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Abstract
This PhD thesis focuses on the investigation of approximation properties of
Cesàro means of the Vilenkin-Fourier series. In particular, we obtain some new
inequalities related to the rate of Lp approximation by Cesàro means of the
Vilenkin-Fourier series of functions from Lp. These inequalities imply sufficient
conditions for the convergence of Cesàro means of the Vilenkin-Fourier series
in the Lp−metric in terms of the modulus of continuity. Furthermore, we also
proved the sharpness of these conditions. In particular, we find a continuous
function under some condition of the modulus of continuity, for which Cesàro
means of the Vilenkin-Fourier series diverge in the Lp−metric.

This PhD thesis consists of three main Chapters, based on five papers. At
first, we have an Introduction, wherewe give a general overviewof fundamental
definitions and notations, followed by historical and new results, on which our
study is based and inspired. We also give a formulation of our main results in
this general frame and review some auxiliary results, that are significant for the
proofs of our new theorems in the next main chapters.

In Chapter 1, we investigate the approximation properties of Cesàro means
of negative order of the one-dimensional Vilenkin-Fourier Series. In particular,
we derive sufficient conditions for the convergence of the means σ−αn (f, x) to
f(x) in the Lp− metric in terms of the modulus of continuity. Moreover, we
prove the sharpness of these conditions.

Chapter 2 is focused on a new approach to investigate the rate ofLp approx-
imation by Cesàro means of negative order of the two-dimensional Vilenkin-
Fourier Series of functions from Lp. In particular, we derived a necessary and
sufficient condition for the convergence of Cesàro (C,−α,−β) means with α, β
ε (0, 1) in terms of the modulus of continuity. Some corresponding sharpness
results are proved also in this case.

Chapter 3 is devoted to deriving some new results concerning the behavior
of Cesàro (C,−α) means of the quadratic partial sums of double Vilenkin-
Fourier series. The new results are sharp also in this case.

Remark: All main results in this PhD thesis are also published in interna-
tional journals.
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Chapter 0

Introduction
Definitions and Notations

Classical Fourier analysis is very important for various applications in engineer-
ing science. In this PhD thesis, we derive some new sharp results in a modern
form of Fourier analysis, where the classical orthonormal systems are replaced
by some orthonormal systems from the point of view of the structure of a topo-
logical group.

This PhD thesis in Engineering Science and Mathematics is mainly focused
on the investigation of the approximation properties of Cesàro means of the
Vilenkin-Fourier series. For this we need to give a brief introduction including
the most important definitions e.g. those of the Vilenkin system and the
Vilenkin group. The Vilenkin system was introduced by Vilenkin in 1947 (see
[135]).

If we denote N+ as the set of positive integers, then N can be defined as
follows: N := N+ ∪ {0}.

Let m := (m0,m1, ...) denote a sequence of positive integers not less then
2. By the set Zmk := {0, 1, ...,mk − 1} the additive group of integers mod mk

can be denoted.
Define the groupGm as the complete direct product of the groups Zmj with

the product of the discrete topologies of Zmj ’s.
The direct product µ of the measures

µk ({j}) := 1
mk

(j ∈ Zmk)

is called the Haar measure on Gm and µ (Gm) = 1.
The elements ofGm canbe representedby sequencesx := (x0, x1, ..., xj , ...) ,(

xj ∈ Zmj
)
.

The group operation + in Gm is given by

x+ y = ((x0 + y0 )mod m0, ..., (xk + yk )mod mk, ...) ,

for x := (x0, ..., xk, ...) and y := (y0, ..., yk, ...) ∈ Gm.
The inverse of + will be denoted by −.
If the sequencem is bounded, then Gm is called a bounded Vilenkin group.

In this PhD thesis we will consider only bounded Vilenkin groups.
It is easy to give a base for the neighborhoods of Gm :

I0 (x) := Gm
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Introduction

In (x) := {y ∈ Gm|y0 = x0 , ..., yn−1 = xn−1 },
where x ∈ Gm and n ∈ N . We can define In := In (0) for n ∈ N .

Set en := (0, ..., 0, 1, 0, ...) ∈ Gm, where the n−th coordinate is equal to 1
and the rest are zeros (n ∈ N) .

If we define the so-called generalized number system based on m in the
following way: M0 := 1, Mk+1 := mkMk (k ∈ N) . Then every n ∈ N can be
uniquely expressed as

n =
∞∑
j=0

njMj , with nj ∈ Zmj (j ∈ N+) ,

where only a finite number of nj ’s differ from zero.
We use the following notation: Let |n| :=max{k ∈ N : nk 6= 0} (that is ,

M|n| ≤ n < M|n|+1).
In order to introduce an orthonormal system on Gm, at first we need to

define the complex-valued function rk (x) : Gm → C (see Paley [93]), which is
called the generalized Rademacher function, in the following way:

rk(x) := exp
(

2πixk
mk

)
,

(
i2 = −1, x ∈ Gm, k ∈ N

)
.

Now based on the the generalized Rademacher function we define the
Vilenkin system ψ := (ψn : n ∈ N) on Gm as follows:

ψn (x) :=
∞∏
k=0

rnkk (x) , (n ε N) .

In particular, we call the system theWalsh-Paley ifm = 2. Each ψn is a character
of Gm and all characters of Gm are of this norm. Moreover, ψn (−x) = ψ̄n (x).
The Vilenkin system is complete in L1 (Gm) (see Vilenkin [135]).

If f ∈ L1 (Gm) we can establish the following definitions with respect to the
Vilenkin system:
Fourier coefficients:

f̂ (k) :=
∫
Gm

fψkdµ, (k ∈ N) ,

Partial sums:

Snf :=
n−1∑
k=0

f̂ (k)ψk, (n ∈ N+ , S0f := 0) ,

Fejér means:

σnf :=
n∑
k=0

(
1− k

n+ 1

)
f̂ (k)ψk, (n ε N+) ,
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Dirichlet kernels:

Dn :=
n−1∑
k=0

ψk, (n ∈ N+) ,

Fejér kernels:

Kn(x) := 1
n

n∑
k=1

Dk (x) .

Recall that (see Golubov, Efimov, and Skvortsov [70] or Schipp, Wade, Simon
and Pál[106])

DMn (x) =
{

Mn, if x ∈ In,
0, if x /∈ In.

(0.1)

It is well known that σnf can be rewritten as follows:

σnf(x) =
∫
Gm

f (t)Kn (x− t) dµ (t) .

The (C,−α) means of the Vilenkin-Fourier series are defined by

σ−αn (f, x) = 1
A−αn

n−1∑
k=0

A−αn−k−1f̂ (k)ψk (x) ,

where

Aα0 = 1, Aαn = (α+ 1) ... (α+ n)
n! .

It is well known that (see Zygmund [159])

Aαn =
n∑
k=0

Aα−1
k . (0.2)

Aαn −Aαn−1 = Aα−1
n . (0.3)

Aαn ∼ nα. (0.4)

The (C,−α)means of the Vilenkin-Fourier series can be rewritten as follows:

σ−αn (f, x) = 1
A−αn

n−1∑
k=0

A−αn−k−1(Sk+1f (x)− Skf (x))

= 1
A−αn

(
n∑
k=1

A−αn−kSkf (x)−
n−1∑
k=1

A−αn−k−1Skf (x)
)

13
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= 1
A−αn

(
n−1∑
k=1

(A−αn−k −A
−α
n−k−1)Skf (x) + Snf (x)

)

= 1
A−αn

(
n−1∑
k=1

A−α−1
n−k Skf (x) + Snf (x)

)

= 1
A−αn

n∑
k=1

A−α−1
n−k Skf (x)

The norm of the space Lp (Gm) is defined by

‖f‖p :=

∫
Gm

|f (x)|p dµ (x)

1/p

, (1 ≤ p <∞) .

Denote by C (Gm) the class of continuous functions on the group Gm,
endoved with the supremum norm.

For the sake of brevity in notation, we agree to write L∞ (Gm) instead of
C (Gm) .

Let f ∈ Lp (Gm) , 1 ≤ p ≤ ∞. The expression

ω

(
1
Mn

, f

)
p

= sup
h∈In

‖f (· − h)− f (·)‖p

is called the modulus of continuity.

Next, we give an overview of some historical results in this research area.

A number of significant results have been obtained regarding the approxi-
mate properties of Cesàro means. In the following, however, only the results
are presented that are the most essential for this PhD thesis.

In 1885, Weierstrass [143] proved that if f ∈ C(T ), then

En(f)C → 0, as n→∞,

where En(f)C is the best uniform approximation of f by trigonometric polyno-
mial of degree ≤ n.

Lebesgue [79] was the first, who applied this statement in 1906 to the theory
of trigonometric series. He proved that if f ∈ C(T ), then

‖Sn(f)− f‖C ≤ AEn(f)C log(n+ 2), n ∈ N.

In 1910, he [80] also showed that if f ∈ Lip α with α ∈]0, 1], then

‖Sn(f)− f‖C ≤ A(f)n−α log(n+ 2), for n ∈ N.

We can easily verify that if f ∈ Lipα with α ∈]0, 1], then, for any n ∈ N

∥∥σ1
n(f)− f

∥∥
C
≤

{
A(f)n−α log(n+ 2) if α ∈]0, 1[
A(f)n−α log2(n+ 2) if α = 1

.
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Later, Bernstein [6] improved these estimations. In particular, in 1912 he
showed that if f ∈ Lipα with α ∈]0, 1], then, for any n ∈ N,

∥∥σ1
n(f)− f

∥∥
C
≤

{
A(f)n−α if α ∈]0, 1[
A(f)n−α log(n+ 2) if α = 1

,

where the order can not be improved.
In 1940, Nikolskii [88] proved that if f ∈ Lipα with α ∈ [0, 1], then, for any

n ≥ n0 > 1,

sup
f∈Lipα

∥∥σ1
n(f)− f

∥∥
C

=
{

2
πn logn+ γn if α = 1

2Γ(α)
π(1−α)nα sin απ

2 + γn(α) if α ∈]0, 1[
,

where n |γn| ≤ A and nα |γn(α)| ≤ A(α).
Natanson [87] in 1950 established that if f ∈ C(T ), then∥∥σ1

n(f)− f
∥∥
C
≤ 3ω

[
π(1 + 2 logn)

4n , f

]
, for n ∈ N.

In 1954, Izumi [76] proved that if f ∈ Lipα with α ∈]0, 1], then

‖σαn(f)− f}C ≤ A(f, α)n−α log(n+ 2), n ∈ N.

In 1956, Flett [17] investigated approximating properties of (C,α)-means
at single points and in the norm of C(T ), with α ∈ [0,+∞[. In particular, he
generalized some results of Bernstein and others.

In 1960, Taberski [119] proved the following theorems:
a) if f ∈ C(T ), then, for any n ∈ N,

‖σαn(f)− f‖C ≤
{
A(f, α)ω (n−α, f) if α ∈]0, 1[
A(f, α)ω

[
n−1 log(n+ 2), f

]
if α ∈ [1,∞[

b) if f ∈ Lip α with α ∈]0, 1], then for any n ∈ N,

∥∥σβn(f)− f
∥∥
C
≤


A(f, β)n−α if α ∈]0, β[
A(f, β)n−α log(n+ 2) if α = β

A(f, β)n−β if α ∈]β, 1[

and

∥∥σβn(f)− f
∥∥
C
≤

{
A(f, β)n−α if α ∈]0, 1[, β ∈ [1,+∞[
A(f, β)n−1 log(n+ 2) if α = 1, β ∈ [1,+∞[

In 1961 , Stechkin [118] showed that if f ∈ C(T ), then

∥∥σ1
n−1(f)− f

∥∥
C
≤ An−1

∞∑
k=1

Ek(f)C , for n ∈ N.
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This inequality also holds for f ∈ Lp(T ) with p ∈ [1,+∞[.
We should add that for p ∈]1,+∞[ we also have that

∥∥σ1
n−1(f)− f

∥∥
p
≤ A(p)n−1

n∑
k=1

Ek(f)p, for n ∈ N.

Thus, the approximating properties of Cesàro means of positive orders in
detail were investigated.

In 1925, Zygmund [160] proved that if f ∈ Lipα with α ∈]0, 1], then for any
β ∈]0, α[ ∥∥σ−βn (f)− f

∥∥
C
≤ A(f, β)nβ−α, for n ∈ N.

In 1928, Hardy and Littlewood [72] showed that if f ∈ C(T ) ∩ Lip(α, p) with
α ∈]0, 1] and p ∈]1,+∞ [ , then f ∈ Lip

(
α− 1

p

)
.Moreover, in this case we have

the following estimation:

‖Sn(f)− f‖C ≤ A(p, f)n1/p−α log(n+ 2), for n ∈ N.

Later, in 1955, Izumi [77] showed that a more precise estimate holds:

‖Sn(f)− f‖C ≤ A(p, f)n1/p−α, for n ∈ N.

In 1955, Satô [102]-[103] proved that if f ∈ C(T ) and α ∈]0, 1[, then∥∥σ−αn (f)− f
∥∥
C

≤ A(f, α)
{
ω

(
1
n
, f

)
C

[
nω

(
1
n
, f

)]
1

[
ω

(
1
n
, f

)−1

C

]α

+ n−1
∫ π

1/n
t−2ω(t, f)Cdt

}
.

In his monography [156] Zhizhiashvili investigated the behavior of Cesàro
means of negative order for trigonometric Fourier series in detail. In particular,
he proved the following estimate:

Theorem Zh1. [156] Let f ∈ Lp(T ) for some p ∈ [1,∞] and α ∈ (0, 1). Then∥∥σ−αn (f)− f
∥∥
p

≤ A(p, α)
{

(nα + 1)ω(2)
(

1
n
, f

)
p

+ n−1
∫ π

1/n
t−2ω(2)(t, f)pdt

}
,

for n ∈ N.

Moreover, he also proved that
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Corollary Zh2. [156] Let f ∈ Lp(T ) for some p ∈ [1,∞] and α ∈ (0, 1). Then

∥∥σ−αn (f)− f
∥∥
p
≤ A(p, α)nαω

(
1
n
, f

)
p

,

for n ∈ N.

Fine [16] proved that if f ∈ L1, then the Walsh-Fourier series are almost
everywhere (C,α) summable to the function f for all α > 0.

In [104] Schipp agrees with the Carleson-Hunt point of view and shows that
the maximal function associated with a large class of summability methods is
of type (∞,∞) and of weak type (1, 1).

Pàl and Simon [94] considered the same approach for Vilenkin groups of
bounded type and showed the following:
If σnf represents the n-th partial Cesàro sum of Snf and if σ∗f := supn>0 |σnf |,
then

µ {x : |σ∗f(x)| > y} ≤ C ‖f‖1 /y, y > 0.

Therefore from f ∈ L1(G2) it follows that σ∗f is weakly integrable.
Using atomicH1(G), Nobuhiko [89] proved that∫

Gm

|σ∗f | dµ ≤ C ‖f‖H1 .

Consequently, if f ∈ H1(G), then we have that σ∗f ∈ L1(G).
Baiarstanova [5] has investigated (C, 1) summability of subsequences of

Walsh-Fourier series. She showed that if

ω(δ, f) = O(1/
√
log(1/δ)), as δ →∞,

then the subsequence of Walsh-Fourier series is uniformly (C, 1) summable.
Schipp [105] proved that if f ∈ L1, then

1
m

m−1∑
k=0
{|Skf − f |p}1/p

converges to zero almost everywhere, asm→∞, for any 0 < p <∞.
Yano [154] studied the growth of (C, β) sums of Walsh-Fourier series in the

Lp space. He proved that if 1 ≤ p ≤ ∞, 0 < α < 1 and f ∈ Lip(α,Lp), then∥∥σβn(f)− f
∥∥
p

= O(n−α), as n→∞,

where β > α.
Skvortsov [115] proved that this estimation also holds for 0 < β ≤ α.

Furthermore, he obtained an order estimation for the limiting case when α = 1:
if f ∈ Lip(1, Lp), then∥∥σβn(f)− f

∥∥
p

= O(logn/n), as n→∞.
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In addition, he proved that there is an absolute constant C such that if n ≥
0, β > 0 and f ∈ Lp, then

∥∥σ̃βn(f)− f
∥∥
p
≤ C2−m

m∑
k=0

2kωp(2−k, f),

where σ̃n(f) represents the partial (C, β) sum of Walsh-Fourier series in any
piecewise linear rearrangement, whilem is defined by 2m < n < 2m+1.
More precisely, if f ∈ Lp, 1 ≤ p ≤ ∞, then the (C, β) sum of any piecewise
linear rearrangement of the Walsh-Fourier series converges to f in Lp norm.

