is given by the addition of roots. In particular, we note that
mg is trivial as a module over sp(2) C (go)g, while my consists of 3 standard repre-
sentations. On a supermanifold of dimension (6|6), a distribution with growth vector
(2]2,1]2,1]2,1|0,1|0) and the given symbol is said to be of type Miy .

Not all geometries in Table 9 are different. For example, we have the following:

Theorem A.1. There is an equivalence of categories between the germs of distributions
of type M1y (as above) and MLV (i.e., of SHC-type).

Proof. This follows from the two mutually inverse constructions discussed next.

From M1V to M1Y: Consider a rank (2|4) distribution D of SHC-type on a supermanifold
M of dimension (5[6). We define its prolongation M = PDj via the functor of points by
the formula

M = {(x,¢) | # = super-point of M, £ = rank (1]0) free submodule of Dj|,} .

This is a supermanifold of dimension (6/6). Let 7 : M — M be the natural projection.
We define a distribution D on M by the formulae @5 = 771(¢) and Dy = Ker(Z(¢,-)),
where Z : (g_1)5 ® (g—1)7 — (g_2)7 is a component of the bracket. The rank of D is
(22) and it is straightforward to verify that (M, D) is of type MLY.

From MY to MLV: Consider a rank (2|2) distribution D of type MLy on a manifold
M of dlmenblon (6/6). From the symbol of this distribution (obtamed from (A. 1)),
see that the derived distribution Dy = [D, D] has a Cauchy characteristic in Dg. Let
7 : M — M be a (local) quotient by it and define D = Dy/ Ch(Dy). The rank of D is
(2[4) and it is straightforward to verify that (M, D) is of SHC-type. O

Corollary A.2. For g = G(3) with m = g_ associated to p'Y, we have: H%'(m, g) = 0 for
alld >0

Proof. From the established equivalence of categories, we conclude inf(M,D) =
inf(M, D). Moreover, G(3) is the maximal transitive symmetry algebra for distribu-
tions of type M]y. We apply this to the flat distributions to conclude that G(3) =
inf(Dsuc) = inf(Dsuc) = pr(m), where the first equality follows from Theorem 4.13
and the last equality from the fact that Tanaka—Weisfeiler prolongations reproduce the
symmetries of flat models. O
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In other words, the geometry of type M]y is given by a naked distribution (that
is without reduction of the structure group) on a supermanifold M of dimension (6]6)
with the given symbol. This explains and enhances the twistor correspondence from the
introduction, see the right arrow in Fig. 2.

We illustrate this correspondence using the equation (5.10), with the SHC-type con-
straints of Proposition 5.4 in force. The distribution D is given by (5.11)-(5.12) and the
corresponding rank (2]2) distribution D on M of type Miy is

A

D =(Dy + Au,,, Or| Dy + (DK + Ay, ,K)Ou,,, Dr — (DK + A0y, K)Oy,, ).

Here )\ is the coordinate on the (projective) line bundle 7 : M — M.

In particular, for the super-extension (5.24) of the Monge equation, the lifted distri-
bution D has the same symmetries as D (given via f = f(ugg)), and thus is subject to
the submaximal result of Theorem 5.13.

Appendix B. Vanishing of the groups H%?(mj, g)g for d > 3
Proposition B.1. The group H%%(mj,g)g =0 for all d > 5.

Proof. The claim is immediate by degree reasons if d > 8. We now consider the remaining
degrees d = 5,6, 7 separately and show that Z%2(mz, g)5 = 0 in all of these cases.

Case d = 7 The components of an even 2-cocycle ¢ € Z72(mz, g) are given by

a

©ap” A (g_2)7 — 03,
Paa” 1 9-3® (9-2)1 — (92)1 ,

and we then note that

9l (g-1)6®(g-2)18(g-2); =0 = Papa =0,
0lg_s@(g_2)1@(s-2)5 = 0 = Paa’ = 0.

Hence Z72(my, g)g = 0.

Case d = 6 The components of an even 2-cocycle ¢ € Z%2(mz, g)5 are given by

Pabp”  (9-2)1 ® (8-1)1 — 03,
Pabp™ 1 8-3 ® (8-1)1 — (92)1
P1a”  (8-2)5 ® (9-2)7 — (92)7
Pop’ A (g_2)1 — (92)

0>
Paa’’ 193 ® (g-2)1 — (91)1 ,

and they all vanish since
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00|g_s08_30(a_1); =0 == Vbcs” €aa — Pacs " €ba =0 = Parg” =0,
99l(5_2)1(a-2)18(5-2)1 = 0= s € + Pra'€s + gy €a = 0= pas’ =0,
9¢la_so(s-1)p@(-1); = 0 = Weaaa" ers = 0= paa” =0,
0¢lg_s(a-2)p0(a_2); = 0= ‘Plaﬁecﬂ =0= 91" =0,
00l _s0(s-2)1@(g_1); = 0 = WacPabs® =0 = 0aps” = 0.

