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Abstract

We describe the emergence of topological singularities in periodic media within
the Ginzburg-Landau model and the core-radius approach. The energy functionals
of both models are denoted by E; 5, where € represent the coherence length (in the
Ginzburg-Landau model) or the core-radius size (in the core-radius approach) and
8 denotes the periodicity scale. We carry out the I"-convergence analysis of E; s
as e — 0and § = &, — 0 in the |log ¢| scaling regime, showing that the I"-limit
consists in the energy cost of finitely many vortex-like point singularities of integer
degree. After introducing the scale parameter

log 8
A:min{l, L 8'}
e—0 |10g8|

(upon extraction of subsequences), we show that in a sense we always have a
separation-of-scale effect: at scales smaller than * we first have a concentration
process around some vortices whose location is subsequently optimized, while for
scales larger than £ the concentration process takes place “after” homogenization.

Contents

1. Notation and Preliminary Results . . . . . .. ... ... ... ......... 567
2. The Effective Energy of a Singularity . . . . ... ... ... ... ....... 571
3. Asymptotic Analysison Annuli . . . ... ... ... o oL 574
4. The Ball Construction . . . . . ... ... ... ... ... ........... 580
5. General I'-Liminf Inequality . . . . . . . ... ... .. ... .. 582
6. The Case lim,_, ¢ ‘llﬁ)ggifl' S 592
6.1. The Core-Radius Approach . . . . . ... ... ... ... ......... 593
6.2. The Ginzburg-Landau Model . . . . . . .. ... ... .. .. ....... 595

. |logéel
7. The Case lim el0, 1) . ... 600

e—0 |loge|


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-021-01731-7&domain=pdf
http://orcid.org/0000-0002-5544-4624

560 R. ALICANDRO, A. BRAIDES, M. CICALESE, L. DE LucA & A. PIATNITSKI

7.1. The Core-Radius Approach . . . . . .. ... .. ... .. ... ...... 600

7.2. The Ginzburg-Landau Model . . . . . . . ... ... ... ... ...... 603

References . . . . . . . . . e 606
Introduction

Phase transitions mediated by the formation of topological defects characterize
several physical phenomena such as superfluidity, superconductivity and plastic-
ity (see [7,30,31,35-38]). The study of such topological defects has become an
extremely active research field in mathematics after the progress achieved in the
analysis of the Ginzburg Landau (GL) energy functional in recent decades (see e.g.
[13,42]). In [3] it has been proved that the GL functional, originally introduced to
model the phenomenology of phase transitions in Type-II superconductors through
the formation of vortex singularities of a complex order parameter, provides a good
variational description for the emergence of vortices in XY spin systems and of
screw dislocations in crystal plasticity (see also [2,4,9,24,39]). The results ob-
tained in [3] suggest to exploit the GL theory for a phenomenological alternative
description of several material-dependent variational models, opening the way to
a number of new mathematical problems involving the analysis of this functional.
For instance, in the modeling of materials, one needs to suitably modify it to include
the usual kinematic constraints and material constants which are specific of crystal
structures. As a first step in this direction, here we study a variant of the GL energy
functional to include heterogeneities of the medium.

The Ginzburg-Landau model. Before describing the case of heterogeneous
media, we briefly recall the analysis in the homogeneous case. Let 2 C R? be an
open bounded set and let ¢ denote the coherence length of the GL energy (propor-
tional to the length scale of the core of a screw dislocation in a plastic crystal or to
the lattice spacing in a XY spin system). Leta > 0 and let G£, : H'(Q; R?) - R
be the Ginzburg—Laundau functional defined as

GL,(v) :=a/ |Vv(x)|2dx+l2/ (1—|v(x)|2)2dx. 0.1)
Q & Ja

The asymptotic behavior of GL, as ¢ — 0 has been studied in order to give an
energetic description of the onset of vortices (see for instance [13,42]). A proto-
typical vortex of degree z € Z\{0} at a point xo € 2 can be thought of as the
point singularity of a vectorial order parameter v, : & — R? which, outside the
ball of radius ¢ centered at xp, winds around the center as (lj :§8| )%. The energy
of v, diverges at order |log e| as ¢ — 0. As a consequence, to detect the effective
energy cost of finitely many vortex singularities, one needs to study the GL, energy
at a logarithmic scaling; that is, to consider the asymptotic behavior of function-
als (‘Jﬁ;g(g‘) It has been proved in [1,33] that a sequence {v.}¢, along which these
energy functionals are equi-bounded, has Jacobians J v, that, up to a subsequence,
converge in the flat sense (see Section 1) to an atomic measure & = » ;_; z;8y,

whose support represents the position of the limiting vortices. The I'-limit of %=+
at o with respect to this convergence is then given by 2a Y _, |zi| (supposing



Topological Singularities in Periodic Media 561

x; # xjifi # j).This value can be rewritten as 27t a| 4| (£2) and seen as a functional
depending on the total variation | |(€2) of 1 in 2.

Now, if more in general €2 is regarded as a reference configuration of a het-
erogeneous material, described by periodic heterogeneities at a length scale §., we
may consider the energies GL, : H'(Q; R?) — R defined as

. x 2 i _ 22
GL. (v) .—/Qa<88)|Vv(x)| dx+82/9(1 P de,  (02)

where a : R? - [« Bl0<a < pB)isa(0, 1)2-peri0dic function describing the
material properties of the medium. Note that the energy GL, is controlled from
(above and) below by a multiple of the GL energy GL. (0.1). Therefore, setting

X(Q) = {,u:Zz,-Bx[ :neN, z; e Z\{0}, x; € Q},

i=1
the following compactness result holds true:

Theorem 0.1. Let {v.}, C H'($2; R?) be such that GL,(vs) < C|loge|. Then,
there exists u € X (2) such that, up to subsequences, Jvg @ T

Assuming that §, — 0 as ¢ — 0, we expect the effective limiting energy at the
vortex scaling to be a homogeneous energy combining both homogenization and
concentration effects. As these effects depend on the mutual rate of convergence of
the vanishing parameters ¢ and §,, different regimes are possible. Heuristically, at
some extreme regimes we will have “separation of scales”. For illustrative purposes,
assume that § = 8, = &* for some A € (0, 1). In order to estimate the contribution
of the energy at scales between ¢ and §, we can roughly assume that, first, ¢ — 0
for § fixed and, then, § — 0. In such a case, the limit as ¢ — 0 with § fixed gives an
energy of the form 27 Y7, |zila (%) The optimization of the location of vortices
at minimum points for a (we may assume here that a is continuous), which tend to
be dense as § — 0, finally provides a limit of the form

n
27 mina Z |zi].
i=1

Conversely, at scales ¢ > §, we expect that the scaling factor ¢ can be considered
as fixed and a homogenization process may be first performed with § — 0. In this
case, moreover, since the potential term in (0.2) forces v, to have modulus equal to
one as ¢ — 0, (neglecting for a moment the effect of singularities) we may regard
the homogenization process to be restricted to the first part of the energy in (0.2),
which can be written as

o X 2
Gsu) ._/Qa(a)wm dx, (0.3)

where u is the lifting of v; i.e., v = ¢'*. The homogenization of functionals of this
form has been extensively studied in terms of I'-convergence (see [19]) and it has
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been shown that G i) Gp as § — 0, where
Gou) := / (AP, Vi) dx, 0.4)
Q

and AP™ is the two-by-two symmetric matrix defined by

(Ahomg £y .= inf {/

o1 COVE T YOOIy g € Wi (0, 1)2)} :

0.5)

At this point, the subsequent analysis involves the study of the I'-limit as ¢ — 0 of
a homogeneous but anisotropic energy functional related to G at scale | log ¢|. The
validity of this separation of scales can be formalized by using a coarea formula-type
argument, which shows that the I"'-convergence of GL, can be obtained working
within another well-known framework in the analysis of topological singularities;
i.e., the so-called core-radius approach. The latter approach consists in computing
the gradient term in the energy outside small regions—the cores—around the sin-
gularities, and allows to directly work with S!-valued order parameters (see e.g.
[5,13]), and thus reduces to considering energies (0.8) below. In this framework,
we may describe the energy around a vortex of degree z at scales larger than §, by
an asymptotic formula of the type

1 —
V@ = lim min{/ _(AM™Vy Vi) dx : u e SBV(BR\B,),
7—too log Br\B, (0.6)

¢ ¢ H'(BR\B,; SV, deg (¢'; B,) = z},
from which the I'-limit is obtained by locally optimizing the degree (possibly

approximating a vortex by more vortices). A computation eventually allows to
conclude that the limit energy has the form

n
27 Vdet Ahom 3 " |z .

i=1

The final form of the I'-limit for 8, = &* with A € (0, 1) is then

n
2 ((1 — M) mina + Av/det Ahom) 3 il
i=1

we prove actually that this is the case when

. |logd]
A= lim Al 0.7)
e—0 | log ¢|

Indeed, we have the following result which is proven in Section 6.2 in the case
A = 1 and in Section 7.2 for A € [0, 1):

Theorem 0.2. The following I"-convergence result holds true:
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(1) (T-liminfinequality) Let {vs}s C H'(Q2: R?) be such that Jv, ﬂ—>at T W for some
€ X(2). Then

GL(ve) =9

lim inf
e—0 |loge]

- ((1 — 2)essinf a + A+/det Ahom) ().

(i) (T-limsup inequality) For every u € X (S2), there exists a sequence {vg¢}s C
H'(2: R?) such that Jv, Et T and

. GL¢(vg)
lim sup ———
e—0 |logel

<27 ((1 — Aessinf a + Av/det Ahom) 1l(Q).

Note that, since in the logarithmic regime, the G L, energies concentrate at any
scale between ¢ and 1, their behavior is very different from that of the corresponding
scalar version, the inhomogeneous Cahn—Hilliard functionals given (after scaling)
by

CH, (u) :=sf a(ﬁ)|vu(x)|2dx+1/ (11— @) dx  ueH'(Q)
Q 58 & Ja

which concentrate at scale ¢ producing sharp-interface models. In that case sepa-
ration of scale occurs for ¢ < 8§, and §; < &, while in the critical regime 6, ~ ¢
the effective surface tension is described by an optimal-profile problem depending
on K := lim,_.0 8./ (see [6]). In a sense, in the GL case we do not have a criti-
cal behavior and we always have separation of scales. The parameter A above can
be seen as describing a threshold scale above and below which the two types of
separation of scales take place.

The core-radius approach. The analysis in Theorem 0.2, can be provided,
and somehow deduced, from the corresponding analysis within the core-radius
approach, which amounts to considering energies of the form

X
Fos, (15 w) = / a(5)IVw(o dx 0.8)
Qe (1) 3
defined for u = Y "_, zi8y, € X(R2) and w € AF (1), with
AF () = {w € H'(Q(); §') : deg(w, dB:(x))) = zi
for every i = 1,...,n}, 0.9)
where Q. (n) = Q\ U?:l B (xi). As the Jacobians in the GL theory, w is the

relevant parameter to keep track of energy concentration. Therefore, we let the
functional depend only on p by setting

Fe(u) = inf )fe,ag(u; w). (0.10)

we e

In order to make the core-radius functionals non-trivial, we define .%, only on the
set

n
1
X () == ZZiSXi € X(Q): 111;151 {§|x,- — xjl, dist(x;, 89)} > 28}.

i=1
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0.11)

In view of the classical results on the core-radius approach functional (see for in-
stance [5, Theorem 3.2]), the functionals .%, satisfy compactness properties anal-
ogous to those established in Theorem 0.1.

Theorem 0.3. Let {j1.}, C X(2) be suchthat u, € X, (2) foreverye > 0andthat

Fe(e) < Clloge|. Then, there exists u € X (2) such that, up to subsequences,
flat
He = K.

The analog of Theorem 0.2 for the core-radius approach is provided by the next
result, which is proven in Section 6.1 for A = 1 and in Section 7.1 for A € [0, 1).

Theorem 0.4. The following statements hold true:

(1) (T-liminf inequality) For any family {jc}, C X (2) such that . € X¢(2) for
every e > 0 and (e Et wwith u € X () we have

Z,
lim inf e (He) > 27 ((1 — Messinf a + Av/det Ah°m> | |(R).
e—>0 |loge|

(i) (T -limsup inequality) For every u € X(S2), there exists a sequence {|iz}, C
X (2) with e € X (R2) for every € > 0 such that 1. gt  and

F
lim sup e (kte) <2
-0 |loge]

™ ((1 — Messinf a + A+/det Ahom) L1l(9Q).

