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Holomorphically homogeneous Cauchy-Riemann (CR) real hypersurfaces M® < C2
were classified by Elie Cartan in 1932. In the next dimension, we complete the
classification of simply-transitive Levi non-degenerate hypersurfaces M® c C3 using
a novel Lie algebraic approach independent of any earlier classifications of abstract Lie
algebras. Central to our approach is a new coordinate-free formula for the fundamental
(complexified) quartic tensor. Our final result has a unique (Levi-indefinite) non-tubular

model, for which we demonstrate geometric relations to planar equi-affine geometry.

1 Introduction

In general Cauchy-Riemann (CR) dimension n > 1, the classification of locally homoge-
neous real hypersurfaces M?"*t! ¢ C™*! (up to local biholomorphisms) is a vast, infinite
problem. In 1932, Elie Cartan [4, 5] settled the n = 1 case, and substantial efforts have
been made over the past 20 years to complete the n = 2 case, cf. [8, 11, 16-18]. Most
recently, the remaining “simply-transitive Levi-nondegenerate” part of the classification

was addressed in [1, 2, 14, 19] using normal form methods. The main goal of this article
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is to unify and complete this final study through a novel approach. Our Theorem 1.1
presents the final classification, which thereby concludes the n = 2 case.

Local Lie groups are analytic, so homogeneous M?"*! ¢ C"*! may be assumed
from the outset to be real analytic (C®). By Lie's infinitesimalization principle [15], the
group Hol(M) of local biholomorphic transformations of C"**! stabilizing M is better

viewed as the real Lie algebra:
hol(M) = {X = > a(2) Bdi (X +X)|,, is tangent to M], (1.1)

where z = (zy,...,2,,,) are coordinates on C™*1, with the a;(z) being holomorphic. As
Lie did [15], we will consider local Lie transformation (pseudo-)groups and mainly deal
with their Lie algebras of vector fields. Clearly, M is (locally) homogeneous if and only if
Vp € M, the evaluation map hol(M) — T,M sending X — (X +}_()|p is surjective. One calls
a homogeneous M simply-transitive if dimM = dimpghol(M) and multiply-transitive if
dim M < dimgbhol(M).

Recall that M?"*! ¢ C™*! is tubular (or is a “tube”) if there is a biholomorphism

S™ x iR™!, where S ¢ R"™! is a real hypersurface (its “base”). If S =

12

M
{(Fxy,....%,41) =0} C R"™*! is a real hypersurface with dF # 0 on S, its associated
tubeis Mg = {F(Rez,,...,Rez,, ;) =0} C C"*. Atube Mg is Levi non-degenerate if and
only if its base S has non-degenerate Hessian, and the signatures of the Levi form and
Hessian agree. Clearly, i d

..,19, € bhol(Mg). Furthermore, any real affine symmetry

z1'” n+1

S = (A, x,+by) dy, (summation assumed on 1 < k,¢ < n+1) of S has “complexification”
X = 8% = (Apz, + by) 9y, in hol(Mg). Thus, an affinely homogeneous base yields a

holomorphically homogeneous tube.

1.1 Main result

Restrict now considerations to Levi non-degenerate hypersurfaces M® c C2, that is,
n = 2. The multiply-transitive case was tackled in [17, 18], which completed the majority
of the classification, except the Levi-indefinite branch with dim hol(M) = 6. Recently,
the entire multiply-transitive classification was settled in [8]. The simply-transitive
case was addressed in [1, 2, 14, 19], where they employed normal form methods and
Mubarakzyanov’'s classification of 5D Lie algebras. In this article, we independently
settle the entire simply-transitive classification using a novel Lie algebraic approach
that does not depend on earlier classifications of abstract Lie algebras. Our main
classification result is the following, where we use the notation z; = x; + iy; and

0]
w=u-+iv:
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Simply-transitive nondegenerate hypersurfaces 3

Theorem 1.1. Any simply-transitive Levi non-degenerate hypersurface M°® c C2 is

locally biholomorphic to precisely one of the following.

(1) Either one hypersurface among the six families of tubular hypersurfaces listed in

Table 1, with corresponding five generators of hol(M).

(2) Or the single nontubular exceptional model:
Im(w) = |Im(z,) — w Im(zl)‘z,
having indefinite Levi signature and the infinitesimal symmetries:

z; 821 -z, 822 —2wao,, Zz; 822 + 0y, 2 321 — w2 3,

that is, the planar equi-affine Lie algebra saff(2, R) := s[(2, R) x R2.

Table 1  All simply-transitive tubes M® c C3. Parameters «, 8 € R and ¢ = +1

. - Holomorphic symmetries of . .
Label Affinely sunpl‘y transitive B F(Re(21), Re(23), Re(w)) = 0 Levi df:ﬁmte
non-degenerate real surface F(x1, x2,u) = 0 b 110, 9. id condition
eyond 0., , 10z, , 10w
u = x‘fasg
T1 Non-degeneracy: a3(1 —a — ) #0 Zlgzl igwgw’ aB(l—a—pB)>0
Restriction: (o, ) # (1,1),(—1,1), (1, —1) #2022 WOw
Redundancy: (o, 8) ~ (8, a) ~ (2, _g)
u = (:10:{ + I%)u exp (B arctan(%)
2102, + 22025 + 2Qw0y,
T2 Non-degeneracy: o # % & (a, B) # (0,0) Z;azl - zfa; Moy a> 1
Restriction: («, ) # (1,0) ! 2
Redundancy: («, ) ~ (a0, =)
o u=z1 (aln(z1) + In(z2)) 210, — az00s, + WO, )
220z, + 210w o<
Non-degeneracy: ov # —1
23 2
(uoi2+ 5 = ales - 5)°
T4 Zlazl + 2212((“)22 =+ 3w8u,7 o < 8
Non-degeneracy: o % ,g 0z + 210z, + 220w 9
Restriction: o # 0
Tiu = x5 + exf
Ts 2102 + §220z, + (a — 1woy, (a—1)(a—2)>0
Non-degeneracy: o # 1,2 210z, + 22200
Restriction: v # 0
_ 2 2 210z, + 2202, + (€21 + W) 0w, _
T6 T1u = x5 + ext In(z1) O+ 22200 €= +1
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4 B. Doubrov et al.

We immediately recover that all simply-transitive Levi-definite M® c C2 are
tubular [14].

The classification of affinely homogeneous surfaces S ¢ R3 appears in [6, 9].
A tube Mg on an affinely multiply-transitive base S is holomorphically multiply-
transitive, so for the Levi non-degenerate simply-transitive tube classification, we can
start from the Doubrov-Komrakov-Rabinovich (DKR) list [6]. (Family (6) in [6, Thm. 1]
contains a typo: it should also include « = 0, that is, the Cayley surface.) Then we

perform the following:

(i) Remove those surfaces yielding tubes already appearing in the multiply-
transitive classification [8]. (See our Table 2 and Remark 6.6 in §6.2.)

(ii) Restrict to affinely simply-transitive surfaces that have non-degenerate
Hessians. (This excludes all quadrics, cylinders, and the Cayley surface

3
u = x,x, — =, cf. [6, Prop. in §3].)

The desired classification is a subset of the resulting candidate list, which
comprises the surfaces in the 2nd column of Table 1. The symmetries in the 3rd column
confirm that these all have dim hol(M) > 5, but it is important to carefully identify
all exceptions for which this dimension jumps up. Theorem 1.1 asserts that no such
exceptions occur among the candidate list.

A comparison with the simply-transitive list in [19, Table 7] is in order. The
tubular classification there mostly matches ours but differs in the T3 and T4 cases in
our Table 1. For the former, « = 0 is incorrectly omitted; for the latter, the restriction

should be corrected to o # 0, —g. Moreover, two nontubular models are listed:

(@ (v—xy7)%+ yfy% = y;, which is equivalent to (1.2)—see §5.3. We moreover
derive (1.2) in an elementary manner and elucidate some related planar equi-
affine geometry.

() v(l +exyy,) = y,¥, with € = £1, which is Levi degenerate at the origin and

Levi indefinite. We confirm that dim hol(M) = 5, with generators

(20+€23) 0, +22,0,, €Wd, +0,, 29, +wWd,, 0, 3, (1.4

From the hypersurface equation, y, = Im(z,) is locally unrestricted, but its
level sets are clearly preserved by all symmetries (1.4), so this model is not

homogeneous.

Recall that when there exists a nonzero holomorphic vector field X (not only

2 ReX) that is tangent to M?"+! ¢ C"*!, one says that M is holomorphically degenerate
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Simply-transitive nondegenerate hypersurfaces 5

[20, 21]. After rectifying so that X = 9, locally near any p € M at which X|p # 0,
one locally has M?"*! = M?"~1 x C for some real hypersurface M?*~! c C". In
this case, given any holomorphic function f(z), we have f(z)d € hol(M), whence
dim hol(M) = oo.

More broadly, Theorem 1.1 also terminates the problem of classifying all

Zn+1

holomorphically homogeneous CR real hypersurfaces M® c C3, as follows:

1. Holomorphically degenerate: either the Levi-flat hyperplane R x C x C or
M?3 x C for some homogeneous Levi non-degenerate hypersurface M3 c C?,
classified by Cartan [4, 5]. These all have dim hol(M) = oc.

2. Holomorphically non-degenerate: From [21], there are two possibilities:

(a) Constant Levi rank 1 and 2-nondegenerate: The classification was
completed by Fels-Kaup in [11]. All such models are tubular, with
dim hol(M) < 10, which is sharp on the tube with base the future light
cone S = {x € R3: x? + x5 = x3, x5 > O}.

(b) Levi non-degenerate: dim hol(M) < 15, which is sharp on the flat model
Im w = |z,|? + €|z,|?, where € = £1. The biholomorphism (z,,z,, w) +

(21,25, 1(2w — 23 — €z2)) maps this to the tube over u = x? + ex2.

1.2 Classification approach and further results

Some recent classification approaches focus on effective use of normal forms. For
instance, in the simply-transitive, Levi-definite case [14], the authors realize 5D real
Lie algebras acting transitively on real hypersurfaces by holomorphic vector fields and
then find appropriate normal forms for such realizations. Their starting point is the
classification of abstract 5D real Lie algebras (Mubarakzyanov [23]), but they also use
an important discarding sieve: if hol(M) is 5D and contains a 3D abelian ideal, then M
is tubular over an affinely homogeneous base [14, Prop. 3.1]. In the end, no nontubular

models survive and they invoke the DKR classification [6] for tubular cases.

Remark 1.2, By our Theorem 1.1, we can a posteriori assert that [14, Prop. 3.1], valid
for a Lie algebra g of holomorphic vector fields acting locally simply transitively on
Levi-definite M® c €3, also holds in the Levi-indefinite case. However, their proof does
not carry over: it relies on [14, Prop. 2.3], which states that if X,Y,Z € g commute and
are linearly independent over R at g € M, then X,Y,Z are linearly independent over C

at g. This may fail in the indefinite setting, as the following counterexample shows.
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6 B. Doubrov et al.

Consider a hypersurface of Winkelmann type [8] given by Im(w + Z,z,) = (z,)%(z;)* for
a € C\{-1,0,1,2}, which is tubular if and only if % € R. Then hol(M) contains
the abelian subalgebra

Zo ! XZ = 822 —‘eraW, XS = iazZ - iZlaW, X4 = 3 (1.5)

e
Evaluating at a point where z; # 0, we see that {X;, X,, X;} are linearly independent over

R, but they are linearly dependent over C.

Our approach to the non-tubular, simply-transitive classification is substan-
tially different. Our approach circumvents the use of normal forms, is independent
of the Mubarakzyanov classification, and draws upon the known close geometric
relationship with so-called Legendrian contact (LC) structures that were similarly
effectively used in [7, 8]. (The Cartan-geometric approach [7] in the simply-transitive
setting would result in heavy case branching, so this will not be used.) To describe our
strategy, we need to recall some notions.

Any Levi non-degenerate hypersurface M?"*! ¢ C" naturally inherits a CR
structure of codimension 1, that is, a contact distribution C = TM N J(TM) C TM with
a complex structure J : C — C compatible with the natural (conformal) symplectic form
on C. The induced J on the complexification C* has +i eigenspaces yielding isotropic,
integrable subdistributions. Almost CR structures (M; C,J) (for which integrability is
not required) have corresponding complexified analogues called LC structures (IV; E, F).
This consists of a complex contact manifold (N2**!, C) with the contact distribution C
split (instead of C*) into a pair of isotropic subdistributions E and F of equal dimension.
It is an integrable LC (ILC) structure if both E and F are integrable.

Concretely, if M2+l - ¢ntl has defining equation ®(z,z) = 0, where ® is real
analytic, then we define its complexification M¢ c C"! x C**! by ®(z,a) = 0. (We can
recover M as the fixed-point set of the anti-involution (z,a) — (a,Zz) restricted to M°€.)

