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Introduction

In general relativity we often want to solve the geodesic equations

d%a® p dat dx?
dN? i dX dA ()

in a given spacetime M"™ with metric g = gijdxidxj . These equations describe the motion
of free-falling particles. It turns out that the dynamics of geodesics can be encoded as a
Hamiltonian system by passing to the cotangent bundle T* M. Given canonical coordinates
(z,p), we define the Hamiltonian

1 .. g B
H(z,p) = 59" (x)pip;  where  g" = (g;5) " (2)
Hamilton’s equations of motion read
.. OH Iy ) OH 1 »
# = 5 =87 (@)p; and pi = —55 = —50:(&") (@)p;pi- (3)

It is well-known that the solutions of Hamilton’s equations project onto geodesics in the
spacetime. In order to integrate the geodesic equations it is beneficial to have integrals of mo-
tion, quantities which are conserved along the geodesic motion. A function I € C*®°(T*M)
is an integral of motion if it satisfies

" (0H 91 OH 9I
1= (ap or ~ ox ap) - @

We restrict our attention to integrals of motion that are polynomial in momenta, i.e.

n

I= 3" a7 (@) piy e pig (5)

01,0e0yin =1

This assumption is not very restrictive in principle: if there is an integral analytic in mo-
menta, then there is a polynomial integral. Also integrals in well-known examples are
polynomial in momenta. Polynomial integrals of degree d in momenta are in one-to-one
correspondence with Killing d-tensors. A Killing tensor of degree d is a symmetric d-tensor
T whose symmetrized covariant-derivative vanishes:

v(ile...jd) =0. (6)

At the order d = 1 this correspondence is essentially Noether’s theorem: symmetries (Killing
vectors) are equivalent to conserved quantities (linear integrals). The Schouten—Nijenhuis
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bracket for symmetric tensors extends this to a correspondence between Killing tensors and
polynomial integrals.

The key observation is that equation (4) defines an overdetermined first order linear par-
tial differential equation on the coefficient functions a® % (z). We shall study this PDE
using the geometric theory of PDEs. In the paper Nonexistence of an integral of the 6th
degree in momenta for the Zipoy—Voorhees metric [KM12], Boris Kruglikov and Vladimir
Matveev demonstrated for the first time nonexistence of integrals using Cartan’s prolonga-
tion method. Cartan’s prolongation method is an algorithm that allows us to compute the
number of linearly independent integrals (equivalently Killing tensors) in a spacetime.

In this thesis we shall implement Cartan’s prolongation method in the computer algebra
software Maple and apply it to the Koutras—McIntosh metrics. Subcases of the Koutras—
McIntosh metric include a conformally flat pp-wave,

g = 2da’dz’ +2f(2%) ((21)? + (2%)?) (d2®)? — (dz')? — (da?)? (7)
and the Wils metric,

gwis = 2 2tdaddat — 2z dat da® 4+ {2 (23) 2t (21)? + (22)?) — (21)?}(da®)? — (dz')? — (da?)?.

(8)
Cartan’s prolongation method turns the problem into a linear algebraic one. In this way we
are able to (rigorously!) prove the (non)-existence of Killing tensors up to degree 4.

The relevance of this result is that Cartan’s prolongation method is a feasible method to
prove the (non-)existence of higher order Killing tensors. There is a connection between
existence of Killing 2-tensors and separation of the Hamilton—Jacobi method, which has
been demonstrated by [Car68] for the Kerr metric. However, such methods cannot be
applied to find Killing tensors of degree d > 3. The hope is that Cartan’s prolongation
method can advance the study of higher order Killing tensors.

Structure of thesis

e In Chapter 1 we discuss the required background from the theory of Hamiltonian
dynamics and pseudo-Riemannian geometry. The main theorem here is the corre-
spondence between polynomial integrals of the geodesic flow and Killing tensors.

e Chapter 2 is the core of the thesis, here we discuss the geometric theory of PDEs and
develop the algorithms (coming from Cartan’s prolongation method) that we shall
apply in Chapters 4 and 5.

e Chapter 3 is a short detour to general relativity. We discuss the relevance of the
Koutras—McIntosh metric, several approaches to classifying spacetimes and Hamilton—
Jacobi method for Kerr metric following Carter.

e Chapter 4: Results for conformally flat pp-waves.

e Chapter 5: Results for Wils metrics.



New results

We prove using Cartan’s prolongation method that there are no irreducible Killing tensors
of degree 3 and 4 in several conformally flat pp-waves, in particular those with constant
wave profile (f(z%) = constant). We also deduce the existence of an irreducible Killing
2-tensor, but this Killing tensor was already obtained by Keane and Tupper [KT10] using
the Koutras algorithm.

In Chapter 5 we prove for several Wils metrics the nonexistence of Killing tensors of degree
3 and 4. Moreover, we obtain explicitly the form of the function f(x®) for which the Wils
metric has a Killing vector. We also show that the only Killing 2-tensors in the Wils metric
are the metric and the symmetric product of this Killing vector (when it exists). A corollary
of these results is that the Wils metric admits no irreducible Killing 2-tensors (apart from
the metric).
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Chapter 1

Integrability of Hamiltonian
Systems and (Geodesic Flow

1.1 Hamiltonian Formalism

We discuss the Hamiltonian formalism of mechanics with an emphasis on symmetries. This
section has benefited greatly from the references [Dui04], [Hec13], [Aud04], [Mei00], [Sil08].

Symplectic Manifolds

Definition 1.1.1. A symplectic manifold is a pair (M,w) consisting of a smooth mani-
fold M together with a closed, nondegenerate two-form w € Q?(M). We refer to w as the
symplectic form on (M,w). Thus, a symplectic form on M assigns to each point p in M a
nondegenerate skew-symmetric bilinear map wy, : T, M x T, M — R whose exterior derivative
vanishes (dw = 0).

Let (M,w) and (N, o) be two symplectic manifolds. A symplectomorphism is a diffeomor-
phism ¢ : M — N which pulls back the symplectic form o € Q?(N) to the symplectic form
w € Q2(M), that is, F*o = w. In this case (M,w) and (N, p) are said to be symplectomor-
phic. We denote the group of symplectomorphisms from a symplectic manifold (M,w) to
itself by

Symp(M,w) := {¢ € Diff(M) : ¢*w = w}.

By linear algebraic considerations it follows that any symplectic manifold (M,w) is neces-
sarily even-dimensional, say 2n. Since the symplectic form w is nondegenerate, it follows
that the n-fold wedge product w”" is a volume form giving M an orientation.

We now describe a symplectic structure on the cotangent bundle of any manifold. Cotangent
bundles are important examples of symplectic manifolds, because they represent the phase
spaces of mechanical systems. A phase space consists of all possible values for the positions
and momenta of the dynamical system in consideration. (For example, if we consider a
particle which is constrained to move along a manifold, then its phase space will be the
cotangent bundle of that manifold.)



Example 1.1.2 (Cotangent Bundle as a Symplectic Manifold). Let @ be a smooth
manifold with cotangent bundle 7 : T"Q — Q. A point £ € T*Q is a linear map & :
Tr)@ — R. Note that differentiating the projection 7 at the point £ gives a linear map
dre : Te(T*Q) — Tr(ey. Composing these maps allows us to define a one-form \ € ONT*Q)
by the formula

AT*Q = TH(T*Q), § = Lodme = dmi€.

Define w € Q*(T*Q) by w = —d\. Clearly, w is a closed as the exterior derivative squares
to zero. We now show that w is nondegenerate. To this end, let (U,q',...,q") be local
coordinates on @ and consider the natural chart on 7=1(U) C T*Q given by

ﬂ-il(U) — RZn, g = sz dql = (qlv' . 'aqn;pla s apn) (11)
i=1

In these coordinates we have .
A= Zpi dq' (1.2)
i=1
and so N
w= qui/\dpi. (1.3)
i=1
In view of this coordinate expression it is readily checked that w is nondegenerate. Thus
the cotangent bundle (T*Q,w = —d\) is an exact symplectic manifold. The forms A and
w defined above are called the canonical forms on T*(Q. The one-form A is called the

tautological one-form, because A € Q(T*Q) is uniquely characterized by the following
property: given any one-form a € Q1(Q), viewed as a section o : Q — T*Q, we have

a* A= a. (1.4)

We now describe a natural group homomorphism Lift : Diff(Q) — Symp(T*Q,w). If f : Q —
Q is a diffeomorphism, then its differential df : TQ — T'Q is a vector bundle isomorphism.
Dualizing gives a bundle isomorphism F' =: Lift(f), called the cotangent lift of f, given by

Fi=d(f™)":T"Q—=T"Q, £~ od(f™ ") sm(e)) = A ™) in(en (1.5)

By checking that F* )\ satisfies the unique property Equation (1.4), we find that F preserves
the canonical one-form and thus also the symplectic form.

