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ARTICLE INFO ABSTRACT

Keywords: Methods for electro- or magnetoencephalography (EEG/MEG) based brain source imaging (BSI) using sparse
Electro-/magnetoencephalography Bayesian learning (SBL) have been demonstrated to achieve excellent performance in situations with low num-
Brain source imaging bers of distinct active sources, such as event-related designs. This paper extends the theory and practice of SBL

Type I/1I Bayesian learning
Non-convex
Majorization-Minimization
Noise learning
Hyperparameter learning

in three important ways. First, we reformulate three existing SBL algorithms under the majorization-minimization
(MM) framework. This unification perspective not only provides a useful theoretical framework for comparing
different algorithms in terms of their convergence behavior, but also provides a principled recipe for constructing
novel algorithms with specific properties by designing appropriate bounds of the Bayesian marginal likelihood
function. Second, building on the MM principle, we propose a novel method called LowSNR-BSI that achieves fa-
vorable source reconstruction performance in low signal-to-noise-ratio (SNR) settings. Third, precise knowledge
of the noise level is a crucial requirement for accurate source reconstruction. Here we present a novel principled
technique to accurately learn the noise variance from the data either jointly within the source reconstruction pro-
cedure or using one of two proposed cross-validation strategies. Empirically, we could show that the monotonous
convergence behavior predicted from MM theory is confirmed in numerical experiments. Using simulations, we
further demonstrate the advantage of LowSNR-BSI over conventional SBL in low-SNR regimes, and the advan-
tage of learned noise levels over estimates derived from baseline data. To demonstrate the usefulness of our novel
approach, we show neurophysiologically plausible source reconstructions on averaged auditory evoked potential

data.
1. Introduction of the measured brain electrical activity. EEG/MEG measurements are
therefore characterized by low spatial resolution and highly overlapping
Electro- and Magnetoencephalography (EEG/MEG) are non-invasive contributions of multiple brain sources in each sensor. The mathemati-
techniques for measuring brain electrical activity with high temporal cal model of the EEG/MEG sensing procedure can be described by the
resolution. As such, both have become indispensable tools in basic neu- linear forward model
roscience and clinical neurology. The downside of both techniques, how-
ever, is that their sensors are located far away from the neural generators
Y=LX+E, (1)
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which maps the electrical activity of the brain sources, X, to the sen-
sor measurements, Y. The measurement matrix Y € RM*T captures the
activity of M sensors attached at different parts of the scalp at T time in-
stants, y(r) € RM*! ¢ = 1, ..., T, while the source matrix, X € RVN*T | con-
sists of the unknown activity of N brain sources located in the corti-
cal gray matter at the same time instants, x(t) € R¥N*!,t =1,...,T. The
matrix E = [e(1), ..., e(T)] € RM*T represents T time instances of inde-
pendent and identically distributed (i.i.d.) zero mean white Gaussian
noise with variance 62, e(t) € RM*! ~ N'(0,6%I,,),t = 1,...,T, which is
assumed to be independent of the source activations. The linear for-
ward mapping from X to Y is given by the lead field matrix L € RM*N,
which is here assumed to be known. In practice, L can be computed
using discretization methods such as the Finite Element Method (FEM)
for a given head geometry and known electrical conductivities using the
quasi-static approximation of Maxwell’s equations (Baillet et al., 2001;
Gramfort, 2009; Hamélédinen et al., 1993; Huang et al., 2016).

The goal of brain source imaging (BSI) is to infer the underlying brain
activity X from the EEG/MEG measurement Y given the lead field matrix
L. Unfortunately, this inverse problem is highly ill-posed as the number
of sensors is typically much smaller than the number of locations of
potential brain sources. Thus, a unique solution cannot be found with-
out introducing further mathematical constraints or penalties, which are
often referred to as regularizers. In addition, the leadfield matrix is typi-
cally highly ill-conditioned even for small numbers of sensors, introduc-
ing numerical instabilities in the inverse estimates.

Interestingly, regularization can also be interpreted in a Bayesian
framework, where the regularizer introduces prior knowledge or as-
sumptions about the nature of the true sources into the estimation
(Calvetti and Somersalo, 2018; Stuart, 2010). A common assumption
is that the number of active brain sources during the execution of a spe-
cific mental task is small, i.e., that the spatial distribution of the brain
activity is sparse. This assumption can be encoded in various ways. Clas-
sical approaches (Matsuura and Okabe, 1995) employ super-Gaussian
prior distributions to identify solutions in which most of brain regions
are inactive.

In these approaches Maximum-a-Posteriori (MAP) estimation, also
termed Type-I learning, is used. Later work (Wipf et al., 2010) has
shown that hierarchical Bayesian models achieve better reconstructions
of sparse brain signals by employing a separate Gaussian prior for each
brain location. The variances at each location are treated as unknown
(hyper-) parameters, which are estimated jointly with the source ac-
tivity. This approach is called Sparse Bayesian Learning (SBL), Type-II
Maximum-Likelihood (Type-II ML) estimation or simply Type-II learning
(Mika et al., 2001; Tipping, 2001; Wipf and Rao, 2004).

Type-II learning generally leads to non-convex objective functions,
which are non-trivial to optimize. A number of iterative algorithms have
been proposed (Mika et al., 2001; Tipping, 2001; Wipf and Nagarajan,
2009; 2010; Wipf et al., 2010; 2011), which, due to employing distinct
parameter update rules, differ in their convergence guarantees, rates
and overall computational complexity. Being derived using vastly differ-
ent mathematical concepts such as fixed point theory and expectation-
maximization (EM), it has, however, so far been difficult to explain the
observed commonalities and differences, advantages and disadvantages
of Type-II methods in absence of a common theoretical framework, even
if the properties of individual algorithms have been extensively studied
(Wipf and Nagarajan, 2009).

The primary contribution of this paper is to introduce Majorization-
Minimization (MM) (Hunter and Lange, 2004; Sun et al., 2017, and ref-
erences therein) as a flexible algorithmic framework within which dif-
ferent SBL approaches can be theoretically analyzed. Briefly, MM is
a family of iterative algorithms to optimize general non-linear objec-
tive functions. In a minimization setting, MM replaces the original cost
function in each iteration by an upper bound, or majorization function,
whose minimum is usually easy to find. The objective value at the min-
imum is then used to construct the bound for the following iteration,
and the procedure is repeated until a local minimum of the objective
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is reached. Notably, MM algorithms are popular in many disciplines in
which Type-II learning problems arise, such as, e.g., telecommunications
(Haghighatshoar and Caire, 2017; Khalilsarai et al., 2020; Oguz-Ekim
et al., 2011; Prasad et al., 2015; Shen et al., 2019) and finance (Benidis
et al., 2018; Feng et al., 2016). The concept of MM is, however, rarely
explicitly referenced in EEG/MEG brain source imaging, even though it
has been used implicitly (Bekhti et al., 2018; Hashemi and Haufe, 2018).
We demonstrate here that three popular SBL variants, denoted as EM,
MacKay, and convex-bounding based SBL, can be cast as majorization-
minimization methods employing different types of upper bounds on the
marginal likelihood. This view as variants of MM helps explain, among
other things, the guaranteed convergence of these algorithms to a lo-
cal minimum. The characteristics of the chosen bounds determine the
reconstruction performance and convergence rates of the resulting al-
gorithms. The MM framework additionally offers a principled way of
constructing new SBL algorithms for specific purposes by designing ap-
propriate bounds.

Therefore, a second contribution of this paper is the development
of a new SBL algorithm, called LowSNR-BSI, that is especially suitable
for low signal-to-noise ratio (SNR) regimes. Real-world applications of
EEG/MEG brain source imaging are often characterized by low SNR,
where the power of unwanted noise sources can be comparable to the
power of the signal of interest. This holds in particular for the recon-
struction of ongoing as well as induced (non-phase-locked) oscillatory
activity, where no averaging can be performed prior to source recon-
struction. Current SBL algorithms may suffer from reduced performance
in such low-SNR regimes (Cai et al., 2021; Khanna and Murthy, 2017a;
Owen et al., 2012). To overcome this limitation, we propose a novel MM
algorithm for EEG/MEG source imaging, which employs a bound on the
SBL cost function that is particularly suitable for low-SNR regimes.

As a third contribution, this paper discusses principled ways to es-
timate the sensor noise variance o2, which is assumed to be known in
the first part of the paper. Determining the goodness-of-fit of the optimal
model, the value of this variable exerts a strong impact on the overall re-
construction (Habermehl et al., 2014). Technically being another model
hyperparameter, the noise variance is, however, rarely estimated as part
of the model fitting. Instead, it is often determined prior to the model
fitting from a baseline recording. This approach can, however, lead to
suboptimal results in practice or be even inapplicable, e.g., when rest-
ing state data are analyzed. Here we present a number of alternatives
to estimate the noise variance in Type-I and Type-II brain source imag-
ing approaches. Building on work by (Wipf and Rao, 2007), we derive
an analytic update rule, which enables the adaptive estimation of the
noise variance within various SBL schemes. Moreover, we propose two
novel cross-validation (CV) schemes from the machine learning field to
determine the noise variance parameter.

We conduct extensive ground-truth simulations in which we com-
pare LowSNR-BSI with popular source reconstruction schemes including
existing SBL variants, and in which we systematically study the impact
of different strategies to estimate the noise level o> from the data.

The outline of the paper is as follows: In Section 2, a comprehensive
review of Type-II BSI methods is presented. In Section 3, we unify the
Type-1I methods described in Section 2 within the MM framework, and
in Section 4, we derive LowSNR-BSI algorithm within the same frame-
work. Section 5 introduces numerous principled ways for estimating
the sensor noise variance. Simulation studies, real data analysis, and
discussions are presented in Sections 6, 7, and 8, respectively. Finally,
Section 9 concludes the paper.

2. Bayesian learning

The ill-posed nature of the EEG/MEG inverse problem can be over-
come by assuming a prior distribution p(X) for the source activity. The
posterior distribution of the sources after observing the data Y, p(X|Y),
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is given by Bayes’ rule:

p(YIX)p(X)

X|Y)= 22
P / p(YX)p(X)dX

@
where the conditional probability p(Y|X) in the numerator denotes the
likelihood, while the term in the denominator, / p(Y|X)p(X)dX = p(Y),
is referred to as model evidence or marginal likelihood. However, note
that the posterior is often not analytically tractable, as evaluating the
integral in the model evidence is intractable for many choices of prior
distributions and likelihoods.

Remark 1. Priors fulfill the same practical purpose as regularizers even
if they are motivated from a different perspective, e.g., the Bayesian
formalism, in this paper. Besides, we regard the Bayesian perspective
as a helpful technical vehicle to inspire and generate flexible priors for
shaping more plausible solutions.

2.1. Type-I Bayesian learning

As the model evidence in Eq. (2) only acts as a scalar normalization
for the posterior, its evaluation can be avoided if one is only interested in
the most probable source configuration X rather than the full posterior
distribution. This point estimate is known as the maximum-a-posteriori
(MAP) estimate:

XMAP - — argmax p(Y|X) p(X) . 3)
X ——
likelihood prior

Assuming i.i.d. Gaussian sensor noise, the likelihood reads:

T

;
p(YIX) = [ rylx@) = [ N x(®), 0°D) “)

=1 t=1

and the resulting MAP estimate (3) is given by

T
XMAP = arg max []} exp (—2}7ny<z> - Lxmu%)] p(X)
1 &
=arg m)én [? ’:ZI [ly(®) — LX(I)ll%] + 62 RI(X) = arg m)én Xy, )
where RI(X) = log(p(X)) and £!(X) denotes the Bayesian Type-I learning
(MAP) objective function.

Note that this expression can be interpreted as a trade-off between
two optimization goals, where the first (log-likelihood) term in (5) pe-
nalizes model errors using a quadratic loss function and the second (log-
prior) term penalizes deviations of the solution from the assumed spatial
or temporal properties of the brain sources encoded in R!(X). The trade-
off between these two optimization goals is defined by the ratio of the
noise variance 2 and the variance of the prior distribution. As the latter
is hardly known in practice, a regularization parameter A « ¢* subsuming
both variables is introduced, which can be tuned to adjust the relative
importance of both penalties in the optimization.