Hence Z%2(my,g)5 = 0.

Case d = 5 We still work in cocycle components, writing

Paabs”  A7(9-1)1 = 93,

Paap’  (8-1)1 ® (8-2)1 — (92)5
Praa’ 1 (8-2)5 ® (8-1)1 — (92)7 ,
¢a’a: (9-1)5 ® (9-2)1 — (92)1

s 1 93 @ (9-1)1 — (91)1
Pas® A (g-2)1 — (91)5 »
p1a”"  (9-2)5 © (9-2)7 — (91)1 »
Paa”  (8-2)1 ® g-3 — (90)1 »

and show that they all vanish. We depart with the following chain of equations:

90l(g_2)10(a-2)19(g_2); = 0 = Pap’€ay + Pra"€as + Py €aa = 0
= @a,@a =0 5
9¢l(g_2)10(a-2)19(-1)s = 0= ¥a" a(€y @ €5) + pa (e, @ €a) =0
- Qpava =0 s
06l _2o(g-2)10(a-1)5 = 0 = Paa’€cp = 0= @aa” =0,
880‘9*3@(9*1)1@(9*1)6 — 0 e wdcﬁpacybﬂev — 0 B @acvbﬁ — 0 ,

8@\9_3(@(9_1)1@(9_1)1 =0= cpmbgc(ec &® ed) =0= goaabgc =0.

It remains to deal with the three components with the index 1:

8@|g—3®(g_2)5®(g_2)1 =0= wawlabﬁeﬁ =0= Qplabﬁ =0,
8¢|9—3®(9—2)6®(9—1)1 =0= ‘PllaaBECB =0= ‘P]laocﬁ =0,

8@|g_3®(g_2)1®(g_1)1 =0= <Paa,8]lec =0= @aa,@l =0.

Hence Z5’2(m1,g)5 =0. O
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Proposition B.2. The group H*?(mg,g)g = 0.

Proof. The components of a cocycle ¢ € Z3?(mg, g)5 are given by

Paabs® : A*(g-1)1 = (81)o ,

Paab” 1 (9-1)1 @ (9-1)5 — (91)1
aas” + Paas™® + 0aas™? 1 (9-1)1 @ (9-2)1 — (80)5 = CZ @ 51(2) D 5p(2)
P1a0”  (9-2)5 ® (8-1)1 — (80)1 ,
Paa” 1 (8-2)1 @ (9-1)5 — (80)1 »
©aTbp 1 03 @ (9-1)1 — (9-1)1 »
pap® A (g-2)1 — (9-1)5 »
P10 1 (8-2)5 @ (9-2)1 — (8-1)1

a5 0-3®(9-2)1 — (9-2)1,

and there is a non-trivial space (g2); ® (g-1); + (91)71 ® (g—2)7 of 1-cochains, which we
may use to arrange for golaaﬁ =0 and <paa5 =0.
We depart with

9¢l(a-1)08(a-1)e8(s-2)1 = 0 = ¥1a" =0,
9el(g_1)i@(a-1)1@(a-2)5 = 0 = Paabs® =0,
96l(g-1)5@(a-2)s@(a—2); = 0= ¥a"g =0,
9el(g-1)5@(a-2)1@(a-2); = 0 = WapPap”l =0 = @ap” =0,

32l (g-1)18(a-2)50(a-2)1 = 0 = [Paas”s 1] = 0 = @aap? =0,
and continue with

a¢|(9—1)i®(9—2)i®(9—2)1 =0= [Qpaaﬂsp@)? e,y] + [‘paavsp(z)v 65} =0
= (Qpaaﬁév + ‘Paowéﬁ)eé =0,

= PaaBdy + Paaysp = 0 3

which implies
PaaBdy = ~Paavyif = ~PaayBs = PaadBy
= PaadyB = ~Paafys = ~PaaBdy

and <paa55p(2) = 0. It remains to deal with the components ©,q,", goaaﬁﬁm) and ¢, “Vpg
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We have':