Within the core-radius approach, in the case A = 1 treated in Section 6.1, we carry
out the I"-convergence analysis for more general quadratic functionals than the one
in (0.8). Specifically, let f : R? x R**? — [0, 400) be a Carathéodory function
satisfying the following assumptions:

£, M) is (0, 1)%-periodic for everyM € R**?; P)

there exist two constants «, 8 with 0 < o < f8 such that (G)

oz|M|2 < f(y,M)< ﬂ|M|2, for every M € R?*? and for almost every y € R?;

f(y, -)is homogeneous of degree 2 for almost every y € R2. H)

We set
X 1 1
Fs(w: E) ::/ f(—,Vw(x)) dx, we H\(E:SY, (0.12)
AV

and, with a little abuse of notation, we define

Fe () == inff Fs, (w; Q¢ (). (0.13)

weAF:(u
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In [8] it has been proved that, as § — 0, the functionals Fys I'-converge to the
homogenized functional Fiom(-; E) : HY(E; S') — [0, +00) defined as

Fhom(w; E) 1=/ T from (w(x), Vw(x)) dx.
E

In the formula above the energy density 7 fhom is the tangential homogenization of
the function f (see formula (1.6)).

Note that, in view of assumption (G), the analog of Theorem 0.3 holds true
also in this case. Next result concerns the asymptotic limit of the functionals .%; in
(0.13).

log §
Theorem 0.5. [f lim |10g %
e—0 |loge]

> 1, then the following I"-convergence result holds

true:

(1) (T-liminf inequality) For any family {js}, C X (2) such that e € X (2) for
every e > 0 and g Rt wwith u € X(2) we have

Z
liminf 224 S 200,
e—0 |log el

(ii) (T-limsup inequality) For every . € X (2), there exists a sequence {{ts}, C
fl
X (2) with ue € Xo(2) for every ¢ > 0 such that |1 i u and

lim sup
e—0 |loge]

In the statement above .% : X (2) — [0, +00) is the functional defined as

n n
Fo(u) =) Wi Thom)  forevery p =) 28y € X(Q), (0.14)
i=l1 i=l

where W (z; T fhom). introduced in (2.9), is the asymptotic energy cost of a singu-
larity of degree z in a homogeneous medium whose energy is Fhom. The function
W (z; T fhom) 1s obtained via an asymptotic cell-problem formula and a relaxation
procedure. Loosely speaking, we first introduce the minimal Fyon energy in an
annulus around a singularity with degree z and we show that such a quantity ad-
mits a finite limit, denoted by ¥ (z; T fhom), When the quotient of the radii goes to
400. Then W(-; Tfhom) is obtained as the relaxation of the function ¥ (- ; T fhom)
on Z (see formula (2.9)), accounting for the fact that a singularity of degree z
can be approximated by a family of singularities of degree z; with ) i =2
In the simple case f(x, M) = a(x)|M?* with a € [a, B], we actually prove that
W (z: Tfhom) = 27/ det Ahom || (see Proposition 2.3).

Main technical issues. Although suggested by the heuristics, the computation
of the I'-limits described above is highly non-trivial and needs several new ideas
in order to combine techniques from GL and homogenization theories. We briefly
outline some of the most relevant technical issues.
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Using a scaling argument, in Proposition 3.2 we show that 1 (-; T fhom) is also
the asymptotically minimal .%, energy on “fat” annuli around a vortex of degree
z. Here, “fat” means thick enough to contain infinitely many §.-periodicity cells.
Such a property allows to apply the homogenization result in [8] that we show to
hold even if the functionals are subject to a degree constraint (see Theorem 1.5 &
Corollary 1.6).

A further technical aspect of our analysis is the use, in the proof of the lower
bound, of a refinement of the celebrated ball construction introduced in [32,40].
This method allows us to find a one-parameter family B, (¢) of growing and merging
balls, that in turn identify a family of annuli where the energy concentrates. In our
case, using a strategy similar to [25], we stop the process at an appropriate “time”
t. at which the constructed family of annuli is “fat” enough to apply the analysis
described above and to obtain the desired lower bound.

Conclusions and open questions. We conclude the introduction with a few
comments and remarks about perspectives. A natural follow-up of our results is
the extension of our analysis to GL energies with more general integrands in the
leading term as those considered in the core-radius approach. A necessary first step
in this direction is the proof of a homogenization result for energies defined on
maps taking values in a tubular neighborhood of S'. More specifically, one could
relax the S'-constraint in the functionals Fs(-; E) in (0.12), assuming the latter
to be defined on H!(E; Bi4+:\Bj—) for some v € (0, 1), and then study their
asymptotic behavior when both é and t tend to 0. Another possible extension of
our model is the analysis of the case of energy density f satisfying mild coercivity
assumptions. This would allow to analyze for instance the problem of topological
singularities in presence of soft inclusions of the inhomogeneous material. In this
respect, an analysis on the behavior of minimizers of GL functionals in perforated
domains has been carried out in [12]. Another challenging issue is to look at a
higher-order description of the functionals GL, and .%,, that in the homogeneous
case leads to the so-called renormalized energy governing the dynamics of the
singularities (see for instance [41] for the GL theory and [4] for discrete models
exhibiting topological singularities). In our case of vanishing inhomogeneities we
expect the corresponding renormalized energy to depend on the function 7 fhom-
Furthermore, we believe that some of the techniques developed in this paper can
also be used to make progress in studying stochastic homogenization problems in
concentration theory, as for instance those in which the energy density f is replaced
by a stationary random potential.

We finally note that inhomogeneities in the GL theory can also be introduced
in the potential term; e.g., considering energies of the form

GL.(v) ::/Q|Vv(x)|2dx+8i2/9(a(§) —|v(x)|2)2dx. (0.15)

For some homogenization results for energies (0.15) see [10,11,28,29] and the
references therein. The results obtained in those papers differ from ours, since the
energy in (0.15) describes a different physical system, namely Type II supercon-
ductors in presence of small impurities. Note that a complete study of energies of
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the form (0.15) may require a very complex multi-scale analysis even in the scalar
case (see e.g. [20,22,27]).

1. Notation and Preliminary Results

Basic notation. Given two vectors x, y € R?, x - y denotes their scalar product. As
usual, the norm of x is denoted by |x| = /x - x. Forevery r > Oand x € R?, B, (x)
denotes the open ball of radius r centered at x. For x = 0 we also write B, in place
of B,(0).S ! denotes the boundary of By, namely the unit circle in R2.Givena € R,
la] ;== max{z € Z : z < a} and [a] := min{z € Z : z > a} denote the integer
parts of a from below and from above, respectively. The imaginary unit is denoted
by ¢ € C and the complex number ¢ = cosa + tsina € C is identified with the
Euclidean vector (cosa, sina) € R2. The identification extends to all S!-valued
maps that can be viewed as complex functions as well, if needed. In particular, for
every z € Z, by (x/|x|)* we mean the complex function obtained by taking the z-th
complex power of the function x /|x|. We say that a family {g;}, converges to go

as 7 — 0 in the topology .7, and we write g, i go Whenever g, —7> go for
any null sequence {17, },en. With a little abuse of terminology the family {g,}, is
still called a sequence. The letter C denotes a positive constant whose value may
change each time we write it.

Weak star and flat convergence. Let Q@ C R? be an open and bounded set with
Lipschitz boundary. C.(€2) denotes the space of continuous functions compactly
supported in 2 endowed with the supremum norm. We say that a sequence {, },en

of measures converges weakly star in €2 to a measure u, and we write A wif
for any ¢ € C.(€2)
(Un, @) = (u, @) asn — +o0.

C%1(Q) denotes the space of Lipschitz continuous functions on €2 endowed with
the norm

’

1 llcoa = sup [y ()] + sup L=V
xeR x.,yESZ |x — y|
xX#y

and we let C? ’1(9) be its subspace of functions with compact support. The norm
in the dual of CB o1 (£2) will be denoted by || - ||gac and referred to as flat norm, while

flat . .

— denotes the convergence with respect to this norm.

Jacobian, current, degree. Given v = (vl, vz) eH 1(Q; Rz), the Jacobian Jv of
v is the L! function defined as follows:

Jv :=detVu.

Forevery v € H!(Q; R?), we can interpret J v as an element of the dual of C?’l ()
by setting

(Ju, ¥) :=f Juy dx,  forany ¥ € CO1(Q).
Q
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Notice that Jv can be written in a divergence form as Jv = div (v v%z, —v! U)%| ),
i.e., for any ¢ € C?’I(Q),
(Jv, ) = —/ (0", = "0 ) dv. (L1)
Q

Equivalently, we have Jv = curl (v! Vv?) and Jv = %curl Jj(v), where
j) = v Vv? — 2 vo!

is the so-called current associated to v. 1
Let A C Q be an open set with Lipschitz boundary, and let h € H2 (3 A; R?)
with || > ¢ > 0. The degree of h is defined as

1 h 0 (hy I 1
deg(h, 9A) == — | — . — (=2, 2L} an!,
eg( ) 271/3A|h| Bt(lhl |h|>

where 7 is the tangent field to d A and the product in the above formula is understood
in the sense of the duality between H 3 and H ’%. In [16,21] it is proven that the
definition above is well-posed, it is stable with respect to the strong convergence in
H7(3A: R2\B,) and that deg(h, dA) € Z. Moreover, if v € H'(A; R*\B,) then
deg(v, dA) = 0 (here and in what follows we identify v with its trace). Finally, if
v e H'(A;R?) and |v| = 1 on A, by Stokes’ theorem (and by approximating v
with smooth functions) one has that

/Jvdx:lfcurlj(v)dx ::1/ j(v)~rdH1 = m deg(v, 0A).
A 2 Ja 2 Joa
(1.2)

Note thatany v € H L(A; ]R2\BC) can be written in polar coordinates as v(x) =
p(x)e™ on dA with |p| > c. The function u is said to be a lifting of v. By
[14] (see also [15, Theorem 3 and Remark 3]), if A is simply connected, then

deg(v, 0A) = 0 and the lifting can be selected in H% (0A) with the map v — u
continuous. For A not necessarily simply connected, if I is a connected component
of dA and the degree of v on I' is equal to z € Z, then the lifting jumps on I" by

2z, but it can be locally selected to belong to H 3. For 0 <r <Rand& € R?,
let A, r(§) :== Br(§ )\B,(£) be the annulus of radii » and R centered at £, and
letv € Hl(Ar,R(é); S1). Then for every cut L such that A, g(§)\L is a simply
connected set, there exists a lifting u € H! (Arr(&)\L) of v. Hence, j(v) = Vu
and from (1.2) it follows that

1
deg(v, dB,(§)) = E./a © Vu-tdH'.
B,

We introduce a notion of modified Jacobian (a variant of the notion introduced
in [1]), which we will use in our I"-convergence results. Given 0 < ¢ < 1 we define
for p € [0, +00) the function T; (p) := min{?, 1}.1f v € H'(Q; R?) we set

v

ve == Tr (Jv]) and  Jev:i= Jug. (1.3)

vl
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Note that, for every v := (v', v?) and w := (w', w?) belonging to H'(Q; R?) it
holds

Jv—Jw = %(](v1 —wl,vz—i—wz) — J(v2 —w ! +w1)). (1.4)

Gathering together (1.1) and (1.4) one deduces

Lemma 1.1. There exists a universal constant C > 0 such that for any v, w €
HY(Q; R?) it holds that

[Jv = Jwlfae = C llv — wll2([VV]l2 + [[Vw]2).

As a corollary of Lemma 1.1 we obtain the following proposition:

Proposition 1.2. Let {v,}, be a sequence in H'(Q; R?) such that GL¢(ve) <
C|loge|, and let € (0, %). Then there exists C, > 0 such that

sup  [|[Jve — Jrvellfar < Cy el logel, sup  |[Jeve|(R2) < Cyllogel.
tem,1-n) ce(m,1-n)

Periodic homogenization of energies defined on S'-valued maps. In the follow-
ing paragraph we state some useful propositions regarding periodic homogenization
of energy functionals defined on maps from R? to S'. The propositions below have
been proven in [8] in the more general case of manifold-valued maps defined on
R with d € N. We specialize them here in the S'-version that we exploit in the
following sections.

Let f : R? x R?*2 — [0, +00) be a Carathéodory function satisfying assump-
tions (P) and (G). For every 8 > 0 and for every open bounded set E C R? we
define the functional Fs(-, E) : L2(E; R?) — [0, +00] as

x
fl=,Vv)dx ifve HY(E; SY,
LG

400 otherwise.