Several existing algorithms are characterized by different choices of
a prior. For instance, choosing a Gaussian prior distribution leads to the
classical minimum-norm estimate (Haméldinen and [Imoniemi, 1994;
Pascual-Marqui, 2007; Pascual-Marqui et al., 1994), which also goes
by the names K%-norm (or Tikhonov) regularization and “ridge regres-
sion” in the statistics and machine learning literature. The choice of a
Laplace prior leads to the minimum-current estimate (Matsuura and Ok-
abe, 1995), which is also known as ¢, -norm regularization or “LASSO”
regression. Besides, hierarchical Bayesian priors with automatic depth
weighting have been used to infer brain activity from EEG/MEG data
(Calvetti et al., 2019). More complex priors have been also used to in-
corporate anatomical information of the sources (Dale and Sereno, 1993;
Pascual-Marqui et al., 2002; Trujillo-Barreto et al., 2004) or to encode
assumptions on the spatial, temporal and/or spectral structure of the
sources. Respective methods include FOCUSS (Gorodnitsky et al., 1995),
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S-FLEX (Haufe et al., 2008; 2011), MXNE (Gramfort et al., 2012), ir-
MXxNE (Strohmeier et al., 2016), TF-MxNE (Gramfort et al., 2013), irTF-
MxNE (Strohmeier et al., 2015), and STOUT (Castafno-Candamil et al.,
2015), which all enforce sparsity in different domains such as Gabor
frames or cortical patches through appropriate norm constraints.

2.2. Type-II Bayesian learning

While in the MAP approach the prior distribution is fixed, it is some-
times desirable to consider entire families of distributions p(X|y) param-
eterized by a set of hyper-parameters y. These hyper-parameters can be
learned from the data along with the model parameters using a hierar-
chical empirical Bayesian approach (Mika et al., 2001; Tipping, 2001;
Wipf and Rao, 2004). In this maximum-likelihood Type-II (ML-II, or sim-
ply Type-II) approach, y is estimated through the maximum-likelihood
principle:

Y= arg max p(Yly) = arg mx / POYIX. P)p(X[)dX . ©)

Computation of the conditional density p(Y|y) is formally achieved by
integrating over all possible source distributions X for any given choice
of y. The maximizer of Eq. (6) then determines a data-driven prior dis-
tribution p(X|y'"). Plugged into the MAP estimation framework Eq. (3),
this gives rises to the Type-II source estimate X'..

As the conditional density p(Y|y) for a given y is identical to the
model evidence in Eq. (2), this approach also goes by the name evi-
dence maximization (Wipf and Rao, 2007; Wipf et al., 2011). Concrete
instantiations of this approach have further been introduced under the
names sparse Bayesian learning (SBL) (Tipping, 2001) or automatic rel-
evance determination (ARD) (Tipping, 2000), kernel Fisher discriminant
(KFD) (Mika et al., 2001), variational Bayes (VB) (Seeger and Wipf, 2010;
Wipf and Nagarajan, 2009) and iteratively-reweighted MAP estimation
(Gorodnitsky et al., 1995; Wipf and Nagarajan, 2010). Interested read-
ers are referred to (Wu et al., 2016) for a comprehensive survey on
Bayesian machine learning techniques for EEG/MEG signals. To distin-
guish all these Type-II variants from classical ML and MAP approaches
not involving hyperparameter learning, the latter are also referred to as
Type-I approaches.

Remark 2. The marginal likelihood formulation in Type-II Bayesian
learning, Eq. (6), enables estimation of flexible priors with many pa-
rameters from data. This stands in contrast to the use of classical cross-
validation techniques to learn hyperparameters of regularizers, which
works for very few parameters only (in most cases only a single scalar
regularization constant).

2.3. Sparse Bayesian learning and Champagne

A Type-Il estimation framework with particular relevance for
EEG/MEG source imaging is SBL. In this framework, the N modeled
brain sources are assumed to follow independent univariate Gaussian
distributions with zero mean and distinct unknown variances y,,: x,(t) ~
N(@©,7,),n=1,...,N. In the SBL solution, the majority of variances
is zero, thus effectively inducing spatial sparsity of the corresponding
source activities. Such sparse solutions are physiologically plausible in
task-based analyses, where only a fraction of the brain’s macroscopic
structures is expected to be consistently engaged. This consideration
has led (Wipf and Rao, 2004) to propose the Champagne algorithm for
brain source imaging, which is rooted in the concept of SBL. Compared
to Type-I approaches achieving sparsity through #,-norm minimization,
Champagne has shown significant performance improvement with re-
spect to EEG/MEG source localization (Owen et al., 2012; Wipf et al.,
2010).

Just as most existing approaches, Champagne makes the simplifying
assumption of statistical independence between time samples. This leads
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to the following expression for the distribution of the sources:

T T

pXly) = [[rxln = [[NO.D) 7
=1 =1

where y = [y, ...,yy]" and I = diag(y). Note that, in task-based anal-

yses, the noise variance o> can be estimated from a baseline (resting

state) recording. In the first part of this paper, it is, therefore, assumed
to be known.

Remark 3. Electrophysiological data are known to possess a complex
intrinsic autocorrelation structure. Here, we consider priors that make
the simplifying assumption of independence between time samples,
which is consistent with most existing works in the field (Gramfort
et al., 2012; Haméldinen and Ilmoniemi, 1994; Haufe et al., 2008; Mat-
suura and Okabe, 1995; Pascual-Marqui et al., 1994). Importantly, us-
ing such simplifying priors generally does not prevent the resulting in-
verse solutions to have time structure. Nevertheless, priors modeling
the known properties of the latent variables more accurately might lead
to better reconstructions especially in low-sample regimes. Preliminary
work shows that priors modeling temporal structure with autoregressive
models can indeed improve the reconstruction of autocorrelated source
(Hashemi and Haufe, 2018).

The parameters of the SBL model are the unknown sources as well
as their variances. As computation of the integral in Eq. (6) is in-
feasible, Champagne considers an approximation, where the variances
Ywsn=1,...,N, are optimized based on the current estimates of the
sources in an alternating iterative process. Given an initial estimate of
the variances, the posterior distribution of the sources is a Gaussian of
the form (Wipf et al., 2010), (Sekihara and Nagarajan, 2015, Chapter 4)

T
pX|Y,y) = H N (&), Z,) , where 8)
=1
X(1) =TLT(Z)"y(0) ©
E, =T-TL'E,)"'Ll (10)
Z, =o’T+LILT . an

The estimated posterior parameters X(f) and X, are then in turn used
to update the estimate of the variances y,,n =1, ..., N as the minimizer
of the negative log of the marginal likelihood p(Y|y), which is given by
Wipf et al. (2010):

T
£(y) = ~log p(Yly) = % ;y(rfz;lym +log[Zy| . 12)

where |-| denotes the determinant of a matrix. This process is re-
peated until convergence. Given the final solution of the hyperparame-
ter ¥, the point estimate x!! of the source activity is obtained from the
posterior mean of the estimated source distribution: x'(f) = X(r). Note
that given the definition of the empirical sample covariance matrix as
Cy =7 X, yOy®', the term %zle YOTZ;'y() in Eq. (12) can be
rewritten as tr(CyE; 1), so that Eq. (12) becomes (Wipf et al., 2010,
Section II)

£y = tr(cyzy—l) +log|Z,] . (13)

Note that, in this form, the loss function Eq. (13) bears an interesting
similarity to the log-determinant (log-det) Bregman divergence in informa-
tion geometry (James and Stein, 1992). This perspective on Type-II loss
function enables a common viewpoint for Type-I and Type-II methods.

By invoking mathematical tools based on Legendre-Fenchel duality
theory, the cost function Eq. (12) can be formulated equivalently as an-
other cost function, £=*(X, y), whose optimizers, {y*,X*}, are derived
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by performing a joint minimization over X and y (Wipf et al., 2011, see
also Section II-B),Bauschke and Combettes (2017); Rockafellar (1970):

75, X* = arg minyzoyxzoﬁn"‘ (X, y), where

T
_ 1 _
Xy = 2 3 Iy0 - Lx)]; + R (X.y)
=1

| v v 507
RIZXp =23 Y = ol (14)
t=1 n=1 n
where RI=¥(X, y) denotes a regularizer that depends on the data, x(z),
and where x,(¢) denotes the activity of source » at time instant 7. Then,
as each source x,(t) is also a function of y, according to Eq. (9), the
xu(1)?
Tn

term goes to zero when y, — 0.

Remark 4. In contrast to standard MAP estimation, the effective priors
obtained within our hierarchical Bayesian framework, e.g., RI=*(X, y)
in Eq. (14), are not fixed. They depend on parameters that can be tuned
and learned from the data; thus, Type-II priors have the ability and flex-
ibility to capture the actual properties of the observed real data.

We will use the formulation in Eq. (14) to derive alternative opti-
mization schemes for Champagne in Sections 2.3.2 and 2.3.3.

2.3.1. EM Champagne

As the cost function Eq. (12) is non-convex in y, the quality of the
obtained solution depends substantially on the properties of the em-
ployed numerical optimization algorithm. Crucially, algorithms might
not only differ with respect to their convergence properties but may
also lead to different solutions representing distinct local minima of
Eq. (12). The first algorithm for mimimizing Eq. (12) has been in-
troduced by Wipf and Nagarajan (2009) and is an application of the
expectation-maximization (EM) formalism (Dempster et al., 1977). As
can be shown, Eqgs. (9)-(11) correspond to the expectation (E) step of
the EM algorithms with respect to the posterior distribution p(X|Y, y).
The maximization (M) step of the EM formalism with respect to y then
leads to the update rule

T
=[]+ % ;(x’;(z))z forn=1,..,N . (15)

Final estimates of both parameters are obtained by iterating the updates
(9)-(11) and (15) until convergence. The resulting algorithm is known
as the EM variant of the Champagne algorithm (Sekihara and Nagara-
jan, 2015, Chapter 4) (Wipf and Nagarajan, 2009) in the field of brain
source imaging.

2.3.2. Convex-bounding based Champagne

As the EM algorithm outlined above has been shown to have slow
convergence speed, alternative minimization strategies have been pro-
posed. Two such variants, a convex-approximation based approach and
the so-called MacKay update, have been proposed in Wipf and Nagara-
jan (2009) and further practically investigated in Owen et al. (2012).
Considering that the log-determinant in Eq. (14) is concave, the convex-
bounding based variant of Champagne constructs a linear upper bound
based on the concave conjugate of log ’521 + LI’LT‘, defined as w*(z),

log ‘621 + LFLT| =log ‘621 +L diag(y)LT‘ = min 2y —w@) . (16)

With this upper bound, and for a fixed value of y, the auxiliary variable
z can be derived as the tangent hyperplane of the log|Z, |:
2=Y,log |o-21 + LFLT‘ .

Note that the concave conjugate is obtained as a result of ap-
plying Legendre-Fenchel duality theory (see, e.g., Bauschke and
Combettes (2017); Rockafellar (1970)) on the concave function
log ‘0'21+LFLT| as follows: w*(z) = ;r;% [rTz—w(y)] ., where w(y)=

log ‘021 + LI‘LT| denotes our target concave function.
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By inserting Eq. (16) instead of log|X,| into Eq. (14), the non-convex
penalty function Eq. (14) is replaced by the convex function

ZZX(I)]+ZJ/ w*(z)

t=1 n: n

II-x :
Fean G0 = 0 [
in each step of the optimization. The final estimates of X, y and z are ob-
tained by iterating between following update rules until convergence:

k _ 7 Tryky—1 _
# =L@ L, n=1,...,N a7n

(0 =TLTEH ™y a8)

k(£))2
yitl = M =1,...,N. (19)
Z

Here, L, in (17) denotes the n-th column of the lead field matrix.