It is a natural question to ask whether a symplectic manifold has local invariants. The
answer to this question is negative, Gaston Darboux has shown at the end of the nineteenth
century that all symplectic manifolds of the same dimension are symplectomorphic.

Theorem 1.1.3 (Darboux). Let (M,w) be a 2n-dimensional symplectic manifold. For
every point p € M there exists a chart (U,q',...,q", p1,...,pn) centered at p on which we
have
n
w:qui/\dpi. (1.6)
i=1
Local coordinates as in Darboux’s Theorem are called Darboux coordinates. We have seen
that local coordinates on a manifold @ induce Darboux coordinates on the cotangent bundle

(T"Q,w).



Poisson Brackets

Suppose (M, w) is a symplectic manifold. The flow ¢!, of a vector field V' € X(M) is said to
preserve the symplectic form if (¢}, )*w = w is satisfied. Pulling back the symplectic form
along the flow and differentiating yields

D60 = () Lvw = (G4 ) (dives + ivde) = (64 (@ive). (L7

Here we have used the link between flows and Lie derivatives in the first equality, Cartan’s
homotopy formula in the second equality and closedness of the symplectic form in the final
equality. Since the flow qb?, at time ¢t = 0 equals the identity map the above computation
shows that the flow of V' preserves the symplectic form if and only if the one-form iy w is
closed. A vector field V such that diyw = 0 is called a symplectic vector field. By virtue of
the Poincaré lemma we have that a closed form is locally exact. Thus, if V is a symplectic
vector field we obtain around each point on M a locally defined function f : U — R such
that
ivw S df

A special class of symplectic vector fields are those coming from a globally defined function.

Definition 1.1.4. Let (M, w) be a symplectic manifold and H : M — R a smooth function
on M. The unique vector field Xz € X(M) satisfying

ix,w=dH (1.8)

is called the Hamiltonian vector field associated to the Hamiltonian H. (Note that Xp
exists by nondegeneracy of w.) We call (M,w, Xg) the Hamiltonian system defined by H.

The Lie bracket of symplectic vector fields is Hamiltonian.

Proposition 1.1.5. Let V, W be symplectic vector fields on (M, w). Then the Lie bracket
[V,W] € X(M) is a Hamiltonian vector field with Hamiltonian function w(W, V).

Let (M?",w, Xf) be a Hamiltonian system. The Hamiltonian formulation of classical me-
chanics can aid our intuition for Hamiltonian systems as follows. Suppose that (M,w)
represents the phase space of a physical particle with the Hamiltonian H describing the
total energy of the particle in question. Hamilton’s principle can then be formulated by
the assertion that the traversed trajectory of the particle in (momentum) phase space is an
integral curve of the Hamiltonian vector field Xz. The Hamiltonian vector field Xy can be
written in Darboux coordinates (g, p) as

—~OH 0 OH 0
Xy = — - - — 1.9
" ; Op; 0¢*  Oq* Op; (1.9)
The condition that a curve ~v(t) = (¢(t), p(t)) is an integral curve for Xy now reads as
. O0H 0H
'= = bi=—5,i=1,...,n, 1.10
T o ? dq" (1.10)

which we recognize as Hamilton’s equations of motion.

The notion of a Hamiltonian vector field leads to an important binary operation on the
algebra of smooth functions.



Definition 1.1.6. Let (M,w) be a symplectic manifold. We define the Poisson bracket
{,-} on C*°(M) by the following skew-symmetric bilinear map

{-}: CF(M) x C=(M) = C*(M), {f,g} = w(Xyf, Xg) (1.11)
It is readily seen that
{9} =w(Xy, Xy) = df(Xy) = Xof = —Xyg. (1.12)

Thus we can think of the Poisson bracket {f, g} as measuring the infinitesimal change of f
under the flow of the Hamiltonian vector field X,.

In Darboux coordinates the Poisson bracket is given by

N~ (0f 09 Of By
{f.9} = ; ((‘maqi — 3qi(9m) (1.13)

Note that the Darboux coordinates satisfy

{¢, ¢y =0={pi,p;}, {pi,d} = 5?, forallz,j=1,...,n. (1.14)
We summarize the main properties of the Poisson bracket in the following proposition.

Proposition 1.1.7. The algebra of smooth functions (C*°(M),{-,-}) together with the
Poisson bracket is a Lie algebra. The map C*°(M) — X(M) sending a function to its
Hamiltonian vector field is a Lie algebra anti-homomorphism. Moreover, the Poisson bracket
satisfies the Leibniz identity.

Suppose that (M,w,Xp) is a Hamiltonian system and consider the flow ¢%; of Xp. By
application of the link between flows and Lie derivatives, we obtain

o0 = (04)" Lx, = (64)" (1, HY (1.15)

Thus, f is constant along the integral curves of Xy if and only if {f, H} = 0 (if and only if
H is constant along the integral curves of X ). This motivates the following definition.

Definition 1.1.8. Let (M,w, Xg) be a Hamiltonian system. A function f € C°°(M) is an
integral of motion if f and H Poisson commute, that is, {f, H} = 0.

Let (M,w, Xp) be a Hamiltonian system. Skew-symmetry of the Poisson bracket implies
that H is an integral of motion and so H is constant on the integral curves of Xy, which
we can think of as conservation of total energy.

More generally, let f be an integral of motion and consider the flow (b? of its Hamiltonian
vector field X;. For simplicity, we assume that the flow is complete. By the above, we have
that

Hoqﬁ} =H for allt € R. (1.16)

The flow t — gb’} defines a Lie group action of the additive group (R, +) on the symplectic
manifold (M,w). Since Lx,w = 0 we have that gbjc is a symplectomorphism for all ¢ € R, so
the action can be encoded as a group homomorphism

R — Symp(M,w), t+— ¢%. (1.17)
8



Since this action preserves both the symplectic structure and the Hamiltonian H, we call
this action a “symmetry” of the Hamiltonian system (M,w, Xp). A crucial feature is that
the vector field generated by this R-action is a Hamiltonian vector field, namely the one
defined by f. This is an example of Noether’s principle, which (informally) states that there
is a correspondence between symmetries and conserved quantities. In this case we started
with a conserved quantity (the integral f) and deduced a symmetry (the R-action).

Symmetries of Hamiltonian Systems

We would like to answer the following question:

’ How do we find integrals of a Hamiltonian system?

We take Noether’s principle as our guiding philosophy and look for integrals by considering
actions of Lie groups.

Suppose that ¢ : G — Diff(M) is a smooth action of a Lie group G on a manifold M. The
infinitesimal generator assigns to each element X in the Lie algebra g of G its fundamental

vector field Xp; on M, which is defined pointwise by (Xas) : x +— % Vexp(tx)(x). The
t=0

map X — X defines a Lie algebra anti-homomorphism from g to X(M), that is, we have
[X, Y}M = —[X]\/DYM} for all XY e %(M)

Let (M,w,Xpg) be a Hamiltonian system, and suppose that ¢ : G — Symp(M,w) is a
symplectic action of a Lie group G on which preserves the Hamiltonian H. Let X be an
element of the Lie algebra g and consider the curve t — exp(tX) in G. By invariance of H
under the action, we have that

Ho wexp(tX) = H.
Differentiating this expression with respect to ¢ gives
Lx,H=dH(Xp)=0.

Supposing that the fundamental vector field X, is Hamiltonian, then there exists by defi-
nition a function, say pyx, such that

z'XMw = dlth.

It follows that px is an integral of motion, as {H, ux} = Lx,, H = 0. Ideally, we can find
a Hamiltonian function for all X € g, in which case we obtain a linear map

pig—=>C®(M), X = ux.

By Proposition 1.1.5 we have that d(u(x,y) — {px,py}) = 0. We shall require that p :
g — C°°(M) is a Lie algebra homomorphism. For actions of connected Lie groups G, this
condition is equivalent to the condition that u : M — g* is equivariant with respect to the
coadjoint action on the dual g*. Here we identified Homg(g, C*>°(M)) = C*°(M, g*) to view
w as a map M — g*. This discussion leads to the following definition.