Fs(vi E) = (1.5)

Forevery s = (s',5%) € S! we set s = (—s2, s!) and 7;(S!) = Rst = {As™ :
A € R} denotes the tangent space of S! at the point s. We also introduce the set

TS :={(s,M):seS", M=s"®¢, £ cR?}
and for every (s, M) = (s, s+ ® £) € TS' we define

1
Tfhom (s, M) := lim inf L—z /Q FO. M+ Vo) dy : ¢ e Wy™(10; 7}(81))I
t

1
= lim inf{j/ FO.st®E+Ve))dy : g e Wol'oc(lQ)},
t——+00 f 170)
(1.6)
where Q = (0, 1)2. By [8, Proposition 2.1], we have that the definition above

is well-posed. The function T fyom is called the tangential homogenization of the
function f.
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The function T fhom 1S a tangentially quasi-convex function according to the
following definition. We say that a Borel function  : TS! — [0, 400) is tangen-
tially quasi-convex if for all (s, M) € 7S! and all ¢ € W(}’OO(Q; 7;(SY)) it holds
that

h(s, M) < / h(s, M +V¢(y))dy. 1.7
Q

We note that the function T fon satisfies the following property:
a|M|)? < Tfhom(s, M) < BIM|>  forevery (s, M) € TS'. (1.8)

Moreover, if f (x, -) is 2-homogeneous for almost every x € RZ%;ie.,if f(x, AM) =
Azf(x, M) for almost every x € R2 and every M € R2*Z ) € R, then also T fhom
satisfies that

T from (s, AM) = 2% Tfoom(s, M) forevery (s, M) € TS', » € R.
We define the functional Fhom(-; E) : L2(E; R%) — [0, +00] as

. 1 .l
From (v E) — /];Tfhom(v(x), Vu(x))dx ifve H'(E;S"), (19)

+o00 otherwise.
The following theorem has been proven in [8, Theorem 1.1]:

Theorem 1.3. Ler E C R2 be open and bounded andlet { Fs(-; E)}s be the sequence
of functionals defined in (1.5). Then, as 5 — 0, {Fs(-; E)}s ['-converge with respect
to the strong convergence in LZ(E; Rz) to the functional Fhom(-; E) in (1.9).

Remark 1.4. Note that if f is of the form

fly,M) = a(y)|M|2 for some Q-periodic measurable function a : R? - [e, B,
(1.10)

then for every (s, M) = (s, st ® &) € TS' we have that f(y, M) = a(y)|&|>.
Therefore, by (1.6) and by standard homogenization results of quadratic forms (see
[19, Theorem 14.7]),

T from(s, M) = (A™™& ),
where AM™ is the symmetric matrix defined in (0.5).

For every 0 < r < R and for every x € R? we set A Rr(x) == Br(x)\B,(x) and
A, r = A, gr(0). Moreover, for every z € Z\{0} we define

(@) = {w e H' (A.g; S") : deg(w, dB,) =z}
Given z € Z\{0}, for every § > 0 we define the functionals Fy(-; A, g) :
H' (A, g; R?) — [0, +00] as
Fs(v; Arg)  ifve o r(2),

Fi(v; A =
5 ¢ k) +00 otherwise,
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and F¢

hom *

: H'(Arr; R?) — [0, +00] as

F ;A if v e, .
hom(v ArR) _ hom (V r,R) v . r,R(Z) (1.11)
+00 otherwise,

The next result is a consequence of Theorem 1.3.

Theorem 1.5. Let z € Z\{0} and let F§(~; Ay R) be the functional defined in
(1.11)s. Then F (5 ArR) I'- converge with respect to the strong convergence in
L2(Ar R; RZ) to thefunctlonal (5 Arr)asé — 0.

hom

Proof. By coercivity, the desired I'-convergence is equivalent to the I'-convergence
in Theorem 1.3 performed with respect to the weak topology in H'(A, g; R?). It
is then enough to prove that the constraint deg(v, 0 B,) = z is closed with respect
to that convergence. Let {vs}s C .%%.r(z) be such that v; — vg in H' (A, g; R?)
for some vg € H 1(A,,R; ShH. By standard Fubini arguments, for almost every
r < p < R, we have that the trace of ws on 9B, is bounded in Hl(aBp; S') and
hence (up to a not relabeled subsequence) it weakly converges to a function g,.
Since |Jvs — volle(A R 0, we get that g, = v for a.e. p € (, R). By the
very definition of degree in (1.2), deg(vo, 0 B,) = z and hence vo € o7 gr(z). O

The following corollary holds true as a consequence of (G), (1.8), Theorem 1.5 and
thanks to the property of convergence of minima in I"'-convergence (see [17,18,23]):

Corollary 1.6. Let z € Z\{0}. Then, for every 0 < r < R, it holds that

lim inf Fs(w; A = min £ w; A .
50 we.d, () 5( r,R) wed, x(2) hom( r,R)

2. The Effective Energy of a Singularity

In this section we introduce and discuss the properties of the minimal energy
cost W(z; h) of a vortex like singularity of degree z for a homogeneous quadratic
functional of energy density / defined on S'-valued maps. The function W (-; k) is
crucial in order to determine the I'-limits for both the cases §; < ¢ and 8, > e,
choosing h = T fhom, With T fhom defined in (1.6). On the one hand (see Section 7)
for 8. < &, W(z; Tfnom) turns out to be the effective energy cost of a singularity of
degree z (see Theorems 6.1 and 6.2). On the other hand (see Section 7) for §; > ¢,
recalling the definition of X in (0.7), we have that AV (z; T fhom) is the effective
energy cost of a singularity of degree z on scales of order between §, and 1 (see
Theorems 7.1 and 7.2).

Let h : 7S! — [0, +00) be a continuous function, tangentially quasi-convex
according to (1.7), and such that

h(s, A\M) = 2> h(s, M), forevery (s, M) € TS'andVreR. (2.1
Assume, moreover, that there exist «, 8 such that 0 < o < 8 and

a|M|* < h(s, M) < BIM|?, forevery (s, M) € TS'. (2.2)
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For every open bounded set £ C R? we define the functional H(-; E) : H'
(E; 8" — [0, +00) as

H(w; E) .= / h(w(x), Vw(x)) dx.
E
Given z € Z\{0} and 0 < r < R we set

1 .
Vrr(z;h) == —% min  H(w; Ay R). (2.3)
log 3+ wed (@)

Making the change of variable y = 7 and considering the 2-homogeneity (2.1)

of the function & we conclude that, for every w € H 1(Ar, r: SD), the following
relation holds:

H(w; Ay R) :/ h(w(x), Vw(x)) dx :/ h(i(y), Vi (y)) dy

AR AL (2.4)
=H (ﬁ), Al g) .
Here w(y) := w(ry). Gathering together (2.4) and (2.3) we deduce that
Yrr(zih) =¥y k(2 h). (2.5)

Proposition 2.1. Let h : TS' — [0, +-00) be a Carathéodory function satisfying
(2.2)and (2.1). For z € Z\{0}and 0 < r < R let Y, r(z, h) be the function defined
in (2.3). Then there exists the limit

Yz h) = Rlim Y r(Z; h). (2.6)

74>+OO
Proof. In view of (2.5), it is enough to prove the inequality

limsup Y1, g(z; h) < liminf ¥1 g(z; ). 2.7
R—+00 R—+o0

log R
log p

For p e Rwith1 < p < R we define K¢ , := | ] and note that

Kz,

A1 R D U Akt pk.
k=1

Denoting by wr a minimizer of (2.3), letting k= IER,p € {l,..., Kg,p)} be such
that

H(wg: A iy i) < H(wgrs A1 ) forallk =1,.... Kgz,
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and setting uA)p’,;(y) = wR(,OIE*ly), we obtain

K.

wer%i‘rile(z)l‘l(w; AL R) > ; H(wR; Apk—l,pk) > Kg,)p H(wR; ApIE—l’pIE)

= KR,pH(’I’p,IE? A1p),
where the last equality follows by (2.1). By the definition of Kg , we conclude

that

lo
Yi,r(z; h) = KR p £

L@ = (1 JIIRED)

_ %8P
log log R

The inequality above yields (2.7) on taking first the limit as R — 400 and then as
p— +oo. O

Note that
dralzl? < ¥z h) < 27Blz]>  forevery z € Z, 2.8)

where « and 8 are the constants appearing in (2.2). We define the function W (-; /) :
Z — [0, 400) as

L L
W(z; h) ;= inf {Z Y@ih) Y u=zLeN zeZi. (2.9)

=1 =1

Remark 2.2. Tt follows from (2.8) that the infimum in problem (2.9) is actually a
minimum and

2ra|z] < W(z; h) <2np|z| forevery z € Z. (2.10)
Moreover, by definition, the function W (-; /) is sub-additive; i.e.,
V(z1 +22;h) < W(z15 h) + W(z2; h)  forevery z1, 22 € Z.
Such a property implies that the functional .% (-; h) : X (2) — [0, +00) defined
by
n n
F(u;, h) = Z W(z;; h)  forevery u = ZZin,-
i=1 i=1
is lower semi-continuous with respect to the flat convergence, while (2.10) yields
2a|ul(R) < F (s h) < 27| pl(2).

In the next proposition we show thatif f isofthe formin (1.10),then WV (z; T fhom)
equals |z| up to a constant pre-factor.

Proposition 2.3. Let f : R? x R>*? — [0, +00) satisfy (1.10). Then
W (z; Tfhom) = 2~/ det Abom|z|  for every 7 € Z, (2.11)
where AP™ is defined in (0.5).
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Proof. Forr, Re R,0 <r < R,letL :={(0,x2) : —R < x» < —r}beacutof
the annulus A, g. Then the domain A, g\L is simply connected. We set

(@) = {u € SBV?(Arg) NH'(Ag\L) : € € o, r(2)}.

By Remark 1.4 and by (2.3) we have

V2@ Tfrom) = min / (AP (0). Viu () dx
Ar,R

log g uedly 2)

1
min / [V Ahom 7y (x)|? dx,
Ar,R

- log 5 e (2)

2.12)

where the last equality follows from the fact that AP°™ is symmetric and hence so is

+/Ahom Setting 7i(y) := u(~/Ahomy) wehave that Vi(y) := ~/ Ahomyy (/Ahomy),
Thus the change of variables x = ~/Ahomy in (2.12) yields

+/det Ahom

R min f
log = dedh) J/AR™)-1(4, )

r,

Vr R Tfhom) = IVa(y)*dy, (2.13)

where we have set
(@) = it € SBYA(VAP™ ™ (A,00) 0 H (VAR™) T (A, R\L) ¢
U =uo~vAbMm 4 ¢ JZfr’LR(Z)} .

For sufficiently large R/ there exist 0 < A < A that depend only on AP™ and do
not depend on r and R such that Ay, Ar C (V Ahom)_l (A, R) so that, by (2.13),

/det Ahom , . 1
¥ (@ Tfhom) = ————  min / Vi) Pdy + 0 | —
log - ME‘Q{}LLr,AR(Z) A)J,AR log T

=27/ det Ahom|z|2 + O (1 lR) )

It follows that ¥ (z) = 27 +/det Ahom 7|2, whence (2.11) follows from the definition
of Win (2.9). O

3. Asymptotic Analysis on Annuli

In this section we prove some auxiliary results on the asymptotic behavior of the
minimal energy on an annulus when its inner and outer radii are powers of ¢. Such
results will be crucial in the proofs of the I'-convergence theorems in Sections 7
and 7. The next lemma states that the minimum in (2.3) for H = Fj changes by at
most a multiple of z? if the competitors are chosen with fixed trace (x/|x|)? instead
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of fixed degree z, thus belonging to a new appropriate set of admissible functions
defined as

Z
JZZ,R(Z) = {w € I r(2) 1 wkx) = (|i—|> on dB, U aBR}. (3.1

Lemma 3.1. Let 0 < 2r < R and let Fs(-, A, r) be the functional defined in (1.5)
for E = Ay g and with f satisfying condition (G). Then, there exists a constant
C = C(a, B) > 0 such that, for every z € Z\{0},

inf  Fs(w; Ang) < inf  Fs(w:Ang) < inf )Fa(w;Ar,RHCzZ.

weHy, R(2) wey g (2) wedy r(z

(3.2)

Proof. The first inequality in (3.2) follows from the inclusion @Z r(2) C R (2).
Hence, it is enough to show that for every w € 7. g(z) there exists W € 47 r(z)
such that

F5(W; Ay r) < Fs(w; Arg) + C2%, (3.3)

for some constant C depending only on the constants « and 8 in (G). Set K :=

L%J and Ay 1= A1,k fork =1,2,..., K. We have that

K
Ar,R f— UAk UAZKr,R'

k=1
Since K > % — 1, in view of (G), we notice that
X \? 1 R
Fo((5) s Aarr) < B2 / o 4 = 2mp’ log - < 2B’ logB.d)
|x] Ak, p X 287

‘We first consider the case where there is at most one annulus Ay such that
x Zz
Fs <<|—> ;Ak> > Fs(w; Ag). (3.5)
X

Then, in view of (G), we have

Zz
1
Fjs <<i> ; Ak> < ﬂZZ/ — dx = Znﬂzz log?2,
| x| A 1]

whence, using also (3.4), we deduce Fj <(|§_|)Z ; A,,R) < Fs(w; ArRr) + Cz2,
which proves (3.3) for w(x) = (x/|x]|)*.