The associated double fibration
MC
N
cn+l cn+l (1.6)

defined by 7, (z,a) = z and 7, (z, a) = a for (z,a) € M€ induces vertical (hence integrable)

subdistributions F = ker(dw;) and E = ker(dr,) on M°. Levi non-degeneracy of M
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Simply-transitive nondegenerate hypersurfaces 7

implies that C = E & F is a contact distribution on M€, and indeed (M°€; E, F) is an ILC
structure. Regarding a € C"*! as parameters, we view M° = {®(z,a) = 0} as describing
a parametrized family of hypersurfaces in C**!. These Segre varieties were introduced
by Segre [26, 27], further explored by Cartan [4] in the C? case, and extended more
generally—see for example, [8, 20, 21, 28, 29].

Locally solving ®(z,a) = O for one variable among z = (z,...,2,,,), say
w := z,., then differentiating once, we can locally resolve all parameters a in terms
of the 1-jet (z, w,w, = 37“2) for 1 < k,¢ < n. Hence, we can differentiate one more
time, eliminate parameters a, and write 2nd partials as a complete 2nd-order partial

differential equation (PDE) system (considered up to local point transformations):

2
;)T:;j :fij(zk,w, wy). (1.7)
The Segre varieties are now interpreted as the space of solutions of (1.7). (See (2.1) for E
and F.)

The symmetry algebra of an LC structure consists of all vector fields respec-
tively preserving E and F under the Lie derivative. In terms of M®¢ = {®(z,a) = 0},
any symmetry is of the form X = ék(z)azk + ak(a)aak. For example, given a tube Mg =
{F(Rez) = 0}, its complexification MS = {]_-(erTa) = 0} admits the (n + 1)-dimensional
abelian subalgebra a = (3,, — 9 a -0

o — Oy i i Og that is clearly transverse to E and F.

)
An+1

In the PDE picture, any symmetry of (1.7) is projectable over the (z;, w)-space, and these
are called point symmetries. For Levi non-degenerate M ¢ C™*!, the symmetry algebra
sym(M°) of the associated ILC structure (M¢; E, F) is simply hol(M) ®p C, see [20, Cor.

6.36]. In particular,
dim sym(M€) = dimphol(M). (1.8)

For our simply-transitive study, M or M¢ will be (locally) real or complex Lie groups
respectively, and we encode data on their Lie algebras. Our focus will be on ASD-ILC

triples:

Definition 1.3. Let g be a 5D complex Lie algebra. An ILC triple (g; ¢, f) consists of a pair
of 2D subalgebras ¢, f of g with ¢ N f = 0 such that for C := ¢ & f, the map » : /\2 C— g/C
given by (x,y) — [x,ylmod C is non-degenerate. An ILC triple is
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8 B. Doubrov et al.

tubular if there exists a 3D subalgebraa C gwitheNa=fNa=0;
2. anti-self-dual (ASD) if there exists an anti-involution t of g that swaps ¢ and f.
In this case, call t admissible. In the tubular case, t is also required to

stabilize a above.

Given an ASD-ILC triple (g;e,f), the fixed-point set of an admissible anti-
involution t determines the corresponding Lie algebraic CR data (and conversely).
Letting G be a (complex) Lie group with Lie algebra g, and E, F determined from ¢, f by
left translations in G, the ILC structure (G; E, F) certainly has ILC symmetry dimension,
denoted dim sym, (g; ¢, f), at least dim G = 5. It is important to recognize and discard
cases where it exceeds this. This occurs when there is an embedding (Definition 2.11)
into an ILC quadruple (§,£¢,f) with dim(f) > 0. An important tool in this study is the
fundamental quartic tensor Q,, which we now present.

For any (integrable) CR or ILC structure, it is well known that there is a
fundamental tensor that obstructs local equivalence to the flat model, which uniquely
realizes the maximal symmetry dimension. When n = 2, this tensor takes the form of
a binary quartic Q,, and symmetry upper bounds based on its root type are known—
see (2.18). In the CR setting, Q, is typically computed from the 4th degree part of the
Chern-Moser normal form [10], while in the semi-integrable LC (SILC) setting [7] it was
computed in terms of a PDE realization (1.7). However, neither of these methods are
amenable to a Lie algebraic approach. In §2, we give a coordinate-free formula for 9, for
general LC structures, which can be directly used on Lie algebraic data—in particular
on an ASD-ILC triple (g; ¢, f).

Our Lie algebraic study is organized in terms of 3D abelian ideals. In §3, we effi-
ciently classify all 5D complex Lie algebras without a 3D abelian ideal (Proposition 3.2).
The search for ASD-ILC triples supported on this small list of Lie algebras produces a
unique model on g = saff(2, C) := sl(2, C) x C?, see Theorem 3.1.

In §4, we study ASD-ILC triples (g;¢,f) with g containing a 3D abelian ideal a.
Theorem 4.1 shows that if dim sym; c(g;e,f) = 5, theneNa =fNa =0 and a = t(a)
under any admissible anti-involution 7. These data allow us to a priori conclude
(Corollary 6.4) that all models in this branch are tubes on an affinely simply-transitive

base.
We then return to CR geometry. In §5, we construct the exceptional model (1.2),

highlight related planar equi-affine geometry, and find corresponding PDE realizations.
Finally in 86, we treat the tubes for any candidate base arising from the DKR

classification. Table 3 summarizes the root types for these tubes, which are deduced
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Simply-transitive nondegenerate hypersurfaces 9

from the quartics Q, given in Table 3. From (2.18), when the root type is | or Il, the
symmetry dimension upper bound is 5, and such models are automatically simply-
transitive. The root type D and N cases are more subtle, and simple-transitivity in these
remaining cases are confirmed using two methods: PDE point symmetries (§6.3) and
power series (§6.4).

Beyond our main result, let us emphasize two important results obtained in this

article:

e We give a simple geometric interpretation and coordinate-free formula for
the fundamental quartic tensor Q, for general 5D LC structures.

e We conceptualize and give an effective method for computing symmetries of
rigid CR structures, which potentially can be generalized to a much larger

class of geometric structures.

2 Fundamental Tensor of 5D Legendrian Contact Structures

Motivated by the complexification M¢ c C**! x C**! of a Levi non-degenerate
hypersurface M ¢ C™*!, we will exclusively study complex LC structures in this article
(but one can carry out analogous constructions for real LC structures). Recall that a
(complex) contact manifold (N2"+1, C) consists of a corank one distribution C with non-
degenerate skew-bilinear map 5 : I‘(/\2 C) > I'(TN/C) given by X A Y — [X, Y] mod C.

Definition 2.1. A Legendrian contact (LC) structure (N; E,F) is a (complex) contact
manifold (V,C) equipped with a splitting C = E @ F into maximally 5-isotropic

(Legendrian) subdistributions E and F.

For an LC structure, [['(E),['(E)] € T'(C) and [['(F),'(F)] c T'(C), so composition
with the respective projections provided by the splitting gives two basic structure
tensors 1y : F(/\ZE) — I'(F) and 1z : F(/\ZF) — I'(E). These obstruct the Frobenius-
integrability of E and F, respectively. If one of these vanishes, then it is SILC, while if
both do, then it is integrable (ILC). In the SILC case [7] with 7z = 0, there exist local

coordinates (zk,w, wy) on N such that

E = (0, + Wiy, + fiid,)r  F = (3y,), (2.1)

where fij = fji are functions of (z%, w, wy) and 1 < i,j,k < n. The SILC structure

is equivalently encoded by the complete 2nd-order PDE system (1.7) considered up to
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10 B. Doubrov et al.

local point transformations, that is, prolongations of transformations of (z;, w)-space.
Compatibility of (1.7) is equivalent to 7 = 0.

Beyond 15 and 7z, there is one additional fundamental tensor W that obstructs
local equivalence to the flat model w;; = 0. This curvature was computed for arbitrary

n > 2 in the SILC case [7, Thm. 2.9]: with respect to an adapting framing, W
azfij
dWrdwy

has components Wi’;.E = trfr( ), symmetric in the upper and lower indices
respectively, and where trfr indicates the completely trace-free part. When n = 2, this
specializes to a binary quartic tensor field. We now revisit the n = 2 case and derive a

coordinate-free formula for W for general LC structures.

2.1 Canonical lifting of a 5D LC structure

Over (N®, C), define the P!-bundle N > N with fibre over x € N defined as
N, := {(tg, £p) € P(E,) x P(F,) : (£, £z) = O}. (2.2)

Since rank(E) = rank(F) = 2 and n restricts to a perfect pairing E ® F — TN/C, then
¢y uniquely determines ¢, that is, £ = F N (ZE)LW, and vice-versa. Hence, N — N is
indeed a P!-bundle. The 6-manifold N is canonically equipped with three distributions
VcDhcc:

1. rank 1: V = ker(x,), that is, the vertical distribution for x;
2. rank 3: D|; := (7,) Ly @ {p) for X = ({g, Lp);
3. rank 5: C:= (7,)"!C.

Let us describe these in terms of adapted framings. Given any p € N, there is
always some neighbourhood U C N on which we can find a local framing {e;, e,, f;, f,}
for C=E @ F with E = (e, e,), F = (f|,f,), and structure relations

le), e, = e, fyl =le,, f1=1If,£,1=0, [e;,f;l=leyf,] 20 modC.  (2.3)

We refer to this as an LC-adapted framing. Any such framing induces a local trivializa-
tion ¢: 7~1(U) - U x P! of N — N via

X= gl lply) +—  (xIs:t]), (2.4)
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Simply-transitive nondegenerate hypersurfaces 11

where [s : t] are homogeneous coordinates on P! and
Ly = (se; +te,), {Lp=(tf; —sf,). (2.5)

The vector fields e;, e,,f;,f, € X(U) naturally induce vector fields on U x P! (having
trivial component on the P!-factor) and on 7 ~!(U) via the trivialization, and we abuse
notation to denote these vector fields on U x P! or n~1(U) also by e,,e,,f;,f,. To be
explicit, we will work in the local coordinate chart on P! on which s # 0, so we may as

well assume s = 1. Locally we have

V=1(3), D=(e, +te,tf,—f,3,), C=Ie, e,f, £, 0,). (2.6)

Using (2.3), we confirm that D has weak derived flag D~! ¢ D2 = C c D3 = TN with
growth (rank(D~!), rank(D~?), rank(D~3)) = (3,5, 6). Moreover, it is straightforward to

verify that (N, D) gives an instance of the following:

Definition 2.2. A Borel geometry (R®, D) consists of a 6-manifold R equipped with a
rank 3 distribution D ¢ TR with growth (3,5, 6) weak derived flag D~! := D C D2 ¢
D3 = TR and whose symbol algebra m(x) := D(x) ® (D% (x)/D(x)) ® (TN /D~ %(x)) at every
X € Ris isomorphic (as graded Lie algebras) tom = g_,; ®g_,Pg_5 = {€;, €5, e3}P{e,, e5}®

{eg} satisfying the commutator relations

lej, el =64, leyesl=e5 leg, esl=—eg ez 4l =eg. (2.7)

Remark 2.3. Consider the Borel subalgebra in sl(4) consisting of upper triangular
trace-free matrices. There is an induced stratification on the complementary subalgebra
of strictly lower triangular matrices and the bracket relations match those for m above.
Lifting the LC structure and reinterpreting it as a Borel geometry is an instance of a
general construction for parabolic geometries referred to as lifting to a “correspondence

space” [3]. However, we will not need to use any of the broad theory developed there.

For any Borel geometry, let us observe that D inherits distinguished subdistri-

butions:

Proposition 2.4. Given any Borel geometry (R®, D), we canonically have

(a) arank 2 subdistribution +/D C D satisfying [v/D, vD] = 0 mod D;
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12 B. Doubrov et al.

Proof.

(b)
(c)

(a)

a line field V = {X e I'(D) : [X, ['(D~2)] c I'(D~2)}. This satisfies D = V & +/D.
a decomposition /D = L; @ L, (unique up to ordering) into null lines for a

canonical (non-degenerate) conformal symmetric bilinear form on +/D.

The bracket /\2 g_; = ¢g_, coming from /\2 D — D~?/D has one-dimensional
kernel (e; A ej). This corresponds to a (rank 2) +/D C D satisfying [v/D, vD] =
0 mod D.

The bracket gives a surjective map g_; x g_, — g_3, so the induced map
g_; — ¢°, ® g_3 has one-dimensional kernel (e,). Thus, there exists a
distinguished line field V ¢ D satisfying [X,['(D™%)] ¢ I'(D~?) for any
X € I'(V). From (2.7), it is clear that V ¢ +/D.

The Lie bracket induces the isomorphism V ® +/D = D~?/D and a map
VD ® (D~2/D) — TR/D~2. Via the former, the latter induces a conformal

symmetric bilinear form on +/D. In a framing corresponding to the basis

(1) (1) mod D~2. Letting L,,L, C +/D be
complementary null line fields then establishes the claim. m

{e;,es}, it is a multiple of

The decomposition D = V @ +/D provides projections onto each factor. Conse-

quently, the following result is immediate:

Corollary 2.5. The map I'(L;) x I'(L,) — I'(V) given by

(X,Y) — projy(IX, Y]) (2.8)

is tensorial, so determines a vector bundle map ® : L, ® L, — V. (Because of the

possibility of swapping L, and L,, ¢ is canonical only up to a sign.) Geometrically, it

is the obstruction to Frobenius integrability of +/D.