26l (g_1)1®(g-1)108-3 = 0 = [Pa“ bs€cy, €anl + [Pa aa€ey, €05] =0,

= WacWarPd b8 + WoewpyPdVaa =0,

= Pdaabf = ~Pdbfac (B.1)
3¢l(g_1)18(s_2) @85 = 0 = [P aa€ds, €5] + [Paas™ ] = 0,

= [%aﬂsr(z)’ e] = ¢ gacea

= Pedfaa = Paafde ; (B.2)
0¢l(a_1so(a )05 = 0 = [€a, 0P ba€as] + [€c, Prga™€as) = 0

= PbBacs X Pcadbp ; (B-3)

which imply, in turn, strong symmetry properties on the component ¢, pg:

Pacybp = —PacBby = Pabycf = Pcaybp -
In other words ¢, pg is totally symmetric in the Latin indices and skew in the Greek
ones; the components goaaﬁdc and qap°? satisfy the very same property due to (B.2)
and (B.3).
We shall write

Paabey = Wa'y\:[]abc ’

for some totally symmetric tensor ¥ €  S3(C2?)*. The component of
90(g_1)o®(a—_1);@(a_1); = 0 that takes values in sp(2) C (go)g tells us that

@cwab(S(eﬂ KQeEs+ € 6[3) + @b,@acé(e'y Res+EQ e’y) =0
- @c'yabeég + @c'yabaéfi + @bﬂaceag + @b,@aca&ey =0

and, summing over a = 8 and multiplying by wg., we arrive at
2@07(11)9 + Peyabd + Pbyachd — Wv@‘pbaaca =0=6Pu.=0.
Hence ¢qq4°" identically vanishes, as well as @aa,@ﬁ[@) and ¢, V5. O

Proposition B.3. The group H*?(mz,g)5 = 0 and H*?(m, g)5 does not contain any (go)g-
submodule isomorphic to S?C? X S2C2.

6 We will use the symbol « to denote “proportional to” with nontrivial constant of proportionality.
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Proof. The proof is divided in three main steps. We show H*?(my, g)5 = 0 in the first
two steps and conclude with the last claim of the proposition.

First step The components of a cocycle p € Z42(my, g)g are given by

Paans” : A%(g-1)1 = (82)5 »
Paa’s : (9-1)1 ® (8-
Pabs” : (9-2)1 ® (91

Y100 (9-2)0 ® (g-
Yo’ ® (g-

Pavs” 1 9-3 @ (g-1)1 —
+0as™® A} (g0); — (90)6 =CZ osl(2) ®sp(2),
pra”  (9-2)5 @ (8-2)1 — (90)7

Paa’’ 1 9-3 @ (9-2)1 — (9-1)1 ,

@aBZ + 300455[(2)

and we may arrange for ¢1,” = 0 using the space of 1-cochains (g2)7 ® (g-2);. We then
immediately note that

32l (g_)58(a-2)1®(a_2); = 0= Pap” = 0. (B.5)

We now turn to study the identity

&P|(9—1)i®(9—1)1®(9—2)0 =0. (B.6)

The component taking values in sp(2) C (go)g says

WeaP1b3T (€4 ® €4 + €0 @ €) + WepP1a0" (€4 R €5 + €5 R €,) =0

= P1bBa 6(1 + P1bBa 6a + P1aab 65 + P1aab 65 =0

- SQOILbﬁae + Plapbe + weﬁ@]laaba =0.
Multiplying by w®¢ and summing over 3 and €, we arrive at PlbBac = —PlaBbe- AL
analogous argument for the component taking values in s[(2) C (go)g yields @1pgae =
—1beas While the component in CZ C (go)g says that apaabgl is proportional to ¢14ap3-
In particular ¢qp5qc and waabgﬂ are both skewsymmetric, in the Latin and Greek indices

separately.
Now

8¢|(971)i®(9—2)6®(972)1 = 0= Ypaac X PLaacs (B.7)

so that @ggac is skewsymmetric, in the Latin and Greek indices. Furthermore
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a@|(g_1)1®(g_1)1®(g_3)() =0= [Socbﬁrye'w eaa] + [‘Pcaa’yewa Ebﬁ] + [‘Paabﬁ117 ec] =0
- @cbﬂadg + @caa,@élcyi X (paabﬁ]l(sg ) (BS)

and taking a = b implies that ¢g, is skewsymmetric in the Greek indices. If instead
we multiply (B.8) by §§ and sum over a and d we arrive at

20chpo + Pebap X Peabst == Pebfa X Peabs’
so that ¢cpq is skewsymmetric in the Latin indices as well. Finally, we consider
690'(9—1)6@(9—1)()@(9—2)1 =0 = Yabas = Paabs (B.9)
and also note

a(p|(9—1)6®(9—2)6®(9—2)1 = 0= Yaabs X Paabs (B.10)

so that ¢,apg is symmetric in the Latin indices.

