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Abstract

In this paper homogenization of a mathematical model for biomechanics of a
plant tissue with randomly distributed cells is considered. Mechanical proper-
ties of a plant tissue are modelled by a strongly coupled system of reaction-
diffusion-convection equations for chemical processes in plant cells and cell
walls, the equations of poroelasticity for elastic deformations of plant cell walls
and middle lamella, and the Stokes equations for fluid flow inside the cells. The
nonlinear coupling between the mechanics and chemistry is given by the depen-
dence of elastic properties of plant tissue on densities of chemical substances as
well as by the dependence of chemical reactions on mechanical stresses present
in a tissue. Using techniques of stochastic homogenization we derive rigorously
macroscopic model for plant tissue biomechanics with random distribution of
cells. Strong stochastic two-scale convergence is shown to pass to the limit in
the non-linear reaction terms. Appropriate meaning of the boundary terms is
introduced to define the macroscopic equations with flux boundary conditions
and transmission conditions on the microscopic scale.

Keywords: stochastic homogenization, poroelasticity, Stokes system, biome-
chanics of plant tissues, stochastic two-scale convergence

(Some figures may appear in colour only in the online journal)

1. Introduction

Formation of plant tissues and organs is a result of the coordinated expansion of hundreds of
thousands of cells, different in size, shape, and composition. Plant organs are composed of

Original content from this work may be used under the terms of the Creative Commons
Attribution 3.0 licence. Any further distribution of this work must maintain attribution
to the author(s) and the title of the work, journal citation and DOI.

1361-6544/20/105510+33$33.00 © 2020 IOP Publishing Ltd & London Mathematical Society ~Printed in the UK 5510


https://doi.org/10.1088/1361-6544/ab95ab
https://orcid.org/0000-0002-9874-6227
https://orcid.org/0000-0003-4091-5080
mailto:apiatnitski@gmail.com
mailto:m.ptashnyk@hw.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6544/ab95ab&domain=pdf&date_stamp=2020-9-15
https://creativecommons.org/licenses/by/3.0/

Nonlinearity 33 (2020) 5510 A Piatnitski and M Ptashnyk

several types of tissues, e.g. epidermis, cortex, endodermis, vascular tissue [55]. While the
turgor pressure, the main force for cell expansion, acts isotropically, the anisotropic deforma-
tion and growth of plant cells and tissues rely on the mechanics of cell walls, surrounding
plant cells, and the microstructure of cell walls and tissues. Plant tissues have complex hierar-
chical microstructures given by the size and arrangement of cells, connected by cross-linked
pectin network of middle lamella, on one scale, and by the heterogeneous structure of cell
walls on the other scale [39]. In some tissues, such as wood or cork, the geometric arrange-
ment of cells is very regular and can be regarded as periodic [33], however many plant tissues
exhibit random variations in their microstructure [28, 47, 48]. Plant cell walls mainly consist
of cellulose microfibrils, pectin, hemicellulose, macromolecules, and water. The orientation of
microfibrils, their length, high tensile strength and interaction with wall matrix macromolecules
determine the wall stiffness. For irreversible deformation, the deposition of new wall materi-
als and the loosening of the cell wall through the breaking of the load-bearing cross-links
between microfibrils, pectin and hemicellulose by enzymes activity are required [62]. It is
supposed that calcium-pectin cross-linking chemistry strongly influences elastic properties of
plant cell walls [70]. Pectin is produced in Golgi apparatus inside the cells and is deposited
to a cell wall in a methyl-esterified form, where it can be de-methylesterified by the enzyme
pectin methylesterase (PME), which removes methyl groups by breaking ester bonds. The de-
methyl-esterified pectin is able to form calcium-pectin cross-links, and so stiffen the cell wall
and reduce its expansion, see e.g. [69], whereas mechanical stresses can break calcium-pectin
cross-links and hence increase the extensibility of plant cell walls and middle lamella.
Considering the complex structure of plant tissues and organs, for a better understand and
improvement of plant growth and development, it is important to model and analyse how
microscopic structure and interactions between chemical processes and mechanical proper-
ties of individual cell walls and cells contribute to the properties of the plant tissues and
organs [8, 39]. Different approaches were applied to analyse the interplay between micro- and
macro-mechanics and transport processes in plant tissues [7]. Many results can be found for
multiscale modelling and analysis of the periodic microstructure of wood [26, 46, 60]. Mul-
tiscale modelling and analysis of the impact of the microscopic structure of plant cell walls,
especially orientation and distribution of microfibrils, on mechanical properties of cell walls
were conducted in [58]. A vertex-element model and hybrid vertex-midline model for plant
tissue deformation and growth, coupled with the cell-scale transport of plant hormone, were
considered in [30, 31]. The impact of microfibrils on the mechanical properties of cell walls was
accounted for by introducing an anisotropic viscous stress which depends on a pair of microfib-
ril directions. A simple constitutive model at the cell scale which characterises cell walls via
yield and extensibility parameters together with an appropriate averaging over a cross-section
were used to derive the analogous tissue-level model describing elongation and bending of a
plant root [27]. A mesh-free particle method was proposed in [43] to simulate the mechanics
of both individual plant cells and cell aggregates in response to external stresses and to study
how plant tissue mechanics is related to the micromechanics of cells. The interior of the cell
is regarded as liquid phase and simulated using the smoothed particle hydrodynamics (SPH)
method, where in the domain corresponding to the viscoelastic material of cell walls the parti-
cles are connected by pairwise interactions holding them together. A multiscale method for the
simulation of large viscoelastic deformations of a plant tissue presented in [32] combines parti-
cle method on the microscopic level with standard finite elements methods on the macroscopic
scale. The effect of non-periodic microstructure on effective (homogenized) elastic proper-
ties of two-dimensional cellular materials (honeycombs) was studied in [66] by considering
non-periodic arrangement of cell walls in random Voronoi honeycombs and applying finite
element analysis. The finite-edge centroidal Voronoi tessellation (FECVT) was introduced in
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[28] to generate a realistic model of a non-periodic tissue microstructure and, combined with
finite elements analysis, was used to determine the effective elastic properties of plant tissues,
especially plant petioles and stems [29]. Smoothed particles hydrodynamics (SPH) framework
was used in [52] to model plant tissue growth. The framework identifies the SPH particle
with individual cells in a tissue, but the tissue growth is performed at the macroscopic level
using SPH approximations and plant tissue is represented as an anisotropic poro-elastic mate-
rial. A coarse-grained multiscale numerical model is proposed in [68] to predict macroscale
deformations of food-plant tissues (e.g. apple tissues) during drying.

In [57] we derived and analysed a mathematical model for plant tissue biomechanics, which
describes the interactions between calcium—pectin dynamics and deformations of a plant tis-
sue. The microscopic model, at the length scale of plant cells, comprises a strongly coupled
system of the Stokes equations modelling water flow inside plant cells, the equations of
poro-elasticity defining elastic deformations of plant cell walls and middle lamella, and
reaction-diffusion-convection equations describing the dynamics of the methyl-esterfied
pectin, de-methyl-esterfied pectin, calcium ions, and calcium—pectin cross-links. The interplay
between the mechanics and the chemistry comes in by assuming that the elastic properties of
cell walls and middle lamella depend on the density of the calcium—pectin cross-links and the
stress within cell walls and middle lamella can break the cross-links. Assuming periodic dis-
tribution of cells in a plant tissue in [57] we derived rigorously macroscopic model for plant
tissue biomechanics. The two-way coupling between chemical processes and mechanics is the
main novelty of the model, which also induces some non-standard elements in the analysis
of the model and in the rigorous derivation of macroscopic equations. In this paper we gen-
eralise the results obtain in [57] by considering random distribution of cells in a plant tissue,
observed experimentally in many plant tissues and organs [28, 48]. The derivation of macro-
scopic equations from a continuum description of the microscopic processes on the cell level
using stochastic homogenization techniques results into a continuum macroscopic two-scale
model containing the information on the microscopic interactions. Our microscopic model
incorporates microscopic properties of plant cell walls, essential for plant tissue mechanics.
The macroscopic model takes into account the microscopic structure of a plant tissue via effec-
tive (macroscopic) elasticity and permeability tensors and includes the interplay between the
fluid in cell inside and poroelastic nature of cell walls and middle lamella. The effect of the
microstructure and heterogeneity of the processes is also reflected in the equations for cal-
cium—pectin chemistry via effective (macroscopic) diffusion coefficients, reaction terms and
advective velocity. In the relation to particle and vertex-elements methods, continuum mod-
elling approach proposed here may be beneficial when consider large size plant tissues and
organs.

To analyse macroscopic mechanical properties of plant tissues with a random distribution
of cells, we derive rigorously a macroscopic model for plant biomechanics using techniques
of stochastic homogenization. The stochastic two-scale convergence [74] is applied to obtain
the macroscopic equations. The main mathematical difficulties in the derivation of the macro-
scopic equations arise from the strong coupling between the equations of poro-elasticity and the
system of reaction-diffusion-convection equations, as well as due to transmission conditions
between the free fluid and poro-elastic material. The strong stochastic two-scale convergence
for the displacement gradient and flow velocity is proven to pass to the limit in the nonlinear
reactions terms. Extension arguments and formulations of surface integrals as volume inte-
grals are used to pass to the stochastic two-scale limit in the equations with non-homogeneous
Neumann boundary conditions and transmission conditions. To pass to the limit in the flux
boundary conditions defined on the surfaces of the microstructure, Palm measure and the
proven here trace inequality for H'-function in the probability space, see lemma 8.1, are used.
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Some of the first results on the stochastic homogenization of linear second-order ellip-
tic equations were obtained in [41, 56, 72]. The homogenization of quasi-linear elliptic and
parabolic equations with stochastic coefficients and convex integral operators was consid-
ered in [9, 21, 24, 25]. Subadditive ergodic theory and the method of viscosity solutions were
applied to homogenize Hamilton-Jacobi, viscous Hamilton—Jacobi equations, and fully non-
linear elliptic and parabolic equations in stationary ergodic media [4, 20, 40, 44, 45] (see also
references therein). The stochastic two-scale convergence introduced in [74] has been extended
to Riemannian manifolds and has been applied to analyze heat transfer through composite and
polycrystalline materials with nonlinear conductivities [36, 37]. The two-scale convergence in
the mean [15] has been applied to derive macroscopic equations for single- and two-phase fluid
flows in randomly fissured media [13, 71].