Definition 1.1.9. A symplectic action ¢ : G — Symp(M,w) is a Hamiltonian action if
there exists a smooth map p : M — g* satisfying the following properties:

e For every X in the Lie algebra g the smooth function px = (u, X) is a Hamiltonian
for the fundamental vector field X on M:

iiw:dux. (118)

e The map p : M — g* is equivariant with respect to the action of G on M and the
coadjoint action of G on g*:

p(g-x) = Adg - p(z), for all g € G,z € M. (1.19)

The map p: M — g* is said to be a momentum map for the Hamiltonian action.
We can now make Noether’s principle precise.

Theorem 1.1.10 (Noether). Let (M,w,Xy) be a Hamiltonian system. Suppose that
Y G = Symp(M,w) is a Hamiltonian action with momentum map p: M — g*. Then the
Hamiltonian H is invariant under the action of G if and only if the momentum mapping
is an integral of motion, that is, {ux,H} =0 for all X € g.

Example 1.1.11. Let @ be a manifold equipped with a Lie group action ¢ : G — Diff(Q).
The cotangent lift map induces a symplectic action G — Symp(T*Q,w = —d\) which
preserves the canonical one-form A:

g-&=80d(Wg-1)y,(xe), (9€G,EETQ).
This action on (T*Q, w = —d\) is Hamiltonian and
uwx = Z'XT*QA (X S g) (120)

defines a momentum map. Equivalently, we can write the momentum map as

px(§) = (€, Xq) = £(Xg) (€ T7Q), (1.21)

which in practice is better suited for explicit computations. In cotangent coordinates this
momentum map is linear in momenta.

Theorem 1.1.12 (Symplectic Reduction). Let (M,w, p) be a Hamiltonian G-space and
let £ € g*. Suppose that the stabilizer G¢ of the coadjoint action acts freely and properly on
the level set u='(€). Then the reduced space Mg := p=(€)/Ge is a smooth manifold and
there exists a symplectic form we on Mg satisfying

Tewe = Ggw,

where ve : p= (&) — M and m¢ : pm () — M denote the inclusion and projection map,
respectively.

We can use symplectic reduction to reduce the number of variables in a Hamiltonian system,
as follows.
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Theorem 1.1.13 (Reduced Dynamics). Let (M,w, Xg) be a Hamiltonian system and
suppose that the flow ¢t of Xy is complete. Suppose that a Lie group G acts on (M,w) in
a Hamiltonian way with momentum map u: M — g* and preserves the Hamiltonian H. In
addition, suppose that & € g* is a regular value of u and that its stabilizer G¢ acts freely on
the level set u='(&). Then H descends to a unique function H¢ on the symplectic reduced
space (Me,we) satisfying
H§ 9] 7T§ =Ho Zf

The vector field (Xu)|,-1(e) € X(n™ 1 (§)) is well-defined and is we-related to the Hamiltonian
vector field Xp, € X(Mg).

Under the assumptions of the Reduced Dynamics Theorem, we have for all ¢ € R, a com-
mutative diagram

i E) 2 ()

ﬂ{ fg

Mg T — Mg.
¢>H§

Here (bqu denotes the flow of the Hamiltonian vector field Xy, € X(M¢). We would like to

solve the dynamics on the reduced space (M, we), which entails computing the flow ¢§q£

explicitly. If we know the action of G¢ explicitly, we can construct the flow ¢%; on p=*(€)

using the flow of the reduced Hamiltonian (See [AMOS8, Section 4.3]). Following [Mei00],

[AKNO7], [GPS02] we outline such a procedure for the Kepler problem.

Example 1.1.14 (Kepler Problem). Let Q@ = R?(¢', ¢?) be the configuration space and
consider its cotangent bundle T*R? = R?(q, ¢%) x R?(p1,p2) with the standard symplectic
form w = dg* Adpy +dqg? Adps € Q2(T*Q). The Hamiltonian of the Kepler problem is given
by

P +13

H(q17q27p17p2) = T + V(Q)? (122)

with potential V(q) = ﬁ. This Hamiltonian describes the two-body problem where the
force between the two bodies is an inverse square law. A physical example of a Kepler
problem is the motion of the Earth with respect to the Sun under the effect of gravity. We
derive the Kepler orbits with the point of view of symplectic reduction.

The circle group SO(2) = S! acts on the configuration space Q by rotations. By using the
cotangent lift we obtain a symplectic action of SO(2) on the cotangent bundle 7*Q which
preserves the Hamiltonian. This action is Hamiltonian with momentum map

p:T*Q — R =s0(2)%, u(q', ¢ p1,p2) =p20" — ¢*p1 = (¢",4%,0) x (p1,p2,0),  (1.23)

where (- x -) denotes the cross-product. We recognize this momentum map as the angular
momentum. In view of the rotational symmetry, we change to polar coordinates on Q:

q' =rcos(p), ¢* = rsin(p). (1.24)

Using the transformation law for one-forms, we find the following relation for the momenta
Dr, Py conjugate to r, ¢:

P1 = PrCOS Y — Pe gin ©, P2 = prsinp + Pe cos ©. (1.25)
r r
11



The symplectic form in polar coordinates equals

w=dr ANdp, +de Adp, € Q*(T*Q). (1.26)
and the Hamiltonian reads
2 2
pr p@ 1 o0 *
H="+-"*% — - T*Q). 1.2
Ly leCecxrq) (1.27)

The momentum map is given by u = p, = r2p, which is indeed a conserved quantity of
the system because the Hamiltonian does not depend on ¢. Let £ # 0 be a nonzero value.
It is readily seen that SO(2) acts freely on the level set p~'(¢) = {p, = £} C T*Q. Let
i¢ o 1~ H(€) <= T*Q denote the inclusion map. Since the angular momentum p,, is conserved
(on p=1(€)), we have dp, = 0 and it follows that

igw=dr Ndp, € Q% (= 1(9)). (1.28)

The two-form ifw is of constant rank and its kernel is the tangent bundle of the SO(2)-
orbit. It follows that the reduced phase space My = p~'(£))/SO(2) is diffeomorphic to
R>o(r) x R(p,) and under this identification the reduced symplectic form equals we =
dr A dp, € Q%(Mg). The reduced Hamiltonian is given by

vy (& 1\ _np o
H ,) = —— ) == +V (Mg). 1.29
o) =T+ (53— 1) = v e o2 (1.29)
Here we think of the second term Ve (r) = (% - %) as a reduced potential.
Hamilton’s equations of motion on the reduced phase space (Mg, we) imply
OH¢
= =Dpr 1.30
T P (1.30)

On a hypersurface Hgl(E) C M; of constant energy E we obtain

i = \J2E — Ve(r)) (1.31)
Lifting this up to u=1(&) gives
2 2/2(E -V,
dr_qdt ot ry2AE - Ver) (1.32)
dp dp & £
Here we have used that & = 72¢ on p~1(£). Applying separation of variables to the above
differential equation yields

B B r &dr
PR ) R RE Vi)
1

This integral can be solved by means of the substitution v =
manipulations we get the Kepler orbits:

(1.33)

and after some algebraic

52
~ T+ ccos(y — o)

r(p) (1.34)

where e := /1 + 2E£2 is the eccentricity of the orbit.

12



1.2 Integrable Systems and the Liouville-Mineur—Arnold
Theorem

In this section we consider integrable systems. Informally, these are Hamiltonian systems
with “enough” symmetries. To an integrable system one can associate action-angle coordi-
nate in which Hamilton’s equations can be readily integrated. The exposition follows Zung’s
paper A conceptual approach to action-angle variables [Zun18] and Duistermaat’s On global
action-angle variables [Dui80]. The philosophy is that there is a correspondence between
integrable systems with compact fibers and Hamiltonian torus spaces. On the one hand, a
Hamiltonian torus space gives an integrable system by its momentum map. On the other
hand, an integrable system has a semilocal (i.e. in a neighborhood of a fiber) torus action
which is Hamiltonian. The benefit of this approach is that we can construct the action-angle
coordinates as a straightforward consequence from this Hamiltonian torus action.

