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Abstract

In the article a convergent numerical method for conservative solutions of the Hunter—
Saxton equation is derived. The method is based on piecewise linear projections,
followed by evolution along characteristics where the time step is chosen in order to
prevent wave breaking. Convergence is obtained when the time step is proportional to
the square root of the spatial step size, which is a milder restriction than the common
CFL condition for conservation laws.
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1 Introduction

The Hunter—Saxton (HS) equation is given by

1 [~ 1 [
up(t, x) + unty (¢, x) = 5/ u(t,y) dy—Z/ u?(z, y) dy. (1.1)
—0Q o0

It was derived, in differentiated form, from the nonlinear variational wave equation
Y — c(P)(c(¥)¥y)x = 0 as an asymptotic model of the director field of a nematic
liquid crystal [13]. Furthermore, the Hunter—Saxton equation is the high frequency
limit of the Camassa—Holm equation [6]. It is completely integrable [14] and can be
interpreted as a geodesic flow [17].

Another main property is that weak solutions are not unique, see e.g. [15,16]. The
main reason being the following: Solutions of (1.1) may experience wave breaking in
finite time, i.e., u, — —oo pointwise while the energy ||u, (¢, -)||> remains uniformly
bounded and the solution u stays continuous. Furthermore, a finite amount of energy
is concentrated on a set of measure zero.

We illustrate wave breaking with an example by considering a peakon solution
— a soliton-like solution that is continuous and piecewise linear in space. It is not a
classical solution. Indeed the function is not differentiable at the break points between
the linear segments.

Example 1 (Wave breaking for peakons) A particular peakon solution that illustrates
wave breaking is given by

1-3t, x<-—l+t—32
1 1 1
u(t,x) = —?%tx, _l+t_zt2§x§1_t+é_lt25

—1+%t, 1—t+4—1‘t2<x,
with 0 <t < 2. Note that fort < 2,
2 2y _
(ux(t,x) ) + (u(t,X)ux(t,X) ) =0,
1 X

that is ||ux (¢, -)||2 is a conserved quantity. As t — 27, we see that u,(t,0) - —o0
while the interval [—1+7 — letz’ 1—t+ }th] shrinks to a single point Fig. 1. One can
check that the function u remains uniformly bounded and uniformly Hélder continuous
with exponent % on [0, 2] x R.

It is possible to extend weak solutions past wave breaking in various ways, see
[1-3,9,19]. One could ignore the part of the solution that blows up. That amounts to
continuing the solution in Example 1 as u(¢, x) = 0 for all # > 2. Such solutions are
called (energy) dissipative and are unique [5,7]. A different approach is to “reinsert”
the energy after wave breaking to get (energy) conservative solutions. To extend the
solution in Example 1 as a conservative solution we let the formula defining « hold for
t > 2 as well. Uniqueness of conservative solutions is only known in several special
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A wave breaking solution u Characteristic curves

Fig. 1 The solution in Example 1 as 7 tends to 2 (left). The (characteristic) curves describing the position
of the break points in Example 1 (right)

cases [25,26]. The different solution concepts mimic the ones for some closely related
equations: the Camassa—Holm equation [4], the nonlinear variational wave equation
[21], and various generalizations of these equations.

From now on we focus on weak solutions that preserve the energy, that is con-
servative solutions. It has been shown in [2] that there exists a Lipschitz continuous
semigroup of weak conservative solutions to (1.1). Existence of solutions is proved
using Lagrangian coordinates and characteristics. Note that the curves describing the
position of the break points in Example 1 are examples of characteristic curves.

To prolong the solution past wave breaking and to attempt to overcome the non-
uniqueness of weak solutions past wave breaking, we include the cumulative energy
F as part of the solution. The HS equation is then reformulated as

1 1
U + uu, = EF — ZFOO, (1.2a)
Fi+uF, =0, (1.2b)

with appropriate initial conditions and the conditions

F(t,x) = n(t, (—oo, x)) for some positive, finite Radon measure (¢, -),(1.3a)

lim F(1,x) = Fu, (1.3b)
b
/ u?(t, x)dx = juac(t, (a, b)), (1.3¢)

where (i, (t, -) is the absolutely continuous part of 14(z, -). A closer look at the imposed
conditions reveals that one challenge is to find a numerical method that respects con-
dition (1.3c). The key to overcome this difficulty is to consider (1.2) with the slightly
more general conditions (1.3a), (1.3b), and

b
/ u?(t,x)dx < F(t,b) — F(t, a). (1.4)
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This new system is a reformulation of the so-called two-component Hunter—Saxton
(2HS) system, which not only generalizes the HS equation, but can also be studied
using the same methods and ideas, see [9,19]. Moreover, every conservative solution
to the HS equation can be approximated by smooth solutions of the 2HS system. Of
particular interest for us is the fact that if u and F are piecewise linear and continuous
on some interval [c, d] and

b
f u%(t,x)dx < F(t,b) — F(t,a) forallc <a<b<d,
a

then this property will be preserved along characteristics and no wave breaking takes
place. Furthermore note that applying a piecewise linear projection operator to pairs
(u, F) satisfying (1.3c) yields pairs (i, F) satisfying (1.4). Thus using the method
of characteristics and piecewise linear projection operators as building blocks for a
numerical method seems to be a good choice.

1.1 Numerical methods for the Hunter-Saxton equation

Despite receiving a considerable amount of attention theoretically, relatively little
numerical work has been done on the Hunter—Saxton equation. In [11] a finite dif-
ference method was constructed and proved to converge to dissipative solutions. In
[22,23] discontinuous Galerkin methods were introduced, followed by a convergence
proof in the dissipative case but not in the conservative case. More recently, a geomet-
ric numerical integrator, based on the complete integrability of (1.1), was introduced
and studied in [18]. The method seems to converge to the conservative solutions, but
no proof was presented. In [20] a difference method that converges for smooth solu-
tions of a modified Hunter—Saxton equation in the periodic setting was introduced.
The analysis in [20] does not apply to our setting since the method relies crucially on
the modification of the equation, and even for (1.1) the periodic case and the real line
case are essentially different [24].

In this paper, we contribute to this line of research by introducing a convergent numer-
ical method for the conservative solutions of the Hunter—Saxton equation (1.2). The
method, introduced at the beginning of Sect. 2, is inspired by Godunov-type meth-
ods for conservation laws and is based on piecewise linear projections, followed by
evolution along characteristics forward in time. As for finite difference (and volume)
schemes for conservation laws, where one limits the time step At to prevent shocks
from occurring, we limit the size of Az to prevent wave breaking [see (2.3)]. In contrast
to the situation for conservation laws, we get the improved bound A7 < C / Ax for
some C that depends on the initial data.