From now on, we can assume that (3.5) is satisfied by at least two of the annuli
Ag. We let k1 and ko denote the smallest and the largest k € {1, ..., K} satisfying
(3.5). Let moreover L := {(0, x2) : —R < x < —r} be a cut of the annulus A, g
such that the domain A, g\L is simply connected. By [14], there exists a lifting
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ueH! (A, R\L; R) of win A, g\ L. Moreover, since deg(w, dB,) = z for every
p € [r, R], we have that the function u jumps by 2wz across L. By the properties
of the lifting,

Vullp2g.r2y = IVwll 2(g.g2x2y  forevery openset E C Arg. (3.6)

Furthermore, setting

arctan ;C—f if x; > 0,
z ifx; =0, x >0,
@) := ; + arctan 2 if 0 S
x_l X1 <V,
in if x; = 0,x, <0,

for every x € R?\{0}, the function z0 € SB Vz(Ar,R) is a lifting of (ﬁ)z. Using

the complex notation we set W := ™, where the lifting @ is defined as

z0(x) if r < |x| <2ki=1p,
(1 = o1(Jx)20(x) + o1 (JxDu(x) if 2671 < x| < 2017,
w(x) = 1{ ux) if 2K < x| <271, (3.8)
o2 (|x))z0(x) + (1 — oo (JxNu(x) if 2271 < |x| < 2%,
z0(x) if 2k < |x| < R.
In the formula above, for i = 1,2 the function o; : [25~1r, 2kir] — [0, 1] is
defined by
0i(p) = 3¢ i)

and satisfies o/ (p) = 2":1_—'r and ||o;| L < 1.

Note that w € .QZ r(2). By the definition of k and by (3.4), we have that

z
Fs(w; Ar!zkl—lr U A2k2r’R) = Fs <<| |) roki-1, U A2k2r R)
< Fs(wi A, o1, U Agy, ) + C2%.

Therefore, in view of (3.8) it is enough to prove that the energy of w on Ay, and
Ay, is bounded from above by C|z/? for some constant C > 0 depending only on «
and B. We prove this fact only for the annulus Ay, , being the proof for Ay, similar.
To this end, note that in Ay, one has that

IV@|? = |Val* < 3lo]1*|u — 20> + 3|o11*|Vu — zVO[*> 4 322|V6|?
(3.9)

c
< S (1l + 2107%) + C(IVul + 2| Vo).
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Setly, :=f Ay U dx. Up to adding an integer multiple of 277, we can always assume

that |/x,| < 27 and estimate ||/, ||i2(Ak y = (2m)22%1,2 Hence
1

Nl Zaa ) = 20 = b Wzaga, ) + 20 72,
= C2OPVull a2y + €27 (3.10)

< 2222 Vo7, + 2% < 02?2,

(At :R?)

where the second inequality is a consequence of the Poincaré-Wirtinger inequality
applied to the domain Ak, \L (notice that this can be done up to passing to a
diffeomorphic rectangle), and the third inequality follows on gathering together
(3.5), (3.6), and (G). Note that all the constants appearing in (3.10) depend only on
o and B. By integrating (3.9) and using (3.10), (3.5), (3.6) and (G), we deduce that

Fs(w; Ag,) < CHV@”%Z(AM:RZXZ)

< e (o, + 21012

= 22(k—1),2 L2(Ag) L2 (Ag))
+C (1901320, 2y + 220V00 2, )
C2%iz2 _

el 2 2 )
< 22(1{]71) +Cz ||V9||L2(Akl;R2) =:Cz S

thus concluding the proof of (3.3). O

In the next proposition we show that in the |loge| regime, to some extent,
the homogenization process commutes with the minimization process defining

Y (z; Tfhom)'

Proposition 3.2. Let Fj5, be defined in (0.12) with f satisfying assumptions (P),
(G), (H), and let T from be defined in (1.6). Then for any s| and sy such that
0<s1 <872 <landlimg_g 58782 = 0 we have

. 1 .
lim inf Fs. (w; Agsa g51) = (52 — sV (25 Tfhom), (3.11)
e—0 |log ¢| wed sy 51 (2)

where ¥ (z; T fhom) is the function defined in (2.6) with h = T fhom.

Proof. We first show that
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1
lim inf inf  Fs, (w; Agn2 e51) = (52 — SDY (25 T fnom)-
e—>0 |loge]l WeA sy 51 (2) ’
(3.12)
To this end, we fix R > 1, set K, g = [(s2 — 51) lll(:)gglilj, and note that Agsy gs1 D

f;lR ARk-1g5 ghesy - Let moreover we € sz 51 (2) be such that
Fs (we; Ags2 1) < inf Fs, (w; Ags2 e51) + C, (3.13)
we sy 51 (2)
for some constant C (independent of ¢) and let k= IEE, r €{l,..., K¢ g} besuch
that
F(Sg (wé‘; ARI;—I‘QSZ,RIESVZ) < F(Sg (UJg; Akalg.Yz’RksSz), forall k = 1, RN KE,R-
Therefore
KS,R
F(SE (IU£§ Agsz,gﬂ) > Z Fge (wg; ARk*ISSZ,ngsz) > KE,R F(ge (wg; ARI;7]£:2,RE£“T2)'
k=1
(3.14)

By the change of variable y = Rl=kg=s2y, w;E(y) = ws(R]E_lsmy) and by
property (H), we have ’

F(Sg (wé‘y ARi—lssz’ngxz) = F38R1—1287S2 (w;,IZ’ A],R)- (3.15)

Therefore, since by assumption (SER"ES*2 < 8,672 — 0as e — 0, by using
(3.13), (3.14), (3.15), and Corollary 1.6, we deduce that

1
lim inf inf  Fy, (w; Agz e91)
e—0 |loge| weds s () ’
1
> liminf ———Fs_ (we; Agsz s
= l?l)l(l;l |10g8| 86( & 82,81)
> lim inf &R inf  F, o i _o(w; A
T >0 |loge| we r(z) SeR'"te 2 L&)
s — S 1
> lim (L - )lim inf
e—>0\ log R |logel/ -0
inf  F, i s (w; A
we,!zzﬁ,R(z) SeR1=kg 2( l,R)
S5

= min F w; A
IOgR wedh r(2) hom( l,R)

= (52 = sDV1,R(Z; T from)-

Formula (3.12) follows from the estimate above as R — o0 thanks to Proposition
2.1 applied to & = T fhom. To conclude the proof of (3.11) we are left to show that
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lim sup inf
es0 |logel wed sy s (2)

FBS(W; AESZ,esl) < (52 = sDY¥(z; T fhom)-

(3.16)

[loge
log R

To this end, we take R > 1 and set J; g := [(s2 — 51) 7. We observe that

Js,R
inf  Fs, (i Agaen) < ) inf Fs, (w3 Agj-iz02 pign)-

wed sy .51 (2) = wesd, Ri—1652 Rigs2 (@)

(3.17)

We also note that for every R > 1, thanks to Corollary 1.6, there exists a modulus
of continuity w such that

inf Fs(w; A1,g) < min Fhom(w; A1,r) + @(8).

We set 8¢, j i= 7= 1 e

(3¢, ;). Note that §g 7 < 8¢1 = 8% — 0as & — 0. Therefore, (8, 7) depends
only on € and R and w (¢, 7) vanishes as ¢ — 0. Forevery j =1, ..., J¢ g, using
the change of variable y = ﬁ, applying Lemma 3.1 with § = &, ; (see formula
(3.2)) and Corollary 1.6, we have that

forevery j = 1,..., Jo g and @ (8;,7) = max;—1, . J, x

inf Fs. (w; Agj-1p9 gignn) = inf  Fs, (w; AL R)
wecz{, 1052 pigs2 (@ wed| g(z)

inf F(;g/(w A1R)+CZ
we r(2) (3.18)

min Fhom(W;Al,R)+w(5s,/)

we R (z)

+Cz?,

IA

IA

where the constant C > 0 is given in Lemma 3.1. By combining (3.18) with (3.17)
we get that

lim sup inf  Fy5 (w; Agsz gs1)
e—0  |logel weds, 5 (2) e

<2790 hin From(w: A g) + 22LE2
~ logR wes r(z) omiT ALK log R

§2 — 81 5 »
= (s2 — sD)V1,R(@; T fhom) + Cze,

log R

whence (3.16) follows by taking the limit as R — 400 and using Proposition 2.1
with & = T fhom- This concludes the proof of (3.11). O

Remark 3.3. Note that (3.11) holds true also if the center of the annulus is a point
& depending on &, since all the estimates in the previous proof do not depend on
the center of the annulus.
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4. The Ball Construction

In this section we present the so-called ball construction introduced in [32,40],
which provides lower bounds of the Dirichlet energy in the presence of topological
singularities. We slightly revisit it, following the approach by Sandier [40] and
adopting the notation in [26] (see also [5]).

Let B = {B,(x1),..., By, (x,)} be a finite family of open balls in R2 with
disjoint closure Br,- xj)) N B’rj (xj) =W fori # jandlet p = Yo zidy;, with
z; € Z\{0}.

Let moreover &(B, u, -) be an increasing set-function defined on open subsets
of R? satisfying the following properties:

(1) &8, u, E1 U Ey) > &B, u, E1) + €(B, u, E;) for all E1, E> open disjoint
subsets of R?; . )

(ii) for any annulus A, g(x) = Br(x)\B,(x) with A, p(x) N |Y; Br, (x;) = 0, it
holds

R
E(B, u, Ar,r(x)) = 2ma| (B (x))|log P 4.1)

for some constant @ > 0.

Remark 4.1. Let w € H} (R>\Jpcp B; SY) be such that = Y, pdeg
(w, 0B)dx,, where xp is the center of B. Then, an explicit example of admissible
functional (B, u, ) is given by

E(B, w, A) = a/ _|[Vw|*dx,
A\ UB’EBB

for every open set A C R?. For further details see Remark 5.1.

For every ball B C R2, let »(B) denote the radius of the ball B; moreover, for
every family % of balls in R? we set

Rad(B) := Z r(B).
Be#

Proposition 4.2. There exists a one-parameter family of open balls B(t) witht > 0
such that, setting U (1) := |J g B B, the following conditions are fulfilled:

(1) B(0) = B;

2Q)UM) CcU() forany0 <t <tr;

(3) the balls in B(t) are pairwise disjoint;

(4) for any 0 < t| < to and for any open set U C R?,

— 1+t
€B. 1 UNWNTM) 22w Y |u(B)llog -~ (42)
+ 1
BeB(h)
BcU

(5) Rad(B(1)) < (1 + t)Rad(B).
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Proof. In order to construct the family B(r), we closely follow the strategy of
Sandier and Jerrard in [32,40]. It consists in letting the balls alternatively expand
and merge into each other as follows. In the expansion phase the balls expand,
without changing their centers, in such a way that, at each (artificial) time 7 the
radius r; () of the ball centered at x; satisfies

ri

=141t for all i. (4.3)

The first expansion phase stops at the first time 77 when two balls bump into each
other. Then the merging phase begins. It consists in identifying a suitable partition

.....

B, ! (x }) which contains all the balls in Sjl. such that the following properties hold:

(P1) B,1(x) N B, (x}) =@ forall j #1;
J
(P2) r} < Yges! 7(B).

After the merging phase another expansion phase begins: we let the balls { B, 1 (x Jl ) }

expand in such a way that, for r > Ty, for every j we have that

rie) 141
L= (4.4)

r; 1+T
Again note that r}(Tl) = r!. We iterate this procedure thus obtaining a discrete
set of merging times {7y, ..., Tx} with K < n and a family B(¢) for all t > 0.
More precisely, B(¢) is given by {Br;(xj)}j fort € [0, Th); for t € [Tk, Tie41),
B(t) can be written as {Br;;(l)(xj?)}j forallk =1, ..., K — 1, while it consists of a
J
single expanding ball for ¢t > Tk . By construction, we clearly have properties (1),
(2) and (3). Moreover, (5) is a consequence of (4.3), (4.4) and property (P2).
It remains to show property (4). We preliminarily note that, by (2), for every
open set U C R?

Y. @Bz Y B foray0<n<n @45
BeB(1)) BeB(n)
BCU BCU

Lett; <t < tp. Inview of (4.5) and since € is an increasing set-function satisfying
property (i), if we show that (4) holds true for the pairs (11, f) and (%, t;), then (4)
follows also for ¢ and #,. Therefore, we can assume without loss of generality that
Ty ¢lt1, [ foranyk =1,..., K.

Letf; <t < tp and let B € B(t). Then there exists a unique ball B’ € B(r;)
such that B’ C B. By construction, u(B) = w(B’) and by (4.1) we have that

- 1
¢(B. 1. B\B') > 2nalu(B)|log ~——
1+1

’
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which, summing up over all B € B(t) with B C U, and using (4.5), yields

_ 1
EB, u, UNU)\U (1)) = 2ma Z |u(B)|log T > 2na
1+1
BeB(1)
BCU
1+
> lu(B)llog ———.
BeB(n) 1
BCU

Property (4) follows by letting T — . O

We recall the following well-known lemma (see e.g., [26, Lemma 2.2]) for the
reader’s convenience:

Lemma 4.3. Let & be a family of pairwise disjoint balls in R? and let € be the
Sfamily of balls in 98 which are contained in Q. Let moreover vy, vy be two Radon
measures supported in Q2 with

supp vy C U B, suppvy C U B and vi(B) =vy(B) forany B € %.
Be% Be#A

Then, there exists a constant C > 0 such that

vi = v2llfiac < C Rad(B)(|vi| + [v21) ().

