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CLASSIFICATION OF SIMPLY-TRANSITIVE
LEVI NON-DEGENERATE HYPERSURFACES IN C?

BORIS DOUBROV, JOEL MERKER, AND DENNIS THE

ABSTRACT. Holomorphically homogeneous CR real hypersurfaces M> C C2 were classified by Elie
Cartan in 1932. A folklore legend tells that an unpublished manuscript of Cartan also treated the next
dimension M® C C? (in conjunction with his study of bounded homogeneous domains), but no paper
or electronic document currently circulates.

In the last 20 years, much progress on this classification problem in C* has been made. Fels—
Kaup classified the 2-nondegenerate hypersurfaces with constant Levi rank 1, obtaining a list that
is entirely tubular. For Levi non-degenerate hypersurfaces, substantial efforts due to Loboda and
Doubrov—Medvedev-The settled the multiply-transitive case, and the lists are extensive. Recently,
Kossovskiy—Loboda completed the strongly pseudoconvex (Levi-definite) simply-transitive case, and
all models found are tubular. Only the simply-transitive case with split Levi signature remained.

We perform this last study by employing an independent Lie-algebraic approach. A key new geo-
metric tool is a coordinate-free formula for the fundamental (complexified) quartic tensor, which in
particular can be specialized to Lie algebra data. Our final result has a unique (Levi-indefinite) non-
tubular model, which admits planar equi-affine symmetry.

While this article was under preparation, Loboda posted his synthetic memoir arXiv:2006.07835,
where he also addressed the simply-transitive Levi-indefinite case. We can hence compare and clarify
both lists of simply-transitive models.

A striking corollary is that all locally homogeneous real hypersurfaces M® C C? are now fully
classified by these contributions.

1. INTRODUCTION

In general CR dimension n > 1, the classification of locally homogeneous real hypersurfaces
M?+1 < C™*! (up to local biholomorphisms) is a vast, infinite problem. About one century after
Cartan [4) 5] settled in 1932 the already quite advanced case n = 1, Loboda’s recent synthesis [[19]
and the present article bring in 2020 two independent contributions that terminate the long-standing
case n = 2. In C3, preceding major achievements were due to Loboda [16, 17, [18]], Fels—Kaup [11],
Doubrov—Medvedev—The [8], and Kossovskiy—Loboda [14].

Local Lie groups are analytic, so homogeneous M2"+! c C"*! may be assumed from the outset
to be real analytic (C*). By Lie’s infinitesimalization principle [15], the group Hol(M) of local
biholomorphic transformations of C"** stabilizing M is better viewed as the real Lie algebra:

hol(M) := {X = Yt an(z) 2 (X +X)],, is tangent to M}, (1.1)
where z = (z1,...,2n41) are coordinates on C"*!, with the ay(z) being holomorphic. As Lie

did [15]], we will consider local Lie transformation (pseudo-)groups, and mainly deal with their Lie
algebras of vector fields. Clearly, M is (locally) homogeneous if and only if Vp € M, the evaluation
map hol(M) — T,M sending X — (X + X)|, is surjective. One calls a homogeneous M simply-
transitive if dim M = dimgbhol(M), and multiply-transitive if dim M < dimghol(M).

Recall that M?"+1  C™*! is tubular (or is a ‘tube’) if there is a biholomorphism M = 8" x
iR, ie. a product of a real hypersurface § C R"™*! (its ‘base’) and the imaginary axes. If
8§ = {F(x1,...,7ns1) = 0} C R is a real hypersurface with dF # 0 on 8, its associated tube
is Mg = {S’”(Re z1,...,Re zn+1) = 0} € C*"!. A tube Mg is Levi non-degenerate if and only
if its base 8 has non-degenerate Hessian, and the signatures of the Levi form and Hessian agree.

Date: 14th October 2020.
2020 Mathematics Subject Classification. Primary: 32V40, 17B66, 53AS5S5; Secondary: 53C30, 57M60, 35B06, 53A15

1


http://arxiv.org/abs/2006.07835

2 BORIS DOUBROV, JOEL MERKER, AND DENNIS THE

Clearly i 0., ,...,i0.,,, € hol(Msg). Furthermore, any real affine symmetry S = (Age z¢ + by,) Oy,
(summation assumed on 1 < k, ¢ < n+1) of § has ‘complexification’ X = S = (Akg z0+ bk) 0z,
in hol(Msg). Thus, an affinely homogeneous base yields a holomorphically homogeneous tube.

1.1. Main result. Restrict now considerations to Levi non-degenerate M 5 €3, ie.n = 2. The
multiply-transitive case was tackled by Loboda [17,(18], who completed the majority of the classifica-
tion, except the Levi-indefinite branch with dim hol(A) = 6. Recently, the entire multiply-transitive
classification was settled by Doubrov—Medvedev-The [8]]. In the simply-transitive case, the strongly
pseudoconvex (Levi-definite) case was completed by Kossovskiy—Loboda in [14] and the surprising
outcome was that all models obtained are tubular. A recent preprint [[19] due to Loboda studies
the simply-transitive Levi-indefinite case, but this list requires some corrections — see below. We
independently settle the entire simply-transitive classification with the following main resul

Theorem 1.1. Any simply-transitive Levi non-degenerate hypersurface M> C C3 is locally biholo-
morphic to precisely one of the following.

(1) Either one hypersurface among the 6 families of tubular hypersurfaces listed in Table |I| below,
with corresponding 5 generators of hol(M).

(2) Or the single nontubular exceptional model:

g (1.2)

Im(w) = |Im(z2) — w Im(21)
having indefinite Levi signature and the infinitesimal symmetries:
210y — 220z — 2w 0y, 210z + 0w, 220, — w? Ow, 0z, Oa, (1.3)

with Lie algebra structure saff(2,R) := sl(2,R) x R?, i.e. the planar equi-affine Lie algebra.

Holomorphic symmetries of

Affinely simply-transitive Levi-definite

Label non-degenerate real surface F(z1, z2,u) =0 F(Re(21), R‘e(zz)‘, Re(y})) =0 condition
beyond 8., , 10, , 10w
u=afah
T1 Non-degeneracy: a3(1 —a — ) #0 210z, + awdu, af(l—a—-p)>0

Restriction: (o, 8) # (1,1), (=1,1),(1,-1) 220z, + BwOy

Redundancy: (o, 8) ~ (8, c) ~ (£ ,E)

a’ a

u= (27 +23)" exp (B arctan($2))
0. 0zy + 20w0y,
T2 Non-degeneracy: o 7 % & (a, B) # (0,0) 2321 tija: _ ﬂ(;ﬁgw a >
Restriction: (a, 8) # (1,0) ! 2
Redundancy: (a, 8) ~ (a, =)

D=

u =1 (aln(z1) + In(z2)) 2102, — @220z + WOy,

T —1
3 22822 + Z13w a <
Non-degeneracy: o # —1
(0= + )" = a(ze - 5)°
T4 210z, + 2220, + 3w, oo s
Non-degeneracy: o 7# —% 0z, + 21025 + 2204 9
Restriction: & # 0
TU = T3 + ex?
o —1
T5 Zlgzl + 22 228622 + (Oé )w@w, 6(0& o 1)(a _ 2) >0
Non-degeneracy: o # 1,2 210z, + 2220y
Restriction: & # 0
T6 T1u = 35 + ex] In(z1) 210z + 220z, + (€21 + )0, =11

21 622 + 2220

TABLE 1. All simply-transitive tubes M® C C?. Parameters o, 3 € R and € = +1.

'We use the notation zj = x; +1y; and w = u + 1.
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We immediately recover that all simply-transitive Levi-definite M° C C? are tubular [14].

The classification of affinely homogeneous surfaces § C R3 was independently carried out by
Doubrov—Komrakov—Rabinovich [6] and Eastwood—Ezhov [9]]. A tube Mg on an affinely multiply-
transitive base & is holomorphically multiply-transitive, so for the Levi non-degenerate simply-
transitive tube classification, we can start from the DKR lisﬂ and perform the following:

(1) Remove those surfaces yielding tubes already appearing in the multiply-transitive classification
[8]. (See our Table[2]and Remark [6.6]in §6.2])
(i1) Restrict to affinely simply-transitive surfaces that have non-degenerate Hessians. (This excludes
all quadrics, cylinders, and the Cayley surface v = 12 — %, cf. [16, Prop. in §3].)
The desired classification is a subset of the resulting candidate list, which comprises those sur-
faces in the 2nd column of Table[I] The symmetries in the 3rd column confirm that these all have
dim hol(M) > 5, but it is important to carefully identify all exceptions for which this dimension
jumps up. Theorem|[I.1]asserts that no such exceptions occur among the candidate list.

A comparison with Loboda’s simply-transitive list [19, Table 7, p. 50] is in order. Using the
discrete redundancy in Table [T} his tubular classification (comprising his first 6 items among 8)
mostly matches ours, except that he incorrectly omits o = 0 for T3, and his restriction to o # 0,4
for T4 should be correctecﬁ to a # 0, —%. Moreover, he lists two nontubular models:

(@ (v— x2y1)2 + y%y% = 1, due to Atanov-Loboda [1, eqn (2)]. This model is biholomorphically
equivalent to (I.2) — see §5.3] We moreover derive (I.2)) in an elementary manner and elucidate
some lovely related planar equi-affine geometry.

(b) v(1 + exay2) = y1y2 with e = £1, due to Akopyan-Loboda [2 (1.10)]. This model is Levi-
degenerate at the origin and Levi-indefinite. We confirm that dim hol(M) = 5, with generators

(2i+€23) 02 +22200, €wWOsy + 0y, 210 w0y, 0Os, O (1.4)

From the hypersurface equation, yo = Im(z5) is locally unrestricted, but its level sets are clearly
preserved by all symmetries (I.4). It is not homogeneous, so mistakenly appears on Loboda’s
homogeneous list [19].

More broadly, Theorem|I.1]also terminates the problem of classifying all holomorphically homo-
geneous CR real hypersurfaces M° C C3, as follows:

(1) holomorphically degeneratﬂ either the Levi-flat hyperplane R x C x C, or M3 x C for
some homogeneous Levi non-degenerate hypersurface M3 C C?, classified by Cartan [4}/5]].
These all have dim hol(M) = oo.

(2) holomorphically non-degenerate: From [21]], there are two possibilities:

(a) constant Levi rank 1 and 2-nondegenerate: The classification was completed by Fels—
Kaup in [11]. All such models are tubular, with dim hol(M) < 10, which is sharp on
the tube with base the future light cone § = {z € R? : 22 + 23 = 22, 23 > 0}.

(b) Levi non-degenerate: dim hol(M) < 15, which is sharp on the flat model Im w =

|21|? + €|22|?, where € = 1. The biholomorphism (21, 29, w) + (21, 22,1 (2w — 27 —

€z3)) maps this to the tube over u = x? + ex3.

1.2. Classification approach and further results. The classification approach used by Loboda and
his collaborators is to effectively use normal forms. For instance, in the simply-transitive, Levi-
definite case [[14]], the authors realize 5-dimensional real Lie algebras acting transitively on real hyper-
surfaces by holomorphic vector fields and then find appropriate normal forms for such realizations.
Their starting point is the classification of abstract 5S-dimensional real Lie algebras (Mubarakzyanov
[23]), but they also use an important discarding sieve: If hol(M ) is S-dimensional and contains a

2Family (6) in [6, Thm.1] contains a typo: it should also include o = 0, i.e. the Cayley surface.

3In Loboda’s final list [19] p. 53-54], the case corresponding to T4 is stated correctly.

4When there exists a nonzero holomorphic vector field X (not only 2 Re X) that is tangent to M?"*! c C"*!, one
says that M is holomorphically degenerate [21,120]. After rectifying so that X = 0., ,, locally near any p € M at which
X’p # 0, one locally has M?"+! = M?"~! x C for some real hypersurface M?"~! C C". In this case, given any

holomorphic function f(z), we have f(2)0.,_, € hol(M), whence dim hol(M) = oc.
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3-dimensional abelian ideal, then M is tubular over an affinely homogeneous base [14, Prop.3.1]. In
the end, no nontubular models survive and they invoke the DKR classification [6] for tubular cases.

Remark 1.2. By our Theorem (1.1} we can a posteriori assert that [14, Prop.3.1] also holds in the
Levi-indefinite case. However, their proof does not carry over: it relies on [[14) Prop.2.3], which does
not hold in the indefinite setting, as the following counterexample shows. Consider a hypersurface
of Winkelmann type [8] given by Im(w + Z122) = (21)%(z1)® for a € C\{—1,0, 1,2}, which is

tubular if and only if % € R. Then hol(M) contains the abelian subalgebra

X1 = z18Z2, Xy = 822 + 210y, X3= z'822 — 1210w, X4 = Op. (1.5)

Evaluating at a point where z; # 0, we see that { X, X, X3} are linearly independent over R, but
they are linearly dependent over C.

Our approach to the non-tubular, simply-transitive classification is substantially different. We
employ a Lie algebraic approach that circumvents the use of normal forms, is independent of the
Mubarakzyanov classification, and draws upon the known close geometric relationship with so-called
Legendrian contact structures that was similarly effectively used in [7, 8]. To describe this strategy,
we need to recall some notions.