The poro-elastic equations, modelling interactions between fluid flow and elastic deforma-
tions of a porous medium, has been first obtained by Biot using a phenomenological approach
[10—12] and subsequently derived by applying formal asymptotic expansion [5, 18,42, 61, 64]
or the two-scale convergence method [22, 34, 38, 49, 50, 54]. Along many results for poroe-
lastic equations, only few studies of interactions between a free fluid and a deformable porous
medium can be found. In [65] nonlinear semigroup method was used for mathematical analysis
of a system of poroelastic equations coupled with the Stokes equations for free fluid flow. A rig-
orous derivation of interface conditions between a poroelastic medium and an elastic body was
considered in [51]. Numerical methods for coupled system of poroelastic and Navier—Stokes
equations were studied in [6, 19].

One of the approaches commonly used in numerical homogenization to approximate the
effective coefficients of a microscopic problem describing some processes in a random medium
is the so-called periodization [14]. The key idea of this method is to choose a large enough sam-
ple of the random medium, to extend it periodically, and to take the effective coefficients of the
obtained periodic problem as an approximation of the effective coefficients of the original ran-
dom problem. Recent years an essential progress was achieved in this approach, see the work
[35], and references therein. Justification of this method for the model studied in the present
paper is an interesting problem. Mixed multiscale finite element method [1] or stochastic varia-
tional multiscale method [2] can also be used for numerical simulation of multiscale stochastic
problems.

The paper is organised as follows. In section 2 we formulate the microscopic model for
plant tissue biomechanics. The main results of the paper are summarised in section 3. The a
priori estimates and convergence results are given in sections 4 and 5. In section 6 we derive
macroscopic equations for the coupled poro-elastic and Stokes problem. The strong stochastic
two-scale convergence for displacement gradient and flow velocity is proven in section 7. The
macroscopic equations for the system of reaction-diffusion-convection equations are derived
in section 8.

2. Microscopic model

We consider a probability space (§2, F,P) with probability measure P. We define a 3-
dimensional dynamical system 7, : 2 — Q, i.e. a family {7, : x € R®} of invertible maps,
such that for each x € R?, 7, is measurable and satisfy the following conditions:

(a) 7o is the identity map on €, and for all x;, x, € R? the semigroup property holds:
y map group property

7;1+Xz = 7;17;2'
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(b) P is an invariant measure for 7y, i.e. for each x € R3 and F € F we have that

P(T; ' F) = P(F).
(c) For each F € F, the set {(x,w) € R} x Q: T,w € F} is a £ x F-measurable subset of
R? x Q, where £ denotes the Lebesgue o-algebra on R3.

We consider a fixed measurable set €2y such that P(€2,) > 0 and P(Q2\Q;) > 0 and denote
Q. = Q\Qy. We also consider Qr C 2, with P(Qr) > 0 and P(Qr N Q) > 0, forj = e, f.
For P-a.a. w € §) we define the following random subdomains in R?

Giw)={xe RY: Twe Q;}, for j=e,f, Grw)={xe RY: Twe Qr},
and surfaces
Iw) = 0Gf(w), f(w) =T'(w)N Gr(w).

We shall consider the following assumptions on G{w), I'(w), and f(w):
Assumption 1.

(a) GHw) consists of countable number of disjoined Lipschitz domains for P-a.a. w € {2 with
a uniform Lipschitz constant.

(b) The distance between two connected components of G/{w) is uniformly bounded from
above and below.

(c) The diameter of connected components of G{w) is bounded from below and above by
some positive constants.

(d) The surface f(w) C I'(w) is open on I'(w) and Lipschitz continuous.

Consider a bounded C'*-domain G C R?, with o > 0, representing a part of a plant tissue.
In a plant tissue individual cells, consisting of cell inside and cell walls, are connected by
the pectin network of middle lamella. Then the microscopic structure of a plant tissue with a
random distribution of cells is defined as

G ={xeR: TyweQ}NG Gr={xeR: T weU}NG G,=G\Gj,

I =98G5, I°=I"NG;,

P-a.s., where G represent the subdomains occupied by cell walls and middle lamella, G

denotes the cell inside, and I'* defines a part of cell membrane which is impermeable to calcium
ions.

Assumption 1.2 states that the thickness of cell walls and middle lamella is uniformly
bounded from above and below and assumption 1.3 postulates that the diameter of cells is
bounded from above and below.

Due to assumed random distribution of cells in a plant tissue, the permeability and elastic
properties of plant cell walls and middle lamella are characterised by the corresponding random
variables. For this we define statistically homogeneous random fields E; (x, w, §) = E; (Txw, &)
and K,(x,w) = I~(,,(7}w), where E; (-, £) and I~(,,(~) are given measurable functions from €2 to
R3* and R**3, respectively, for & € R representing the dependence of the elastic properties
on the calcium—pectin cross-links density. It is observed experimentally that the load bearing
calcium—pectin cross-links reduce cell wall expansion, see e.g. [70], and hence we assume that
elastic properties of cell walls and middle lamella depend on the density of calcium—pectin
cross-links.
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Then foreachw € Q2 and £ € R the microscopic elasticity tensor E and permeability tensor
K7, are defined as

E{(x,&) = E|(x/g,w,§), K;(x) = Kp(x/e,w). (D)

In the mathematical model for biomechanics of a plant tissue we consider concentration
of calcium ¢; and ¢ in cell walls and middle lamella G; and in cell cytoplasm G5 (cell
inside), respectively. In addition, in the domain of cell walls and middle lamella G den-
sities of methylesterified and de-methylesterified pectins n; and n;; and of calcium—pectin
cross-links nj, are considered. We shall use the notation b = (n;, ng,n;) and Dy(b;3) =
diag(D,, (n}), Dy, (n3), Dy, (n},)) denotes the diagonal matrix of diffusion coefficients for ng, n,
and nj, respectively. We assume that the inflow of new calcium is facilitated only on parts of the
cell membrane Fg\fg. Here we consider a passive flow of calcium between cell wall and cell
inside. The regulatory mechanism for calcium inflow by mechanical properties of cell walls
will be considered in further studies. For elastic deformations of plant cell walls and middle
lamella we consider homogenized equations of poro-elasticity reflecting the microscopic struc-
ture of cell walls composed of elastic cellulose microfibrils and cell wall matrix permeable for
the fluid flow. The differences in the elastic properties of cell walls and middle lamella are
reflected in the elasticity tensor E{, which depends on the microscopic variable x/e. Here we
consider diffusion coefficients depending on calcium—pectin cross-links density. The analysis
in the case of diffusion coefficients depending additionally on microscopic and macroscopic
variables will follow the same steps.

We shall use the notations Gy = (0,7T) x G, (0G)r = (0,T) x 9G, GiT =(0,7T) x Gj for
j=ef,I's=(0,T) x I'*,and feT =(0,T) x e By IT,w we define the tangential projection of
a vector w, i.e. Il,w = w — (w - n)n, where n is a normal vector and 7 indicates the tangential
subspace to the boundary.

For P-a.a. realizations w € () the microscopic model for the concentration of calcium and
densities of pectins and calcium—pectin cross-links reads

Aib: = div(Dy(b53)Vb) + gu(cs, bE, e(ii)), in G,

D¢ = div(Do(b] )V el) + ge(cs, b, e(u)) in G 7.

Ocy = div(DyV ¢ — G(Ou7)cy) + g(ch) in G 7,
Dy(b;3)Vb; - n = € R(b?) on I'7, 2)
& =c on T3\I%,
DbV - n = (DfVcs — GBu)ey) - n on [\,

D(b;)Ves - n=0, (D;Vc;—G@u7)c;) n=0  onlIj.

Here u; stands for the displacement from the equilibrium position in poroelastic material of cell
wall and middle lamella, e(u) = (e(u;);); j=12,3 for its symmetrized gradient, with e(u);; =
(Ox,uy; + Oxug;) /2, and O denotes the fluid velocity in the cell inside. The pressures in the
poroelastic and fluid domains are denoted by p; and p%, respectively. The function G defines
the velocity field in the convection term in cell inside and is a Lipschitz continuous bounded
function of the intracellular flow velocity d,u}. The condition that G is bounded is natural from
the biological and physical point of view, because the flow velocity in plant tissues is bounded.

This condition is also essential for the derivation of a priori estimates.

5515



Nonlinearity 33 (2020) 5510 A Piatnitski and M Ptashnyk

The water flow inside the cells and elastic deformations of plant cell walls and middle
lamella are modelled by a coupled system of poro-elastic and Stokes equations

07U — div(E* (b 3)e(us)) + Vp, = 0 in G 7,

PpOp, — diV(K;Vpi —0u) =0 in Gi‘T,
prOius — £ div(e(Ouy)) + Vp; = 0 in G},

div du7; = 0 in G,
(E°(bS3) e(us) — pin = (e pe(@us) — pihn onT5,  (3)
1L, O = HT&M?, n-(u e(@,u?) — p?l)n =—p on I'Z,
(—K;Vpi +0u) -n= 8,14? -n on I'Z,

15(0,) = ugg(x),  Auueg(0,) = upg(x),  p(0,%) = pp(x) in G,
A (0, x) = upy(x) in G7,

where p, denotes the poroelastic wall density, p, is the mass storativity coefficient, and py
denotes the fluid density. We assume that p,, p,, and py are positive and constant. The depen-
dence of the elastic properties of the cell wall matrix and middle lamella on calcium—pectin
cross-links is reflected in the dependence of the elasticity tensor E° on b ;(-). In what follows
we assume that this dependence is non-local in temporal variable which reflects the time of
reaction, i.e. the stretched cross-links have different impact (stress drive hardening) on the elas-
tic properties of the cell wall matrix than newly-created cross-links, see e.g. [17, 59, 63]. More
precisely, we assume in (1) that £ = IC (bi,s(')) (t,x)= fot k(t — 7)b; 5(T, x)dT, where £(-) is a
smooth non-negative kernel, and define

E (w,b55()) = E, (w, / Kt — T)ng(T,x)dT) , EF(x,0550)) = E (Th/ew, b35()) .
0

Together with the profile of function E7 this kernel specifies how the elastic properties of cell
walls and middle lamella depend on calcium-pectin cross-links, see assumption A2 for further
conditions on K.
On the external boundaries we consider some given forces applied to plant tissues and flux
conditions for pectins and calcium:
DpNVDbS -n=Fy(b)), D/Nc,-n=F.() on(IG)r,
E*(b))e(u;)n =F, on (0G)r, 4)
(K;Vpi — o) -n=F, on (0G)r.
A detailed derivation of the model equations (2) and (3) can be found in [57].