For an LC structure (N°; E, F), we refer to ® as its fundamental tensor. We now

show that ® specializes to the known quartic expression in the SILC case.

2.2 The fundamental quartic tensor

We now evaluate ® in an LC-adapted framing.
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Simply-transitive nondegenerate hypersurfaces 13

Lemma 2.6. Let (N°; E, F) be an LC structure and {e,.e,, f,,f,} an LC-adapted framing
of C = E® F on N (i.e., satisfying (2.3)), and let {el,ez,fl,fz} be its dual coframing.

Following §2.1, we induce vector fields on N satisfying (2.6).

1. The line fields V,L;, L, from Proposition 2.4 are respectively spanned by

3, £ =e +te,+A,0, (,=tf —Ff,+A,0, (2.9)

where, defining S := [e; + te,, tf; — f,], we have

Ay =—(f' +tf)(S), A, = (e?—te!)(S). (2.10)
2. Defining 9, := —dt(®(¢,,£,)) in terms of the fundamental tensor ¢, we have
Q= —C1(Ay) +L5(A)) — e' (9 (S) — e2(9)FX(S), (2.11)

which is a polynomial in ¢ of degree at most 4.

Proof. We already know V = (3,), so write v/D = ({1, £,) with ¢, ¢, as in (2.9). Write
where S € I'(C) by (2.3). Writing S = s,€; + s,€, + s3f; + s,f,, we have

[@1,52] = (Sz —_ Slt —_ Az)ez + (33 + S4t +A1)f1
(2.13)
+ (€1(Ay) — €5(Ay) — 5,41 +5,44,) 9, mod VD.
Using part (a) of Proposition 2.4, we force [¢;,¢,] = Omod D and obtain the relations
(2.10). This proves the 1st claim. To confirm part (c) of Proposition 2.4, we now

compute:

e V®+/D=D"2/D: Observe [3,,¢,] = e,, [3,,£,] = £, mod D.

e VDop2p=rip2(fred Wbl _ (0 lenhily iz
£y, e,] [y, 1] le,, 5] 0

Composition yields a symmetric bilinear map +vD ® vD — V* ® TN/D~2 for which
L; := (¢;) are null.

For the 2nd claim use (2.13). Note that —s, A, + 5,4, = e'(S)f'(S) + e2(S)f*(S), so
we get (2.10). Since S is quadratic in ¢, then A; are cubic in ¢ and so a priori Q, is quintic
in t. However, the order 5 term of 9, agrees with that of —A,;9,4, + A,9,A,, which is
312 (le,, f,1) (—3t%e! (le,, f,])) — t3e! ([e,, f;]) (—3t%f*([e,, f,1)) = 0, so deg(Q,) < 4. [
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14 B. Doubrov et al.

Remark 2.7. A local change of LC-adapted framing from (e, e,, f,,f,) to (€,,8,,f,,f,)

is determined by how (€,;,€,) differs from (e, e,), that is, pointwise, by a GL(2)

at+b

aadr from which

transformation. This induces a fractional linear transformation ¢t =

we can verify that §4( t) = m@;(t)-

Let us now specialize to an SILC structure. Locally, this is given by the 2nd-order
PDE system

w,=F w;,=G, wy=H, (2.14)

where F,G,H are functions of (z!,z%, w, w;, w,). More precisely, we have a contact 5-
manifold (V,C) with C = E® F = (e;,e,) @ (f|,f,) given by the LC-adapted framing

{e; ey £, £}

e; =d +wyd,, +Fo, +Go,,, f;=09,,
(2.15)
62 = 322 + Wzaw + Gawl + HaWZ, f2 = 8W2'
Corollary 2.8. For the SILC (NV5; E, F) given by (2.15), we have
Qy =F oy +2t(Gyy — Fpp) + 2 (Fp, — 4Gy, + Hyp) + 263Gy, — Hyp) + t4H,,, (2.16)
where (p,q) = (w;,w,). In the ILC case, Q, is the complete obstruction to local
equivalence with the flat model w;; = 0.
Proof. Using (2.15), we calculate S = [e; + te,, tf; — f,] =: s3f; + s,f,, where
s3=F,+tG, —F,) —t*G,, s,=G,+t(H,—G,) —t*H,. (2.17)

Hence, A; = —s3 —s,t and A, = 0 by (2.10), and also e!(S) = €%(S) = 0. Then (2.11) yields
Qu =1L,(A)) = (£, — tf))(s3 + s4t), which simplifies to (2.16) above.

Homogenizing 9, and replacing ¢t — —t, we recover the harmonic curvature
expression W derived in [7, (3.3)], which is the complete local obstruction to flatness for
5D ILC structures. |

A key advantage of (2.11) (see next section) is that it can be easily evaluated
on homogeneous structures in terms of Lie algebra data. A PDE realization as in

Corollary 2.8 is not needed.
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Simply-transitive nondegenerate hypersurfaces 15

By Remark 2.7, the root type of Q, is a discrete invariant of an LC structure. (We
should always view Q, as a quartic: e.g., when the coefficient of ¢* vanishes, we regard
oo as being a root.) We denote this by N (quadruple root), D (two double roots), lll (triple
root), Il (one double root & two simple roots), | (four distinct roots), or O (identically

zero). Locally, only w;; = 0 has constant type O everywhere.

2.3 Symmetries and homogeneous examples

For an LC structure (IV; E, F), an automorphism [(infinitesimal) symmetry] is a diffeo-
morphism [vector field] of N preserving both E and F under pushforward [Lie derivative].
The symmetry dimension for LC structures (N?"*1;E,F) is at most (n + 2)2 — 1 and
this upper bound is (locally uniquely) realized by sl(n + 2) on the flat model w;; = 0.
Focusing now on the 5D ILC case, 15 is the maximal symmetry dimension, and there is a
well-known symmetry gap to the next realizable symmetry dimension, which is 8. Finer
(sharp) upper bounds for structures with constant root type for Q, are also known (see
[7, Thm.3.1)):

Root type O N D W n 1
Max. sym.dim. 15 8 7 6 5 5

(2.18)

Let G be a Lie group and K a closed subgroup. Any G-invariant ILC structure
on N = G/K is completely encoded by the following algebraic data generalizing

Definition 1.3.

Definition 2.9. An ILC quadruple (g, ¢; ¢, ) consists of:

(i) gis a Lie algebra and t is a Lie subalgebra;
(ii) ¢ and f are Lie subalgebras of g with ¢ N f = ¢ (in particular, [¢,¢] C ¢ and
[e, 1 c f);
(iii) dim(e/®) = dim(f/¢) = J(dim(g/®) — 1);
(iv) C:=e¢/t®f/tis a non-degenerate subspace of g/¢, that is, the map n : A>C —
g/C given by x A y — [x, ylmod C is non-degenerate.

(v) (Effectivity) The induced action of £ on C is non-trivial.

Although tis not usually an ideal in g (so there is no well-defined bracket on g/¢ coming
from g), the map 5 is well defined by (i)—(iii). When ¢ = 0, we simply refer to (g,O;¢; )
as an ILC triple (g;e¢,f). We will use the notation dim(sym, ¢(g;e¢,f)) to denote the ILC
symmetry dimension of the unique left-invariant ILC structure on any Lie group G with

Lie algebra g determined by the data (g; ¢, f).
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16 B. Doubrov et al.

Given an ILC triple (g; ¢ ) with dim(g) = 5, let G be any Lie group with Lie
algebra g. Using an LC-adapted framing {e,, e,, f;,f,} consisting of left-invariant vector
fields on G, we see that A; and A, are polynomials in ¢ with constant coefficients, and

(2.11) becomes
Q, = —A10,A; + Ayd A — e (O (S) — 2 (SF(S), (2.19)
where
S =le, +te, tf, —f,], A, =—F +tf2)(S), A4, =(e?—te!)(s). (2.20)

We now consider some examples. Henceforth, {H, X, Y} will denote a standard

5[(2)-triple satisfying the commutator relations

[H,X]=2X, [HY]=-2Y, [X,Y]l=H. (2.21)

1 0
(When appropriate, we regard these as 2 x 2 matrices: H = ( ),X =
1

01 00
’ Y - -)
00 1 0
Example 2.10. Consider g = saff(2,C) := sl(2,C) x C? and basis {H, X, Y, vy, Vy). Aside
from the s[(2)-triple, the only other non-trivial brackets are
[HI Vl] = Vl/ [Hr V2] = _V2I [X/ V2] = Vll [Y/ Vl] = V2~ (2-22)
Define an ILC triple (g; ¢, f) via
e=(H+v,X), f=(H-—-v,Y), (2.23)
and an LC-adapted framing

We compute S = e, + (2t + 1)e, — t2f; + (3t + 2)f,, hence A; = —t? —3t3 and A, = 1 + ¢,
while Q, = —4t(t + 1)(3t + 1), which has distinct roots {—1, —%,O,oo}, so is of root type
|. From (2.18), we conclude that dim(symy c(g; ¢, f)) = 5.

If the homogeneous structure is not type Il or |, then the symmetry dimension

may be higher than expected. Algebraically, this amounts to exhibiting:
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Simply-transitive nondegenerate hypersurfaces 17

Definition 2.11. An embedding of an ILC triple (g; ¢, f) into an ILC quadruple (g, & ¢, §)

is a Lie algebra monomorphism ¢: g — g, such that
W@ NE=0, we)Ce (2.25)

If g C g is a subalgebra and ¢ is the natural inclusion, we say that (g, &¢,f) is an

augmentation of (g;e¢,f) by ¢. In particular, j=g+¢ ¢=c¢+€ and f=f+ £

Note that for an augmentation, only the additional brackets involving ¢ need to

be specified (and Jacobi identity for g should be verified).

Example 2.12. Consider g = s((2,C) x t,, where t, is the unique 2D non-abelian Lie
algebra, and basis {H,X,Y,S, T}. Aside from the s[(2)-triple, the only other non-trivial
bracketis [S,T]1=T.Let o # 0, 8 # 0, @ # B, and define an ILC triple (g; ¢, f) via:

e=(H+aS+T,X), f=(H+BS+T,Y). (2.26)
Here is an LC-adapted framing:

1
e, =—H+aS+T), e, =X, fi=H+p5+T, f,=Y. (2.27)
B—a

We compute S = —tfe, — 2t%e, + ;T“afl + }%fz, hence A, = tfx”‘TJrﬂz), A, =t*(f —2), and

_2p+p-a) ,

- (2.28)

Q

Thus, the ILC structure is type O (hence, 15D symmetry) when ¢ = « — 8, and type D
otherwise (hence, at most 7D symmetry by (2.18)). In the latter case, we now show that
it is indeed 7D and is a realization of model D.7 from [7].

Let g = sl(2, C) xsl(2, C) x C with basis {H;,X,,Y,,H,, X,,Y,, Z} consisting of s[(2)-
triples {H;, X;, Y;} and central element Z. Given A € C*, define an ILC quadruple (g, ¢; f,0):

E=(H, —Z ) H,—2), t= (X, X))+t [=(Y], Y, +E (2.29)
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18 B. Doubrov et al.

For any t € C, define a monomorphism ¢: g — g sending H — H;, X — X,
Y+ Y;, and

atp B _

S}—) 2((1 ﬂ)H2+C( /SX P ﬁY2+tZ (230)

T > + 255 H aﬁT,BXZ + m Y,
which implies

t(H+aS+T)=H — 5Hy + pX, + atZ, (2.31)

WH+BS+T)=H, +8H, +av, + ptz. (2.32)
Thus, L(e) C eand L(f) C fif and only if A(at + 1) = gand A(Bt+ 1) = —— . Solving yields
t= 2 B and A = 73— € C\{0,—1}. (Recall af # a—p for non-flatness.) These parameters

uniquely define ¢ and provide an embedding from (g; ¢, f) into (g, te, f) for A = ;Tﬂa Thus,
dim(sym c(g; ¢, ) is 15 when of = « — g and 7 otherwise.

3 Cases Without 3D Abelian Ideals

Given an ILC triple (g;e¢,f), an admissible anti-involution is an anti-automorphism
7:g — g with t? = id that swaps ¢ and f. In this section, we will prove the following

result:

Theorem 3.1. Let g be a 5D complex Lie algebra without 3D abelian ideals. There is a
unique (up to isomorphism) ASD-ILC triple (g; ¢, f) with dim(sym, c(g;¢,f)) = 5. Namely,
g = saff(2, C) together with ¢ and § given by (3.3), and such (g; ¢, f) has a unique admissible

anti-involution.