After establishing some a priori bounds of the numerical solutions in Sect. 2.1, we
show in Sect. 2.2 that the numerical approximation converges with a rate of O(v/Ax)
to the unique solution of (1.2) whenever the solution is Lipschitz continuous. We also
prove the existence of a convergent subsequence of the proposed numerical method
in the general case, which converges to a weak solution preserving F. Unfortunately,
the present lack of a satisfactory uniqueness theory for conservative solutions of (1.1)
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prevents us from guaranteeing that the sequence as a whole converges to the unique
conservative solution. However, we perform numerical experiments towards the end
of the paper, see Sect. 3, showing that the numerical approximations seem to converge
towards the desired solutions also in the case of non-Lipschitz solutions.

2 Numerical conservative solutions of the Hunter-Saxton equation

For the (to be defined) numerical solutions to approximate conservative solutions of
the HS equation, we will require that they mimic certain aspects of these solutions.
In particular, we will design a method such that the numerical approximations are
pairs (u, F) in a suitable function space D, which resembles the one used for the 2HS
system in [19]:

Definition 1 Let the space D consist of pairs (u, F') such that

u € L),

uy € L*(R),

F € L™®(R),

F is monotonically increasing,
F is left continuous,

lim F(x) =0,
X—>—00

[Flloo = Foos

b
f u2(x)dx < F(b™) — F(a™).

Remark 1 Given a pair (u, F) € D, there exists a positive finite Radon measure pu,
such that F(x) = u((—o0, x)).

Let 7; be the conservative solution operator associated to (1.2), as defined in [19],
mapping every initial data (1, F) to the corresponding solution at time 7. For continu-
ous and piecewise linear initial data (u, F'), the conservative solution of (1.2) takes a
particularly simple form as long as no wave breaking takes place: The solution is again
continuous and piecewise linear and the breakpoints x; (¢) travel along characteristics,
i.e. along the curves x; () given by

1 1
xj(®) =x;(0) +u(0, x;(0)t + 1 <F(O, x;(0) — EFOO) 12, 2.1
we get
1 1
u(t, xj(t)) = u0, x;(0)) + 7 (F(O, x;(0)) — EFOO> t, (2.2a)
F(t,xj(®) = F(0,x;(0)), (2.2b)
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with linear interpolation between the breakpoints. Thus the Egs. (2.2) implicitly define
the solution operator 7; in the case of continuous and piecewise linear initial data
(u, F).

Turning our attention once more towards Example 1, we see that the two curves

) 1,
x1(t)=—1+t—-t° and xp(t)=1—1t+ -t
4 4
describe the position of the breakpoints. Furthermore, at the breaking time r = 2 we
have x1(¢) = x2(¢). In the general case of a continuous and piecewise linear initial
data (u, F), wave breaking occurs at times ¢ where at least two break points coincide,
ie., x;(t) = xi(¢) for some j # k.

Using the above observations, we will now derive the numerical scheme. The idea
is to use piecewise linear projection operators P 5, to project the solution at each time
step, and T 4; to evolve the solution one time step At ahead. To improve the readability,
we define points in space and time

t"=nAt, nelN,
Xj=jAx, jeL.

Definition 2 Define the projection operator P4, : D — D so that (i, F) =P (u, F)
is given by
u(x;) = u(x;),

F(xj) = F(x)),
with linear interpolation in between grid points AxZ.

Remark 2 The operator P4, is well defined since it is assumed that F is (left) contin-
uous, and thus one can evaluate F at any point.

Assume now that the time step A is so small that no wave breaking occurs as the
piecewise linear approximation is evolved from one time step to the next. Then the
scheme is defined by (U, FO) = P, (ug, Fo) and

U P = Po Ta (U, ™) forn > 0.

We will need to interpret the numerical solution as a function from [0, co) x R to
R x R+.

Definition 3 We define the numerical solution (u ax, Fay) atapoint (¢, x) € [0, T]xR
by
(qu, FAX)(t’ x) = ]P)AXT‘[(UH’ Fn)(x) fOrt =T + tna T E [07 At)

That is, we follow the solution along lines x = x; from one time step to the next, and
interpolate linearly in between.
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After each evolution At forward in time, the solution is projected onto the space
of continuous piecewise linear functions. As multiple peakons can be glued together
to form multipeakons, which solve (1.2), we can continue computing the solution
forward in time after each projection.

Remark 3 Note that as the numerical approximation consists of linear interpola-
tions between grid points and solving exactly between time steps, Fa, satisfies
0 =< Fax(t,x) < Foo.

We introduce a CFL-like condition that ensures that characteristic curves x;(z) do
not collide as long as we evolve the equations less than A¢. In particular, the condition
prevents wave breaking, which occurs when x;(¢) = x;41(¢) for some j € Z and
t > 0. We arrive at the following bound on At in terms of the initial data and the grid
length Ax. The condition is not a true CFL condition in the sense that characteristics
may travel past several cells [x, x ;1] during one time step.

Definition 4 (CFL-like condition) We require that Ar satisfies

o
At < va Ax, o€ (0,1] (2.3)

Note that (2.3) is less restrictive than the CFL conditions used for conservation laws,
which reads At < C Ax for some C depending on the initial data and the particular
flux function.

Remark 4 In the upcoming proofs we will use
At = ———=+ Ax 2.4)

to prove convergence. From (2.1) we find that if condition (2.4) holds, the character-
istics x () and x; 1 (¢) starting from neighbouring grid points are at least a distance
I Ax apartforall 0 <t < At ie., x;(t) + $Ax < xj41(t) forall ¢ € [0, At].

Remark 5 Note that we could have chosen any fixed « € (0, 1] to take the step from
(2.3) to (2.4) (with 1 replaced by o). As a consequence the least distance between
characteristics x;(f) and x;,1(¢), starting from neighboring grid points, would be
given by B(«)Ax and could be computed using (2.1).

Similarly to the forward characteristics governed by (2.1), there are characteristics
backwards in time. In particular, we can associate to any grid point (x;, ) with " <
T < "1, the unique point (1", E}? (7)) given by

£1(r) = x; —u(", £ (D) (r —1") + i <F(r”, £1(0))) — %Fw) (T —1"? (2.5)
and
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1
u(r,Xj)=u(t",$,’-'(r))—§(F(t &7 (t))— )(r—t ),
F(t,xj) = Fa", £7(1).

Remark 6 The numerical scheme can be written in the more familiar form

1 1
urtt = Ut + 5 <FJ’? - EFoo) At

U"

Ut + %(F'-’ ‘Foo>Ar At (
1+ J+l 7Al+ ;AtzAx

1 1
n n n n
Ujyi + 5 Fj At = Uf = S F] At)

n n
Fn+l S Uj ™ _(F' — _FOO)At ﬂ( . Fn)
i - [ Jj+

11 i 2 Ax
1+ - LAt + fo fAt

where the backward characteristic from x; at *1! satisfies E'(At) € [x), xj41], see
(2.5).

2.1 A priori bounds of the numerical solutions

In this section, we prove certain a priori bounds of the proposed method, which are
needed to prove convergence. We begin with some preliminary results on the interpo-
lation operator P4y.