These results for Vilenkin groups of bounded type were generalized by
Skvortsov [116].

The first results concerning Cesàro means of negative order of the Walsh-
Fourier series have been studied by Tevzadze [133]. He proved convergence in
the norm. In his papers, approximate properties have not been investigated.

Goginava [51] studied the rate of convergence of Cesàro means of negative
order of Walsh-Fourier series. These results of Goginava are analogical of the
above-mentioned Zhizhiashvili’s theorems in the case of the Walsh system. In
particular, the following theorem was proved:

Theorem G1. (See [51]) Let f belong to Lp (G2) for some p ∈ [1,∞] and α ∈ (0, 1).
Then, for any 2k ≤ n < 2k+1 (k, n ∈ N) the inequality

∥∥σ−αn (f)− f
∥∥
p
≤ c (p, α)

{
2kαω

(
1/2k−1, f

)
p

+
k−2∑
r=0

2r−kω (1/2r, f)p

}

holds.

Corollary G1. (See [51]) Let f(x) belong to Lp[(0, 1)] for some p ∈ [1,∞] and let

2αkω
(
1/2k−1, f

)
→ 0, as k →∞, α ∈ (0, 1) .

Then ∥∥σ−αn (f)− f
∥∥
p
→ 0 as n→∞.

For p = ∞ the sharpness of this Corollary was proved by Tevzadze [133].
Moreover, Goginava in the following theorem showed that this Corollary can
not be improved in the case p = 1.

Theorem G2. (See [51]) For every α ∈ (0, 1) , there exists a function f0 ∈ L1 ([0, 1])
for which

ω (δ, f0) = O (δα) ,

and
lim sup

n→∞

∥∥σ−α2n (f0)− f0
∥∥

1 > 0.
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The Summability of Cesàro means of negative order of the Vilenkin-Fourier
series has not been investigated yet. One main goal of this PhD thesis is
to study approximation properties of Cesàro means of negative order of the
Vilenkin-Fourier series. The rate of convergence will be estimated in terms of
the modulus of continuity. In particular, we investigate and two-dimensional
cases. More preconeisely, in Chapter 1 we are going to establish approximation
properties of Cesàro (C,−α) means with α ε (0, 1) for the one-dimensional
Vilenkin-Fourier series.

Theorem 1. (See Paper A) Let f belong to Lp (Gm) for some p ∈ [1,∞] and α ∈
(0, 1). Then, for any Mk ≤ n < Mk+1 (k, n ∈ N) , the inequality

∥∥σ−αn (f)− f
∥∥
p
≤ c (p, α)

{
Mα
k ω (1/Mk−1, f)p +

k−2∑
r=0

Mr

Mk
ω (1/Mr, f)p

}

holds.

This result allows us to obtain a condition which is sufficient for the conver-
gence of the means σ−αn (f, x) to f(x) in the Lp−metric.

Corollary 1. (See Paper A) Let f belong to Lp (Gm) for some p ∈ [1,∞] and let
α ∈ (0, 1) . If

ω

(
f,

1
Mk−1

)
p

= o

(
1
Mα
k

)
,

then ∥∥σ−αn (f)− f
∥∥
p
→ 0 as n→∞.

Next, we investigate the sharpness of Corollary 1. In particular, the following
Theorem holds:

Theorem 2. (See Paper E) For every α ∈ (0, 1) , there exists a function f ∈ C (Gm)
for which

ω

(
f,

1
Mk−1

)
C

= O

(
1
Mα
k

)
,

and
lim sup

k→∞

∥∥σ−αMk
(f)− f

∥∥
1 > 0.

Since for a continuous function we have proved divergence in the space L1,
we can conclude the following corollary:

Corollary 2. (See Paper E) For everyα ∈ (0, 1) , there exists a function f ∈ C (Gm) ,
for which

ω

(
f,

1
Mk−1

)
p

= O

(
1
Mα
k

)
,
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and
lim sup

k→∞

∥∥σ−αMk
(f)− f

∥∥
p
> 0, for some p ∈ [1,∞] .

Chapter 2 studies the rate of Lp approximation by Cesàro means of nega-
tive order of rectangular partial sums of the two-dimensional Vilenkin-Fourier
Series of functions from Lp. Before we present these results, we need to intro-
duce some notation concerning the theory of two-dimensional Vilenkin system.

Let m̃ be a sequence likem. The relation between the sequences (m̃n) and(
M̃n

)
is the same as between sequences (mn) and (Mn) .

The group Gm × Gm̃ is called a two-dimensional Vilenkin group. We also
suppose thatm = m̃ and Gm ×Gm̃ = G2

m.
he normalized Haar measure is denoted by µ as in the one-dimensional

case.
The norm of the space Lp

(
G2
m

)
is defined by

‖f‖p :=

∫
G2
m

|f (x, y)|p dµ (x, y)


1/p

, (1 ≤ p <∞) .

Denote by C
(
G2
m

)
the class of continuous functions on the group G2

m,
endowed with the supremum norm.

For the sake of brevity in notation, we agree to write L∞
(
G2
m

)
instead of

C
(
G2
m

)
.

The two-dimensional Fourier coefficients, the rectangular partial sums of
the Fourier series, the Dirichlet kernels with respect to the two-dimensional
Vilenkin system are respectively defined as follows:

f̂ (n1, n2) :=
∫
G2
m

f (x, y) ψ̄n1 (x) ψ̄n2 (y) dµ (x, y) ,

Sn1,n2 (x, y, f) :=
n1−1∑
k1=0

n2−1∑
k2=0

f̂ (k1, k2)ψk1 (x)ψk2 (y) ,

Dn1,n2 (x, y) := Dn1 (x)Dn2 (y) ,

Moreover, we define

S(1)
n (x, y, f) :=

n−1∑
l=0

f̂ (l, y)ψl (x) ,

S(2)
m (x, y, f) :=

m−1∑
r=0

f̂ (x, r)ψr (y) ,
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where

f̂ (l, y) =
∫
Gm

f (x, y)ψl (x) dµ (x)

and

f̂ (x, r) =
∫
Gm

f (x, y)ψr (y) dµ (y) .

The (C,−α,−β) means of the two-dimensional Vilenkin-Fourier series are
defined as

σ−α,−βn,m (x, y, f) = 1
A−αn A−βm

n−1∑
i=0

m−1∑
j=0

A−αn−i−1A
−β
m−j−1f̂ (i, j) ψi (u)ψj (v) ,

The (C,−α,−β) means of the two-dimensional Vilenkin-Fourier series can
be rewritten as follows:

σ−α,−βn,m (x, y, f) := 1
A−αn A−βm

n−1∑
i=0

m−1∑
j=0

A−αn−i−1A
−β
m−j−1

×(Si+1,j+1 (x, y, f)− Si+1,j (x, y, f)− Si,j+1 (x, y, f)− Si,j (x, y, f))

= 1
A−αn A−βm

 n∑
i=1

m∑
j=1

A−αn−iA
−β
m−jSi,j (x, y, f)

−
n∑
i=1

m−1∑
j=1

A−αn−iA
−β
m−j−1Si,j (x, y, f)

−
n−1∑
i=1

m∑
j=1

A−αn−i−1A
−β
m−jSi,j (x, y, f)

−
n−1∑
i=1

m−1∑
j=1

A−αn−i−1A
−β
m−j−1Si,j (x, y, f)


= 1
A−αn A−βm

 n∑
i=1

m−1∑
j=1

A−αn−i(A
−β
m−j −A

−β
m−j−1)Si,j (x, y, f)

+ A−αn−iSi,m (x, y, f)
)

−
n−1∑
i=1

m−1∑
j=1

A−αn−i−1(A−βm−j −A
−β
m−j−1)Si,j (x, y, f)
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+ A−αn−i−1Si,m (x, y, f)
)

= 1
A−αn A−βm

 n∑
i=1

m−1∑
j=1

A−αn−iA
−β−1
m−j Si,j (x, y, f)

+ A−αn−iSi,m (x, y, f)
)

−
n−1∑
i=1

m−1∑
j=1

A−αn−i−1A
−β−1
m−j Si,j (x, y, f)

+ A−αn−i−1Si,m (x, y, f)
)

= 1
A−αn A−βm

 n∑
i=1

m∑
j=1

A−αn−iA
−β−1
m−j Si,j (x, y, f)

−
n−1∑
i=1

m∑
j=1

A−αn−i−1A
−β−1
m−j Si,j (x, y, f)


= 1
A−αn A−βm

n−1∑
i=1

m∑
j=1

(A−αn−i −A
−α
n−i−1)A−β−1

m−j Si,j (x, y, f)

− A−β−1
m−j Sn,j (x, y, f)

)
= 1
A−αn A−βm

n−1∑
i=1

m∑
j=1

A−α−1
n−i A−β−1

m−j Si,j (x, y, f)

− A−β−1
m−j Sn,j (x, y, f)

)
= 1
A−αn A−βm

n∑
i=1

m∑
j=1

A−α−1
n−i A−β−1

m−j Si,j (x, y, f) .

The dyadic partial modulus of continuity ω1 and ω2 of a function f ∈
Lp
(
G2
m

)
in the Lp-norm are respectively defined by

ω1

(
f,

1
Mn

)
p

= sup
u∈In

‖f (·+ u, ·)− f (·, ·)‖p ,

and
ω2

(
f,

1
Mn

)
p

= sup
v∈In
‖f (·, ·+ v)− f (·, ·)‖p ,

while the dyadic mixed modulus of continuity is defined as follows:

ω1,2

(
f,

1
Mn

,
1
Mm

)
p
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= sup
(u,v)∈In×Im

‖f (·+ u, ·+ v)− f (·+ u, ·)− f (·, ·+ v) + f (·, ·)‖p .

The dyadic total modulus of continuity is defined by

ω

(
f,

1
Mn

)
p

:= sup
(u,v)∈In×In

‖f (·+ u, ·+ v)− f (·, ·)‖p

It is evident that

ωi

(
f,

1
Mn

)
≤ ω

(
f,

1
Mn

)
, i = 1, 2.

Since
ω1,2

(
f,

1
Mn

,
1
Mm

)
≤ 2ω1

(
f,

1
Mn

)
,

and
ω1,2

(
f,

1
Mn

,
1
Mm

)
≤ 2ω2

(
f,

1
Mm

)
,

it is clear that

ω1,2

(
f,

1
Mn

,
1
Mm

)
p

≤ ω1

(
f,

1
Mn

)
p

+ ω2

(
f,

1
Mm

)
p

,

and we also have that

ω1,2

(
f,

1
Mn

,
1
Mm

)
≤ 2ω

(
f,

1
Mn

)
,

and
ω1,2

(
f,

1
Mn

,
1
Mm

)
≤ 2ω

(
f,

1
Mm

)
.

It is easy to show that the dyadic total modulus of continuity can be
estimated by the dyadic partial modulus of continuity ω1 and ω2:

ω

(
f,

1
Mn

)
p

= sup
(u,v)∈In×In

‖f (·+ u, ·+ v) (0.5)

−f (·, ·+ v) + f (·, ·+ v)− f (·, ·)p
≤ sup

(u,v)∈In×In
‖f (·+ u, ·+ v)− f (·, ·+ v)‖p

+ sup
(u,v)∈In×In

‖f (·, ·+ v)− f (·, ·)‖p

≤ ω1

(
f,

1
Mn

)
p

+ ω2

(
f,

1
Mn

)
p

.
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Suppose that ω is a modulus of continuity. We define

Hω
∞ := {f ∈ C(I2) : ωi(f, δ)C = O(ω(δ)), i = 1, 2}.

and

Hω
p := {f ∈ Lp(I2) : ωi(f, δ)p = O(ω(δ)), i = 1, 2}.

The problems of summability of partial sums and Cesàro means of nega-
tive order for trigonometric Fourier series were investigated in detail by Zhizhi-
ashvili [156].

Moreover, Goginava in [55] proved some new approximation properties of
Cesàro (C,−α,−β)means with α, β ∈ (0, 1) in the case of doubleWalsh-Fourier
series. In particular, the following theorem was proved:

Theorem G3. (See [55]) Let f belong to Lp (G2 ×G2) for some p ∈ [1,∞] and α, β
∈ (0, 1). Then, for any 2k ≤ n < 2k+1, 2l ≤ m < 2l+1 (k, n ∈ N), the inequality∥∥σ−α,−βn,m (f)− f

∥∥
p
≤ c (α, β)

(
2kαω1

(
f, 1/2k−1)

p

+2lβω2
(
f, 1/2l−1)

p
+ 2kα2lβω1,2

(
f, 1/2k−1, 1/2l−1)

p

+
k−2∑
r=0

2r−kω1 (f, 1/2r)p +
l−2∑
s=0

2s−lω2 (f, 1/2s)p

)
holds.

This theorem implies the following convergence results:

Corollary G2. (See [55]) Let f belong to Lp(I2) for some p ∈ [1,∞] . If

2kαω1
(
f, 1/2k

)
p
→ 0 as k →∞ (0 < α < 1) ,

2lβω2
(
f, 1/2l

)
p
→ 0 as l→∞ (0 < β < 1) ,

2kα2lβω1,2
(
f, 1/2k, 1/2l

)
→ 0 as k, l→∞,

then ∥∥σ−α,−βn,m (f)− f
∥∥
p
→ 0 as n,m→∞.

Corollary G3. (See [55]) Let f belong to Lp
(
I2) for some p ∈ [1,∞] and let α, β ∈

(0, 1) , α+ β < 1. If

ω (f, δ)p = o
(
δα+β) ,

then ∥∥σ−α,−βn,m (f)− f
∥∥
p
→ 0 as n,m→∞.

24



The following theorem shows that this Corollary can not be improved.

Theorem G4. (See [55]) For every α, β ∈ (0, 1) , α + β < 1, there exists a function
f ∈ C

(
I2) for which

ω (f, δ)p = O
(
δα+β) ,

and
lim sup

n→∞

∥∥∥σ−α,−β2n,2n (f)− f
∥∥∥

1
> 0.

In Chapter 2 the rate of convergence for Cesàro means of negative order of
rectangular partial sums of the two-dimensional Vilenkin-Fourier Series will be
proved in terms of the partial and mixed modulus of continuity. The following
theorems are analogous to the above-mentioned theorems of Goginava. We
have the following result:

Theorem 3. (See Paper B) Let f belong to Lp
(
G2
m

)
for some p ∈ [1,∞] and α

∈ (0, 1). Then, for any Mk ≤ n < Mk+1 Ml ≤ m < Ml+1(k, n,m, l ∈ N) the
inequality ∥∥σ−α,−βn,m (f)− f

∥∥
p
≤ c (α, β)

(
ω1 (f, 1/Mk−1)pM

α
k

+ω2 (f, 1/Ml−1)pM
β
l + ω1,2 (f, 1/Mk−1, 1/Ml−1)pM

α
kM

β
l

+
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

l−2∑
s=0

Ms

Ml
ω2 (f, 1/Ms)p

)
holds.

From this main result we can obtain the following convergence results:

Corollary 3. (See Paper B) Let f belong to Lp for some p ∈ [1,∞] . If

Mα
k ω1

(
f,

1
Mk

)
p

→ 0 as k →∞ (0 < α < 1) ,

Mβ
l ω2

(
f,

1
Ml

)
p

→ 0 as l→∞ (0 < β < 1) ,

Mα
kM

β
l ω1,2

(
f,

1
Mk

,
1
Ml

)
p

→ 0 as k, l→∞,

then ∥∥σ−α,−βn,m (f)− f
∥∥
p
→ 0 as n,m→∞.
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Corollary 4. (See Paper B) Let f belong to Lp for some p ∈ [1,∞] and let
α, β ∈ (0, 1) , α+ β < 1. If

ω

(
f,

1
Mn

)
p

= o

((
1
Mn

)α+β
)
,

then ∥∥σ−α,−βn,m (f)− f
∥∥
p
→ 0 as n,m→∞.

The next main result shows in particular that Corollary 4 cannot be im-
proved.

Theorem 4. (See Paper B) For everyα, β ∈ (0, 1) , α+β < 1, there exists a function
f0 ∈ C (Gm ×Gm) for which

ω

(
f,

1
Mn

)
C

= O

((
1
Mn

)α+β
)
,

and
lim sup

n→∞

∥∥∥σ−α,−βMn,Mn
(f)− f

∥∥∥
1
> 0.

In Chapter 3 we investigate the behavior of the Cesàro (C,−α)means of the
quadratic partial sums of double Vilenkin-Fourier series.