5. General I'-Liminf Inequality

In this section we state and prove an asymptotic lower-bound estimate for
general core-radius approach functionals (see Propositions 5.2 and 5.4); such results
will be instrumental for the proofs of the I'-liminf inequalities in Theorems 0.5, 0.4
and 0.2.

We introduce the increasing set-function € satisfying the assumptions (i) and
(ii) in Section 4 as follows. Let B = {B,, (x1), ..., By, (x,)} be a finite family of
open balls in R? with By, (x;) N B, (x;) = ¥ fori # j,andlet u = Y7 28y,
with z; € Z\{0}.

If A, gr(x) is an annulus that does not intersect any B, (x;), we set

R
BB, 1. Ang(x)) = 2mal (B (x))] log (). 5.1)
with « as in assumption (G). For every open set A C R? we set

E(B, u. A) :=sup Y _ BB, . Aj), (5.2)
j

where the supremum is taken over all finite families of disjoint annuli A; C A that
do not intersect any B, (x;). Note that, if A is an annulus that does not intersect any
By, (x;), then €(B, u, A) = &(B, i, A).
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Remark 5.1. The convenience of introducing € in (5.2) to prove a lower-bound
inequality for (an appropriate scaling of) the functional Fj, in (0.12) will be clear in
the following sections. However, the following simple observation already points
in the right direction. Let Q(B) = Q\Upep B,w e HY(Q(B);S") and n :=
> pec deg(w, dB)8y, where C denotes the family of balls in 3 that are contained
in 2, and x g is the center of B. Then, by Jensen’s inequality and by the lower bound
in (G), we deduce that

E(B. p. U) < f _a|Vw[2dx < Fs, (w: U N Q(B)) (5.3)
Uung

for every open set U C Q.

For every i € X(2) and for every family of pairwise disjoint balls B such that
suppu C [Upgen B, we set

AF(u, B) == {w € H' (Q(B); S") : deg(w, dB) = u(B) forevery B € B)}.
In addition, we set

Fe(u, B) := inf  Fs, (w; Q(B)), 54
(. B) wedS . B 5. (w: Q(B)) (5.4)

where Fj, is defined in (0.12) and f satisfies (P), (G), (H).

Note that if u = Z?:l zi8y, € X¢() for some ¢ > 0, setting B, =
{Be(xi)}i=1,...n, we have that AF (u, B;) coincides with the set AF,(u) defined
in (0.9) and that .Z,(u, B;) = Z.(u). We are now in a position to state the first
main result of this section, concerning the case |logd.| = | log ¢|.

Proposition 5.2. Let {1} C X (2) be such that

el (€2) = Clloge| (5.5)

and e E; u for some € X(K2). For every ¢ > 0 let B, be a finite family of
pairwise disjoint open balls such that supp e C |Jpc B, B and

Rad(B:) < Ce|loge]|. (5.6)
log §
i M > 1, then
e—0 |loge|
lim inf Fe(pe, Be) = Fo(p),
e—>0 |loge|

where . is defined in (0.12) and (5.4), % is defined in (0.14) and ¥ (+; T from) is
defined in (2.9) for h = T fhom-
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Proof. For every ¢ > 0, let w, € AF (ue, Be) be such that
Fs, (we; Q(Bg)) < Fe(pe, Bs) +C (5.7

for some constant C independent of &. We can assume without loss of generality
that

Fs, (we; Q(By)) = Fepe, Be) + € = Cllogel. (5.8)

Moreover, by a standard localization argument in I"-convergence, we can assume
that u = zody, for some zg € Z\{0} and xo € 2. We divide the proof into three
steps. In Step 1, using the ball-construction procedure introduced in Section 4,
we show that the sequence {u}, is flat-equivalent to a sequence {us(p)}. having
uniformly bounded total variation. In Step 2, we show how to modify the functions
w, in order to get rid of the balls containing “short” dipoles far from the limiting
singularity. In such a way, we can bound Fj, (w,; Q2 (B;)) from below by the energy
of the modified functions W, up to a bounded error. Therefore, referring again to
the ball construction of Section 4, it is sufficient to consider the family of balls that
contains the support of w.(p), and estimate the energy of W, in the complement
to this family. This is done in Step 3, where the analysis developed in Section 3 is
used in order to get the desired lower bound.

Step 1. In view of (5.8), by exploiting assumption (G) and by applying (5.3)
with U = Q, we have that

E(Be, e, Q) < a/ |Vwe|?dx < C|logel, (5.9)
QB)

where € is defined in (5.1) and (5.2). For every ¢ > 0, let B.(t) be a time-
parametrized family of balls introduced as in Proposition 4.2, starting from 5, =:
B:(0). For every t > 0, we set R.(t) := Rad(B:(t)),C.(t) :={B € B:(t) : B C
@} and U (1) := Upcp, () B- Moreover, forany 0 < p < 1 we set

1
e(p)i= g — =1 and pe(p)i= Y pe(B)y.
RS (0) BeCe(te(p))

By (5.9), applying (4.2) with U = 2, t; = 0 and t, = #,(p), and using (5.6), we
obtain

Clloge| = €(B;, e, 2N (Us(t:(p)\Ue(0)))

> 2w Y |ue(B)I(1 = p)llog Re (0)]
BeCe(t:(p))

=2ma(l — p)lue(P)I()[10g Re(0)| = C(1 — p)lue(p)|(£2)] log e

for sufficiently small . Therefore, we have

[ (P)I(€2) < Cp, (5.10)
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for some constant C, > 0 depending on p (and independent of ¢). By Proposition
4.2(5) and (5.6), we have that

Re(te(p)) = RE(0) < CePllogel|”,
whence, by applying Lemma 4.3 with vi = p,(p) and v» = u,, we deduce that

e = te(P)lIfat < CR(te(P))(12e] + |12 (P)N(R) < CeP|loge|' P — 0
as e — 0.

This relation, with (5.10) and the fact that p, Et W, yield that

we(p) A M = 200x,, forevery 0 < p < 1. (5.11)

Step 2. Let ¢ > 1 be such that logc < g%. Note that, since | log R (0)| >
Clloge| and |ug|(2) < C|loge|, we are allowed to take the constant ¢ in the
previous inequality independent of €. By Lemma 5.3 below (applied with p; = p
and py = %) there exist t(p) < e, < I 2 =< tggg) with (1 +7¢2) = c(1 +f¢.1)
such that no merging occurs in the interval [f, 1, ; 2) and

logc |Vwe|? dx
/ o |ng|2dx <5 fQ(BS) ‘
QN(U (fe)\U (Te.1)) 511og Re(0)| —log c(lpe(£2) + 1)
1
- 8 F, (we: Q(Be)) (5.12)
- §(|log£| —log|loge| + C) —logc (Clloge| + 1)
<C,

where the last but one inequality follows from (5.6) and (5.5), whereas the last
inequality is a consequence of (5.8). We classify the balls in Cq(f..1) into two
subclasses; namely,

C=0(fe1) = {B € Ce(fe,1) : pe(B) =0} and C70(,1)
:={B € Cc(fy,1) : ne(B) #0}. (5.13)

We first consider the balls in Cszo (f& 1). For every such ball B we let B denote the
only ball in C, (fg’z) containing B. Note that, the center xp of B is the same as the
center of B. By (5.12), we have that

> / |Vw,|*>dx < C.
\B

BECSZO (fe’ 1) B

Now we extend the function w, to a function w, € H'( (BS)UUBEC§0(;€ 1 B: Sh
in such a way that 1

< C||Vw,

”Vﬁ)SHLZ(é;RZxZ) = ”LZ(I}\B;RZXZ)

(5.14)

for every BAand B as above, for some universal constant C. We consider B =
Br(€) and B = B r(&) two balls as above. Since deg(w;, dBg(§)) = deg(w,,
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dB.g(£)) = 0, by arguing as in [14] (see also [15]), there exists a lifting ulrer®) o

Hl(AR,CR(é)) of we in Ag r(§). Let Ug : A@,R(S) — R be the extension

by reflection of the function u?R"'R(S) to the annulus Az ,(§); ie., Ug(x) =

u?R“R(é)(E —cx =8+ {T+0)R \i:gl)' We let U, denote the average of U, on
Ar p(&). Letn : [§, R] — R be the cut-off function defined by n(p) = Ig(pc—__lf).

We define the function ftf : B.r(§) —> Ras

) u?R.(TR(S) ~ ]f.x S AR,LR(S):
a8y = L nlx = EDU() + (1= n(lx —D)0s ifx € Ax 28,
7, if x € Br(§).

By the Poincaré-Wirtinger inequality and by the definition of U, we have that there
exists a constant C (independent of ¢) such that

/ |VL7§|2 dx =/ IV(n(1x — EDN(Ue(x) — Uy))|* dx
AR ©) AR ®

)

2
c -
52—/ |Ue () = U (1) dx
R2(c — 1)2 Ag ® e P
+2 / [VU|* dx
AR x®
<C / VU, dx < é/ VulRer O 2 g
Ake® AR 4®

Therefore, setting

e (x) = 2™ if x € B for some B € C:O(fg,l),
¢ we(x) elsewhere in Q(B,),

we have that w, € H'(Q(B,)U UBECFZO(;E 1 B: S') and satisfies (5.14). Then from
(5.12) and (5.14) we deduce that o

> |V |>dx < C. (5.15)
BECSZO(IAS,])

Step 3. We now focus on the balls in C,Zé 0 (t;,]). In view of the ball construction in
Section 4 and of (5.10), we have that jin 0 (fg,l) < Cp. Therefore, up to extracting
a subsequence, we may assume that ]:‘LCZé O(fg,l) = L for every ¢ > 0 and for some

L eN. Foreveryl =1,...,L,let xf: be the center of the /-th ball Bé in Cfo(fg,l).
Up to a further subsequence, we can assume that the points xé converge to some
points in the finite set {§y = xg, &1,...,&/} C @, where L’ < L. Let p > 0
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be such that B;,(x*) CC Q and By, (&) N By, (&) = @ for all j # k. Then
xé € B,(§j) forsome j =1,..., L’ and for & small enough. We set

o= ) He(By.

xé €B)(x0)

By construction, we have that
lie(2) < [ue(p)I(2) and |t — pe(P)llfiae — O, (5.16)

which, in view of (5.10) and (5.11), implies that, up to a subsequence, i, — © =
200y, Therefore, for sufficiently small ¢,

fe(By(x0)) = Y pe(BY) = z20. (5.17)

xLeB,(x0)

Thanks to (5.15) and the assumption (G), we have that

Fs, (we: 2(Be)) z/ ; f(81

Vw8> dx
Q(B:)\U e

BeCz0G, 1) (5.18)

z/ f( ng)dx—C.
QBNBap o) Ve

It remains to prove the lower bound for the right -hand side of (5.18). To this end,
we take 0 < p’ < p such that RS (tg )< el (note that such p’ always exists since,

by Lemma 5.3, Re(fe.1) < Rg 0 < C82|10g8|2) choose 0 < p < p’ and let

:[p, p'1— {1, ..., L} denote the function which associates to any ¢ € [p, p’]
the number g.(g) of connected components of the set Ule Bg (xé). For every
& > 0, the function g, is monotonically non decreasing so that it can have at most
L < L discontinuities. Let qu Jforj=1,..., i, denote the discontinuity points
of g, and assume that

pal<<qb<p
There exists a finite set A = {g!, 4>, ..., qz} with ¢/ < ¢'*! and L < L such
that, up to a subsequence {qg }e converges to some point in A, as e — 0 for every
j=1 , L. Without loss of generality we may assume that ¢! = p, and that
qL = p’. Let A > 0 be such that 4A < mm{q"H —q cief{l,2,..., L— 1}} and
let £ be so small that for every j = 1, I: lgl —q'| < A forsome g’ € A. Then,
the function g, is constant in the 1nterval [q + A, g't1 — A, its value being denoted
by M!.Foreveryi = 1, — 1 we construct a family of M! < L — 1 annuli that
we let cim .= B, M(yg )\ng,+1_k(y§”) with y' € B,(xo) and m=1,..., M.
The annuli C;"™ can be taken pairwise disjoint for all i and m and such that

U Bl C U B i+ G/

xleBp(xo)
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foralli =1,..., L —1.Note that, for ¢ small enough, Cé’m C By, (xp) foralli and
m. By (5.16) we have that |u5(B£qi+1,A(yé"))| < Cforeveryi =1,..., L—1and
m=1,..., M é Therefore, up to passing to a further subsequence, we can assume

that M! = M' (since M{ < L — 1) and that y1;(B_ji+1_, (y")) = zim € Z\{O0},
with M! and zi.m independent of ¢. Finally, in view of (5.17), we have that

Ml
Z Zi,m = Zo, (519)
m=1
Observe that the assumption lim,_, ¢ ‘llﬁ)gg‘lgll > 1 implies that lim,_,¢ % =0
i

for every i. Hence, we can apply Proposition 3.2 withs; = ¢’ +1 < ¢/t =1 =5,
(see also Remark 3.3) to get that for every i and m there exists a modulus of
continuity w such that
1
|log e

X ~ i i
/. f(a_’ ng) dx > (g +_ q" = 2M)¥ (Zim: T from) — w(€).
Cé.)ﬂ &

Summing the previous inequality over m and i and using (5.18) yields

L—1 M
1 . .
Togel Fs, (we; Q(Be)) > Z Z(é]’“ —q" = 20U Zim: Tfoom) — @(€)
i=1 m=1

-1 _ (5.20)
> (¢ =" =20V (20; Tfhom) — @ (&)
i=1

= (p' — p —2(L — DAV (20; Thom) — @ (&),

where the second inequality follows from (5.19) and from the definition of W in
(2.9). Then, the claim follows by (5.20) taking the limitsas e — 0,1 — 0, p — 0,
and p, p’ — 1 and using (5.7). O

We turn to the technical lemma that has been exploited in the proof of Proposition

5.2 above (see formula (5.12)). For every p € (0, 1) let¢(p) := m — 1.