2.3.3. MacKay update for Champagne

The MacKay update proposed in (Wipf and Nagarajan, 2009, Sec-
tion III.A-2) can be derived in a similar fashion as the convex-bounding
based update using different auxiliary functions and variables. By defin-
ing new variables «, :=log(y,) forn=1,..., N, the non-convex term

log ’O’ZI + Ldiag(y)LT| in Eq. (16) can be written as:

1og) g Ldlag(y)LT( = log |c2T + Z 7,LTL,
=
N
= log|o’I+ ) exp(x,)L L,
n=1

Then, one can introduce another surrogate function (Wipf and Nagara-
jan, 2009, Appendix-B)

N
oI+ ) exp(x,)L L,

n=1

log = max z” log(y) — h*(z) (20)
z>0

for the log )021 +LILT|,

(z) denotes the convex conjugate of

log |61 + ZnN=1 exp (k,)LTL, | in contrast to the concave conjugate coun-
terpart, w*(z) used in Eq. (16). Substituting (20) into Eq. (14) leads to
a so-called min-max optimization program for optimizing the non-convex
penalty function R'=¥(X), which alternates between minimizations over
y and maximizations of the bound in (20):

ZZ Sl ] +2llogn) - K@ . @)

tln— In

MacK
Reomy (X, 7)

= min max
y>0 z>0

Let y* denote the value of y, in the k-th iteration. Inserting y* into
Eq. (21) and minimizing with respect to y* requires that the deriva-
tives

k() Tk
0?/ |:T Z —(t)yk @ + leog(y,’,‘) - h*(z)] =0
=1 n

for n=1,..., N, vanish. The resulting function is then maximized with
respect to z (Wipf and Nagarajan, 2009, Appendix-B), which leads to
the so-called MacKay update for optimizing Eq. (14) (Wipf and Nagara-

jan, 2009, Section A—2):
—1 -1
(ij§(2’;) L,,>

1
k+1 = [7 Z k(t)
T 5 -1 \!
- [ (r)B5 ™) ](nyI(EQ Ln)
T

=1
=1

1
T
-
[ Z(ﬁ"(z))2 <LI(Z’;) Ln> forn=1,...N, 22)

where g (¢) is defined as follows: g5 (r) := LI(Z'y‘)*ly(t) forn=1,...,N.
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3. Unification of sparse Bayesian learning algorithms with the
majorization-minimization (MM) framework

In this section, we first briefly review theoretical concepts behind
the MM algorithmic framework (Hunter and Lange, 2004; Jacobson and
Fessler, 2007; Razaviyayn et al., 2013; Wu et al., 2010). Then, we for-
mally characterize Champagne variants as MM algorithms by suggest-
ing upper bounds on the cost function Eq. (14) that, when employed
within the MM framework, yield the same update rules as the origi-
nal algorithms. The first three rows of Table 1 list the update rules and
mathematical formalism used in this section.

3.1. Majorization-Minimization

Majorization-minimization is a promising strategy for solving gen-
eral non-linear optimization programs. Compared to other popular op-
timization paradigms such as (quasi)-Newton methods, MM algorithms
enjoy guaranteed convergence to a stationary point (Sun et al., 2017).
The MM class covers a broad range of common optimization algo-
rithms such as proximal methods and convex-concave procedures (CCCP)
(Sun et al., 2017, Section IV), Lipp and Boyd (2016); Yuille and Rangara-
jan (2003). While such algorithms have been applied in various contexts,
such as non-negative matrix factorization (Févotte, 2011) and massive
MIMO systems for wireless communication (Haghighatshoar and Caire,
2017; Khalilsarai et al., 2020), their advantages have so far rarely been
made explicit in the context of brain source imaging (Bekhti et al., 2018;
Hashemi and Haufe, 2018; Luessi et al., 2013).

We define an original optimization problem with the objective of
minimizing a continuous function f(u) within a closed convex set V" C
R":
muin f(u) subjecttouel . (23)

Then, the idea of MM can be summarized as follows. First, construct
a continuous surrogate function g(u|u*) that upper-bounds, or majorizes,
the original function f(u) and coincides with f(u) at a given point u*:

[Al] gk ub) = f(ub)
[A2] gulu®) > fw)

Second, starting from an initial value u’, generate a sequence of feasi-
ble points u', u?, ..., u¥, u**! as solutions of a series of successive simple
optimization problems, where

vuker
Vu,u"eU‘.

[A3] u*! ;= arg min g(u|u¥).
uey

Note that the performance of MM algorithms heavily depends on
the choice of a suitable surrogate function, which should, on one
hand, faithfully reflect the behavior of the original non-convex function
Eq. (23) while, on the other hand, be easy to minimize.

Definition 1. Any algorithm fulfilling conditions [A1]-[A3] is called a
Majorization Minimization (MM) algorithm.

Corollary 1. An MM algorithm has a descending trend property, whereby
the value of the cost function f decreases in each iteration: f(u**!) < f(u¥).

Proof. The proof is included in Appendix B. []

While Corollary 1 guarantees a descending trend, convergence re-
quires additional assumptions on particular properties of f and g
(Jacobson and Fessler, 2007; Razaviyayn et al., 2013). For the smooth
functions considered in this paper, we require that the derivatives of the
original and surrogate functions coincide at u*:
[A4] Vgutub) = v fub) vutev.
Then, the following, stronger, theorem holds.

Theorem 1. For an MM algorithm that additionally satisfies [A4], every
limit point of the sequence of minimizers generated through [A3] is a sta-
tionary point of the original optimization problem Eq. (23).
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Table 1
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This table summarizes the update rules presented in Section 2.3 and their corresponding MM upper-bounds that will be

utilized in Sections 3 and 4.

Update Rule

Mathematical Formalism Used Inequality Used

EM = =], + 7 TR0

[+ =Lstor] (L(2) L)

Convex Bounding ~ y**!' :=

MacKay

-1/2

LowSNR-BSI 7 =[5 BL & 2] (LL,)

—1/2

= [FTLEor] (V:LI(Ei)ALn)A

Expectation-Maximization Formalism Jensen’s Inequality

Concave Conjugate Taylor Expansion

Change of Variable + Convex Conjugate  Taylor Expansion

MM Principle in Low-SNR Setting Taylor Expansion

Proof. A detailed proof can be found in (Razaviyayn et al., 2013, The-
orem 1). [

Note that since we are working with smooth functions, condi-
tions [A1]-[A4] are sufficient to prove convergence to a station-
ary point according to Theorem 1 (see Hunter and Lange (2004);
Razaviyayn et al. (2013); Wu et al. (2010) and Dempster et al. (1977);
Wu (1983)) for proofs of the convergence behaviour of other MM algo-
rithms such as expectation maximization.

Remark 5. Corollary 1 implies that if a surrogate function is con-
structed to fulfill conditions [A1] and [A2], and if the next feasible
point of the algorithm is always assigned as the minimizer of the surro-
gate function based on [A3], the resulting MM algorithm decreases f(u)
in each step. Although a weaker condition than [A3], i.e., g(u**!|uf) <
g(uf|u¥), is sufficient for a descending trend, we only consider MM algo-
rithms in this paper; thus, condition [A3] is a crucial requirement. As we
have shown in Theorem 1, [A3] is further required to prove guaranteed
convergence of an MM algorithm.

We now show that three algorithms that have been proposed for
solving the SBL cost function Eq. (12) can all be cast as instances of the
MM framework invoking different majorization functions on RI=*(X).
For the convex-bounding based approach as well as the algorithm using
MacKay updates, the full set of conditions [A1]-[A4] in Theorem 1 are
proven. Due to the considerations made above, we, however, only prove
Corollary 1 for the EM-based Champagne algorithm.

3.1.1. EM update as MM

It is known that the EM algorithm is a special case of MM framework
using Jensen’s inequality to construct the surrogate function (Sun et al.,
2017; Wu et al., 2010). Here, we work out the specific surrogate func-
tion for the SBL cost function Eq. (12) (i.e., the negative log marginal
likelihood).

As Wipf and Nagarajan have shown (Wipf and Nagarajan, 2009, Sec-
tion III.A-1), the EM algorithm for Type-II problems consists of the fol-
lowing two parts: For the E-step, the posterior p(X|Y,y*) is obtained
given the value of y at k-th iteration, y*. The M-step then solves:

Y i=arg mil’lyEP(x|Y,yk)[— log p(Y, X|y)| , where

T
i} _T Ly %
log p(Y. X]y) = = log|T| + Z‘Xm %)

,
T 1 -
+ 5 log|o’I] + 3 = lly(h ~ L)1l @4
=1

which leads to the update rule in Eq. (15).

Proposition 1. The EM based Champagne algorithm is an MM algorithm
fulfilling Corollary 1, where the negative log-likelihood loss, —log p(Y|y), is
majorized by the following surrogate function

T
T 1 _ 1=
LEurly®) = 5 log IT] + Eyxyy ) [5 PRICHY ‘xk<r>]
t=1

T
T 1 -
+ 7 log ‘O’ZI‘ +E x|y %) [Z 262 [ly(t) — LE* ()] |§]
1=1

+ E,xy.pop (XY, ). @9

Proof. A detailed proof can be found in Appendix C. []

Note that the EM algorithm is also equivalent to the restricted max-
imum likelihood (ReML) (Friston et al., 2002) and dynamic statistical
parametric mapping (dSPM) approaches (Dale et al., 2000) for solving
the sparse EEG/MEG inverse problem, which, thereby, can also be in-
terpreted as instances of minimization-majorization.

3.1.2. Convex-bounding based approach as MM

We start by recalling the non-convex penalty RI"*(X, y) as defined
in Eq. (14):
x,(1)?

— +log|Z, |.
Yn Y

T N
RU“Xop =22 )
=1 n=

1
T

By setting x = %* to the value obtained by the convex-bounding based
method in the k-th iteration, the following holds:

Proposition 2. The convex-bounding based Champagne algorithm is an
MM algorithm fulfilling Theorem 1, where R1=*(X,y) is majorized by the
following surrogate function:

i g“ xﬁ;t)z] +log 2| +tr[(2’y‘>_12y]

=1 n=1 n
K\ sk
—tr[(Ey) zy].

Proof. A detailed proof is provided in Appendix D. []

1
k ky —
Reom(r17") = [f

(26)

3.1.3. MacKay update as MM
Similar to convex-bounding, we can show that the Mackay updates
for Champagne can be viewed as an MM algorithm.

Proposition 3. The Champagne variant employing MacKay updates is
an MM algorithm fulfilling Theorem 1, where RU=*(X,y) is majorized by
R ¥ I75).

conv

Proof. The proof is similar to that of Proposition 2 and provided in
Appendix E. [J

To summarize this section, we have shown that three popular strate-
gies for solving the SBL problem in Eq. (12), namely the EM, the
MacKay, and the convex bounding based approaches, can be charac-
terized as MM algorithms. Importantly, this perspective provides a com-
mon framework for comparing different Champagne algorithms. For ex-
ample, we can derive and compare certain characteristics of Champagne
algorithms directly based on the properties of the majorization functions
they employ. Conversely, it is also possible to design specific majoriza-
tion functions that are optimal in a specific sense, leading to new source
reconstruction algorithms.
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4. LowSNR-brain source imaging (LowSNR-BSI)

Here, we assume a low-SNR regime, as it is common in BSI appli-
cations. SNR is defined in sensor space as signal power, E{||Lx(t)||?},
divided by noise power, 62: SNR = Mz(’)”z), and can be expressed in
dB scale as SNRyg = 10log;,(SNR). In rﬁany practical applications, we
are interested in solving the BSI problem for SNRyz < 0; that is, when
the noise power is comparable to the power of the signal or even larger.
Although the algorithms presented in Sections 3.1.1-3.1.3 achieve satis-
factory performance in terms of computational complexity, their recon-
struction performance degrades significantly in low-SNR regimes. This
behavior has been theoretically shown in (Khanna and Murthy, 2017a,
Section VI-E) and has also been confirmed in several simulation studies
(Cai et al., 2021; Owen et al., 2012).

In order to improve the performance of SBL in low-SNR settings,
we propose a novel MM algorithm by constructing a surrogate function
for Eq. (12) specifically for this setting. Based on (Haghighatshoar and
Caire, 2017), we propose the following convex surrogate function:

T

Low-SNR _ 1 _1

LLowSNR(y|yk) = tr(LTLT) + T Z} Y(I)sz y(). @7
1=

The following proposition is based on results in (Haghighatshoar and

Caire, 2017).

Proposition 4. The surrogate function Eq. (27) majorizes the Type-II loss
function Eq. (12) and results in an MM algorithm that fulfills Theorem 1.
For SNR — 0, Eq. (12) converges to Eq. (27):

L) = Lo (rIr*) + O(SNR). 28)
Proof. A detailed proof of this result is presented in Appendix F. The
main idea is to first normalize the sensor and source covariance matri-
ces by 62 and then consider the eigenvalue decomposition of tr(LT'LT)
as LTLT = UPUT with P = diag(p,, ..., py)- These two steps result in
the following equality: log|Zy| = log [T+ UPUT|. Finally, the proof is
completed by leveraging the concavity of the log(-) function and us-
ing a Taylor expansion around the eigenvalues of LI'L", i.e., p;, fori =
1,....M. O

Note that, as a result of Proposition 4, the behaviour of the non-
convex SBL cost function Eq. (12) is more and more well approximated
in the vicinity of the current estimate by the proposed surrogate function
Eq. (27) as the noise level increases, which sets it apart from existing
surrogate functions. Therefore, the proposed bound is particularly suit-
able in low-SNR regimes.