System (2)—(4) is studied under the following assumption on the coefficients and nonlinear
functions:

Assumption 2.

Al DJ/,D, € C(R) such thatd; < DJ/(¢) < djand d, < D.(¢) < d, forall ¢ € R, with some
dj,de,dj,dg >0 al’ldj = 1,2,3.
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A2

A3

Elasticity tensor E(w, &= (Ejkl(w, g))lgi,j,k,l<3 satisfies Eijkl = Eklij = Ejikl = Eijlk and
arlA]? < Ew,OA-A < a,]A)? for all symmetric A € R¥3, £ € Ry, P-aa. weEQ,
andNO <ap < ap < oo, _

Ew,s() = E/w,K(s()), where E; € CCG[R) and  K(()= [y rlt -
7)s(T, x)dT, with a smooth function x : Ry — R such that x(0) = 0.
K, € L(Q) and K ()1 - n = ky|n|? forn € R, P-a.a.w € 2, and k; > 0.

A4 The convection function G is a Lipschitz continuous function on R3 such that G| < p,

A5

for some p > 0.
For functions g;, g., g, R, F, and F. we assume

g € CR xR xR%RY, g, € CR xR xR®, F,, Re CRRY),
and F. and gy are Lipschitz continuous. Moreover, the following estimates hold:

Ci(1+|s| + |r)) + G| r[|A], [Fb(0] + [R(r)]
G+ [s| +[rh + Colls| + [PDIAL - [Fe(o)] + [g,)]

C(1 + |r]),
C + s,

|gn(s, 7, A)l
|ge(S9 r,A)l

VANY/AN
NN

wheres e Ry, r € Ri, and A is a symmetric 3 x 3 matrix. Here and in what follows we
identify the space of symmetric 3 x 3 matrices with R®,

It is also assumed that for any symmetric 3 x 3 matrix A we have that g, (s, r, A),
F}j(r), Rj(r) are non-negative for r; = 0, s > 0, and r; > 0, withi = 1,2,3 and j # i, and
8e(s,1,A), g(s), and F(s) are non-negative for s = 0 and r; > 0, withj = 1,2,3.

We assume also that F, and R are locally Lipschitz continuous, and

lgn(s1, 11, A1) — 8u(52, 72, A2)| < Ci(Iri| + |r2)|s1 — s2] + Co([s1] + [s2| + A1+ [A2]) |1 — 12|

+ G3(Iri| + |r2D|AL — Az,

Ige(s1, 71, A1) — 8e($2, 72, A2)| < Ci(Jri| + |r2| + JAL] + |A2])|s1 — 2]

+ Ca([s1| + [s2] + |A1] + |A2])|r1 — 12
+ G3(Iri| + |ra2| + [s1] + [s2D|A1T — Ay,

for 51,8 € (—p, +0), 11,12 € (—u, +00)?, for some w >0, and A;,A, are symmetric
3 x 3 matrices.

A6 by € L¥(G), co € L(G), and by; >0, ¢ >0 ae. in G, where j =1,2,3, ul) €

H'(G)’, uf, € H*(G)’ and div u}, = 0in G5 for P-a.a. realizationw € Q, u3, € H'(G?)’,
P € H'(G), are defined as solutions of

div(E (beo3)e(uy)) = fu in G,
I1- (B (beo 3)e(uzg) n) = & 11 (e(uyg)n) on I'%,
n-E°(baos)e(,)n=0 onI*, u,,=0ondG,
div(K;V o) = fp in G, p,p=0o0ndG,

P-a.s., for given f, € L*(G)? and f, € L*(G),
F, € H'(0,T;L*(9G)), F, € H*0,T;L*(0G))’.
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Remark 2.1. Under our assumptions on u;, and p_, by the standard stochastic homogeniza-
tion arguments we obtain

iy — U0, Py — Peo stronglyin L*(G),
e(uy) — e(ue) + Ugsym strongly stochastically two — scale, U’ € L*(G; LIZ)m(Q))3 ,

e,sym

for P-a.a. w € (), where i, is an extension of u},, and u, € H'(G)? and Peo € H'(G) are
solutions of the corresponding macroscopic (homogenized) equations.
Here the subscript sym is used to emphasize that the corresponding matrix is symmetric.

Notice that in the equation for calcium ¢ inside plant cells we consider a bounded function
of the water velocity 7. This technical assumption is biologically justified, since only bounded
velocities are possible inside plant cells.

By (-,)miymt We shall denote the duality product between L*(0,T:(H'(G)Y) and
L*(0,T; H'(G)), and

T
()6, = / / ¢t dxdt  for ¢ € LU0, T;LP(G)) and v € L7 (0,T; L (G)),
0 G

and

T
(D V)6r0 :/ //¢wd7>(w) dxdr for ¢ € L0, T; LP(G x 2)) and
0 GJQ
¥ e L10,T; LV (G x Q)),

where 1 < p,q < 4+o00,1/qg+1/¢d =1landl/p+1/p' = 1.
Definition 2.2. Weak solution of (2)—(4) are functions

u; € [L*(0,T; H'(G3)) N H*(0, T; LX(G))T,

Pe € L*(0.T:H'(GO)) N H' (0, T: L(G,)).
uy € [L*(0.T: H'(G) N H'(0, T: L*(G))T’,
div u? =0in G?T, ILu, = HTuff on I',
py € L*((0,7T) x G7)

for P-a.a. w € (2, that satisfy the integral relation

(peB]uz, Bz, + (E°(Beus), e(D)ez, + (Vi Dz,
+ (pp0ipz. )z, + (KN pe — Outg, Vi) gz, + (g - o b)rs — (PL.m - m)ry
+ <pf6t2u§" n>G§",T + M52<e(atu§")’ 9(77)>G§.’T = <Fu: ¢>(E)G)T + <Fp» w>((9G)T
(5)

for all ¢ € L2(0, T; H'(G%))*, v € L*(0,T; H'(G%)), n € L*(0, T; Hl(Gj,))3 such that II,¢ =
II,nonT* and divy = 0 in GY 7, and functions

b, € [L*(0,T; H'(G2) N L*(0, T; L*(GY))T’,
¢ = ¢, xa: + ¢ xa, € L0, T;H'(G\I¥)) N L(0, T; L*(G))
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that satisfy the integral relations
(Ob, 1) eyt + (Do(be3) Vb, Veor)e: . — (gilce, by, e(up)), o1)a:

= e(RMY), p1)rs + (Fu(DL), 1) 06)r

(6)

and

(Orces 02) ey + (De(be3) Ve, Vior)o: | — (8elce, b, e(ug)). v2)c: . — (Fe(co). p2) 06y
{0 ey + DV eq Vin)e, = (G@Oup)cs, Vir)e,  — (85 p2)a;, = 0
(N

for all ¢, € L*(0,T; H(G))? and ¢, € L*(0, T;H'(G\I'*¥)), and for P-a.a. w € Q. Moreover
the initial conditions are satisfied in L-sense, i.e. ui(t) — uS,, Qui(t) — uly, p2(0) — poy,
bE(t) — beo, c5(t) — co in LX(GS) as t — 0, Ouy (1) — u}.o, c3(t) = co in LZ(G?) as t— 0,
P-almost sure.

Examples of random geomerties

e Let Q be a smooth domain, @ C (0, 1), and assume that y = dist(Q, 9(0, 1)*) > 0. Let
&; be i.i.d. random vectors in R? such that ;| < /4, and n;, j € Z*, be random variables
with values in the interval [1/2, 1]. Letting Q; = j+ &; + 1,Q we define

Grw) = | Qjw).
jez’
e Let P be a stationary ergodic point process in R? such that

« almost surely for any two points x; and x; from P(w) the inequality |x; — x| = ¢ >0
holds with a deterministic constant c;

* There exists r > 0 such that the intersection of the process with any ball of radius
r is a.s. non-empty. We then set Q; = {x € R? : dist(x, x;) < 1dist(x, P(w)\x;)} and
define

Grw) = | Qjw).

jez’d

e The last example admits the following modifications: for the same stationary point process
‘P we consider the Voronoi tessellation

Qj(w) = {x € R? : dist(x, x;) < dist(x, P(w)\x)}.

Then U]@ ; = R? and, under the assumptions on P, the diameters of the polyhedrons Q;
are uniformly bounded and their boundaries are uniformly Lipschitz continuous.
Given § > 0 we then set
Ge(w) = {x € R? : dist(x,| J0Q)) < d}.

J

Notice that in this case the volume fraction of G, is of order 4, if ¢ is sufficiently small. This
allows to model cell structures with relatively small volume fraction of cell walls and middle
lamella.
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3. Main results

The main result of the paper is the derivation of the macroscopic equations for the microscopic
problem (2)—(4) using methods of stochastic homogenization.