The proof begins by establishing (in Proposition 3.2) the classification of all 5D
complex g without 3D abelian ideals. For each g in this list, we investigate the ASD-ILC
triples (g; ¢, f) that it can support, but discard those with dim(sym, c(g; ¢, f)) > 6.

3.1 A key classification result

A feature of the proof of the following result is its independence of the known

Mubarakzyanov classification of 5D real Lie algebras [22].
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Simply-transitive nondegenerate hypersurfaces 19

Proposition 3.2. Any 5D complex Lie algebra g without 3D abelian ideals is isomorphic

to one of the following:
sl(2,C) x C?;
sl(2,C) x C2;

sl(2,C) x vy, where t, is a 2D non-abelian Lie algebra;

(NS1)
(N'S2)
(N'S3)
(SOL)

the Lie algebra of upper-triangular matrices in s((3, C).

Proof. Consider the following cases.

1.

g is non-solvable. By the Levi decomposition, g = s[(2,C) x rad(g), where
dim(rad(g)) = 2. If rad(g) is abelian, then we get either (NS1) or (NS2).
Otherwise, rad(g) = v, and sl(2,C) acts trivially on it (since Der(r,) is
solvable) and we get (NS3).

. gissolvable, but not nilpotent. Let n be the nilradical (i.e., maximal nilpotent

ideal) of g, which coincides with the set of all nilpotent elements in g. If g has

center Z(g), then

1

so dimn = 3 or 4. (See [23], [25, Thm. 5.2] for the 2nd inequality.) Consider

p: g Der(n), ur> adul,.

(a)

dim(n) = 3: by assumption, n is non-abelian, so n = ng, the 3D Heisenberg

Lie algebra. In a basis {P, Q, R} of n with only non-trivial bracket [P, Q] =

R, we have
ap; A 0 0 00
b, by a;;+ay b, b, 0

In particular, Der(ng)/p(ng) = gl(2,C). By maximality of n, p(T) is not
nilpotent for any T ¢ n. Let {S;,S,} be a basis of a complementary
subspace to n. Then [S;,S,] C [g, gl C n, and hence {p(S;), p(S;)} mod p(n3)
would form a basis of a commutative subalgebra in Der(n;)/p(ng) =
gl(2,C) consisting of non-nilpotent elements (except for zero). But the
only such subalgebra is conjugate to the subalgebra of diagonal matrices
in gl(2,C). So, adjusting elements S; and S, by n; if needed, we can
assume that p(S;) = diag(1,0, 1) and p(S,) = diag(0, 1, 1).
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20 B. Doubrov et al.

Let [S;,S,] = u € ng. Since p(u) = p(S;,S,]) = 0, we get that
u € Z(ny) and, thus, u = «R for some « € C. Replacing S; by S; + R we

can normalize « to 0. Thus, g is isomorphic to (SOL) via the map:

010 000 0 0 1
P—~100O90]|,.Q~]0O0T1]|,R>]100 0],
000 000 000
2 0 o £ 0 0
S;—=]10 -2 o |.S~|0 % o (3.2)
o o -% 0 0 -2

(b) dim(n) = 4: Let S € g be any non-zero element not contained in n. The Lie
algebra n is isomorphic to one of the three possible nilpotent algebras in

dimension 4:

i. n = C% Then p(S) necessarily preserves a 3D subspace in n, which
will be an abelian ideal in g.
ii. n = ng x C. It has a 2D center Z(n). The action of p(S) on n/Z(n)
preserves a 1D subspace, whose pre-image in n is an abelian ideal.
ili. n=n, with a basis {P,Q;,Q,, Q;} and non-zero brackets [P, Q;] = Q,,
[P, Q,;] = Q5. Then the 2nd element Z,(n) in the upper central series
of nis equal to (Q,, Q4). Its centralizer is equal to (Q;, Q,, Q5) and is
an abelian ideal in g.
3. gis nilpotent. Let a be a maximal abelian ideal of g. As in the previous case,

consider the representation:
p:g— gl(@), ur adul,.
Let us show that ker p = a. Indeed, otherwise the centralizer Z4(a) of ain
g is strictly greater than a. Since g is nilpotent, by Engel’s theorem we can
construct a sequence of ideals of g:
aCay C---Ca,=Zy(a)
such that dima; = dima+ifori=1,...,r. Butthen a, is also abelian, which

contradicts the maximality of a.

So, if dima = n, then p(g) is a subalgebra in gl(a) consisting of
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Simply-transitive nondegenerate hypersurfaces 21

nilpotent elements. Then by Engel’s theorem we get dimg/a < n(n — 1)/2
and dimg < n(n + 1)/2. Thus, we see that n > 3.

The cases n = 3 and n = 5 are ruled out by hypothesis. Finally, if
n = 4, then, as in the solvable case with n = C*, we can find a 3D ideal

1 a. u

3.2 NS1

For g = sl(2,C) x C?, if (g;¢,f) is an ILC triple, then the 2D center Z(g) = C? must have
non-trivial intersection with C = ¢ @ f. But this contradicts the non-degeneracy of C, so

no such ILC triples exist.

3.3 NS2

For g = saff(2, C) = sl(2, C) x C?, we use notation introduced in Example 2.10.

Proposition 3.3. For g = saff(2,C), any ASD-ILC triple (g; ¢, f) is Aut(g)-equivalent to
e={H+v,X), f=(H-v,Y). (3.3)

Proof. Observe that C?> = rad(g), so it is preserved by any anti-involution. Assuming
¢NC? # 0, then f N C? # 0 has the same dimension by the ASD property. In this case,
¢Nf=0implies C?> C C = ¢®§. But C? C gis an ideal, so this contradicts non-degeneracy
of C. Thus, we can assume that e N C? = § N C? = 0.

Consider the quotient homomorphism 7: g — g/C? = sl(2,C). Since ¢ and { are
both transverse to C?, then n(¢) and 7(f) are both 2D subalgebras of s((2,C) that are
distinct. (If 7(¢) = n(f), then C = ¢ ® f C f x C?, hence C = § x C? since both have
dimension 4. But § @ C? is a subalgebra, which contradicts non-degeneracy of C.)

Any 2D subalgebra of sl(2,C) coincides with the isotropy of some line in C2.
Since SL(2,C) acts transitively on pairs of distinct lines in C?, then we can assume up
to Aut(g) that 7 (¢) = (H,X) and = (f) = (H, Y). Closure under the Lie bracket implies

() ) ()

where we identify v; = ( (1) ) and v, = ( (1) ) Note that Aut(g) contains the following:
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(i) translations of C? induce (a,,b;,a,,by) — (a; +1r,by +5s,a, +1,b, +5) for
any r,s € C. We use this to normalize a, = b; = 0.
(ii) the scaling (v;,v,, H,X,Y) — (Avy, uvy, H, %X,%Y) for any A, u € C*. This
induces the scaling (a,, b,) — (Aa, ub,).
(iii) the swap (v,,v,, H,X,Y) — (vy,v;,—H, Y, X) induces (a;,by) — (=b,, —a,).
Since eN§ = 0, then (a;,b,) # (0,0). Using (iii), we may assume that a, # 0, and then

normalize a; = 1 using (ii).

e b, # 0: Using (ii), normalize to b, = —1. Then (iii) determines both a residual
involution as well as an anti-involution.

e b, =0:¢=(H+v,X)and f = (H,Y). But clearly [X, -] = Omod C, which
contradicts non-degeneracy of C. -

From Example 2.10, we saw that (3.3) has root type | and dim(sym, c(g; ¢, f)) = 5.

Proposition 3.4. For (g;e,f) as in Proposition 3.3, the unique admissible anti-

involution 7 is
(H,X,Y,vy,vy) = (—H,Y,X, vy, v}). (3.5)

Proof. Since ¢ and f are non-abelian, then 7 must swap the lines [¢,¢] = (X) and
[f,f1 = (Y). These act on the radical rad(g) = C? = (vy,vy) with images (v;) and (v,),
respectively. Since 0 # ©(v;) = (X, v,]) = [t(X), t(vy)] and 7(X) € (Y), we deduce that
7 must swap (v;) and (v,). Finally, r must preserve (H), which is the intersection of the
normalizers of the above four lines (X), (Y), (v;), (v,). Since t is admissible, it preserves
eand f, so (H,X,Y,v,,vy) A (aH,bY,cX, —av,, —av,). Using (2.21) and (2.22), the anti-

involution property forces (a,b,c) = (—1,1,1). [ |

3.4 NS3

Let g = sl(2,C) x v,. The sl(2,C) factor is the 2nd derived algebra of g, while v, =
rad(g), so both are preserved under any anti-involution. Fix a basis {H,X,Y,S, T} as

in Example 2.12. Observe that Aut(r,) consists of the transformations

S, T)— (S+rT,AT), reC, xreC*. (3.6)
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Proposition 3.5. Let g = sl(2,C) xt,. Any ASD-ILC triple (g; ¢, f) has dim(sym, c(g; ¢, f)) >

6.

Proof. Letmw;:g— sl(2,C)andn,: g — t, be the natural projections. As in the previous

case, we may assume that ;(¢) = (H,X) and 7, (f) = (H,Y). Thus,

¢e=(H+a;S+b,T,X+c¢;S+d,T), (3.7)

which is a subalgebra if and only if ¢;, =0 and (a, — 2)d, = 0.

(i)

d, = 0: We have [e, ¢] C sl(2, C). By the ASD property, f satisfies [, fl C sl(2, C).
Then

e=(H+a,S+b,T,X), f=(H+ayS+Db,T,Y). (3.8)

Assume that a; = 0. Then m,(¢) C [ty,v,] = (T). Stability under any anti-
involution implies that a, = 0. But then C = ¢ @ f contains [v,,v,] = (T),
which is an ideal in g. This contradicts non-degeneracy of C. Thus, a; # 0
and similarly a, # 0. Note that a; # a, as otherwise we again would have
(T) CcC.

The transformations (3.6) induce (a;,b;,a,,b,) +— (a;,b;1 +
a,r,a,, byA + a,r), which we use to normalize b, = b,. If b; = b, = 0,
then C = ¢® § = sl(2,C) 4 (S), which is degenerate (moreover, a subalgebra in
g). So, we can assume that b; = b, # 0 and rescale them to 1. This gives us
(2.26) with af # 0,a # B. In Example 2.12, we saw these are either type D or
O, with 7 or 15 symmetries, respectively.

d, # 0: Then a;, = 2 and arguing similarly we obtain
e=(H+2S+b,T,X+d,T), f=(H—-2S+Db,T,Y+d,T), (3.9)
where d, # 0. Now conjugation by diag(u, %) € SL(2,C) induces (d;,d,) —
(%, dzy,z), which, together with Aut(t,), allows us to normalize d; =d, = 1.
Using the remaining transformations S +— S + rT in Aut(r,), we normalize

b, = b, and obtain

e=(H+2S+aT,X+T), f=(H-2S+aT,Y+T) (@>+4#0). (3.10)

120Z AINr 01 U0 1senB Aq 9798069/ L eUI/UIWIEB0L "0 /I0P/2|0lE-80UBAPE/UIWI/WOS" dNO"OIWSPEIE//:SARY WOl Papeojumod



24 B. Doubrov et al.

The condition a? 4+ 4 # 0 is equivalent to C = ¢ @ f being non-degenerate.
We now exhibit an embedding of (g; ¢, f) into some (g, Lz, f). Consider
g = sl(2,C) x sl(2, C) with basis {H;, X;, Y;,H,, X,, Y,} consisting of two sl(2)-

tri}_)les_. Given o # 0, define A = - ZZ+4 e C\{0, :l:%} and an ILC quadruple
(@, %% §) [7, Model D.6-3] by

t= (H, — Hy),

T= (X + ZY,, X, + V) +E, (3.11)

f= (X, + Y, X, +Y)) +&

We confirm that the following is a monomorphism ¢: g — g with «(¢) C ¢ and

uf) C f:

2)»-‘1-1 -1
H d ﬁ( Xl Hl + 2)» Yl)

1 2)+1 1
X ( $Ex —H + 55 Yl)

a2+
1
Val+a

S —3X, +Yy),

Y~

(=X, —H; +Y)), (3.12)

1
= m(Xz +H2 —_ Y2)

Finally, when « = 0, we use the LC-adapted framing

e,=X+T, e,=H+2S, f,=H-2S, f,=Y+T (3.13)
to compute S = [e, +te,, tf; —f,] = —2te, — 1e, — 1f; +2¢f, and confirm that
Q=0 n

3.5 SOL

Let g = b be the Lie algebra of upper-triangular matrices in s((3, C). Consider the basis
{S1, Sy, P, Q, R} from (3.2), which has non-trivial brackets

[S,,PI=P, I[S,,RI=R, [S,,Ql=0Q, I[S,,RlI=R, [P,Ql=R. (3.14)
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This has nilradical n; = (P, Q, R), which agrees with the 1st derived algebra of g, so is

preserved under any anti-involution.

Proposition 3.6. Letg=b C s[(3,C). Any ASD-ILC triple (g; ¢, f) has dim(sym, c(g; ¢, ) =

15.