Lemma 5.3. Let u € X () and let B be a finite family of pairwise disjoint open
balls such that supp u C | Jgep B and Rad(B) < 1. Assume that 0 < py <

p1 < 1, and ¢ > 1 be such that logc < (p1 — pz)ll(l)ir(zTaﬁE?)l. Assume also
that B(t) is a time-parametrized family of balls constructed as in Proposition 4.2,
starting from B =: B(0), and U (t) := UBeB(t) B foreveryt > 0. Then, there exist
f1,t € [t(p1), t(p2)) with 1 + & = c(1 + f1) such that no merging occurs in the
interval [f1, t2) and

loge [os) |[Vw]|? dx

/ [Vw|* dx < ,
AU GENT ) (p1 — p2)llog Rad(B)| — log c(|l(22) + 1)

for every w € AF(u, B).
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Proof. Weset J = [(p1 — p2) 8RB | and fi := i (1+1(p1)) — 1 for every

] logc
j=0,1,...,J. Note that 1;“’];1 =cforevery j =0,1,...,J — 1. Welet J
denote the set of indices in {0, 1, ..., J — 1} for which no merging occurs in the

interval [/, 7/71). Since the number of merging times is bounded from above by

Rad(B
|14(82), we have 87 > J — |ul(Q) = (p1 — p2) HETBEL —11(Q) — 1. For

every j € J and for every ball B(_fj ) € B(t)), B(t/*!) denotes the unique ball
in B(7*1) such that B(/) c B(/*!). By the mean-value theorem, there exists
k € J such that

/ Vw|?dx > Z / V[ dx
N,
e® jeJ B(iHeB(i) QN(BETTH\B(t7))
z / [Vl dx
QN(U EFH\U ()
|log Rad(B)|
ogc

/ |Vw|2 dx,
QNU (FHI\T (#%))

from which the claim follows setting fi:=tand i, ;= 1. 1

As for the general case (0.7), we restrict our analysis to functionals of the form
X 2 1 1
Fs(w: E) ::/a<g>|Vw| dx, we H'(E:SY. (5.21)
E

In such a case the main result is

Proposition 5.4. Let Fs,, 7, be defined in (5.21), (5.4), respectively, where a is a
measurable (0, 1)2-periodic function satisfying a(x) € [a, B] C (0, +00) for a.e.
x € R% Let {iue}e C X(R) be such that

el (€2) = Clloge| (5.22)

and [Le Bt W for some € X(K2). For every ¢ > 0 let B, be a finite family of
pairwise disjoint open balls such that supp e C |Jpc B, B and

Rad(Be) < Ce|loge]. (5.23)
log §
If » := lim M < 1, then
e—0 |loge]
limi(l)lf T lﬁg(ug, Be) > 2n<(1 — Messinf a + A/ det Ah"m)|u|(§2),
e— oge

where AP™ is defined in (0.5).
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Proof. The proof closely resembles the one of Proposition 5.2; here we only high-
light the main changes that are needed to prove the different lower bound in the
regime A < 1.

Let w, € AF, (e, 2(B;)) be such that

Fy, (we; Q(Be)) < Fe (e, Be) + C (5.24)

for some constant C independent of e. By a standard localization argument in
I"-convergence, we can assume that ;= zody, for some zo € Z\{0} and x¢ € .

For every ¢ > 0, let B, (¢) be a time-parametrized family of balls introduced as
in Proposition 4.2, starting from B, =: B.(0). For every t > 0, we set R.(t) :=
Rad (B (1)), Ce(t) :={B € B:(t) : B C Q}and Ug(¢) := UBeBg(t) B. For every
0 < p<1weset

1
e(p)i=——— =1 and pe(p)i= Y ne(B)y,.
RS (0) BeCe(te(p))

Fix L < p < 1. By arguing as in the proof of (5.10) and (5.11), we have that

e (P)(2) < C)p mdl@@%iu=m%)%8%0. (5.25)

Following the reasoning in the proof of Proposition 5.2 we have that for every
0 < n < p—Athereexistst.(p) < fg,l <t.(p—n)andaamap w, € Hl(Q(Bg)U
Usec=0. )3 ") (With CZ0(7e.1) defined in (5.13)) satisfying (5.15).

Recalling the definition of Cfo(fg’l) in (5.13), we set ju(fe,1) := ZBeCfo(z} D
He(B)dxy . In view of the ball construction in Section 4 and of (5.25), we have that
Iij 0 (fs,l) < Cp. Therefore, up to extracting a subsequence we may assume that
ﬁCZEO(fS,l) = L for every ¢ > 0 and for some L € N. Forevery ! = 1,..., L,

let xé be the center of the /-th ball Bé in C;é O(fgyl). Up to a further subsequence,
we can assume that the points xé converge to some points in the finite set {xo =
&,&1,..., &} C Q, where L’ < L. Let p > 0 be such that ng(xo) ccC Q and
By, (£/) N Bay (&) = @ for all j # k. Then x! € B,(&;) forsome j = 1,..., L'
and for & small enough. Setting

fle = Z ,ue(Bé)ng,
xLeB,(xp)

by construction, we have that

el ($2) < |me(P)I(2) and  [lize — pe(P)llfac = O, (5.26)

which, in view of (5.25), implies that, up to a subsequence,

~ *

fe — 4 = 208x,-

Therefore, for sufficiently small ¢,

fie(Bap(xo) = Y me(Bl) =20, (5.27)

xé €B,(x0)
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and, by arguing as in the proof of (5.18), we obtain

P2 = [ a(D)viPdc—c. s528)
Q(Bo)NByy (o) e

It remains to prove the lower bound for the right-hand side of (5.28). To this end,
we take A < p’ < p such that Rad (fg,l) < e (note that such p’ always exists
since R (fe.1) < RE™"(0) < CeP~"|loge|P~" for every n < p — L), choose
0<p<i<p andletg, : [p, p'] — {(1,..., L} denote the function which
associates to any ¢ € [p, p’] the number g, (g) of connected components of the set
Uz 1 Bea (x ). For every ¢ > 0, the function g, is monotomcally non decreasmg

so that it can have at most 1. < L discontinuities. Let qg for j =1, L1 and «;
forj=1,..., L denote the discontinuity points of g, in [p, A] and inin [A, p'],
respectively. Assume that

There exists a ﬁnite set Ay = {q", o qL'} (resp., Ay = {K Zz}) with

qg" < ¢'*! (resp., K < KT, and Ly < Ly (resp., Ly < L») such that, up to
a subsequence, {qs }e converges to some point in Ay, as ¢ — 0 for every j =

1,....L (resp., {k{}s converges to some point in Ay, as ¢ — 0 for every j =
I... Liz). Without loss of generality we may assume that ¢! = p, g%t = A = «’!,
and kL2 = p/. Let n > 0 be such that 4y < min{g't' — ¢’ : i € {1,...,L1}}

and 47 < min{x’t! — ki i e {1,..., L»}} and let & be so small that for every
j=1,....,L1 |qgl —¢'| < nforsomeq’ € Ay and forevery j = 1,..., Lo,
|kl | k%] < n for some s € A,. Then, the function g, is constant in the intervals
[¢' + 1, ¢'T' — n] and in the intervals [x? 4 5, k'T! — 5], and in both cases we let
its value be denoted by M’ For everyz =1,...,L—1 (resp.,i = 1,. LLr—1)
we construct a family of M! < Li—1(resp., M I < Ly—1)annuli that are denoted
by Co™ == By, (3 )\ngwun(y ) (resp., C”" = By, (0 N\B, i1, (")
with y" € B,(xo) and m = 1,..., M.. The annuli C:™ can be taken pairwise
disjoint for all i and m and such that

J Blc U B, (") and |J Blc U B i+, (y

X, EBp(xo) X eBp(xo)

i+1

Note that, for & small enough, C é”" C By, (xp) for all i and m and, by (5.26), we
get

e (Bgini, (V) =€ and  |pe(Boinio, (V)] = C.

Therefore, up to passing to a further subsequence, we can assume that M. = M’
and that pe (B _gi+1_, (y7") = ziym € Z\{0} and pue (B i+1_, (¥)) = zi,m € Z\{0},
with M* and zi.m independent of ¢. Finally, in view of (5.27), we have that

Z Zim = 20- (5.29)
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For every i = 1,...,1:2— 1 and for every m = 1,..., M we have that

/_ a(8£>|Vﬁ)g|2dx > 2wessinfa (k' — k' — 2n)|log el zi m|®
cy” e

i+1

> 2messinfa (k"' — k' — 2n)|log ||z m|

which, summing over m and over i, dividing by |log ¢| and using (5.29), yields

L21

|logs| Zl Z/

I"‘l
m=1 ce

L2 1
|Vw8| dx > 2messinfa Z(Kl+l K" —2n)|zo]
i=1

> 2messinfa (KL2 — k! = 2nLs) |zl
=2messinfa (p' — A —2nLs)lzol.
(5.30)

Moreover, since qi +n < qlzl_l + n < A for every i = 1, ...,l~,1 — 1, by (7.1),

we have that lim,_, % = 0 foreveryi = 1,..., L — 1. Therefore, we can
ed" T . .

apply Proposition 3.2 with s; = ¢’ + 1 < ¢'*! — 1 = s, (see also Remark 3.3) and

Proposition 2.3 to get that for every i and m there exists a modulus of continuity
such that

/_ a(£>|Vli)8|2dx > ZJT(qH'l —q' - 27))\/ det Ahom|zi,m|2 —w(e)
|loge| Jeim \é¢

> 27(q" — g = 2m)Vdet APz | — (o).
Summing the previous inequality over m and i and using (5.29) yields

Zlfl M

1
oge] 2 2= [ a5Vt e 227 VaeTAN(gT — =20 ol — e
i=1 m=1

=2xvdet Abom () — p — 2nL1)|z0] — w(e).
(5.31)

By (5.28), summing (5.30) and (5.31), the claim follows taking the limits as ¢ — 0,
n—0,p— 0and p, p — 1and using (5.24). O

[logde| -

6. The Case lim._, ¢ [Toge| =

This section is devoted to the proofs of Theorems 0.5 and 0.2 in the case 1 = 1.
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6.1. The Core-Radius Approach

For the reader’s convenience, we re-state Theorem 0.5 and recall that X, (€2) is
defined in (0.11).