Any Levi non-degenerate hypersurface M2"+! C C™ naturally inherits a CR structure of codimen-
sion 1, i.e. a contact distribution C' = TM N J(T'M) C T'M with a complex structure J : C' — C
compatible with the natural (conformal) symplectic form on C. The induced J on the complexi-
fication C'C has 4 eigenspaces yielding isotropic, integrable subdistributions. Abstract CR struc-
tures (M ; C, J) (for which integrability is not required) have corresponding complexified analogues
called Legendrian contact (LC) structures (N; E, F'). This consists of a complex contact manifold
(N27+1 ) with the contact distribution C' split (instead of C') into a pair of isotropic subdistribu-
tions £ and F' of equal dimension. It is an integrable (ILC) structure if both E and F’ are integrable.

Concretely, if M?"*+!1 c C"*! has defining equation ®(z,Z) = 0, where ® is real analytic, then
we define its complexification M¢ C C"! x C"! by ®(z,a) = 0. (We can recover M as the fixed-
point set of the anti-involution (z, a) — (@, Z) restricted to M €.) The associated double fibration

MC
V Y (1.6)

(Cn+1 (Cn+1

defined by mi(z,a) = z and m2(z,a) = a for (z,a) € M°€, induces vertical (hence integrable)
subdistributions F' = ker(dm) and E = ker(dmg) on M€. Levi non-degeneracy of M implies that
C = E @ F is a contact distribution on M€, and indeed (M¢; E, F) is an ILC structure. Regarding
a € C"! as parameters, we view M¢ = {®(z,a) = 0} as describing a parametrized family of
hypersurfaces in C"*!. These Segre varieties were introduced by Segre [26} 27, further explored by
Cartan [4] in the C? case, and extended more generally — see for example [28, 29, 20, 21, [8]].
Locally solving ®(z,a) = 0 for one variable among z = (z1,...,2n+1), SAy W := 2zp4+1, then
differentiating once, we can locally resolve all parameters a in terms of the 1-jet (zp, w, wy := %Ue)
for 1 < k,¢ < n. Hence, we can differentiate one more time, eliminate parameters a, and write
second partials as a complete 2nd order PDE system (considered up to local point transformations):
0w
8ziazj
The Segre varieties are now interpreted as the space of solutions of (I.7). (See (2.1I) for F and F'.)
The symmetry algebra of an LC structure consists of all vector fields respectively preserving E
and F' under the Lie derivative. In terms of M¢ = {®(z,a) = 0}, any symmetry is of the form
X = &¥(2)0,, + 0% (a)0,,. For example, given a tube Mg = {F(Re z) = 0}, its complexification
M§ = {F(#:%) = 0} admits the (n+1)-dimensional abelian subalgebra a = (9., =04, , ..., 0, ,, —
Oa,, ) thatis clearly transverse to £ and F'. In the PDE picture, any symmetry of is projectable
over the (2, w)-space, and these are called point symmetries. For Levi non-degenerate M C C"*1,

= fij (2, w, wy). (1.7)
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the symmetry algebra sym (M €) of the associated ILC structure (M¢; E, F') is simply hol(M) @g C,
see [20, Cor. 6.36]. In particular,

dime sym(M€) = dimghol(M). (1.8)

For our simply-transitive study, M or M€ will be (locally) real or complex Lie groups respectively,
and we encode data on their Lie algebras. Our focus will be on ASD-ILC triples:

Definition 1.3. Let g be a 5-dimensional complex Lie algebra. An ILC triple (g;e¢,f) consists of
a pair of 2-dimensional subalgebras e, of g with e N j = 0 such that for C' := ¢ & J, the map
n: \*C — g/C givenby (x,y) — [,y] mod C is non-degenerate. An ILC triple is:

(a) tubular if there exists a 3-dimensional subalgebraa C gwitheNa=fNa=0;
(b) anti-self-dual (ASD) if there exists an anti-involution 7 of g that swaps ¢ and §. In this case, call
7 admissible. In the tubular case, 7 is also required to stabilize a above.

Given an ASD-ILC triple (g; ¢, f), the fixed-point set of an admissible anti-involution 7 determines
the corresponding Lie algebraic CR data (and conversely). Letting G be a (complex) Lie group with
Lie algebra g, and E, F' determined from ¢, f by left translations in G, the ILC structure (G; F, F)
certainly has ILC symmetry dimension, denoted dim sym,, ¢(g; ¢, ), at least dim G = 5. It is im-
portant to recognize and discard cases where it exceeds this. This occurs when there is an embedding
(Definition into an ILC quadruple (g, 3 %) with dim(%) > 0. An important tool in this study
is the fundamental quartic tensor Q4, which we now present.

For any (integrable) CR or ILC structure, it is well-known that there is a fundamental tensor
that obstructs local equivalence to the flat model, which uniquely realizes the maximal symmetry
dimension. When n = 2, this tensor takes the form of a binary quartic Q4, and symmetry upper
bounds based on its root type are known — see (2.18). In the CR setting, Q4 is typically computed
from the fourth degree part of the Chern—Moser normal form [[10], while in the SILC setting [[7] it was
computed in terms of a PDE realization (I.7). However, neither of these methods are amenable to a
Lie algebraic approach. In we give a coordinate-free formula for Q4 for general LC structures,
which can be directly used on Lie algebraic data — in particular on an ASD-ILC triple (g; ¢, f).

Our Lie algebraic study is organized in terms of 3-dimensional abelian ideals. In §3| we efficiently
classify all 5-dimensional complex Lie algebras without a 3-dimensional abelian ideal (Proposition
[3.2). The search for ASD-ILC triples supported on this small list of Lie algebras produces a unique
model on g = saff(2,C) := sl(2,C) x C?, see Theorem[3.1

In §4] we study ASD-ILC triples (g; ¢, f) with g containing a 3-dimensional abelian ideal a. The-
orem @4.1| shows that if dim sym; c(g;e,f) = 5,thenenNa = fNa = 0 and a = 7(a) under any
admissible anti-involution 7. These data allow us to a priori conclude (Corollary that all models
in this branch are tubes on an affinely simply-transitive base.

We then return to CR geometry. In §5] we construct the exceptional model (I.2), highlight related
planar equi-affine geometry, exhibit equivalence to Loboda’s model, and construct the corresponding
PDE realizations. Finally in §6] we treat the tubes for any candidate base arising from the DKR
classification. Table 3| summarizes the root types of Q4 for these tubes, which are deduced from the
quartics Q4 given in Table [3] From (2.18)), when the root type is | or Il, the symmetry dimension
upper bound is 5, and such models are automatically simply-transitive. The root type D and N cases
are more subtle, and simple-transitivity in these remaining cases are confirmed using two methods:
PDE point symmetries (§6.3]) and power series (§6.4).

Beyond our main result, let us emphasize two important results obtained in this article:

e We give a simple geometric interpretation and coordinate-free formula for the fundamental
quartic tensor Q4 for general 5-dimensional LC structures.

e We conceptualize and give an effective method for computing symmetries of rigid CR struc-
tures, which potentially can be generalized to a much larger class of geometric structures.
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2. FUNDAMENTAL TENSOR OF 5-DIMENSIONAL LEGENDRIAN CONTACT STRUCTURES

Motivated by the complexification M¢ C C"t! x C"*! of a Levi non-degenerate hypersur-
face M C C"*!, we will exclusively study complex LC structures in this article (but one can
carry out analogous constructions for real LC structures). Recall that a (complex) contact man-
ifold (N2"*+1, ) consists of a corank one distribution C' with non-degenerate skew-bilinear map
n:T(\*C) = T(T'N/C) givenby X AY — [X,Y] mod C.

Definition 2.1. A Legendrian contact (LC) structure (N; E, F') is a (complex) contact manifold
(N, C) equipped with a splitting C = E @ F into maximally n-isotropic (Legendrian) subdistribu-
tions F and F'.

For an LC structure, [['(E),I'(E)] € I'(C) and [I'(F),T'(F)] C T'(C), so composition with the
respective projections provided by the splitting gives two basic structure tensors 75 : I'( /\2 E) —
I'(F) and 77 : T(A® F) — T'(E). These obstruct the Frobenius-integrability of £ and F' respect-
ively. If one of these vanishes, then it is semi-integrable (SILC), while if both do, then it is integrable
(ILC). In the SILC case [7]] with 7z = 0, there exist local coordinates (zk, w,wy) on N such that

E = (0, + w;iOy + fijé?wj>, F = (Oy,), 2.1)

where f;; = f}; are functions of (2%, w,wy) and 1 < 4,4, k < n. The SILC structure is equivalently
encoded by the complete 2nd order PDE system (1.7) considered up to local point transformations,
i.e. prolongations of transformations of (zj, w)-space. Compatibility of is equivalent to 7y = 0.

Beyond 75 and 7, there is one additional fundamental tensor W that obstructs local equivalence
to the flat model w;; = 0. This curvature was computed for arbitrary n > 2 in the SILC case [/,

2r .
Thm.2.9]: with respect to an adapting framing, W has components ijé = trfr < agk](;liu ’ ) , symmetric

in the upper and lower indices respectively, and where trfr indicates the completely trace-free part.
When n = 2, this specializes to a binary quartic tensor field. We now revisit the n = 2 case and
derive a coordinate-free formula for W for general LC structures.

2.1. Canonical lifting of a 5-dimensional LC structure. Over (N7, C), define the P'-bundle N =
N with fibre over z € N defined as
N, = {(lg,lp) € P(E,) x P(F,) : n(lg, Lp) = 0} (2.2)

Since rank(E) = rank(F) = 2 and 7 restricts to a perfect pairing E ® F' — TN/C, then (g
uniquely determines ¢p, i.e. {p = F N (¢ E)L" and vice-versa. Hence, N — N is indeed a P!-
bundle. The 6-manifold N is canonically equipped with three distributions V' C D C C:

(i) rank 1: V' = ker(m,), i.e. the vertical distribution for 7;
(ii) rank 3: D|z := (7)1 (lp @ p) for T = ({g, lp);
(iii) rank 5: C := (7m,)~'C.

Let us describe these in terms of adapted framings. Given any p € N, there is always some
neighbourhood U C N on which we can find a local framing {e1, ey, f1, 2} for C = E @ F with
E = (eq,e9), F = (f1, f5), and structure relations

[el, ez] [el, fg] [ez, fl] [fl, fg] = 0, [el, fl] = [eg, fg] 3_'5 0 modC. (2.3)
We refer to this as an LC-adapted framing. Any such framing induces a local trivialization of ¢ :
71 (U) = U xPLof N - N via
T=(ple,lrls) = (z,[s:1]), (2.4)
where [s : ¢] are homogeneous coordinates on P!, and

lp = <8€1 + t62>, bp = <tf1 — Sf2>. (2.5)

The vector fields e, eo, f1,f; € X(U) naturally induce vector fields on U x P! (having trivial
component on the P!-factor) and on 7! (U) via the trivialization, and we abuse notation to denote
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these image vector fields. To be explicit, we will work in the local coordinate chart on P! on which
s # 0, so we may as well assume s = 1. Locally we have:

V= <at>7 D = <e1 + tGQ,tfl - f278t>7 6 - <el7e27f1af27at>' (26)

Using (2.3), we confirm that D has weak derived flag D~! ¢ D72 = C c D3 = TN with
growth (rank(D~!), rank(D~2), rank(D~3)) = (3,5,6). Moreover, it is straightforward to verify
that (N, D) gives an instance of:

Definition 2.2. A Borel geometry (R%, D) consists of a 6-manifold R equipped with a rank 3 dis-
tribution D C TR with growth (3,5 6) weak derived flag D! :== D ¢ D72 ¢ D3 = TR
and whose symbol algebra m(z) := D(x) (D7%(x)/D(z)) @ (TN/D 2(z)) atevery x € R is
isomorphic (as graded Lie algebras) tom = g_1 & g_2 @ g_3 = {e1,e2,e3} © {e4,e5} & {es}
satisfying the commutator relations

[617 62] = €4, [625 63] = €5, [61) 65] = —€g, [635 64] = €6. (27)

Remark 2.3. Consider the Borel subalgebra in s[(4) consisting of upper triangular trace-free matrices.
There is an induced stratification on the complementary subalgebra of strictly lower triangular matrices
and the bracket relations match those for m above. Inspiration for lifting the LC structure and rein-
terpreting it as a Borel geometry comes from Cap’s theory of correspondence and twistor spaces for
parabolic geometries [3]].

For any Borel geometry, let us observe that D inherits distinguished subdistributions:

Proposition 2.4. Given any Borel geometry (RS, D), we canonically have:

(a) a rank 2 subdistribution /D C D satisfying [v/D,v/D] =0 mod D;

(b) aline field V = {X € T(D) : [X,T(D~2)] C T(D~2)}. This satisfies D = V & +/D.

(c) a decomposition D = L & Lo (unique up to ordering) into null lines for a canonical (non-
degenerate) conformal symmetric bilinear form on \/D.

Proof.

(a) The bracket A% g_; — g_o coming from A% D — D~2/D has 1-dimensional kernel (e; A e3).
This corresponds to a (rank 2) vVDc D satisfying [\/5, \/5] =0 mod D.