In contrast to the original SBL cost function Eq. (12), the surrogate
function Eq. (27) is convex and has unique minimum that can be found
analytically in each iteration of the optimization. To find the optimal
value of y = [y, ..., 751", we first take the derivative of (27) with re-
spect to each y, forn =1, ..., N, and then set it to zero, which yields the

following closed-form solution for y = [y,,...,yx1':
= N (29)

A detailed derivation of Eq. (29) can be found in Appendix G. We call
the algorithm obtained by iterating between (9)-(11) and (29) LowSNR-
Brain Source Imaging (LowSNR-BSI). In practice, values exactly equal
to zero may not be obtained for the y,. Therefore, an active-set strat-
egy is employed. Given a threshold yy,.esn, those variances y, for which
Yu < Ythresh holds are set to zero in each iteration of the algorithm.
Algorithm 1 summarizes the steps of LowSNR-BSI. Table 1 allows for a
direct comparison of the LowSNR-BSI update rule (last column) and the
corresponding update rules of other Champagne variants derived within
the MM framework.
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Algorithm 1: LowSNR-BSI algorithm.

Input: The lead field matrix L € RM*V | the measurement vectors
y() € RM*1 ¢ =1, ..., T, and the noise variance o2.
Result: The estimated prior source variances [y;,...,7x1", the
posterior mean X(¢) and covariance X, of the sources.
1 Set a random initial value for y = [y,, ..., 7y]" and construct
I’ = diag(y).
2 Calculate the statistical covariance £, = o2+ LI'L'.
3 Initialize k « 1
Repeat
4 Calculate the posterior mean as ¥¥(r) = FLTE; Ly(@).
5 Update y, forn =1, ..., N based on Eq. (29).
6 Recalculate the active set of brain sources by selecting the
values of y, that are greater than a pre-defined threshold:
Yn > Ythresh» n=1,..., N.
7 k—k+1

2
Until stopping condition is satisfied: ”i"“ - i"”z <eork=kpg;

8 Calculate the posterior covariance as X, =T — FLTE;ILF.

5. Automatic estimation of the noise level
5.1. Adaptive noise learning

It is common practice to estimate the noise variance o2 from baseline
data prior to solving the EEG/MEG inverse problem (Bijma et al., 2003;
Cai et al., 2018; De Munck et al., 2002; Engemann and Gramfort, 2015;
Huizenga et al., 2002; Jun et al., 2006; Plis et al., 2006). However, a
baseline estimate may not always be available or may not be accurate
enough, say, due to inherent non-stationarities in the data/experimental
setup. Here, we argue that estimating the noise parameter from the
to-be-reconstructed data can significantly improve the reconstruction
performance even compared to a baseline estimate. To this end, we
here derive data-driven update rules that allow us to tune estimate the
noise variance, o> within the source reconstruction procedure using the
Champagne and LowSNR-BSI algorithms, where we build on prior work
by Mika et al. (2001); Tipping (2001); Wipf and Rao (2007); Wu and
Wipf (2012); Zhang, Rao, 2011. Practically we introduce the shortcut
A = o2 to underscore that A is a tunable parameter whose estimate can
substantially deviate from the baseline estimate in practice. We then
treat A as another model hyperparameter, similar to the source vari-
ances y,. Thus, in each step of learning cycles of the Champagne and
LowSNR-BSI algorithms, we also minimize the loss function £ with re-
spect to A, where the remaining parameters I' and X, are fixed to the
values obtained in the preceding iteration. This leads to the following
theorem:

Theorem 2. The minimization of L"(A) with respect to A,
&
A i=arg minﬂﬂn(/l) =arg minA<F 21‘ y(t)TE;ly(t) +log|Zy | >,
1=
yields the following update rule for A at the (k + 1)-th iteration, assuming I'*
and E’; be fixed values obtained in the (k)-th iteration:

ot T 2 VO - LRI 0
M- NE s Ehar] )

where N* denotes the number of non-zero voxels identified at iteration k
through an active-set strategy.

Proof. A detailed proof can be found in Appendix H. []

As shown in Algorithm (1), our implementation uses an active-set
strategy that only selects the non-zero voxels at each iteration based on
a threshold. Therefore, at the initial steps of the algorithm, N* = N since
all source variances are initialized randomly. But, when the algorithm



A. Hashemi, C. Cai, G. Kutyniok et al.

proceeds, the number of non-zero voxels decreases as a result of our
active-set strategy, which results in smaller values for N¥.

5.2. Cross-validation strategies

In the previous section, we proposed to estimate the noise variance
A = 62 in-sample such that the SBL likelihood according to Eq. (12) was
maximized, which led to an analytic update rule. As, under our assump-
tion of homoscedastic sensor noise, A is only a single scalar parameter,
it moreover becomes feasible make use of robust model selection tech-
niques employing the concept of cross-validation (CV), whose aim it is
to maximize the out-of-sample likelihood (Bishop, 2006; Hastie et al.,
2009; Shalev-Shwartz and Ben-David, 2014). To this end, the data are
split into two parts. On the so-called training set, the model parameters
is fitted for a wide range of possible values of 4, which are fixed within
each individual optimization. The likelihoods of the fitted models are
then evaluated on the held-out data parts, called the test sets. The choice
of 4 that maximizes the empirical likelihood on the test data is then used
as an unbiased estimate of the noise variance. It is well-known from the
field of machine learning that cross-validation effectively overcomes the
problem of model overfitting in small samples. Here, we introduce two
CV strategies employing different ways of splitting the data.

5.2.1. Temporal cross-validation

In temporal CV, the temporal sequence of the data samples is
split into k different contiguous blocks (folds)(Blankertz et al., 2011;
Lemm et al., 2011). Here, we use k = 4. Three folds form the train-
ing set, ytraintemp ¢ RMxTU™ ©on which we fit the Champagne and
LowSNR-BSI models for a range of As. On the remaining fold, Y-temP
RMXT' ™ “the Type-II log-likelihood (c.f. Egs. (12) and (13))

[/II(Ytrain,lemp’Ytest,temp) — % ZT ] ytest_temp(t)TE;l test_temp 1)

1= train_temp Y

+10g|2ytrain_&emp| = tr(cy(esuemp 2;1 )

train_temp

+10g|2ytmin3emp | Gh

is then evaluated. Note that in Eq. (31) the model covariance Ey(ram_[emp
that has been determined on the training data Y'#n-emP s combined
with the empirical covariance of the hold-out data Y'*s-**™P_which were
not used during model fitting. Thus, Eq. (31) is the out-of-sample Type-II
log-likelihood. It has been theoretically shown (Friedman et al., 2008;
Khanna and Murthy, 2017a) that the Type-II log-likelihood function
is a metric on the second-order information of the sensors closely re-
lated to the log-det Bregman divergence (discrepancy) between statis-
tical (model) and empirical covariances (Bregman, 1967; James and
Stein, 1992). The choice of A that minimizes that discrepancy on hold-
out data is, therefore, a sensible estimate for the true noise variance. We
provide further details on the relation between the SBL likelihood and
the log-det Bregman divergence in Appendix A.

5.2.2. Spatial cross-validation

In spatial CV, the data are not split into temporal segments but
by dividing the available EEG/MEG sensors into the training and test
sets. This variant has been proposed by Habermehl et al. (2014);
Haufe et al. (2011). Here, we again use k = 4 folds, where we randomly
assign 75% of the sensors to the training set, Yrainspat g RM"-PuxT
and the remaining 25% to the test set, Y'estspat @ RM“P"XT Op the
training sensors, Champagne and LowSNR-BSI are fitted using the cor-
responding portion of the leadfield matrix, L"sp2_ for the same range
of s as used in temporal CV. The sources, X'"ainspat ¢ RNXT ' estimated
from the fitted models are then mapped back to the sensor space, and
the out-of-sample Type-I log-likelihood (c.f. Eq. (5)) is evaluated on the
hold-out (test) sensors:
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T
EI(Ytrain,spat’ Ytestispat) — % 2 ) ylestispat(t) _ Llesl,spatxtrain,spal(t)”z
t=1

(32)

- “Ytest_spat _ Ltest_spatXtrain_spat 2
F

Note that, while the Type-II log-likelihood has an interpretation as
a Bregman divergence between model and empirical covariance matri-
ces, the Type-I log-likelihood is the Frobenius norm or mean-squared
error (MSE) ||~||2F of the model residuals, i.e., the average squared Eu-
clidean distance between empirical and modeled observation vectors.
Thus, while the Type-II likelihood compares model and observations
in terms of their second-order statistics, the Type-I likelihood uses only
first-order information. As in temporal CV, the value of A that minimizes
the MSE on the test sensors is selected as the final noise estimate.

6. Simulations

We conducted an extensive set of simulations, in which we compared
the reconstruction performance of the proposed LowSNR-BSI algorithm
to that of Champagne and two additional widely-used source reconstruc-
tion schemes for a range of different SNRs. We also tested impact of the
proposed noise learning schemes (adaptive, temporal CV and spatial CV)
on the source reconstruction performance compared to estimating the
noise level from baseline data.

6.1. Pseudo-EEG signal generation

Forward modeling

Populations of pyramidal neurons in the cortical gray matter are
known to be the main drivers of the EEG signal (Nunez et al., 2006).
Here, we use a realistic volume conductor model of the human head
to model the linear relationship between primary electrical source cur-
rents in these populations and the scalp surface potentials captured by
EEG electrodes. The New York Head model (Huang et al., 2016) pro-
vides a segmentation of an average human head into six different tissue
types. In this model, 2004 dipolar current sources were placed evenly
on the cortical surface and 58 sensors were placed on the scalp accord-
ing to the extended 10-20 system (Oostenveld and Praamstra, 2001).
In accordance with the predominant orientation of pyramidal neuron
assemblies, the orientation of all source currents was fixed to be per-
pendicular to the cortical surface, so that only scalar source amplitudes
needed to be estimated. Finite-element modeling was used to compute
the lead field matrix, L € R38%2004_ which serves as the forward model
in our simulations.

Source generation
We simulated a sparse set of N, =3 active sources, which were
placed at random positions on the cortex. The temporal activity of each
source was generated by a univariate linear autoregressive (AR) process,
which models the activity at time ¢ as a linear combination of the P past
values:
P
X0 =Y a(p)x;(t — p) + &(0), fori =1,2,3.
p=1
Here, a;(p)fori =1,2,and3 are linear AR coefficients, and P is the or-
der of the AR model. The model residuals &;(-)fori = 1,2and3 are also
referred to as the innovation process; their variance determines the sta-
bility of the overall AR process. We here assume uncorrelated standard
normal distributed innovations, which are independent for all sources.
In the following, we use stable AR systems of order P = 5.

Noise model
To simulate the electrical neural activity of the underlying brain
sources, T = 20 data points were sampled from the AR process described
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above. Corresponding dipolar current sources were then placed at ran-
dom locations, yielding sparse source activation vectors x(t). Source acti-
vations X = [x(1), ..., x(T")] were mapped to the 58 EEG sensors through
application of the lead field matrix L:

yoienl = LX 33)

Next, we added Gaussian white noise to the sensor-space signal. To this
end, noise was randomly sampled from a standard normal distribution
and normalized with respect to its Frobenius norm. A weighted sum of
signal and noise contributions then yielded the pseudo-EEG signal
. noise
Y = ysisel 4 a—”;im” : (34
v
where a determines the signal-to-noise ratio in sensor space. For a
given a, the noise variance is obtained as o2 = 1/Mtr[Z,],forZ, =
Ym)isc

Cov[aw], and the SNR (in dB) is calculated as SNR =
F

2010g10<

noise variance estimation on the performance of the proposed algo-
rithms, we fixed the noise variance in each set of simulations so
as to obtain distributions of performance metrics for a number of
similar effective SNR values. We conducted four sets of simulations
using a = {2,1.5,1,0.5}, corresponding to average noise variances of
62 ={374%x1073,21.0x 1073,9.4 x 1073,2.3 x 1073} and average SNRs
of SNR = {0.33,2.17,4.87,11.40} (dB). Each set of simulations consists
of 100 experiments, in which source locations and time series as well as
noise realizations were randomly sampled.