The (C,−α) means of the double Vilenkin-Fourier series are defined as
follows

σ−αn (f, x, y) := 1
A−αn−1

n∑
j=1

A−α−1
n−j Sj,j (f, x, y) .

Next, we note that Zhizhiashvili [156] also investigated the behavior of
Cesàro means of negative order for trigonometric Fourier series.

Theorem Zh3. (See [156]) Let α ∈ (−1, 0) ∪ (0,+∞). Let f belong to Lp([−π, π]2)
for some p ∈ [1,∞]. Then

a) if α ∈ (0,+∞), then
‖σαm (f)− f‖p (0.6)

≤ A(p, α)

 1
m

 π∫
1
m

s−2
1 ω1(s1, f)pds1 +

π∫
1
m

s−2
2 ω2(s2, f)pds2


 ,

b) if α ∈ (0, 1), then ∥∥σ−αm (f)− f
∥∥
p

(0.7)

≤ A(p, α)
{
mα log(m+ 2)

[
ω1( 1

m
, f)p + ω2( 1

m
, f)p

]}
.
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In fact, Zhizhiashvili also proved that inequality (0.6) holds for p = 1 or p =∞
for the whole space Lp.

Moreover, Goginava [53] proved that under the condition ω(δ)/δ →
∞, as δ → 0+, inequality (0.7) cannot be improved on the whole class Hω

p for
p = 1 or p =∞. In particular, he proved that the following theorem is valid:

Theorem G5. (See [53]) Suppose that α ∈ (0, 1) and ω(δ)/δ → ∞ as δ → 0 + .
Then, for p =∞ or p = 1 in the class Hω

p , there exists a function f depending on p
such that

lim sup
n→∞

‖σ−αn (f)− f‖1
nαω

( 1
n

)
logn

> 0.

Inequality (0.7) implies (see [156]) an analog of Zygmund’s theorem (see
[160]) for the means σ−αn . In particular, we have the following result:

Theorem Zh4. (See [156]) Suppose that f ∈ Hδα

p for some α ∈ (0, 1). Then, for any
β ∈ (0, α), the following convergence result holds:∥∥σ−βm (f)− f

∥∥
p
→ 0, asm→∞.

It follows from Theorem G5 that for β = α Theorem Zh4 fails for p = +∞
and p = 1. Namely, Goginava proved the following result.

Theorem G6. (See [53]) Let α ∈ (0, 1). Then, for p = ∞ or p = 1 there exists a
function f in the classHδα

p depending on p such that

lim sup
n→∞

∥∥σ−βn (f)− f
∥∥
p

=∞.

Moreover, he [56] investigated the behavior of Cesàro (C,−α)−means with
α ∈ (0, 1) in the case of the quadratic partial sums of Walsh-Fourier series. In
particular, the following results are due to him:

Theorem G7. (See [56] ) Let f belong to Lp (G2) for some p ∈ [1,∞] and α ∈ (0, 1).
Then, for any 2k ≤ n < 2k+1, (k, n ∈ N) , the inequality∥∥σ−α2k (f)− f

∥∥
p

≤ c (α)
{

2kαω1
(
f, 1/2k−1)

p
+ 2kαω2

(
f, 1/2k−1)

p

+
k−2∑
r=0

2r−kω1 (f, 1/2r)p +
k−2∑
s=0

2s−kω2 (f, 1/2s)p

}
holds.

Theorem G8. (See [56]) Let f belong to Lp (G2) for some p ∈ [1,∞] and α ∈ (0, 1).
Then, for any 2k ≤ n < 2k+1, (k, n ∈ N) , the inequality∥∥σ−αn (f)− f

∥∥
p
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≤ c (α)
{

2kαkω1
(
f, 1/2k−1)

p
+ 2kαkω2

(
f, 1/2k−1)

p

+
k−2∑
r=0

2r−kω1 (f, 1/2r)p +
k−2∑
s=0

2s−kω2 (f, 1/2s)p

}
holds.

Theorem G9. (See [56]) a) Let f belong to Hω
p for some p ∈ [1,∞] and α ∈ (0, 1).

Then ∥∥σ−α2k (f)− f
∥∥
p

= O

(
2kαω

(
1

2k−1

))
.

b) Let ω(δ)/δ →∞ as δ → 0 + . Then there exists function f ∈ Hω
∞, for which

lim sup
k→∞

∥∥σ−α2k (f)− f
∥∥

1
2kαω

( 1
2k
) > 0.

Theorem G10. (See [56]) a) Let f ∈ Hω
∞ and α ∈ (0, 1). Then

∥∥σ−αn (f)− f
∥∥
C

= O

(
nαω

(
1
n

)
logn

)
.

b) Let ω(δ)/δ →∞ as δ → 0 + . Then there exists function g ∈ Hω
∞, for which

lim sup
n→∞

‖σ−αn (g)− g‖1
nαω

( 1
n

)
logn

> 0.

Theorem G11. (See [56]) a) Let f ∈ Hω
1 and α ∈ (0, 1). Then

∥∥σ−αn (f)− f
∥∥

1 = O

(
nαω

(
1
n

)
logn

)
.

b) Let ω(δ)/δ →∞ as δ → 0 + . Then there exists function h belong to f ∈ Hω
1 , for

which
lim sup

n→∞

‖σ−αn (h)− h‖1
nαω

( 1
n

)
logn

> 0.

In Chapter 3 we state and prove the analogous results in the case of the
double Vilenkin-Fourier series. Our main results read:

Theorem 5. (See Paper C) Let f belong to Lp
(
G2
m

)
for some p ∈ [1,∞] and α ∈

(0, 1). Then, for any Mk ≤ n < Mk+1 (k, n ∈ N) , the inequality∥∥σ−αMk
(f)− f

∥∥
p

≤ c (α)
(
ω1 (f, 1/Mk−1)pM

α
k + ω2 (f, 1/Mk−1)pM

α
k
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+
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

k−2∑
s=0

Ms

Mk
ω2 (f, 1/Ms)p

)
holds.

Theorem 6. (See Paper C) Let f belong to Lp
(
G2
m

)
for some p ∈ [1,∞] and α ∈

(0, 1). Then, for any Mk ≤ n < Mk+1 (k, n ∈ N) , the inequality∥∥σ−αn (f)− f
∥∥
p

≤ c (α)
(
ω1 (f, 1/Mk−1)pM

α
k logn+ ω2 (f, 1/Mk−1)pM

α
k logn

+
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

k−2∑
s=0

Ms

Mk
ω2 (f, 1/Ms)p

)
holds.

Theorem 5 and Theorem 6 imply the following sufficient conditions for the
convergence of Cesàro means of the quadratic partial sums of the double
Vilenkin-Fourier series in the norm in terms of the modulus of continuity.

Corollary 5. (See Paper D) Let f belong toLp for some p ∈ [1,∞] and letα ∈ (0, 1) .
If

ω

(
f,

1
Mk−1

)
p

= o

(
1
Mα
k

)
,

then ∥∥σ−αMk
(f)− f

∥∥
p
→ 0 as k →∞.

Corollary 6. (See Paper D) Let f belong toLp for some p ∈ [1,∞] and letα ∈ (0, 1) .
If

ω

(
f,

1
Mk−1

)
p

= o

(
1

Mα
k logMk

)
,

then ∥∥σ−αn (f)− f
∥∥
p
→ 0 as n→∞.

Moreover, we have also proved the sharpness of Corollary 5 and Corollary
6. In particular, the following Theorems hold:

Theorem 7. (See Paper D) For every α ∈ (0, 1) , there exists a function f0 ∈
C
(
G2
m

)
for which

ω

(
f,

1
Mk−1

)
C

= O

(
1
Mα
k

)
,

and
lim sup

k→∞

∥∥σ−αMk
(f)− f

∥∥
1 > 0.
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Since for a continuous function we have proved divergence in the space L1,
we can conclude the following corollary:

Corollary 7. (See Paper D) For every α ∈ (0, 1) , there exists a function f0 ∈
C
(
G2
m

)
⊂ Lp

(
G2
m

)
for some p ∈ [1,∞] , for which

ω

(
f,

1
Mk−1

)
p

= O

(
1
Mα
k

)
,

and
lim sup

k→∞

∥∥σ−αMk
(f)− f

∥∥
p
> 0.

Theorem 8. (See Paper D) For every α ∈ (0, 1) , there exists a function g ∈ C
(
G2
m

)
for which

ω

(
g,

1
Mk−1

)
C

= O

(
1

Mα
k logMk

)
,

and
lim sup

n→∞

∥∥σ−αn (g)− g
∥∥
C
> 0.

Theorem 9. (See Paper D) For every α ∈ (0, 1) , p = 1, there exists a function
h ∈ L1

(
G2
m

)
for which

ω

(
h,

1
Mk−1

)
L1

= O

(
1

Mα
k logMk

)
,

and
lim sup

n→∞

∥∥σ−αn (h)− h
∥∥

1 > 0.

The summability of the Walsh- and Vilenkin-Fourier series for one and two-
dimensional cases have been investigated by a lot of researchers. For instance,
we list researches conducted by the following authors: Alotaibi and Mursaleen
[3], Avdispahić and Memić [4], Blahota, Gát and Goginava [7] - [8], Blahota and
Goginava [9], Blahota and Nagy [10], Blahota, Nagy, Persson and Tephnadze
[11], Blahota, Persson and Tephnadze [12], Blahota and Tephnadze [13] - [14],
Chandra [15], Fridli [18] - [19], Galoyan and Grigoryan [20], Gát [21] - [28], Gát and
Blahota [29], Gát and Goginava [30] - [38], Gát and Nagy [39], Getsadze [40],
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Chapter 1

Approximation Properties of Cesàro
Means of the one-dimensional
Vilenkin-Fourier Series
1.1 Formulation of the main results

In this Chapter we establish approximation properties of Cesàro (C,−α)means
with α ε (0, 1) in the case of the one-dimensional Vilenkin-Fourier Series. Our
first main result reads:

Theorem 1.1. (See Paper A) Let f belong to Lp (Gm) for some p ∈ [1,∞] and α ∈
(0, 1). Then, for any Mk ≤ n < Mk+1 (k, n ∈ N) , the inequality

∥∥σ−αn (f)− f
∥∥
p
≤ c (p, α)

{
Mα
k ω (1/Mk−1, f)p +

k−2∑
r=0

Mr

Mk
ω (1/Mr, f)p

}

holds.

This result allows us to obtain a condition which is sufficient for the conver-
gence of the means σ−αn (f, x) to f(x) in the Lp−metric.

Corollary 1.2. (See Paper A) Let f belong to Lp (Gm) for some p ∈ [1,∞] and let
α ∈ (0, 1) . If

ω

(
f,

1
Mk−1

)
p

= o

(
1
Mα
k

)
,

then ∥∥σ−αn (f)− f
∥∥
p
→ 0 as n→∞.

Next, we state the sharpness of Corollary 1.2. In particular, the following
Theorem holds:

Theorem 1.3. (See Paper E) For every α ∈ (0, 1) , there exists a function f ∈
C (Gm) for which

ω

(
f,

1
Mk−1

)
C

= O

(
1
Mα
k

)
,

and
lim sup

k→∞

∥∥σ−αMk
(f)− f

∥∥
1 > 0.
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Since for a continuous function we have proved the divergence in the space
L1, we can conclude the following consequence of this result:

Corollary 1.4. (See Paper E) For every α ∈ (0, 1) , there exists a function f ∈
C (Gm) , for which

ω

(
f,

1
Mk−1

)
p

= O

(
1
Mα
k

)
,

and
lim sup

k→∞

∥∥σ−αMk
(f)− f

∥∥
p
> 0, for some p ∈ [1,∞] .
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1.2 Auxiliary results

In order to prove Theorem 1.1 we need the following results:

Lemma 1.1. (See [2])Let α1, ..., αn be real numbers.Then

1
n

∫
G

∣∣∣∣∣
n∑
k=1

αkDk(x)

∣∣∣∣∣ dµ(x) ≤ c√
n

(
n∑
k=1

α2
k

)1/2

,

where c is an absolute constant.

Abel’s Transformation. (See [1]) If a1, . . . , aN , b1, . . . , bN , are given complex num-
bers and we set

Bn =
∑
i≤n

bi,

then the summation by parts is the identity

N∑
k=1

akbk = aNBN −
N−1∑
k=1

Bk(ak+1 − ak).

Generalized Minkowski’s Inequality. (See [73]) Let f ∈ Lp (Gm) and 1 ≤ p ≤ ∞.
Then the following inequality holds:∫

Gm

∫
Gm

|f | dµ (x)

p

dµ (y)

1/p

≤
∫
Gm

∫
Gm

|f |p dµ (y)

1/p

dµ (x) .

Lemma 1.2. Let f ∈ Lp(Gm) for some p ∈ [1,∞] . Then, for every α ∈ (0, 1), the
following estimations holds:

1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1−1∑
v=0

A−αn−vψv (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

≤ c (p, α)
k−1∑
r=0

Mr

Mk
ω (1/Mk, f)p ,

whereMk ≤ n ≤Mk+1.

Proof of Lemma 1.2. By applying Abel’s transformation, from (0.3) we get
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1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1−1∑
v=0

A−αn−vψv (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

(1.1)

= 1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1∑
v=1

A−αn−v−1ψv−1 (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

= 1
A−αn

∥∥∥∥∥∥
∫
Gm

A−αn−Mk−1−1DMk−1 +
Mk−1−1∑
v=1

A−α−1
n−v−1Dv (u)


× [f (·+ u)− f (·)] dµ (u)‖p

≤ 1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1−1∑
v=1

A−α−1
n−v−1Dv (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

+ 1
A−αn

∥∥∥∥∥∥
∫
Gm

A−αn−Mk−1−1DMk−1 (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

:= I1 + I2.

From the generalizedMinkowski’s inequality, and by (0.1) and (0.4) we obtain
that

I2 ≤ n−α(n−Mk−1 − 1)−α
∫

Ik−1

Mk−1 ‖f (·+ u)− f (·)‖ dµ (u)p (1.2)

≤ c(α)Mk−1

∫
Ik−1

‖f (·+ u)− f (·)‖p dµ (u)

= O (ω (1/Mk−1, f))p .
Moreover, we use the addition properly of equality and add and subtract

SMr (·+ u, f) and SMr (·, f) to I1, so we get that

I1 ≤
1

A−αn

k−2∑
r=0

∥∥∥∥∥∥
∫
Gm

Mr+1−1∑
v=Mr

A−α−1
n−v−1Dv (u) (1.3)

× [f (·+ u)− f (·)] dµ (u)‖p

≤ 1
A−αn

k−2∑
r=0

∥∥∥∥∥∥
∫
Gm

Mr+1−1∑
v=Mr

A−α−1
n−v−1Dv (u)
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× [f (·+ u)− SMr
(·+ u, f)] dµ (u)‖p

+ 1
A−αn

k−2∑
r=0

∥∥∥∥∥∥
∫
Gm

Mr+1−1∑
v=Mr

A−α−1
n−v−1Dv (u)

× [SMr
(·+ u, f)− SMr

(·, f)] dµ (u)‖p

+ 1
A−αn

k−2∑
r=0

∥∥∥∥∥∥
∫
Gm

Mr+1−1∑
v=Mr

A−α−1
n−v−1Dv (u)

× [SMr
(·, f)− f (·)]dµ (u)‖p

:= I11 + I12 + I13.

Since
‖f − SMr

(f)‖p ≤ ω (1/Mr, f)p ,

by using the generalized Minkowski’s inequality, Lemma 1.1 and (0.4) for I11, we
can estimate the following:

I11 ≤
1

A−αn

k−2∑
r=0

∫
Gm

∣∣∣∣∣∣
Mr+1−1∑
v=Mr

A−α−1
n−v−1Dv (u)

∣∣∣∣∣∣ (1.4)

×‖f (·+ u)− SMr
(·+ u, f)‖p dµ (u)

≤ 1
A−αn

k−2∑
r=0

ω (1/Mr, f)p

×
∫
Gm

∣∣∣∣∣∣
Mr+1−1∑
v=Mr

A−α−1
n−v−1Dv (u)

∣∣∣∣∣∣ dµ (u)

≤ c (α)nα
k−2∑
r=0

ω (1/Mr, f)p
√
Mr+1

×

Mr+1−1∑
v=Mr

(n− v − 1)−2α−2

1/2

≤ c (α)nα
k−2∑
r=0

ω (1/Mr, f)p
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×
√
Mr+1 (n−Mr+1)−α−1√

Mr+1

≤ c (α)
k−2∑
r=0

Mr

Mk
ω (1/Mr, f)p .