Second step We already obtained ¢1,” = cpagz = 0 and we now turn to prove that the
other components in (B.4) vanish. We start with

890‘(9—1)1@(9—2)1@9_3 =0 = ¥cgaa + Pcaap
— PcBaa + Pafca = 0
= PcBaa = 0 ; (Bll)

where the next-to-last identity follows from symmetrization in a and c. Hence @qaq13 = 0
as well. The identity

890‘(9—2)169(9—2)1@(9—3)6 =0 (B.12)

now readily implies ¢4 = 0.
We continue with

9Pl(g-1)6®(5-1)18(-5) = 0 = Pcbs” €ay X Pb5" a€cy
— ¢557a657 =0 s (B.13)

which yields @aaﬁ » = 0 and pg” = 0. Finally
30l(g_1)1(a-2)5@(0-3)5 = 0 = ¢P1aa’” =0, (B.14)
whence @uaps’ = Yans® = 0 too and

a<p|(g—1)6®(9—1)1®(9—2)1 =0= ‘PQBEP(Q) =0. (B.15)
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This concludes the proof of H4’2(m1, g9)s = 0.
Last step First of all, we note that C*2(m,g); = C*%(mg, g)5 D C*%(m1,9)5 as (go)o-
modules. The space C*?(mg, g); has a unique (go)g-irreducible submodule

{¢ab5a : (gfl>() ® (973)(] — 5p(2) ‘ wabﬁa = w(ab)ﬂa}

of type S?C?2 X S2C2. On the other hand C*?(my,g); has 8 such modules, formed
by the maps in (B.4) with 2 Latin and 2 Greek indices (including the maps ¢aans’,
©V140"? and gaa/f[(z)), separately symmetric. Hence the (go)g-isotypic component of type
S2C2? K S2C2% in C*2(m, g)p consists of the direct sum of 9 irreducible submodules.

By the very same line of arguments running from (B.6) to (B.12), one sees that any
cocycle in the above (go)g-isotypic component has trivial components, with the exception
of aa®y and ¥a1,% . Identity (B.13) is now replaced by

8(‘0‘(971)6@(9—1)1@(9—3)6 =0= ¢acvﬂ€b7 X @b,@fyaecv
= 1hac’ 505 X b3’ a0l
- wac(sﬁ = (Pbﬂéa =0 ;

proving that Z*2(m, g)g does not contain any (go)g-submodule isomorphic to S*C?2 X
S2C2. The same claim clearly holds for H*2(m,g)s. O

Appendix C. Internal symmetries of the SHC equation

The SHC equation written as the system of (2|2) differential equations (1.7) encodes as
the following superdistribution D of rank (2|4) on M = C°l%(x, u, Uy, Uge, 2|T, V, Ur, Uy,
Ugr, Uzy) With pure degree components

DG - <Dz = 0y + U0y + ul’xaux + (%uix + ufEVuIT)aZ + U’I"'aur + ur”a“l" uww>’

®i = <DT = 87 + u‘rau + u:n'rauI + uzfcux‘raz + ua:azaul,a 8um77
DV = 81/ + uuau + ua:l/aum + uxa:u:m/az - uwwau.,v au“,>

Its annihilator is given by
AnnD = <dz — (dx) (%uix + uwum) — (d7) (Uggter) — (dv) (Upptizy)
du — (dx)u, — (dT)ur — (dv)uy, , dugy — (d2)uge — (A7) gy — (dV)Uugy |

dur — (dx)ugr + (dV)ugy , duy, — (dx)ug, — (dT)um> )

The symmetry superalgebra inf(M,D) = {X € X(M) : 0(LxV) =0VV € I'(D),0 €
I'(Ann D)} is isomorphic to G(3). We computed its generators using symbolic packages
of Maple.
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To write down the explicit expression of the even generators V;, i = 1,...,17, and
the odd generators U;, j = 1,...,14, it is convenient to relabel the odd coordinates as
follows: 01 = 7, 02 = v, 03 = ur, 04 = uy, 05 = Ugr, 05 = Usz. We also set 0;; = 0,0,
0ijk = 6:0;01, etc. Here are the generators of G(3):