In addition to the pseudo-EEG signal, a pseudo baseline measure-
ment containing only noise but no signal was generated. The sole pur-
pose of this measurement was to provide an empirical estimate of the
noise variance as a baseline for our joint source reconstruction and
noise estimation approaches, which estimate the same quantity from
the summed pseudo-EEG signal. To ensure sufficiently precise baseline
estimation, 300 noise samples were generated, normalized, and scaled
by « as in Eq. (34) for each experiment.

ysignal - /a). Since our goal is to investigate the effect of

6.2. Source reconstruction

We applied Champagne and LowSNR-BSI to the synthetic datasets
described above. The variances of all voxels were initialized randomly
by sampling from a standard normal distribution. The optimization pro-
grams were terminated either after reaching convergence (defined by
a relative change of the Frobenius-norm of the reconstructed sources
between subsequent iterations of less than 10~%), or after reaching a
maximum of k., = 3000 iterations.

In each experiment, we evaluated the algorithms using 40 predefined
choices of the noise variance ranging from 4 = 1/3¢2 to 4 = 30c2. In ad-
dition, A was estimated from data using the techniques introduced in
Section 5. We observed that the variance estimated from baseline data,
6?2 (averaged over all EEG channels) was typically almost identical to the
ground-truth value A = 62 used to simulate the data. The reconstruction
performance obtained using this value was therefore included in the
comparison as a baseline. Performance at baseline noise level was com-
pared to the performance obtained using adaptive learning of the noise
using Eq. (30) as well as using spatial or temporal cross-validation. Note
that, for temporal CV, we generated 7" = 80 samples, so that we obtained
60 samples in each training set and 20 samples in each test fold. Due to
the increased number of training samples, this method, therefore, has
an advantage over the remaining ones. For spatial CV, due to the spatial
blur introduced by volume conduction, there is a limit on how focal the
measured sensor-space electrical potentials or magnetic fields can be,
and the signal will usually be distributed over all sensors. Therefore, a
setting in which all ‘signal-carrying’ electrodes will end up either in the
training or test set is unlikely to occur in practice. Using, for example,
k = 4 random splits, it is ensured that the training set will typically cap-
ture the signal pattern well. The test set in this approach is only used to
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evaluate the out-of-sample likelihood on the remaining sensors, while
no model fitting needs to take place. Therefore, missing certain aspects
of the signal pattern in the test set does not pose a critical problem,
especially if multiple splits are conducted.

Remark 6. The fact that real M/EEG data have time structure is ac-
knowledged in our simulation setting by modeling source time courses
as AR processes. The resulting samples of the training and test sets
thereby become dependent. Technically, this violates the i.i.d. assump-
tion underlying the theory of CV. However, one can argue that training
and test sets are de-facto independent since the leakage from one set
to another is small compared to the length of the data. In the spatial
CV approach, in contrast, the sensors of the training and test sets are
strongly dependent on another, because of the spatial blur introduced
by volume conduction. Nevertheless, as we observe in Sections 6.4 and
7, spatial CV works very well both in simulations and real data analysis.
This observation suggests that the cross-validation approach can work
even if the i.i.d. assumption is violated, in line with previous literature
(Habermehl et al., 2014; Hastie et al., 2009; Haufe et al., 2011; Kohavi
et al., 1995).

In addition to Champagne and LowSNR-BSI, two non-SBL source
reconstruction schemes were included for comparison. As an exam-
ple of a sparse Type-I method based on #;-norm minimization, S-FLEX
(Haufe et al., 2011) was used. As spatial basis functions, unit impulses
were used, so that the resulting estimate was identical to the so-called
minimum-current estimate (Matsuura and Okabe, 1995). In addition,
the eLORETA estimate (Pascual-Marqui, 2007), a smooth inverse solu-
tion based on weighted f%-norm minimization was used. eLORETA was
used with 5% regularization, whereas S-FLEX was fitted so that the resid-
ual variance was consistent with the ground-truth noise level. Note that
the 5% rule is chosen as it gives the best performance across a subset of
regularization values ranging between 0.5% to 15%.

6.3. Evaluation metrics

Source reconstruction performance was evaluated according to
the following metrics. First, the earth mover’s distance (EMD,
Haufe et al. (2008); Rubner et al. (2000)) was used to quantify the spa-
tial localization accuracy. The EMD metric measures the cost needed
to transform two probability distributions, defined on the same metric
domain, into each other. It was applied here to the N x 1 amplitude dis-
tributions of the true and estimated sources, which were obtained by
taking the voxel-wise Z,-norm along the time domain. EMD scores were
normalized to be in [0, 1]. Second, the error in the reconstruction of the
source time courses was measured. To this end, Pearson correlation be-
tween all pairs of simulated and reconstructed (i.e., those with non-zero
activations) sources was measured. Each simulated source was matched
to a reconstructed source based on maximum absolute correlation. Time
course reconstruction error was then defined as one minus the average
of these absolute correlations across sources. Finally, the runtime of the
algorithms was measured in seconds (s).

6.4. Results

Fig. 1 shows the EMD (upper row), the time course reconstruction
error (middle row) and the negative log-likelihood loss value (lower
low) incurred by Champagne and LowSNR-BSI for two SNR settings
(SNR = 0.33 dB and SNR = 11.40 dB). Four different schemes of esti-
mating the noise level from data (estimation from baseline data, adap-
tive learning, spatial CV, and temporal CV) are compared. Note that
we found previously that the ground-truth noise variance 1 = o2 used
in the simulation is generally accurately estimated from baseline data,
which is referred to as ‘baseline’ in the figure, A = 62. Interestingly, how-
ever, this baseline is optimal only for LowSNR-BSI, and only with re-
spect to temporal source reconstruction. For Champagne, and with re-
spect to the spatial source reconstruction performance of LowSNR-BSI,
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---Champagne * Baseline

¢ Spatial CV

—LowSNR-BSI @ Adaptive Learning * Temporal CV

Fig. 1. Source reconstruction performance of Champagne and
LowSNR-BSI in two different SNR regimes (low SNR: 0.33 dB,
left column; high SNR: 11.4 dB, right column). Spatial recon-

Low SNR (0.33 dB)

High SNR (11.4 dB)

struction error is measured in terms of the earth-mover’s dis-
tance, and is shown in the upper row, while time course re-
construction error is shown in the middle row. The lower row
demonstrates the negative log-likelihood loss, SBL loss func-
tion Eq. (12), incurred by Champagne and LowSNR-BSI algo-
rithms.
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the choice of the baseline noise variance turns out to be suboptimal,
as it is outperformed by all three proposed schemes that estimate the
noise variance from the actual (task) data to be reconstructed (‘Adaptive
Learning’, ‘Spatial CV’ and ‘Temporal CV’). Interestingly, noise levels
estimated using Spatial CV lead to near-optimal reconstruction perfor-
mance in a broad variety of settings, in line with observations made in
Habermehl et al. (2014); Haufe et al. (2011). All proposed noise learn-
ing schemes converge to points in the vicinity of the minimum of the
SBL loss function Eq (12).

The EMD in our setting only depends on the spatial distribution of
the sources. Therefore, the EMD is not able to fully capture potential
advantages resulting from modeling temporal characteristics of the cor-
related EEG/MEG time courses. As a result, it is not highly aligned with
the values of the loss. This explains the observed discrepancies between
the loss function and the EMD values of Champagne and LowSNR-BSI in
Fig. 1. To assess the reconstruction of the temporal characteristics of the
brain sources, we also measure the time course error. All four variants
of LowSNR-BSI algorithms not only outperform their Champagne coun-
terparts but also approach the minimal achievable time course error.
High EMD performance of Champagne with Spatial CV does not lead to
high performance in terms of time course error as well as regarding the
negative log-likelihood loss. For all algorithms, regularization values re-
sulting in a smaller EMD metric can be found. However, this observation

10

Noise variance

does not imply a practical benefit of any algorithm as the ground-truth
is unknown in real-world situations.

Fig. 2 further compares the source reconstruction performance of the
four noise estimation variants separately for Champagne and LowSNR-
BSI for a range of four SNR values. As already observed in Fig. 1, all three
proposed approaches for noise variance estimation (adaptive learning,
spatial CV, and temporal CV) lead to better source reconstruction per-
formance than the estimation from baseline data. Overall, spatial CV for
Champagne and temporal CV for LowSNR-BSI achieve the best combi-
nation of spatial and temporal reconstruction performance.

The superior performance of CV techniques, however, comes at the
expense of higher computational complexity of the source reconstruc-
tion. As Fig. 2 demonstrates, using CV techniques with the specified
numbers of folds increases the runtime of Champagne and LowSNR-BSI
by approximately two orders of magnitude (10° s ~ 10*s) compared to
the runtimes of eLORETA, S-FLEX, and the baseline and adaptive learn-
ing variants of Champagne and LowSNR-BSI (1 s ~ 10 s).

Fig. 3 provides an alternative depiction of the data presented
in Fig. 2, which allows for a more direct comparison of Cham-
pagne and LowSNR-BSI. As benchmark algorithms, eLORETA (Pascual-
Marqui, 2007) and S-FLEX (Haufe et al., 2011) are also included in the
comparison. It can be seen that LowSNR-BSI in the baseline mode, us-
ing adaptive noise learning, and using temporal CV consistently outper-



A. Hashemi, C. Cai, G. Kutyniok et al.

Neurolmage 239 (2021) 118309

---Champagne * Baseline ¢ Spatial CV
—LowSNR-BSI = Adaptive Learning * Temporal CV
03 03 10
_ 5
a wm
@ o2 0.2 = ./"/‘;T_,.\,
o o ] ;
& o 3 g
2
% 0.1 2 01 10
- S
=
0 0 —
0 5 10 0 5 10 0 5 10
SNR (dB) SNR (dB) SNR (dB)
0.3r 0.3 104
N S
(0] = T -
c [ _ T _ [ . P ppupipe R
g D0..2 w7 N 80'2§~t¢# O - = -
L =~ S~o 5 ~ [0} -~
£ E . i-\\\s:\” 3 33 £
g 011 R 30,1 4_:55::‘ = 102
O = - - g =~ _~~:§:~*
= —e - ==== [
0 - ! 0 o= "
0 5 10 0 5 10 0 5 10
SNR (dB) SNR (dB) SNR (dB)

Fig. 2. Source reconstruction performance of four different variants of LowSNR-BSI (upper row) and Champagne (lower row). The noise variance was es-
timated from baseline data (ground truth), using adaptive learning, or using spatial or temporal cross-validation. Performance was evaluated for four SNRs
(SNR = {0.33,2.17,4.87,11.40} dB) and with respect to three different metrics (spatial reconstruction according to the earth-mover’s distance — left column, time
course reconstruction error — middle column, and computational complexity according to the runtime (in seconds) — right column).
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Fig. 3. Source reconstruction performance of Champagne (dashed line) and LowSNR-BSI (solid line) for four SNR values (SNR = {0.33,2.17,4.87,11.40} dB). The
noise variance was estimated from baseline data as well as using adaptive learning, spatial and temporal CV. Spatial reconstruction error was measured in terms of
the earth-mover’s distance and is shown in the upper row, while time course reconstruction error is shown in the lower row.

forms Champagne in terms of spatial localization accuracy, in particular
in low-SNR settings. This behavior indeed confirms the advantage of the
surrogate function, £L0W-SNR(y|y¥) which is designed to provide a better
approximation of the non-convex SBL cost function in low-SNR regimes,
as presented in Section 4. Consequently, as the SNR decreases, the gap

between LowSNR-BSI and Champagne further increases. In terms of the
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time course reconstruction error, LowSNR-BSI shows a similar improve-
ment over Champagne when the SNR is low. However, the magnitude
of this improvement is not as pronounced as observed for the EMD
metric. The only setting in which Champagne consistently outperforms
LowSNR-BSI is when spatial CV is used to estimate the noise variance,
and spatial reconstruction performance is evaluated.
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Champagne - Baseline
- -Champagne - Adaptive Learning
Low-SNR BSI - Baseline
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Fig. 4. Convergence behavior of LowSNR-BSI as well as Champagne using the
standard (convex-bounding based) updates (Champagne) as well as EM and
MacKay updates. For standard Champagne and LowSNR-BSI, the use of a fixed
noise variance estimated from baseline data is compared with adaptive noise
learning. LowSNR-BSI variants have faster convergence rate at early stages of
the optimization procedure, but later converge to less optimal log-likelihood
values. Adaptive learning variants of Champagne and LowSNR-BSI reach bet-
ter log-likelihood values than their counterparts using a fixed noise variance
estimated from baseline data.