Analogously, we can prove that

I13 ≤ c (α)
k−2∑
r=0

Mr

Mk
ω (1/Mr, f)p . (1.5)

Since
Sn(·, f) =

∫
Gm

f (t)Dn (· − t) dµ (t) ,

and by using (0.1), it is evident that∫
Gm

Mr+1−1∑
v=Mr

A−α−1
n−v−1Dv (u) (1.6)

× [SMr
(·+ u, f)− SMr

(·, f)] dµ (u)

=
Mr+1−1∑
v=Mr

A−α−1
n−v−1

∫
Gm

SMr
(·+ u, f)Dv (u) dµ (u)

−
Mr+1−1∑
v=Mr

A−α−1
n−v−1SMr

(·, f)

=
Mr+1−1∑
v=Mr

A−α−1
n−v−1Sv (·, SMr (f))

−
Mr+1−1∑
v=Mr

A−α−1
n−v−1SMr

(·, f)

=
Mr+1−1∑
v=Mr

A−α−1
n−v−1SMr (·, f)

−
Mr+1−1∑
v=Mr

A−α−1
n−v−1SMr

(·, f) = 0.

Hence,

I12 = 0. (1.7)
By combining (1.1)-(1.7) we receive the proof of Lemma 1.2. �
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Lemma 1.3. Let f ∈ Lp(Gm) for some p ∈ [1,∞] . Then, for every α ∈ (0, 1), the
following estimations hold

1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1∑
v=Mk−1

A−αn−vψv (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

≤ c (p, α)ω (1/Mk−1, f)pM
α
k

and

1
A−αn

∥∥∥∥∥∥
∫
Gm

n∑
v=Mk

A−αn−vψv (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

≤ c (p, α)ω (1/Mk, f)pM
α
k ,

whereMk ≤ n < Mk+1.

Proof of Lemma 1.3. We have that

II := 1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1∑
v=Mk−1

A−αn−vψv (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

(1.8)

= 1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1∑
v=Mk−1

A−αn−vψv (u) f (·+ u) dµ (u)

∥∥∥∥∥∥
p

≤ 1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1∑
v=Mk−1

A−αn−vψv (u)

×
[
f (·+ u)− SMk−1 (·+ u, f)

]
dµ (u)

∥∥
p

+ 1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1∑
v=Mk−1

A−αn−vψv (u)SMk−1 (·+ u, f) dµ (u)

∥∥∥∥∥∥
p

:= II1 + II2.

Since ∫
Gm

Mk−1∑
v=Mk−1

A−αn−vψv (u)SMk−1 (·+ u, f) dµ (u) (1.9)

=
Mk−1−1∑
j=0

f̂ (j)ψj (x)
Mk−1∑
v=Mk−1

A−αn−v
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×
∫
Gm

ψv (u)ψj (u) dµ (u) = 0,

for II2 we obtain that

II2 = 0. (1.10)

Moreover, by using the generalized Minkowski’s inequality and the fact that∥∥f − SMk−1 (f)
∥∥
p
≤ ω (1/Mk−1, f)p ,

we have that

II1 ≤
1

A−αn

∫
Gm

∣∣∣∣∣∣
Mk−1∑
v=Mk−1

A−αn−vψv (u)

∣∣∣∣∣∣ (1.11)

×
∥∥f (·+ u)− SMk−1 (·+ u, f)

∥∥
p
dµ (u)

≤ c (α)nαω (1/Mk−1, f)p

×
∫
Gm

∣∣∣∣∣∣
Mk−1∑
v=Mk−1

A−αn−vψv (u)

∣∣∣∣∣∣ dµ (u) .

Let t ∈ IA−1\IA, A = 1, 2, ..., k− 1 and Mk = pMA + q, where 0 ≤ q < MA.
Then we find that

Mk−1∑
v=Mk−1

A−αn−vψv (t) (1.12)

=
pMA−1∑
v=Mk−1

A−αn−vψv (t) +
Mk−1∑
v=pMA

A−αn−vψv (t)

=
p−1∑

r=Mk−1/MA

(r+1)MA−1∑
v=rMA

A−αn−vψv (t)

+
q−1∑
v=0

A−αn−v−pMA
ψv+pMA

(t)

=
p−1∑

r=Mk−1/MA

MA−1∑
v=0

A−αn−v−rMA
ψv+rMA

(t)

+
q−1∑
v=0

A−αn−v−pMA
ψv+pMA

(t)
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=
p−2∑

r=Mk−1/MA

ψrMA
(t)

MA−1∑
v=0

A−αn−v−rMA
ψv (t)

+ψ(p−1)MA
(t)

MA−1∑
v=0

A−αn−v−(p−1)MA
ψv (t)

+ψrMA
(t)

q−1∑
v=0

A−αq−vψv (t)

:= A1 +A2 +A3.

Since DMA
(t) = 0, where t ∈ IA−1\IA and |Dk (t)| ≤ k, from Abel’s

transformation and by using (0.4), it follows that

|A1| =

∣∣∣∣∣∣
p−2∑

r=Mk−1/MA

ψrMA
(t)

MA∑
v=1

A−αn−v+1−rMA
ψv−1 (t)

∣∣∣∣∣∣ (1.13)

=

∣∣∣∣∣∣
p−2∑

r=Mk−1/MA

ψrMA
(t)
(
A−αn−MA+1−rMA

DMA
(t)

+
MA−1∑
v=1

A−α−1
n−v+1−rMA

Dv (t)
)∣∣∣∣∣

=

∣∣∣∣∣∣
p−2∑

r=Mk−1/MA

ψrMA
(t)

MA−2∑
v=0

A−α−1
n−v−rMA

Dv+1 (t)

∣∣∣∣∣∣
≤ c (α)MA

p−2∑
r=Mk−1/MA

MA∑
v=0

(n− rMA − v)−α−1

≤ c (α)MA (n− (p− 1)MA)−α

≤ c (α)M1−α
A

Similarly, for A2 we have that

|A2| ≤ c (α)
MA−1∑
v=0

(n− (p− 1)MA − v)−α (1.14)

≤ c (α)
MA−1∑
v=0

(MA + q − v)−α

≤ c (α)M1−α
A .
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Moreover, by using (0.4) and the fact that q < MA, we get that

|A3| ≤ c (α)
q−1∑
v=0

(q − v)−α (1.15)

≤ c (α) q1−α ≤ c (α)M1−α
A .

We can combine (1.12)-(1.15) to obtain that∣∣∣∣∣∣
Mk−1∑
v=Mk−1

A−αn−vψv (u)

∣∣∣∣∣∣ ≤ c (α)M1−α
A , (1.16)

where t ∈ IA−1\IA, A = 1, ..., k − 1.
From (1.16) it follows that

∫
Gm

∣∣∣∣∣∣
Mk−1∑
v=Mk−1

A−αn−vψv (u)

∣∣∣∣∣∣ dµ (u) (1.17)

=
k−1∑
A=1

∫
IA−1\IA

∣∣∣∣∣∣
Mk−1∑
v=Mk−1

A−αn−vψv (u)

∣∣∣∣∣∣ dµ (u)

+
∫

I
k−1

∣∣∣∣∣∣
Mk−1∑
v=Mk−1

A−αn−vψv (u)

∣∣∣∣∣∣ dµ (u)

≤ c (α)
k∑

A=1

1
MA

M1−α
A + c (α)

Mk
M1−α
k

≤ c (α) .

By combining (1.11) with (1.17) we have that

II1 ≤ c (α)ω (1/Mk−1, f)pM
α
k . (1.18)

Combining (1.8), (1.10) and (1.18) we can conclude that

1
A−αn

∥∥∥∥∥∥
∫
Gm

Mk−1∑
v=Mk−1

A−αn−vψv (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

≤ c (α)ω (1/Mk−1, f)pM
α
k .

Analogously, we can prove that
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1
A−αn

∥∥∥∥∥∥
∫
Gm

n∑
v=Mk

A−αn−vψv (u) [f (·+ u)− f (·)] dµ (u)

∥∥∥∥∥∥
p

≤ c (α)ω (1/Mk, f)pM
α
k .

The proof is completed. �
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1.3 Proofs of the main results

Proof of Theorem 1.1. In order to prove Theorem 1.1, we need to estimate the
difference σ−αn (f, x) − f(x), which can be presented with three summands in
the following way:

σ−αn (f, x)− f(x) = 1
A−αn

∫
Gm

n∑
v=0

A−αn−vψv (x) [f (·+ u)− f (·)] dµ (u)

= 1
A−αn

∫
Gm

Mk−1−1∑
v=0

A−αn−vψv (x) [f (·+ u)− f (·)] dµ (u)

+ 1
A−αn

∫
Gm

Mk−1∑
v=Mk−1

A−αn−vψv (x) [f (·+ u)− f (·)] dµ (u)

+ 1
A−αn

∫
Gm

n∑
v=Mk

A−αn−vψv (x) [f (·+ u)− f (·)] dµ (u)

:= I + II + III.

Since ∥∥σ−αn (f, ·)− f (·)
∥∥
p
≤ ‖I‖p + ‖II‖p + ‖III‖p ,

and I , II , and III were already estimated in Lemmas 1.2 and 1.3, so the proof
is complete. �

Proof of Theorem 1.3. We define the function

f (x) :=
∞∑
j=1

1
Mα

j

fj (x) ,

where

fj (x) = ρj (x) = exp 2πixj
mj

.

First, we prove that

ω

(
f,

1
Mn

)
C

= O

(
1
Mα
n

)
. (1.19)

Since
|fj (x− t)− fj (x)| = 0, j = 0, 1, ..., n− 1, t ∈ In,
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we get that
|f (x− t)− f (x)|

≤
n−1∑
j=1

1
Mα

j

|fj (x− t)− fj (x)|

+
∞∑
j=n

2
Mα

j

≤ c

Mα
n

,

which means that (1.19) holds.
Next, we shall prove that σ−αMk

(f) diverges in the L1 metric. It is clear that∥∥σ−αMk
(f)− f

∥∥
1 (1.20)

≥

∣∣∣∣∣∣
∫
Gm

[
σ−αMk

(f, x)− f (x)
]
ψMk

(x) dµ (x)

∣∣∣∣∣∣
≥

∣∣∣∣∣∣
∫
Gm

σ−αMk
(f, x)ψMk

(x) dµ (x)

∣∣∣∣∣∣−
∣∣∣f̂ (Mk)

∣∣∣
=

∣∣∣∣∣∣ 1
A−αMk

Mk∑
i=0

A−αMk−if̂ (i)
∫
Gm

ψi (x)ψMk
(x) dµ (x)

∣∣∣∣∣∣
−
∣∣∣f̂ (Mk)

∣∣∣ = 1
A−αMk

∣∣∣f̂ (Mk)
∣∣∣− ∣∣∣f̂ (Mk)

∣∣∣ .
By the definition of f̂ (Mk), we have

f̂ (Mk) =
∫
Gm

f (x) ψ̄Mk
(x) dµ (x) (1.21)

=
∞∑
j=1

1
Mα

j

∫
Gm

ρj (x) ψ̄Mk
(x) dµ (x) = 1

Mα
k

.

By combining (1.20) with (1.21) we find that∥∥σ−αMk
(f)− f

∥∥
1 ≥ c (α) > 0, (1.22)

so also the second statement in Theorem 1.3 is proved. The proof is complete.
�
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Chapter 2

Approximation Properties of Cesàro
Means of the two-dimensional
Vilenkin-Fourier Series
2.1 Formulation of the main results

In this Chapter we investigate approximation properties of Cesàro (C,−α,−β)
means with α, β ∈ (0, 1) in the case of the double Vilenkin-Fourier series. Our
first main result reads:

Theorem 2.1. (See Paper B) Let f belong to Lp
(
G2
m

)
for some p ∈ [1,∞] and α

∈ (0, 1). Then, for any Mk ≤ n < Mk+1 Ml ≤ m < Ml+1(k, n,m, l ∈ N) , the
following inequality holds:

∥∥σ−α,−βn,m (f)− f
∥∥
p

≤ c (α, β)
(
ω1 (f, 1/Mk−1)pM

α
k + ω2 (f, 1/Ml−1)pM

β
l

+ω1,2 (f, 1/Mk−1, 1/Ml−1)pM
α
kM

β
l

+
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

l−2∑
s=0

Ms

Ml
ω2 (f, 1/Ms)p

)
.

As a consequence of Theorem 2.1 we obtain the following convergence
results:

Corollary 2.2. (See Paper B) Let f belong to Lp for some p ∈ [1,∞] . If

Mα
k ω1

(
f,

1
Mk

)
p

→ 0 as k →∞ (0 < α < 1) ,

Mβ
l ω2

(
f,

1
Ml

)
p

→ 0 as l→∞ (0 < β < 1) ,

Mα
kM

β
l ω1,2

(
f,

1
Mk

,
1
Ml

)
p

→ 0 as k, l→∞,

then ∥∥σ−α,−βn,m (f)− f
∥∥
p
→ 0 as n,m→∞.
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Corollary 2.3. (See Paper B) Let f belong to Lp for some p ∈ [1,∞] and let
α, β ∈ (0, 1) , α+ β < 1. If

ω

(
f,

1
Mn

)
p

= o

((
1
Mn

)α+β
)
,

then ∥∥σ−α,−βn,m (f)− f
∥∥
p
→ 0 as n,m→∞.

The following Theorem shows that Corollary 2.3 cannot be improved.

Theorem 2.4. (See Paper B) For every α, β ∈ (0, 1) , α + β < 1, there exists a
function f0 ∈ C (Gm ×Gm) for which

ω

(
f,

1
Mn

)
C

= O

((
1
Mn

)α+β
)
,

and
lim sup

n→∞

∥∥∥σ−α,−βMn,Mn
(f)− f

∥∥∥
1
> 0.
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2.2 Auxiliary results

In order to prove Theorem 2.1 we need the following Lemmas of independent
interest:

Lemma 2.1. Let f ∈ Lp(G2
m) for some p ∈ [1,∞] . Then, for every α, β ∈ (0, 1) , the

following estimations holds

I := 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

Mk−1−1∑
i=0

Ml−1−1∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p

≤ c (α, β)
(
k−1∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

l−1∑
s=0

Ms

Ml
ω2 (f, 1/Ms)p

)
,

whereMk ≤ n < Mk+1,Ml ≤ m < Ml+1.

Proof of Lemma 2.1. By applying Abel’s transformation on
Mk−1−1∑
i=0

A−αn−iψi (u),

and by using (0.3) we have that

Mk−1−1∑
i=0

A−αn−iψi (u)

=
Mk−1∑
i=1

A−αn−i+1ψi−1 (u)

= A−αn−Mk−1+1DMk−1 (u) +
Mk−1−1∑
i=1

A−α−1
n−i+1Di (u) .

By using the same transformation on
Ml−1−1∑
j=0

A−βm−jψj (v), for I we obtain

accordingly the following estimate:

I ≤ 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

Mk−1−1∑
i=1

Ml−1−1∑
j=1

A−α−1
n−i+1A

−β−1
m−j+1Di (u)Dj (v) (2.1)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p
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+ 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

A−βm−Ml−1+1DMl−1 (v)
Mk−1−1∑
i=1

A−α−1
n−i+1Di (u)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p

+ 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

A−αn−Mk−1+1DMk−1 (u)
Ml−1−1∑
j=1

A−β−1
m−j+1Dj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p

+ 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

A−αn−Mk−1+1A
−β
m−Ml−1+1DMk−1 (u)DMl−1 (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p

:= I1 + I2 + I3 + I4.

From the generalized Minkowski’s inequality, and by using (0.1) and (0.4) we
obtain that

I4 ≤
1

A−αn A−βm

∫
G2
m

∣∣∣A−αn−Mk−1+1A
−β
m−Ml−1+1DMk−1 (u)DMl−1 (v)

∣∣∣ (2.2)

×‖f (·+ u, ·+ v)− f (·, ·)‖p dµ (u, v)

≤ c (α, β)Mk−1Ml−1

∫
Ik−1×Il−1

‖f (·+ u, ·+ v)− f (·, ·)‖p dµ (u, v)

= O (ω1(f, 1/Mk−1)p + ω2(f, 1/Ml−1)p) .