% :aua Va :627 Vs :8uT +958u, Vi :62:,

Vs =0u,, + (227 — 012)0y + 20y, + us0: — 020, + 0104,

Vo =205 + udy — UggOu,, — 20; +010; + 020, — 050, — 060,

Vo =B + taOu, + s, + 220 + 0300, + 0sh, + 0500, + 0600,

Vs =6010; — 020, — 030, + 040y, — 050, + 050, ,

Vo =020, — 050y, — 050,,,, Vio = 010, — 0404, — 060, ,
Vi1 =UgeOp + (Ugtigy — 2 + 045 — 036)00 + (2 20— 056)0u, + (Fusy — Usabs6)0:

+ 060 — 050, + Upy (050, + 060y,),
Vie = (7 — 2012)0, + ( 2% — 019)0y, + 20y, + (Tuy — u+ 013 + 024)0.

— 2020, + 26010y, — 020,,_ + 6010,,,,
Vis = (dtty — BUqgq) 0z + (31(2 — Ugliag) + 202 + 32(036 — Oa5) — 034) 0
+ (32 — 3aul, + 32056)0u, — (Uly + 4056)0u,, — Tl (Ful, — 3056)0;
— (30 — 04)07 + (3055 — 03)0,, — 32Uy (050,, + 060y,)
— Uy (050, + 060y, ),
Via =3z 2 42015)0, + 32 Saudy + (3zug + 2u— 013 — 024)0,, + (u? — 1054)0.
+ (2uy — 32Uy — 2015 — 2006)0,,, + 2010- + 2020, + (3203 — 2uy05)0,,
+ (320s + 2u,00)0u, — (ugebs — 303 + 12605)0, + (wpeby + 204 — 3266)0,.,,,
Vis = (dauy — 3u — 32%ugy + 3ugabio + 013 + 024) 05 + (32%(2 — upugs) + 2200
+ 3(ugtze — 2)b12 + Uz(913 + 024) — 2634 + 327 (036 — Oa5) — 301236 + 301245)0
+ (Baz 4+ ul — 32%ul, + 3u2 012 + O34 + 32°056 — 301256)0u,
+ (32 4 UplUpy — TUZ, — sy (015 + O26) — 40056 + 2036 — 2045)0,,
+ (Bzuy — 22%ud, + 1 ”012 + 30 Uga056 — BUarbi256)0-
+ (ugby + 204 — §z296 + 30126)0r + (uz0y — 203
+ %IQ% — 30125)0, + (2u,03 — 3205 — §x2um€5 + 3ugy0125) 00, + (3201 + 2u,04
— 322,206 + 3Up00126)0u, + (Usalls — 202,05 + (uy — 22Uy5)05 + 40256) O,
+ (Upebs + 22,01 + (up — 23U4,)06 — 40156) O, ,
Vi = (2u2 — 3uttyy — 034)0, + (g u,
+ (Bugz — %uuiw + 3uf56) O, + (Bugez — UguZ, + 2Upy (036 — Oa5) — 4u,056)0

— BUUglyy + 3uz — 2uz034 + 3u(f36 — 045))0u

Uz
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+ (327 = Juud, + Buug.056)0. + (usbs — 3ube)Or — (uyb3 — 3ubs)0,

+ 3(203 — Uty05)0u, + (Fu u? 03 + (32 — 2uptyy )05 — 40356) 0, .
+ 3(204 — Utz206)0u, + (3ulp01 + (32 — 2uptyy )06 — 40456) D, »

Vir = (22%u, — 23: Uy — 3TU + (32TUzy — duy )12 + (013 + 024)) 0 + (%x?’(z — Uy gy )
+ 2%ul — 3u” + (32 (ugtee — 2) — 2u3)b12 + 2ug (013 + O24) + $2° (036 — b45)
- —z 200, + 3x(01245 — O1236) + 01234)0y + ( 2%z — 3uu, + xu - %x?’ufm

+ (3au2, — 32)012 + 2uy (013 + Ooa) + 2034 + 12°056 — 3261256) 0y, + (372 — 202

+ LU U — 327U2, + Ul 012 4 Uga (013 + O24) + 2(2ug — TUgy) (B15 + O26) + O34

+ 21‘(936 — 945) — 2(152956 + 491256)8

Uz

+ (32(zus —u) — 2ud — Satud,

+ %xuimb‘lg + 32(613 + 024) + ugbsqs + %x3u11956 — 32Ugzb1256)0. + ((zuy, — 3u)by
+ 22204 — 22°05 + 326126 — 0124)0; + ((zus — 3u)bo — 12705 + 12°05 — 326125

+ 0193)0,, + ((2u2 — 322)05 + (22U, — 3u)f3 — %w3um95 + 32Uyp 0105 — 40234)0,, .