Note that the LowSNR-BSI surrogate function in the baseline mode
can provide a tight upper-bound for the original non-convex function
only when SNR is equal to zero. For non-zero SNR, the current theory
unfortunately does not apply; however, it is clear from our empirical re-
sults that the LowSNR-BSI surrogate function remains advantageous also
in non-zero low-SNR regimes. As Fig. 3 demonstrates, we observe per-
formance improvements of LowSNR-BSI over Champagne in the base-
line mode for SNRs up to around 8 dB. After this point, the surrogate
functions of LowSNR-BSI and Champagne both appear to be able to ap-
proximate the non-convex loss with a similar degree of precision; thus,
their performance with respect to the evaluation metrics overlap as can
be seen in the right column of Fig. 1.

It can further be observed that S-FLEX yields higher spatial local-
ization accuracy (lower EMD) than eLORETA, while eLORETA yields
higher temporal accuracy (lower time course error) than S-FLEX across
all SNR values. With respect to spatial accuracy, both approaches, how-
ever, are consistently outperformed by Champagne and LowSNR-BSI.
Note that the superior spatial reconstruction of sparsity-inducing algo-
rithms (Champagne, LowSNR-BSI and S-FLEX) compared to eLORETA
is expected here, because the simulated spatial distributions are in-
deed sparse. The superiority of SBL methods (Champagne, LowSNR-
BSI) over S-FLEX that is observed here confirms observations and the-
oretical considerations made in Cai et al. (2021); Owen et al. (2012);
Wipf et al. (2010). eLORETA shows comparable temporal reconstruc-
tion performance as LowSNR-BSI and Champagne, while S-FLEX is out-
performed by all other methods.

The convergence behavior of the different SBL variants discussed and
introduced in Sections 3-5 is illustrated in Fig. 4. LowSNR-BSI variants
have faster convergence rates at the early stage of the optimization pro-
cedure compared to standard Champagne as well as Champagne with
MacKay updates. They, however, reach lower negative log-likelihood
values eventually, which indicates that they find better maxima of the
model evidence. Furthermore, the adaptive-learning variants of Cham-
pagne and LowSNR-BSI reach lower negative log-likelihood values than
their counterparts estimating the noise variance from baseline data,
suggesting that learning the noise variance, or in other words overes-
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timating the noise variance, improves the reconstruction performance
through better model evidence maximization.

Note that the plots in Fig. 4 demonstrate the convergence behaviour
of MM algorithms for only one single experiment. We conducted another
experiment (see Appendix I), in which the simulation was carried out
100 times using different instances of source distributions and initializa-
tions. The final negative log-likelihood loss — attained after convergence
- and runtimes of all methods were calculated. The median and inter-
quartile ranges over 100 randomized experiments of these performance
metrics are reported in Fig. 8, which confirms the observations made
here.

7. Analysis of auditory evoked fields (AEF)

The MEG data used here were acquired in the Biomagnetic Imaging
Laboratory at the University of California San Francisco (UCSF) with
a CTF Omega 2000 whole-head MEG system from VSM MedTech (Co-
quitlam, BC, Canada) with 1200 Hz sampling rate. The neural responses
of one subject to an Auditory Evoked Fields (AEF) stimulus were local-
ized. The AEF response was elicited with single 600 ms duration tones
(1 kHz) presented binaurally. The data were averaged across 120 tri-
als (after the trials were time-aligned to the stimulus). The pre-stimulus
window was selected to be —100 ms to 5 ms and the post-stimulus time
window was selected to be 5 ms to 250 ms, where 0 ms is the onset of
the tone. Further details on this dataset can be found in Cai et al. (2021);
Dalal et al. (2011); Owen et al. (2012). The lead field for each subject
was calculated with NUTMEG (http://bil.ucsf.edu) using a single-sphere
head model (two spherical orientation lead fields) and an 8 mm voxel
grid.

The results presented in Section 6 have been obtained for the scalar
setting, where the orientation of the brain sources are assumed to be per-
pendicular to the surface of cortex and, hence, only the scalar deflection
of each source along the fixed orientation needs to be estimated. In real
data, surface normals are hard to estimate or even undefined in case of
volumetric reconstructions. Consequently, we model each source here as
a full 3-dimensional current vector. This is achieved by introducing three
variance parameters for each source within the source covariance ma-
trix, I°P = diag(y3P) = 7775 Vs Yo ¥ i1+ As all algorithms con-
sidered here model the source covariance matrix I' to be diagonal, this
extension can be readily implemented. Correspondingly, a full 3D lead-
field matrix, L3P € RM>3N | is used.

Fig. 5 shows the reconstructed sources of the AEF of one subject us-
ing conventional Champagne with pre-estimated 1 = 2, adaptive noise
learning, and spatial CV. LowSNR-BSI with pre-estimated A = 62 was
also included in the comparison. Shown in the top panel are the recon-
structions at the time of the maximal deflection of the auditory N100
component (shown in bottom panel).

All reconstructions are able to correctly localize bilateral auditory
activity to Heschel’s gyrus, which is the location of the primary audi-
tory cortex. Note that an additional source in the midbrain, which is
indicated by all three Champagne variants, is absent for LowSNR-BSI.

We tested the reconstruction performance of all methods for random
subsets of 10, 20, 40, 60, and 100 trials. As Fig. 6 shows, the proposed
noise learning variants of Champagne as well as LowSNR-BSI can cor-
rectly localize bilateral auditory activity to Heschl’s gyrus even when
using as few as 10 trials. Focusing on the low-SNR regime, Fig. 7 shows
seven reconstructions for random selections of 10 trials. LowSNR-BSI as
well as all proposed noise learning variants of Champagne consistently
show sources at the expected locations in the left and auditory cortices,
where both cortices are jointly identified in the majority of experiments.

8. Discussion
We have provided a unifying theoretical platform for deriving differ-

ent sparse Bayesian learning algorithms for electromagnetic brain imag-
ing using the Majorization-Minimization (MM) framework. First, we
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Fig. 5. Analysis of auditory evoked fields (AEF) of one subject using conventional Champagne with pre-estimated 4 = 42, adaptive noise learning, and spatial CV as
well as LowSNR-BSI. Shown in the top panel are the reconstructions at the time of the maximal deflection of the auditory N100 component (shown in bottom panel).
All reconstructions show sources at the expected locations in the left and right auditory cortex.
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demonstrated that the choice of upper bounds of the Type-II non-convex
loss function within the MM framework influences the reconstruction
performance and convergence rates of the resulting algorithms. Second,
focusing on commonly occurring low-SNR settings, we derived a novel
Type-II Bayesian algorithm, LowSNR-BSI, using a novel convex bound-
ing MM function that converges to the original loss function as the SNR
goes to zero. We demonstrated the advantage of LowSNR-BSI over ex-
isting benchmark algorithms including Champagne, eLORETA and S-
FLEX. Consistent with the theoretical considerations, the advantage of
LowSNR-BSI over Champagne decreases with increasing SNR. Third, we
have derived an analytic solution that allows us to estimate the noise
variance jointly within the source estimation procedure on the same
(task-related) data that are used for the reconstruction. We have also
adopted cross-validation schemes to empirically estimate the noise vari-
ance from hold-out data through a line search. We have proposed spatial
and temporal CV schemes, where either subsets of EEG/MEG channels
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10 trials

Fig. 6. Analysis of auditory evoked fields (AEF) of one sub-
ject using conventional Champagne with pre-estimated 4 = 62,
adaptive noise learning, and spatial CV as well as LowSNR-BSI,
tested with the number of trials limited to 10, 20, 40, 60, and
100. All proposed noise learning reconstructions show sources
at the expected locations in the left and right auditory cortices.

or recorded samples are left out of the source reconstruction, and where
the noise variance is selected as the minimizer of a divergence between
model and hold-out data. We also demonstrate that precise knowledge
of the noise variance is required in order to determine the optimal algo-
rithm performance. Finally, according to our empirical results, all three
proposed techniques for estimating the noise variance lead to superior
source reconstruction performance compared to the setting in which the
noise variance is estimated from baseline data.

8.1. Cross-validation vs. adaptive noise learning

Spatial CV for Champagne and Temporal CV for LowSNR-BSI
achieved the best performances and are generally applicable to any dis-
tributed inverse solution. Their long computation time can, however,
be challenging as their computational complexity is drastically higher
(around two orders of magnitude) than using baseline data or adap-
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Fig. 7. Analysis of auditory evoked fields (AEF) of one subject using conventional Champagne with pre-estimated A = 2, adaptive noise learning, and spatial CV as
well as LowSNR-BSI, tested with the number of trials limited to 10. Each column shows an experiment with a random selection of 10 trials. LowSNR-BSI as well as
all proposed noise learning variants of Champagne always show sources at the expected locations in the left or right auditory cortex. In the majority of experiments,

both cortices are jointly identified.

tive learning schemes. The high complexity of CV techniques is a poten-
tial limitation in settings where the efficiency of the algorithm or im-
mediate access to the outcome is crucial. What is more, this approach
quickly becomes infeasible if more than one parameter needs to be esti-
mated through a grid search. In contrast, the computational complexity
of the proposed noise level estimation scheme using adaptive learning
is of the same order as the complexity of the baseline approach. More-
over, we have successfully extended this approach to the estimation of
heteroscedastic noise, where a distinct variance is estimated for each
M/EEG sensor (Cai et al., 2021). Hence, the adaptive-learning approach
can be seen as an advancement of the baseline algorithm that combines
performance improvement and computational efficiency. It is also worth
noting that the computational complexity of CV techniques heavily re-
lies on tunable parameters such as the number of folds/splits of the data
and the total number of candidate points in the grid search.

8.2. Interpretation of Type-I and Type-II loss functions as divergences

We have pointed out (see Section 5.2 and Appendix A) that Type-I
and Type-II Bayesian approaches implicitly use different metrics to com-
pare the empirical sensor-space observations to the signal proportion ex-
plained by the reconstructed brain sources. Type-I approaches measure
first-order differences between modeled and reconstructed time series
using variants of the MSE, while Type-II approaches amount to using
the log-det Bregman divergence to measure differences in the second-
order statistics of the empirically observed and modeled data as sum-
marized in the respective covariance matrices. While the connection be-
tween the Type-II loss function and the log-det Bregman divergence has
been investigated and exploited in numerous forms such as Stein’s loss
(James and Stein, 1992) or the graphical Lasso (Friedman et al., 2008;
Mazumder and Hastie, 2012; Ravikumar et al., 2011), and has found
applications in disciplines such as information theory and metric learn-
ing (Davis et al., 2007; Zadeh et al., 2016), wireless communication
(Khalilsarai et al., 2020), and signal processing (Khanna and Murthy,
2017a; 2017b; Wiesel et al., 2015), it has not received much attention in
the BSI literature to the best of authors’ knowledge. Here, we have used
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this insight to devise a novel cross-validation scheme, temporal CV, in
which model fit is measured in terms of the log-det Bregman divergence
(or, Type-II likelihood) on held-out samples. In contrast, the previously
introduced spatial CV uses the mean-squared error to measure out-of-
sample model fit. Importantly, however, this difference does not imply
that the application of spatial CV is restricted to Type-I approaches or
that the use of temporal CV is restricted to Type-II approaches. Rather,
both approaches are universally applicable. In fact, it is straightforward
to evaluate the Type-I likelihood based on the source times series re-
constructed with Type-II methods. Conversely, it is also possible to esti-
mate the Type-II likelihood for Type-I approaches such as S-FLEX. Here,
the model source and noise covariances are first estimated from the re-
constructed sources as I' = Cov[x(#)] and 62 = 1 /M Zm[Cy - LIA‘LT][m,m],
after which X, can be calculated. The optimal Type-I regularization pa-
rameter is then selected as the minimizer of £I(y!raintemp ytest_tempy jp
Eq. (31).