Hence, it is evident that by adding and subtracting SMr,Ms
(·+ u, ·+ v, f) and

SMr,Ms
(·, ·, f) to I1 in (2.2), we get that

I1 ≤
1

A−αn A−βm

k−2∑
r=0

l−2∑
s=0

∥∥∥∥∥∥∥
∫
G2
m

Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1Di (u)Dj (v) (2.3)
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× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p

≤ 1
A−αn A−βm

k−2∑
r=0

l−2∑
s=0

∥∥∥∥∥∥∥
∫
G2
m

Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1Di (u)Dj (v)

×
[
f (·+ u, ·+ v)− SMr,Ms

(·+ u, ·+ v, f)
]
dµ (u, v)

∥∥
p

+ 1
A−αn A−βm

k−2∑
r=0

l−2∑
s=0

∥∥∥∥∥∥∥
∫
G2
m

Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1Di (u)Dj (v)

×
[
SMr,Ms (·+ u, ·+ v, f)− SMr,Ms (·, ·, f)

]
dµ (u, v)

∥∥
p

+ 1
A−αn A−βm

k−2∑
r=0

l−2∑
s=0

∥∥∥∥∥∥∥
∫
G2
m

Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1Di (u)Dj (v)

×
[
SMr,Ms (·, ·, f)− f (·, ·)

]
dµ (u, v)

∥∥
p

:= I11 + I12 + I13.

Since

Si,j (·, ·, f) =
∫
G2
m

f (u, v)Di (· − u)Dj (· − v) dµ (u, v) ,

it is easy to prove that∫
G2
m

Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1Di (u)Dj (v)

×
[
SMr,Ms (·+ u, ·+ v, f)− SMr,Ms (·, ·, f)

]
dµ (u, v)

=
Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1

×
∫
G2
m

SMr,Ms
(·+ u, ·+ v, f)Di (u)Dj (v) dµ (u, v)

51



2. Approximation Properties of Cesàro Means of the two-dimensional
Vilenkin-Fourier Series

−
Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1SMr,Ms (·, ·, f)

=
Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1Si,j

(
·, ·, SMr,Ms

(f)
)

−
Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1SMr,Ms

(·, ·, f)

=
Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1SMr,Ms

(·, ·, f)

−
Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1SMr,Ms (·, ·, f) = 0,

and accordingly it follows that
I12 = 0. (2.4)

Since ∥∥f (·+ u, ·+ v)− SMr,Ms (·+ u, ·+ v, f)
∥∥
p

≤ ω1(f, 1/Mr)p + ω2(f, 1/Ms)p,

from the generalized Minkowski’s inequality and by using Lemma 1.1 and (0.4)
for I11 we can write

I11 (2.5)

≤ 1
A−αn A−βm

k−2∑
r=0

l−2∑
s=0

∫
G2
m

∣∣∣∣∣∣
Mr+1−1∑
i=Mr

Ms+1−1∑
j=Ms

A−α−1
n−i+1A

−β−1
m−j+1Di (u)Dj (v)

∣∣∣∣∣∣
×
∥∥f (·+ u, ·+ v)− SMr,Ms

(·+ u, ·+ v, f)
∥∥
p
dµ (u, v)

≤ c (α, β)nαmβ
k−2∑
r=0

l−2∑
s=0

(ω1(f, 1/Mr)p + ω2(f, 1/Ms)p)

×
∫
Gm

∣∣∣∣∣∣
Mr+1−1∑
i=Mr

A−α−1
n−i+1Di (u)

∣∣∣∣∣∣ dµ (u)

×
∫
Gm

∣∣∣∣∣∣
Ms+1−1∑
j=Ms

A−β−1
m−j+1Dj (v)

∣∣∣∣∣∣ dµ (v)
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≤ c (α, β)nαmβ
k−2∑
r=0

l−2∑
s=0

(ω1(f, 1/Mr)p + ω2(f, 1/Ms)p)

×
√
Mr+1

Mr+1−1∑
i=Mr

(n− i+ 1)−2α−2

1/2

×
√
Ms+1

Ms+1−1∑
j=Ms

(m− j + 1)−2β−2

1/2

≤ c (α, β)nαmβ
k−2∑
r=0

l−2∑
s=0

(ω1(f, 1/Mr)p + ω2(f, 1/Ms)p)

×
√
Mr+1 (n−Mr+1)−α−1√

Mr+1

×
√
Ms+1 (n−Ms+1)−β−1√

Ms+1

≤ c (α, β)nαmβ
k−2∑
r=0

l−2∑
s=0

Mr+1

Mα+1
k

Ms+1

Mβ+1
l

× (ω1(f, 1/Mr)p + ω2(f, 1/Ms)p)

≤ c (α, β)
(
k−2∑
r=0

Mr+1

Mk
ω1 (f, 1/Mr)p

l−2∑
s=0

Ms+1

Ml

+
l−2∑
s=0

Ms+1

Ml
ω2 (f, 1/Ms)p

k−2∑
r=0

Mr+1

Mk

)

≤ c (α, β)
(
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

l−2∑
s=0

Ms

Ml
ω2 (f, 1/Ms)p

)
.

Analogously, we can prove that

I13 ≤ c (α, β)
(
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

l−2∑
s=0

Ms

Ml
ω2 (f, 1/Ms)p

)
. (2.6)

By combining (2.3)-(2.6) for I1 we obtain the estimate

I1 ≤ c (α, β)
(
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

l−2∑
s=0

Ms

Ml
ω2 (f, 1/Ms)p

)
. (2.7)
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Next, we shell estimate I2 and first we note that

I2 ≤
1

A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

A−βm−Ml−1+1DMl−1 (v)
Mk−1−1∑
i=1

A−α−1
n−i+1Di (u) (2.8)

× [f (·+ u, ·+ v)− f (·+ u, ·)] dµ (u, v)‖p

+ 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

A−βm−Ml−1+1DMl−1 (v)
Mk−1−1∑
i=1

A−α−1
n−i+1Di (u)

× [f (·+ u, ·)− f (·, ·)] dµ (u, v)‖p

:= I21 + I22.

From the generalized Minkowski’s inequality, and by using (0.1) and (0.4) we
obtain that

I21 ≤
(m−Ml−1 + 1)−β

A−αn A−βm

∫
Gm

DMl−1 (v)

∫
Gm

∣∣∣∣∣∣
Mk−1−1∑
i=1

A−α−1
n−i+1Di (u)

∣∣∣∣∣∣ (2.9)

× ‖f (·+ u, ·+ v)− f (·+ u, ·)‖p dµ (u)
)
dµ (v)

≤ c (α, β) Ml−1

A−αn

∫
Il−1

∫
Gm

∣∣∣∣∣∣
Mk−1−1∑
i=1

A−α−1
n−i+1Di (u)

∣∣∣∣∣∣
× ‖f (·+ u, ·+ v)− f (·+ u, ·)‖p dµ (u)

)
dµ (v)

≤ c (α, β)nαω2 (f, 1/Ml−1)

×
∫
Gm

∣∣∣∣∣∣
Mk−1−1∑
i=1

A−α−1
n−i+1Di (u)

∣∣∣∣∣∣ dµ (u)

≤ c (α, β)nαω2 (f, 1/Ml−1)

×
√
Mk−1

Mk−1−1∑
i=1

(n− i+ 1)−2α−2

1/2
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≤ c (α, β)nαω2 (f, 1/Ml−1)

×
√
Mk−1 (n−Mk−1)−α−1√

Mk−1

≤ c (α, β)ω2 (f, 1/Ml−1) .

The estimation of I22 is analogous to the estimation of I1 and we have that

I22 ≤ c (α, β)
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p . (2.10)

So, combining (2.9)-(2.10) for I2 we find that

I2 ≤ c (α, β)
(
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p + ω2 (f, 1/Ml−1)

)
. (2.11)

The estimation I3 is analogous to the estimation of I2 and we obtain that

I3 ≤ c (α, β)
(
l−2∑
s=0

Ms

Ml
ω2 (f, 1/Ms)p + ω1 (f, 1/Mk−1)

)
. (2.12)

By combining (2.2), (2.7), (2.11) and (2.12) we obtain for (2.1) that

I ≤ c (α, β)
(
k−1∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

l−1∑
s=0

Ms

Ml
ω2 (f, 1/Ms)p

)
,

so the proof is complete. �

Lemma 2.2. Let f ∈ Lp(Gm) for some p ∈ [1,∞] . Then, for every α, β ∈ (0, 1) , the
following estimations holds

II := 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

n∑
i=Mk−1

Ml−1−1∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p

≤ c (α, β)ω2 (f, 1/Ml−1)pM
β
l ,

and

III := 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

Mk−1−1∑
i=0

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v)
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× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p

≤ c (α, β)ω1 (f, 1/Mk−1)pM
α
k ,

whereMk ≤ n < Mk+1,Ml ≤ m < Ml+1.

Proof of Lemma 2.2. From the generalized Minkowski’s inequality we obtain
that

II = 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

n∑
i=Mk−1

Ml−1−1∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v) (2.13)

×f (·+ u, ·+ v) dµ (u, v)‖p

= 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

n∑
i=Mk−1

Ml−1−1∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v)

×
[
f (·+ u, ·+ v)− S(2)

Ml−1
(·+ u, ·+ v, f)

]
dµ (u, v)

∥∥∥
p

≤ 1
A−αn A−βm

∫
G2
m

∣∣∣∣∣∣
Mk−1∑
i=Mk−1

Ml−1−1∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v)

∣∣∣∣∣∣
×
∥∥∥f (·+ u, ·+ v)− S(2)

Ml−1
(·+ u, ·+ v, f)

∥∥∥
p
dµ (u, v)

+ 1
A−αn A−βm

∫
G2
m

∣∣∣∣∣∣
n∑

i=Mk

Ml−1−1∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v)

∣∣∣∣∣∣
×
∥∥∥f (·+ u, ·+ v)− S(2)

Ml−1
(·+ u, ·+ v, f)

∥∥∥
p
dµ (u, v)

:= II1 + II2.

In the previous Chapter we showed that the inequality

∫
Gm

∣∣∣∣∣∣
Mk−1∑
v=Mk−1

A−αn−vψv(u)

∣∣∣∣∣∣ dµ(u) ≤ c (α) , (k = 1, 2...) (2.14)

holds (see equation 1.17).
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Since ∥∥∥f (·+ u, ·+ v)− S(2)
Ml−1

(·+ u, ·+ v, f)
∥∥∥
p
≤ ω2 (f, 1/Ml−1)p ,

by using Lemma 1.1, in view of (0.4) and (2.14) we estimate II1 as follows:

II1 ≤ c (α, β)nαmβω2 (f, 1/Ml−1)p (2.15)

×
∫
Gm

∣∣∣∣∣∣
Mk−1∑
i=Mk−1

A−αn−iψi (u)

∣∣∣∣∣∣ dµ (u)

×
∫
Gm

∣∣∣∣∣∣
Ml−1∑
j=1

A−βm−j+1ψj−1 (v)

∣∣∣∣∣∣ dµ (v)

≤ c (α, β)nαmβω2 (f, 1/Ml−1)p

×
√
Ml−1

Ml−1∑
i=1

(m− j + 1)−2β

1/2

≤ c (α, β)nαmβω2 (f, 1/Ml−1)p

×
√
Ml−1 (n−Ml−1)−β

√
Ml−1

≤ c (α, β)ω2 (f, 1/Ml−1)pM
β
l .

The estimation of II2 is analogous to the estimation of II1 and we have that

II2 ≤ c (α, β)ω2 (f, 1/Ml−1)pM
β
l . (2.16)

By combining (2.13), (2.15) and (2.16) we conclude that

II ≤ c (α, β)ω2 (f, 1/Ml−1)pM
β
l . (2.17)

Analogously, we can prove that

III := 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

Mk−1−1∑
i=0

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v) (2.18)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)‖p

≤ c (α, β)ω1 (f, 1/Mk−1)pM
α
k .
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Finally, we just combine (2.17) with (2.18) and the proof of Lemma 2.2 is
complete. �

Lemma 2.3. Let f ∈ Lp(Gm) for some p ∈ [1,∞] . Then, for every α, β ∈ (0, 1) , the
following estimation holds:

IV := 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

n∑
i=Mk−1

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u) dµ (v)‖p

≤ c (α, β)ω1,2 (f, 1/Mk, 1/Ml)pM
α
kM

β
l ,

whereMk ≤ n < Mk+1,Ml ≤ m < Ml+1.

Proof of Lemma 2.3. From the generalized Minkowski’s inequality, and by us-
ing (0.4) and (2.14) we obtain that

IV = 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

n∑
i=Mk−1

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v) (2.19)

×f (·+ u, ·+ v) dµ (u, v)‖p

≤ 1
A−αn A−βm

∥∥∥∥∥∥∥
∫
G2
m

n∑
i=Mk−1

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v)

×
[
SMk−1,Ml−1 (·+ u, ·+ v, f)− S(1)

Mk−1
(·+ u, ·+ v, f)

−S(2)
Ml−1

(·+ u, ·+ v, f) + f (·+ u, ·+ v)
]
dµ (u, v)

∥∥∥
p

≤ 1
A−αn A−βm

∫
G2
m

∣∣∣∣∣∣
n∑

i=Mk−1

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v)

∣∣∣∣∣∣
×
∥∥∥SMk−1,Ml−1 (·+ u, ·+ v, f)− S(1)

Mk−1
(·+ u, ·+ v, f)

−S(2)
Ml−1

(·+ u, ·+ v, f) + f (·+ u, ·+ v)
∥∥∥
p
dµ (u, v)
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≤ c (α, β)nαmβω1,2 (f, 1/Mk−1, 1/Ml−1)p

×
∫
G2
m

∣∣∣∣∣∣
n∑

i=Mk−1

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v)

∣∣∣∣∣∣ dµ (u, v)

≤ c (α, β)nαmβω1,2 (f, 1/Mk−1, 1/Ml−1)p

×
∫
Gm

∣∣∣∣∣∣
n∑

i=Mk−1

A−αn−iψi (u)

∣∣∣∣∣∣ dµ (u)

×
∫
Gm

∣∣∣∣∣∣
m∑

j=Ml−1

A−βm−jψj (v)

∣∣∣∣∣∣ dµ (v)

≤ c (α, β)Mα
kM

β
l ω1,2 (f, 1/Mk−1, 1/Ml−1)p .

The proof is complete. �

59



2. Approximation Properties of Cesàro Means of the two-dimensional
Vilenkin-Fourier Series

2.3 Proofs of the main results

Proof of Theorem 2.1. It is evident that the difference σ−α,−βn,m (f, x, y)− f (x, y)
can be written as follows

σ−α,−βn,m (f, x, y)− f (x, y)

= 1
A−αn A−βm

∫
G2
m

n∑
i=0

n∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)

= 1
A−αn A−βm

∫
G2
m

Mk−1−1∑
i=0

Ml−1−1∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)

+ 1
A−αn A−βm

∫
G2
m

n∑
i=Mk−1

Ml−1−1∑
j=0

A−αn−iA
−β
m−jψi (u)ψj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)

+ 1
A−αn A−βm

∫
G2
m

Mk−1−1∑
i=0

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u, v)

+ 1
A−αn A−βm

∫
G2
m

n∑
i=Mk−1

m∑
j=Ml−1

A−αn−iA
−β
m−jψi (u)ψj (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ (u) dµ (v)

:= I + II + III + IV.

Since ∥∥σ−α,−βn,m (f, x)− f (x)
∥∥
p

≤ ‖I‖p + ‖II‖p + ‖III‖p + ‖IV ‖p
and I , II , III and IV we have already estimated in Lemmas 2.1-2.3, the proof
will be complete by just combining these estimates. �
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Proof of Corollary 2.3. In order to prove Corollary 2.3 we need to use some
properties of the modulus of continuity. Namely, since

ωi

(
f,

1
Mn

)
≤ ω

(
f,

1
Mn

)
, i = 1, 2, (2.20)

ω1,2

(
f,

1
Mn

,
1
Mm

)
≤ 2ω1

(
f,

1
Mn

)
and

ω1,2

(
f,

1
Mn

,
1
Mm

)
≤ 2ω2

(
f,

1
Mm

)
,

by (2.20) we obtain that

ω1,2

(
f,

1
Mn

,
1
Mm

)
(2.21)

=
(
ω1,2

(
f,

1
Mn

,
1
Mm

)) α
α+β

(
ω1,2

(
f,

1
Mn

,
1
Mm

)) β
α+β

≤ 2
(
ω1

(
f,

1
Mn

)) α
α+β

(
ω2

(
f,

1
Mm

)) β
α+β

≤ 2
(
ω

(
f,

1
Mn

)) α
α+β

(
ω

(
f,

1
Mm

)) β
α+β

.