(b) The bracket gives a surjective map g—1 X g—2 — g—3, so the induced map g_1 — g*, ® g_3
has 1-dimensional kernel (e3). Thus, there exists a distinguished line field V' C D satisfying
[X,T(D~2)] c T(D7?) forany X € T'(V). From @.7)), it is clear that V ¢ +/D.

(c) The Lie bracket induces the isomorphism V ® v/D = D~2/D and a map vD ® (D~%/D) —
TR/ D~2. Via the former, the latter induces a conformal symmetric bilinear form on \/5 Ina
framing corresponding to the basis {e1, e3}, it is a multiple of (9 }) mod D~2. Letting L1, Ly C
v/D be complementary null line fields then establishes the claim. O

The decomposition D = V @& /D provides projections onto each factor. Consequently, the
following result is immediate:

Corollary 2.5. The map I'(L1) x T'(La) — T'(V) given byﬂ
(X7 Y) = pl"Ojv([X, Y]) (28)

is tensorial, so determines a vector bundle map ® : L1 Ly — V. Geometrically, it is the obstruction
to Frobenius-integrability of v/ D.

For an LC structure (N°; E, F), we refer to ® as its fundamental tensor. We now show that ®
specializes to the known quartic expression in the SILC case.

SBecause of the possibility of swapping L1 and L2, ® is canonical only up to a sign.
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2.2. The fundamental quartic tensor. We now evaluate ¢ in an LC-adapted framing.

Lemma 2.6. Let (N°; E, F) be an LC structure, {e1, ey, 1,2} an LC-adapted framing of C =
E @ Fon N (ie. satisfying 2.3)) and let {e',e?, ', £2} be its dual coframing. Following we
induce vector fields on N satisfying (2.6).
(1) The line fields V, L1, Ly from Proposition[2.4] are respectively spanned by
Oy, f1=e1+teg+ A10;, Ly =1tf] —f5 + As0;, 2.9)
where, defining S := [e1 + tey, tf; — £5], we have

Ay = —(FL 4 t£3)(S), Ay = (e® —te')(S). (2.10)

(2) Defining | Qy := —dt(® (41, 42)) ‘ in terms of the fundamental tensor ®, we have

Qs = —l1(A2) + (A1) — e (S)F1(S) — e*(S)F*(S), (2.11)
which is a polynomial in t of degree at most 4.
Proof. We already know V = (8;), so write /D = ({1, £2) with £1, {5 as in (Z.9). Write
[01,02] =S + Aif] — Ases + (£1(Az) — l2(A1))0k, (2.12)

where S € I'(C') by (2.3). Writing S = sie1 + sge2 + s3f1 + safe, we have
[01,02] = (s9 — s1t — Ag)ea + (s3 + sat + Aq)fy
+ (01(Ag) — la(Ay) — 141 + $442) 9,  mod VD.
Using part (a) of Proposition we force [¢1, 3] = 0mod D and obtain the relations (2.10). This

proves the first claim. To confirm part (c) of Proposition 2.4, we now compute:
e Ve VD D~2/D: Observe [0y, (1] = ey, [0;,£2] = fy mod D.

_ ~ _ {1,e ] [51 fl] 0 [e1 fl] =~

Do D-2/p=TN/p-2 (e ] - : dC.

e VDo rR/p (e i E) = (ol ")
Composition yields a symmetric bilinear map vD ® vD — V* ® TN /D=2 for which L; := (£;)
are null.

For the second claim use (2.13). Note that —s1 A1 + s4 42 = e (S)f1(S) +e(S)f%(S), so we get
(2.10). Since S is quadratic in ¢, then A; are cubic in ¢ and so a priori Q4 is quintic in . However, the
order 5 term of Q, agrees with that of —A;9; Ao+ A20; A1, which is t3f2([es, f1]) (—3t%e! ([eq, f1])) —
t3el ([eq, £1])(—3t%F%([ea, f1])) = 0, so deg(Qy) < 4. O

(2.13)

Remark 2.7. A local change of LC-adapted framing from (eq, eo, f1, f5) to (€1, 62,?1 , ?2) is determ-
ined by how (€1, €2) differs from (e, e2), i.e. pointwise, by a GL(2) transformation. This induces a

fractional linear transformation ¢ = gfj:fl

from which we can verify that Q4({) = m%(t).
Let us now specialize to an SILC structure. Locally, this is given by the 2nd order PDE system
w11 = F, w12 = G, w2 = H, (2.14)

where F, G, H are functions of (2!, 22, w, w1, ws). More precisely, we have a contact 5-manifold
(N,C)withC = E & F = (e1,e2) ® (f1, f2) given by the LC-adapted framing {e1, eo, f1, f2}:

e1 = 0,1 + w10y + FOy, + GOy,, 1 = 0uy,,

e = 0, + Wadhy + GOy + Hiys B2 = Doy (2.15)
Corollary 2.8. For the SILC (N°; E, F) given by (2.15), we have
Q4 =Fgq + Zt(qu - qu) + tZ(Fpp —4Gpy + qu) + 2t3(Gpp - Hpq) + t4pra (2.16)

where (p,q) := (w1, ws). In the ILC case, Qq is the complete obstruction to local equivalence with
the flat model w;; = 0.
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Proof. Using (2.13)), we calculate S = [e; + teq, tf) — fo] =: s3f; + s4fa, where
s3=Fg+1(Gy — Fy) —t2Gp, 54 =Gy +t(Hy — G,) — t2H,,. 2.17)

Hence, A; = —s3 — s4t and A3 = 0 by (2.10), and also e'(S) = e*(S) = 0. Then (2.T1) yields
Q4 = lo(Ay) = (f2 — t£1)(s3 + s4t), which simplifies to (2.16) above.

Homogenizing Q4 and replacing ¢ — —t, we recover the harmonic curvature expression W derived
in [[7, (3.3)], which is the complete local obstruction to flatness for 5-dimensional ILC structures. [l

A key advantage of (see next section) is that it can be easily evaluated on homogeneous
structures in terms of Lie algebra data. A PDE realization as in Corollary 2.8|is not needed.

By Remark the root typeﬁ of Qy is a discrete invariant of an LC structure. We denote this by
N (quadruple root), D (two double roots), Il (triple root), || (one double root & two simple roots), |
(four distinct roots), or O (identically zero). Locally, only w;; = 0 has constant type O everywhere.

2.3. Symmetries and homogeneous examples. For an LC structure (N; E, F'), an automorphism
[(infinitesimal) symmetry] is a diffeomorphism [vector field] of /N preserving both E and F' under
pushforward [Lie derivative]. The symmetry dimension for LC structures (N2"*1: E, ) is at most
(n 4 2)? — 1 and this upper bound is (locally uniquely) realized by sl(n + 2) on the flat model
wj; = 0. Focusing now on the 5-dimensional ILC case, 15 is the maximal symmetry dimension, and
there is a well-known symmetry gap to the next realizable symmetry dimension, which is 8. Finer
(sharp) upper bounds for structures with constant root type for Q4 are also known (see [[7, Thm.3.1]):

Root type O N D I i
Max. sym. dim. 15 8 7 6 5 5

(2.18)

Let G be a Lie group and K a closed subgroup. Any G-invariant ILC structure on N = G/ K is
completely encoded by the following algebraic data generalizing Definition|1.3

Definition 2.9. An ILC quadruple (g, ; ¢, f) consists of:
(i) gisaLie algebra and ¢ is a Lie subalgebra;
(ii) e and f are Lie subalgebras of g with e N § = £ (in particular, [¢,¢] C ¢ and [¢, f] C §);
(i) dim(e/t) = dim(f/€) = 3(dim(g/) — 1);
(iv) C := ¢/t & §/t is a non-degenerate subspace of g /¢, i.e. the map n : A\>C — g/C given by
x Ay~ [z,y]mod C is non—degenerate
(v) (Effectivity) The induced action of £ on C' is non-trivial.

When ¢ = 0, we simply refer to (g,0;¢;f) as an ILC triple (g;e,f). We will use the notation
dim(symy c(g;e¢, f)) to denote the ILC symmetry dimension of the unique left-invariant ILC struc-
ture on any Lie group G with Lie algebra g determined by the data (g; e, f).

Given an ILC triple (g; ¢, f) with dim(g) = 5, let G be any Lie group with Lie algebra g. Using
an LC-adapted framing {e1, eq, f1, f2} consisting of left-invariant vector fields on GG, we see that Ay
and A, are polynomials in ¢ with constant coefficients, and (2.11]) becomes:

Q) = —A10, Ay + A0, Ay — e (S)FL(S) — e2(S)f?(S), (2.19)
where
S =[e] +tey, th) — 2], A= —(F1 +t£2)(S), Ay = (e? —te)(S). (2.20)

We now consider some examples. Henceforth, {H, X, Y} will denote a standard sl(2)-triple
satisfying the commutator relations

[H,X]=2X, [HY]=-2Y, [X,Y]=H. 2.21)
)-)

5We should always view Qg as a guartic: e.g. when the coefficient of t* vanishes, we regard oo as being a root.

7Although ¢ is not usually an ideal in g (so there is no well-defined bracket on g/ coming from g), the map 7 is
well-defined by (i)—(iii).

(When appropriate, we regard these as 2 x 2 matrices: H = (§ %), X =(§}§),Y =(9

oo
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Example 2.10. Consider g = saff(2, C) := s[(2,C) x C? and basis {H, X, Y, v1, v2}. Aside from
the s[(2)-triple, the only other non-trivial brackets are:

[H,vi] =v1, [H,v]=—ve, [X,v2]=wv1, [Y,01]=wv2. (2.22)
Define an ILC triple (g; e, f) via

e=(H+v1,X), f=(H—w,Y), (2.23)

and an LC-adapted framing:

e1=X, ee=H+uvu+X, £1=3Y, fL=H-v-Y. (2.24)

We compute S = e; + (2t + 1)ey — t2f; + (3t + 2)fp, hence A; = —t> — 3t3 and Ay = 1 + ¢,
while Q4 = —4¢(t + 1)(3t 4 1), which has distinct roots {—1, —%,0, 00}, so is of root type |. From
(2.18)), we conclude that dim(symy (g;e,f)) = 5.

If the homogeneous structure is not type |l or |, then the symmetry dimension may be higher than
expected. Algebraically, this amounts to exhibiting:

Definition 2.11. An embedding of an ILC triple (g;¢,f) into an ILC quadruple (g, €;¢, f) is a Lie
algebra monomorphism ¢: g — g, such that

(g)NE=0, we)Ce of) CH (2.25)
If g C g is a subalgebra and ¢ is the natural inclusion, we say that (g, £ ¢,f) is an augmentation of
(g;e,f) by &. In particular, g =g+ €, e =e¢+ ¢, and f =+ &.

Note that for an augmentation, only the additional brackets involving £ need to be specified (and
Jacobi identity for g should be verified).

Example 2.12. Consider g = s[(2,C) x v, where tg is the unique 2-dimensional non-abelian Lie
algebra, and basis {H, X, Y, S, T}. Aside from the s[(2)-triple, the only other non-trivial bracket is
[S,T]=T.Letaw # 0, 8 # 0, « # 3, and define an ILC triple (g; ¢, f) via:

e=(H+aS+T,X), f=(H+BS+T,Y). (2.26)
Here is an LC-adapted framing:
1
elzr(H—i—aS—i—T), e=X, [ =H+pS5+T, f,=Y. 2.27)
-«
We compute S = —tfe; — 2t%ey + Btfaa 1+ B%afg, hence A1 = %, Ay =t3(3 —2), and
2 —
Q= Mt2. (2.28)
08—«

Thus, the ILC structure is type O (hence, 15-dimensional symmetry) when o5 = o — 3, and type D
otherwise (hence, at most 7-dimensional symmetry by (2.18))). In the latter case, we now show that
it is indeed 7-dimensional and is a realization of model D.7 from [7].

Let g = sl(2,C) x s1(2,C) x C with basis { H1, X1, Y1, Ho, X2, Yo, Z} consisting of s[(2)-triples
{H;, X;,Y;} and central element Z. Given A\ € C*, define an ILC quadruple (g, ¢; f, £):

t=(H)— Z, Hy — Z), o= (X1,X2)+€ f=(¥1,Y2)+E (2.29)

For any ¢t € C, define a monomorphism ¢: g — g sending H — Hi, X — X;,Y — Y7, and

{Sa—z(‘}j%}[fr;fﬂx?—cﬁﬁ)fgﬂz, 230,
T +25Hy — X0 + 22y, '
which implies

(H+aS+T)=H — $Hy+ X2+ atZ, (2.31)

WH +BS+T) =Hy + 5 Hy + aYs + ptZ. (2.32)
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Thus, ¢(¢) C €and «(f) C §if and only if A(at + 1) = § and A\(8t + 1) = —2. Solving yields
t = —%L’g and A = ;‘% € C\{0,—1}. (Recall aff # a — B for noil—ﬂzitness.) These paramet-
ers uniquely define ¢ and provide an embedding from (g; e, f) into (g, & ¢,f) for A = % Thus,

dim(symy c(g;e, f)) is 15 when aff = a — /3 and 7 otherwise.