Proof. Consider two cases:

(i)

eNng = 0: Let us normalize ¢ = (S; + «; P+ ;@ + ¥, R, S, + a,P + $,Q + y,R)
using exp(adng). Using exp(ad, p,r) and then exp(t,ad,), we normalize
oy = y; = B, = 0. Since ¢ is a subalgebra, then oy, = 8, = y, = 0,50 ¢ =
(S;,S,). Since ¢ is abelian and ¢ N ny = O, then (by ASD) f is abelian and
f N ng = 0, which yield

¢=(S,,S,), f=(S,+a,P+cR,S,+b,Q+c,R), (.1)

where ¢, := ¢, — a;b,. Non-degeneracy of C = ¢ @ f is equivalent to ¢, c, # 0.
eNny # 0: Assuming ¢ C ng, then | C ny (by ASD), hence C = ¢ @ C
ng, which is a contradiction, so dim(e N ng) = dim(f N ny) = 1. Also,
eNng # (R) and §f N ny # (R), otherwise ¢ or f would contain an ideal of g,
contradicting non-degeneracy of C. Note (S;,S,,P,Q,R) — (S,,S;,Q,P,—R)
is an automorphism, so swapping P, Q if necessary, we may assume that
¢eNng = (P+ ayQ + a,R). For the normalizer A'(e N ny):

(S; +S,,P+ayQ,R), ag#O0;
eCN(eNng) = ! 2 0 07 (3.15)
(SIISZIPIR)I a0=0.

Assume a; # 0. Then dim(N(¢e N ny)) = 3 = dim(N(f N ny)) by ASD, and
C C (S; +S,) x ng, so C would be degenerate. Thus, a, = 0.

Note that if fNng = (P+b,Q+ b, R), then b, = 0 as above, while (3.15)
implies that C C (S;,S,, P, R), so C would be degenerate. Thus, ¢eNny = (P+aR)
and f Nng = (Q + BR). Using exp(ad ny), we normalize « = f = 0. Then

¢ = <a1151 +(¥1252+'}/1R,P>, f: (052151 +(¥2282+V2R,Q). (316)

(a) ¢ & fnon-abelian: We may assume «;; = oy, = 1. Use exp(tadg) to

normalize y; = 0. Since y, # 0 by non-degeneracy, we may normalize
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7o = 1. Then
e=(S; +aS,,P), f=(BS;+S,+R, Q). (S.2)
(b) ¢ & jabelian: a;; = oy, = 0. Note ay,09; # 0, otherwise ny C C, and so C

would be degenerate. Using exp(t adg), we normalize y, = 0, so we may

assume

¢=(S,+yR,P), f=(S,,0Q). (S.3)

We confirm Q, = 0 in all three cases using LC-adapted framings and (2.19):

e, e, f; f, S
S1) S, S, A6 +aP)+R L(S,+b0)+R Le — Ley+ ) 1,
(82) S;+aS, 1+aw)P BS;+S,+R Q —t?pe, — af,
(S.3) S,+yR P ~1s, Q Le, 1,

These ILC structures are all flat. The proof of Theorem 3.1 is now complete.

4 Cases With a 3D Abelian Ideal

In this section, we prove the following, which will reduce (see §6) the remainder of our

study to tubes on an affinely homogeneous base (Corollary 6.4).

Theorem 4.1. Let g be a 5D complex Lie algebra with a 3D abelian ideal a, and
(g;¢,f) an ASD-ILC triple with an admissible anti-involution t. Suppose that we have

dim(symy c(g;¢,f)) =5. Then a = 7(a) witheNa=§fNa=0.

We split the proof according to a # t(a) or a = 7(a). Finally, we show that a is

self-centralizing.

4.1 The a # 7(a) case

Proposition 4.2. Let g be a 5D complex Lie algebra with a 3D abelian ideal a, and (g; ¢, f)
an ASD-ILC triple with an admissible anti-involution r. Suppose that a # t(a). Then

(@) dim(anNz(a)) =1:we have dim(sym, c(g;e¢,f)) = 15;

(b) dim(ant(a)) =2 :we have dim(sym, (g; ¢, f)) > 6.
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Proof. Since a and t(a) are ideals in g, then so are n := a + 7(a) and a N t(a). Note that

(a)

mnl=Ila, (@] Cant(a) C Zn). (4.1)

We have dim(n) = 5, so n = g. Since dim(aN t(a)) = 1 and C = ¢ P f is non-
degenerate, then (4.1) implies 0 # [g,g] = a N t(a) = (T) is transverse to C.
Since ¢ is a subalgebra, then [¢,e] C eN[g,g]l = e N (T) = 0, so ¢ is abelian
and similarly for {. Letting {e,, e,, f,,f,} be an LC-adapted framing, the only

non-trivial brackets (after rescaling T if necessary) are

Thus, g is isomorphic to the 5D Heisenberg Lie algebra. By (2.19), we find
that @, = 0, so we have the flat ILC structure with 15D symmetry.

Given N; € a with N; ¢ t(a), define N, := t(V;) € ©(a), so N, & a. Since
dim(C) = dim(n) = 4, then dim(C Nn) > 3, so n must be non-abelian (by non-
degeneracy of C) with 0 # N; := [N}, N,]. By (4.1), N3 € an t(a), so extend it
to get ant(a) = (N3, N,). Note that n = ny x C and Z(n) = aNt(a). Since n and
Z(n) are t-stable:

e dim(eNn) = 1: Since dim(¢) = 2 and dim(n) = 4, then dim(e N n) >
1.If ¢ C n, then f C n, so C C n, which is impossible by non-
degeneracy of C.

e ¢NZM) =0:if0 #eNZ(n), then 0 # fN Z(n), so dim(CN Z(n)) > 2
since ¢ N f = 0. Since dim(Z(n)) = 2, then Z(n) C C. Since Z(n) is
an ideal in g, then C cannot be non-degenerate.

Similarly, dim(f N n) =1 and f N Z(n) = 0.
Summarizing, we have the following with N, = t(IV;) and N; =
[V, N,]:

a=(N,,Ny,N,), t(a)= (N, NyN,), Zm)=ant(a)=(NyDN,). (4.3)

Moreover, dim(e Nn) = dim(fNn) =1, witheN Zn) =fN Z(n) = 0.
Let us show that we can assume ¢ N a # 0, possibly choosing a

different 3D ideal a satisfying the above properties.
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Since dim(eNn) = 1, writeeNn = (I’Vvl) and define a = (I’VVI,N3,N4).
Since ¢ N Z(n) = 0, we have ITT; ¢ Z(n), so a is a 3D abelian subalgebra,
which is clearly an ideal in n. Also, 7(a) # a since eNf = 0. Let S € ¢ with
S ¢ n, hence 7(S) ¢ n since nis t-stable, and g = (S) ®n. Thus, ¢ = (S,I’V\I) and
f = (S+v,N,) for some v € nand N, := t(;) € fNn. (We may assume v has no
If\fv2 component, and redefining S — S+ Cf\fj, we may in addition assume that
v has no f\fl—component, that is, v € Z(n).) Since ¢ is a subalgebra and n is an
ideal in g, then [S,ITTI] €eNn= (ITT;), so a is an ideal in g with eNa # 0. Now
replacing a with a, without loss of generality we can assume that eNa # 0,

and

e=(S,N;), f=(S+v,Ny), (4.4)

where {N;,N,,N;,N,} is a basis of n satisfying (4.3) and v € Z(n).
Since ¢ and | are subalgebras, and n is an ideal, then a,;N; = [S, V]
and a,N, =[S+ v,N,] =[S, N,]. Thus,

[Nl,Nzl = N3,
[S,N,]=a;N;, [S,N,]=a,N,, (4.5)

[S, N3l = (a; + ay)Ny, [S,N,] =asNg +a,N, € Z(n).
But now an augmentation of (g; ¢, f) by ¢ = (T) is given by
[T,N,]=N,, [T,N,]=-N,, IT,S]=IT,N;]=I[T,N,]=0. (4.6)
Thus, dim(sym; c(g; ¢, f)) > 6. [ ]

4.2 The a = t(a) case

Throughout this subsection, we suppose that e N a # 0 and show that this leads to
dim(sym,; c(g;¢,f)) > 6. If ¢ C a, then since a is t-stable, we also have f C a, hence
C =¢®f C a, which is a contradiction. Thus, we may assume dim(e N a) = 1, and this

implies dim(f N a) = 1. Let {X, Y, e;, e,, e5} be a basis of g such that

(i) a=C?3 has basis {e], e,, e3};

(ii) eNna={(e;)andfNa=(e3);
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(iii) eNa+I[f,enal= (e, e) andeNa+I[fenal= ey e;);
(iv) e=(X,e;) and = (Y, ej).

Let us clarify (iii). Since C is non-degenerate and a is abelian, then 0 # [Y, e;]mod C and
so dim(e Na+[f,eNnal) = 2. Applying t gives dim(fNa+[e,fNal) = 2. These 2D subspaces
of a must have 1D intersection, which we take to be (e,) ¢ C.

Let A = ady|, and B = ady/|, be represented in the basis {e;, e,, e3}, so:

(We have i,j = 1,2, 3 here and summation is implied over the repeated index j.) Note that
[X,e;]l e enaand[Y,e;] € fNa, while [X,e;] € (ey,e5) and [V, ;] € (e;, e5) are non-trivial

modulo C. Rescaling X and Y, we may assume

a, a; O by, by, O
A=| o0 a, 1 |, B=| 1 b, 0 |. (4.8)
0 a3 ag 0 by, by

We will exhibit augmentations of (g; ¢, f) by E=(T), thereby showing dim(sym, c(g; ¢, f)) >
6.

4.2.1 g/ais abelian
In this case [4, B] = 0 and this forces

a;, 0 0 by, 0 0
A=| 0 a, 1 |, B=| 1 by o0 |. (4.9)

Aside from (4.7), there is only the bracket [X, Y] = c;e;. Define an augmentation of (g; ¢, f)

by & = (T) (see Definition 2.11) with new (non-trivial) brackets

4.2.2 g/ais not abelian
We have 0 # [X,Y] = aX 4+ BY mod a. Requiring Y = 7(X) mod a forces § = —@, so

necessarily ¢ # 0. Rescaling X, we normalize « = 1, so [X,Y] = X — Ymod a. Thus,
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[A,B] = A — B, and we get the following four cases:

A B
a 0 0 a 0 0
(i) 0 a-1 1 1 a-1 0
0 0 a 0 0 a
a+2 2 0 a 0 0
(ii) 0 a+1 1 1 a+1 0
0 0 a 0 2 a+2 (4.11)
a+2 0 0 a+2 0 0
(iii) 0 a+1 1 1 a 0
0 0 a 0 1 a+1
a+1l 1 0 a 0 0
(iv) 0 a 1 1 a+1 0
0 0 a+2 0 0 a+2

Case (iii) (and similarly, (iv)) does not yield an ASD-ILC triple: the r-invariant subspace
(e,) is ad(e)-invariant, but not ad(f)-invariant. Thus, (iii) and (iv) may be discarded. For

both (i) and (ii), an augmentation of (g; ¢, f) by € = (T) is given by

[T, X]l=e; —(a+ 1T, [T, YlI=e3—(a+1T. (4.12)

5 The Non-Tubular CR Hypersurface With saff(2, R)-Symmetry
5.1 Non-tubular and Levi-indefinite

By Theorem 3.1, there is a unique ASD-ILC triple (g;e,f) on g = saff(2,C) =
(H,X,Y,v;,Vv,), see (3.3). The fixed-point set of the unique admissible anti-involution
from (3.5) has R-basis

H, X+4Y, iX-Y), vi+vy i(v,—vy), (5.1)

and spans gp = saff(2,R) := sl(2,R) x R2. It has 2D radical, so does not contain a 3D
abelian subalgebra. The associated CR structure is non-tubular. (See Definition 6.2.)

Recall that given a CR structure (M, C,J), the complexification cC splits into
complementary +i-eigenspaces C1'0 and C%!. Its Levi form L is the hermitian form given
by

L:(,n) — [£,7] mod Cc®, Vg ner (™.
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For the CR structure arising from an ASD-ILC triple (g; ¢, f) and its fixed-point set under
an admissible anti-involution, we identify ¢ and f with €1 and €%!, respectively, so £

becomes

L:E &t modedf, V& nef.

For g = saff(2,C) with (3.3) and (3.5), take the basis (f;,f,) = (H — v,,Y), so £ has

components

LA ) LE L)) _ ([H-vo,—H-vil [H-v2, X1\ _ ( vo—vi 2X+4vi\ _ (2H -H
(E(fz,fl)ﬁ(fz,fz)) ( Y~H-vi]  [¥.X] ) (fzyfvz -H )z(foH) mod ¢ © .

The coefficient matrix has negative determinant, so £ has indefinite signature.