According to Corollary 2.2 we have that if

ω1

(
f,

1
Mk

)
p

= o

((
1
Mk

)α)
,

ω2

(
f,

1
Ml

)
p

= o

((
1
Ml

)β)
,

ω1,2

(
f,

1
Mk

,
1
Ml

)
p

= o

((
1
Mk

)α( 1
Ml

)β)
,

then ∥∥σ−α,−βn,m (f)− f
∥∥
p
→ 0 as n,m→∞.

Since in (2.21) we estimated the dyadic mixed modulus of continuity with
the dyadic total modulus of continuity, the validity of Corollary 2.3 follows
immediately from Corollary 2.2, (2.20) and (2.21). �
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Proof of Theorem 2.4. We set

fj (x) = ρj (x) = exp 2πixj
mj

,

and define the function f (x, y) as follows:

f (x, y) :=
∞∑
j=1

1
M

(α+β)
j

fj (x) fj (y) .

First, we prove that

ω

(
f,

1
Mn

)
C

= O

((
1
Mn

)α+β
)
. (2.22)

Since
|fj (x+ t)− fj (x)| = 0, t ∈ In,

we find that
|f (x+ t, y)− f (x, y)|

≤
n−1∑
j=1

1
M

(α+β)
j

|fj (x+ t)− fj (x)|+
∞∑
j=n

2
M

(α+β)
j

≤ c

M
(α+β)
n

,

and it follows that

ω1

(
f,

1
Mn

)
= O

((
1
Mn

)α+β
)
. (2.23)

Analogously, we have that

ω2

(
f,

1
Mm

)
= O

((
1
Mm

)α+β
)
. (2.24)

Now, by using (2.23) and (2.24), we obtain (2.22) and thus the first part of
the theorem is proved.

Next, we shall prove that σ−α,−βMn,Mn
(f) diverge in the metric of L1. It is clear

that

∥∥∥σ−α,−βMn,Mn
(f)− f

∥∥∥
1
≥

∣∣∣∣∣∣∣
∫
G2
m

[
σ−α,−βMn,Mn

(f ;x, y)− f (x, y)
]

(2.25)

×ψMk
(x)ψMk

(y) dµ (x, y)|
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≥

∣∣∣∣∣∣∣
∫
G2
m

σ−α,−βMn,Mn
(f ;x, y)ψMk

(x)ψMk
(y) dµ (x) dµ (y)

∣∣∣∣∣∣∣
−
∣∣∣f̂ (Mk,Mk)

∣∣∣
=

∣∣∣∣∣∣ 1
A−αMk

A−βMk

Mlk∑
i=0

Mlk∑
j=0

A−αMk−iA
−β
Mk−j f̂ (i, j)

×
∫
G2
m

ψi (x)ψj (y)ψMk
(x)ψMk

(y) dµ (x, y)

∣∣∣∣∣∣∣
−
∣∣∣f̂ (Mk,Mk)

∣∣∣
= 1
A−αMlk

A−βMlk

∣∣∣f̂ (Mk,Mk)
∣∣∣− ∣∣∣f̂ (Mk,Mk)

∣∣∣ .
Moreover,

f̂ (Mk,Mk) =
∫
G2
m

f (x, y)ψMk
(x)ψMk

(y) dµ (x, y)

=
∞∑
j=1

1
M

(α+β)
j

∫
G2
m

ρj (x) ρj (y)ψMk
(x)ψMk

(y) dµ (x, y)

=
∞∑
j=1

1
M

(α+β)
j

∫
Gm

ρj (x)ψMk
(x) dµ (x)

×
∫
Gm

ρj (y)ψMk
(y) dµ (y)

= 1
M

(α+β)
k

.

Hence, according to (2.25) we have that∥∥∥σ−α,−βMn,Mn
(f)− f

∥∥∥
1
≥ c (α, β) . (2.26)

We can conclude that

lim sup
n→∞

∥∥∥σ−α,−βMn,Mn
(f)− f

∥∥∥
1
> 0.

So also the secondpart of the Theorem is proved. The proof is complete. �
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Chapter 3

Approximation Properties of Cesàro
Means of the quadratic partial sums
of double Vilenkin-Fourier series
3.1 Formulation of the main results

In this Chapter, we discuss the rate of convergence for Cesàro (C,−α)means of
the quadratic partial sums of double Vilenkin-Fourier series. Our main results
read:

Theorem 3.1. (See Paper C) Let f belong to Lp
(
G2
m

)
for some p ∈ [1,∞] and α

∈ (0, 1). Then, for any Mk ≤ n < Mk+1 (k, n ∈ N) , the inequality

∥∥σ−αMk
(f)− f

∥∥
p

≤ c (α)
(
ω1 (f, 1/Mk−1)pM

α
k + ω2 (f, 1/Ml−1)pM

α
k +

+
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

k−2∑
s=0

Ms

Mk
ω2 (f, 1/Ms)p

)
holds.

Theorem 3.2. (See Paper C) Let f belong to Lp
(
G2
m

)
for some p ∈ [1,∞] and α

∈ (0, 1). Then, for any Mk ≤ n < Mk+1 (k, n ∈ N) , the inequality

∥∥σ−αn (f)− f
∥∥
p
≤

c (α)
(
ω1 (f, 1/Mk−1)pM

α
k logn+ ω2 (f, 1/Mk−1)pM

α
k logn

+
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

k−2∑
s=0

Ms

Mk
ω2 (f, 1/Ms)p

)
holds.

Theorem 3.1 and Theorem 3.2 imply the following sufficient conditions for
the convergence in the norm of Cesàro means of the quadratic partial sums of
double Vilenkin-Fourier series in terms of the modulus of continuity.
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Corollary 3.3. (See Paper D) Let f belong to Lp for some p ∈ [1,∞] and let
α ∈ (0, 1) . If

ω

(
f,

1
Mk−1

)
p

= o

(
1
Mα
k

)
,

then ∥∥σ−αMk
(f)− f

∥∥
p
→ 0 as k →∞.

Corollary 3.4. (See Paper D) Let f belong to Lp for some p ∈ [1,∞] and let
α ∈ (0, 1) . If

ω

(
f,

1
Mk−1

)
p

= o

(
1

Mα
k logMk

)
,

then ∥∥σ−αn (f)− f
∥∥
p
→ 0 as n→∞.

Next, we state some results which show the sharpness of Corollary 3.3 and
Corollary 3.4. In particular, the following Theorems hold:

Theorem 3.5. (See Paper D) For every α ∈ (0, 1) , there exists a function f ∈
C
(
G2
m

)
for which

ω

(
f,

1
Mk−1

)
C

= O

(
1
Mα
k

)
,

and
lim sup

k→∞

∥∥σ−αMk
(f)− f

∥∥
1 > 0.

Since for a continuous function we have proved divergence in the space L1,
we can conclude the following:

Corollary 3.6. (See Paper D) For every α ∈ (0, 1) , there exists a function f ∈
C
(
G2
m

)
, for which

ω

(
f,

1
Mk−1

)
p

= O

(
1
Mα
k

)
,

and
lim sup

k→∞

∥∥σ−αMk
(f)− f

∥∥
p
> 0, for some p ∈ [1,∞] .

We also have the following sharpness result:

Theorem 3.7. (See Paper D) For every α ∈ (0, 1) , there exists a function g ∈
C
(
G2
m

)
for which

ω

(
g,

1
Mk−1

)
C

= O

(
1

Mα
k logMk

)
,
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and
lim sup

n→∞

∥∥σ−αn (g)− g
∥∥
C
> 0.

Theorem 3.8. (See Paper D) For every α ∈ (0, 1) , there exists a function h ∈
L1
(
G2
m

)
for which

ω

(
h,

1
Mk−1

)
C

= O

(
1

Mα
k logMk

)
,

and
lim sup

n→∞

∥∥σ−αn (h)− h
∥∥

1 > 0.
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3.2 Auxiliary results

In order to make the proofs of these Theoremsmore clear, we formulate some
auxiliary Lemmas (see [44] and [30], respectively)

Lemma 3.1. Let α1, α2, ..., αn be real numbers. Then

1
n

∫
G2
m

∣∣∣∣∣
n∑
k=1

αkDk (x)Dk (y)

∣∣∣∣∣ dµ (x, y) ≤ c√
n

(
n∑
k=1

α2
k

)1/2

.

Lemma 3.2. Let 0 ≤ j < nsMs and 0 ≤ ns < ms. Then

DnsMs−j = DnsMs
− ψnsMs−1D̄j .

We also need the following new Lemmas of independent interest:

Lemma 3.3. Let f belong to Lp
(
G2
m

)
for some p ∈ [1,∞]. Then, for every α ∈

(0, 1), the following inequality holds:

I := 1
A−αn

∥∥∥∥∥∥∥
∫
G2
m

Mk−1∑
i=1

A−α−1
n−i Di (u)Di (v) [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)

∥∥∥∥∥∥∥
p

≤
k−2∑
r=0

Mr

Mk
ω1 (f, 1/Mr)p +

k−2∑
s=0

Ms

Mk
ω2 (f, 1/Ms)p ,

whereMk ≤ n < Mk+1.

Proof of Lemma 3.3. By applying Abel’s transformation, from (0.3) we get that

I ≤ 1
A−αn

∥∥∥∥∥∥∥
∫
G2
m

Mk−1−1∑
i=1

A−α−2
n−i

i∑
l=1

Dl (u)Dl (v) (3.1)

× [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)‖p

+ 1
A−αn

∥∥∥∥∥∥∥
∫
G2
m

A−α−1
n−Mk−1

Mk−1∑
i=1

Di (u)Di (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)‖p

:= I1 + I2.

For I2 we can estimate as follows:
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I2 ≤
1

A−αn

∥∥∥∥∫
G2
m

A−α−1
n−Mk−1

k−2∑
r=1

Mr+1−1∑
i=Mr

Di (u)Di (v) (3.2)

× [f (·+ u, ·+ v)− f (·, ·)]
∥∥∥∥
p

dµ(u, v)

≤ 1
A−αn

∥∥∥∥∫
G2
m

A−α−1
n−Mk−1

k−2∑
r=1

Mr+1−1∑
i=Mr

Di (u)Di (v)

× [f (·+ u, ·+ v)− SMr,Mr
(·+ u, ·+ v, f)] dµ(u, v)

∥∥∥∥
p

+ 1
A−αn

∥∥∥∥∫
G2
m

A−α−1
n−Mk−1

k−2∑
r=1

Mr+1−1∑
i=Mr

Di (u)Di (v)

× [SMr,Mr
(·+ u, ·+ v, f)− SMr,Mr

(·, ·, f)] dµ(u, v)
∥∥∥∥
p

+ 1
A−αn

∥∥∥∥∫
G2
m

A−α−1
n−Mk−1

k−2∑
r=1

Mr+1−1∑
i=Mr

Di (u)Di (v)

× [SMr,Mr (·, ·, f)− f (·, ·)] dµ(u, v)
∥∥∥∥
p

:= I21 + I22 + I23.

Since

Si,j (·, ·, f) =
∫
G2
m

f (u, v)Di (·+ u)Dj (·+ v) dµ (u, v) ,

it is evident that

∫
G2
m

Mr+1−1∑
i=Mr

Di (u)Di (v)

× [SMr,Mr
(·+ u, ·+ v, f)− SMr,Mr

(·, ·, f)] dµ(u, v)

=
Mr+1−1∑
i=Mr

∫
G2
m

Di (u)Di (v)SMr,Mr (·+ u, ·+ v, f) dµ(u, v)
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−SMr,Mr (·, ·, f))

=
Mr+1−1∑
i=Mr

(Si (·, ·, SMr,Mr (f))− SMr,Mr (·, ·, f))

=
Mr+1−1∑
i=Mr

(SMr,Mr (·, ·, f)− SMr,Mr (·, ·, f)) = 0.

Hence,

I22 = 0. (3.3)

Moreover, according to the generalized Minkowski’s inequality, Lemma 3.1,
by (0.1) and (0.4) we obtain that

I21 ≤
1

A−αn

∣∣∣A−α−1
n−Mk−1

∣∣∣ k−2∑
r=1

∫
G2
m

∣∣∣∣∣∣
Mr+1−1∑
i=Mr

Di (u)Di (v)

∣∣∣∣∣∣ (3.4)

×
∥∥∥∥f (·+ u, ·+ v)− SMr,Mr

(·+ u, ·+ v, f)
∥∥∥∥
p

dµ(u, v)

≤ c (α)
Mk

k−2∑
r=1

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)

×
∫
G2
m

∣∣∣∣∣∣
Mr+1−1∑
i=Mr

Di (x)Di (y)

∣∣∣∣∣∣ dµ(u, v)

≤ c (α)
Mk

k−2∑
r=1

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)

×
√
Mr

Mr+1−1∑
i=Mr

1

1/2

≤ c (α)
k−2∑
r=1

Mr

Mk

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)
.

The estimation of I23 is analogous to the estimation of I21 and we get that

I23 ≤ c (α)
k−2∑
r=1

Mr

Mk

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)
. (3.5)
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Moreover, in a similar way, we can estimate I1:

I1 ≤
1

A−αn

k−2∑
r=1

∥∥∥∥∫
G2
m

Mr+1−1∑
i=Mr

A−α−2
n−i

i∑
l=1

Dl (u)Dl (v) (3.6)

× [f (·+ u, ·+ v)− SMr,Mr
(·+ u, ·+ v, f)] dµ(u, v)

∥∥∥∥
p

+ 1
A−αn

k−2∑
r=1

∥∥∥∥∫
G2
m

Mr+1−1∑
i=Mr

A−α−2
n−i

i∑
l=1

Dl (u)Dl (v)

× [SMr,Mr
(·+ u, ·+ v, f)− SMr,Mr

(·, ·, f)]
∥∥∥∥
p

dµ(u, v)

+ 1
A−αn

k−2∑
r=1

∥∥∥∥∫
G2
m

Mr+1−1∑
i=Mr

A−α−2
n−i

i∑
l=1

Dl (u)Dl (v)

× [SMr,Mr
(·, ·, f)− f (·, ·)] dµ(u, v)

∥∥∥∥
p

≤ 1
A−αn

k−2∑
r=1

∫
G2
m

∣∣∣∣∣∣
Mr+1−1∑
i=Mr

A−α−2
n−i

i∑
l=1

Dl (u)Dl (v)

∣∣∣∣∣∣
×
∥∥∥∥f (·+ u, ·+ v)− SMr,Mr

(·+ u, ·+ v, f)
∥∥∥∥
p

dµ(u, v)

+ 1
A−αn

k−2∑
r=1

∫
G2
m

∣∣∣∣∣∣
Mr+1−1∑
i=Mr

A−α−2
n−i

i∑
l=1

Dl (u)Dl (v)

∣∣∣∣∣∣
×
∥∥∥∥SMr,Mr

(·, ·, f)− f (·, ·)
∥∥∥∥
p

dµ(u, v)

≤ 1
A−αn

k−2∑
r=1

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)

×
Mr+1−1∑
i=Mr

(n− i)−α−2
∫
G2
m

∣∣∣∣∣
i∑
l=1

Dl (u)Dl (v)

∣∣∣∣∣ dµ(u, v)

≤ c (α)nα
k−2∑
r=1

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)
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×
Mr+1−1∑
i=Mr

(n− i)−α−2
i

≤ c (α)nα
k−2∑
r=1

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)

×
Mr+1+1∑
i=Mr

(n−Mr+1 − 1)−α−2
i

≤ c (α)
k−2∑
r=0

Mr

Mk

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)
.

By combining (3.1)-(3.6) for I we find that

I ≤ c (α)
k−2∑
r=0

Mr

Mk

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)
. (3.7)

The proof of Lemma 3.3 is complete. �

Lemma 3.4. Let α ∈ (0, 1) and p = Mk,Mk + 1, .... Then

II :=
∫
G2
m

∣∣∣∣∣
Mk∑
i=1

A−α−1
p−i Di (u)Di (v)

∣∣∣∣∣ dµ(u, v) ≤ c (α) <∞, k = 1, 2...

Proof of Lemma 3.4. It is evident that

II ≤
∫
G2
m

∣∣∣∣∣
Mk−1∑
i=1

A−α−1
p−Mk+iDMk−i (u)DMk−i (v)

∣∣∣∣∣ dµ(u, v) (3.8)

+
∣∣∣A−α−1

p−Mk

∣∣∣ ∫
G2
m

DMk
(u)DMk

(v) dµ(u, v)

:= II1 + II2.