3. CASES WITHOUT 3-DIMENSIONAL ABELIAN IDEALS

Given an ILC triple (g; ¢, f) an admissible anti-involution is an anti-automorphism 7 : g — g with
72 = id that swaps ¢ and f. In this section, we will prove the following result:

Theorem 3.1. Let g be a 5-dimensional complex Lie algebra without 3-dimensional abelian ideals.
There is a unique (up to isomorphism) ASD-ILC triple (g;e,f) with dim(sym, c(g;e,f)) = 5.
Namely, g = saff(2,C) together with ¢ and § given by (3.3), and such (g;e,f) has a unique ad-
missible anti-involution.

The proof begins by establishing (in Proposition [3.2) the classification of all 5-dimensional com-
plex g without 3-dimensional abelian ideals. For each g in this list, we investigate the ASD-ILC
triples (g; ¢, f) that it can support, but discard those with dim (sym, (g;e,f)) > 6.

3.1. A Kkey classification result. A feature of the proof of the following result is its independence
of the known Mubarakzyanov classification of 5-dimensional real Lie algebras [22].

Proposition 3.2. Any 5-dimensional complex Lie algebra g without 3-dimensional abelian ideals is
isomorphic to one of the following:

(NSI) sl(2,C) x C%;

(NS2) sl(2,C) x C%;

(NS3) sl(2,C) x vo, where to is a 2-dimensional non-abelian Lie algebra;

(SOL) the Lie algebra of upper-triangular matrices in s1(3, C).

Proof. Consider the following cases.

(1) g is non-solvable. By the Levi decomposition, g = s[(2, C) x rad(g), where dim(rad(g)) =
2. If rad(g) is abelian, then we get either (NS1) or (NS2). Otherwise, rad(g) = to and
5[(2, C) acts trivially on it (since Der(t3) is solvable) and we get (NS3).

(2) g is solvable, but not nilpotent. Let n be the nilradical (i.e. maximal nilpotent ideal) of g,
which coincides with the set of all nilpotent elements in g. If g has center Z(g), then

1
4 > dimn > i(dimg + dim Z(g)), (3.1)

so dimn = 3 or 4. (See [23], [25, Thm.5.2] for the second inequality.) Consider p: g —

Der(n), u+ aduly.

(a) dim(n) = 3: by assumption, n is non-abelian, so n = ng, the 3-dimensional Heisenberg
Lie algebra. In a basis {P, @, R} of n with only non-trivial bracket [P, Q] = R, we

have:
ail ai2 0 0 0 0
Der(nz) = | a1 a2 0 , pz)=10 0 0
by by a1+ ax by by O

In particular, Der(n3)/p(n3) = gl(2,C). By maximality of n, p(T") is not nilpotent
for any ' ¢ n. Let {S1,S2} be a basis of a complementary subspace to n. Then
[S1,S2] C [g,8] C n, and hence {p(S1), p(S2)} mod p(n3) would form a basis of
a commutative subalgebra in Der(n3)/p(n3) = gl(2,C) consisting of non-nilpotent
elements (except for zero). But the only such subalgebra is conjugate to the subalgebra
of diagonal matrices in gl(2,C). So, adjusting elements S; and Ss by n3 if needed, we
can assume that p(S;) = diag(1,0,1) and p(S2) = diag(0,1,1).

Let [S1, S2] = u € n3. Since p(u) = p([S1, S2]) = 0, we get that u € Z(n3) and, thus,
u = aR for some a € C. Replacing S; by S + aR we can normalize « to 0.



12 BORIS DOUBROV, JOEL MERKER, AND DENNIS THE

Thus, g is isomorphic to (SOL) via the map:

010 000 001
P (888). @ (851). R~ (883).

2/3 0 0 1/3 0 0 (3.2)
Slv—><0—1/3o>,82|—><01/30>.

0o 0 -1/3 0 0 —-2/3

(b) dim(n) = 4: Let S € g be any non-zero element not contained in n. The Lie algebra n
is isomorphic to one of the three possible nilpotent algebras in dimension 4:
(i) n = C*. Then p(S) necessarily preserves a 3-dimensional subspace in n, which
will be an abelian ideal in g.
(i) n = ng x C. It has a 2-dimensional center Z(n). The action of p(S) on n/Z(n)
preserves a one-dimensional subspace, whose pre-image in n is an abelian ideal.
(iii) n = ny with a basis {P,Q1,Q2, @3} and non-zero brackets [P, Q1] = Qo,
[P,Q2] = Q3. Then the second element Zo(n) in the upper central series of n
is equal to (@2, Q3). Its centralizer is equal to (Q1, @2, Q3) and is an abelian
ideal in g.
(3) g is nilpotent. Let a be a maximal abelian ideal of g. As in the previous case, consider the
representation:
p:g—glla), wur adul,.
Let us show that ker p = a. Indeed, otherwise the centralizer Z4(a) of a in g is strictly greater
than a. Since g is nilpotent, by Engel theorem we can construct a sequence of ideals of g:

aCa; C---Ca =Zg(a)

such that dima; = dima+ ¢ fori = 1,...,r. But then ay is also abelian, which contradicts
the maximality of a.

So, if dim a = n, then p(g) is a subalgebra in gl(a) consisting of nilpotent elements. Then
by Engel theorem we get 5 = dimg/a < n(n — 1)/2 and dimg < n(n + 1)/2. Thus, we
see that n > 3.

The cases n = 3 and n = 5 are ruled out by hypothesis. Finally, if n = 4, then, as in the
solvable case with n = C*, we can find a 3-dimensional ideal in a.

O

3.2. NS1. For g = sl(2,C) x C2,if (g;¢,f) is an ILC triple, then the 2-dimensional center Z(g) =
C? must have non-trivial intersection with C' = ¢ & §. But this contradicts the non-degeneracy of C,
so no such ILC triples exist.

3.3. NS2. For g = saff(2,C) = sl(2,C) x C?, we use notation introduced in Example

Proposition 3.3. For g = saff(2,C), any ASD-ILC triple (g; ¢, §) is Aut(g)-equivalent to:
e:<H+U17X>a f:<H_/U27Y>‘ (33)

Proof. Observe that C? = rad(g), so it is preserved by any anti-involution. Assuming ¢ N C? # 0,
then f N C? # 0 has the same dimension by the ASD property. In this case, ¢ N f = 0 implies
C?2 Cc C = ¢@f. But C?> C gis an ideal, so this contradicts non-degeneracy of C. Thus, we can
assume that e N C? = fN C? = 0.

Consider the quotient homomorphism 7: g — g/C? = sl(2, C). Since ¢ and f are both transverse
to C2, then 7(e¢) and (f) are both 2-dimensional subalgebras of s[(2, C) that are distinct. (If 7(¢) =
7(f), then C = ¢ @ § C f x C2, hence C = § x C? since both have dimension 4. But § & C? is a
subalgebra, which contradicts non-degeneracy of C'.)

Any 2-dimensional subalgebra of sl(2, C) coincides with the isotropy of some line in C2. Since
SL(2,C) acts transitively on pairs of distinct lines in C2, then we can assume up to Aut(g) that
m(e) = (H, X) and 7(f) = (H,Y"). Closure under the Lie bracket implies:

e=(H+(3),X= (%)), F=(H+(5).Y+(a)) (3.4)
where we identify v; = () and v2 = (). Note that Aut(g) contains the following:
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(i) translations of C? induce (a1, b1, ag,b2) — (a1 +r,by + s, a9 +7,by + s) forany r, s € C.
We use this to normalize ay = by = 0.
(ii) the scaling (vq, v, H, X, Y) — (Avy, pvg, H, %X, 8Y') for any A\, u € C*. This induces
the scaling (a1, b2) — (Aay, uba).
(iii) the swap (v1,va, H, X,Y) — (ve,v1, —H,Y, X) induces (ay, b2) — (—ba, —ay).
Since ¢ N § = 0, then (a1, by) # (0,0). Using (iii), we may assume that a; # 0, and then normalize
a1 = 1 using (ii).
e by # 0: Using (ii), normalize to b, = —1. Then (iii) determines both a residual involution as
well as an anti-involution.
e bpy=0:¢e=(H +wv,X)andf= (H,Y). Butclearly [ X, -] = 0 mod C, which contradicts
non-degeneracy of C.

O
From Example2.10| we saw that has root type | and dim(symy (g;e¢,f)) = 5.
Proposition 3.4. For (g;e,§) as in Proposition the unique admissible anti-involution T is:
(H,X,Y,v1,v2) — (—H,Y, X, v9,v1). (3.5)

Proof. Since ¢ and f are non-abelian, then 7 must swap the lines [¢, ¢] = (X)) and [f, f] = (Y'). These
act on the radical rad(g) = C? = (vy, ve) with images (v1) and (v) respectively. Since 0 # 7(vy) =
T([X,v2]) = [7(X), 7(ve)] and 7(X) € (Y), we deduce that 7 must swap (v;) and (ve). Finally, 7
must preserve (H ), which is the intersection of the normalizers of the above four lines (X), (Y'), (v1),
(v3). Since 7 is admissible, it preserves ¢ and f, so (H, X,Y,v1,vs) = (aH,bY,cX, —avy, —avy).
Using (2.21)) and (2.22)), the anti-involution property forces (a, b, c) = (—1,1,1). O

3.4. NS3. Let g = sl(2,C) x va. The sl(2,C) factor is the second derived algebra of g, while
to = rad(g), so both are preserved under any anti-involution. Fix a basis {H,X,Y,S,T} as in
Example Observe that Aut(ty) consists of the transformations

(S,T)+ (S+7rT,\T), reC, XeCX. (3.6)
Proposition 3.5. Let g = sl(2,C) x to. Any ASD-ILC triple (g; ¢, f) has dim(sym, c(g; ¢, f)) > 6.

Proof. Letm: g — sl(2,C) and m2: g — to be the natural projections. As in the previous case, we
may assume that 71 (¢) = (H, X) and 71 (f) = (H,Y). Thus,

e=H+aS+uT, X +caS+diT), (3.7)

which is a subalgebra if and only if ¢; = 0 and (a; — 2)d; = 0.
(i) di = 0: We have [e, ¢] C sl(2,C). By the ASD property, f satisfies [f, f] C s[(2,C). Then

¢ = <H+CL15+b1T,X>, f: <H+a25+b2T,Y>. (3.8)

Assume that a; = 0. Then ma(e) C [r2, 2] = (7). Stability under any anti-involution implies
that a; = 0. But then C' = ¢ @ f contains [t2, t2] = (T'), which is an ideal in g. This contradicts
non-degeneracy of C. Thus, a; # 0 and similarly ao # 0. Note that a; # as as otherwise we
again would have (T') C C.

The transformations (3.6) induce (a1, b1, az, b2) — (a1, b1\ +air, az, ba A+ agr), which we
use to normalize by = by. If by = by = 0, then C' = ¢ @ = sl(2, C) + (S), which is degenerate
(moreover, a subalgebra in g). So, we can assume that by = by ## 0 and rescale them to 1. This
gives us (2.26) with a8 # 0, # 3. In Example we saw these are either type D or O,
with 7 or 15 symmetries respectively.

(ii) di # 0: Then a; = 2 and arguing similarly we obtain

e=(H+2S+ 0T, X +diT), §=(H—25+0bT,Y +doT), (3.9)
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where da # 0. Now conjugation by diag(u, %) € SL(2,C) induces (di,d2) — (%,dg,uz),
which, together with Aut(ty), allows us to normalize dy = ds = 1. Using the remaining
transformations S — S + 7 in Aut(t2), we normalize b; = b9 and obtain:

e=(H+2S+aT,X+T), §f=(H-2S+aT,Y+T) (a*+4#0). (3.10)

The condition o + 4 # 0 is equivalent to C' = ¢ & f being non-degenerate.
We now exhibit an embedding of (g;e,f) into some (g, €¢,f). Consider g = sl(2,C) x
s[(2,C) with basis {Hl,Xl,Yl,Hg,XQ,YQ} consisting of two 5[(2)—triples. Given o # 0,

deﬁne/\——Q\/T

€ C\{0,£3} and an ILC quadruple (g, & ¢, §) [7. Model D.6-3] by:
t=(H — M),

= (X1 + 557Y2 X + 55N + 8 3.11)

f=(X1+Ys, Xo+Y1)+E

We confirm that the following is a monomorphism ¢: g — g with ¢(¢) C ¢ and ¢(f) C §:

| |

H \/ogﬁ( 2’\+1X1 H, +2>\ 1Y1)
X = o= (35X - Hi+ 30,
Y — \/7( X1 —H+Y), (3.12)
S — —*(XQ +Y3),
T — \/7(X2+H2—Y2)
Finally, when oo = 0, we use the LC-adapted framing
=X+T, e=H+25 fi=H-25 §Hi=Y+T (3.13)
to compute S = [e; + teq, tf; — fo] = —2te; — %eg — %fl + 2tf5 and confirm that Q4 = 0.
g

3.5. SOL. Let g = b be the Lie algebra of upper-triangular matrices in s((3, C). Consider the basis
{51, 52, P,Q, R} from (3.2), which has non-trivial brackets

[S1,Pl=P, [S,,Rl=R, [5,Q=Q, [S R =R, [P,Q]=R. (3.14)

This has nilradical n3 = (P, ), R), which agrees with the first derived algebra of g, so is preserved
under any anti-involution.