Proposition 1 For (u, F)inD, let (up, F) = Pax(u, F). Then we have the following
estimates

llu — Mp“oo <V FoovV Ax,
lu — up||2 <V FxAx,

IF = Fplii < FooAx,

IF = Fpll2 < Foov' Ax.

Proof For any grid point x; we have u(x;) = u,(x;) and F(x;) = F,(x;) by the
definition of P»,. Hence, using the properties in Definition 1, for any x € [x;, x41]
it holds that

U (x) — 1p(x)| = %(u(x) —uxj) +

X — X
< %,/x X\ /F(x) — F(x})
+ L e P - F

E\/FOOVA-X7

Xj
(u(x) —u(xjy1)
X
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which proves the first inequality. Next, we have

It —upl3 = Z/ (1) — uar(@))” dx

JEZ

Xj+1 —X; 2
=3 / (x’“ % () — ulx)) + xx’(u(x)—u<x,,~+1>)) dx
jez i
<Z/ (xf“ 2 S —xJF(x) — Fx))
JEZ

2
+ L xm —x‘/F<xj+1)—F<x)> dx

< Z/xm (F(xj+1) — F(xj))Ax dx

JEZ
S FOOAx I

and thus [[u — up|l2 < +/FooAx. The L'-estimate for F is proved as follows,

IF - F||1—Z/ |F(x) = Far(x)] dx

JEZ

Xjq1
< Z/ " P40 — Fl)) dx

JEZ

<Y (Fxjr) — F(x)) Ax
JEL
< FoAx.

From the L!-estimate one can obtain the L2-estimate,

IF - F||2—Z/ F(0) — Fac )l dx

JEZ

=3 [ (Fen - Fop)
JjEZ Xj

<Y (F@jn) — Fxp)? Ax

JEZ
2
< F Ax.

m}

To prove that the numerical approximation converges, we wish to employ the
Arzela—Ascoli theorem to ensure convergence of a subsequence of uy, and sub-
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sequently a version of the Kolmogorov compactness theorem to get convergence of a
subsequence of F,y. To invoke the Arzela—Ascoli theorem, we need u 4, to be uni-
formly equicontinuous and equibounded. For the Kolmogorov compactness theorem
we need that Fy is of uniformly bounded total variation, that Fa (z, -) is continuous
in 7 in the L' (R)-norm, and that F,(t, -) does not escape to infinity as Ax tends to
zero. First we establish some immediate properties of the solutions (1 Ay, Fay)-

Lemma 1 The numerical solution (uy, Fayx) satisfies

1
lax(t, x)| < luollroemw) + ZFoota (2.6a)
0 < Fax(t,x) < Fo (2.6b)
b
/ uzAx‘x(t, x)dx < Fax(t,b) — Fax(t,a), foralla <b. (2.6¢)
a

Moreover, Fx(t, -) is continuous and monotonically increasing. If supp o < [a, b],
then supp Fax x(t,-) C [a(t), b(t)] for some smooth curves a(t), b(t). Finally, if
T.V.(up) < oo we have the estimate T.V .(uax(t)) < T.V .(ugp) + %Foot.

Proof The bounds on ua,(#, x) and Fa, (¢, x) follow from (2.2) and Definition 3.
Since both (2.2) and the projection operator preserve the monotonicity of F, we have
that F 4, is monotone increasing. Continuity follows from the fact that characteristics
emanating from different grid points are at least %Ax apart as long as the time step is
controlled by (2.4).

We show fab uzAx’x(t, x)dx < Fax(t,b) — Fax(t,a) for all a < b. To begin with
let t = 0. Since ua,(0, -) and Fa, (0, -) are both piecewise linear and continuous
it suffices to show the result for x; < @ < b < x;1. By assumption one has that

fb uf (0, x)dx < F(0,b) — F(0, a) and direct calculations yield

a

u(0, xj11) — u((),xj)>2

b
f uh, (0,x)dx = (b —a) ( v

b—a
< A (F(0,xj41) — F(0,x)))

< Fax(0,b) — Fax(0, a).

Now, lett = t"+7,and denote by t — (u(7), F (7)) the conservative solution with
initial data (1o ("), Fax(#")). Furthermore, assume that (1 4, (t"), Fax (t")) satisfies
(2.6¢). Then we have for each spatial grid point x; that i(z, x;) = ua,(t" + 7, x;)
and F(t, xj) = Fax(t" + 1, xj). Moreover

b
/ i (t,x)dx < F(t,b) — F(t,a),

since this property is preserved along characteristics. Applying the projection operator,
we can follow the same lines as in the case t = 0, to obtain that (2.6¢) holds for all
te ", .
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Numerical conservative solutions of the HS equation 451

By assumption supp io € [a, b]. Let x;j_ be the closest gridpoint to a from below,
and let x ;1 be the closest gridpoint to b from above. Then Fay (0, -) is supported in
[xj—,xj+] € [a— Ax, b+ Ax]. Furthermore, Fax(0,x;-) =0, Fac(0,x;4) = Fro,
uAx (0, x;-) = uiefe, and u A (0, Xj ) = Urignt.

Next we show that also Fay x(At,-) is compactly supported. By (2.1), we have
Xj—(A) = Xj_ + uiep At — § Foo At? and X (A1) = x4 + Urign At + § Foo A1
Thus Fayx . (At) is supported in the interval [a + ujert At — %FOOAI2 — 2Ax,b +
Uright Af + %FOOAIZ + 2 Ax]. Iteratively, we get that Fa, x(kAt) is supported in

1 1
[a-{-uleftkAt—l- gFoo(km)2 — (k+ 1) Ax, b+ urignk At + gFoo(kAt)2+(k+ l)Ax].
Here it is essential that !
uletc (KAL) = Uefe — ZFookAt~

Since Ax = 4F, At?, we have that (k + 1)Ax = Ax + 4Fs(kAt) At. From the
interpolation between temporal grid points we get

supp Fax,x(t) S [a(t), b(1)],

1
a(t) = a+ uert — (gt + 4At)Foot —2Ax,
1
b(t) =b+ Uright? + <§l + 4A[>Fool + 2Ax.

The total variation estimate follows from the fact that it holds for conservative solu-
tions, and that the projection operator can only reduce the total variation. O

Remark 7 (Spatial Holder continuity) An immediately derivable property of the
numerical solution from (2.6c¢) is spatial Holder continuity of u A, :

[ax (@, x) —uax(t, )| < v Foo/Ix — yl.

In order to obtain temporal Holder continuity for u o, we will need to compare a
numerical solution with itself several time steps ahead.

Lemma 2 Foreach i, n, k there are non-negative constants ﬁj-”k such that

kC ax
Fin-ﬁ—k _ Z ﬂ}nkFi’ii-j’ (2.7a)
Jj=—kCayx
n+k & ink n 1 n 1
urtt= 3" Ulyj+ S Fiy kAt ) = 2 FockAt, (2.7b)
J=—kCax
kCAx
> Bt =1, 2.7¢)
J=—kCax
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1 At
Cax = ’7(”’40”00 + ZFoot’H_k) A_X—‘ .