First we shall introduce the following notations. Denote by &/ the generator of a strongly
continuous group of unitary operators in L2(2) associated with 7 along ej-direction, i.e.

u(Tey0) — u(w)
S

O u(w) = (ljg%)l

The domains of 9/, withj = 1,2, 3, are dense in L*($2). We denote V u = (0] u, 9*u, 93u)" and
H-Q) = {v : v, Vv € LX(Q)}. By C7(2) we denote the space of functions with continuous
realizations and CIT(Q) defines the set of functions from C7(£2) such that (9/u) € C7(f), for
j=12,3.

First we introduce the spaces of potential and solenoidal vector fields:

1

Lo () ={Vou :ue CLE)} and  L3() = (L (D),
where the closure in the definition of Lf,m(ﬂ) is with respect to the L*(€2)-norm, see [73]. To
introduce correctors we also need the space of functions whose realizations are discontinuous
along the surface I'(w). We define

L2 () = {(Vau(Tow)| g, u(Trw) € HL (R3\L(w)) N CHR¥\D(w))}

with the norm

lul|? = / / VT PdxdP,
Q [0,1]3\1"(w)

and
L2,0() = (Lr (D)
We also denote
Crr() = {u : u(Tw) € CR*\T(W))}.

We start with the definition of effective coefficients for macrosocpic poro-elastic equations,
which are obtained by deriving the macroscopic equations for the microscopic problem (3) and
(4). The macroscopic elasticity tensor EMom — (Ef.‘;,’(‘,“) and permeability tensor K;“’m = (K}}f;;?‘),
along with K, = (K,,;), are defined by

EP(bes) = / [Eijkz(w, bes) + (E(w, be,s)Wéi’sym).} X0 dPw),
Q Y
Kfi‘??“ :/ |:I?p,ij(w)+ (f,,(w)Wf;) } xe, dP(w), ®)
Q !

Ky = [ [35= (Roww]) ] 1o, P

where xq, stands for the characteristic function of the set €2, Wé‘fsym denotes the symmetric part

of the matrix W,', and W' € L™(Gr; Ly, (€0)°) together with Wy, Wi € L3, () are solutions
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of cell problems

e,

/ E (w,be3) (W +bu) @ xo,dPw)=0  forall® € L2,(Q)°, aa. (1,x) € Gr,
Q

/ K,(w) (W) + ex) ¢ xodP(w) =0 for all ¢ € L3, (€)),

Q

/ (IN(I,(w)WZf - ek) ¢ xa,dPw) =0 for all ¢ € L2,(9), )
Q

fork,1 = 1,2,3, with by = 1(ex ® e/ + ¢, ® €;) and {ej};zl is the canonical basis of R3.
We also define Q(0uy) as

0Oyuy) = /Q Dty X0, dP(w) — /Q Rp(@)0w, 0 xo, dP@),  (10)

where Q (-, Quy) € le)ot(ﬂ) is a solution of the problem

[ (Ro10 0+ 011y x0,) CP@I =0 for¢ € L@, (an

Then the macroscopic equations for the microscopic problem (3) and (4) are formulated as
follows.

Theorem 3.1. A sequence of solutions {ug, p;, Ouy, p}} of the microscopic problem (3)
and (4) converges to a solution u, € H*(0, T, L*(G)) N L*(0, T; H'(G)), p. € L*(0, T; H(G)) N
HY (0, T; L*(G)), Ous € LX(Gr; H'(2) N H'(0, T; LG x Q)), ps € LA(Gr x Q) of the macro-
scopic equations

0.0, — dVE (060 + T+ [ Oy o, dP@I =0 in Gr.
Q ’

DeppOrpe — div(KY™V p, — Ky Opute — Q(Dyuy)) = 0 in Gr,
(12)

with boundary and initial conditions

Ehom(be,3)e(ue)n =F, on (0, T) x 0G,
(K" pe — Ky Oute — Q(Oyuy)) -n =F, on (0,T) x G, (13)
1(0) = tteo,  Oue(0) = ttgy,  pe(0) = peo  in G,

and the equations for the flow velocity

/g l [prOfuy @ + pe,(Bupen(p) + Vpe ] xa,dPw) — /Q P} xq, pdPw) =0,
div, Qs =0 in Gr x €,

Aup(0) = uly in GxQ, (14)
IL-Owus(t, x, Trw) = ;O (t,x) for (t,x) € Gr and X € I'(w), P —a.s.in €,
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and

3
Pl(t,x,w) = Z O, Pe(t, YWi(w) + Dul(t, ) Wi(w) + Qf(w, Oyuy), (15)

k=1

forall p € LX(Gr; H' ()3, with div,p = 0in Gy x , and IL.¢(t, x, Trw) = 0 for (t, x) € Gr,
x € I'(w) and P-a.s. in Q.
Here e, (v) = (1/2(8&1/}1 + aiﬂ/’j))ﬂ:l , 3 denotes a symmetric gradient for v € H' ()3,

Vo= fQXQedP(u)), and div,Y = 9Ly + 0292 + 333

Remark. Notice that the equations for correctors (9) and (11), as well as problem (14) for
O.uy are formulated in the weak form as integral identities. This is due to the fact that the
equations are define on €2, C 2 and Q; C (), respectively, and have strong formulation only
for P-a.a. realizations w € ().

The homogenized coefficients in reaction-diffusion-convection equations that will be
obtained by deriving macroscopic equations for microscopic problem (2) and (4), are defined
as

DZeff(beﬁ) = / [Dg(beﬁ) + (Dp(be3) w}{)ij| xa,dP(w),
Q
(16)
%@M:Aw%wm+w@MWMMmm
2

where D(be3,w) = De(be3)xa, (W) + Dyxa,(w) for we (), with wg S Lf,m(Q) and w’ €
Lfmr (£2) are solutions of the cell problems

/ Dy(be3)(wi + €)) ¢ X0, dPw) =0 forall ¢ € L2 (), (17)
Q
and
/ D(w,be3)w’ +e)ndP(w) =0 forall € L2, (). (18)
Q

The effective velocity is defined by
%M@:/@@W*WM¢MMWW@L
Q
where Z € L*(Gr; L, () satisfies

/(DfZ — g(a,uf))gng dP(w)=0 forallC € Lf,m(ﬂ), fora.a. (¢, x) € Gr. (19)
Q
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Theorem 3.2. A sequence of solutions of microscopic problem (2) and (4) converges
to a solution b,,c € L*(0, T; H' (), with 0,b., 0,c € L*(0, T; (H'(2))), of the macroscopic
equations

VeOibe — div(Dyest(be3)Vbe) = / 8b(C, be, Ulbe, w)eue))xa,dP(w) + / R(be)dp(w) in Gr,
Q Q

Orc — div(Defi(be3) Ve — uetre) = V5g s(c) + / 8e(c, b, U(b,, w)e(u,))xo,dP(w) in Gr,
Q
Db,eff(be,S)Vbe ‘n= Fb(be) on (BG)T,
(Desi(be3)Ve — uegrc) - n = Fe(c) on (9G)r,
be(0,x) = beo(x), (0, x) = co(x) in G,
(20)

where 1 j= fQXQj(w) dP(w), forj =e,f, and
3
3 ij ij
Uo,,w) = {Ukzij(be,W)}k,l’i’j:I = {bk]l + We{sym‘kl}klijzl ,

with WY being solutions of cell problems (9) and by = (b;;’l')i =1 Where by = e, @ ey.

Here p is the Palm measure of the random measure p,, of surfaces I'(w), see e.g. [23] for
the definition of Palm measure.

4. A priori estimates

Considering assumptions on G, with j = e, f, in the same way as in the periodic case [57], for
‘P-a.a. realizations w € (), we obtain the existence, uniqueness and a priori estimates, uniform
in €, for solutions of microscopic problem (2)—(4).

Lemma 4.1. Under assumption 2 there exists a unique weak solution of microscopic
problem (2)—(4).

Proof. Sketch. For each realization w the proof of the existence and uniqueness results
follows the same steps as the proof of theorem 7 in [57]. O

Lemma 4.2. Under assumptions 2 solutions of microscopic problem (2)—(4) satisfy a priori
estimates for elastic displacement u;, pressure p, and fluid flow velocity aluj‘-

gl oo st G2y + 110G || 20 730 G2y + ||az2“i||L2(vaT) <C,

125 o071 G2 + 10PN 1262y < C (21)
eT

Hatu?”Loo(O,T;LZ(GEf)) + Hazz“?HLZ(G;I) + 5||Vat“?||L2(G€”) + ||P?||L2(G€”) <G,

and for the concentration of calcium c; and ¢ and densities of pectins and calcium—pectin
cross-links b, we obtain

1021l 20701 2y + 1DEll 07262 + 51/2||b§||L2(F§) <G
HC§||L2(0,T;H1(G§)) + ||C§||L°0(0,T;L4(G§)) <G, i=ef,
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and
19802 = bell 207769 + 104¢5 — il 20y x6e) < Ch'*, j=ef, (23

for T € (0,T — h] and for P-a.a. w € ), where the constant C is independent of ¢ and
Opv(t, x) = v(t + h, x) for (t,x) € (0,T — h] x G5, withj = e,f.

Proof. For P-a.a. realizations w € ) the proof of the a priori estimates follows the same

lines as in [57, lemma 6]. ]

We shall denote ¢*(z, x) = c¢(1, x) Xg; + ¢5(t, X)Xc;j_.
Using the assumptions on the random microscopic structure of G; and G we obtain the

following extension results for functions defined on G and on a subdomain éi ¢ C G, which
will be specified below.

Lemma 4.3.
(a) There exist extensions bg and ¢, of b, and c;, respectively, from L*(0, T;Hl(Gi)) to
L*(0, T; H'(G)) such that

HBiHLZ(GT) < C”bi”LQ(G;T)’ HVbEHLZ(GT) CHV]’ ||L2(G5 ) (24)

el 26y < CHC§|‘L2(G§I)’ Vel < ClIVe, HLZ(GE ) (25)

(b) There exists an extension & of ¢ from L*(0, T; HI(G f)) to L*(0, T; H'(G)) such that

1 len < € (Il oz, + 16512 e, )
’ (26)

192 o < € (196 0,0, 0 + 1965 2 i, ) -

Here éf,f = G\ég, with G° = fio(w) N éf,, where fgﬂ(w) is a eo-neighbourhood of Ie
Sfor P-a.a. realizations w € Q and 0 < o < dgim/4, with d i, being the minimal distance
between connected components of G{w).