Definition 1.2.1. Let (M?",w) be a symplectic manifold. An integrable system is a collec-
tion of n Poisson commuting smooth functions (fi,..., f,) on (M?" w) whose differentials
dfi,...,df, € Q1(M) are linearly independent on a dense open subset. A Hamiltonian sys-
tem (M,w, Xpr) is called integrable if there is an integrable system F = (fy,..., f,) on M

Let F = (f1,...,fa) : (M?",w) — R™ be an integrable system. By Sard’s theorem, any
integrable system has a regular value in its image. Let ¢ € F'(M) be a regular value of F.
We show that the level set

Fe) = fr e -0 i (en) (1.35)

is a Lagrangian submanifold of M. By the regular value theorem we have that F~!(c) is a
submanifold of M of dimension n with tangent bundle given by T'(F~'(c)) = ker dF|p-1(.).
We denote by ¢! the flow of the Hamiltonian vector field Xy,. By assumption, we have that

w(Xyp, Xy) =1{fi, f;} =0, foralli,j=1,...,n, (1.36)

so the flow ¢! preserves the level set F~1(c). In particular, the Hamiltonian vector fields X,
are tangent to the level set F'~!(c). By linear independence of the differentials dfy, ..., df,
on F~1(c), it follows that the tangent bundle F~!(c) is spanned by the Hamiltonian vector
fields Xy,,...,Xy,. This proves together with (1.36) that F~!(c) is Lagrangian.

Now suppose in addition that F~1(c) is compact and connected. The flows ¢! are complete
on F~!(c) by compactness. Since

[Xfﬂij} = _X{fi,fj} =0 (137)
the flows ¢fi, ¢§-J commute. Consequently, the joint flow defined by
R™ x F7(c) = F7(c), ((t1,.--stn),x) > ¢t 00 @ln (). (1.38)

defines a smooth action of (R", +) on the fiber F'~!(c). By linear independence of Xy, , ..., Xy,
the orbit map @, : R® — F~1(c) is a local diffeomorphism. This means that the isotropy
subgroup R” of the joint flow through a point z € F~*(c) is discrete, and so the orbit is open
in F~!(c). In turn the connectedness of the fiber implies that the action is transitive. Hence
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we obtain a diffeomorphism from R"/R? = F~!(c). The fiber is compact, so the isotropy
subgroup is isomorphic to the lattice Z"™. We conclude that the fiber is diffeomorphic to
the n-torus T™ and is equipped with a free T"-action induced by the joint flow. Liouville’s
theorem extends this action to a tubular neighborhood of the fiber ([Zunl18], [Aud04, p.91]).

Theorem 1.2.2 (Liouville). Let F = (f1,..., fn) be an integrable system on a symplectic
manifold (M?*",w). Suppose that ¢ € F(M) is a regular value and that the level set T :=
F~1(c) is compact and connected. There exists a tubular neighborhood U(T) of T on which
the joint flow induces a free torus action

o:T"xU((T)— U((T), (1.39)
satisfying the following properties:
o The orbits of the torus action are regular level sets of F'.
o There exists a diffeomorphism
x:U(T)—>D" xT" (1.40)
which maps each orbit in U(T) diffeomorphically onto a corresponding torus {p} x T™
in the image.

Accordingly, we call the level set T' a Liouville torus, the action ® the Liouville torus action
and the diffeomorphism x Liouville coordinates.

It is a nice exercise in de Rham cohomology to show that the Liouville torus action on
U(T) is Hamiltonian [Aud04, p.93]. Using the momentum map one can readily obtain the
Liouville-Mineur—Arnold theorem cf [Zunl8], [Aud04, p.96]. The classical proofs can be
found in [Arnl13], [Min37], [Lio55].

Theorem 1.2.3 (Liouville-Mineur—Arnold). Let F = (f1,...,fn) : M — R™ be an
integrable system on a symplectic manifold (M*",w). Suppose that ¢ € F(M) is a regular
value of F and that the level set T := F~(c) is compact and connected. There exists a
neighborhood U(T') of the Liowville torus T and a symplectomorphism

U (U(T), w) — (D" xT", Y do' Ada') (' € D", 0 € T")
i=1
such that the coordinate representation F o W1 : T" x D® — R™ only depends on x € D".

Definition 1.2.4. The Darboux coordinates ¥ = (Iy,..., I, ¢1,...,¢n) constructed in the
Liouville-Mineur—Arnold Theorem are called action-angle variables.

Action-angle coordinates allow us to explicitly integrate the solutions of a Hamiltonian sys-
tem in a neighborhood of a Liouville torus. Indeed, let F' = (f1,..., fn) be an integrable
system. In action-angle coordinates the Hamiltonian f; only depends on the action coordi-

nates (I1,...,I,), so Hamilton’s equations read
; 225} . _Of
I;=— = dg; = =c¢i(I1,...,1,). 1.41
2 =0 and g = G =il T (1.41)

Integrating these equations yields
Ii(t) = 1;(0) and ¢;(t) = c;(11(0), ..., 1,(0)) - t + ¢;(0), (1.42)
which shows that the angle variables are linear in time.
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1.3 Geodesic Flow

This section serves to introduce our main object of study, which are geodesic flows of pseudo-
Riemannian manifolds. As we shall see, the geodesic flow allows us to study geodesic motion
from a Hamiltonian perspective. By applying tools from Hamiltonian dynamics we can study
the behavior of a geodesic flow. We can pose the question if a geodesic flow is integrable or
admits chaotic behavior.

1.3.1 Basics of Pseudo-Riemannian Geometry

Definition 1.3.1. Let M be a smooth manifold. A metric on M is a nondegenerate sym-
metric (0,2)-tensor field g on M of constant signature. A pseudo-Riemannian manifold
is a pair (M, g) consisting of a smooth manifold M together with a metric g € 73 (M). A
pseudo-Riemannian manifold whose metric has signature (—, +, ..., +) is called a Lorentzian
manifold.

Let (M,g,,) and (N, gy) be pseudo-Riemannian manifolds. An isometry from M to N is
a diffeomorphism ¢ : M — N which pulls back the metric gy to the metric g;,, that is,
©*gn = gu- In this case, the pseudo-Riemannian manifolds (M, g,,) and (N, gy ) are said
to be isometric.

We denote the group of isometries from a pseudo-Riemannian manifold (M, g) to itself by

Iso(M,g) := {¢ € Diff(M) : p*g = g}. (1.43)

The isometry group describes the symmetries of the pseudo-Riemannian manifold.

On a pseudo-Riemannian manifold (M,g) we can use a local frame (Ey,...,E,) of the
tangent bundle TM with dual coframe (o, ...,0™) to write the metric locally as
g = g” O'i ® O'j.

Typically, we use the coordinate vector fields of some smooth chart as a local frame or
construct an orthonormal frame using the Gram-Schmidt algorithm. As is customary, we
employ the Einstein summation convention which means that summation over indices that
appear both up and down is implied. In view of the symmetry g;; = g;;, we obtain %
functions g;;. On the domain of the frame the metric acts on tangent vectors v = v'E;, w =

w/ Ej by the formula

g(v,w) = gijo'(v)od (w) = gijv'wd. (1.44)
Similarly, a tensor (r, s)-tensor T' € T (M) is written as
T = T;;;:En ® - ®E;, ® o @ ® o, (1.45)

so that its component functions equal
T;;;; = T(O—ila cee 70-i7.a Eju ceey Ejs)~ (146)

Since the metric is nondegenerate the assignment X +— g(X,-) defines an isomorphism from
the space of vector fields X(M) to the space of one-forms Q'(M). This isomorphism is
explicitly given by declaring

() B g 07 (1.47)
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and requiring it to be C°°(M)-linear. If we denote by g%/ the entries of the inverse matrix
(gij)_1 the inverse of the above isomorphism equals

()07 g E;. (1.48)

Using Equation (1.47) and Equation (1.48) we can change the tensor (r, s)-tensor T into a
(r — k,s+ k)-tensor (r — k,s + k > 0), as follows. For simplicitly, we apply this process of
type change to turn T into a (r — 1,5+ 1)-tensor. Given (r — 1) one-forms w?, ...,w"~! and
(s + 1) vector fields X7, ..., X541, we convert the vector field X; into a one-form using the

map ()b and subsequently apply 7. In formula, we have
(W W X X ) = T w0 XD X, X)), (1.49)

We also denote this type-changed tensor by the symbol 7. The components of T" after type
change are related to the original components by

e i1in 1k
lesz: = gjlkI?;"';s+; . (150)

Given a (0,n)-tensor T, we can use the symmetric group S, to symmetrize and skew-
symmetrize T'. In tensor notation, symmetrization is denoted by round brackets

1
Ty ) = ! Z T (iy) o (in) (1.51)
’ o€ESy
and skew-symmetrization is denoted by square brackets
1 :
T[jlmj"] = E Z 81gn(o) Ta(il)mo(in)' (152)
" 0ESH

We call Tj,...;,y and Tj;,...;.) the symmetric part and skew-symmetric part of T, respec-
tively. Note that in this notation a differential n-form is a (0,n)-tensor T' which satisfies
Liji-ejn) = Thr-eojn-

In order to define the acceleration of a curve in a manifold we would like to differentiate the
velocity vector field defined by the curve, just as in Euclidean space. However, a problem
with this approach is that we cannot subtract two tangent vectors which live in different
tangent spaces. Introducing a connection in the tangent bundle allows us to resolve this
problem. A connection amounts to a method of taking derivatives of vector fields (or
more generally, derivatives of sections of vector bundles). We need the following theorem,
which asserts that on a pseudo-Riemannian manifold there is a canonical way of choosing a
connection after requiring that the connection is compatible with the metric and Lie bracket.