Proof We prove the lemma by induction on k. First note that the statement is trivially
true for k = 0. Then assume that it holds for Xk = [. We show that it must then hold
for k =1 + 1 as well. We have that

where

1 1
£7(An) — xi| < sup |U 1 Ar 4 2 Foo Ar? < <||uo||oo + Zm”““) At,
i

l.”H(At) is a backwards characteristic, cf. (2.5). Hence, if we define Cay =
[(lluolloo + %Foot”“LlH)) %1 we have that x; < él."'H(At) < x4 for some j such

that |i — j| < Cay and |i — j — 1| < Cax. Furthermore, we have

where &

§AD =3 g X —E (A1)

F.ﬂ-‘rl-‘rl —
! Ax Jj+1 Ax

n+l
F i
Let

1
_ET@An —x;
Ax '

Since C Ax 18 greater than the C 5 in the inductive assumption, we get

ICAX lCAx
n+l+1 _ (+1.nl -n jnl -n
FH = Y BT A=) Y BUF
j/:_lCAx j/:_chx
(+DCax
_ in(l+1) -n
- Z '3,/' Fi+j’
J==U+DCax
with
(+DCax ICax ICax
in(l+1) (+D,nl Jjnl
2 BT =)0 BT Y A-et =1
j:7(l+1)éAx J'==1Cax J'=—ICax
The computation for Ul."+k is analogous. Indeed, we have

+1 +
Un+l+l _ Ein (Ar) — Xj Un+l + Xj+1 — Ein (A1) Un+l
i - Ax Jj+l Ax j
1 /M A — x; xivq — EM (A 1
+ 5(—5’ (Ax) e R AR B jx ( )F;’”)At — g Pt
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[Cax

2% 3 ﬂ(j-l—l)nl( ,+1+1’+; /+1+1/1Af>
J'==1Cax
+’%§H(m) ’% ﬁ,’f,"l( j+],~|—;F]"+]/lAt>
j/:_lCAx
+;% Z ﬁ(/+1)nzFJn+l+J
]__ICAX
%%i“(m lCZAx BIEN 1Fw(l+1)At
.j/:_lCAx

(+DCax . ) |
= Z ﬂ;n(+)(Uln+]+2 t+j(l+1)At)_Z oo(l+])Af-
j=—0+1)Cax

O

Next is an important corollary which provides a discrete Holder continuity estimate
for the numerical solution u 4.

Corollary 1 (Discrete temporal Holder continuity) The numerical solution satisfies
\urt —ur < cvkar,

with

1 1
C= @/(Iluollm + ZFoot"Jrk) + 2/ Foo/Ax + ZFOOW_

Proof Using Lemma 2, we compute

kCAx
1 1
Ul-n+k - U,'n = Z IBMk <Utn+/ 1+/kAt> - ZFookAt - Uin

J=—kCax
kCAX kCAx 1
k k
Z ﬂm ( n - l_) Z ﬂzn (2 l+]kAt>_Z ook At,
J=—kCax J=—kCax

and thus, remembering Remark 7, (2.7c), and (2.4),

U+t oy
kch
1
< Y grop,-ur + 5 Fook At
jszCAx

<V FoovVkCaxAx + %FookAt
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1 1
< \/Foo\/k <||M0||oo + ZFoorn+k) At +kAx + ZFookAt

1 1
< \/Foo\/k (||M0||oo + ZFoot”‘H‘) At + 2k Axy/ Fao At + ZFookAt

1 1
< (\/Foo\/(HMo“oo + ZFoothrk) + 2/ FooV Ax + ZFOO\/Z"“‘) VkAt.

O

We are now ready to prove that for each T > 0 the solutions u 5, are uniformly
Holder continuous on [0, T] x R. Uniform Holder continuity implies equicontinuity,
which is necessary for the Arzela—Ascoli theorem.

Lemma 3 (Holder continuity) Let 0 <t,s < T and x,y € R, then

luax(t, x) —unax(s, y)| = Cyt =s| +|x = yl,

where

1
C = 4max {4\/1:0o luolloo + 3 Foo T NI

mm\/(uuonoo + %Fmr) + 2D + %Fooﬁ}.

Proof Assume first that 1" < s < ¢t < t"*! and Xj < x < xj41. We start by adding
and subtracting u A, (s, x) and obtain

Upx(t,x) —upx(s,y) =upx(t,x) —upx(s,x) +uax(s,x) —uax(s, y).

Then, we have by definition,

— X
j
(uax(t, xj41) — uac(s, Xj41))

X
upax(t, x) —uax(s, x) =

+ M(qu(t, Xj) = tax(s, xj)).

Note that at the spatial grid points x; the solution u A (¢, x;) equals the conservative
solution given by (2.2) with initial data (u . (", ), Fax(t",)) evolved t — 1" < At
forward in time. For conservative solutions given by (2.2) we do have Holder continuity
with the constant C depending on Fuo, ||ug|lcc, and T only. To be more specific it has
been shown in the proof of [9, Theorem 3.14] that

1 1
|“Ax(t,xj) _qu(S»xj” <V Fooq/ luolloo + ZFootV [t —s|+ ZFoo|t —sl,
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for all j € Z. Hence, we have

luac(t, x) —uax(s, y)|
= |MA)C(ta-x) - MAX(Sa-x) +MA,X(Sa-x) - MAX(Sa y)|
|t ax (1, %) = upx (s, X)| 4 |uax(s, x) — uax(s, y)|
X —Xj Xj+1 — X
< ij ]T!um(t,xj)—um(s,xjﬂ

+ |uax(s. x) —uax(s, y)|

1 1
= VFooy/ lluollco + 7 Fool VIt = s[4 7 Foolt = 5| + vV Foo/I¥ =y

< Kyt =sl+[x = yl,

IA

| (t, xj31) — uax(s, xj11)| +

for K = 2max {2/Fooy/ luolloo + § Foct, v/Foo -
We look at the general case "1 <s <" <"tk <t <"tk +l andx;_; <y <
Xj < Xxj1; <x < Xxjy4+1. Then, by Corollary 1, we have,

|MAx(t’x) —uax(s, )’)’

n+k n+k n
= ‘qu(t,x)_ Uj+l “f‘ ‘Uj-H _Uj

+ |UF = (s, )|

k . n+k n n n
< K\l — ok x =+ U = oty |+ [or, - v

+ K/t = s[+ |x; — yl

< K\/It — 1"k 4 Jx — xj]
- (@\/(uuollm + %Foot””‘) +2y/Foo/Ax + %FOOW>M
+\/§M+K\/lt”—8|+|xj—y|
< 4max {K \/K\/(nuonoo + %mek) + 2/ Foo/Ax + %Foo\/zm}
< /It = sl +1x = yl.