8.3. Limitations and future work

One limiting assumption of the current work is that the activity of the
sources is modeled to be independent across voxels, spatial orientations,
and time samples. Analogously, the noise is assumed to be independent
across times samples, and homoscedastic (independent with equal vari-
ance across sensors). These assumptions merely act as prior information
whose purpose is to bias the inverse reconstruction towards solutions
with lower complexity. Thus, they do not prevent the reconstruction of
brain and noise sources with more complex structure if the observed
data are inconsistent with these priors. On the other hand, modeling
dependency structures that are in fact present in real data has the po-
tential to substantially improve the source reconstruction. We have re-
cently proposed adaptive noise learning algorithms that relax the rather
unrealistic assumption of homoscedastic noise (Cai et al., 2021). Going
further, it would be possible to also model spatial covariances of the
sources between voxels and/or between source orientation within vox-
els, which would encode the realistic assumption that individual brain
regions do not work in isolation. Similary, the spatial covariance struc-
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ture of the noise could be modeled in order to accommodate spatially
distributed artifacts due to, for example, heart beat or line noise interfer-
ence. Finally, electrophysiological data are known to possess a complex
intrinsic autocorrelation structure, which is not modeled by the majority
of existing BSI algorithms. We have recently proposed ways to also learn
temporal correlations within the Type-II framework and have obtained
promising results with respect to time course reconstruction (Hashemi
and Haufe, 2018; Hashemi et al., 2021).

9. Conclusion

We have provided a unifying theoretical platform for deriving differ-
ent sparse Bayesian learning algorithms for electromagnetic brain imag-
ing using the Majorization-Minimization (MM) framework. This unifi-
cation perspective not only provides a useful theoretical framework for
comparing different algorithms in terms of their convergence behavior,
but also provides a principled recipe for constructing novel algorithms
with specific properties by designing appropriate bounds of the Bayesian
marginal likelihood function. Building on MM principles, we then pro-
posed a novel method called LowSNR-BSI that achieves favorable source
reconstruction performance in low signal-to-noise-ratio settings. Recog-
nizing the importance of noise estimation for algorithm performance, we
present both analytical and cross-validation approaches for noise esti-
mation. Empirically, we show that the monotonous convergence behav-
ior predicted from MM theory is confirmed in numerical experiments.
Using simulations, we further demonstrate the advantage of LowSNR-
BSI over conventional Champagne in low-SNR regimes, and the advan-
tage of learned noise levels over estimates derived from baseline data.
To demonstrate the usefulness of our novel approach, we show neuro-
physiologically plausible source reconstructions on averaged auditory
evoked potential data.

Our characterization of the Type-II likelihood as a divergence mea-
sure provides a novel perspective on the construction of BSI algorithms
and might open new avenues of research in this field. It is conceivable
that alternative divergence metrics can be used for solving the M/EEG
source reconstruction problem in the future by modeling specific neu-
rophysiologically valid aspects of similarity between data and model
output. Promising metrics in that respect are information divergences
such as Kullback-Leibler (KL) (Wei et al., 2020), Rényi (Khanna and
Murthy, 2017b), Itakura-Saito (IS) (Févotte et al., 2009) and g diver-
gences (Cichocki and Amari, 2010; Eguchi and Kato, 2010; Févotte and
Idier, 2011; Samek et al., 2013) as well as transportation metrics such as
the Wasserstein distance between empirical and statistical covariances
(e.g., (Gramfort et al., 2015; Janati et al., 2020; Peyré et al., 2019; Vil-
lani, 2008)).

Although this paper focuses on electromagnetic brain source imag-
ing, Type-II methods have also been successfully developed in other
fields such as direction of arrival (DoA) and channel estimation in
wireless communications (Gerstoft et al., 2016; Haghighatshoar and
Caire, 2017; Khalilsarai et al., 2020; Prasad et al., 2015), Internet of
Things (IoT) (Fengler et al., 2019a; 2019b), robust portfolio optimiza-
tion in finance (Feng et al., 2016), covariance matching and estima-
tion (Benfenati et al., 2020; Greenewald and Hero, 2015; Meriaux et al.,
2020; Ollila et al., 2020; Ottersten et al., 1998; Tsiligkaridis et al., 2013;
Werner et al., 2008; Zoubir et al., 2018), graph learning (Kumar et al.,
2020), and brain functional imaging (Wei et al., 2020). The methods
introduced in this work may also prove useful in these domains.

Data and code availability statement

The auditory evoked fields data used in this study will be made pub-
licly available in deidentified and pre-processed form through a public
data repository such as openneuro.org or . Moreover, MATLAB code
used to analyze the AEF data as well code used in the simulation study
will be uploaded to a publicly accessible GitHub repository. This in-
cludes the code to generate the synthetic data, implementations of the
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brain source imaging (BSI) algorithms, and codes to evaluate source re-
construction performance.
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Appendix A. Bregman Divergence Formulation of the Type-II Loss
Function

We start by recalling the definition of log-det Bregman matrix diver-
gence - also known as Stein’s loss (James and Stein, 1992) - between
any two M x M positive semidefinite (PSD) matrices Q and W:

Diogder(@. W) = tr@QW™) ~ log|QW™'| M, (35)

where the “log-det” Bregman matrix divergence in (35) is an special
case of Bregman matrix divergence (Bregman, 1967), where —log|-| is se-
lected as a strictly convex function. By substituting C, and X, in (35) in-
stead of Q and W, the log-det Bregman matrix divergence can be writ-
ten as follows (Davis et al., 2007; Friedman et al., 2008; Jalali et al.,
2017; Khalilsarai et al., 2020; Khanna and Murthy, 2017a; Mazumder
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and Hastie, 2012; Ravikumar et al., 2011; Tsiligkaridis and Hero, 2013;
Zadeh et al., 2016):
Diogeaer(Cy: By) = tr(Cy =] ) — log| C, =] | - M
= tr(CyE; ") + log|[Zy | — log|C,| - M
= 1og|2y) +ir(Cy ;) + —1og(cy| -M, (36)
\......c_;gs_t....../
where (36) is the same as (13) up to a constant. Note that log‘Cy‘ does

not depend on y and is, therefore, treated as a constant value here.

Appendix B. Proof of Corollary 1

Proof. To verify the descending trend in the MM framework, it is suf-
ficient to show that f(u**') < f(u*). To this end, we have f(u**!) <
g1 uX) from condition [A2]. Condition [A3] further states that
g u¥) < g(u¥|ub), while g(u¥|u¥) = f(u¥) holds according to [A1].
Putting everything together, we have:

[A2] [A3] [A1]
F@h < @Mt b < gt ) = rb,

which concludes the proof. []

Appendix C. Proof of Proposition 1

Proof. We first show that the objective function of the M-step is de-
rived by upper-bounding the negative log-likelihood, —log p(Y|y), using
Jensen’s inequality (J):

P(XIY, ¥¥)p(YIX, )

—log p(Y|y) = —1ogEx)p(Y|X,7) = —logE,x
Pp(X|y) P(X]y) (XIY.1%)

) p(Y|X.y)
=—1logE,xjv 4 < —)P(XU’)

p(X|Y, pk
9 p(Y[X,y)
<-E log | =—=2 p(X
< —E x|y k) log (p(XIY, J,,()P( ly)

a
= — Eyxpv 4 10g (Y. X[7) + Eyxpy ) log p(X[Y. 1¥)

const
=LEL ).

The resulting bound is a majorizing function for —log p(Y|y), so that
condition [A2] holds. Note that the term Ep(x|Yyyk)p(X|Y, ") does not
depend on y and, therefore, does not influence the optimization. Ac-
cording to the definition of Jensen’s inequality, the equality constraint
- condition [A1] - holds if and only if the argument of the convex func-
tion is a constant. Therefore, to establish the equivalence of both sides
of (J) when y = y*, it is sufficient to show that the argument of the log
function, ;;2{'5";2) p(X|y), is constant when y = y*. This can be verified
by invoking Beiyes rule:

p(YIX, ¥5)
p(X]Y, ¥5)

Since p(Y|y¥) is a constant, equality condition [A1] holds.
After inserting the analytic form of —log p(Y,X|y) in Eq. (24):

(37

PXIY*) = p(YIr").

T T
- _T Iy o lsn+ L 2 Ly - Lo 2
loz (Y. XIp) = 3 oI + 5 J5)T™'50)+ 3 log|20 1|+ZT el OB EXOTES

we are ready to prove that El’f:M(yly") fulfills condition [A3]. We have:

T
1 v. 1.
LE@ 1Y) o« log |T| + E iy 14) [7 Zx"(t)TF lxk(t)] + const , (38)
t=1

where const comprises all terms of Eq. (25) that are not a function of
y. To prove that C’EM(yly") satisfies condition [A3], we need to show
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that £’éM(y|y") reaches to its global minimum in each MM iteration.
This can be easily guaranteed if Eq. (38) is convex. While the sec-
ond term in (38) is convex, the first term, log |I'|, is in fact concave,
which hampers conclusions concerning the convexity of their sum. How-
ever, we can use the concept of geodesic convexity or g-convexity from
non-Euclidean and geometric optimization, which enables us to prove
that any local minimum of Eq. (38) is actually a global minimum. For
the sake of brevity, we will omit a detailed theoretical introduction
of g-convexity, and only borrow the following required propositions,
Propositions 5 and 6, from the literature (an interested reader can re-
fer to (Wiesel et al., 2015, Chapter 1) for a gentle introduction to this
topic, and to (Papadopoulos, 2005, Chapter 2) (Ben-Tal, 1977; Bonnabel
and Sepulchre, 2009; Liberti, 2004; Moakher, 2005; Pallaschke and
Rolewicz, 2013; Rapcsak, 1991; Vishnoi, 2018) for more in-depth tech-
nical details). Now, we state the following preliminary results: []

Proposition 5. The function log |I'| is g-convex in I, where I belongs to
the manifold of positive definite (PD) matrices.

Proof. A detailed proof can be found in (Wiesel et al., 2015,
Lemma. 1.13). The main idea is to leverage the geodesic Q, =
VD?VT, g € [0, 1] between two matrices, Q, = VV' and Q, = VDV', in
order to transfer the problem into the following form:

£(Q,) =log |[VDVT| =2log |V| + glog D],
where f (Qq) is a linear function and, therefore, convex in q. []

Remark 7. The log-determinant function is concave in classical Eu-
clidean analysis. However, Proposition 5 demonstrates that it is g-
convex with respect to the PD manifold.

Proposition 6. Any local minimum of a g-convex function over a g-convex
set is a global minimum.

Proof. A detailed proof is presented in (Rapcsak, 1991, Theorem 2.1).
Given that g-convexity is an extension of classical convexity to non-
Euclidean geometry, it is straightforward to show that all convex func-
tions are also g-convex, where the geodesics between pairs of matrices
are simply line segments. Therefore, given Proposition 5, we can con-
clude that Eq. (38) is g-convex; hence, any local minimum of EI’;M(yly")
is a global minimum according to Proposition 6. This proves that con-
dition [A3] is fulfilled and completes the proof of Proposition 1. []

Appendix D. Proof of Proposition 2

Proof. We start by recalling R'"*(X,y) in Eq. (14):

i 1o X0
R (X,y)=722 |+ loglZy|.
n

t=1 n=1

Based on (Sun et al., 2017, Example 2), [A2] can be directly inferred
from the concavity of the log-determinant function and its first-order
Taylor expansion around the value from the previous iteration, E’y‘,
which leads to the following inequality:

log |, | < log [=¢| + tr [(2’;)_1 (- z’y‘)]

:log‘2§‘+tr[<2;‘,) lzy] —tr[(E’y‘) ]25].

Note that the first and last term in (39) do not depend on y; hence,
they can be ignored in the optimization procedure. Conditions [A1]
and [A4] are automatically satisfied by construction because the ma-
jorizing function is obtained through a Taylor expansion around EF.
Concretely, [Al] is satisfied because the equality in Eq. (39) holds
for X, = Z’y‘. Similarly, [A4] is satisfied because the gradient of log ‘Ey‘

(39

-1
at point 2‘.’;, (E’y‘ ) , defines the linear Taylor approximation log ‘E’y‘| +



A. Hashemi, C. Cai, G. Kutyniok et al.

-1
tr [(E’y‘) (EY - E’y‘ )] Thus, both gradients coincide in E’y‘ by construc-

tion. Now, we show that [A3] can be satisfied easily using standard op-
timization algorithms by proving that RX (y|y¥) is a convex function

conv

with respect to y. To this end, we rewrite Eq. (26):

T N

k k 1
REL 1Y) = [T >y
t=1 n=1

as follows:

Rk

conv

(ylyk) = diag[U]y‘l + diag[V]y + const, (40)
-1

where U := % ELI [ =k and V := LT (E’y‘) L are defined as pa-

rameters that do not depend on y. The term const also collects con-

stant terms in (39), i.e. const :=log ‘Z‘y“ + o2tr [(E’y‘)’l] — M. Besides,

r =1lr;'s....v3'1"T is defined as the element-wise inversion of y. The
convexity of RE (y|y*) can be directly inferred from the convex-
ity of diag[U]y~! and diag[V]y with respect to y (Boyd and Vanden-
berghe, 2004, Chapter. 3). The convexity of RX (y|y*), which en-
sures that condition [A3] can be satisfied using standard optimization,
along with fulfillment of conditions [Al], [A2] and [A4], ensure that
Theorem 1 holds.