Theorem 1.3.2 (Fundamental Theorem of Pseudo-Riemannian Geometry). Let
(M, g) be a pseudo-Riemannian manifold. There exists a unique R-bilinear map

V:iX(M)xX(M)—=X(M), (X,)Y)— VxY (1.53)
satisfying the following properties:
o The assignment X — VxY is tensorial:
VixY = fVxY, (1.54)
for all f € C™(M).
16



o The assignment Y — VxY satisfies the Leibniz rule:
Vx(fY)=[f VxY +X(f) Y, (1.55)
for all f € C*(M).
e The map V is torsion-free:

VxY - Vy X = [X,Y]. (1.56)

e The map V is compatible with the metric:

Lz(9(X,Y))=9(VzX,Y)+g(X,VzY). (1.57)

We call V the Levi-Civita connection associated to the metric g and VxY is said to be
the covariant derivative of Y in the direction X.

Let (M, g) be a pseudo-Riemannian manifold, and consider the (Levi-Civita) connection V
on M. Since the connection is tensorial, the covariant derivative V, Y of Y € X(M) in the
direction of a tangent vector v € TM is well-defined. Given a local frame (E4,..., E,) of
the tangent bundle T'M, the functions Ffj defined by the formula

Vg, E; =T}, Ey. (1.58)

are called the Christoffel symbols of the connection with respect to the chosen frame. If
the vector fields of the local frame commute, the vanishing of the torsion of V is equivalent
to the Christoffel symbols I‘fj being symmetric in the lower two indices. The covariant
derivative VxY can be computed in the local frame as

VxY = (X'Lp, (Y") +TEX YY) Ey. (1.59)

Here we have used properties Equation (1.54), Equation (1.55) of the connection together
with the definition of the Christoffel symbols. The local expression of VxY shows that the
value of VxY at a point only depends on the values of Y along a curve passing through
that point. This motivates the following definition.

Definition 1.3.3. Let (M",g) be a pseudo-Riemannian manifold with Levi-Civita connec-
tion V. A curve v in M is called a geodesic if the covariant derivative of the velocity vector
field 4 along itself vanishes, that is,

Viy =0. (1.60)
If (z%,...,2") are coordinates, then the condition for v : ¢t — (z(¢),...,2"(t)) to be a
geodesic becomes
d%az® dxt da?
rh—— =0 (1<i,jk<n). 1.61
dtQ + 1] dt dt ( — Z7.77 — n) ( )

We call either of the above equations the geodesic equations.

We now define the covariant derivative of any tensor on M along a vector field X. For
f e C®(M) we let Vxf := Lxf be the Lie derivative. There exists a unique tensor
derivation V x on M which restricts to the Lie derivative on functions and the usual covariant
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derivative on vector fields (cf [O’'N83, p.45]). Indeed, the covariant derivative VxT of a
tensor T' must necessarily be given by the formula

(VxT) (W, ... w", Y1,...,Yy) = Vx(T(w!,...,w", Y1,...,Y)))

T(W!,...,w"\Yi,...,VxYi,...,Y,)

S
Il
—_
—
—_
D
[\
~

TWh,...,Vxw, . .. ,w"Y,...,Y,).

1

J

We emphasize that the first term on the right hand side is a Lie derivative.

Let (Ey,...,E,) be a local frame of (M, g) with dual coframe (c?,...,0m). We write the
covariant derivative of a tensor T' € T (M™) as

VT =V,T; 7 o' ©E, @ ®E, @' @--- @0’ (1.63)
where the component functions are defined by
VT = (Vg T)(0™,...,0" Ej,,....Ej,). (1.64)

1.3.2 Geodesic Flow and Noether’s Theorem

Definition 1.3.4 (Geodesic Flow). Let (M, g) be a pseudo-Riemannian manifold. The
Hamiltonian system on the cotangent bundle (T*M,w) defined by

Hig,p) = %gij(q) pip; € C(T* M) (1.65)

is called the geodesic flow of the metric g. Note that H can be written in a coordinate-
independent way as H : £ — %g(fﬁ,fﬁ).

The following proposition explains why it is called the geodesic flow.

Proposition 1.3.5. The geodesic flow of a pseudo-Riemannian manifold (M™, g) projects
onto geodesics. This means that if v is an integral curve of the Hamiltonian vector field
Xy defined by H = %gijpipj and 7w : T*M — M is the canonical projection, then mo~ is a
geodesic.

We wish to determine conserved quantities of the geodesic flow in a systematic manner. The
isometries represent symmetries in the dynamics of geodesics. Noether’s theorem serves as
a computational tool to find integrals of motion of the geodesic flow. We start by looking
at the infinitesimal notion of an isometry.

Definition 1.3.6 (Killing Vector Field). Let (M, g) be a pseudo-Riemannnian manifold
with Levi-Civita connection V. A vector field X € X(M) is said to be a Killing field if its
corresponding flow preserves the metric, that is,

Lxg =0. (1.66)

Since the Levi-Civita connection is compatible with the metric, the condition for a vector
field X to be a Killing field becomes the Killing equation

1
V(in) = §(VZXJ + Vin) =0. (1.67)
We denote by iso(M, g) the Lie algebra of Killing fields.
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It turns out that the isometry group Iso(M,g) is actually a finite-dimensional Lie group
[Pet16, Theorem 8.1.6] and that its Lie algebra can be identified with iso(M,g). The ex-
ponential map of the isometry group is given by the “flow at ¢ = 17 map, exp : X — ¢k
whenever defined.

Clearly, we have a Lie group action of the isometry group on the pseudo-Riemannian man-
ifold (M, g)

Iso(M,g) x M — M, (p,p) — ¢(p). (1.68)
Following example 1.1.11 | this action lifts to a symplectic action of the isometry group on

the cotangent bundle T* M which leaves the Hamiltonian H = g¥p;p; invariant. This action
is Hamiltonian with momentum map given by

p s iso(M,g) = C(T™M), px(§) = £(X). (1.69)

By Noether’s theorem, the momentum map is a conserved quantity of the geodesic flow. In
cotangent coordinates (¢',...,¢",p1,...,pn) the momentum map equals ux = Xp;.

Definition 1.3.7. Let (T*M,w, Xp) be a Hamiltonian system on the cotangent bundle
defined by a Hamiltonian H, and let (¢!,...,q", p1,...,pn) denote cotangent coordinates.
A polynomial integral of degree d is an integral I : T*M — R whose expression is a homo-
geneous polynomial of degree d in momenta:

n

I= % a" (g q") piy b (1.70)

11,0t =1

The smooth functions a;,...;, may only depend on the position coordinates (q',...,q").
Polynomial integrals of degree 1,2,3.4,...are called linear, quadratic, cubic and quartic in-
tegrals, etc.

For example, the Hamiltonian of the geodesic flow is a quadratic integral.