]

To use the Kolmogorov compactness theorem we need uniform regularity of Fa,
in t.

Lemma4d LetQ <t,s <T, then
| Fax (@) — Fax(s)ll1 < Cls —t| + DAt + 12Fx Ax,

where C = 6(||uolloo+ 13 Foc(17A1+T)) Foo and D = 8(||uollc + + Foo (At +T)) Fio.
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Proof To begin withlet " <s <1 < "1 Assume first that there exists Jj' such that
xjr < E7(1) < &7 (s) < xjr41. Then

Xy — E1(D)
Ax
X1 — E1(s)
B Ax
£ — £1(s)
- Ax

§1(1) —xj
TFAx(tn’xj/+l)
/() —xy

Ax

Fax(t,xj) — Fax(s, xj) = FAx(f",xj/)‘i‘

Fpx(t", xj) — Fax(t", xj141)

(FAx(tna xj’+1) - FAx(tn,Xj/)) .

Otherwise, we have that there exist j~ and jT, possibly equal, such that x -1 <
§1(1) = xj- =xj+ =§7(s) < xj+y1. Then

Fac(s.x}) = Fay(t,x)) = Fac (1" §2(5)) — Far(t" (1))

Xj— —E?(I)
= —— 7 (Fac(t".xj) = Fac (", xj- 1)
EM(s) —x+
+;(FAx(ln,XjJr_;,_l)_FAX(tn"xj+))
Ax
jt-1

+ Z (Fax (", xiq1) — Fac(t", X)) .
i=j-

The number of terms in the above sum is bounded from above by |& 7 (r) — & ]” (s)].
Direct calculations yield

|67 (1) = &7 (5)]
< Jua, (", €] () (s — ") —uar(t", £} @) (1 — ")

1 nogn 1 ny2 n o ogn 1 ny\2
7| (Favt. ) = SFoc )0 = ) = (Fa, (0", ] () = 5 Foc ) s = 1")?]
< (1t = s 4+ 2800ac”, Il + 3 Foollf = 51+ A A

4
1
< (lluollz + 7 FoolAr + T))(It — s| 4+ 2A1),

and therefore

Ax

. . 1 |s —t] +2At
jt—J7l< {(H’m”«: + ZFoo(At + T))—J-

Due to condition (2.4) characteristics (forward as well as backward) from neighbouring
grid points have a minimum distance of %Ax. Hence for each j’, the maximal number
of backward characteristics Ej’.’ (At) ending up in [x;/, x4 1] equals two. Hence we
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have the bound

/|FAx(t,x)—FAx(s,x)|dx
R

- Z |Fax(t, xj) — Fax(s,x;)| Ax

JEZ
=) |Fact" €]()) — Fac (", £} ()| Ax

JEL

1 |s — t] +2At
<2 (luolloo + 3 Foo(Ar + T)— ——
Ax
X (Fax(t". xj41) — Far(t", x))) Ax
JEZL
+ 62 (Fax(t", xj41) — Fax(t", xj)) Ax
JjEZ

1
< 2(luolloe + 7 Foo (At + 7)) Fo(ls = 1] +241) + 6Foo Ax.

The general case 0 < s < ¢t < T can now be found by iteration over time steps and
using condition (2.4),
1
I Fax(t) = Fax($)ll1 < 6(lluolloo + ZFoo(17At + 7)) Fools — 1

1
+ 8(Iluolloo + 7 Foo (A + T)) Foo At + 12Fog Ax.

2.2 Convergence of the numerical solutions

In this section we prove that there exists a convergent subsequence of (#ay, Fayx), and
that the limit is a conservative weak solution of (1.2), which satisfies condition (1.4).
First we rigorously define, as in [2,9,19], conservative weak solutions.

Definition 5 A pair (1, F)isaconservative solution of (1.2) with initial data (ug, Fp) €
Dif

uli=o =ug and Fl;—o = Fp

uechs ([0, T]1 x R), forall T > 0,
(u(t), F(t)) e D forallt > 0,
|F(t)lloo = Foo forallz >0,
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and for all test functions ¢ € C2°([0, 00) x R) we have

/OO/ cbz(t,X)u(t,)C)+¢x(t,x)lu(t,X)2+¢>(t,x) (lF(t,X)— lFoo> dxdr
0o JR 2 2 4
+/ do()up(x) dx =0, (2.8)
R

/0 /R G0(t, 3) + u(t, )y (1, 1)du(1)dt + /R do(r)duo = 0, 2.9

where w1 (¢) is the finite positive Radon measure with F(z, -) as its distribution function,
see Definition 1.

We prove the existence of a convergent subsequence of (#ay, Fayx).

Theorem 1 To any initial data (ug, Fo) € D such that pog has compact sup-
port, there exists a convergent subsequence of (uay, Fax). The convergence is in
C ([O, T], L} (R)), pointwise a.e. in x for Fay, and uniform on [0, T] x R for u ay.
Moreover, the limit (u, F) satisfies

uly=o =ug and Fl=0 = Fp

uec® (0, T] x R),
(u(t), F(t)) € D forallt >0,
1F()|loo = Fo.

Here the relation between the positive Radon measure |1y and Fy is given by Fy(x) =
Ko ((—00, x)).

Proof We have from Lemma 1 that the family u sy is uniformly bounded on [0, 7] x R
and that u A, x (¢, -) has compact support for all ¢ € [0, T']. Furthermore, by Lemma 3
u Ax 1s uniformly equicontinuous. Hence the conditions for the Arzela—Ascoli theorem
are satisfied and there exists a convergent subsequence (# Ay i, Fax,i) of (uayx, Fayx)
such that ua, ; converges to some u € L*°([0, T] x R) for each T > 0. The limit
of u ax,; is bounded and Holder continuous with the same constants as the individual
UAx,i-

Next we show that the limit u satisfies u,(r,-) € L*(R) for all + € [0, T]. By
construction we have that [[uay ,(f,-)||;2 < «/Feo for all t € [0, T]. Thus there
exists a subsequence (uay,i (¢, ), Fax,i(t,-)) of (wax,i(t,-), Fax,i(t,-)), so that
UAx x,i (t, -) converges weakly to v in L%(R). Thus for any ¢ € C°(R) we have

/ (v(x) — ux(t,x))¢(x) dx = lim / (qu,x,ik (t,x) — ux(t,x))d)(x) dx
R Ax—0 Jr

=— lim | (uavi(t.x) —u(t, x))¢(x) dx
0Jr

Ax—

=0,
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and v(-) = ux(t,-). Thus we have uay i, (¢, )—ux(t, ) in L2(R). A closer look
reveals that the above argument shows that every weakly convergent subsequence has
the same limit and therefore uay x ; (¢, -)—ux(f, -) in L2(R) for all t € [0, T'].