+ (322 — 2u2)0; + (2zu, — 3u)f, — %x?’uwﬁg + 32Uyr0126 + 40134)0y,

+ ((Quguge — %xuix —32)02 + (TUgy — ug) (03 — 205) + 2uy0125 + 4abas6 — 40236
— 6135 + 30245)0u,. + ((éxu — gy + 32)01 + (TUzy — ug) (04 — 05)

+ 2uye 0126 — 420156 + 30136 — 46145 — 0246) 0,

and

Ul :au.,. - 61811,7 U2 = 8u,, - 92au7 US = aﬂ U4 = allv
Us =0y, — 01(0u, +x0y) — 040, + 20,_, Us = 0y,, — 02(0u, + x0y) + 030, + 20,

Uzy

Uy =2650, — 9381“ — 29581.%” + 20, + 2uw8u” + Uwzﬁuwya
Ug =20,0, + (9481“ + 26060

— 20y + 2u;0y, + UzyOu, .,

Uy = 22010, + 3ub10y + (ug01 + 204)0,, + (04 + 2205 — uz101)0,,, + us040,
— (32 — 4012)0, + (2zuy — 3u + 3013 + 4024) 0y, — 0140y,
+ (TUgz — Uy + O15 + 4026) 0y, — 30160, »
Ui = 22020, + 3ub20y + (uge — x03)0,, — (03 + 2205 + Uyy02)0,,, — ug030,

+ (32% — 4012)0; — 0230,, + (22uy — 3u+ 4615 + 3024)0,,
= 30250u,, + (TUzy — Uz + 4015 + O26) O, ,
Unr = (3ugatz + 03)0z + (3(ugtize — 2)02 + usls — 3(0aze — O245))0u
+ (BuZ 05 — 30256)0u, — 2400504, + Ups(Sul,02 — 30256)0-
+ (uq + 3026)0r — 30250, + BueabosOu, + 3(2 + Uzabos)Ou, + (Fus, — 4056)0u,,
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Uiz = (04 — 3uazb1)0z + (3(2 — Uotian)01 + uabs + 3(0136 — 0145))0u
— (§uz,01 — 30156)0u, — 2s0060u,, — Uss(5us,01 — 30156)0. — 30160,
it 30080 3=+ 1), — el — (3 — )

Uiz = ((37uze — 4ug )ty — x94)(9z + (32 (ugtan — 2) — 2u3)01 — 2y + 32(0145 — b130)
+0150)00 + (353, — )01 — 2uabs — 300156)0u, + (45,00 — traa + 40156
+ (22Ugy — 4u1)96)3um + (32,01 — 3204 — 3TU4.0156)0: + (33016 — 014)0;

+ (3u — zuy + 013 — 32615)0, + (3xz — 2uj + 4634 + 30U44015)du, + 3TUsyb160u,
+ (Upa (3TUzz — 2uq + 2015) + 32 — 3045 + 4036 — 42056)0,
+ (2uzzb16 + 046)0u,, ,

Urs = ((4uy — 32Ugq )02 — x03)0, + (322 + Qui — 32UL ULy )02 — TULO3 + 32 (0236 — O245)
— 0234)0u + (3(2 — 2au2,)0 — 2ugb3 + 320256)0u, — (U002 + Ugab3 + 40256
+2(2ug — Tz )05)Ou,, — (3205 + Tuge (33,02 — 30256))0: + (3u — zuy — 32626
+024)0; + (32025 — 023)0, — 3xUga0250u, — (322 — 202 + 4034 + 32Uy, 026) D,

+ (035 — 2u4005)Du,.. — (32 + U (50Ue — 2uy + 2026)
— 4045 + 3036 — 41056)0,,

xT

zv*

Note that G(3)5 contains the subalgebra sp(2) = (Vg, Vo, Vig), with the complement
G(2) generated by the remaining V;. The given generators are compatible with the SHC
Z-grading; more precisely: deg(V1.2) = —3, deg(V3) = —2, deg(Vys) = —1, deg(Vs.12) =
0, deg(Vis.14) = 1, deg(Vi5) = 2, deg(Vi6.17) = 3 for the even generators; deg(Uy.2) = —2,
deg(Us.g) = —1, deg(Ur-g) = 0, deg(Ug-12) = 1, deg(U13-14) = 2 for the odd generators.
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