Proposition 1.3.8. Consider the geodesic flow of a pseudo-Riemannian manifold (M, g).
Then the map '
iso(M,g) — ({linear integrals}, {-,-}), X — X'p; (1.71)
is a Lie algebra isomorphism.
Proof. This map is a Lie algebra homomorphism being the corestriction of the momentum
map (which is a Lie algebra homomorphism). Clearly, the map in consideration is injective.
To prove surjectivity, let I := a’(q',...,q") p; be a linear integral of the geodesic flow. We
must show that Z := a’(¢',...,¢")d,: is a Killing field. The condition that Z is a Killing
field is equivalent to the assertion that the Lie derivative of the inverse metric vanishes, in
formula, N - _ _ _ _
Lz(g” 0, ®0;) = (Lz(g7) — g*Ok(a") — gk (a?)) ;@ 9; = 0. (1.72)
By assumption, we have that {H, I} = 0. By applying the Leibniz rule to H = gp;p; and
I = a'p; repeatedly, we obtain
0={H,I} ={g” pipj,a"pi}
= —g"pid*{p;, pi} + & pipr{p;, a*}
— g7pja"{pi, pi} + &7 pjpi{pi, ar}
— pipjprfe”, a"} + pipja*{g”, pr}.
19
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Using that the momenta variables Poisson commute together with {g"/,a*} = 0, Equa-
tion (1.73) reduces to

0= —g"0;(a")pipk — &"0;(a")p;pi, + a* 01 (g )pip;. (1.74)

Relabeling the indices and recognizing that a*dy(g") = Lz(g¥) leads to

0= (Lz(g") — &’ Ok(a’) — g™ Dk(a”)) pi; (1.75)
It follows that Z satisfies Equation (1.72) and so is a Killing field. This proves that the
assignment X +— X'p; is surjective. O

Thus Noether’s theorem can be restated in this setting as:

The symmetries of the geodesic flow coming from isometries generate linear integrals.

Ideally we can prove integrability of a geodesic flow using only linear integrals. This is not
always possible, a necessary condition is that iso(M, g) contains a commutative subalgebra
of dimension n — 1. So it is of importance to have alternative methods of finding integrals.
We can use methods from Lie theory to find additional integrals, as the following example
demonstrates.

Example 1.3.9 (Integrability of the Geodesic Flow of the Schwarzschild Met-
ric). Consider the Schwarzschild metric of a spherically symmetric massive body with
Schwarzschild radius rg.

—1
gap = — (1 _ ’”70) at® + (1 _ 7"70) dr? + r2(d6? + sin(0) d?). (1.76)

This spacetime has four Killing fields (with corresponding linear integrals) given by

Xi =0 Iy =pt
X1 =sin(p) 0p + M 0y I, =sin(p) pp + M Py
sin(0) sin(6) (1.77)
X, = cos(p) 9y — cos(#) sin(yp) 9 I = cos(e) po — cos () sin(yp) ’
X3 = 3@ 13 = pW'
It is readily verified that the nonzero Lie brackets of iso(M, g) are given by
{h, b} =13, {Ii, I3} = —I>, {I>, I3} = Ih. (1.78)

Hence, the Lie algebra decomposes as iso(M,g) = R @ s0(3), where the center is given by
R = <If> and 50(3) = <Il,12713>.

In view of the Lie brackets and the Leibniz rule, it is readily seen that the function Icss :=
I? + I3 + 13 is a Casimir function in R[I, I, I3] C (C°°(T*M),{-,-}), that is, the integral
Icas Poisson commutes with Iy, Is and I3. The functions H, Iy, I3, Ic.s are four Poisson-
commuting independent integrals. We conclude that the geodesic flow of the Schwarzschild
metric is integrable.
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1.3.3 Killing Tensors

In the previous section we have seen that the symmetries of the geodesic flow coming from
the isometry group are in a bijective correspondence with linear integrals of motion. So-
called hidden symmetries of the system are responsible for higher order polynomial integrals.
These hidden symmetries are most conveniently encoded in an algebraic object which satisfy
a generalization of the Killing equation.

Definition 1.3.10 (Killing Tensor). Let (M™,g) be a pseudo-Riemannian manifold. A
symmetric d-tensor K € T (M) is a Killing tensor of rank d if the symmetric part of its
covariant derivative vanishes:

ViKj, . .50 =0 (1.79)

Let K4 denote the vector space of Killing d-tensors.
Note that the metric tensor is trivially a Killing 2-tensor.

Theorem 1.3.11 (Correspondence Killing Tensors and Polynomial Integrals).
Consider the geodesic flow of a pseudo-Riemannian manifold (M, g). There is a one-to-
one correspondence

K4 — {Polynomial integrals of degree d} (1.80)

which assigns to a Killing d-tensor K the function K% ip; --.p, € C*(T*M).

Proof. Following Woodhouse’ article [Woo75], we sketch a proof.
Let S4(M) := T'(SYTM) be the symmetric (0, p)-tensors on M. We have a linear isomor-
phism
6 : S%(M) — {Homogeneous polynomial in momenta of degree d}, T ~ (£ +— T(&, ..., £))
(1.81)

The Lie bracket [-,-] on S1(M) = X(M) extends to a Lie bracket on S(M) called the
Schouten—Nijenhuis bracket. Given A € SY(M), B € S¢(M) we have that [A, B] € S4te=1(M).
We have o L

[A, B] = {A, B}. (1.82)

Taking B = g, we find that A € C>(T*M) is an integral if and only if [A,g] = 0. The
condition [A4,g] = 0 is equivalent to VUK71-J4) = 0. Since a connection commutes with
type change, this proves the claim. O

We mention that polynomial integrals can be reconstructed from its values on an arbitrarily
small neighborhood of the cotangent bundle (cf. [KM16]). The argument uses the fact
that any two points can be joined by a broken geodesic. Since integrals are constant along
geodesics, this provides a way of determining the values of the integral outside the given
neighborhood. As polynomials are determined by a finite number of values, this approach
is constructive.
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Graded structure of Killing Tensors

By the above theorem the Poisson bracket on functions corresponds to the Lie bracket
for symmetric tensors. The pointwise product on functions corresponds to the symmetric
product for tensors, which gives rise to a grading on the space of Killing tensors: K* = @, oy

Kdl X Kd2 —> Kd1+d2, Cl,m Oél 024 ﬁm — cl’mal -ﬂm. (183)

Definition 1.3.12 (Relation among Killing Tensors.). A relation (syzygy) among
Killing tensors of rank d; and dy with d; # ds is an element of the kernel of the map

Kd1 ® Kd2 — Kd1+d2. (184)
If di = dy =: d, a relation is given by an element in the kernel of the map S?Ky — Koq.

Definition 1.3.13 (Irreducible Killing Tensor). A Killing d-tensor (d > 2) is irreducible
if it cannot be written as the symmetric product of lower rank Killing tensors.

The space of irreducible Killing 2-tensors can be identified with the cokernel of map ¢o :
52K, — Ka, it fits into a short exact sequence

0 — Ker 15 — S?K; — Ky — Coker 15 — 0. (1.85)

The space of irreducible Killing 3-tensors can be identified with the cokernel of the map
13 K1 ® Ky — Kjs, etc.
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Chapter 2

Geometric Theory of Partial
Differential Equations

The main goal of this thesis is to determine the dimension of the space K, of Killing d-
tensors. In the previous chapter we have seen that this problem is equivalent to completely
integrating a linear partial differential equation obtained from the Poisson bracket. To this
end, we shall study partial differential equations from the geometric point of view. This
approach amounts to solving a PDE up to a given order k and determining whether this
potential solution can be extended to a solution up to order k + 1, etc. If we can continue
this process indefinitely we have constructed a formal solution of the PDE, which essentially
is the Taylor series of a potential solution. In order to formalize this approach, we dive into
the language of jet theory. The advantage of jet theory is that we can apply methods of
differential geometry and cohomology to study PDE’s.

2.1 Basics of Jet Theory

In this section we discuss the required background from the theory of jets and PDEs, it has
profited a lot from the references [Sau89], [Olv95], [Boc+99], [KLO08], [Seil0], [Yud16].

2.1.1 Jet Bundles

Definition 2.1.1. Let E, B and F be manifolds. A smooth surjection 7 : E — B is a fiber
bundle with fiber F' over B if there exists an open covering U = (U;);ecr of B together with
diffeomorphisms ¢y, : 771 (U;) — U; x F such that the following diagram commutes:

Here pry, : U; x F' — Uj is the projection onto the first factor. We say that ¢y, are local
trivializations of the fiber bundle 7 : E — B. The map 7 is called the projection, the
manifold F is called the total space, and B is called the base space.
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Given a fiber bundle 7 : E — B, the existence of local trivializations imply that the projec-
tion 7 is a submersion. Another consequence of the local triviality property pr;;, o py, =7
is that each fiber of 7 is diffeomorphic to F'. A local trivialization allows us to construct
coordinate charts on the total space E compatible with the fiber bundle structure, as fol-
lows. Let (z',...,2") and (u',...,u™) denote coordinates on the base B and fiber F,
respectively. By restricting their coordinate domains (if necessary) and composing with the
local trivialization, we obtain coordinates (z!,...,2™ ul,... ,u™) on the total space. We
call such coordinates on the total space adapted to .