Combining Lemma 1 and [10, Theorem 12], we obtain, that for each r € [0, T],
there exists a subsequence (uax,i; (t, ), Fax,i;(t, ) of (uax,i(t, ), Fay,i(t,-)) such
that F Ax,ij (t, -) converges pointwise everywhere and in the L!'-norm to a function of
bounded variation. Following the lines of the proof of [12, Theorem A.11] and taking
into account Lemma 4, it then follows that there exists a subsequence of (uax i, Fax.i)s
for which the Fa, converge in C ([0, T],L! (R)). Furthermore, denoting the limit by
F, we even have pointwise almost everywhere convergence of a further subsequence
to F.

Last but not least, we have a look at the connection between u, and F. Denote by
(I Ay, I:“Ax) the very last subsequence of (x Ay, Fayx), then we have that

b b
/ ul(t, x) dxsliminf/ i, (t,x) dx
a Ax—0 J, ’

< Lim inf (ﬁAx(z, by — Fayt, a)) .
Ax—0

Since, we can find two sequences a; | a and b; 1 b such that limax 0 Fax(t, a;) =
F(t,a;) and limay_o Fax(t,bj) = F(t, bj), we end up with

b b;
/ u)zc(t,x) dx = lim ui(t,x) dx
a

j=o0Ja;

IA

bj
lim liminf/ ﬁax’x(t,x) dx
aj

j—o0o Ax—0

lim lim (Fay(t,b;) — Fac(t,a;
ji)n;oA;go( ax(t,bj) — Fax(t, aj))

= lim (F(1,b)) = F(t,a)))
J—>00

IA

=F({,b")—F(t,ah).
O

We still need to prove that the limit of the convergent subsequence is a conservative
weak solution in the sense of Definition 5.

Theorem 2 The limit (u, F) from Theorem 1 is a conservative solution in the sense of
Definition 5.

Proof It remains to show that the integrals (2.8) and (2.9) hold. We compute the
integrals for (v ayx, Fax) as follows
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/ / 01, ) (1, )+ (1, x) - uma D+, x)( Fax(t, x)— )dxdr

At
Z/ /¢z(t + T, Duac (" +1,%)

neNy

1
+ ¢ (1" + 1, x>§u’ix (" +7,%)

+o(" + 1, x)(lFAx(t + T, x)—%F )dxdt

- Z/ /¢,(z”+r,x)(um<t"+r,x>—Mr,x))
R

neNy

+ ¢, (1" + 1, x)% (Mix(t” +1,x) — dia(t, x))

+o(t" +1,x) <1FAx(t”+t x) — %F (, x)) dxdr

At
+ Z/ /¢,(t"+t X)itn (T, X) + ¢ (1" + 1, x) i2(, x)

neNy

+o(" + 1, x)(lF (z, x)—lFoo> dxdt

- Zln—i—ZIIn.

neNy neNy

Here (i1, (7, x), I:",,(r, x)) denotes the conservative solution given by (2.1) and (2.2)
with initial data (ua, (", x), Fax (", x)). Since the conservative solution is a weak
solution we get

At
I, = / / G0 + 7. X)iin (7. )
+ (" + 7, x5 ~2(r xX)+ " + 1, x)( Fo(z,x) — lFm) dxdt

=fzzn(m,x)¢(z"+1,x) dx—/ U (", X)) (", x) dx.
R R

Recalling that u o, (t" + 1) = P u, (7) yields

Yo=Y (/Rﬁn(At,x)d)(t"‘H,x) dx —/Rum(t",x)qb(t",x) dx)

neNy neNy

= —f uoaxPo(x) dx
R
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3 / (fn-1 (AL, x) — Payiin 1 (At ))$ (" x) dx
n=1 R

= —/ upAxdo(x) dx + O(v Ax)
R

where we applied Proposition 1 in the last step as follows

(ﬁn—l(At’ x) —Payu,—1(At, x))¢(tns x) dx
Zuun 1AL ) = Payiin 1 (AL ) |, 9 (", )2

§Z|l¢(t M2y Foo Ax

8

Z g (", )22 FsAtv/Ax

n

<2sup ¢, 2Ty Foov Ax.
tZO

Here Ty = inf{t > 0 | [l¢(s. )2 + ll¢:(s, )l2 = Oforall s > r}. Note that Ty is

finite since ¢ has compact support.

We now turn our attention to the first sum. Recall that u o, (t" + v) = Pa, i, (1),

Far(t" + 1) = Pay F’n (1), and keep Proposition 1 and Lemma 1 in mind. Direct

calculations then yield
At
1| = ‘/0 /Rrbt(t” + 7,0 (uar (" 4 T, x) — iy (7, X))

o "+, x)% <u2Ax (" + 7, x) — i2(z, x))

+o(" + 1, x)(lFAx(t + 7, x)—lF (t, x)) dxdr

= sup (||¢z(l + 7,90 + o (2" +T9')||l||un(fv')”oo)
7€[0,Ar]

X luax (" 4+ 7,-) —iin (7, )|lcc At

+ sup [lp" +T)||oo—HFAz(t +7T,)— F(T,‘)Hlﬂt
7€[0,Af]

€0, At]

X FooV Ax At

1
+ sup [[¢(t" 4 1)lloo 5 Foo Ax At.
7€[0, Af] 2

1
= sup <(|I¢z(t” + 790+ 16" + 7, ) 1) (leo () lloo + ZFoo(tn + f)))
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Since ¢ has compact support we end up with

Z I, = O Ax).

nEN()

In particular, we have

o 1
/ / ¢l(tv-x)uﬂx([7x)+¢x(t1x)§qu(t’x)2
0 R

+ ¢(t, x) (%FAX(I, x) — %Foo> dxdrt —I—/RMOquﬁo(x) dx = OV Ax).

By letting Ax — 0, we end up with (2.8) as the subsequence of (1 ay, Fayx), con-
structed in Theorem 1, converges to (u, F') uniformly in [0, T] x R for u 5, and in
C ([0, T1, L'(R)) for Fay.

In a similar fashion we demonstrate that the second integral equation (2.9) must be
satisfied as Ax — 0 as well. We have

/0 /Rd)t(t,X)—irqu(t,x)%(I,X) dpax (t)de
2/ /(¢l(t7x)+MAX(tvx)¢X(tax))FAx,x(t’x)dth
0 R
At
= Z/ /(¢t(t”+r,x)+qu(t"+t,x)¢x(t”+r,x))
neNy 0 R

x (FAx,x(t" Fox) — Fua(r, x)) dxdr

At
+ Z /O /]R (MAx(t" + 1, x) — iy(T, x))¢x(tn +1. X)Fn,x (1. x) dxdz
}’ZGNQ

At
+ Z /() /]R (¢t(t" + 1, x) + i, (t, x)(px(tn +1. x))i?n,x(‘l,’, x) dxdr

neNp
=Y L+ Y I+ ) I,
neNy neNy neNy

Since conservative solutions are weak solutions we get

At
I, = / / (¢>t(z” + 1, x) + b (t, ) (1" + 7, x)) F,Lx(r, x) dxdr
0 JR

=f¢(t"+1,x)ﬁn,x(m,x) dx—/ ¢ (1", x)Fay (1", x) dx.
R R
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Summation over n then yields