Theorem 6.1. Let Fs,, %, be defined in (0.12), (0.13), respectively, with f satisfy-
ing (P), (G), (H). Let moreover % be defined by formula (0.14) with W (; T fhom)

logé
given by (2.9) and, in the latter formula, h = T fhom. If lim M
&

> 1, then the
-0 |loge|

following statements hold true.
() (T-liminf inequality) For any {p¢}, C X () such that . € X.(2) for each
e > 0and g Bt w with p € X(K2) the following inequality holds:

(ii) (T-limsup inequality) For every . € X (2), there exists a sequence {{ts}, C
. fl
X (2) with pe € X.(2) for every ¢ > 0 such that |1 i u and

Proof of (1). For every ¢ > O we set B, := {B.(x) : x € supp (1)} and choose
we € AF.(ie) in such a way that

Fs, (wg; Qe(1e)) < Fe(e) + C

for some constant C independent of . We can assume without loss of generality
that

a/ [Vwe|* dx < F, (we: Qe (1)) < Fe(pe) + C < Cllogel, (6.1)
Qe (pe)
where the first inequality is a consequence of assumption (G).
In view of (6.1), by applying (5.3) with U = €2, we have that
E(Be, pe, $2) < Cllogel, (6.2)

where € is defined in (5.1)—(5.2). By (6.2) and the Jensen inequality, considering
the definition of X, (2), we get

Clloge| = €(Be, pe, Q) = 2malog2 Y |uel(B) = 2malog?2 |el(R),
BebB,
(6.3)

whence we deduce that
Rad(By) < e|lns|(Q2) < Ce|logel - 0 ase — 0. (6.4)

The claim follows by Proposition 5.2 whose assumptions are fulfilled in view of
(6.3) and (6.4).
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Proof of (ii). Let 5?0 1 X(2) — [0, 400) be the functional defined by

n n
Fo() =Y ¥ (zi; Thom)  forevery =Yz, € X(Q)
i=1 i=1

agd note that the functional .% in (0.14) is the lower semicontinuous envelope of
F( with respect to the flat convergence. Hence, given u = Zl'.’:l Ziby, € X(£2), 1t
is enough to construct w, € AF(u) such that

1 N n
lim sup —ngS(ws; Qe (1) = Fo(u) = Z V(23 T fnom)- (6.5)

=0 |loge| P

Eor this purpose, we take p > 0 such that Ezp (xj) Cc Qforeveryi =1,...,n,and
Byy(xi) N Byy(xj) = Wforeveryi, j = 1,...,nwithi # j.Since, by assumption,
limg o Illﬁ)gg%l\ > 1, then for any s with 0 < s < 1 it holds true that
)
lim — =0
e—0 &%
We set p := min{p, %} and foreveryi = 1,...,n,welet wé’s € &Zs,z,;(zi) (where

,;zZs,m (zi) is defined in (3.1)) be such that

Fs (Wi Asos) < inf  Fy (w; Aes 25) + C, 6.6)

WE,s 25(2i)
for some constant C independent of ¢. By arguing as in the proof of Lemma 3.1, we
can write wé’s = e'es for some function u’sY €SB V2(A€.v,2/; (x;)) with ufm(-) =
zi0(-) on d Bgs U By (where 6 is defined in (3.7)). Let furthermore o : [p, 2p] —
[0, 1] be the function defined by o (r) := %(r —p)andset O() ==Y y_; zx0(- —

Xx). We define the function w; 5 : Qc(u) — S!as wg s = e'es where

zi0(x — x;) it x € A; ¢s(x;) for some i,

e (1) = ué,s(x) if x € Ags ;5(x;) for some i,

’ (I —o(lx —=xiDzi0(x —x;) +o(lx —x;NO(x) ifx € Aj25(x;) for some i,
Ox) elsewhere.

6.7)

The function w, ¢ belongs to AF,(u). By property (G), foreveryi = 1,...,n
there exists a constant C = C (B, p, 2, {z;};) > 0 such that

Fs, (Wes: Av.es (x1)) < B / Vwes|? dx = 2781z 2(1 — 5)] logel,
A

,8% (xi)

(6.8)

Fs, (we.; Q25 (0)) < B / |Vw, > dx < C,
Q5 (1)

(6.9)
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and
Fs, (we 53 Aj25(xi)) < B f |Vw, 5|* dx
Ap2p(xi)
n
<cC |Zk|2/ o’ (|lx — kD120 (x — x0)]* dx
kZ:‘: Ap2p(xi) (610)
ki
n
+CZ|zk|2/ VO (x — xp)|*dx < C.
k=1 Ap2p(xi)

In addition, since 2p < 1, by (6.6), Lemma 3.1 and Proposition 3.2, there exists a
modulus of continuity w such that, for every i = 1, ..., n, we have

| 10g | Fég (ws,s§ As“,ﬁ(xi)) = | 10g | F(Sg (we,s§ AE‘Y,Z,E (xi))

= inf  Fs, (w; Aes 25(x;
~ |loge] we&flggzﬁ(xi) 5 (W3 Ags 25(xi)) + w(¢)
|10g27)]
- <S B g—)l//(zi; T fhom) + @ ().
|log s|

(6.11)
Finally, due to (6.8), (6.9), (6.10) and (6.11) we can choose w in such a way that
1 n n
Tlog ] P (Wes Q) < s > Ui Thhom) + 2781 =) Y |z + w(e).
i=1 i=1
(6.12)
Suitably choosing s, — 1 as e — 0, we have that w, = w, ,, satisfies the relations

in (6.5). O

6.2. The Ginzburg—Landau Model

This subsection is devoted to the proof of Theorem 0.2 in the case A = 1. Here
we prove such a result under slightly more general assumptions on the potential
term. More specifically, we consider W € C°([0, +00)) such that W(t) > 0,
w=10) = {1} and

. WD)
liminf ——-
—1 (1 — 7:2)

> 0, liminf W(t) > 0.
T—+00
and, we define GLY : H'(Q; R?) — Ras
w x 2 1
GLY (v) = a(—)le(x)l dx + — [ W(vDdx.  (6.13)
Q \d &2 Jo

We prove the following result, which is a slight generalization of Theorem 0.2
in the case A = 1:
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Theorem 6.2. Let GLXV be defined in (6.13) where a is a measurable (0, 1)2-
periodic function satisfying a(x) € [a, B] for a.e. x € R%. Let moreover AP™
be the symmetric matrix defined in (0.5). If lim,_,¢ Illﬁ;‘;giell > 1, then the following
I"-convergence result holds true:

(i) (Compactness) Let {ve}, € H'(2; R?) be such that GLY (v;) < C|logel.
Then, there exists i € X () such that, up to subsequences, J v, E T

(ii) ( T-liminf inequality) Let {vs}s C H'(S2; R?) be such that J v, ﬂ—a>t 7 W for some
un e X (). Then

.. GLZV(US)
liminf —£——= > 27 +/det Ahom|;| ().
e—~0 |loge|

(iii) (T-limsup inequality) For every u € X (), there exists a sequence {ve¢}, C
fl
H'(2: R?) such that Jv, i T and

. GLZV(US)
lim sup —5——2% < 27 v/det Ahom |, |(Q). (6.14)
e—0 [log &

Proof. Since a < a a.e., the compactness property (i) is a corollary of classical
results in the variational analysis of the classical GL functional (see for instance
[5, Theorem 4.1]).

Proof of (ii). The strategy of the proof is to bound from below GL XV (ve) with
Fe(e, Be) defined in (5.4) for a suitable choice of u. and B, satisfying the as-
sumptions of Proposition 5.2. Without loss of generality we can assume that

GLY (v) < Clloge] (6.15)

and by the standard density arguments we can also assume that {v.}. C H L RN
CI(Q; Rz). Forevery 0 < y1, 2 < % and for every ¢ > 0 we set

Ka,yl,yz ={lvel S T =y U{lvel = 1+ 2} and As,yl,yz = 8K5,y1,y2\89-

Since a > « a.e., by Young’s inequality we have that

1 o
Clloge] Zf | Vvel|* + S—ZW(vs)dx > 2%/ VW ([veD[V]ve|| dx.
Q Q
(6.16)

For every t € R we set

1
h(t) :/ Vv W(s)ds
t
and we define the function v, : Q@ — RT as 0,(x) = h(|ve(x)]). Note that v, €

H'() and that [VUe| = /W ([ve])|V|vell, so that by (6.16), the coarea formula
and the mean-value theorem, for every T € (0, 1) there exists 7, € (%, 7) such that

Ce|loge| > / H' (D, =t} dr > ;Hl({ﬁg =7)). (6.17)
2
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Weset yf = 1— h~1(%,) and Ys ::_h_1 (—7) — 1 and note that, by construction,
there exists y* € (0, 1) such that y* — 0 as T — 0 and there exists a constant
0 < ¢ < 1 (independent of 7) such that ¢, y5 € (cy®, y*). Moreover, we have
that

b < T} = {h 7' (&) < lvel < kN (=T)) = {1 — ¥ < |vel <1+ 5}
= Q\K&)/f,)/zs

and from the regularity of the function v, it follows that
{Ue = T} = 9{ve < T\ = B(Q\Ka,yf,yf)\ag = aKs,yf,y;\BQ = As,yf,yzg~

Therefore, by (6.17), we obtain that

H'(Agy.ps) < Crellogel. (6.18)
By (6.15), we have that
C82|10g8| > / W (Jve|) dx > C;|K€’yie)],2e:|. (6.19)
K, e e
&YV

As a result, thanks to the Lipschitz regularity of €2 and to (6.18), we have that
H (0K e ) < CeH (Mg ys) < Crellogel. (6.20)

Note that, by definition of Hausdorff measure, since 9K, ye ¢ is compact, it is

always contained in a finite union of balls By, (y;) suchthat ) ; r; < HI(BK ey Vs ).
Moreover, after a merging procedure, we can always assume that such balls are
disjoint. In view of (6.19), for & small enough, we have that K, ,¢ ,¢ is contained
in the union of such balls. Therefore thanks to the previous argument, by (6.20),
we have proved that there exists a family of balls, that are denoted by 1], whose
union contains K ey Vs and such that

Rad(B.) < C:H' (0K, ¢ ) < Cze|loge|. 6.21)
For every ¢ > 0, let B,(¢) be a time parametrized family of balls constructed as
in Proposition 4.2 starting from 5, (0) := B.. Set B, := B.(1),C; := {B € B; :
B C @} and p, := ZBeCE deg(ve, 0B)dx,, where xp denotes the center of the
ball B. Note that

1—y% <|vel < 14p" inQ(B) D QB). (6.22)

Now we consider the function w, : Q(B]) — R2 defined as w, (x) := ‘zzggl, and

we note that w, € H(Q (BL); S1). Moreover, considering (1.10), (6.22), using the
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2
relation |V, |> = |vg|2‘V”—€‘ + |V|ve||? and applying Proposition 4.2(4) with

[vel

t1 =0,1p = 1,and U = 2, we obtain that

2 2 Ve
Clloge| z/ o|Vug| dxzf a|vg|7|V—
QB QB [ve |

/ |ng|2 dx
QB

> 2ma(l — y7)?| el () log 2,

2 )
dx >a(l—y")

from which we deduce that

lel(€2) = Czllogel. (6.23)
Furthermore, by Proposition 4.2(5) and by (6.21) it follows that
Rad(Be) < 2Rad(B;) < Cze|loge|. (6.24)
Now we show that
e By (6.25)

By (1.2) deg(v,, 0 B) = deg(w,, dB) forevery B € C,. Hence, recalling the notion
of modified Jacobian introduced in (1.3), we have that

(Jl—yf Ve —Tie)(B) =0 for every B € C,. (6.26)

Using the triangle inequality, Proposition 1.2, (6.23), (6.24) and (6.26) we also have
that

|Jve — 7 pellfiar < |Jve — Jlfyfv,s”ﬂat + ”Jlfylavs — 70 e || flat

< Crellogel+2  sup Y |pel(B)oscp(p)
el o1 o) =1 pep, (6.27)
< Crelloge| +2Rad (Be)| e ()

< Czelloge| + 2Cz¢| logs|2.
Eventually, (6.25) follows from (6.27) and from the assumption J v, Bt 7 apply-

ing the triangle inequality.
Thanks to (1.10) and (6.22), we get that

2
6Llwyz [ a(S)vularz [ a(X)wplvis
QB 0 QB ‘e Ve

£

==y
Q(B)

(6.28)

X -
) IVwel dr = (1 = ¥ Fe (e, Bo),

e
where %, is defined in (5.4) with f(aie, Vw(x)) = a(§‘—€)|Vw(x)|2. Thanks to

(6.23), (6.24), (6.25) and (6.28) we are in a position to apply Proposition 5.2,
obtaining

T, 3
GO—” > (1 — 92 Fo(u) = ~/det Abom || (R),
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where the last equality follows by Proposition 2.3. The claim follows letting T — 0.
Proof of (iii). We prove the claim under more general assumptions on the func-
tional GL?]. Specifically, let f be a function satisfying (P), (G), (H) and define the

energy functional GLZV’f : H‘(Q' R2) — [0, +00) as
GLY/ (v) ;:f f<8 vv(x)> dx + — / W (lv(x)]) dx.
&

We prove that for every u = Zi=] Zi0y; € X (£2) there exists a sequence {vg}s C
H'($2: R?) such that Ju, flat 7 and

W.f
GL
lim sup i—(vf) < o). (6.29)
(0]

e—=0 |log
where % is defined in (0.14). In view of Proposition 2.3 we have that (6.14) is a
consequence of (6.29).