Let w : E — M be a fiber bundle. A section of 7w is a smooth map o : B — E satisfying
moo = Idg. Thus, a section ¢ maps a point z € E to an element of the corresponding fiber
E, :=n~1(p) above z. We shall also consider local sections, i.e., a smooth map o : U — F
defined on an open U =: Dom(o) C B satisfying moo = Idy. We denote the space of (global)
sections and local sections by I'(E) and I'ioc(E), respectively. Moreover, let I'ioo(E), denote
the space of local sections whose domain contains the point p € B. In contrast to vector
bundles, a fiber bundle does not always admit a global section. Using a local trivialization
of 7, it is readily seen that for any e € F and = € B there exists a local section ¢ such that
o(z) =e.
If 0 € Toe(E) is a local section and (z,u) = (z!,...,2" ul,...,u™) are adapted coordi-
nates, then locally we have o(x) = (2,0 (x),...,0™(z)) where 07 := u’ o o are called the
component functions of . Hence, we think of the z-coordinates on the base as the inde-
pendent variables and the u-coordinates in the fibers as the dependent variables. We now
want to define the k-jet of a local section o : x +— (2,0 (z),...,0™(x)). It should encode all
the partial derivatives of o up to order k, or equivalently its k’th order Taylor polynomial.
Given a multi-index o = (aq,...,a,) € Nj of length |a| := a1 + -+ + ay, we define the
operator " o

o «
g::%,::am?.ﬁ,' (2.1)

T=p T4 Tn lz=p

We define an equivalence relation N’; on T (E,p) as follows. Two local sections 01,09 €
are said to be k-equivalent at p if

0y (01) = 95 (03) (2.2)

for all 1 < j < m and all multi-indices a with |a] < k. One should verify that this
construction is independent of the choice of coordinate chart (see [Sau89, Lemma 6.2.1.] ).
The resulting equivalence class of a section o € I'ioc(E), is called the k-jet at p of o and
is denoted by j;’ja. In other words, two sections have the same k-jet if and only if their
k-th order Taylor polynomials in one (and hence any) trivialization coincide. By taking the
quotient of I'ioc(E), under this equivalence relation, we obtain the k-th jet space at p:

JH(E)p = Tioe(B)p/) ~k = {jt0 : 0 € Tioel(E), }. (2.3)
Next, we construct the k-th jet bundle of w : E — B by setting
JEE = | | JH(E),. (2.4)
peB

The space J*E is naturally endowed with a smooth structure turning J*E into a manifold
of dimension dim J*E = n + m("zk). If (z,u) are adapted coordinates for the fiber bundle
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7, then we obtain coordinates on J¥FE which assigns to a k-jet j;fa the coordinates of the
basepoint p together with all its partials up to order k. In formula, this assignment equals

jho = (2(p),05(07)1<i<m, 0<al<k- (2.5)

We denote these coordinates on J*E by (z,u®), which emphasizes that these coordinates
are induced by some adapted coordinates on the total space F.

There are several natural projections associated to the jet bundle J*E. Firstly, we have the
projection to the base,
Tt JEE — M, jﬁa»—)p (2.6)

Moreover, we obtain a projection 74, of J¥E onto a jet bundle J'E of lower order I by
“forgetting” all partial derivatives of order greater than [, that is,

Thi: J'E = J'E, jio— jlo (k> 1). (2.7)

Under the identification J°E = E through the map jga + o(p) we have that 7o : JKE — E
is the projection to the total space. The maps mj; and mj, are smooth fiber bundles, which
justifies naming J*E a jet bundle. Even more is true, if additionally 7 is a vector bundle
then the maps 7 are vector bundles as well. Local sections of 7 : F — B give rise to local
sections of 1 : J*E — B. We define the k-jet of a local section o € T'(E)joc to be the
section j*o : p — j[’fa of JEE — B. The converse is not true, a local section of J*E is
generally not a k-jet of a local section of E.

These maps fit into a sequence of fiber bundles

e JEE IR gholp T, 2L J'E TS E S M, (2.8)

which in its inverse limit yields the infinite jet bundle J®°E := lim J*E. It turns out that
the infinite jet bundle is actually an infinite-dimensional manifold modelled on a Frechét
space. An element of J°°F can be thought of as a formal infinite Taylor series, as this series
does not converge in general (give a citation). However, by Borel’s theorem (citation), we
do have that for any z € J>°E there exists a local section o € I'jo.(E) such that its infinite
prolongation j*¢ equals z.

2.1.2 Partial Differential Equations

Definition 2.1.2 (Geometric PDE). A (geometric) partial differential equation of pure
order k on a fiber bundle 7 : E — B is a submanifold £ C J*E with the property that the
restriction 7|g¢ : £ — B is a fiber bundle. A solution of the PDE is defined to be a local
section o of 7 such that its k-jet j¥o takes values in &, that is,

jga € & for all p € Dom(o). (2.9)
We denote by Sol(€) the space of all solutions of the PDE.

Let us look into this definition with more detail. Suppose that & C J*E is a PDE. Since
£ is a submanifold, we can find around any point in the PDE an open U C J*E and a
submersion F : U — R°4m(€) such that locally € is the level set of F:

Uné&=F0). (2.10)
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This means that a point ng € U is an element of the PDE if and only

F(jkr) =0. (2.11)
If o € Sol(€) is a solution of the PDE, then clearly we have

F(jko)=0. (2.12)

Comparing Equation (2.11) and Equation (2.12) leads to an interpretation of £ in terms of
its solutions:

“Elements of a k’th order geometric PDE £ C J*E are solutions up to order k.”

Example 2.1.3. We can identify a k-jet j}’;a with the Taylor polynomial of ¢ about p in
adapted coordinates (x,u) through the map

jzlfcr > (Taylor(ot, p, k), ..., Taylor(c™, p, k)) (2.13)
where m is the number of dependent variables.

Of course, we would then like to find the solutions of the PDE £ up to order k + 1 (then up
to order k + 2, and so on). This is done by differentiating the system Equation (2.11) with
respect to the base variables and imposing the resulting constraints. To this end, suppose
that o(x) = (z,u(r)) is a solution of the PDE £. We can write its k-jet as (j¥0)(z) =
(z,u®(zx)). Now differentiating and applying the chain rule yields

0 W OF OF . . ou,
(Pl (@) = @t @) + Y s @t @) S @) =0, (214)

ozt
0<lal<k

We introduce the notation o + 1; to be the multi-index obtained by adding 1 to the i'th
entry of a. In view of the expression (2.14) we define the i’th total derivative of F at a
point (z,u®) by

oF oF ,
(D;F)(z,u®) := %(.T,ua) + Z a?(a:,u(’) u i (2.15)
0<|a|<k

Now, a point (x,u®) € J*T1E is said to be a solution of & up to order k + 1 if it satisfies
the following system of equations:

{F(az,u"‘)

=0 (2.16)
(D;F)(z,u*)=0foralli=1,...,n. ’

The resulting system of equations is called the first prolongation of £. By construction, a
solution of £ is still a solution of the prolongation £). In the language of jet theory, we
can phrase this prolongation procedure as follows.

Definition 2.1.4 (Prolongation of a PDE). Let £ be a PDE of order k on a fiber bundle
m: E — B. The (first) prolongation of £ is defined to be

EW .= JYE) N JHE, (2.17)

(Note that since & C J¥E we have J'(£) C J'(J*E). However, J'(J¥E) consists of 1-jets
of sections of 7 : JEE — B, so we intersect J!(€) with the jet bundle J**1E.)
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It is instructive to check that the definition Equation (2.17) written in jet coordinates (z, u®)
is equivalent to Equation (2.16).

Example 2.1.5. We work out the procedure of prolongation for a simple PDE. Consider
on the bundle R® — R?, (z,y,u) — (z,y) the first-order PDE defined by

&= {uf v (2.18)

Uy = U.

(Here u, denotes the partial derivative of a section u = u(x,y) with respect to z, etc.)
Differentiating the equations of £ with respect to x,y and applying the product rule once
yields the first prolongation:

Ugy = YUgz, Uy = YU
) — ) oy = UF YUy (2.19)
Ugy = Uy, Uy =u
Uyy = Uy.
Note that we can rewrite the equation from the second row as
Uy = v+ yu = (1+y)u. (2.20)

On the other hand, combining the equation from the third row shows and the second equa-
tion from the third row shows that

Ugy = Uy = YU. (2.21)

Comparing Equation (2.20) and Equation (2.21), we obtain that © = 0. Thus, by prolonging
the PDE we were able to deduce that the only solution of the PDE & is given by the trivial
solution u = 0.