> / P X)Fy (AL, x) = (1", X) Fpr (1", x) dx
R

neNy

—— [ a0 Foars @ x + 3 [ (Facr (41,0 = Fara'.0) 90", ) d.

n=1

From the estimates in Proposition 1 we get

i ’ /R (ﬁn,l,x(m, x) = Faxx (1", x))¢(t", x) dx’
n=1

g ‘ A{ (Fn—l(Al, Xx) — PAan_l(At, x)) b (1", x) dx‘

T - -
L sup | Fue1(At, ) = Pay Fu 1 (A1, )| I (1" oo

=
At n=>0
Ty
< Foosup [[9x (7, ) o Ax ——

<2yFsoFs SUP i (7, oo Ty A,
1>
and hence

Sttt = = [ G000 Foacs () dx + OW/AN)
R

nENQ

The second term can be estimated as follows

Z 11,

nENU

At
-y / / (4 ax (" + 7.2) — in (1. )y (" + 7. ) Fy 1 (7. x) ddt
0 R

neNy

At
<y |6 (¢ + T, ) [ By (8" + 7, x) A fua (" + T, 2) = i (T, ) [ o
0 R

nENo

< VFooFx sup [ (1, )+ Ty Ax.
>

It remains to prove that the first term tends to zero as Ax — 0. We compute
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doL

nEN()

At
> / / (¢ (1" + 7, %) + upc(t" + 7, ) (1" + 7, X))
0 R

neNy

X (FAx,x(tn +1,x)— ﬁn,x(r,x)> dxdr

At
Z /0 /R (Prx (" + 7. 20) + (uar (1" + 1,00 (1" +1,%)) )

neNy

X (FAx(t" +1,x) — Fyu(x, x)) dxdr

< Tpsup [|@rx (1, ) oo Foo Ax
t>0

+T¢ sup  Jluax (@, )llooll@xx (t, oo Ax Fo

0<t<Ty
+ Ty sup luaxx (@, )20¢x (1, )lloo FoovV Ax
0<t<Ty
= O Ax).

Finally, we end up with

/0 /R@(I,X) +uax(t, x)Px (2, x) dMAx(t)dt+/R¢O(X)F0Ax,x(X) dx = O(V Ax).
(2.10)

Since for every t we have that Fa, (¢, -) — F (¢, -) almost everywhere, the convergence
of (2.10) to (2.9) as Ax — 0 follows from the proof of Proposition 7.19 in [8] and the
fact that un, — u in C([0, T] x R). O

A satisfactory uniqueness theory for conservative weak solutions of the Hunter—
Saxton equation would have ensured that all limits in Theorem 1 are equal, and thus
that the sequence as a whole converges. Unfortunately, uniqueness of conservative
solutions is unknown at the present time. On the other hand it is known that if the
initial data (1, Fp) is Lipschitz continuous, also the solution (u(z, -), F(t, -)) will be
Lipschitz continuous for all ¢ € [0, —m), at least. In particular, as Examples 1
and 3 indicate, when wave breaking occurs u(, -) may be Holder, but not Lipschitz
continuous and F' may even be discontinuous.

In the next theorem, we consider the special case of weak conservative solutions
(u, F) such that (u(t, -), F(t, -)) are Lipschitz continuous for all ¢ € [0, T].

Theorem 3 Let (u, F) € [W12°([0, T] x R)]? be a conservative solution in the sense
of Definition 5. Then the conservative solution is unique and there exists a constant
C > 0, dependent on T, Foo, and sup, (o 1y (||ux (t, )lloo + || Fx(t, -)||oo), such that

sup ([l = )(t, Voo + | (Fax = F)t, o) = € (VAX +4x). 211)
te[0,T]
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Proof For any conservative solution (u, F) € [W1-2°([0, T] x R)]? with initial data
(uo, Fp), the characteristic equation

d
d7X(t) =u(t,x(@)), x(0) = xo,

is uniquely solvable. Furthermore, the classical method of characteristics implies that
the solution is unique and given by

1 1
u(t, x(t)) = uop(xo) + E(FO(XO) - EFoo)t,
F(t,x(t)) = Fo(xo).

Introduce (i2°, F 0Y(1) = TP a, (o, Fo) and recall that x j () denotes the characteristic
starting at the grid point x ;, then

@°(t, x; (1), FO(t, x; (1)) = (u(t, x;(1)), F(t,x;(t))) forall j € N.
Moreover, for all t € [0, T],
1@0(t, Moo < lux(t. oo and  [FX(E, oo < IFelt. )lloo-
For n > 1, define (&", F”) by

Ty—mPa @', F=Ha"),  t>1",

@", F"() = (ﬂ”_l, Iv:”_l)(t), t<t".

Then, following the same lines, one has
32, Yoo < 1A, Yoo < llux(t, )loo

and 3 3
IF2(t, oo < IFENE Moo < IFe(t, oo

Since (upx(t, -), Fax(t, ) = Py (i (z, ), F™(z,-)) forall 1 < 1", we end up with

sup (lluax,x (7, oo + 1 Faxx(t, Mloo) < sup (lux(t, )lloo + | Fx (@, ) lico)-
tel0,T] 1€0,T]

It is left to show (2.11). We start by comparing (u, F') with (@, FY). To that end

let (t, x) € [0, T] x R such that x;(¢) < x < x;41(¢). Then there exists x% and 70 in
[x;, xj+1] such that

_ N N
u(t,x)—uo(x)+§ O(x)_i oo |

F(t, x) = Fo(x°),
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and
~0 ~0/ =0 (=0 =0 1
w(t,x)=1u(0,x )+§ (F 0, x%) — §F°O>t
FOut, x) = F°(0, 39).
Using (i°(0, x), FO(0, x)) = P, (uo(x), Fo(x)), we have,
lu(t, x) — i@°(t, x)| < |ug(x®) — %0, x| +1a°(0, x%) — i°(0, )|
451 (10 = FO0, )1+ 1790, %) — 70, 89

1
<2 (”uo,x”oo + Et”FO,x ”oo) Ax,

and

|F(t, x) — FOt, x)| < [Fox®) — F°(0,x%)| 4+ [F°(0, x°) — F°(0, 7%
< 2| FoxllooAx.

Combining the last two inequalities, we have

i ~ 1
sup (Jlu(z, ) — @t oo + IIF(t, ) — FOt, Mioo) < 2L(1 4 =1)Ax,
1€[0,T] 2

where L = sup, (0.7} (||ux (t, Iloo + || Fi(t, .)||oo). Moreover, we have by the same
argument for ¢ > t" that

@™z, ) — @~ oo + 1 E™(2, ) — F" 71z, )lloo
- 1
< 2(1@7 1", Yoo + IFE1 @™, o) (1 + St = ") Ax

1
<2L( + E(t —1t")Ax.