Proof. The uniform boundedness of the diameter of cell walls and cell interiors, indepen-
dent on realizations w € 2, implies the existence of the corresponding extension operators,
see [3]. ]

Extensions for «; and p; are defined in the similar way as for 5.

Lemmad4.4. Forextensions of bs, c, i, p; from G5 o1 to Grand c* from Gef 1 to Gr (denoted
again by b;, ¢, u, p,, and c*) we have the following estimates

H”szHl(o,T;Hl(G)) + Ha?“i”ﬂ(cr) + ||peEzHL°C(0,T;H1(G)) + Hatpfz”ﬂ(ar) <G,

HbiHLZ(O,T;Hl(G)) + Hci”Lz(O,T;Hl(G)) + ||C€||L2(0,T;H1(G)) <C,

Hohbi - biHLz((O,T)XG) + Hﬁhci - Ci”Lz((O,i)xG) +[|0hc” — ¢ HLZ((O T)><G) Ch1/4
(27)
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where the constant C is independent of €. An extension of &ujc from G 1 to Gr, constructed
below and denoted again by &u? satisfies the following estimates

107 | e 0.1:226 + 18743 |26y + €IV O 26y < C (28)
where the constant C is independent of €. Also we have that

Py in (0,7) x G,
g in (0,7) x (G\G?),
(29)

177 265y + HP?”LZ((O,T)xG;) < C, where p* = {

and the constant C does not depend on ¢.

Proof. The estimates for b, ¢2, ¢°, uZ, and p: follow directly from estimates (21)—(23),
lemma 4.3, and the linearity of extension considered in lemma 4.3.

Using geometrical assumptions on Ggw), for P-a.a. w € €2, we can extend Ju from
G} to G in the following way. For each connected component Gy;(w) of Gw), with j €
N, we can consider a o-neighbourhood G_‘;‘j(w) of Gyj(w), where 0 = dyin/4 and dpin
is the minimal distance between Ggj(w) for j € N. Then since &uj‘- € L0, T;HI(G?)),
ie. g,u;. € L*(0, T; H'/*(I'®)), there exists a,’ﬁj, € L? (0,T; H' (G} (w)\Gy.j(w))satisfying the
problem

divyd,i}, = 0 in G} j(w)\Gy j(w),
O} = Oui(t.ey)  on Tj(w), (30)
a,ﬁj;. =0 on 9G% (w)

for P-a.a. realizations w € 2 and j € N, see e.g. [67, theorem 2.4, lemma 2.4]. Each 8[»7‘} we
extend by zero to Ge(w)\G_‘;‘j(w). Considering a scaling y = x/c in (’)[ﬁj;- and collecting all B,Ej;-
for j € N we obtain an extension &ﬁf‘- of 8,u§- from fo to G such that &ﬁj‘- € L*(0,T; H(G))
and
divou; =0 in G,
(31)
10| 26,y + €l VOUS 126,y < Cs

where the constant C is independent of €.
Similar to the periodic case to show the a priori estimates for p we consider the first and
third equations in (3) and use the a priori estimates for u;, p;, and &u? to obtain

(P div d)c:, + (PL.div d)c:, = (°peduy), e(d))c , + (prOuG, d)c,
+ (pediug, d)az, + (E (b, 3)eu;), e(d))c: ,
+{pen — Fu, d) oy
< Clléll 2orm s (32)

with ¢ € L*(0, T; H'(G))*. Here we used the extension of p: from G¢ to G, see lemma 4.3, and
the trace estimate || ;]|;20.)x06) < Cill P2l 200 @) < C2llPEll 20,01 62))-

5525



Nonlinearity 33 (2020) 5510 A Piatnitski and M Ptashnyk

For any ¢ € L*(Gy) there exists ¢ € L*(0, T; H'(G))? satisfying
divg=¢q in G ¢n—L/q( x)dx on 0G
’ 0G| Je"’

and ||l 2071163 < Cllgll2(,)- Thus using (29), the definition of the L*-norm, and the a
priori estimates for p> we obtain

HﬁEHLZ(GT) <C and ||P_€f||L2((o,T)xG§.) <C,

where the constant C is independent of €. 0

5. Convergence results

From a priori estimates derived in lemma 4.4 we obtain corresponding strong and stochastic
two-scale convergences for a subsequence of solutions of microscopic problem (2)—(4). First
we recall the definition of the stochastic two-scale convergence introduced in [74].

Definition 5.1. Let G be a domain in R?, 7, be an ergodic dynamical system, and @
be a ‘typical realization’. Then, we say that a sequence {v°} C L*(0, T; L*(G)) converges
stochastically two-scale to v € L>(Gy; L2(), dP)) if

T
lim sup/ /|v€(t,x)|2dx dr < oo (33)
e—0 0 G
and
T
lim/ /’UE(I, x)p(t, )h(T,-w) dxdt (34)
=0 Jo G

T
:/ //v(t,x,w)gp(t,x)1/)(w)d73(w)dxdt
0o JeJa

for all ¢ € C3*([0,T) x G) and ¢ € L*(£2).

As a ‘typical realization’ we denote such realization w € () that Birkhoff’s theorem is
satisfied for T w, i.e.

limL/ g(Thw) dx = /g(o.)) dP(w)
Al Jia Q

(—00 03

P-a.s. for all bounded Borel sets A, |A| > 0, and all g(w) € C(Q2). Let us note that realizations
are typical P-a.s., see e.g. [74].

Using compactness properties of stochastic two-scale convergence, see [74], we obtain the
following result.

Lemma 5.2. There exist functions u. € H'(0,T;H(G))NH*0,T,L*(G)), p.€
LX0, T:HY(G) NH (0, T L*(G), U, 0,U; € LX(Gri Lo (D), Pl € LA(Gr; Ly (), and
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Owus X V., 0y X9, Quy Xop PrXe, € L*(Gr x ), such that, up to a subsequence,

U, — strongly in H'(0, T; L*(G)),

Do = Pe strongly in L*((0,T) x G),

Btzui — afue, o p. — Op.  stochastically rwo — scale, (35)
Vu, — Vu, + Uj stochastically two — scale,

Vp, — Vp, + Pi stochastically two — scale,

and for fluid velocity and pressure we have

XG5 alu; — xa fa,uf stochastically two — scale,
EXG: Va,u; — xa fV,WO,u r stochastically two — scale, (36)
X6, Py — xa Dy stochastically two — scale.

Proof. The estimates (27), the compactness of the embedding of H'(0,T;L*(G) N
L*(0, T; H'(G)) in L*(Gy), and the compactness theorem for stochastic two-scale convergence,
see e.g. [74], yield the convergence results in (35).

For the extension of u} from G5 to G we have the stochastic two-scale convergence of

B,Lt; — Oy and 5V6,u§ — V., 0y, with Oyuy, V,,0,u5 € L*(Gr x Q), respectively. Addition-
ally we have that U} xq,, P! xq,, Ous Xq,» and V,dius xo, do not depend on the extension
of ug, p; from G; to G and of d,u} from G to G. The estimate and definition of p* in (29) and
(32) ensure the stochastic two-scale convergence of XG5 p‘;} ]

In the following lemma, we shall use the same notation for b, c¢; and their extensions from

G: to G, whereas the extension for ¢* from 65 ;0 G will be denoted by ¢°.

Lemma 5.3. There exist functions b,,c € L*(0,T;H'(G)), b, € L*(0,T;L*(G)), c €
L>(0, T; LY(G)), and correctors B! € LZ(GT;LI%O[(Q)) and C' € LZ(GT;L}%N’F(Q)), such that,
up to a subsequence,

b, —b., & —c stronglyin L*(Gr),
Vb, — Vb, + Bi stochastically two — scale, (37)

V& — Ve + C! stochastically two — scale, as ¢ — 0.

Proof. The estimates in (27), together with compactness results for stochastic two-scale
convergence, see [74], ensure that for every ‘typical’ realization w € ) there exist b, c., ¢ €
L*0,T;H'(G))and B!, C!, C' € LZ(GT;Lgm(Q)), such that Vb — Vb, + B!, V¢s — Ve, +
Cj, and V&& — Ve + C! stochastically two-scale. Estimates (22) and (27) and the compact-
ness of the embedding of H'(G) in L*(G), together with the Kolmogorov compactness theorem,
see e.g. [16, 53], yield the strong convergence b — b,, ¢; — ¢, and ¢ — ¢ in L*(Gy) for P-
a.a. realizations w € Q. Since G; 7 N éifj #0,c(t,x) = (t,x) fora.a. (1,x) € Gop N éif,T,
and ¢, and c are independent of w € (2, we obtain that c.(, x) = c¢(, x) for a.a. (¢, x) € Gy and
P-a.sin Q.

From the estimates for ¢® = ¢{x¢: + C?XG? in (22) we obtain that there exists C' €

L*(Gr; Lpo,r(€2)) such that Ve — Ve + C! stochastically two-scale. O
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6. Derivation of macroscopic equations for flow velocity and elastic
deformations.

To show the convergence of boundary terms we shall prove the relation between convergence
with respect to P in G and Palm measure g on the oscillating surfaces I'.

Definition 6.1. [23] The Palm measure of the random stationary measure i, is the measure
poon (£, F) defined as

pB) = [ [ Xy neTe) 0 aPe) for F e 7.
R3

Lemma 6.2. Foru € H'(Q, P) we have that u € L*($), p), where p is the Palm measure of
the random stationary measure i, of surfaces I'(w) for realizations w € §2, and the embedding
is continuous.