Proposition 3.6. Ler g = b C sl(3,C). Any ASD-ILC triple (g; ¢, f) has dim(sym; c(g;¢,f)) = 15.

Proof. Consider two cases:

(i) eNng = 0: Let us normalize ¢ = (S1 + a1 P + 51Q + 11 R, S2 + asP + 52Q + 72 R) using
exp(adnz). Using exp(ads, py+,r) and then exp(tz adg), we normalize oy = v = f2 = 0.
Since ¢ is a subalgebra, then ay = 1 = 72 = 0, so ¢ = (S7,52). Since ¢ is abelian and
e Nn3 = 0, then (by ASD) § is abelian and § N ng = 0, which yield

¢e=(51,5), f=(S1+a1P+c1R,Ss+ b:Q+ c2R), (S.1)

where ¢z := ¢; — a1be. Non-degeneracy of C' = ¢ @ § is equivalent to cyco # 0.

(i1) eNng # 0: Assuming ¢ C ng, then f C n3 (by ASD), hence C = ¢ & f C ng, which is
a contradiction, so dim(e N n3) = dim(f Nng) = 1. Also, e Nng # (R) and f N n3 #
(R), otherwise ¢ or f would contain an ideal of g, contradicting non-degeneracy of C. Note
(51,52, P,Q, R) — (S2,51,Q, P,—R) is an automorphism, so swapping P, () if necessary,
we may assume that e N n3 = (P + apQ + a1 R). For the normalizer N(e N n3):

(S1+ 82, P+ aoQ, R), ap #0;

3.15
<Sl, SQ, P, R>, apg — 0. ( )

eCN(eﬁng):{
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Assume ag # 0. Then dim(N(eNn3)) = 3 = dim(N(fNn3)) by ASD, and C' C (S1+S2) xns,
so C' would be degenerate. Thus, ag = 0.

Note that if f " n3 = (P + bp@ + b1 R), then by = 0 as above, while (3.15) implies that
C C (51, S2, P, R), so C would be degenerate. Thus, eNng = (P+aR) and fNng = (Q+5R).
Using exp(ad n3), we normalize & = 3 = 0. Then:

¢ = (1151 + a2 + R, P), §= (2151 + 2252 + 2R, Q) (3.16)

(a) ¢ & f non-abelian: We may assume a1 = aga = 1. Use exp(tadp) to normalize y; = 0.
Since 2 # 0 by non-degeneracy, we may normalize o = 1. Then:

¢e=(S1+aS2,P), f=(BS1+S5%+R,Q). (5.2)

(b) ¢ & f abelian: a1 = g2 = 0. Note 1201 # 0, otherwise ng C C, and so C' would be
degenerate. Using exp(t adp), we normalize 2 = 0, so we may assume:

e=(Se+R,P), §=(51,0Q). (S.3)
We confirm Q4 = 0 in all three cases using LC-adapted framings and (2.19):
(3] €9 f1 fg S
(S.1) Sa S1 é(51 +a1P)+R é(SQ +b02Q) + R ée1 - gez + 2 — £
(S2) Si+aS2 (1+a)P 6851+ So+ R Q —t2Bey — afy
3 S:+yrR P -15 Q Cey — £
g

These ILC structures are all flat. The proof of Theorem[3.1]is now complete.

4. CASES WITH A 3-DIMENSIONAL ABELIAN IDEAL

In this section, we prove the following, which will reduce (see §6) the remainder of our study to
tubes on an affinely homogeneous base (Corollary [6.4).

Theorem 4.1. Let g be a 5-dimensional complex Lie algebra with a 3-dimensional abelian ideal
a, and (g;e,f) an ASD-ILC triple with an admissible anti-involution T. Suppose that we have
dim(symy c(g;e,f)) =5. Thena=71(a) witheNa=fNa=0.

We split the proof according to a # 7(a) or a = 7(a). Finally, we show that a is self-centralizing.
4.1. The a # 7(a) case.

Proposition 4.2. Let g be a 5-dimensional complex Lie algebra with a 3-dimensional abelian ideal
a, and (g; ¢, f) an ASD-ILC triple with an admissible anti-involution T. Suppose that a # 7(a). Then:
(a) dim(anN7(a)) =1 : we have dim(symy c(g;e¢,f)) = 15;
(b) dim(anN7(a)) =2 : we have dim(sym, _c(g;e¢,f)) > 6.
Proof. Since a and 7(a) are ideals in g, then so are n := a + 7(a) and a N 7(a). Note that
n,n] =[a,7(a)] CanT(a) C Z(n). 4.1)
(a) We have dim(n) = 5, son = g. Since dim(a N 7(a)) = 1 and C' = ¢ & f is non-degenerate,
then (4.1I) implies 0 # [g,g] = aN7(a) = (T') is transverse to C. Since ¢ is a subalgebra, then
[e,e] CeNg,g] =en(T) =0, soeis abelian and similarly for §. Letting {e1, ez, f1, f2} be an
LC-adapted framing, the only non-trivial brackets (after rescaling 7" if necessary) are
[el, fl] = T, [eg, fg] =1T. (4.2)

Thus, g is isomorphic to the 5-dimensional Heisenberg Lie algebra. By (2.19), we find that
Q4 = 0, so we have the flat ILC structure with 15-dimensional symmetry.

(b) Given Ny € a with N1 ¢ 7(a), define N2 := 7(N1) € 7(a), so No € a. Since dim(C) =
dim(n) = 4, then dim(C Nn) > 3, so n must be non-abelian (by non-degeneracy of C') with
0 # N3 := [N1, No]. By @.1), N3 € an7(a), so extend it to get a N 7(a) = (N3, N4). Note
that n = n3 x C and Z(n) = a N 7(a). Since n and Z(n) are T-stable:
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e dim(e N'n) = 1: Since dim(e) = 2 and dim(n) = 4, then dim(e N'n) > 1. If ¢ C n, then
f C n,so C' C n, which is impossible by non-degeneracy of C.

e ¢NZ(n)=0:if0#eNZ(n), then 0 # §N Z(n), sodim(C N Z(n)) > 2 since e N f = 0.
Since dim(Z(n)) = 2, then Z(n) C C. Since Z(n) is an ideal in g, then C cannot be
non-degenerate.

Similarly, dim(f "n) = 1 and f N Z(n) = 0. Hence, C'is transverse to Z(n).

Summarizing, we have the following with Ny = 7(N7) and N3 = [Ny, N3
a= <N1,N3,N4>, T(Cl) = <N2,N3,N4>, Z(I‘l) :ClﬂT(Cl) = <N3,N4>. 4.3)

Moreover, dim(e N n) = dim(f " n) = 1, and C is transverse to Z(n) = aN 7(a).

Since dim(e Nn) = 1, write e N n = (N;) and define b = (N, N3, N;). Note b is 3-
dimensional abelian since ¢ N Z(n) = 0 forces N1 ¢ Z(n). Also, 7(b) # b since e N f = 0. Let
S € ewith S & n (hence 7(5) ¢ n since n is 7-stable). Thus, for some v € nand Ny € f Nn,

e=(S,N), §=(S+uv,No). (4.4)

It is clear that b is an ideal in n. Since ¢ is a subalgebra and n is an ideal in g, then [S, N1] €
eNn = (]ﬁ) so b is an ideal in g with e N b # 0. We could have started this proof with b in
place of a, so without loss of generality let us do so. Notationally, this amounts to renaming b to
a, and dropping tildes in (4.4). In doing so, we have arranged that ¢ N a # 0 always.

Redefining S — S + ¢Nj, we may assume that v has no Nj-component. Since ¢ and | are
subalgebras, and n is an ideal, then a1 N1 = [S, N1] and aa Ny = [S + v, No| = [S, Na|. Thus,

[N1, N2| = N3,
[S, Nl] = alNl, [S, NQ] = CLQNQ, (45)
[S, Ng] = (a1 + GQ)Ng, [S, N4] = a3N3 +ayNy € Z(n)

But now an augmentation of (g; ¢, f) by € = (T') is given by
[T,Ni] = N1, [T,Ns]=—Na, |[T,S]=IT,Ns3]=I[T,Ny4=0. (4.6)

Thus, dim(sym c(g; ¢, )) > 6. -

4.2. The a = 7(a) case. Throughout this subsection, we suppose that ¢ N a # 0 and show that this
leads to dim(sym, c(g;e,f)) > 6. If ¢ C a, then since a is 7-stable, we also have f C a, hence
C = ¢ @ f C a, which is a contradiction. Thus, we may assume dim(e N a) = 1, and this implies
dim(fNa) = 1. Let { X, Y, e1, €2, e3} be a basis of g such that:

(i) a =2 C3 has basis {e1, e2,e3};

(i) eNa=(e1) and f N a = (e3);
(iii)) eNa+[f,eNnal = (e1,e2) and e Na+ [f,e N a] = (eq, e3);

(iv) e = (X,e1) and f = (Y, e3).
Let us clarify (iii). Since C' is non-degenerate and a is abelian, then 0 # [Y,e;]mod C and so
dim(e Na+ [f,e Na]) = 2. Applying 7 gives dim(f Na + [¢,f N a]) = 2. These 2-dimensional
subspaces of a must have 1-dimensional intersection, which we take to be (es) ¢ C.

Let A = adx|, and B = ady |, be represented in the basis {e1, €2, ez}, so ﬁ

[X, 67;] = Ajiej, Df, e,-] == Bj,-ej. (47)

8We have 1,7 = 1,2, 3 here and summation is implied over the repeated index j.
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Note that [X,e1] € eNaand [Y,e3] € N a, while [X,e3] € (e2,e3) and [Y,e1] € (ey,e3) are
non-trivial modulo C. Rescaling X and Y, we may assume:

ajp a2 0O bi1 bis O
A= 0 a9 1 s B = 1 b22 0 . (4.8)
0 aszz ass 0 b32 b33

We will exhibit augmentations of (g; ¢, f) by € = (T'), thereby showing dim(sym,, (g;e¢,f)) > 6.

4.2.1. g/ais abelian. In this case [A, B] = 0 and this forces

a;r 0 0 by O 0
A= 0 ail 1 5 B = 1 b33 0 . (49)
0 0 ass 0 0 b33

Aside from (4.7), there is only the bracket [X,Y] = c;e;. Define an augmentation of (g;e, §) by
£ = (T') (see Definition 2.11)) with new (non-trivial) brackets

[T, X] = €1 — a33T, [T, Y] = €3 — bllT. (410)
4.2.2. g/ais not abelian. We have 0 # [X,Y] = aX + Y mod a. Requiring Y = 7(X) mod a
forces § = —@, so necessarily a # 0. Rescaling X, we normalize « = 1,50 [X,Y] = X —Y mod a.
Thus, [A, B] = A — B, and we get the following four cases:
A B
a 0 0 a 0 0
() 0 a—1 1 1 a—1 0
0 0 a 0 0 a
a—+2 2 0 a 0 0
(ii) 0 a+1 1 1 a+1 0
0 0 a 0 2 a—+2 4.11)
a+2 0 O a+2 0 O
(iii) 0 a+1 1 1 a 0
0 0 a 0 1 a+1
a+1 1 0 a 0 0
@iv) 0 a 1 1 a+1 0
0 0 a+2 0 0 a+2

Case (iii) (and similarly, (iv)) does not yield an ASD-ILC triple: the 7-invariant subspace (e2) is
ad(e)-invariant, but not ad(f)-invariant. Thus, (iii) and (iv) may be discarded. For both (i) and (ii),
an augmentation of (g; e, f) by € = (T) is given by

[T,X]=e1— (a+1)T, [T,Y]=es5—(a+1)T. (4.12)

5. THE NON-TUBULAR CR HYPERSURFACE WITH saff(2, R)-SYMMETRY

5.1. Non-tubular and Levi-indefinite. By Theorem [3.1] there is a unique ASD-ILC triple (g; e, f)
on g = saff(2,C) = (H, X,Y, v1,v2), see (3.3). The fixed-point set of the unique admissible anti-
involution 7 from (3.5]) has R-basis

iH X+4Y, 71()(—}/)7 V1 + Vg, ’i(’Ul —Ug), (5.1

and spans ggr := saff(2,R) := s[(2,R) x R2. It has 2-dimensional radical, so does not contain a
3-dimensional abelian subalgebra. The associated CR structure is non-tubular. (See Definition[6.2])

Recall that given a CR structure (M, C, J), the complexification CC splits into complementary
+i-eigenspaces C1Y and C*!. Its Levi form £ is the hermitian form given by

L£:(&n) = [6,7 mod C%, V&, el(CO).
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For the CR structure arising from an ASD-ILC triple (g; ¢, f) and its fixed-point set under an admiss-
ible anti-involution, we identify ¢ and § with C1:? and C%! respectively, so £ becomes:

L:(&n) = [6,7(n)] modedf, VEnef.
For g = saff(2, C) with (3.3) and (3.5)), take the basis (f;, fs) = (H — v2,Y), so £ has components

L(f1,£1) £(f1 £ H—vy,—H—v1] [H-v2,X vg—v o) — -
(Lgf;,fig Lgf;ég) - ([ [Y,iH—vl] Il [Y,)Q(] }> - <722Y7112 2{;11) = (2 Th) mode@F.