Since (uax(t, ), Fax(t, ) = Pac(@"(t, ), F"(t,-)) for all # < ", we have for all
" <t <"1 that

u(t, ) —uax(, Yoo + 1F (. -) = Fax(t, )lloo
< llu(, ) = dio(t, oo + 1 F (1, ) = FOt, )l

+ 30 () =@ oo + 1 1) = F 7))
=1
+ 1@ (t, ) — wax(t, oo + IF"(t, ) — Fax(t, oo
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1 - 1 ;
<2L(1 + 5z)Ax + ;ua +5—1 ) Ax 4+ 2L Ax

< C(VAx + Ax),

where we have used (2.4). O

3 Numerical examples

In this section we perform two experiments to see whether the scheme in Definition 3
converges to the desired conservative solution. We compare the numerical solutions
with known, exact solutions in two cases, namely a peakon and a cusp. These two
have been selected since the exact solutions represent two distinct challenges for
the numerical solver. The peakon solution experiences wave breaking at + = 2 and
all energy is concentrated in a single point. Thus F becomes discontinuous while u
becomes a constant function. The cusp solution, on the other hand, experiences wave
breaking at each time ¢ with ¢ € [0, 3], but only an infinitesimal amount of energy
concentrates at any given time.

In our examples we assume that the initial data ug is constant outside some finite
interval [a, b]. By (2.2) and Lemma 1, we then obtain that at each time #, both u(z, -)
and u A4 (¢, -) will be constant outside some finite interval [a(z), b(¢)]. Thus for any
T > 0, by choosing the computational domain accordingly, we can ensure that u(z, -)
and u A, (¢, -) are constant outside the computational domain for all # € [0, T]. We
look at the peakon example first.

Example 2 (Peakon solution) We have initial data

1, x <0,
up(x) =91—x, 0<x <1,
0, 1 < x,
0, x <O,
Fox)=1{x, 0<x <1,
1, 1<ux,
with the exact solution
1 1,2
1_12’7 1 1 X<1l—§f, 1
u(l‘,x): _1—%[(x_t+§t)+1_zt’ t—gl‘ §x§1+§[ <X,
1 1.2
als 1+ g% <x,
0, x<t—%t2,
1 1.2 1.2 1.2
F(t,x)= m(x—t—i-gt), t—gt SX§1+§I,
1, 1+%t2<x.
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Numerical and exact solutions of u at Numerical and exact solutions of F at
t = 0.00, 2.00, and 4.00 t = 0.00, 2.00, and 4.00
15 T T T T T T 15 T T T T T
ua(0, ) Fa,(0,-)
........... u(0,-) s (0, )
uas(2,) Fau(2,)
.......... u(2,-) e F(2,)
1 1
uaz(4,) ——Faq(4,)
.......... u(4, ) e (4, )
3 o
0.5 05F
0 0
3 2 1 0 1 2 3 4 5 3 2 1 0 1 2 3 4 5

Fig.2 The functions u 5, (left) and Fx, (right) in the case of peakon initial data, plotted att = 0, r = 2,

andt:4.HereAx:ZandAt:%

The error in the variable u

The error in the variable F'

10° T T T T T 10" T T T T T
o [ua — o sup, [Fa.(t) — FO)I:
Linear regression, order = 0.50 0 Linear regression, order = 0.98
107 107
w w
102
102 10°
10
10'3 1 1l 1l 1 1l 1 -5 1l 1l 1l 1 A
10® 10°® 10 10° 102 10” 10° 10 10® 10 10° 102 107 10°
Az Az

Fig.3 The L®°-error of the numerical solution u 5 plotted against the spatial grid size Ax (left), and the
L1 error of the numerical solution F, ‘Ax plotted against the spatial grid size Ax (right)

In Fig. 2 the numerical solution (u Ay, Fay) is computed and compared with the exact
solution at# = 0, t = 2, and ¢t = 4. Figure 3 shows the error, when compared to the
exact solution, and we see that the method captures the wave breaking phenomena in
this example.

Example 3 (Cusp solution) We have initial data

1, x < —1,
2
up(x) = Ix3, —1<x<1,
1, 1 <x,
s x < —1,
Fo(x) = ‘g‘(x%+1), —l<x<1,
%, 1 <x,

@ Springer



Numerical conservative solutions of the HS equation 469

Numerical and exact solutions of u at Numerical and exact solutions of F' at
t = 0.00, 1.93, and 4.00 t = 0.00, 1.93, and 4.00
3 T T T T 3 . T T T T
—ua(0,) Fp.(0,)
25F|. u(0,) 1 25 [ e F(0, )
—up,(1.9,) — Fa,(1.9,)
2 oo u(1.9,) 1 3 o — T
——Fa:(4,)
L o - S L o F(4,")
s » w0
05 05
of 0
05 05
4 4 . L L . . . .
4 3 2 1 0 1 2 3 4 4 3 2 1 0 1 2 3 4

Fig.4 The functions u oy (left) and Fy, (right) in the case of cusp initial data, plotted at = 0,7 = 1.93,
and t = 4. Here Ax = 1/4 and At =~ 0.148. Note the slight discrepancy between the numerical solution
and the exact solution in the variable F' already at # = 0 due to the projection operator being applied to the
numerical initial data

; The error in the variable u The error in the variable F'

10" T T T T T T T T T
‘e
o Tuar vl ol s @ - FOl 4
Linear regression, order = 0.54 Linear regression, order = 0.56 4
D

1

10 s
s 107"
10'2 F
1072 b

108 " . " " . 4" " " " .

10® 10°® 10 10 102 107 10° 10® 10® 10 10° 102 107 10°

Ax Az

Fig. 5 The L°°-error of the numerical solution u 5, plotted against the spatial grid size Ax (left) and the
L!-error of the numerical solution F, ‘Ax plotted against the spatial grid size Ax (right)

with the exact solution

l—%t, . x<—l+t—%t2,
u(t,x) = (x+(§)3)§—§, —l+t—42 <x < 1+1+ 3%
+ 31, L+1+ 3% <x,
0, x<—1+t—%t2,
F(r,x) = %<x+(§)3)%+§(1—§), —l+1-12 <x <141+
%, 1—|—t+%t2<x.
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In Fig. 4 the numerical solution (# ., Fa,) is computed and compared with the exact
solution at t = 0, t = 2, and ¢t = 4. Figure 5 shows the error when compared to the
exact solution.

From Figs. 3 and 5, we see that the best we can hope for in terms of convergence
rates in L™ for u and L' for F in the general case is O(«/ Ax). As uniqueness of
conservative solutions is still an open problem, proving any form of convergence rate
of the numerical method seems to be extremely challenging.

Remark 8 Clearly we cannot expect a better convergence order than one half in the
L%°-norm for u, since there exists uq in D such that |[ug — upaxllco = v/ Foor Ax,
see Proposition 1.
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