By arguing as in the proof of Theorem 6.1 (iii), we may reduce to the case
W(zi; Tthom) = ¥ (Zi; Tfhom) for every i = 1,...,n. Let p > 0 be such that
Ezp(xi) C Qforeveryi =1,...,nand Ezp(xi) N Ezp(xj) =@ foreveryi, j =
1,...,nwithi # j. For every 0 < s < 1, since by assumption lim sup,_, ( % g
ﬁmte, we have that hmgﬁo -2 = 0. Finally, we set Q¢(u) 1= Q\ Ul=] B, (x;) and
we let u} be the function defined in (6.7). For every ¢ > 0 we set

et () if x € Qp(1),
Ve s () 1= ) NG
05 (1) |X_x"(u> if x € Bg(x;) for some i,

&

[x—xi]

and we note that v,y € HYQ; RZ) and that Jve; = mpu for every ¢ > 0.
In addition, for almost every x € €.(n) we have that |ve ¢(x)| = 1, hence
W (Jve,s(x)]) = 0. The latter yields

/ W (Jve.s]) dx = Z/ W (|ves]) dx < nCre? (6.30)

Be(xi)
by the continuity of W. Furthermore, by the definition of v, s, we have that

>

n
88 Vves dx <,BZ/ [Vvesl?dx <28 (1 +|zil?).

e (X)) e (xi) i=1

(6.31)
Gathering together (6.30), (6.31) and (6.12), we eventually obtain that

GLY (ve) <

X
Xy )d 1
ogel e ) = Tioge] w)f(ag ves ) dx - o(l)

<53 Wi Thhom) + 2781 —5) Y [zi> + (1),

i=1 i=1
which, suitably choosing s, — 1 as & — 0 and setting v, 1= v, g, , gives (6.29).
O
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| log 8|
[loge|

e[0,1)

7. The Case lim
e—0

This section is devoted to the proofs of Theorems 0.4 and of 0.2. We will prove
the above I"-convergence results under the assumption that

[log &¢|

lim 5, =0, 2:=lim e [0, 1). (7.1)
£—

e—0 |loge|

7.1. The Core-Radius Approach

For the reader’s convenience, we re-state Theorem 0.4 in the case A € [0, 1)
and we recall that X, (2) is defined in (0.11).

Theorem 7.1. Let Fs,, .7, be defined in (5.21), (0.13), respectively, with f of the
form (1.10), where a is a measurable (0, 1)>-periodic function satisfying a(x) €
[, B] C (0, 400) for a.e. x € R%. Let moreover A™™ be the matrix defined in
(0.5). If (7.1) is satisfied, then the following statements hold true.
(1) (T -liminf inequality) For any family {j¢}, C X () such that u, € X (2) for
every ¢ > 0 and e gt uwith u € X (2) we have

Z,
liminf 22 %) S o ((1 — J)essinf a + A+/det Axhom)musz).
e—0 | log el
(ii) (T -limsup inequality) For every u € X(S2), there exists a sequence {|is}, C
X (2) with e € X (R2) for every € > 0 such that 1. gt u and

li ng(Ms)
im sup ———
e—0 |logel

<2 ((1 — Messinf a + Av/det Ahom)|u|(9).

Proof of (i). For every ¢ > 0 we set B, := {Bc(x) : x € supp (u¢)} and choose
we € AFe(ie) in such a way that

Fy, (we; Qe (1e)) < Fe(pe) +C (7.2)

for some constant C independent of €. We can assume without loss of generality
that

a/ﬂ Ve P dx < Fy, (we: Qe (1e) < Faie) +C < Clloge]. (13)
s (Me)

By arguing as in the first part of the proof of Theorem 6.1(ii) we get that |u.|(2) <
C|loge| and hence Rad(B.;) < Ce|log ¢|. Therefore, Proposition 5.4 yields the
claim.

Proof of (ii). By standard density arguments in the Ginzburg-Landau theory,
we can reduce to the case that u = )/, z;8y, with [z;| = 1. We setm := essinfa
and for every n € (0, 1) let

Ey:={ye[0,1)*:a(y) <m+n).
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By the very definition of essinf we have that | E;| > 0 for every n and there exists
vy € Ej, having density 1 in E,; i.e.,

E,NB
lim M ~ 1. (7.4)
r—0 r
Foreveryi =1,...,n we set
¢,
e = 58L J + 8oy, (1.5)
Se
Since §; — O as & — Owehavethatxfs’" — xjase — Oforeveryi =1,...,n.
Therefore, setting
n
Hen = Zzisxéma (7.6)
i=1 i
we have that
e D ase— 0. (7.7)

Now we prove that for every 0 < s < 1 there exists a function w; , s € AF¢(s,y)
such that

1
lim sup ——— Fy, (. 55 Qe (te.y)) <27 ((1 — sA)(m + ) + Asv/det Ahom)
e—0 |loge] (7.8)

] (£2)
+22B(1 — s)A|pl(€2).

We fix p > 0 such that Ezp(x?“’"ﬂ) C Qforeveryi =1,...,nand sz(x?ssn) N
sz(x?“n) # W foreveryi, j=1,...,nwithi # j.Let p := min{p, %}.
Furthermore, for every 0 < s < 1, we let wgw € e@%ggﬁ (z;) be such that

Fs (wy, o3 Ass0p) < inf  Fy, (w; Ass 25) + C. (7.9)
we%éyzﬁ
By arguing as in the proof of Lemma 3.1, we can write wfS = ¢""%.s for some

function ”a € SBVZ(Agr 25(x;)) with u5 s() =1zi0(-) on dBs; U dBy; (Where
0 is defined in (3.7)).

Let 6 be the function defined in (3.7) and let ©(-) := > }_; zx0(- — xz). Let
furthermore o : [p, 2p] — [0, 1] be the function defined by o (r) := %(r — p).
Foreveryi =1,...,n we set

ZiO(x - x?“’”) ifx € Ag s (xf‘ n)
uh, (0 =2 ul (%) if x € Ags 5(xX"),
(=0 (lx —x)")zi0(x — ") + o (Ix —x")O ) ifx € Apop(x)"),

[
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and we define the function w5 : Q¢ (e, y) — S'as We s i= e¥&ns where

[ : 3esn :
: f Agop(x;"") fi
gy s () = {u&w(x) ifx € g,gp(xl ) or some i (7.10)

Ox) elsewhere.

Note that we s € AF (e ).
Leti = 1,...,n. By (1.10), using the change of variable x = &,y + SSL;‘—;'J
and the 1-homogeneity of the function a, we have '

)
F, (weonss Aegs (60 =/ By
(we.n.s; Aesy (67)) Ag st ly — ynl?

a(y)
Aivag,l(yn)ﬂE,, |y — vyl

a
+/ o) _dy
A 1 ON\Ey 1Y = 7

< 27(m + n)(| loge| — s|log 5 |)
1

+ﬁ/ ————dy. (71D
A g1 O\Ey 1Y = 7

We now estimate the last integral in (7.11). To this end, let y € (0, 1). We note that

1 s—1
/ — 5 dy = 2w log £ =2n(1 —s)|logd,| + 27| logy].
A, -1 On\Ey 1Y = Dl Y
(7.12)
Let moreover [ := [1°8¢1= H%gg‘s“ 1192 ¥17 and for every i = 0,1,...,1 we set

rpo= 2! 55 then, using (7.4), we get

1
1 B, E
Z/ dy§Z4| r,()’nz)\ n|
Arl lri(yU)\ET/

_ 2
ly )’77| - r

= 1

/ S OM\E, Iy — w2

(|10g8| — |logée| —|logy|

+1)C
log2 ) n(v),

(7.13)

where lim,, .9 C,(y) = 0 for every 7.
By (7.11), (7.12) and (7.13), using (7.1), we deduce that

lim sup Fs, (wm;g,s; Ae’gg (xfg’”))

e—0 |loge]

1 —
<2mw(1 —sA)(m +n) +27B(1 — s)A + ﬁlo—ggcn(y). (7.14)
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In addition, since 2p < 1, by (7.9), Lemma 3.1, Proposition 3.2 (applied with
& = 8z and s» = s) and (7.1), there exist moduli of continuity w;, w, such that for
everyi = 1,...,n we have

» |log 8¢ | 1 . ..
ng(wg,,,’s;A(;gs,ﬁ(xf ’7)) - |10g8€| IlogSsIF‘Sf(wf?g,s’A5s5,ﬁ(x? n))

loge

<A+ wi(e))

inf  Fs, (w; Ass25(xi)) + w2(¢) 7.15
| 10g 8¢ | weds 5, () e (7.15)

=00+ o (8))<s _ M)Zn«/det ABOM 4 ) (¢),
| log |

where the last equality follows by (1.10) and (2.11). By (7.14), (7.15), recalling
(6.9) and (6.10) we have that

1
lim sup Togal P (et Qe (te.n)) <27 ((1 — sA)(m + 1) + rsv/ det Ah0m> 12(R)
e—0

+ (27801 — 1+ B2 Cy)) (@)
' log2 " V) JUIEE,
whence, suitably choosing y = y, — 0ase — 0, we get (7.8). Therefore, suitably

choosing s, — 1and n, — O as e — 0, by (7.8) we get that 1, = g 5, Et u and

We = Wg p, s, Satisfies

Z,
lim sup Fs, (we; Q¢ (pe)) < lim sup M
e—0 | 10g€| e—0 | 10g€|

<27 ((1 — Aessinf a + A+/det Ahom)|u|(sz).

7.2. The Ginzburg—Landau Model

Finally, we prove Theorem 0.2 for A € [0, 1) in the more general setting intro-
duced in Section 6.2.

Theorem 7.2. Let GLSW be defined in (6.13) where a is a measurable (0, 1)2-
periodic function satisfying a(x) € [a, ] C (0, 4+00) fora.e. x € R2. Let moreover
APO™ pe the symmetric matrix defined in (0.5). If (7.1) is satisfied, then the following
I"-convergence result holds true.

() (T -liminfinequality) Let {v.}, C H'(2; R?) be such that J v, E 7 W for some
€ X(2). Then

L
Te We) S oy ((1 — Messinf a + A+/det Ahom)musz).
0oge
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(ii) (T-limsup inequality) For every u € X (), there exists a sequence {v¢}e C
H'(€: R?) such that Jv, Et T and

: GLy (ve)
lim sup ———
e—>0 |logel

<2 ((1 — Messinf a + AV det Ahom) [ |(2).

(7.16)

Proof of (i). Without loss of generality we can assume that GL;V(wg) < Clloge]|
and by standard density arguments we can also assume that {v.}, C H'(€2; R?) N
Ccl(Q; R?).

Let T € (0, 1). By arguing verbatim as in the proof of Theorem 6.2(ii), one can
prove that for every & > 0, there exist y* > 0 with y* — 0 as T — 0, a family B,
of balls such that Rad(B;) < C;e|loge| and

1—y" <l <1497 inQ0B), (7.17)

. fl
and a measure . with supp u, C UBeBS B such that u, i nas e — 0. For

every ¢ > 0 we defined the function w, € H'(Q(B,); S!) as w (x) := Iﬁ;g;‘ . By
(7.17) we get

GLZV(US)E/ a(ﬁ)|wg|2dxz(1—yf) a(i)|ng|2
QB e QB e (7.18)

>(1 - Vf)ye(ﬂu Be),

where %, is defined in (5.4) with Fj defined in (5.21). Since the assumptions of
Proposition 5.4 are satisfied, by (7.18) we have that

GLe @)  ( _ yf)((l — Messinfa + M/detAhom)mKQ),

whence the claim follows letting T — O.

Proof of (ii). By arguing as in the proof of Theorem 7.1 (iii), we may reduce
to the case |z;| = 1 foreveryi = 1,...,n. Forevery 0 < n,s < 1, let ug
be defined as in (7.6) and let u, , ; be the function provided by (7.10). Setting
Qe (te.y) = Q\ U, Be(x") with x> defined in (7.5), for every & > 0 we
define

etiten.s () if x € Qe (ie,p),
Ve p.s(x) := A x=x \¥ . j
5,17,_3( ) |x—x;| (M) ifx e Be(xiag’n) for some i.

& |x—x;|




Topological Singularities in Periodic Media 605

We note that v, s € H'($2; R?) and that Jve s = T,y for every ¢ > 0.
In addition, for almost every x € £2¢(ie,y) we have that |ve , s(x)| = 1, hence
W (Jvg, 5,5 (x)]) = 0. By arguing as in (6.30) and (6.31), and using (7.8), we thus
obtain that

lim sup
e—0 |loge]

GLY (ve.y.s) <27 ((1 — sA)(m + 1) + Asv/det Ahom) 11l(Q)

+272B(1 — )Ml ] (€2).

Therefore, suitably choosing s, — 1 and n, — 0 as ¢ — 0 and setting v, =
Ve ne.50» DY (7.7) we have that Jv, E; u as ¢ — 0 and that {v.}, satisfies (7.16).

Remark 7.3. Note that if §; tends to zero much slower than ¢ in such a way that
A = 01in (7.1), then, within the |loge|, scaling the homogenization process is
not detected by the I'-limit in Theorems 7.1 and 7.2, which in turns reduces to
2 essinf a|w|(€2). This is the case if lim,_, ¢ % = 0 for all p € (0, 1]; for

example, if §; = m.

Example 7.1. We can give an explicit example, choosing a piecewise constant on a
checkerboard taking alternatively the values  and 8. We have that AP™ = /a1
(see e.g. [34] Section 1.5), so that the corresponding I'-limit is

2 (1 = 1t + 1/ ) 11l (),

with A given by (7.1). The limit has the same form if we choose a as a laminate

taking only the values « and B with volume fraction 1/2, whose homogenized

matrix A"™ has the eigenvalues # and 0%’?3 (see e.g. [17, Section 12.2.2]).
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