The coefficient matrix has negative determinant, so £ has indefinite signature.

5.2. A simple derivation of the model. Take the standard action of g = saff(2, C) on C2:

H = 21821 — 22822, X = 21822, Y = 22821, V1 = (321, Vo = 822. (5.2)
Regarding (z1, z2)-space C? as the zeroth jet space J°(C,C) and using the standard notion of
prolongation from jet calculus [24, Thm.4.16], we prolong (5.2)) to the first jet space J'(C,C),

i.e. (21,29, w := z})-space. Furthermore, induce the joint action on two copies of J(C,C), i.e.
(21, 22, w, a1, ag, c)-space. Abusing vector field names with their lifts, we obtain:

H = 210,, — 2205, — 2w0y + 04104, — 4204, — 2¢0e,
X = 21(922 + Oy + a18a2 + O,

Y = 20, — w20y + 204, — 0260, (5.3)
v = azl + 8a17
Vo = 822 + 8(12.

This prolonged g-action admits the joint differential invariant:
(20 —ag —w(z1 —a1))(z2 —ag — c(z1 — a1))
2(w — c) ’
Consider the complex hypersurfaces A = A, where A\ € C*. Rescalings (z1, 22, w, a1, as, c) —
(121, Pz, w, pay, pag, c) for p € C* allow us to normalize A to ¢ (or any nonzero constant). Now

intersect this hypersurface with the fixed-point set of the anti-involution (z1, z2, w, a1, as, ¢) LN
(@1, as,¢, Z1, Zo, w). This yields an saff(2, R)-invariant CR hypersurface M® C C3:

A= (5.4)

w—w = —%(2’2 — 29 — w(z1 — 31))(22 — 29 — @(21 — 51)), (5.5
which is the same as (I.2). Explicitly, hol(M ) = saff(2, R) is spanned (as a real Lie algebra) by:
210z, — 22025 — 200w, 2102 + O, 220s, — W 0y, sy, Oy (5.6)

(Namely, restrict (5.3) to the fixed-point set of 7 and project to their holomorphic parts.)

5.3. Equivalence to a model of Loboda’s. On C3, take coordinates (21, z2, w) = (z1 + iy1, T2 +
iy2, u + 7v). In this notation, our model (3.5)) becomes:

Msqs5 0=—-v+ UQy% + (y2 — ylu)Q. (5.7)
Under the global biholomorphism of C? given by

(71, 22,w) = (w, 21, —22 + z1W), (5.8)
our model in (5.7) becomes (after dropping tildes):
Migy: 0= —yi+yiy3 + (v —22y1)”, (5.9)

which was given by Loboda [19, pg.50]. The symmetry algebra of M., was asserted to be 5-
dimensional, but the symmetry vector fields for M| o, were not stated in that work. Pushing forward
our symmetries from (5.6) using (5.8)), we arrive at the symmetries of M) op:

02y Ow, Oz + 210w, 22105 — 2205, + WOy, z%@zl + (w — 2122)0z, + wW210y. (5.10)
Remark 5.1. Using the Levi determinant, we find that our model Mjq5 has 4-dimensional Levi

degeneracy locus {y2 — uy; = 0, v = 0}, while that for M| o, is {y1 = 0, v = 0}. These loci are
mapped to each other under (5.8)).
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5.4. Related equi-affine geometry. Restricting to the real setting, we can uncover the geometric
meaning of the invariant (5.4). For (z,y,u,a,b,c) € RS ~,. JHR,R) x JY(R, R), define

_(y—b—u(z—a))(y—b—c(z—a))
A= -0 . (5.11)

We now give two lovely interpretations for A. These are phrased in terms of classical geometric
constructions for which invariance under the planar equi-affine group SAff(2, R) := SL(2,R) x R?
is manifest, since this group preserves areas and maps lines to lines.

First, fixing (z,y, u,a,b, c) € RS, consider in R? the line L; through the point (x,y) with slope
u, and the line Lo through (a, b) with slope c. If u # ¢, these lines intersect at a unique point (s, t).
Adjoining a third line L3 passing through (distinct) points (x, y) and (a, b) then determines a triangle,
and it is a simple exercise to verify that |A| is its area.

FIGURE 1. Geometric construction of the joint invariant A.

For the second interpretation, let us first recall a classical construction. Fix py € R? and a line
Lg through po. Given any line L through pg that is transverse to Lo, consider a hyperbola H having
asymptotes Lo and L. For any point p € J{, we can form the:

e asymptotes-parallelogram with vertices p and pg and sides parallel to L and Lg.
e tangent-asymptotes-triangle whose vertices are pg and the intersection points of tangent line
to JH at p with the asymptotes L and L.

Two well-known facts from classical geometry about this construction are:

e One of the diagonals of the asymptotes parallelogram (the one not passing through p and pg)
is itself parallel to the tangent line to J{ at p.

e The area of the asymptotes-parallelogram, which we denote by Area(JH), is half that of the
tangent-asymptotes-triangle. Moreover, these areas are constant for any choice of p € H.

This gives a natural equi-affinely invariant construction: Fix A and fix (a,b,c) € J*(R,R). The
latter determines a point pg := (a,b) € R? and line Lo with slope ¢, and we consider the family
of all hyperbolas H having L as one asymptote and having Area(3) = |A|. This gives a local
foliation of (an open subset of) the plane, as the example below illustrates. The collection of all such
foliations is SAff(2, R)-invariant.

Example 5.2. Fix A. When (a, b, c) = (0,0, 0), solving (5.4) for u = ¢/ gives the ODE 3/ = zyyﬁ
Rewrite this as 0 = df’ — A g, — df” — 2y + Z—é‘, with general solution § + ;% =pu € R
Rearranging gives y(uy — ) = A, which are hyperbolas J{,, with asymptotes y = 0 and y = % A

simple exercise shows that Area(H,,) = |A|, independent of /.
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FIGURE 2. Asymptotes-parallelogram and a foliation by hyperbolas with constant area

5.5. Related PDE realization. Let us now describe the compatible, complete system of 2nd order
PDEs (§1.2) that corresponds to the ASD-ILC structure (3:3) with symmetry g = saff(2,C). In
other words, we are looking for the equations whose complete solution w(z1, z2) is defined by (5.3).
By definition, this system of PDEs admits the 5-dimensional Lie algebra of point symmetries (5.6),
which coincides with the lift of g to J*(C, C) as defined in We identify here J!(C,C) with
C? = J°(C?,C) equipped with coordinates (21, z2,w) and then further prolong g to J?(C2,C) to
determine all g-invariant complete systems of 2nd order on w(z1, 22).

All such systems were computed in the PhD thesis of Hillgarter [12]. The g-action lifted to
J2(C2, C) admits the following three absolute invariants (see p.83 (ip,3) and §4.2.1 of [12]):

2 2
_ wiwsg + wiwi — 2wiwawi2

L = ;
! (w1 + wws)?
[, — Wiz — Wt + w(wiwae — wawi2)
2 — )
(w1 + wws)5/3
wi1 + wwae — 2wiws + 2w(wiz — wi)
Is =
(w1 + wwy)*/3
So, any system of 2nd order PDEs admitting point symmetry g is (implicitly) given by:
{Il = g, 12 = (9, 13 == 043}, (512)

where a; € C. We now classify those that are compatible, i.e. E from (2.1) is Frobenius-integrable.

Proposition 5.3. All compatible, complete 2nd order PDE systems wi; = fi;j(zp, w,wg), 1 <
i,7j,k, ¢ < 2 that are invariant under (5.6)) are equivalent to one of:

p) p)
_ w7 2wiws 2w2w
— w11 = — 1W2
L = 1, ) / 11 (wawtw:)2/3 w;w_ﬂgly w1 = w22w+1511’
_ —1/3\,—im/3 _ wiwe wwy o w1 w5
IQ - 3(4 1/3)6 ' /6; w12 = (w2w+wl)2/3 + w2w'gw17 w12 = wa—Ewl ) (5 13)
Ia = —3(4 e T . ws 2w 2wy .
’ ( ) W22 = (waw+wq )?/3 + waw—+wi W22 = owtw;
Type | Type ll Type Il
ASD not ASD not ASD

For the type | and || systems above, (5.0)) is the full point symmetry algebra, while the type |ll system
admits the additional point symmetry z10,, + 220, and full point symmetry algebra aff(2, C).
Proof. Solving for w;;, we find that is compatible if and only if 3a;c3 = 4a3 and
9a; = agas. This admits the following solutions:
(1) (a1, a9,a3) = (0,0,a): If a = 0, we get the third system. If o # 0, we normalize it
to « = 1 using the rescaling (21, z2,w) — (Az1, Az2,w), which induces (11, Is, I3) +—
(A"21, \=*/315, \=2/313). This gives the second system.
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2) (a1, a9,a3) = (%, ‘f—;, «): Evaluating I, I5, I3 on the functions w(z1, z2) defined by (5.4)),
we find that o« = —3(%)1/ 3. (As expected, this does not depend on the parameters (ay, az, c),

but only on A.) Rescaling as above, we normalize A = ¢, which gives the first system.
Applying (2.16), we identify the root types of Q4 as indicated. For the type | and Il cases, (2.18)

confirms 5-dimensional symmetry, while there is the additional indicated symmetry for type |1l case.

(From [[7, Table 2], this is a realization of model 111.6-2.) From Proposition and Example[2.10] an
saff(2, C)-invariant ASD-ILC structure must be of type |. g

The type | realization above is the desired PDE system with associated CR hypersurface (5.3).

6. SIMPLY-TRANSITIVE TUBULAR HYPERSURFACES

6.1. From homogeneous tubes to algebraic data. Given a real affine hypersurface § ¢ R+,
we discussed in §1|its associated tubular CR hypersurface Mg C C"*!, and its complexification
Mg C Cn*! x C**! s the associated tubular ILC hypersurface. (We recover Mg as the fixed-
point set of the anti-involution 7(2,a) = (@, Z) restricted to M¢.) The symmetry algebra sym (M)
is the complex Lie algebra consists of all holomorphic vector fields X = ¢¥(2)0., + o%(a)d,, €
X(C™T1) x X(C™1) that are everywhere tangent to M. The affine symmetry algebra aff(8) consists
of those affine vector fields S = (Agox¢ + bi) Oy, , for Ay, by € R, that are everywhere tangent to 8.
Any S € aff(8) induces symmetries of S° of Mg and S° of M. s as indicated below. We respectively
denote the induced real and complex Lie algebras by aff(8)" C hol(Ms) and aff(8)!c C sym(M§),
and it is clear that aff(8)'® = aff(8)*" @g C = aff(8) ®r C.

Real affine hypersurface
§={r:F(x) =0} CR"™, dF#0o0nS;
Real affine symmetry S = (Agpoxy + by)0y, € aff(S)

Tubular CR hypersurface Tubular ILC hypersurface

Ms ={z:F(Rez) =0} Cc C"*1; M§ = {(z,a) : F(52) =0} c C"Tt x C"T;
10z, 5 -+, 102, ,, € hol(Ms), 0z — Oayy ooy Oz — Oy € sym(Mg),

Ser = (AMZ@ + bk)azk € lef(S)cr Sle .— (AMZg + bk)azk + (Akgag + bk)aak S lef(S)lC

Remark 6.1. Any complex affine hypersurface § € C"*! also induces a tubular ILC hypersurface
M¢ C €1 x €™ via the same prescription above.

For Mg, note that a = (0., — 04ys--.,0,,, — Oa,.,) is an (n + 1)-dimensional abelian Lie
algebra a C g := sym(Mg) that is transverse to £/ and F' (as defined in §1.2), so we are naturally
led to the following algebraic data for any holomorphically homogeneous tube:

Definition 6.2. A tubular CR realization for an ILC quadruple (g, £; ¢, f) in dimension dim(g/¢) =
2n + 1 is a pair (a, 7), where

(T.1) a C gisan (n + 1)-dimensional abelian subalgebra;

(T2) ena=fNa=0.

(T.3) 7 is an admissible anti-involution of (g, ¢; ¢, f) that preserves a.

Conversely, given such data as above, we integrate (g, ) to a (local) homogeneous space N =
G/ K with G-invariant distributions F, F'. Since C = E @ F' is non-degenerate, then all symmetries
of the ILC structure (N; E, F') are in 1-1 correspondence with their projection by dmy or dme. (We
refer to the double fibration (1.6).) This implies that the direct product of 71 and o gives a local
embedding N — N/E x N/F (with codomain being locally C"*! x C**1). As a is abelian, we can
identify it with C"*!, with the anti-involution 7 acting on it as w ~> —w (in the standard basis b on
C™*1). Let A C G be the corresponding subgroup, which can also be locally identified with C**!
equipped with the same anti-involution. Due to (T.1) and (T.2) the action of A on both N/E and
N/F is (locally) simply transitive. So, we can identify both N/E and N/F' with some open subsets
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of C"*1, on which we introduce local coordinates z and a relative to b and —b respectively. Hence,
a= (0., — Ou)-

Since 7 swaps f and ¢, it extends to the direct product N/E x N/F as 7(z,a) = (a,z). The
embedding N < N/E x N/F =,. C*""! x C"*! is given by a single complex analytic equation
®(z,a) = 0. Invariance of N under a forces N = {(z,a) : F((z + a)/2) = 0}. Finally, taking
the slice of C"*! x C"*! defined as a fixed-point set of 7, we arrive at the tubular hypersurface
Mg = {z: F(Rez) = 0} C C""1, where J is now real-valued. It is a tube over the base § = {z :
F(z) =0} Cc R*HL,

Lemma 6.3. n(a)/a = aff(8) ®r C.