5.2 A simple derivation of the model

Take the standard action of g = saff(2, C) on C?:

H =20, —2,0,, X=20,, Y=2,0,, Vi=20,, Vy=20,. (5.2)

Regarding (z;,z,)-space C? as the zeroth jet space J°(C,C) and using the standard
notion of prolongation from jet calculus [24, Thm. 4.16], we prolong (5.2) to the 1st
jet space JI(C, C), that is, (21,25, W = z’z)—space. Furthermore, induce the joint action
on two copies of J!(C, C), that is, (z,,2z,,w,a,,ay,c)-space. Using the same vector field
labels for their corresponding lifts, we obtain

H =20, —230,, —2wd,, + a9, — ap0,, — 2C0,

X =20, + 8, +a,0,, + 3,

Y = 2,9, — w?d,, + ayd, — c?d, (5.3)
Vl = 821 + 3a1 ’
V2 = 322 + aaz.

This prolonged g-action admits the joint differential invariant (on w # c):

(Zg —ay, —w(z; —ay))(z, —ay, —c(z; —ay))

A= 2w — )

(5.4)
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Consider the complex hypersurfaces A = A, where A € C*. Rescalings
(zy,29,W,0a,,a9,C) — (UZy, kZy, W, UGy, LGy, C) for u € C* allow us to normalize A to
i (or any nonzero constant). Now intersect this hypersurface with the fixed-point set
of the anti-involution (z,,z,, w,a;,a,,c) s (@,,a,,¢,z,,2y, w). This yields an saff(2, R)-

invariant CR hypersurface M® c C3:
W—W=—k(z,— 2, — W(z, —2)))(2, — 2, — W (2, — 7)), (5.5)

which is the same as (1.2). Explicitly, hol(M) = saff(2, R) is spanned (as a real Lie algebra)
by:

0. (5.6)

Zla z1! Z2

by — Z20,, — 2WDy, 210, + 0y, Zyd, —w?d,,

w

(Namely, restrict (5.3) to the fixed-point set of T and project to their holomorphic parts.)

5.3 An equivalence of models

On C3, take coordinates (2,29, W) = (x; +1y;, X, +1y,, u+1iv). In this notation, our model

(5.5) becomes
M, o5 - 0=-v+viyi+(r, —nwi (5.7)
Under the global biholomorphism of C3 given by
(21,29, W) = (W, 2y, -2y + Z; W), (5.8)
our model in (5.7) becomes (after dropping tildes):

2
Mygp: O=-y +vivs+ (v—x7,)°, (5.9)

which was given in [19, Table 7]. The symmetry algebra of M|, was asserted to be 5D,
but the symmetry vector fields for M, ,, were not stated in that work. Pushing forward

our symmetries from (5.6) using (5.8), we arrive at the symmetries of M| ,:

0

e Owr  0gy T 210y, 2210, — 250, +Wdy, 2%821 + (W — 2125)0,, + wz;9y,. (5.10)
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Fig. 1. Geometric construction of the joint invariant .A.

Remark 5.1.  Using the Levi determinant, we find that our model M,,;; has 4D Levi
degeneracy locus {y, — uy; = 0, v = 0}, while that for M| ,, is {y; = 0, v = 0}. These loci

are mapped to each other under (5.8).

5.4 Related equi-affine geometry

Restricting to the real setting, we can uncover the geometric meaning of the invariant
(5.4). For (x,y,u,a,b,c) € R® ~__ JL(R,R) x J'(R,R), define

—loc

_ y-b-—ux—a)(y—-b—-cx—a))

A 2(u — )

(5.11)

We now give two lovely interpretations for .4. These are phrased in terms of classical
geometric constructions for which invariance under the planar equi-affine group
SAff(2,R) := SL(2, R) x R? is manifest, since this group preserves areas and maps lines
to lines.

First, fixing (x,y,u,a,b,c) € R, consider in R? the line L, through the point
(x,y) with slope u, and the line L, through (a,b) with slope c. If u # c, these lines
intersect at a unique point (s, t). Adjoining a 3rd line L, passing through (distinct) points
(x,y) and (a, b) then determines a triangle, and it is a simple exercise to verify that |A|
is its area.

For the 2nd interpretation, let us first recall a classical construction. Fix p, € R?
and a line L, through p,. Given any line L through p, that is transverse to L,, consider a

hyperbola ‘H having asymptotes L, and L. For any point p € H, we can form the

e asymptotes-parallelogram with vertices p and p, and sides parallel to L and
Lo.
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34 B. Doubrov et al.

Fig. 2. Asymptotes-parallelogram and a foliation by hyperbolas with constant area.

e tangent-asymptotes-triangle whose vertices are p, and the intersection

points of tangent line to H at p with the asymptotes L and L.

Two well-known facts from classical geometry about this construction are the follow-

ing:

e One of the diagonals of the asymptotes-parallelogram (the one not passing
through p and p,) is itself parallel to the tangent line to H at p.

e The area of the asymptotes-parallelogram, which we denote by Area(H),
is half that of the tangent-asymptotes-triangle. Moreover, these areas are

constant for any choice of p € H.

This gives a natural equi-affinely invariant construction: fix 4 and fix (a,b,c) €
JY(R,R). The latter determines a point po = (a,b) € R? and line Lg with slope ¢, and
we consider the family of all hyperbolas H having L, as one asymptote and having
Area(H) = | A|. This gives a local foliation of (an open subset of) the plane, as the example

below illustrates. The collection of all such foliations is SAff(2, R)-invariant.

Example 5.2, Fix .A. When (a, b, c) = (0,0, 0), solving (5.4) for u = y’ gives the ordinary
: ; : _ ¥ ; : _dx_xy+2A 5 d 2A s
differential equation y’ = w124~ Rewrite thisas 0 = 7X - Tdy = 7X - %dY+y_3’ with
general solution ;—i + y—é = u € R. Rearranging gives y(uy — x) = A, which are hyperbolas
H, with asymptotes y = 0 and y = ;—‘ A simple exercise shows that Area(H,) = |A],

independent of u.
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5.5 Related PDE realization

Let us now describe the compatible, complete system of 2nd-order PDEs (§1.2) that
corresponds to the ASD-ILC structure (3.3) with symmetry g = saff(2, C). In other words,
we are looking for the equations whose complete solution w(z,, z,) is defined by (5.5).
By definition, this system of PDEs admits the 5D Lie algebra of point symmetries (5.6),
which coincides with the lift of g to J1(C, C) as defined in §5.2. We identify here J!(C, C)
with C3 = J°(C?, C) equipped with coordinates (z,,z,, w) and then further prolong g to
J?(C?,C) to determine all g-invariant complete systems of 2nd order on w(z,,2y).

All such systems were computed in the PhD thesis by Hillgarter [12]. The g-action
lifted to J?(C?,C) admits the following three absolute invariants (see page 83 (ip;3) and
§4.2.1 of [12]):

2 2
WiWyy + WiWy — 2W W)Wy

I = - :
(W) +wwy)
7 = WaWip = WoWyy + W(Wy Wy, — WoWwyy)
2 (W + ww,)5/3
2 2
L _"u + W Wy, — 2W Wy + 2w (W — W)
3 _— .

(W + ww,)4/3

So, any system of 2nd-order PDEs admitting point symmetry g is (implicitly) given by
I, =0y, L=oay I3=o05}, (5.12)

where o; € C. We now classify those that are compatible, that is, E from (2.1) is Frobenius
integrable.

Proposition 5.3. All compatible, complete 2nd-order PDE systems wy; = fij(zk, w, W),

1 <1i,j,k, ¢ < 2 that are invariant under (5.6) are equivalent to one of the following:

2 2 2
. . wi 2wiwy _ 2wiwy
L=t Wi = (waw+wy)2/3 + waw+wy ' Wi = waw+wy !

2 2

— —1/3\,—i7/3 _ wiwy 2wy wy _ 2wiwy

IZ - 3(4: )e ’ le = (W2W+W1)2/3 + wWawtwy ! W12 = —W2W+W1 ,

2 3 3
_ _aal/3\,—in/6 _ wj 2w, _ _ 2wy

I3 - 3(4 )e W22 = (W2W+W1)2/3 + Wow+wy W22 = Wawtwy
Type | Type Il Type |l
ASD not ASD not ASD

(5.13)
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For the type | and Il systems above, (5.6) is the full point symmetry algebra, while

the type lll system admits the additional point symmetry z,9, + z,9,, and full point

Z2

symmetry algebra aff(2, C).

Proof. Solving (5.12) for wy;, we find that (5.12) is compatible if and only if 3a; a5 = 402

and 9«; = aya5. This admits the following solutions:
1. (aj,0y,03) =(0,0,a): If « = 0, we get the 3rd system. If & # 0, we normalize
it to « = 1 using the rescaling (z,,z,, w) — (Az;,Az,, w), which induces
(I, I, I3) = (A21,, A=*31,, A72/3L;). This gives the 2nd system.
2. (oq,09,04) = (f‘—(;, %,a): Evaluating I, I,, I; on the functions w(z,, z,) defined
by (5.4), we find that @ = —3(%)'/3. (As expected, this does not depend on the
parameters (a,, a,, c), but only on A.) Rescaling as above, we normalize A =i,

which gives the 1st system.

Applying (2.16), we identify the root types of Q, as indicated. For the type | and Il
cases, (2.18) confirms 5D symmetry, while there is the additional indicated symmetry
for the type lll case. (From [7, Table 2], this is a realization of model 11l.6-2.) From
Proposition 3.3 and Example 2.10, an saff(2, C)-invariant ASD-ILC structure must be of

type | [ |

The type | realization above is the desired PDE system with associated CR

hypersurface (5.5).

6 Simply-Transitive Tubular Hypersurfaces
6.1 From homogeneous tubes to algebraic data

Given a real affine hypersurface S ¢ R"*!, we discussed in §1 its associated tubular
CR hypersurface Mg C C"*!, and its complexification Mg c C"'! x C"*! is the
associated tubular ILC hypersurface. (We recover Mg as the fixed-point set of the anti-
involution 7(z,a) = (a,z) restricted to Mg.) The symmetry algebra sym(Mg) is the
complex Lie algebra consisting of all holomorphic vector fields X = Sk(z)BZk +ak(a)8ak €
X(C™1) x X(C™*1) that are everywhere tangent to M$. The affine symmetry algebra
aff(S) consists of those affine vector fields S = (Ay,x, + by)d,, , for Ay, b, € R, that are
everywhere tangent to S. Any S € aff(S) induces symmetries S of Mg and Sl of M¢ as

indicated below. We respectively denote the induced real and complex Lie algebras by
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aff(S) C hol(Ms) and aff(S)!° C sym(Mg), and it is clear that aff(S)!° = aff(S)" @ C =
aff(S) ®g C.

Real affine hypersurface
S={x:Fx)=0cR"™, dF#00nS;
Real affine symmetry S = (Ay,x, + by)0,, € aff(S)

Tubular CR hypersurface Tubular ILC hypersurface
Mg = {z: F(Rez) = 0} c C"}; Mg = {(z,a) : F(542) = 0} c C"*! x CH;
9, ... 10, € hol(My), 8y — gy s 0y — g, € SYM(MS),
S = (Apzy + bp)d,, € aff(S)° SI° = (A2, + by, + (Agap + bp)d,, € aff(S)™

Remark 6.1. Any complex affine hypersurface S ¢ C"**! also induces a tubular ILC

hypersurface Mg C C"+l x C"*! via the same prescription above.

For Mg, note thata = (3, —9 ., 0 aanH)

Lie algebra a C g := sym(M¢) that is transverse to E and F (as defined in §1.2), so we

L= Ogyre i 0g — is an (n+1)-dimensional abelian
are naturally led to the following algebraic data for any holomorphically homogeneous

tube:

Definition 6.2. A tubular CR realization for an ILC quadruple (g, ¢ ¢, f) in dimension
dim(g/¢) = 2n + 1 is a pair (a, ), where

(T.1) acC gisan (n+ 1)-dimensional abelian subalgebra;

(T.2) eNa=fNa=0;

(T.3) 7 is an admissible anti-involution of (g, ¢; ¢, f) that preserves a.

Conversely, given such data as above, we integrate (g, £) to a (local) homogeneous
space N = G/K with G-invariant distributions E, F. Since C = E & F is non-degenerate,
then all symmetries of the ILC structure (N; E,F) are in 1-1 correspondence with their
projection by dm; or dm,. (We refer to the double fibration (1.6).) This implies that the
direct product of #; and m, gives a local embedding N — N/E x N/F (with codomain
being locally C™*! x C"*!). As a is abelian, we can identify it with C**!, with the anti-
involution 7 acting on it as w — —w (in the standard basis b on C**!). Let A C G be
the corresponding subgroup, which can also be locally identified with C**! equipped
with the same anti-involution. Due to (T.1) and (T.2) the action of A on both N/E and
N/F is (locally) simply transitive. So, we can identify both N/E and N/F with some open
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subsets of C™*!, on which we introduce local coordinates z and a relative to b and —b,
Zr 0

Since t swaps f and ¢, it extends to the direct product N/ExN/F as T(z,a) = (a, ).

respectively. Hence, a = (9 )

The embedding N < N/E x N/F =, . C"*1 x C**! is given by a single complex analytic
equation ®(z,a) = 0. Invariance of N under a forces N = {(z,a) : F((z + a)/2) = 0}.
Finally, taking the slice of C**! x C"*! defined as a fixed-point set of 7, we arrive at the
tubular hypersurface Mg = {z: F(Rez) = 0} C C™*1, where F is now real valued. It is a
tube over the base S = {x : F(x) = 0} c R**1,

Lemma 6.3. n(a)/a = aff(S) @ C.