Proof. Consider u € H'(Q2,P) and a random stationary measure /i, given by dy,(x) =
1rdo(x), where do(x) is the standard surface measure. By p we denote the Palm measure of
the random stationary measure fi,,. Let Q, be the ball in R? of radius p centered at the origin.
Since u € H'(2, P), then a.s. u(T,w) € HL (R?). Under our assumptions by the trace theorem
there exist § > 0 and C > 0 such that

/ lu(Trw)*do(x) < C / lu(Tow)|*dx + C / |Vu(Tw)*dx  (38)
F(W)QQ;I Qﬂﬁ»(i Q;H»(S

P-a.s. in Q. We divide the left- and the right-hand sides of this relation by p® and pass to the
limit, as p — oo. By the Birkhoff theorem we obtain

/|u(w)|2du <C [/ |u(w)|2d’P+/|un(w)|2d’P} :
Q Q Q

This yields the desired statement. 0

Proof of Theorem 3.1. To derive macroscopic equations for the system of poro-elastic and
Stokes equations, first we consider as test functions in (5) the following functions

o (1, x) = e (1, X)P2(T,/-0), 1 € CY(Gr), o € CH(Q)’
o (1, x) = ethy (t, )Ty /@), 1 € CY(Gr), 1hr € CH(D), i € CH(Gr)
o 1(t,x) = eni(t, )a(Ty)ew), 2 € CH(Q)?, and ¢y (¢, )L, o (Tzw) = 11 (2, )T (Trw)

for (1, x) € Gy, x € T'(w), and P-a.a. realizations w € (). To apply stochastic two-scale
convergence of u;, p;, and (')luir, we rewrite the boundary integrals over I'* in the weak
formulation (5) as volume integrals

(peOfu, dXcz)r + (BE(D)e(us), e(®)Xcz)or + (VDo & Xaz)or + (PpOiPes ¥ X6z )61
+ (K, VP, = O, Vipxaz)or — (0uG, VX6 )6r + (VDo 1 XG5 )6r + (Per dIV 11 XG5 ) 67
+ <pfazzuj"»77XGj.>GT + e (e(du7), e(n) XG;)GT — (P} div 77XG;>GT
= (Fu, 9)oay + (Fp )y (39)

Here we have used the relation div &u? =0 in G?T and the fact that XG: (x,w) =
XQJ.(’E /ew) P-a.s.in 2, where j = e, f. Using the convergence results in lemma 5.2 and passing
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to the limit € — 0 we obtain
<E(W’ be,S)(e(ue) + Ug},s m)’ ¢1ew(¢2) XQ(,>Gr><Q + <I?p(w)(vpe + P;) - atue’ ¢1 vwd}Z XQ(,>Gr><Q
y
— Oy, V1 Vuthaxa,)6rxq + (P mdivemn xa, ) orx — (P mdivem X, )6 < = 0.
! 1 f
(40)

Letting first ¢; = 0 and n; = 0 and then ¢; = 0 and 77; = 0 we obtain the equations for the
correctors U! and P, i.e.

=0, 41)

(B, bes)(e) + Ulgmixa, oreu(@n) =

and

((Ro@)(Tp.+ P = ) xa, = Dty Xy 1 Vi) =0, (42)

T

From (40) considering ¢; = 0 and )1 = 0 also yields

PrXxe, =PeXxo, in GrxQ.
Next, choosing in (5) test functions of the form (¢(z, x), ¥(t, x), n(t, x, x/£)), where

o ¢ € C°(Gr)® and ¢ € C*(Gy),

o 1(t,x,x/e) = m(t, x) m(Ty/-w), where 1 € C*(Gr), m € CIT(Q)3, with div,n, = 0 for
P-a.a. w € Q, and (¢, x) [1,m(Trw) = 11:¢(t, x) for (¢, x) € Gr, x € I'(w), and P-a.s. in
Q»

we obtain
(pedfuz, ¢ xaz)or + (EX(b)e(u;). e(é) Xa:)o; + (VI & Xaz)or
+ (Pp0iPe> ¥ Xz ) 6r + (K, VP — Oitg, VY Xz ) 6p — (O, VY XG;)GT
+(VPemm)er — (Ve mm xez)or + (Per divem m2 X )67 (43)
+ <Pf3,2bl§, MM XG5f>GT +pe? (e(D,u%), [e(n)m2 + e 'me,(m)] XG5f>GT
= (P divam 2 X6 )6r = (Fus D)@y + (Fps V)0 -
Letting € — 0 and using the stochastic two-scale and strong convergences of u; and p;, the
strong convergence of bg, and the stochastic two-scale convergence of 9,u’ we obtain
(PeOf e, O X )Gr.0 + (E(w, be3) (e(ue) + Ul ) . €(0) X0, )6r.2 + (VPe + P d X, )67
+ (pp0iPes ¥ X0, ) 67,0 + (KW P + PL) = Ortte, Vi X0, ) 6700 — (Ortag, Vi X, 67,9
+ (VPer mm2 X0, )70 + (Pl )G — (Po M X, )6r.9

+ {pOPus, mm X2;)Gr.0 + H(ew(Ouyp), mew(m) Xa,)6r.0 = (Fus @)ooy + (Fp, V) @6, -
(44)

Here we used the fact that xa, py = xq, pe in Gr x €. Since P} € L(Gr; L} () and 7 €
C(Gy), m E L?ol(Q) we obtain that

(PLomim)era = 0.
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The stochastic two-scale convergence of &u? and the fact that &u? is divergence-free in Gr
(we identify here 8,u§- with its extension constructed in lemma 4.4) imply

0= grolmiv Oy, en(t, x, x/e)) gy = — gg@,u?, eVin+ Von)e,

= 7<aluf7 an>GT><Q = <divwatuf7 TI >GT><Q'

Thus div,,0;uy = 0 a.e. in Gy and P-a.s. in 2.

Choosing ¢ = 0 and ¢ = 0, and taking 1 = n,1,, where 7, € C[I)(GT) and n, € CIT(Q)3,
with div,,7, = 0 and I1,7,(7;w) = 0 on I'(w) P-a.s. in €2, we conclude that Osu, is a solution
to problem (14). Taking n = 172, with 1, = constand 7, € C(0, T; C'(G))? as a test function
in (14) yields

(PLmxa.)6r.a = (pr0us + Ve, mixa,)oro- (45)

Next we have to determine the boundary conditions for tangential components of d,us on
I'(w) for P-a.a. w € €. From a priori estimates for 0,u; and B,Lt; we have that

N0u Iy, < €1 (1001, UM, ) < o

LX(I'5) LA(GS LA(GE )

N0, < (1001, +2IV0GIE, ) < Co
T f.T f.T

where the constants C;, with j = 1,2, 3,4, are independent of . Thus using lemmas 6.2 and

8.1 and the fact that d,u; € L*(Gr; H'(2)) and O,u, € L*(0, T: H'(G)) we obtain

/ / IO p(t, x, W) (1, x)tn(w) dpe dxdr = lir{)la / - O (t, X)) (8, X)2ho (T j-0) do dt
GrJQ e s ’

&

— lime / TL QS (1, X1 (8, )T, 0) do® dt = / / IL, Qe (1, X)W1 (£, X (w) dpe dxdt
s GrdQ

for v, € C{(Gr), v, € C !(€) and typical realizations & € €. Thus for each typical realization
w € Q we have

L. Qu; = I3, on Gy x D(@).

Considering first ¢ € CSC(GT)3, Y € C°(Gr), and then ¢ € C>(Gr)?, v € C*(Gy), and
using equality (45) together with

3

Ul = Z e(ue(t, X)W (1, x, w), (46)
k=1

where W are solutions of the first equations in (9), yield the macroscopic equations for u,:

VepeOfu, — div (E™™(b,3)e(u,)) + Vp. + / prOfus xa,dP(w) =0 in Gr, )
Q (47)

E""(b,3)e(u.)n =F, on (0G)r,

where E™™ is defined by (8), as well as the equation
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Depplip. — div ( [ (R + P = 0) xe, = 9ty x| dP(w)) —0 inGr,
<

(/Q K[?p(w)(VPe + P;) - atue) X, — Oty Xin| dp(w)> -n=F, on (0G)r,
(48)

together with problem (42) for P.. The structure of the problem (42) suggests that P! should
be of the form

3 3

p.

Pi(t.x,w) =) af: () W) + Y 0ul(t, x) Wh(w) + Qy(w, diyp).  (49)
k=1 k=1

where Wﬁ and Wff are solutions of cell problems (9), and Qy is a solution of problem (11).
Substituting the right-hand side of (49) for P! in (48) we obtain the macroscopic equations for
Pe in (12), where K;}"m and K, are defined in (8). ]

7. Strong stochastic two-scale convergence of e(us), Vpg, and d:u;.

Due to the presence of nonlinear functions depending on e(x) and &uj‘- in equations for b;, c;,
and ¢%, in order to derive the macroscopic equations for b, and ¢ we have to show that e(u;)
and Oyu; converge stochastically two-scale strongly.

Lemma 7.1. For a subsequences of {uz}, {p;} and {Ou3} as in lemma 5.2 (denoted again
by {uz}, {p;}, and {Ou5}) we have
Xaze(uy) — xq, (e(u,) + Ug,sym) strongly stochastic two — scale,
Xa: VD, = xa, (Vpe + Pi) strongly stochastic two — scale, (50)
ch}O,u;- — Xo,Os strongly stochastic two — scale.