In order to establish the equivalence of the MM algorithm using the
majorization function Eq. (26) and the convex-bounding based Cham-
pagne variant presented in Section 2.3.2, we here decompose X, into
rank-one matrices as introduced in (Sun et al., 2016). The first term of
Eq. (26) can be reformulated as follows:

tr[(E’;)_lzy] :tr[(z’y‘)_l(aanrLT)]
- tr[(zf;)"tfv] - diag[ﬁ(z';)’ltry,

where T = diag(y;, ..., 75,062, ...,02), and L = [L,I]. Since we are opti-
mizing Eq. (26) with respecttoy,, forn=1,..., N, the elements of I and
L related to the sensor noise o2 vanish. Thus, by inserting Eq. (41) into
Eq. (26), taking the derivative with respect to y,, forn=1,..., N, and

setting it to zero,
I -1
i(% >, (st 'r;t + LT (=) Ln]n>
I -1
> (i’n‘(n)z) #|ur(e) L
=1

e =1
=0 forn=1,...,N,

41

-1 (1
@ P\ T

where L, denotes the n-th column of the lead field matrix, we obtain an
update rule in terms of the original variables I" and L:

k+1

| F IO
Yy = |/

-1 ’
k
(=) o,

which is identical to the update rule of the convex-bounding based ap-
proach discussed in Section 2.3.2, Egs. (17)-(19).

(42)

Appendix E. Proof of Proposition 3

Proof. The proof that conditions [A1]-[A4] are satisfied is directly anal-
ogous to that of Proposition 2; therefore, it is omitted here. The equiv-
alence of the Champagne variant based on MacKay updates (Wipf and
Nagarajan, 2009, Section III.A-2) presented in Section 2.3.3 and the so-
lution derived within the MM framework can be derived by transform-
ing the update rule Eq. (42) into a fixed-point iteration of the form
y**1 = f(y*), which is an alternative way of minimizing the same sur-
rogate function (Eq. (26)). By squaring the left and right hand sides of

x’;y(:ﬂ] +log [2¢| +tr[(2§)_12y] - tr[(z’;)_lz’y‘] ,
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Eq. (42), one can divide both sides by y**! and re-interpret the term on
the right hand side as the estimate from the previous (k-th) iteration:

= [+ S| () )

1=1
for n=1,...,N. This is indeed identical to the MacKay update in
Eq. (22), which concludes the proof. []

k+1

Yn 43)

Appendix F. Proof of Proposition 4

Proof. (following (Haghighatshoar and Caire, 2017, Appendix C-A))
Without loss of generality, we here consider the case 6% = 1, which can
be obtained by normalizing the sensor and source covariance matrices
by 6% T «TI/c?, E, « X,/0? =1+LIL". Also, due to the concavity of
the log(-) function and by using a Taylor expansion around point a, we
have:

log(x) =loga + = — 1 + O(x),Ya > 0. a4
a

Assuming that LI'LT has an eigenvalue decomposition LILT =
UPUT with P = diag(p;. ..., py), the majorizing function £LLOW-SNR(y|yk)
as well as Eq. (28) are derived as follows:

M M
@ (n
log|Zy| = log [T+ UPUT| = 3 log(1+p,) = Y. p; +O(p;)
i=1 i=1
= tr(LTLT) + O(SNR), 45)
where the p;, fori =1,..., M denote the diagonal elements of P, which

are equivalent to the eigenvalues of LTLT. The term O(p;) represents the
second and higher-order residuals of the Taylor expansion. Note that
(45)-(I) is obtained by expanding P over its diagonal elements, while
(45)-(I1) is derived by exploiting the concavity of the log(.) function
and its first-order Taylor expansion around « = 1 based on Eq. (44).
Given the eigenvalue decomposition of LTLT = UPUT and the normal-
ization with respect to the noise variance, the sum over all eigenvalues
of LTLT, i.e, Z,IZ | Pi » represents the ratio between the power of the
signal and the power of the noise; hence, one can replace Zf;’ L O
in Eq. (45) with O(SNR). To elaborate this more, note that given
62 =1, we have SNR  E{||Lx(#)||?} = tr(LFLT), where E{x()x(r)"} =
I' = diag([y}. ... ,¥x1") due to the independence between voxels. There-
fore, SNR « tr(LILT) = Z,]Z | i » as the sum of the eigenvalues of a ma-
trix is equal to its trace.

As we have shown that log 1Zy| = tr(LTLT) + ©O(SNR), condition [A2]
holds and £"(y) converges to £LL0%SNR(y|yk) when SNR — 0.

Moreover, as Eq. (28) is constructed using a linear Taylor approx-
imation, [A1] and [A4] hold due to the same arguments made in the
proof of Proposition 2. It remains to be shown that condition [A3] can
be easily fulfilled due to the convexity of £LLOW-SNR(y|yk). To this end,
we exploit the following key relationship between the sensor and source
space covariances:

T T
1 Ty-l 1 1 1.3k 2 gk Tp—1gk

- Z,y(r) Y0 = 7 ; |1lv0 - LD +2 0T % 0. do)
By replacing % Z;F:I y(t)TE; ly(r) in Eq. (27) with its source space equiv-
alence in (46), we have:

1

£LOW-SNR(y|yk) — tI‘(LFLT) + =

conv T

r
Y &40 TTIR5 (1) + const, 47
=1

where const denotes the terms that do not depend on y. Reformulating
(47) as

ELOW-SNR(y | }’k) —

conv

diag[W1y + diag[Q]y ™" + const ,

. 1 - - — - -
with W:=L"L, Q:=z S [®¥@T=E@] and y' =Dt rT
proves the convexity of £LL0WSNR(y|yk) ysing the same arguments made
for proving convexity in Proposition 2. Thus, we have shown that con-

ditions [A1]-[A4] hold, which concludes the proof. []
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Appendix G. Detailed Derivation of the LowSNR-BSI Algorithm

To find the optimal value of y = [y, ...,yx]", we take the derivative
of £LOW-SNR(y |y k) in (27) with respect to each y, forn=1,..., N

conv

9_ pLow-SNR k
a7 Lo (rIr) =

[:r(LrLT)+ vz y(t)]
I)
QL[ |+ 2[4 2 v = o
11 — —
DU, + 2 5L S ivo - 1R 0 +F 0T R o)
LTL, +[ sT % (z)T( i r-‘)x (z)]

e (4]

where Eq. (48)-I is derived based on a sum-of-rank-one matrices re-

formulation of the term tr(LI'LT) by exploiting the diagonal struc-
ture of I'. Equality (48)-II is the direct implication of the duality be-
tween y-space and X-space that has been pointed out in (14). Finally,
giz [ly(@®) — LE*(@)| |§ does not appear in (48)-I1I and is ignored since it does
not depend on y. Setting the derivative in Eq. (48) to zero yields the
following closed-form update for y = [y;,...,yy1":

(48)

(III)

forn=1,---,N,

which is identical to the update rule in Eq. (29). This completes the
derivation of the LowSNR-BSI algorithm.

Appendix H. Proof of Theorem 2

Proof. We start by taking the derivative of £'(1) with respect to A:

(49)

2210 = 2 (loglZ, ) + [ Zy(z)Tz y(z)]

We first calculate the first term.
equality

)5 (log|2 ). Using the matrix inversion

log|Z, | = log| Al + LILT| = log|%LTL +T!| +log|T| + log| AT,
we have

log|Z (Ml J+log| LLTL r—')
M(ogl vl) = 57 \Mlogi+log| -L'L+T7|

where the term log|I'| is omitted since it is does not depend on 4. Then,
the derivative of log|Z, | with respect to 4 can be obtained as follows:

d M 1 T
a(1og|2y|) == - <ﬁ>tr[ExL L], (50)
where the second term in (50) is derived according to the equality I =

a '+ lLTL), which holds for the inverse of the posterior covariance in
Eq. (10) (Sekihara and Nagarajan, 2015, Chapter 4):

2 (Mlog 4 +1log[£711).
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1 T 1 T
=uz 2 (G1L)] = —<ﬁ>tr[ZXL L.
In the next step, we calculate the derivative of the second term in

Eq. (49) using the following key relation between the sensor and source
space covariances presented in Appendix F. Given (46), we have

T T
J |1 Tyl _(_1)\1 _ysken2
- [T Z,y(r) b y(t)]] —( 12>T 12:1 Iy () — LR 0|12,

where the term (1) "I~ !%%(7) is neglected since it does not depend on
A. Let ¥ and E’; be fixed values obtained in the (k)-th iteration. Then,
by substituting Egs. (50) and (51) into Eq. (49), we have:

(51

— 9 i) = ai(logm 1)+ [ Zy(z)Tz y(z)]

M 1
== - (,12> r[ZFLTL] + ( ) Z lly(®) - LE*@)]3 .
(52)
By expressing tr[ZXLTL] in terms of the values at the (k)-th iteration

according to the following matrix equality (Zhang, Rao, 2011):

tr[EALTL] = ur[ZEA5 (@57 - @097 = w4 ] - e [2FEHTHT]

Eq. (52) can be reformulated as follows:

9 pll sk
L =2 _
@h= A" (Ak)Z

1 - -
G e+ bt - - mz 7 Znym—ka(r)ll2

Note that N*¥ denotes the number of non-zero voxels at the (k)-th
iteration. Now by setting the derivative to zero, the update rule for 4 at

the (k + 1)-th iteration is obtained as

7 2oy - L&) 12

Akl = .
M — Nk +tr[EHas-1]

This completes the proof. []

Appendix I. A Statistical Analysis of Computational Complexity
and Convergence Behaviour of MM Methods

Here, we conducted an experiment, in which the simulation pre-
sented in Fig. 4 was carried out 100 times using different instances of
source distributions and initializations. The final negative log-likelihood
loss — attained after convergence — and runtimes of all methods were
calculated. The median and inter-quartile ranges over 100 randomized
experiments of these performance metrics are reported in Fig. 8.

As demonstrated in Fig. 4, the EM algorithm indeed needs a larger
number of iterations for convergence than its peer MM variants, which
eventually results in longer runtimes and higher computational com-
plexity if we measure runtime in units of seconds, demonstrated in
Fig. 8-(A). The overall computation complexity in each iteration of the
EM, however, is comparable to the other MM variants. Even though an

Fig. 8. (A) Runtime and (B) Type-II nega-
tive log marginal likelihood loss attained after
convergence of different variants of LowSNR-
BSI and Champagne, as well as using EM and
MacKay updates. Shown are the median and
inter-quartile ranges over 100 randomized ex-
periments.

2] -1 _ d -1 1,7
= (log =) = ulz, 2 Sx'] =u[E (0 + SLTL)]
Em R - PO -- -

MacKay PTp— .|_|]]_|. . - _Dj_
Champagne | . __ . Ll L

(Baseline) = m_l = I:I_——I_
Champagne - J Ll
(Adaptive) Hl-- R A
LowSNR BSI 5 |k iy

(Baseline) = 'D]_ -
LowSNR BSI [ _D]_ -

(Adaptive) L. . . . . o T ! | |

10 20 30 40 50 75 80 85
Time (s)
(A)
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additional operation for calculating the posterior matrix of the sources,
X, is involved in each iteration of the EM algorithm — which operates in
the high-dimensional source space, efficient implementation techniques
can drastically reduce the computational complexity of this operation,
e.g., from O(N?) to O(N), since only the main diagonal elements of
X, are required in the update rule, i.e., [Z,’;]n‘n. Therefore, the over-
all computational complexity of the EM algorithm at each iteration is
dominated by % ZLI(Xf(t))Z, which is a common term in all other MM-
based approaches, e.g., convex bounding, MacKay, and LowSNR-BSI. In-
terested readers can refer to (Zumer, Attias, Sekihara, Nagarajan, 2007)
for a computational analysis of EM and other Type-II methods. Fig. 8-(B)
also depicts the median and inter-quartile ranges of the final negative
log-likelihood loss — attained after convergence — of different variants
of LowSNR-BSI and Champagne as well as Champagne using EM and
MacKay updates.
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