Proof. Clearly, span(C{S1C : S € aff(S)} ® a C n(a). Conversely, if X = gk(z)azk + ak(a)aak
normalizes a = (3, — 9 9, ~—10 , then X = (Ag,z, + by)d,, + (Ageay + 1),

Z1 ay’" """ "Zn4 an+1>
for some Ay, by, c;, € C. Adding ("k;”k)(azk — 0g,) € a, we may assume that by = .
Since a is stable under dr (where t(z,a) = (@,Zz)), then so is n(a). Since t2

= id, we
can decompose n(a) into +1 eigenspaces for dr. Modulo a, the +1 eigenspace consists
of X = (Agezy + bp)d,, + (Agea, + bp)d,, € n(a) with Ay, by € R, hence X = s'c, where
S = (Agex, +by)0y, € aff(S). The —1 eigenspace consists of similar vector fields, but with
Ay, by € iR. Thus, n(a) = spanC{Slc : S € aff(S)} mod a, which implies the claim. |

Corollary 6.4. Let M® c C® be a holomorphically simply-transitive, Levi non-
degenerate hypersurface with hol(M) containing a 3D abelian ideal. Then M is a tube

on an affinely simply-transitive base.

Proof. By (1.8),theinduced ILC structure on M€ is simply-transitive, so can be encoded
by an ASD-ILC triple (g; ¢, f), where g = sym(°) = hol(M) ®g C is 5D and admits some
admissible anti-involution 7. By hypothesis, hol(M) contains a 3D abelian ideal, so there
exists a 3D abelian ideal a C g.

Applying Theorem 4.1, we get a = t(a) and e Na = fNa = 0. Thus, (a,7)
is a tubular CR realization for the ILC triple (g;¢,f). Since a is an ideal in g, then
g/a =n(a)/a = aff(S) @i C for some base S as constructed above. As hol(M) is transitive
on M, we see that the projection hol(M) onto S is also transitive. Thus, S is affinely

simply-transitive. |

Given p € C**!, there is a natural isomorphism of the Lie algebra of all (real or

complex) affine vector fields with aff(n + 1,C) := gl(n + 1,C) x C"*!, via

(Akﬁ(zl _pl) +bk)azk = (AI b)/ (61)
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for which A is the linear part at p, and b is the translational part. Recall that
conjugation by P € GL(n + 1,C) c Aff(n + 1,C) induces the action (4, b) — (PAP~!,Pb).

Finally, aff(n + 1, C) has a unique abelian ideal consisting of translations (O,) = cntl,

Proposition 6.5. Let S C R"*! be an affinely homogeneous hypersurface with non-
degenerate 2nd fundamental form. Then the tubular ILC hypersurface Mg C Crtlxcrtl
is homogeneous and encoded by an ILC quadruple (g, ¢ ¢, f), given for any p € S by

e:=aff(S) ®x C, g:=exC"!, f:i={Yeg:Y|,=0}, t:=cnf (6.2)

Proof. Since S is affinely homogeneous, then Mg is homogeneous, with sym(Mg)

containing

g = aff($)'° @ spanc{d,, — dy,,..., 0, — 4, ), (6.3)

" YZn+1

which is transitive on Mg. Given p € S, we have (p, p) € M and

in terms of the double fibration (1.6). Explicitly, let X := (A,x, + bp)dy, € aff(S) and
Ty p = (AgeDy + by) (9, — 05,) € sym(Mg), where p = (py,...,Py4q) € S. Consider

X'+ Ty, = (Age(2, + D) + 2b) 0, + Ay (@ — D)y, (6.5)

X' — Ty ) = Ap(z, — P, + (Age(@y +Dpy) +2b)d,, . (6.6)

Clearly, ¢ = spang{X'© + Txp: X € aff(S)}, while | = span{X'° — Ty p: X € aff(S)}.

Since C = E @ F is non-degenerate, then all elements of sym(M¢) are in 1-
1 correspondence with their projection by either dz; or dm,. Focusing on their dm;
projections, it is clear that (dw,(g), dw,(f)) agree with (g, f) in (6.2). Letting D € Aff(n +
1,C) be the dilation centered at p by a factor %, define (g,%; E,%) be the (isomorphic)
projection of (g, ¢ ¢,§) by dD o dm;. Let us view this in terms of (6.1). Letting v =Ap +b
and D = %id, (6.5) and (6.6) become

(A,2v) — (DAD™!,2Dv) = (A, V), (A,0) — (DAD7!,0) = (4,0). (6.7)

Via (6.1), the former is (Ay,z, + by)d,, . Thus, after dropping bars, (@, 8¢, f) agrees with
(6.2). |
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Table 2 Affinely simply-transitive surfaces with holomorphically multiply-transitive associated

tubes. Parameters o € R and € = +1

DKR label Non-degenerate real affine surface ILC classification [7]

3) u = In(x1) + o In(x2) (@0) D.7:a #0,—1;
0.15:a = -1

(4) u = o arg(ix; + x2) + ln(xf +X§) D.7

u = arg(ix; + xo) 0.15

(7) uzxg + e€*l 0.15

(8) U =x3+ex? (@#0,1) D.6-2: #£0,1,2;
0.15:a¢ =2

9) u= X% + eln(xy) D.7

(10) u= X% + ex1 In(x7) D.6-2

(11) u = x1xp + X1 N.6-2

(12) u = x1x2 + x{ N.6-1: ¢ #0,1,2,3,4;
N.8:a =4;
0.15:2=0,1,2,3

(13) u = x1x9 + In(xy) N.6-1

(14) u = x1x9 + x1 In(x7) N.7-2

(15) U= XX +X% In(x7) N.6-1

(17) xju= X% + exy In(x7) D.6-1

Note that f C g is the isotropy subalgebra at p. Using (2.19) and Proposition 6.5,
the quartic Q4 can be efficiently computed for tubes Mg over affinely simply-transitive
S (see Table 3).

6.2 Tubes on affinely simply-transitive surfaces

We finally address the tubular simply-transitive Levi non-degenerate classification.
From our work above, these can all be described as tubes on an affinely simply-
transitive base. (Several holomorphically multiply-transitive tubes have base surface
that is affinely inhomogeneous [8,Tables 7 and 8].) We will use the DKR classification
[6] of affinely homogeneous surfaces in real affine 3-space and proceed with the initial

steps described in §1.1.
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From the DKR list, we begin by excluding those surfaces whose associated tube
already explicitly appears in the multiply-transitive classification [8]. In Table 2, these
known tubes are indicated with their ILC quartic types and symmetry dimensions,
keeping in mind (1.8). (The additional hyphenated suffix, e.g., D.6-1 and D.6-2, indicates
labelling of different families derived from [7].) Finally, we restrict to affinely simply-
transitive surfaces with non-degenerate Hessians. This excludes quadrics, cylinders,
and the Cayley surface u = x;x, — Xé (The last of these admits the affine symmetries
X 0y, + 2X50,, + 3Udy, Oy, + X0y, + X0, and 9, + X, 9,,.)

Remark 6.6. Family (4) was originally stated in [6] as u = a arg(ix; +x,) + B In(x? + x3).
Scaling u yields the two cases in Table 2, the 1st of which explicitly appears in [8]. The

tube M over u = arg(ix, + x,) is mapped to the hyperquadric Im w = |z, |? — |Z,|? by

@)%, W) = (%(eiw IR 2—22)) . 68

Thus, dim hol(M) = 15 and M is flat. The above was derived from [13, Thm.6.1(6) and
(6.69)].
Model (16) when o = 0 gives the quadric x,u = X% + ¢, with affine symmetries:

X710y, — Udy, 2X50, + ud

v, and x;9, + 2x,0,,. Its associated tube admits so(1,2) x R3

symmetry.

All remaining surfaces are given in Table 1. (The enumerations (1), (2), (5), (6), (16),
and (18) from [6] have been re-enumerated as T1-T6 here.) Their affine symmetries S, T
2,110z, , 10
hol(M), so dim hol(M) > 5. In Table 3, we compute 9, using (2.19) and Proposition 6.5 and

are given in Table 3. The associated tubes M admit symmetries S°, T, 9 €

Zo! "YW

classify its root type. (For details, we refer to a Maple file in our arXiv submission.) By
(2.18), those of type | and Il are confirmed to have dim hol(M) = 5, so only the type D and
N cases remain. We used two methods to computationally confirm that dim hol(M) = 5

for these remaining cases: (i) PDE point symmetries (§6.3), and (ii) power series (§6.4).

6.3 PDE point symmetries method

In view of (1.8), we may confirm dimhol(M) = 5 for the remaining type D and N
tubular cases (from Table 3) via their corresponding ILC structure (Table 4). In §1.2,
we described how to go from M to this ILC structure realized as a PDE. In this

realization, the ILC symmetries are the point symmetries of the PDE system [24].
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There is excellent functionality in the DifferentialGeometry package in Maple for

computing symmetries—see below.

Example 6.7 (T3, « = 0). The surface u = x,; In(x,) has tube M and complexification
Mme:

M: Re(w)=Re(z) ln(Re(z,), MC: W; c_a eral In (ZZ er az) .

For M¢, we solve for w and differentiate twice:

zZ a Z a 1 Z a
(W, Wy, Wy, Wip, Wy,) = (In [ =2 +a , + Lo, , ——1 T4 ) (6.9)
2 Zyt+a, ' zy+a, (z5+ay)?

Eliminating the parameters (a;,a,,c) from (6.9), we arrive at the PDE system
given in Table 4. Using (2.1), we then confirm 5D symmetry via the following commands

in Maple:

restart: with(DifferentialGeometry): with(GroupActions):

DGsetup([z1,z2,w,w1,w2],N):

w11:=0: wi12:=1/2%exp(-w1): w22:=-1/2*w2*exp(-w1):
E:=evalDG([D_z1+w1*D_w+w11*D_w1+w12*D_w2,D_z2+w2*D_w+w12*D_w1+w22*D_w2)):
F:=evalDG([D_w1,D_w2]):
sym:=InfinitesimalSymmetriesOfGeometricObjectFields([E,F],output="list");

nops(sym);

This similarly confirms the cases in Table 4 without parameters. For the remain-
ing cases with parameters, more care is needed since the above commands should
at most be assumed to treat parameters generically. To identify possible exceptional
values, we should step-by-step solve the symmetry determining equations. Although
we could set this up as infinitesimally preserving E and F as above, let us indicate
another standard method. Any point symmetry X is the prolongation Y of a vector
field Y on (z,,z,, w)-space J°(C?,C), and we can further prolong to get a vector field
Y@ on the 2nd jet-space J?(C?,C). A PDE system is a submanifold ¥ ¢ J?(C?,C), and
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Table 4 PDE realizations of some tubular ILC structures

Label Real affine surface Complete 2nd-order PDE system
w11 ezni/sw?/Swz—l/S
_ 1 1 .927i/3. 2/3 2/3
T1 = wig fez;n/swl/ W2/
i —-1/3_5/3
Woy = eZm/BWl / Wz/
wi1 0
4 + 8.7
= X1X. 1 124
u 1X5 (B #0,+£1) Wiz = W,
1
-1 7B
w22 ﬁTW2W1 F
w 223 (3w2-w?)
U= G wdi3
2/3
T2 =1 Wi = 2 wiwy
x2+x3 127 w2iwd)1/3
w 223 (3w2—w?)
22 = wZiwd)/
wi 1 wi
) wiy = (- — wiwy) exp(p arctan(¥l))
= exp(p arctan(32
“ P G wig = (3 (w2 — w?) + wywy) exp(B arctan(%L))
B#0) A vz
w. 1
w2 = (5 + gwiwz) exp(B arctan(yl))
wi1 0
T3 u = x1 In(x2) Wig %e_wl
wag = —gwae V!
w 3«/&(9a+8)(w§+w1) 9048
11 =— 2 — g W2
3 ) 8\/W2+2W1
X X
T4 (u—x1x2 + ?1)2 =a(xg — 71)3 Wiy = 3/a@utBwy | 901?3_8
2
((X #Ol_g) 16\/W2+2W1
W2 3v/a(9a+8)
16,/W§+2W1
Wiy = /3 War2wi
w2+4w1
2
— 2 4
T5 X1U = X5 + €Xx] w12

—/3e—W2_
‘/W§+4W1

1

Wop = 2¢/3e—L

N w% +4w
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the symmetry condition is that Y®|. is everywhere tangent to =. The following code

efficiently sets this up in Maple for the T1 case u = Xng for g #0,+1:

restart: with(DifferentialGeometry): with(JetCalculus):
DGsetup([z1,z2],[w],J,2):
X:=evalDG(xi1(z1,z2,w[])*D_z1+xi2(z1,z2,w[])*D_z2+eta(z1,z2,w[])*D_w[):
X2:=Prolong(X,2):

rel:=[w[1,1]=0,w[1,2]=beta/2*w[1]~((beta-1)/beta),
w[2,2]=(beta-1)/2*w[2]*w[1]*(-1/beta)]:

eq:=eval(LieDerivative(X2,map(v->Ihs(v)-rhs(v),rel)),rel):

The expression eq must vanish identically (for arbitrary w;, w,), and this gives a highly
overdetermined system of linear PDE on the three coefficient functions &;,&,,n of Y.
Keeping in mind 8 # 0,+1, we solve these equations and confirm 5D symmetry. Similar
computations were carried out for the remaining parametric cases and the result was
the same. (For more details in the T1 and T4 cases, see the Maple files accompanying
the arXiv submission of this article.)