From (0.1) and by the fact that
∣∣∣A−α−1

p−Mk

∣∣∣ ≤ 1 it follows that

II2 ≤ 1. (3.9)

Moreover, by Lemma 3.2 we have that

II1 ≤
∫
G2
m

∣∣∣∣∣
Mk−1∑
i=1

A−α−1
p−Mk+iD̄i (u) D̄i (v)

∣∣∣∣∣ dµ(u, v) (3.10)
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+
∫
G2
m

DMk
(u)

∣∣∣∣∣
Mk−1∑
i=1

A−α−1
p−Mk+iD̄i (v)

∣∣∣∣∣ dµ(u, v)

+
∫
G2
m

DMk
(v)

∣∣∣∣∣
Mk−1∑
i=1

A−α−1
p−Mk+iD̄i (u)

∣∣∣∣∣ dµ(u, v)

+

∣∣∣∣∣
Mk−1∑
i=1

A−α−1
p−Mk+i

∣∣∣∣∣
∫
G2
m

DMk
(u)DMk

(v) dµ(u, v)

:= II11 + II12 + II13 + II14.

From (0.1) and (0.4) it follows that

II14 ≤ c (α)
Mk−1∑
i=1

(p−Mk + i)−α−1 (3.11)

≤ c (α)Mk(p− 1)−α−1 <∞.

Moreover, by Applying Abel’s transformation, in view of Lemma 3.1 and (0.4)
we have that

II11 ≤
∫
G2
m

∣∣∣∣∣
Mk−2∑
i=1

A−α−2
p−Mk+i

i∑
l=1

D̄l (u) D̄l (v)

∣∣∣∣∣ dµ(u, v) (3.12)

+
∫
G2
m

∣∣∣∣∣A−α−1
p−1

Mk−1∑
i=1

D̄i (u) D̄i (v)

∣∣∣∣∣ dµ(u, v)

≤
Mk−2∑
i=1

(p−Mk + i)−α−2
∫
G2
m

∣∣∣∣∣
i∑
l=1

D̄l (u) D̄l (v)

∣∣∣∣∣ dµ(u, v)

+(p− 1)−α−1
∫
G2
m

∣∣∣∣∣
Mk−1∑
i=1

D̄i (u) D̄i (v)

∣∣∣∣∣ dµ(u, v)

≤ c (α)
{
Mk−2∑
i=1

(p−Mk + i)−α−2
i+ (p− 1)−α−1

Mk

}

≤ c (α)
{ ∞∑
i=1

i−α−1 +M−αk

}
<∞.

The estimations of II12 and II13 are analogous to the estimation of II11. By
Applying Abel’s transformation, in view of Lemma 1.1 and (0.4) we find that
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II12 ≤
∫
G2
m

DMk
(u)

∣∣∣∣∣
Mk−2∑
i=1

A−α−2
p−Mk+i

i∑
l=1

D̄l (v)

∣∣∣∣∣ dµ(u, v) (3.13)

+
∫
G2
m

DMk
(u)

∣∣∣∣∣A−α−1
p−1

Mk−1∑
i=1

D̄i (v)

∣∣∣∣∣ dµ(u, v)

≤
∫
Gm

DMk
(u) dµ(u)×

Mk−2∑
i=1

(p−Mk + i)−α−2
∫
Gm

∣∣∣∣∣
i∑
l=1

D̄l (v)

∣∣∣∣∣ dµ(v)

+
∫
Gm

DMk
(u) dµ(u)× (p− 1)−α−1

∫
Gm

∣∣∣∣∣
Mk−1∑
i=1

D̄i (v)

∣∣∣∣∣ dµ(v)

≤ c (α)
Mk−2∑
i=1

(p−Mk + i)−α−2√
i

(
i∑
l=1

1
)1/2

+c (α) (p− 1)−α−1√
Mk

(
Mk−1∑
i=1

1
)1/2

≤ c (α)
{
Mk−2∑
v=1

(p−Mk + i)−α−2
i+ (p− 1)−α−1

Mk

}

≤ c (α)
{ ∞∑
i=1

i−α−1 +M−αk

}
<∞,

and

II13 ≤
∫
G2
m

DMk
(v)

∣∣∣∣∣
Mk−2∑
i=1

A−α−2
p−Mk+i

i∑
l=1

D̄l (u)

∣∣∣∣∣ dµ(u, v) (3.14)

+
∫
G2
m

DMk
(v)

∣∣∣∣∣A−α−1
p−1

Mk−1∑
i=1

D̄i (u)

∣∣∣∣∣ dµ(u, v)

≤ c (α)
{
Mk−2∑
v=1

(p−Mk + i)−α−2
i+ (p− 1)−α−1

Mk

}

≤ c (α)
{ ∞∑
i=1

i−α−1 +M−αk

}
<∞.

The proof is complete by combining (3.8)-(3.14). �
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Lemma 3.5. The inequality

III :=
∫
G2
m

∣∣∣∣∣
n∑
i=1

A−α−1
n−i Di (u)Di (v)

∣∣∣∣∣ dµ(u, v) ≤ c (α) logn

holds.

Proof of Lemma 3.5. Let

n = nk1Mk1 + ...+ nksMks , k1 > ... > ks ≥ 0.

Denote

n(i) = nkiMki + ...+ nksMks , i = 1, 2, ...s.

Since (see [70])

Dj+nAMA
= DnAMA

+ ψnAMA
Dj , (3.15)

we find that

III ≤
∫
G2
m

∣∣∣∣∣∣
nk1Mk1∑
i=1

A−α−1
n−i Di (u)Di (v)

∣∣∣∣∣∣ dµ(u, v) (3.16)

+
∫
G2
m

∣∣∣∣∣∣
n(2)∑
i=1

A−α−1
n(2)−iDi+nk1Mk1

(u)Di+nk1Mk1
(v)

∣∣∣∣∣∣ dµ(u, v)

≤
∫
G2
m

∣∣∣∣∣∣
nk1Mk1∑
i=1

A−α−1
n−i Di (u)Di (v)

∣∣∣∣∣∣ dµ(u, v)

+
∫
G2
m

∣∣∣∣∣∣
n(2)∑
i=1

A−α−1
n(2)−iDi (u)Di (v)

∣∣∣∣∣∣ dµ(u, v)

+
∫
G2
m

Dnk1Mk1
(u)Dnk1Mk1

(v)

∣∣∣∣∣∣
n(2)∑
i=1

A−α−1
n(2)−i

∣∣∣∣∣∣ dµ(u, v)

+
∫
G2
m

Dnk1Mk1
(u)

∣∣∣∣∣∣
n(2)∑
i=1

A−α−1
n(2)−iDi (v)

∣∣∣∣∣∣ dµ(u, v)

+
∫
G2
m

Dnk1Mk1
(v)

∣∣∣∣∣∣
n(2)∑
i=1

A−α−1
n(2)−iDi (u)

∣∣∣∣∣∣ dµ(u, v)
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:= III1 + III2 + III3 + III4 + III5.

By using (0.1) and (0.4) we have that

III3 ≤ c (α) <∞. (3.17)

Moreover, by Shavardenidze (see [114]) it was shown that∣∣∣∣∣
n∑
i=1

A−α−1
n−i Di (u)

∣∣∣∣∣ = O
(
|u|α−1) . (3.18)

From (3.18) and by using (0.1) for III4 we get that

III4 ≤
∫
G2
m

Dnk1Mk1
(u) |v|α−1dµ(u, v) (3.19)

≤
∫
Gm

|v|α−1dµ (v) = 1
α
<∞.

Analogously, we find that

III5 ≤
∫
G2
m

Dnk1Mk1
(v) |u|α−1dµ(u, v) (3.20)

≤
∫
Gm

|u|α−1dµ (v) = 1
α
<∞.

For r ∈ {0, ...mA − 1}, 0 ≤ j < MA , (see [70]), it holds that

Dj+rMA
=
(
r−1∑
q=0

ψqMA

)
DMA

+ ψrMA
Dj .

Thus, we have that

∫
G2
m

nk1Mk1−1∑
i=1

A−α−1
n−i Di (u)Di (v) dµ(u, v)

≤
∫
G2
m

nk1−1∑
r=0

Mk1−1∑
i=0

A−α−1
n−i−rMk1

Di+rMk1
(u)Di+rMk1

(v) dµ(u, v)

≤
∫
G2
m

nk1−1∑
r=0

Mk1−1∑
i=0

A−α−1
n−i−rMk1

(
r−1∑
q=0

ψqMk1

)
DMk1

(u)
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×

(
r−1∑
q=0

ψqMk1

)
DMk1

(v) dµ(u, v)

+
∫
G2
m

nk1−1∑
r=0

Mk1−1∑
i=0

A−α−1
n−i−rMk1

(
r−1∑
q=0

ψqMk1

)

×DMk1
(u)ψrMA

Di (v) dµ(u, v)

+
∫
G2
m

nk1−1∑
r=0

Mk1−1∑
i=0

A−α−1
n−i−rMk1

ψrMA
Di (u)

×

(
r−1∑
q=0

ψqMk1

)
DMk1

(v) dµ(u, v)

+
∫
G2
m

nk1−1∑
r=0

Mk1−1∑
i=0

A−α−1
n−i−rMk1

ψrMA

×Di (u)ψrMA
Di (v) dµ(u, v).

Therefore, by using (0.1) and (0.4) we obtain that∫
G2
m

A−α−1
n−nk1Mk1

Dnk1Mk1
(u)Dnk1Mk1

(v) dµ(u, v) ≤ c (α) <∞.

Consequently, for III1 we have the estimate

III1 ≤
∫
G2
m

DMk1
(u)DMk1

(v)

∣∣∣∣∣∣
nk1−1∑
r=0

Mk1∑
i=1

A−α−1
n−i−rMk1

∣∣∣∣∣∣ dµ(u, v) (3.21)

+
∫
G2
m

DMk1
(u)

∣∣∣∣∣∣
nk1−1∑
r=0

Mk1∑
i=1

A−α−1
n−i−rMk1

Di (v)

∣∣∣∣∣∣ dµ(u, v)

+
∫
G2
m

DMk1
(v)

∣∣∣∣∣∣
nk1−1∑
r=0

Mk1∑
i=1

A−α−1
n−i−rMk1

Di (u)

∣∣∣∣∣∣ dµ(u, v)
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+
∫
G2
m

∣∣∣∣∣∣
nk1−1∑
r=0

Mk1∑
i=1

A−α−1
n−i−rMk1

Di (u)Di (v)

∣∣∣∣∣∣ dµ(u, v) + c (α)

:= III11 + III12 + III13 + III14 + c (α) .

From Lemma 3.3 we have that

III14 ≤ c (α) <∞. (3.22)

The estimation of III11 is analogous to the estimation of III3 and we find
that

III11 ≤ c (α) <∞. (3.23)

The estimations of III12 and III13 are analogous to the estimation of III4
and we obtain that

III12 ≤ c (α) <∞, (3.24)

and
III13 ≤ c (α) <∞. (3.25)

After substituting (3.17) and (3.19)- (3.25) into (3.16) we conclude that

III ≤ III2 + c (α)

=
∫
G2
m

∣∣∣∣∣∣
n(2)∑
i=1

A−α−1
n(2)−iDi (u)Di (v)

∣∣∣∣∣∣ dµ(u, v) + c (α)

≤ ... ≤
∫
G2
m

∣∣∣∣∣∣
n(s)∑
i=1

A−α−1
n(s)−iDi (u)Di (v)

∣∣∣∣∣∣ dµ(u, v) + c (α) (s− 1)

≤ c (α) + c (α) (s− 1) ≤ c (α) s.

It is easy to see that
logn ≈ logMk ≥ k1,

and since k1 ≥ s, for III we get the following estimation:

III ≤ c (α) s ≤ c (α) logn.

The proof is complete. �
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3.3 Proofs of the main results

Now we are ready to prove the main results.

Proof of Theorem 3.1. It is evident that∥∥σ−αMk
(f)− f

∥∥
p

(3.26)

= 1
A−αMk

∥∥∥∥∥∥∥
∫
G2
m

Mk∑
i=1

A−α−1
Mk−iDi (u)Di (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)‖p

≤ 1
A−αMk−1

∥∥∥∥∥∥∥
∫
G2
m

Mk−1∑
i=1

A−α−1
Mk−iDi (u)Di (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)‖p

+ 1
A−αMk−1

∥∥∥∥∥∥∥
∫
G2
m

Mk∑
i=Mk−1+1

A−α−1
Mk−iDi (u)Di (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)‖p

:= I + II.

From Lemma 3.3 it follows that

I ≤ c (α)
k−2∑
r=0

Mr

Mk

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)
. (3.27)

Moreover, for II we have the estimate

II ≤ 1
A−αMk−1

∥∥∥∥∫
G2
m

Mk∑
i=Mk−1+1

A−α−1
Mk−iDi (u)Di (v) (3.28)

×
[
f (·+ u, ·+ v)− S(1)

Mk−1
(·+ u, ·+ v, f)

]
dµ(u, v)

∥∥∥∥
p

+ 1
A−αMk−1

∥∥∥∥∫
G2
m

Mk∑
i=Mk−1+1

A−α−1
Mk−iDi (u)Di (v)
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×
[
S

(1)
Mk−1

(·+ u, ·+ v, f)− f (·, ·)
]
dµ(u, v)

∥∥∥∥
p

:= II1 + II2.

In view of generalized Minkowski’s inequality, by (0.4) and by using Lemma
3.4 we get that

II1 ≤
1

A−αMk−1

∫
G2
m

∣∣∣∣∣∣
Mk∑

i=Mk−1+1
A−α−1
Mk−iDi (u)Di (v)

∣∣∣∣∣∣ (3.29)

×
∥∥∥f (·+ u, ·+ v)− S(1)

Mk−1
(·+ u, ·+ v, f)

∥∥∥
p
dµ(u, v)

≤
ω1 (f, 1/Mk−1)p

A−αMk−1

∫
G2
m

∣∣∣∣∣∣
Mk∑

i=Mk−1+1
A−α−1
Mk−iDi (u)Di (v)

∣∣∣∣∣∣ dµ(u, v)

≤ c (α)Mα
k ω1 (f, 1/Mk−1)p .

The estimation of II2 is analogous to the estimation of II1 and we find that

II2 ≤ c (α)Mα
k ω2 (f, 1/Mk−1)p . (3.30)

After substituting (3.29)-(3.31) into (3.28), we have

II ≤ c (α)Mα
k (ω1 (f, 1/Mk−1)p + ω2 (f, 1/Mk−1)p). (3.31)

The proof is complete by just combining (3.26), ( 3.27) and (3.31). �

Proof of Theorem 3.2. It is evident that

∥∥σ−αn (f)− f
∥∥
p
≤ 1
A−αn−1

∥∥∥∥∥∥∥
∫
G2
m

Mk−1∑
i=1

A−α−1
n−i Di (u)Di (v) (3.32)

× [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)‖p

+ 1
A−αn−1

∥∥∥∥∥∥∥
∫
G2
m

Mk∑
i=Mk−1+1

A−α−1
n−i Di (u)Di (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)‖p
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+ 1
A−αn−1

∥∥∥∥∥∥∥
∫
G2
m

n∑
i=Mk+1

A−α−1
n−i Di (u)Di (v)

× [f (·+ u, ·+ v)− f (·, ·)] dµ(u, v)‖p

:= I + II + III.

From Lemma 3.3 it follows that

I ≤ c (α)
k−2∑
r=0

Mr

Mk

(
ω1 (f, 1/Mr)p + ω2 (f, 1/Mr)p

)
. (3.33)

Next, we repeat the arguments just in the same way as in the proof of The-
orem 3.1 and find that

II ≤ c (α)Mα
k

(
ω1 (f, 1/Mk−1)p + ω2 (f, 1/Mk−1)p

)
. (3.34)

Moreover, for III we have that

III ≤ 1
A−αn−1

∥∥∥∥∫
G2
m

n∑
i=Mk+1

A−α−1
n−i Di (u)Di (v) (3.35)

× [f (·+ u, ·+ v)− f (·, ·)]
∥∥∥∥
p

dµ(u, v)

≤ 1
A−αn

∥∥∥∥∫
G2
m

n∑
i=Mk+1

A−α−1
n−i Di (u)Di (v)

× [f (·+ u, ·+ v)− SMk,Mk
(·+ u, ·+ v, f)] dµ(u, v)

∥∥∥∥
p

≤ 1
A−αn

∥∥∥∥∫
G2
m

n∑
i=Mk+1

A−α−1
n−i Di (u)Di (v)

× [SMk,Mk
(·+ u, ·+ v, f)− SMk,Mk

(·, ·, f)] dµ(u, v)
∥∥∥∥
p

≤ 1
A−αn

∥∥∥∥∫
G2
m

n∑
i=Mk+1

A−α−1
n−i Di (u)Di (v)

× [SMk,Mk
(·, ·, f)− f (·, ·)] dµ(u, v)

∥∥∥∥
p
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:= III1 + III2 + III3.