Proof. Clearly, spanc{S'® : S € aff(8)} @ a C n(a). Conversely, if X = ¢¥(2)d,, + o*(a)0a,
normalizes a = (0z; — 015 -5 02,1 — Oanyy)s then X = (Ageze + by)0s, + (Areag + cx)0q, for
some Ay, by, ¢, € C. Adding (@)(&zk — Oa,) € a, we may assume that by = cg. Since a is
stable under d7 (where 7(z,a) = (a, z)), then so is n(a). Since 72 = id, we can decompose n(a) into
+1 eigenspaces for d7. Modulo a, the 41 eigenspace consists of X = (Ageze + bg)0s, + (Arear +
bi)Oa,, € n(a) with Az, b € R, hence X = S, where S = (Appwy + by)0s, € aff(S). The —1
eigenspace consists of similar vector fields, but with Ay, by € iR. Thus, n(a) = spang{S’: S €
aff(8) } mod a, which implies the claim. O

Corollary 6.4. Let M® C C3 be a holomorphically simply-transitive, Levi non-degenerate hyper-
surface with hol(M) containing a 3-dimensional abelian ideal. Then M is a tube on an affinely
simply-transitive base.

Proof. By (1.§), the induced ILC structure on M€ is simply-transitive, so can be encoded by an
ASD-ILC triple (g;e¢,f), where g = sym(M¢) = hol(M) ®g C is 5-dimensional and admits some
admissible anti-involution 7. By hypothesis, hol(M) contains a 3-dimensional abelian ideal, so there
exists a 3-dimensional abelian ideal a C g.

Applying Theorem [4.1] we get a = 7(a) and e Na = fNa = 0. Thus, (a,7) is a tubular CR
realization for the ILC triple (g; e, f). Since a is an ideal in g, then g/a = n(a)/a = aff(S) ®r C for
some base § as constructed above. As hol(M) is transitive on M, we see that the projection hol(M)
onto § is also transitive. Thus, § is affinely simply-transitive. U

Given p € C"T!, there is a natural isomorphism of the Lie algebra of all (real or complex) affine
vector fields with aff(n + 1,C) := gl(n + 1,C) x C"*1, via

(Ape(ze = pe) +00)0z, = (A,D), (6.1)

for which A is the linear part at p, and b is the translational part. Recall that conjugation by P €

GL(n + 1,C) C Aff(n + 1,C) induces the action (A, b) — (PAP~!, Pb). Finally, aff(n + 1,C)
has a unique abelian ideal consisting of translations (9, ) = C"1.
Proposition 6.5. Let S C R"*! be an affinely homogeneous hypersurface with non-degenerate 2nd

fundamental form. Then the tubular ILC hypersurface Mg C Ctl x €™ is homogeneous and
encoded by an ILC quadruple (g, t; ¢, f), given for any p € 8 by

¢:=aff(§) ®r C, g:=exC"™, §:={Y e€g:Y|,=0}, t:=enf (6.2)
Proof. Since § is affinely homogeneous, then M is homogeneous, with sym (M) containing
g = aff(8)' @ spanc{0s; — ayy- -0z i1 — Qs b (6.3)
which is transitive on Mg. Given p € 8, we have (p,p) € M. Sc and
e={Y €g:dm|p,(Y) =0}, f={Y e€g:dm|pyY)=0}, t=enf, (6.4)

in terms of the double fibration (I.6). Explicitly, let X := (Agpxs + by)0s, € aff(8) and T'x, :=
(Agepe + 1) (02, — Oay,) € sym(MS), where p = (p1,...,pns1) € S. Consider

X" 4+ Ty = (Are(20 + pe) + 20%)0z, + Age(ar — pe)Oay,s (6.5)
Xl TX7p = AM(Zg — pg)azk + (Akg(ag —i—pz) + 2bk)8ak. (6.6)
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Clearly, ¢ = spanc{ X' + Tx , : X € aff(8)}, while § = spanc{ X' — T, : X € aff(S)}.

Since C' = E @ F is non-degenerate, then all elements of sym(M¢) are in 1-1 correspond-
ence with their projection by either dm or dma. Focusing on their dm; projections, it is clear that
(dm(g),dm(f)) agree with (g, f) in (6.2). Letting D € Aff(n + 1, C) be the dilation centered at p
by a factor %, define (g, €; ¢, f) be the (isomorphic) projection of (g, £; ¢, ) by dD o dry. Let us view
this in terms of (6.1). Letting v = Ap + band D = $1id, and become:

(A,20) — (DAD™',2Dv) = (A,v),  (A,0)— (DAD1,0) = (4,0). (6.7)
Via (6.1)), the former is (Axez¢ + by)9., . Thus, after dropping bars, (g, & ¢, §) agrees with (6.2). O

Note that f C g is the isotropy subalgebra at p. Using (2.19) and Proposition the quartic Q4
can be efficiently computed for tubes Mg over affinely simply-transitive 8 (see Table [3)).

6.2. Tubes on affinely simply-transitive surfaces. We finally address the tubular simply-transitive
Levi non-degenerate classification. From our work above, these can all be described as tubes on an
affinely simply-transitive baseﬂ For the latter, we will use the Doubrov—Komrakov—Rabinovich [6]
classification of surfaces in real affine 3-space and proceed with the initial steps described in
From the DKR list, we begin by excluding those surfaces whose associated tube already explicitly
appears in the multiply-transitive classification [8]]. In Table [2| these known tubes are indicated with
their ILC quartic types and symmetry dimensions, keeping in mind (1.8). (The additional hyphenated
suffix, e.g. D.6-1 and D.6-2, indicates labelling of different families derived from [7].) Finally, we
restrict to affinely simply-transitive surfaces with non-degenerate Hessians. This excludes quadrics,

cylinders, and the Cayley surface v = zjz9 — ? (The last of these admits the affine symmetries
210z, + 22205, + 3u0y, Oy, + 104, + 20y, and Oy, + x10y.)

| DKR label [ Non-degenerate real affine surface [ ILC Classification [[7] ‘

3) u=1In(z1) + aln(z2) D.7: a #0,-1;
(a7£0) O0.15:a=-1
(4) u = aarg(ic; + z2) + In(xf +23) | D.7
u = arg(iz1 + x2) 0.15
(7) u = 23 + ee™1 0.15
() u=x3+ exf D.6-2: a #0,1,2;
(as£0,1) 015 a=2
9) uw =13 + eln(zr1) D.7
(10) u = T3 + €r1 In(z1) D.6-2
(11) u = T1T9 + "1 N.6-2
N.6-1:  #0,1,2,3,4;
(12) u=z1T2 + 2% N.8: o = 4;
0.15:a=0,1,2,3
(13) u=z122 + In(z1) N.6-1
(14) u = z1x2 + x1 In(z1) N.7-2
(15) u = x122 + o7 In(z1) N.6-1
1) 1w = 23 + ex1 In(z1) D.6-1

TABLE 2. Affinely simply-transitive surfaces with holomorphically multiply-
transitive associated tubes. Parameters o € R and € = +1.

Remark 6.6. Family (4) was originally stated in [6] as u = aarg(iz; + x2) + Bln(z? + z3).
Scaling w yields the two cases in Table [2} the first of which explicitly appears in [8]. The tube M
over u = arg(iz1 + x2) is mapped to the hyperquadric Im w = |z;]2 — |%|? by

_ o~ o~ 1 iw Zl—iZ2> 1 (iw Zl—i22> iw<i21_22>>

2, 29,w) = —=(e¥ — —), — (e + , € . 6.8

(71, 22, W) (\/§< 1 NG 1 5 (6.8)
Thus, dim hol(M) = 15 and M is flat. The above was derived from [13| Thm.6.1(6) & (6.69)].

9Several holomorphically multiply-transitive tubes have base surface that is affinely inhomogeneous (8, Tables 7 & 8].
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Model (16) when o = 0 gives the quadric z1u = 23 + ¢, with affine symmetries: 710;, — u0y,
2290y, + U0y, and 110y, + 2220,,. Its associated tube admits s0(1,2) x R? symmetry.

All remaining surface are given in Table |1} and their affine symmetries S, T are given in Table
The associated tubes M admit symmetries S, T", 0., ,10,,,10, € hol(M), so dim hol(M) >
5. In Table 3| we compute Q4 using (2.19) and Proposition and classify its root type. (For
details, we refer to a Maple file in our arXiv submission.) By (2.18)), those of type | and Il are
confirmed to have dim hol(M) = 5, so only the type D and N cases remain. We used two methods to
computationally confirm that dim hol(M) = 5 for these remaining cases: (i) PDE point symmetries

(§6.3), and (ii) power series (§6.4).

"The enumeration (1), (2), (5), (6), (16), (18) from [6] has been re-enumerated as T1-T6 here.
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6.3. PDE point symmetries method. In view of (I.8), we may confirm dim hol(A/) = 5 for the
remaining type D and N tubular cases (from Table[3) via their corresponding ILC structure (Table @).
In §1.2] we described how to go from M to this ILC structure realized as a PDE. In this realization,
the ILC symmetries are the point symmetries of the PDE system [24]]. There is excellent functional-
ityinthe DifferentialGeometry package in Maple for computing symmetries, as indicated
below.

Label | Real affine surface Complete 2nd order PDE system
: —
w1 = 627”/311}?/311}2 /3
1 _ 1 _2mi/3, . 2/3 2/3
Tl u= T129 w12 = 3¢€ ‘ w} 3w§ ,
Wogy = 627”/3’11); / w2/
w11 = 0
8 e
u=mzaz, (B#0,%1) wiz2 = §w1 E
1
—1 - 7B
W22 = 'BT’LUQ’wl ?
_ 22 B(Swf—wg)
w11 = 44(w%+w§)1/3
_ 1 _ 223w wy
T2 u = .’L‘§+ZES w12 = (/w2+w§)1/3
_ 22 3(3w§—w%)
W22 = 4(w%+w%)1/3
— (%1 1 w1
w11 = (5 — zwiwsz) ex arctan(—+
u = exp(f arctan(22)) n =g~ gunwa) exp( Cor))
p @1 — 11 (2 2 wy
(8 £0) Wiz = 3 (E(wl — w3) + wiwz) exp(Barctan(;;l))
1
waz = (2 + Fwiwsz) exp(Barctan(yt))
w11 = 0
T3 | u=2x1ln(z2) wip = e~
W22 = —%wge_wl
_ 3\/a(9a+8)(w§+wl) 9048
z$\2 Wi =~ 8y/wi+2w; T s w2
(u——w1$24;7f) 3 a@a+&22 oot
T4 | = z743 Wiy = Y ITHW2 | 9ats
= ofx2 — 718) 12 164/w2+2w; 16
(a#0,-9) Woy — _ /2048
2= 164/w3+2w;
2
2
w11 = \/3671“2; Lt
wi 4wy
2 4 _ wo
= w2 = —V3e—2—
T5 | z1u = x5 + exy 12 NorEr
was = 2v/3e——=e
22 \/1u§+4w1

TABLE 4. PDE realizations of some tubular ILC structures

Example 6.7 (T3, a = 0). The surface v = z1 In(x2) has tube M and complexification M ¢:

w+c_z1+a11n 29 + a9
2 2 2 '

M : Re(w)=Re(z1)In(Re(z2)), M€

For M€, we solve for w and differentiate twice:
(w1, w2, w11, w12, wa2) = (111 <Z2 ha a2> A s “ o, ! " a4 >
2 22 + a9 29 + as (Z2 + a2)2
Eliminating the parameters (a1, az,c) from (6.9), we arrive at the PDE system given in Table
Using (2.1)), we then confirm 5-dimensional symmetry via the following commands in Maple:

(6.9)

restart: with(DifferentialGeometry): with (GroupActions) :
DGsetup([zl,z2,w,wl,w2],N):

wll:=0: wl2:=1/2xexp(-wl): w22:=-1/2xw2xexp (-wl) :
E:=evalDG([D_zl+wlxD_w+wll*D_wl+wl2xD_w2,D_z2+w2+xD_w+wl2+xD_wl+w22+xD_w2]) :
F:=evalDG([D_wl,D_w2]):
sym:=InfinitesimalSymmetriesOfGeometricObjectFields ([E,F],output="1ist");
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nops (sym) ;

This similarly confirms the cases in Table |4 without parameters. For the remaining cases with
parameters, more care is needed since the above commands should at most be assumed to treat
parameters generically. To identify possible exceptional values, we should step-by-step solve the
symmetry determining equations. Although we could set this up as infinitesimally preserving E and
F as above, let us indicate another standard method. Any point symmetry X is the prolongation Y (!)
of a vector field Y on (21, z2, w)-space J°(C?, C), and we can further prolong to get a vector field
Y () on the second jet-space J2(C2,C). A PDE system is a submanifold ¥ ¢ J?(C2,C), and the
symmetry condition is that Y(?)|y; is everywhere tangent to . The following code efficiently sets
this up in Maple for the T1 case u = xlxg for 8 #0,+1:
restart: with(DifferentialGeometry): with (JetCalculus) :

DGsetup ([zl,z2], [w],Jd,2):

X:=evalDG(x1il(zl,z2,w[])*D_zl+xi2(zl,z2,w[])*D_z2+eta(zl,z2,w[])*D_w[]):

X2:=Prolong(X,2):

rel:=[w[l,1]1=0,w[l,2]=beta/2+xw[1l]" ((beta-1) /beta),
w[(2,2]=(beta-1)/2*xw[2]*w[1l] " (-1/beta)]:

eqg:=eval (LieDerivative (X2, map (v->1lhs (v)-rhs(v),rel)),rel):

The expression eq must vanish identically (for arbitrary w1, ws), and this gives a highly overde-

termined system of linear PDE on the three coefficient functions &;1,&2,n of Y. Keeping in mind

B # 0,=£1, we solve these equations and confirm 5-dimensional symmetry. Similar computations

were carried out for the remaining parametric cases and the result was the same. (For more details in

the T1 and T4 cases, see the Maple files accompanying the arXiv submission of this article.)