Proof. Similar to the periodic case [57], to show the strong stochastic two-scale convergence
of e(u;), p;, and Ju; we prove the convergence of the energy related to the equations for ug,
p., and 8,u§-. We consider a monotone decreasing function ¢o: Ry — Ry, e.g. o(r) = e for
t € R4, and define the energy functional for the microscopic problem (3) and (4) as

1
E(ug, p;, Ouy) = Epellc’ﬁzui(S)Q(S)ll2 - pel0' (Do) O, D)z,

12(G5
+ % (E° (D3 3)e(u;)(s), (u;)(5)0%(5)) G
— %((2@'(-)9(-)E5(b§,3) + 0*OE (b5 3)) e(ul), e(ul) ) G,
3ol .~ pple D00 e, + KV o). Vo),
+ 30O, |~ 2ol O00) . 005,
+ pllee)e@up)|?, @ 51)
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fors € (0,7) and P-a.a. w € Q. Considering duu; ¢*, p;, 0%, and dyu ¢* as test functions in (5)
yields the equality

1
E(ug, p,, Ouy) = pellazug(O)HL2 . §<E’(b€3)e(u€)(0) e(u,)(0))g:

+ 300G O,

(Fu» Ot 0%) 06y, + (Fps P 07) 06 -

3ol EOI,  +
(52)

Due to assumptions on E and §,E there exists such ~v > 0 that

(27E1(w K(n)) — 8,E1(w, IC(n))) A-A >0 for all symmetric matrices A and ) € R,

andP —a.a. w € (.
The weak stochastic two-scale convergence of (Eg(b;3))1/2e(u§), (2VE“ (b 3) —

OE" (b53))"?e(us), and (K )1/ 2Vp:, as € — 0, and the lower-semicontinuity of the norm

ensure

P,
1 ()0() X0, | T2y + Vel Ote 0X 00 1726,

(E(w, be3)*(s) (e(ue(s)) + U, 5m®)) X () + Up yn(9)6.0

+

| = N\»—*

< ’ (2’7 E(W, be,3) - alﬁ(wv be,3)) (e(uf.’) + e. qym)XQL ’ e(ue) + e gym> Q
P
+ lHpe(s)Q(S)XQe”i%cxgz) + VPpHPeQXQe ||i2(c;j><gz)

+ (K @)V pe + PDxa,, Ve + PG, o

Pr
—||azu_f(S)Q(S)XQfHiZ(GxQ) + VPfHat“f QXQinZ(GSXQ)

+ pllew(Quys) 0 XQ HiZ(ijQ)
fn d £ £ : E € _ Pe 2

< lim Hlonfcf (U, P> Ouy) < hr? iupgg(ue, P, Oty = ?Haz“e(o) X9 260

1 )

5 (E@.bea) (€@ )(0) + Ully) o e(u)(©) + USsym>GQ 22 pexe gy

Pr 10 O)x ;1 72Gxer + (Fus Ortte ) 061,92 + (Fps Pe 07 )06),.2- (53)

Here we also used the strong convergence of b5 and the stochastic two-scale convergence of
Vi, e(;), du7, and ee(d;u7). Considering the limit equations for u,, U ! pe, PL, and O,uy and

taking (0,1, 0%, pe0°, 8,uf92)' as a test function yield
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P 14
Eg ||azue(s)Q(S)XQe HZZ(GXQ) - 56 Haluf-’(O)XQe HiZ(GxQ) + /Yp‘-’”alu" 2XQ. ”iz(GsXQ)

+ (E(w, be) (e(tte) + Ul )  €Bhu1) 0 X0, )6, + (Ve + Pl Bitexa, ) 6,0

Pr Pr

+ ) Hpe(s)g(S) XQeHiz(GXQ) ) ”Pe(o) Xgle||i2(G><(l) + VPpHPe QXQeHiZ(ijﬂ)

+ <|:I?p(w)(vpe + Pi) - al’/le:| XQ, — az’/‘f XQy» Vp. Q2>G 9

+ %f [0 () o($)xr, 172Gy — %f 10h410)x 92, 172062y + V071100145 0 X0, 1 P25,
+ (e, (D), ew(al“f)QZXQf>Gj,Q + (Vpe, Ouy 0° XQ;)Go0 — (Pxq,, Oir0*) 6,0
= (Fu, Otte 0*)0G), + (Fps Pe 07)(06), (54)
for s € (0, T). Taking P! as a test function in the equation for P yields
(P Ous 0 X, )60 = (Kp@)(Vpe + P}) — Oitte, P0* X0, )6, (55)

Since P, € L*(Gr; L, () and duy € L*(Gr; L, () we obtain

(P}, Ous 0.0 =0 and (P}, dus 0 xa.)6.0 = —(Pp. Oty 0° X0, )60

Considering equation (41) for the corrector U} and taking 9,U! ¢* as a test function imply

(E(w, be3) (€(ue) + Ulgym) , €(@itte) 0° X0,)6,.0

= (E(W, be3) (e(tte) + ULy, - (€Biu) + QUL ) 0% X0, )60

1/~
= 5 (B bea) (€(1e(5) + Ul () €265) X €0els)) + Ulgm(®))

1/~
— 5 (B bes) (eel0) + Ul ) X 000D+ Uy )

1 - -

+ 5( (29 bea) — OE@. be2)) & (1t + Ulyym) X0, €000 + Ulgym) .
(56)
Thus we obtain that

E(ue, pe, Ouy) < lim ionf E, pi, B,Lt;) < limsup £°(is, p;, 8,u€f) = E(Ue, e, Osty),
£ 0 P P

and, hence the strong stochastic two-scale convergence stated in lemma. U

8. Derivation of macroscopic equations for b, and c.

Using strong stochastic two-scale convergence of e(u;) and Ju} we derive macroscopic
equations for concentrations of pectins b, and calcium c. First we shall prove convergence
of sequences defined on the boundaries of the random microstructure I'*.
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Lemma 8.1. Consider the random measure i, denoting the surface measure of I'(w) and

define dyg,(x) = &> du,(x/¢).

(@ If [16°(|erz ) + VO lirGz,) < € and  b° — b stochastic  two-scale, b € LP(0, T,
W(G)), withp € (1, 0), then for any ¢ € C(0, T; C3*(R?)) and any ) € C(2) we have

lim/ bE(t, x) p(t, X )(Ty jew)dp, (x) dt = / /b(t, x)o(t, x)p(w)dpu(w) dxde
&0 /Gy Grla
(57)

and

/ |bPdp(w) dxdt < C / |b|PdP dxdt. (58)
Gr Q Gr Q

®) If Wb \leroz ) + €llVE |G,y < C and b° — b stochastic two-scale, b € L(Gr;
WLP(Q, dP)), with p € (1, 00), then convergence (57) holds, and

/ / IblPdpa(e) dxd < C. (59)
GrJQ

Proof. For P-a.a. realizations w € €2, using the assumptions on the geometry of G and the
trace inequality in each G7 ; = G7 ;(w)\Gy j(w), see proof of lemma 4.4 for the definition of

G} (w), applying the scaling x /e and summing up over j we obtain

/|b5|”dui,(x)dt:g / b Pdo dt < Cy / B[P dxd + Cae? / Vb7 dxdt < C.
Gr & € e

1—‘e,T Ge,T Ge,T

(60)

Moreover, in the case (a) the limit function b does not depend on w, its trace on I'; ;- is well
defined, and

51’/ Vo — Vb|" dxdt — 0. (61)
€ E—

e,T
Choosing ¢(x, 1) = ¢1(t)¢,(x) we conclude that b x)= fOT b°(x, )¢, (¢) dt converges in L7(G)
strongly to b(x)= fOT b(x, )¢ (¢) dt, and

/|1;€ — b|Pdy (x) < c3/ b° — b|P dx + c4gf’/ |Vb* — Vb|Pdx — 0.
G G: G: &0

This yields (57).

In the case (b), for b € LP(Gy; W''’(€), dP)) using the same arguments as in the proof of
lemma 6.2 one can show that b € L(Gr; LP(§2, w)). This yields (59).

To justify (57) we regularize measures i, as follows. Let k = k(x) be a non-negative
symmetric Cgo(Rd) function such that fRd k(x)dx = 1, where here d = 3. We set

djios() = P (Todx with  p'(w) = 6 / €(2) du.
R4 5
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It is easy to check that a.s. for any test functions ¢ € C*(0, T; C*(R%)) and v» € C(£2) we have

limlim sup
=0 c0

/ b (1, %) (e, X)(Tr )i (x) —/ b (8, %) (e, )T ow)d i, 5(x) di| = 0.
Gr Gr

The Palm measure of dy,, 5(x) is dps(w) = p‘s(w)dP. Since for each § > 0 the measure 5 is
absolutely continuous with respect to dP and the density p° is bounded, the two-scale limit of
b° with respect to dyi, 5 is b that is

lirgl/ bE(t, x) p(t, X)(T, jew)d s, 5(x) dt:/ /b(t,x,w)gb(t, X)P(w)d ps(w)dxdt.
=V J6r GrJQ

By the trace theorem a.s.

lim sup|[b°(|zr(Gy.apus) < C.
e—0

Therefore, for a subsequence b° stochastically two-scale converge in LP(Gr, df,) to some func-
tion B € L(Gr; LP (), dp)). As was proved in [74], the measures d 5 converge weakly to the
measure d ;. Using one more time the same arguments as in the proof of lemma 6.2 we obtain

lim/ /b(x, No(t, )Y (w)dps(w) dxdt:/ /b(x, Ho(t, x)Y(w)dp(w) dxdr.
=0 /G, Ja Gr/Ja
Passing to the limit 6 — 0 and combining the above relations, we conclude that
/ / b(x, Ng(t, x)p(w)dp(w) dxds = / / B(x, é(t, x)p(w)dp(w) dxdr.
Gr Q Gr Q

In view of arbitrariness of ¢ and v this implies that B = b in LP(Gr; LP (€2, d ). O

Using the convergence on the oscillating boundary I'* proved in lemma 8.1 we can now
derive macroscopic equations for b, and c.