Since

Si,j (·, ·, f) =
∫
G2
m

f (u, v)Di (· − u)Dj (· − v) dµ (u, v) ,

we get that ∫
G2
m

n∑
i=Mk+1

A−α−1
n−i Di (u)Di (v)

× [SMk,Mk
(·+ u, ·+ v, f)− SMk,Mk

(·, ·, f)] dµ(u, v)

=
n∑

i=Mk+1
A−α−1
n−i

∫
G2
m

SMk,Mk
(·+ u, ·+ v, f)Di (u)Di (v) dµ(u, v)

−
n∑

i=Mk+1
A−α−1
n−i SMk,Mk

(·, ·, f)

=
n∑

i=Mk+1
A−α−1
n−i Si,i (·, ·, SMk,Mk

(f))

−
n∑

i=Mk+1
A−α−1
n−i SMk,Mk

(·, ·, f)

=
n∑

i=Mk+1
A−α−1
n−i SMk,Mk

(·, ·, f)

−
n∑

i=Mk+1
A−α−1
n−i SMk,Mk

(·, ·, f) = 0.

Consequently, we have that

III2 = 0. (3.36)

According to the generalized Minkowski’s inequality and by using Lemma
3.5 for III1 we obtain that

III1 ≤
1

A−αn

∫
G2
m

∣∣∣∣∣
n∑

i=Mk+1
A−α−1
n−i Di (u)Di (v)

∣∣∣∣∣ (3.37)

×
∥∥∥∥f (·+ u, ·+ v)− SMr,Mr

(·+ u, ·+ v, f)
∥∥∥∥
p

dµ(u, v)
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≤ c (α)Mα
k

(
ω1 (f, 1/Mk−1)p + ω2 (f, 1/Mk−1)p

)
×
∫
G2
m

∣∣∣∣∣
n∑

i=Mk+1
A−α−1
n−i Di (u)Di (v)

∣∣∣∣∣ dµ(u, v)

≤ c (α)Mα
k logn

(
ω1 (f, 1/Mk−1)p + ω2 (f, 1/Mk−1)p

)
.

The estimation of III3 is analogous to the estimation of III1 and we find
that

III3 ≤ c (α)Mα
k logn

(
ω1 (f, 1/Mk−1)p + ω2 (f, 1/Mk−1)p

)
. (3.38)

By combining (3.35)-(3.38), we get for III the following estimation:

III ≤ c (α)Mα
k logn

(
ω1 (f, 1/Mk−1)p + ω2 (f, 1/Mk−1)p

)
. (3.39)

After substituting (3.33), (3.34) and (3.39) into (3.32), we receive the inequal-
ity stated in Theorem 3.2, so the proof is complete. �

Proof of Theorem 3.5. We define the functions

fj (x) := ψMj−1 (x) , with j = 1, 2, ... ,

and based on these functions we can define the following function:

f (x, y) :=
∞∑
j=1

1
Mα

j

fj (x) fj (y) .

First, we prove that

ω

(
f,

1
Mn

)
C

= O

(
1
Mα
n

)
. (3.40)

Since

|fj (x− t)− fj (x)| = 0, j = 0, 1, ..., n− 1, t ∈ In,

we find that

|f (x− t, y)− f (x, y)| ≤ 2
∞∑
j=n

1
Mα

j

≤ c

Mα
n

.

Consequently,

ω1

(
f,

1
Mn

)
C

= O

(
1
Mα
n

)
. (3.41)

83



3. Approximation Properties of Cesàro Means of the quadratic partial sums of
double Vilenkin-Fourier series

Analogously, we can prove

ω2

(
f,

1
Mm

)
C

= O

(
1
Mα
m

)
. (3.42)

By (0.5) , (3.41) and (3.42), we obtain (3.40), which implies that the first part
of the theorem is proved.

Next, we shall prove that σ−αMk
(f) diverge in the metric of L1. Indeed,∥∥σ−αMk

(f)− f
∥∥

1 (3.43)

≥

∣∣∣∣∣∣∣
∫
G2
m

[
σ−αMk

(f ;x, y)− f (x, y)
]

× ψMk−1 (x)ψMk−1 (y) dµ (x, y)|

≥

∣∣∣∣∣∣∣
∫
G2
m

σ−αMk
(f ;x, y)ψMk−1 (x)ψMk−1 (y) dµ (x, y)

∣∣∣∣∣∣∣
−
∣∣∣f̂ (Mk − 1,Mk − 1)

∣∣∣
=

∣∣∣∣∣∣∣
∫
G2
m

 1
A−αMk−1

Mk∑
j=1

A−α−1
Mk−jSj,j (f ;x, y)


× ψMk−1 (x)ψMk−1 (y) dµ (x, y)|

−
∣∣∣f̂ (Mk − 1,Mk − 1)

∣∣∣
=

∣∣∣∣∣∣∣
∫
G2
m

1
A−αMk−1

SMk,Mk
(f ;x, y)

× ψMk−1 (x)ψMk−1 (y) dµ (x, y)|

−
∣∣∣f̂ (Mk − 1,Mk − 1)

∣∣∣
=

∣∣∣∣∣ 1
A−αMk−1

Mk−1∑
k1=1

Mk−1∑
k2=1

f̂ (k1, k2)
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×
∫
G2
m

ψk1 (x)ψk2 (y)ψMk−1 (x)ψMk−1 (y) dµ (x, y)

∣∣∣∣∣∣∣
−
∣∣∣f̂ (Mk − 1,Mk − 1)

∣∣∣
= 1
A−αMk−1

∣∣∣f̂ (Mk − 1,Mk − 1)
∣∣∣

−
∣∣∣f̂ (Mk − 1,Mk − 1)

∣∣∣ .
Moreover, by the definition of the two-dimensional Fourier coefficients we

have that
f̂ (Mk − 1,Mk − 1) (3.44)

=
∫
G2
m

f (x, y) ψ̄Mk−1 (x) ψ̄Mk−1 (y) dµ (x, y)

=
∞∑
j=1

1
Mα

j

∫
G2
m

ψMj−1 (x)ψMj−1 (y)

× ψ̄Mk−1 (x) ψ̄Mk−1 (y) dµ (x) dµ (y)

=
∞∑
j=1

1
Mα

j

∫
Gm

ψMj−1 (x) ψ̄Mk−1 (x) dµ (x)

×
∫
Gm

ψMj−1 (y) ψ̄Mk−1 (y) dµ (y) = 1
Mα
k

.

Combining (3.43) and (3.44) we get∥∥σ−αMk
(f)− f

∥∥
1 > c (α) ,

where c(α) is a strictly positive constant independent of k.
Thus also the second statement of Theorem 3.5 is proved. So the proof is

complete. �
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Proof of Theorem 3.7. Let {nk : k ≥ 1} be a sequence of positive integers such
thatMk ≤ nk < Mk+1 (k, n ∈ N) and ‖Dnk‖1 ≥ c lognk.

We define a function g (x, y) as follows

g (x, y) :=
∞∑
j=1

gj (x, y) ,

where
gj (x, y) = 1

Mα
j

logMj
ψnj−1 (x) exp(−i arg

(
D̄nj (y)

)
).

First, we prove that

ω

(
g,

1
Mn

)
C

= O

(
1

Mα
n logMn

)
. (3.45)

Since
|gj (x− t, y)− gj (x, y)| = 0,

and
|gj (x, y − t)− gj (x, y)| = 0,

for j = 0, 1, ..., n− 1, and t ∈ In, we find that

|g (x− t, y)− g (x, y)

=

∣∣∣∣∣∣
∞∑
j=n

1
Mα

j
logMj

(ψnj−1 (x− t)− ψnj−1 (x)) exp(−i arg
(
D̄nj (y)

)
)

∣∣∣∣∣∣
≤ 2

∞∑
j=n

1
Mα

j
logMj

≤ c

Mα
n

logMn
.

Consequently,

ω1

(
g,

1
Mn

)
C

= O

(
1

Mα
n logMn

)
. (3.46)

Analogously, we can prove that

ω2

(
g,

1
Mm

)
C

= O

(
1

Mα
m logMm

)
. (3.47)

By (0.5) , (3.46) and (3.47), we obtain (3.45) and thus we have proved the
first part of the theorem.

Next, we shall prove the divergence statement. It is evident that∣∣σ−αnk (g; 0, 0)
∣∣ ≥ ∣∣σ−αnk (gk; 0, 0)

∣∣ (3.48)
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−

∣∣∣∣∣∣σ−αnk
 ∞∑
j=k+1

gj ; 0, 0

∣∣∣∣∣∣−
∣∣∣∣∣∣σ−αnk

k−1∑
j=1

gj ; 0, 0

∣∣∣∣∣∣
:= I − II − III.

We have that

I = 1
A−αnk−1

∣∣∣∣∣∣
nk∑
j=1

A−α−1
nk−j Sj,j (gk; 0, 0)

∣∣∣∣∣∣ (3.49)

= 1
A−αnk−1

∣∣∣∣∣∣∣
∫
G2
m

gk (x, y)
nk∑
j=1

A−α−1
nk−j Dj (x)Dj (y) dµ (x, y)

∣∣∣∣∣∣∣
= 1
A−αnk−1

∣∣∣∣∣∣
∫
Gm

nk∑
j=1

A−α−1
nk−j Dj (x)

×

∫
Gm

gk (x, y)Dj (y) dµ (y)

 dµ (x)

∣∣∣∣∣∣
= 1
Mα

k
logMk

1
A−αnk−1

∣∣∣∣∣∣
nk∑
j=1

A−α−1
nk−j

∫
Gm

ψnk−1 (x)Dj (x) dµ (x)

×
∫
Gm

exp(−i arg
(
D̄nk (y)

)
)Dj (y) dµ (y)

∣∣∣∣∣∣
= 1
Mα

k
logMk

1
A−αnk−1

∫
Gm

|Dnk (y)| dµ (y)

≥ c (α) 1
lognk

∫
Gm

|Dnk (y)| dµ (y) ≥ c (α) .

It is easy to prove that
II = 0. (3.50)

From Theorem 3.2 we obtain that

III ≤
k−1∑
j=1

∥∥σ−αnk (gj)− gj
∥∥
C

≤ c (α)
k−1∑
j=1

(
ω1

(
gj ,

1
Mk−1

)
p

Mα
k

lognk
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+ω2

(
gj ,

1
Mk−1

)
p

Mα
k

lognk

+
k−2∑
r=0

Mr

Mk
ω1

(
gj ,

1
Mr

)
p

+
k−2∑
s=0

Ms

Mk
ω2

(
gj ,

1
Ms

)
p

)
.

Hence, it is evident that
k−1∑
j=1

k−2∑
r=0

Mr

Mk
ω1

(
gj ,

1
Mr

)
p

(3.51)

≤
k−1∑
j=1

j∑
r=0

Mr

Mk
ω1

(
gj ,

1
Mr

)
p

≤
k−1∑
r=0

k−1∑
j=r

Mr

Mk
ω1

(
gj ,

1
Mr

)
p

≤
k−1∑
r=0

k−1∑
j=r

Mr

Mk

1
Mα

j
logMj

≤ c
k−1∑
r=0

M
r

Mk

1
Mα

r
logMr

≤ c

Mk

k−1∑
r=0

M (1−α)
r

logMr
≤ c

Mα
k

.

Analogously we can prove that

k−1∑
j=1

k−2∑
s=0

Ms

Mk
ω2

(
gj ,

1
Ms

)
p

≤ c

Mα
k

. (3.52)

Because of the construction of the function gj , we have

ω1

(
gj ,

1
Mk−1

)
p

= 0, (3.53)

and

ω2

(
gj ,

1
Mk−1

)
p

= 0, (3.54)
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for j = 0, 1, ..., k − 1.
From (3.51)− (3.54) we get the following estimation of III :

III ≤ c (α) c

Mα
k

. (3.55)

Combining (3.49) , (3.50) and (3.55) we get that

lim sup
k→∞

∣∣σ−αnk (g; 0, 0)− g (0, 0)
∣∣ > 0.

Hence, also the second statement of Theorem 3.7 is proved. The proof is
complete. �

Proof of Theorem 3.8. Let {nk : k ≥ 1} be a sequence of positive integers as
above (Mk ≤ nk < Mk+1 (k, n ∈ N) and ‖Dnk‖1 ≥ c lognk).

We define a function h (x, y) as follows:

h (x, y) :=
∞∑
l=1

1
Mα
l logMl

[
Dnl (x)−Dnl−1 (x)

] [
Dnl (y)−Dnl−1 (y)

]
.

First we prove that

ω

(
h,

1
Mk

)
C

≤ c

Mα
k logMk

.

Since ∫
In

|Dnl (x− t)−Dnl (x)| dµ (x) = 0,

for l = 0, 1, ..., k − 1, t ∈ Ik, we have that∫
G2
m

|h (x− t, y)− h (x, y)| dµ (x, y) (3.56)

≤ 2
∞∑
l=k

1
Mα
l logMl

∫
Gm

|Dnl (x− t)−Dnl (x)| dµ (x)

+2
∞∑
l=k

1
Mα
l logMl

∫
Gm

∣∣Dnl−1 (x− t)−Dnl−1 (x)
∣∣ dµ (x)

:= I1 + I2.

By using (0.1) we get that

I1 ≤ 4
∞∑
l=k

1
Mα
l logMl

(3.57)
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≤ c 1
logMk

∞∑
l=k

1
Mα
l

≤ c

Mα
k logMk

.

and

I2 ≤
c

Mα
k logMk

. (3.58)

By combining (3.56)− (3.58) we have that

ω1

(
h,

1
Mk

)
C

≤ c

Mα
k logMk

. (3.59)

Analogously, we can prove that

ω2

(
h,

1
Mk

)
C

≤ c

Mα
k logMk

. (3.60)

According to (0.5) , (3.59) and (3.60) we get the desired first statement:

ω

(
h,

1
Mk

)
C

≤ c

Mα
k logMk

.

Now, we shall prove the divergence statement. It is evident that∥∥σ−αnk (h)− h
∥∥

1 (3.61)

≥
∫
Gm

∣∣∣∣∣∣
∫
Gm

[
σ−αnk (h;x, y)− h (x, y)

]
ψnk−1 (x) dµ (x)

∣∣∣∣∣∣ dµ (y)

≥
∫
Gm

∣∣∣∣∣∣
∫
Gm

σ−αnk (h;x, y)ψnk−1 (x) dµ (x)

∣∣∣∣∣∣ dµ (y)

−
∫
Gm

∣∣∣∣∣∣
∫
Gm

h (x, y)ψnk−1 (x) dµ (x)

∣∣∣∣∣∣ dµ (y)

:= II1 − II2.

From the construction of the function h and by using (0.1) we get that

II2 ≤ c
1

Mα
k logMk

. (3.62)

Moreover, since

ĥ (nk − 1, q) =
∫
G2
m

h (x, y)ψnk−1 (x)ψq (y) dµ (x, y)

90



Proofs of the main results

=
∞∑
l=1

1
Mα
l logMl

∫
Gm

[
Dnl (x)−Dnl−1 (x)

]
ψnk−1 (x) dµ (x)

×
∫
Gm

[
Dnl (y)−Dnl−1 (y)

]
ψq (y) dµ (y)

= 1
Mα

k
logMk

∫
Gm

[
Dnk (y)−Dnk−1 (y)

]
ψq (y) dµ (y) ,

for II1, we find that

II1 = 1
A−αnk−1

∫
Gm

∣∣∣∣∣∣
nk∑
j=1

A−α−1
nk−j

j−1∑
p=0

j−1∑
q=0

ĥ (p, q)ψq (y) (3.63)

×
∫
Gm

ψp (x)ψnk−1 (x) dµ (x)

∣∣∣∣∣∣ dµ (y)

= 1
A−αnk−1

∫
Gm

∣∣∣∣∣
nk−1∑
q=0

ĥ (nk − 1, q)ψq (y)

∣∣∣∣∣ dµ (y)

= 1
A−αnk−1

1
Mα
k logMk

∫
Gm

∣∣Dnk (y)−Dnk−1 (y)
∣∣ dµ (y)

≥ 1
A−αnk−1

1
Mα
k logMk

∫
Gm

|Dnk (y)| dµ (y)− 1

 .

Since ‖Dnk‖1 ≥ c lognk, by combining (3.61)− (3.63) we have that

lim sup
k→∞

∥∥σ−αnk (h)− h
∥∥

1 > 0,

and also the divergence statement is proved. The proof is complete. �
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