Family T2 can be alternatively handled. As remarked in [6]], the family of complex surfaces in C3

givenby u = xffa:g are Aff(3, C)-equivalent to surfaces in the u = (27 + 23)” exp ((5 arctan (i—i))

family. (Here, o, 5,7, 6 € C.) Indeed, from their affine symmetry algebras, we deduce that they are
Aff(3, C)-equivalent when

(@, 8) = (v + 36,7 — 59). (6.10)

(One can also account for the ‘Redundancies’ as in Table[I]) By Remark[6.1] these complex surfaces
yield tubular ILC structures and when holds, they are necessarily equivalent. (A nice exercise
derives the root types for T2 from those of T1 using (6.10).) But now the remaining D and N cases
for T2 are equivalent to the D and N cases for T1, which were already treated, and so we are done.

6.4. Power series method. In this section, we outline a second method for the algorithmic compu-
tation of the infinitesimal symmetries of tubular CR hypersurfaces (or rather tubular ILC structures).
We express this in the language of elementary linear algebra.

6.4.1. Filtered linear equations. Let V be a filtered vector space, i.e.

V = VHo o yrotl 5 ypot2 o ﬂw:o.
I

LetgrV := u VH# /V I+ be its associated graded vector space. Any subspace W C V inherits a
filtration from V, and note that dimgr W = dim W.

Let U be another filtered vector space and ¢: V' — U a filtration-preserving linear map of degree
k,ie. (V) C UFTF for all y € Z. Denote by gr¢p: grV — grU the corresponding graded map
(of degree k). In applications, we often know the map gr ¢ and its kernel ker gr ¢, and would like to
use this information in order to determine ker ¢.

Lemma 6.8. grker ¢ C ker gr ¢.

Proof. Let v € ker¢. Let u be the largest integer such that v € V#. Then ¢(v) € UF** and
(gr¢)(v + VY = ¢(v) + UFFF+L = 0, and thus v + VAT € kergr ¢. O
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The inclusion in Lemma[6.8]can be strict, so dim ker gr ¢ is only an upper bound for dim ker ¢ =
dim gr ker ¢.

6.4.2. Symmetry equations as filtered linear equations. Given a real hypersurface M C C3, its
complexification is a complex hypersurface M¢ C C? x C3 graphed asEI:

M¢:  z = Q(z,y,a,b,c), (6.11)
with ) analytic, i.e. expandable in a converging power series. We may assume 0 € M€, i.e. 0 =
@(0,0,0,0,0). We consider M€ up to the pseudogroup of local analytic transformations:

(xz,y,z,a,b,¢) (x’(:c, v, 2),y (x,y, 2), 2 (x,y, 2),d (a,b,¢),b'(a,b,c), (a, b, c)) (6.12)
The Lie algebra sym (M €) of infinitesimals symmetries consists of those vector fields
L =X(z,y,2) 0, +Y(2,y,2) 0y + Z(x,y,2) 0,
+ A(a,b,c) 9y + B(a,b,c) Oy + C(a,b, c) O
that are tangent to M ©. We will make the assumption that M€ is rigid:
z = —c+ F(z,y,a,b), (6.14)

with 0 = F'(0,0,0,0). (Tubes form the subclass z = —c + F(z + y,a + b).) The rigid assumption
is justified when M is homogeneous, whence there exists at least one L € sym(M€) with L(0) not
tangent to the 4-dimensional contact distribution. After a straightening, one can make L = 9, — 0.,
and tangency to {z = @} forces Q = —c + F as above.

(6.13)

Remark 6.9. Up to the transformations (6.12)), we can assume that F' does not contain constant or
linear terms in x, y, a, b. Specifying second order terms, we get:

z = —c+l(z,y,a,b) + G(z,y,a,b), (6.15)

with quadratic term ¢(x, y, a,b) = exa+ f xb+gya+hybfore, f, g, h € C satisfying 0 # | Z £ ‘ by
Levi non-degeneracy of the original hypersurface M C C3, and G containing higher order terms in
x,y, a, b. Using linear transformations of (z, y) and (a, b), we can assume that {(z, y, a,b) = xa+yb.

Now, express the tangency condition as:

0 = eqdefp(L) :=L(—z—c+ F(z,y,a,b))

z=—c+F (616)

= [XF+YF,—Z+AF,+BF,—C]

zzchrF,
which reads as the identical vanishing of the following power series in 5 variables (x,y, a, b, ¢):

0= X(a:, y,—c+ F(x,y,a, b)) F.(z,y,a,b)
+ Y(:E, y,—c+ F(x,y,a, b)) Fy(z,y,a,b) — Z(:z:, y,—c+ F(x,y,a, b)) (6.17)
+ A(a, b, c) Fy(x,y,a,b) + B(a,b, c) Fy(z,y,a,b) — C(a,b,c).
Now ¢(L) = eqdef (L) defines a linear map ¢ : V' — U from the Lie algebra V of all analytic
vector fields (6.13)) to the space U of all analytic functions in (x,y, a, b, ¢). Then we have
sym (M) = ker ¢. (6.18)

Expanding ¢(L) in a power series and evaluating the coefficients of this series degree by degree, we
can view the computation of ker ¢ as an (infinite) system of linear equations on the coefficients of
the power series expansion of L, where the coefficients of these linear equations are formed by some
algebraic expressions of the power series coefficients of F'.

We now endow V' and U with filtrations. Assigns weights (1,1,2,1,1,2) to (z, vy, 2, a,b, c), and
(—1,-1,-2,-1,—-1,-2) to (Oz, Oy, 0z, Oa, O, Oc). Define V¥ C V and U* C U as the weight
> 11 subspaces. (Note that V' = V=2, while U = U".) Then ¢ is filtration-preserving and restricts to
¢ : VF — UFF2 je. it has degree +2.

UTn this section, we use the complex variables (z, y, z, a, b, ¢) instead of (21, 22, w, a1, az, ¢).
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The associated graded spaces gr V' and gr U can be identified with polynomial vector fields of the
form (6.13) and polynomials in (x, y, a, b, ¢) respectively. An elementary computation shows that

gr ¢ = eqdef,, (6.19)

where the right hand side defines the equations for the infinitesimal symmetries of the flat model
{z = —c + (}, which is defined by a homogeneous equation of weight 2.

The symmetry algebra of the flat model is well-known to be the 15-dimensional Lie algebra of
polynomial vector fields having dimensions (1,4, 5,4,1) in degrees (—2, —1,0, 1,2) respectively.
From Lemma we immediately recover the well-known fact that dim sym(M¢) < 15, and each
symmetry L is uniquely determined by its terms of weight < 2.

Our aim is to use knowledge of ker eqdef, to effectively compute ker ¢. Fixing an integer para-
meter v, define the following finite-dimensional quotient vector spaces:

V(v) =Vmod V¥, U(v) = Umod U1,
which inherit filtrations from V' and U. The map ¢ induces a degree +2, filtration-preserving map:
o(v): V() — U +2)
[L] — [eqdef(L)],
where brackets denote the respective equivalence classes. Then ker ¢(v) approximates sym(M¢) =

ker(¢) modulo terms of weight > v+ 1. For increasing v, we have that dim ker ¢(v) is a decreasing
sequence of integers stabilizing at dim sym(M¢).

(6.20)

Remark 6.10. For the tubes in Table |1} this sequence stabilizes already for v = 4.

6.4.3. Symmetry computation. Fix v, and for ease of exposition in this subsection, set ¢ := ¢(v),
V :=V(v),U := U(v + 2). The following is an effective algorithm for computing ker ¢ based on
the knowledge of gr ¢:
(1) Find kergr¢ C grV;
(2) Choose a subspace V C V with grV =gr V @ ker gr ¢. (By definition, gr ¢ is injective on
gr V. By Lemma. ¢ is also 1n]ectlve onV.)
(3) Compute gr(¢(V)) = (gr ¢)(gr V). Choose a subspace U c U withgrU = (gré)(grV) @
gr U, so that the induced maps VU / U and gr V- grU/ gr U are isomorphisms. Thus:

gro ¢
gV —FFFF grU V. — U
I : I U ; 1
R gr¢|grv o ° @ 5
grV. ———— (gro)(grV) V. ———— v 62D
S D B
grker¢ C kergro grU

(4) Consider the map qﬁ V - U/ U. By what precedes, kerqb has the same dimension as
ker gr gb is complementary to 1% and contains ker ¢.
(5) Finally, consider the map ¢: ker qZ) — U and compute its kernel.

The key computational advantage of this approach is that the first four steps do not involve any
parameter dependency introduced by G in (6.13). This allows one to reduce the parametric analysis
for dim sym(M€) to the last step in the above algorithm. Let us describe this in more detail.

Choose bases (consisting of homogeneous elements) of gr V. = gr V @ ker gro and grU =
(gro)(gr V) D gr U adapted to the given decompositions. Then extend these bases to V and U in a
manner compatible with the choices of subspace V C Vand U C U. In these bases,

(A0 _ (B B
gro = <0 0>, ¢ = <321 By ) (6.22)
Here, A and Bj; are non-degenerate and correspond to the isomorphisms gr vV - grU/ gr U and
V' — U/U respectively. Moreover, gr B1; = A by construction, so it does not depend on the function



G in the defining equation (6.13) for M €. This means that computation of the kernel bV U / U
does not introduce any dependency on the parameters that may appear in G. Thus, the dependency of
dim ker ¢ on GG appears only on step (5), which significantly reduces the computational complexity.

By a careful choice of the subspaces V and U, we reduce computation of ker ¢(v) for v = 2,3, 4
to systems of 5, 25, 75 linear equations respectively on dim ker gr ¢(v) = 15 variables. (For sample
details in the T4 case, see the Maple files supplementing the arXiv submission of this article.) We
note that the direct analysis of the corank of the map ¢(4) : V(4) — U(6) without applying the
techniques of filtered linear equations would result in dealing with dim U (6) = 130 linear equations
in dim V' (4) = 80 variables.

6.5. Conclusion. As described in and we used two different methods to confirm:
Proposition 6.11. Any tubular hypersurface M° C C? from Tablehas dim hol(M) = 5.

Finally, we address whether there is any redundancy in our (tubular) list. The following slightly
weakens the ‘uniqueness’ hypothesis from [14, Prop.4.1]. (The proof is the same.)

Proposition 6.12. Let My, My C C"*! be two tubular hypersurfaces over affinely homogeneous
bases 81,85 C R" L. Suppose that My and My are holomorphically simply-transitive and that
(1021, .. .,10,,,,) isa characteristi (n + 1)-dimensional abelian ideal in Hol(M;) and hol(Ms).
Then My and My are locally biholomorphically equivalent if and only if their bases are locally
affinely equivalent.

We confirm the characteristic property via corresponding ILC data (g; ¢, f) and (a, 7):

e T1, T2, T3, T6: ais the derived algebra of g.
e T4 T5: ais the centralizer of the (2-dimensional) second derived algebra of g.

This implies that a C g is characteristic, so the corresponding abelian ideal in hol(M/) is charac-
teristic, and hence Proposition [6.12] applies. From the DKR classification [6], there is no affine
equivalence between &; and 8 lying in different families among T1-T6. For 8; and 85 in the same
family, we can assess affine equivalence by asking if aff(S1) and aff(S2) are conjugate in aff(3, R).
We leave this as a straightforward exercise for the reader. This gives rise to the ‘Redundancy’ condi-
tions in Table e.g.inT1, (o, B) ~ (£, —2) is induced from the swap (z1, zo, u) — (u, 22, 21).

o’ [

The proof of Theorem [I.1]is now complete.
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