Proof of Theorem 3.2. We can rewrite the microscopic equation for &% as

— (b X6z, Opr1) 6y + (DB )V, Vo1 Xa:)or = (beo Xaz» 01(0))6

c bE el ) be , b ‘ (62)
+ (gn(ce, b, e(up)), o1 Xa: ) 6r + E(R(BL), p1)1s + (Fu(be), 1) @6),

forpy = ¢1(t, x) + £ (t, x)p3(Ty/-w), where ¢y € C(Gr), with ¢ (T, x) = Oforx € G, ¢, €
Ci°(Gr), and ¢35 € CH().
From the a priori estimates for b° and assumptions on R we have that

T
£ / / |R(bE)|*do df < C,
0 re

where the constant C is independent of . Thus considering the stochastic two-scale conver-
gence we obtain that there exists R € L*(Gy x §, dt x dx x dp(w))

T T T
lime / / R(bE) @1 do dt = lim / / R(bE) 1 dps(x) dt = / / / Ry dp(w) daxd,
=0 Jo Jre =0Jo Jo 0o JeJa
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where fu,, is the random measure of I'(w). Using the assumptions on the geometry and on the
function R together with the strong convergence of b5 in L?(Gr) we have that

T .
e/ / |R(KS) — R(b,)|*do® dr < c/ [165 — be|* + 2|V (b — be)|*] dxdt — 0ase — 0.
0 I <

eT

Then using the strong convergence of b,, the continuity of R and the convergence result in
lemma 8.1 we obtain that R = R(b,) P-a.s.in Gy x €.

Taking the stochastic two-scale limit and using the strong convergence of b and c; and the
strong stochastic two-scale convergence of e(x;), shown in lemma 7.1, we obtain

- <'l96bea atQZ/)I>GT + <Db(be,3)(Vbe + B:»)Xfle7 V¢l + ¢2vw¢3>GT,Q - <19eb607 ¢1(0)>G

T
(840, e €(tt0) + U)X 1) + / / /QR@»¢1du(w>dxdr+<Fb<be),¢1><ac>r.
0 G

(63)
To show the convergence of g(c;, b;, e(u;)) we considered an approximation of U}, €
L*(Gr x Q) by Us € C(Gr; C7()), such that Us — U} in L*(Gr x Q) as § — 0. For P-a.a.

e,sym
w € Q we define Uj(t, x) = Us(t, x, T sew). Using the strong stochastic two-scale convergence
of U; to Us we obtain

. . 1
}grolggg”UEHL?(GT) = %%HUJHL?(GTAZ) = ||Ue,symHL2(GT><Q)' (64)

Then for ¢, € Cy([0,T) x G) and ¢35 € C1(£2) we can write
(gn(c, b, e(uy)), do(t, X)p3(Tyjew) X6z )Gy
= <gb(ci7 bi’ e(ui)) - gb(Q be, e(“é’) + Ug)’ ¢2¢3(7;/€w) XG§>GT
+ (gv(c, be, e(ue) + Us), p203(Ty/-w) X6z ) G-

Assumptions on g, together with (64), the strong convergence of U; to U!

e.sym» and the strong
stochastic two-scale convergence of e(u;), imply

%%igg(&(a be, e(ue) + U3), ¢ 43 Xz )6r = (8b(c, be, e(ue) + U;,sym), G203 X, ) Gr.0

and
[(gb(c;, by, e(ug)) — gu(c, be, €(ue) + U5), 263 x6: )6, |
<C [HCE =l + 116 = bellrzGr) + lle(ug) — (e(ue) + Up)| LE(GZJ-)}
< CiEe+C [He(ui) XG: H%Z(GT) + || (e(ue) + Ug)XG;: ||1%2(GT) -2 <e(”i) X6z (e 1 U§>GT] v -0

as ¢ — 0 and § — 0. Assumptions on g and a priori estimates for b3, ¢;, and e(u;) ensure that
Hgb(ci, bi, e(”i))HLZ(GZ ) <C,
where the constant C is independent of €. Thus

gr(cs, bl e(u))) — gp(ce, be, e(u,) + U(_},Sym) stochastically two — scale.
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Considering ¢; = 0 and using the linearity of the resulted equation we obtain

3
Bt x,w) =Y 8, belt, 0w)w)

J=1

and the unit cell problem (17) for wi. Choosing ¢, = 0 yields macroscopic equations for b,.
Taking (1, x) = P1(t, x) + ea(t, X)P3(Tjew) with 9y € C(Gr), ¢1(T,x) =0 for
x € G, € C¥(Gr), and 13 € CIT‘F(Q) as a test function in (7) we obtain
— (ceXaz Opa)cy + (Delbe )V ey, Voo xaz)or — (8e(ce, be, e(up), 92Xz ) 6y
— (¢5XG5 Op2)ar + (DN, Viorxa: Jar — (GOui)cy, Vioaxa: Jar

— (gs(ch), 502XG;>GT = (cz0 Xaz» P2(0))G + (cSo XG55 ©2(0)) G + (Fe(cs), 2)@6)r -
In the same way as for g, using the strong stochastic two-scale convergence of e(u)x¢; and
B,Ltj- XG5 the strong convergence of b; and ¢°, and assumptions on g, and G, we obtain
X6 8e(cg, b, e(uy)) — Xq, ge(ce, be, €(ute) + U(_},Sym) stochastically two — scale,
Xa; G(Ou7) — xa, G(Ouy) stochastically two — scale.

Thus applying the stochastic two-scale and the strong convergences of bZ, and ¢ together with
strong stochastic two-scale convergence of e(u;) xg; and Ou7 XG5> yields

— (¢, 01)Gr.0 + (D(be3) (Ve + CY, Vb1 + 1 Viuths)er0 — <g(5zuf)c xQ, Vi

+ 0aVutn) g0 = (87(0) X, Y1) 6ra + (8e(C, be, €(ue) + Uy ()X 1) 610
+ (o, V1(0)) g0 + (Fe(©), Y1) @), - (65)

Considering ¢ = 0 yields

(D(be3)(Ve + C') = GOup) ¢ X, V2 Vith3) grxa = 0.

From here we obtain that

3
C'(t,x,w) = Z Oy,c(t, Xw(w) + c(t, )Z(t, x, w) Xy (66)

=1

where w/ € Lgm,r(Q)» with j =1,2,3, and Z € Lw(GT;L}%m(Q)) are solutions of the cell
problems (18) and (19). Then considering 1> = 0 and first 1); € Cj(Gr) and then 1, €
C}(0,T; C'(G)), and using the expression (46) for the corrector U! we obtain the macroscopic
equation and the boundary conditions for c in (20). The equations for b, and ¢ and the fact that
b,,c € L*(0, T; H(G)) imply that 9,b,, 0,c € L*(0, T; (H'(G))). Thus b, c € C([0, T]; L*(G))
and using equations (63) and (65) we obtain that b, and c satisfy initial conditions. 0
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9. Well-posedness of the macroscopic problem

In the same way as in the case of periodic microstructure [57], using fixed point iteration we
show existence of an unique solution of the limit problem.

Lemma 9.1. There exists a unique weak solution of the limit problem (12)—(14), (20).
Proof. First we show estimates for two iterations (u-g’l,@,pfl,a,ujfl), (b7, ¢!y and
(ul, 0,pl, &u;), (bJ, ¢/) for limit problem (12)—(14), (20).

We begin with the equations for fluid flow velocity d,us and for elastic displacement u,.

Taking Oy — O, as a test function in the equation for the difference B,E; and O, as a test
function in the equations for the difference i/ we obtain

PO [ + (B L eGl(s). e@l(s))) | — (OEM" (Bl et o))
+ 2 (B"(b)) — E""(0],1) ewl(s). o))

— 2(EP " b)) — B ) elwd) + B (L) — B (b)) delud) el )

+ prll O (s) xa, I726xen + 201)le. (D)) xa, 17 2Goxery +2(VPL Bitilxa, + O} X, 6,0
= 2<f)3’,j’ alﬁ]f XQe — alﬁg XQe>Gs»Q + pral (0) Xy ||L2(G><Q) + pe|‘61ﬁ£(0)|‘1%2((;)
+ (EM(b ) e(@0)), e((0))) +2( (™6 — E™™(0],1) el (0)). @0 ) .
(67)
where ! =ul —ul~', pl=pl—pl, 'ﬁjl = uj;. - ujfl, and P!/ = pPli— pli-l The
equation (12) for p/ and p/~! yields
Pl P 726y + 2KV Bl V)6, = 2(K., 07t + QOu}) — Q0u} ), Vl)a,
+ 0l PLO) 2 (68)

Due to the assumptions in Al on E, the definition of the macroscopic elasticity tensor E"™
and the properties of a solution Wf’ , with £,/ = 1,2, 3, of the corresponding cell problems in
(9), we have

[E™ (b 5) — B*™(b)3)|1(6,) + 0B ™ (B! 5) — E*™ (!5 |16y < ClIbE =056

for s € (0, T], where b/ = bJ — bi~". The expression (15) for P!/ and P1/~! and the estimates
for the H'-norm of the solutions of the cell problems (9) and (11) yield

HP HLZ(ijQ) (HVPIHLZ(GS) + Hat"’?]HLZ(GS) + Hatuf X HLZ(GSXQ))

Adding (67) and (68), and applying the Holder and Gronwall inequalities yield
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|‘6fﬁg|‘L°C(O,s;L2(G)) + He(ﬁi)HLw(o,s;LZ(G» + |‘I~7£||Lw(o,s;L2(G)) + |‘Vﬂ|‘LZ(GS)

+ (10 X, |10 52262 T €07 X 126, <) < ClIBL =056
(69)

for all s € (0, 7] and the constant C does not depend on s and solutions of the macroscopic
problem.

In the same way as in the case of periodic microstructure [57] we obtain the following
estimates for b/ and ¢/:

. . . o
1B <0526 + 1€l ixioszan < Co |10 D1t o oy T 190 XQfHLZ(GAXQ)} ’
(70)

fors € (0,T] and any 0 < o < 1/9, the constant C being independent of s and solutions of the
problem, and

16l 0126n + 1€/l i=0re6n + 161 |~o0z:069)
+ [l ez < C.

Then combining (69) and (70) and applying a fixed point argument we obtain existence of a
uniques solution of the coupled macroscopic problem (12)—(14), (20). ]
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