Family T2 can be alternatively handled. As remarked in [6], the family of
complex surfaces in C3 given by u = X‘{‘Xzﬂ is Aff(3,C)-equivalent to surfaces in the
u=(x3+ X%)V exp (8 arctan (i—f)) family. (Here, «, 8,y,8 € C.) Indeed, from their affine
symmetry algebras, we deduce that they are Aff(3, C)-equivalent when

(@, B) = (y +i8,y - %’5) : (6.10)

(One can also account for the “Redundancies” as in Table 1.) By Remark 6.1, these com-
plex surfaces yield tubular ILC structures and when (6.10) holds, they are necessarily
equivalent. (A nice exercise derives the root types for T2 from those of T1 using (6.10).)
But now the remaining D and N cases for T2 are equivalent to the D and N cases for T1,

which were already treated, and so we are done.
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6.4 Power series method

In this section, we outline a 2nd method for the algorithmic computation of the
infinitesimal symmetries of tubular CR hypersurfaces (or rather tubular ILC structures).

We express this in the language of elementary linear algebra.

6.4.1 Filtered linear equations

Let V be a filtered vector space, that is,

V =: V0 o protl 5 pHot2 o ﬂ V* = 0.
"

Let grV := @M V* /v be its associated graded vector space. Any subspace W C V
inherits a filtration from V, and note that dim gr W = dim W.

Let U be another filtered vector space and ¢: V — U a filtration-homogeneous
linear map of degree k, that is, ¢(V*) c U**¥ for all 4 € Z. Denote by gr¢: grvV — gr
the corresponding graded map (of degree k). In applications, we often know the map
gr ¢ and its kernel ker gr ¢, and would like to use this information in order to determine
ker ¢.

Lemma 6.8. grker¢ C kergre.

Proof. Letv € ker¢. Let u be the largest integer such that v € V*. Then ¢ (v) € grtk
and (gr¢)(v + VA1) = ¢(v) + U#K+1 = 0, and thus v 4+ VATk+1 ¢ kergr¢. [ ]

The inclusion in Lemma 6.8 can be strict, so dim ker gr ¢ is only an upper bound

for dim ker ¢ = dim grker ¢.

6.4.2 Symmetry equations as filtered linear equations
Given a real hypersurface M c C3?, its complexification is a complex hypersurface M¢ c
C3 x C3 graphed as:

M¢: z = Q(x,y,a,b,c), (6.11)

with Q analytic, that is, expandable in a converging power series. (In this section, we
use the complex variables (x,y, z,a, b, ¢) instead of (z,,z,, w,a;,a,, c).) We may assume
0 € M€, thatis, 0 = Q(0,0,0,0,0). We consider M€ up to the pseudogroup of local analytic
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transformations:

(x,y.z,a,b,¢c) — (X(x,v,2,Y(x,y,2,Z(x,y,2),d (a,b,c)ba,b,c),ca,bc) (612)

The Lie algebra sym(M°) of infinitesimal symmetries consists of those vector fields

L=XXxy20+YXxy20,+2ZXxYy,20,

(6.13)
+A(a,b,c)d, +B(a,b,c)d,+C(a,b,c)d,
that are tangent to M°. We will make the assumption that M€ is rigid:
z=—-c+F(x,y,a,b), (6.14)

with 0 = F(0,0,0,0). (Tubes form the subclass z = —c + F(x + y,a + b).) The rigidity
assumption is justified when M¢ is homogeneous, whence there exists at least one L €
sym(M°) with L(0) not tangent to the 4D contact distribution. After a straightening, one

can make L = 9, — 9., and tangency to {z = Q} forces Q = —c + F as above.

Remark 6.9. TUp to the transformations (6.12), we can assume that F does not contain

constant or linear terms in x, y, a, b. Specifying 2nd-order terms, we get

z=—-c+4x,y,a,b)+ Gx,y,a,b), (6.15)

with quadratic term ¢(x,y,a,b) = exa + fxb + gya + hyb for e, f,g,h € C satisfying
0 # |;£ | by Levi non-degeneracy of the original hypersurface M c C3, and G containing
higher order terms in x, y, a, b. Using linear transformations of (x,y) and (a, b), we can

assume that ¢(x,y, a,b) = xa + yb.

Now, express the tangency condition as

0= eqdefp(L) i=L( -z - ¢+ F(x,7,,b))
z=—C+F
(6.16)

=[XF,+YF,-Z+AF,+BF,-C]

z=—C+F’
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which reads as the identical vanishing of the following power series in five variables

(x,y,a,b,c):

0 = X(x,y,—c+F(x,y,a,b)F,(x,y,a,b)
+Y(x,y,—c+F(x,y,a,b)F,(x,y,a,b) - Z(x,y,—c + F(x,y,a,D)) (6.17)

+A(a,b,c)F,(x,y,a,b)+B(a,b,c) Fy(x,y,a,b) — C(a,b,c).

Now ¢ (L) = eqdefz(L) defines a linear map ¢ : V — U from the Lie algebra V
of all analytic vector fields (6.13) to the space U of all analytic functions in (x,y,a,b, c).

Then we have

sym(M°) = ker ¢. (6.18)

Expanding ¢ (L) in a power series and evaluating the coefficients of this series degree
by degree, we can view the computation of ker¢ as an (infinite) system of linear
equations on the coefficients of the power series expansion of L, where the coefficients
of these linear equations are formed by some algebraic expressions of the power series
coefficients of F.

We now endow V and U with filtrations. Assign weights (1,1,2,1,1,2) to
(x,y,2z,a,b,c), and (-1,-1,-2,—-1,—-1,-2) to (ax,ay,az,aa,ab,ac). Define V# C V and
U* C U as the weight > u subspaces. (Note that V = V2, while U = U°.) Then ¢ is
filtration-homogeneous and restricts to ¢ : V#* — U#t2 that is, it has degree +2.

The associated graded spaces grV and grU can be identified with polynomial
vector fields of the form (6.13) and polynomials in (x,y, a, b, c), respectively. An elemen-

tary computation shows that

gr¢ = eqdef,, (6.19)

where the right hand side defines the equations for the infinitesimal symmetries of the
flat model {z = —c + ¢}, which is defined by a homogeneous equation of weight 2.

The symmetry algebra of the flat model is well known to be the 15D Lie algebra
of polynomial vector fields having dimensions (1,4,5,4,1) in degrees (—2,-1,0,1,2),
respectively. From Lemma 6.8, we immediately recover the well-known fact that
dim sym(M¢€) < 15, and each symmetry L is uniquely determined by its terms of weight

< 2.
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Our aim is to use knowledge of ker eqdef, to effectively compute ker ¢. Fixing an

integer parameter v, define the following finite-dimensional quotient vector spaces:

V(v) = Vmod V'*!, U(W) = Umod U"*},

which inherit filtrations from V and U. Now ¢ induces a filtration-homogeneous map
of degree +2:
o) V(w) — UW+2)

(6.20)
[L] — [eqdefz(L)],

where brackets denote the respective equivalence classes. Then ker ¢ (v) approximates
sym(M€) = ker(¢) modulo terms of weight > v + 1. For increasing v, we have that

dim ker ¢ (v) is a decreasing sequence of integers stabilizing at dim sym(M¢).
Remark 6.10. For the tubes in Table 1, this sequence stabilizes already for v = 4.

6.4.3 Symmetry computation
Fix v, and for ease of exposition in this subsection, set ¢ := ¢ (v), V:= V(v), U := U(v+2).
The following is an effective algorithm for computing ker ¢ based on the knowledge of

gro:

1. Find kergr¢ C grv;

2. Choose a subspace V C V with grV=gr Ve ker gr ¢. (This means that gr ¢ is
injective on gr V. By Lemma 6.8, ¢ is also injective on V)

3. Compute gr(q>(f/)) = (gro)(gr f/). Choose a subspace U C U with grU =
(gr¢)(grV) @ grU, so that the induced maps V — U/U and grV — grU/ grU

are isomorphisms. Thus

grv —i—» grlU Vv——m U
gV s (gr)grv) vV ——— UU
@ @ B
grker¢ C kergr¢ grf]
(6.21)

4. Consider the map ¢: V — U/U. By what precedes, ker¢ has the same

dimension as ker grci;, is complementary to V and contains ker ¢.
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5. Finally, consider the map ¢: keré — U and compute its kernel.

The key computational advantage of this approach is that the 1st four steps
do not involve any parameter dependency introduced by G in (6.15). This allows one to
reduce the parametric analysis for dim sym(M°) to the last step in the above algorithm.
Let us describe this in more detail.

Choose bases (consisting of homogeneous elements) of grV = gr V @ ker gr¢ and
grU = (gr¢)(grV) @ gr U adapted to the given decompositions. Then extend these bases

to V and U in a manner compatible with the choices of subspace V. c V and U C U. In

grq‘):(A 0), ¢=(B“ Blz), (6.22)
0 0 By, By,

Here, A and B;; are non-degenerate and correspond to the isomorphisms grv —

these bases,

grU/grU and V — U/U, respectively. Moreover, grB;; = A by construction, so it does
not depend on the function G in the defining equation (6.15) for M€. This means that
computation of the kernel ¢: V — U/U does not introduce any dependency on the
parameters that may appear in G. Thus, the dependency of dimker¢ on G appears only
on step (5), which significantly reduces the computational complexity.

By a careful choice of the subspaces V and U, we reduce computation of ker ¢ (v)
for v = 2, 3, and 4 to systems of 5, 25, and 75 linear equations, respectively, on
dimkergr¢(v) = 15 variables. (For sample details in the T4 case, see the Maple files
supplementing the arXiv submission of this article.) We note that the direct analysis
of the corank of the map ¢(4) : V(4) — U(6) without applying the techniques of
filtered linear equations would result in dealing with dim U(6) = 130 linear equations
in dim V(4) = 80 variables.

6.5 Conclusion

As described in §6.3 and §6.4, we used two different methods to confirm the following:
Proposition 6.11. Any tubular hypersurface M® c C® from Table 1 has dim hol(M) = 5.

Finally, we address whether there is any redundancy in our (tubular) list. The
following slightly weakens the “uniqueness” hypothesis from [14, Prop. 4.1]. (The proof

is the same.)

120Z AINr 01 U0 1senB Aq 9798069/ L eUI/UIWIEB0L "0 /I0P/2|0lE-80UBAPE/UIWI/WOS" dNO"OIWSPEIE//:SARY WOl Papeojumod



Simply-transitive nondegenerate hypersurfaces 51

Proposition 6.12. Let M;,M, C C"! be two tubular hypersurfaces over affinely
homogeneous bases S;, S, ¢ R"*1. Suppose that M; and M, are holomorphically simply-
., 10
in hol(M;) and hol(M,). Then M, and M, are locally biholomorphically equivalent if and

transitive and that (id is a characteristic (n + 1)-dimensional abelian ideal

zyp' Zn+1>

only if their bases are locally affinely equivalent.

Recall that an ideal in a Lie algebra is characteristic if it is preserved by
all automorphisms of the Lie algebra. We confirm the characteristic property via

corresponding ILC data (g; ¢, f) and (a, 7):

e T1,T2,T3,T6: ais the derived algebra of g.
e T4,T5: ais the centralizer of the (2D) 2nd derived algebra of g.

This implies that a C g is characteristic, so the corresponding abelian ideal in hol(M)
is characteristic, and hence Proposition 6.12 applies. From the DKR classification [6],
there is no affine equivalence between S; and S, lying in different families among T1-
T6. For S; and S, in the same family, we can assess affine equivalence by asking if aff(S;)
and aff(S,) are conjugate in aff(3, R). We leave this as a straightforward exercise for the
reader. This gives rise to the “Redundancy” conditions in Table 1, for example, in T1,
(a, B) ~ (é, —g) is induced from the swap (x;, x,, ) > (U, x5, X;).

The proof of Theorem 1.1 is now complete.
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