In order to simplify the exposition, we make the following assumption.

Regularity Assumption I. Throughout, we shall assume that the prolongation of a PDE
is again a PDE.

Under this assumption, we can inductively define the I’th prolongation £®) of a k’th order
PDE £ C J*E by
EW .= (g=1)(V) C jhtiHlp, (2.22)

Note that the PDE £ is of order k + I. It is readily seen that the I’th prolongation
consists of Equation (2.16) together with the equations obtained by differentiating this
system up to order k with respect to the base variables. Since a solution of a prolongation
is necessarily a solution of the original PDE, the projection 71 j restricts to a well-defined
map 7 : EW) — . We say that a solution up to order k, denoted 7 € &, can be extended to
a solution up to order k + 1 if there exists 7 € £ such that 7(7) = 7. An element of the
inverse limit of the sequence

e gty I LeM g (2.23)
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is called a formal solution of £. The oco-jet of a solution always defines a formal solution,
but the converse is not necessarily true.

The condition that any solution up to order k£ can be extended to a solution up to order
k+1 is equivalent to the assertion that 7 : £1) — £ is surjective. This line of thought leads
to the following definition.

Definition 2.1.6 (Formal Integrability). A PDE & is formally integrable if w : £V —
EU=1) is surjective for all 1 > 1.

Put differently, formal integrability means that any solution up to order k can be extended
to a formal solution. There exist examples of formally integrable PDEs that do not allow
smooth solutions, see Lewy example [Lew57].

As a mathematical curiosity, we mention that criteria for formal integrability can be de-
scribed in terms of a cohomology theory called Spencer cohomology due to the works by
Bott, Goldschmidt, Guillemin, Quillen, Spencer, Sternberg ([Gol67]).

Cartan Distribution.

We now discuss an important geometric structure associated to PDEs called the Cartan dis-
tribution. The integral submanifolds of this distribution are solutions of the PDE. Frobenius’
theorem on the integrability of distributions will allow us to deduce some local solvability
results of PDEs later.

Definition 2.1.7. Let M™ be a manifold. A distribution of rank d is a subbundle D of the
tangent bundle T'M.

A distribution D of rank d can be specified in several ways [Leel3]:

e There exist d locally defined vector fields X7, ..., X4 that span the distribution:

D=(Xy,...,Xy) :=span{Xy,..., X4} (2.24)

e There exist n — d locally defined one-forms wy, . ..,w,_q such that for each point p on
this neighborhood we have

D, =kerwi|p, N---Nkerwy_glp- (2.25)

Definition 2.1.8. Let D be a distribution of rank d on a manifold M. An integral sub-
manifold of D is a connected, immersed d-dimensional submanifold S C M such that

1,58 =D, forallp € S. (2.26)

A distribution is said to be involutive if T'(D) is closed under the Lie bracket, that is,
[X,Y] € I'(D) for vector fields X,Y € I'(D).

Theorem 2.1.9 (Frobenius’ Theorem). An involutive distribution is completely inte-
grable, that is, the manifold can be foliated by integral submanifolds.
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Let m : E — B" be a fiber bundle, and let 211 = ji ™o € J**1E be a point in its (k+1)’th
jet bundle for some representative local section o. Denote x = mpt1 k(Tp+1) = j}’,fcr. We
define L(zk41) to be the n-dimensional tangent plane at zj by the image of the k-jet of o:

L(zp11) = T, (Im(j%0)) C Ty, J*E. (2.27)

This is well-defined, because the plane L, _, is independent of the local section o represent-
ing the equivalence class x1. Next, we define the subspace C(zy) at xy, by

Cy, = span{L(z41) : Thy1 € ﬂ,c__&17k(xk))} = (dmp 1) H(L(zp)) C To (JFE).  (2.28)

Definition 2.1.10 (Cartan Distribution). Let 7 : E — B™ be a fiber bundle. The
Cartan distribution C in J*E is the distribution given by

C:xp— Clag). (2.29)
If £ C J*E is a PDE of order % on =, then
C&):=CNTECTE. (2.30)
is called the Cartan distribution of the PDE &.

There might be some singular behavior of the Cartan distribution (in the sense that the
rank is not constant), so we assume the following.

Regularity Asssumption II. The Cartan distribution C(€) of a PDE & is a smooth sub-
distribution of C.

We can locally describe the Cartan distribution on J*E, as follows.

e The Cartan distribution C is locally spanned by vector fields

o 9 o 0t+171i
Xi= 5ot S>> ou (2.31)

0< || <k—1 j=1

2]

ous

J
indices « satisfying || = k. In particular, the rank of the Cartan distribution is given
by rank(C) = n + m("”lz_l).

for all 1 < 4 < n and the coordinate vector fields for all 1 < j < m and multi-

e Dually, the Cartan distribution can be described by the common kernel of the Cartan
forms, which are defined by

wi = duj — Z u?“idzi (2.32)

j
i=1
forall<j<mand0<|a|<k-—1.

The Cartan distribution C on a jet bundle J*E is not involutive. For example, using the
coordinate formula for Lie derivative, we have

(2.33)

- (e}
8uj

0
7 x
[au?"Hi
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where « is a multi-index of length |a| = k — 1. Thus, we cannot guarantee the existence of
integral manifolds for the Cartan distribution using Frobenius’ theorem. However, we have
the following. The Cartan distribution distinguishes (graphs of) solutions from arbitrary
submanifolds of a jet bundle in the following way.

Proposition 2.1.11. Let 7 : E — B™ be a fiber bundle, and let £ C J*E be a PDE. The
image of a section of 7 : J¥E — B is an integral submanifold of the Cartan distribution
if and only if it comes from the k-jet of a section of 7 : E — B. Moreover, the image of a
section of 7w : & — B is an integral submanifold of the Cartan distribution C(€) if and only
if it comes from the k-jet of a solution of £.

Proof. Let j*o be the k-jet of a section o of 7 : E — B, and write (j*0)(z) = (z,uf(x))
in adapted coordinates. On the image of j*o we have duf = Z?:l((;l;’; )dx?, which implies

that the Cartan forms vanish. We conclude that the image of %o is an integral submanifold
for the Cartan distribution.

Conversely, suppose that 7 : B — J¥FE is a section such that the image S := Im7 is an
integral submanifold. We write 7(z) = (x, 7;(z), 75*(x)) where 1 < || < k. As S is integral,
the Cartan forms are identically zero on S. It follows that

or

J +1;
9, —TjO‘ (2.34)

forall 1 < j < m and 1 < |a| < k. This shows that the higher order jets of 7 are the
derivatives of the O-jets 7;. In other words, 7 is the k-jet of the section B — F, =z —
(z, 75 (). O

Motivated by this proposition, one can also define generalized solutions as arbitrary integral
manifolds of the Cartan distribution. [Boc+99].

Note that the integral manifolds S of C(£) that come from k-jets of solutions are horizontal
with respect to the projection 7 : &€ — B (i.e. : S — TB is an isomorphism). Conversely,
m-horizontal integral manifolds are locally of this form [Boc+99, p.81]. For a generalized
solution the integral submanifold is not assumed to be horizontal, so it may be multi-valued.

The above proposition also suggests a method to find solutions of a PDE. First, we look for
horizontal integral submanifolds of the Cartan distribution. (These are guaranteed if the
horizontal part of the distribution is involutive.) If the integral submanifolds are horizontal
with respect to the projection 7 : £ — B, then locally it is the graph of a k-jet of a solution!
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2.2 Cartan’s Prolongation—Projection Method

Cartan’s prolongation—projection method is an algorithm which can be applied to turn PDEs
from a special class into a formally integrable PDE. The goal of this section is to explain
this method, as well as find such a special class of PDEs on which the method is applicable.
This method involves the interaction between two geometric operations: prolongation and
projection, which we now briefly sketch. Suppose we have a PDE £ C J*E of order k.
As mentioned before, we think of an element in £ as a solution up to order k. Then by
prolonging the PDE to £ we obtain all solutions up to order k + 1. Consider the map
7 : €M — £ A natural question we can ask is whether the map 7 is surjective. If it is
surjective, then every solution up to order k can be extended. Intuitively, this means that
the (local) equations defining & (1) do not impose any additional constraints on solutions up
to order k. However, if 7 is not surjective, then we have found new equations, satisfied by
solutions, which shrink the subspace of £ consisting of elements that potentially come from
formal solutions. In this case, projecting £ gives a strict inclusion 7(£€M) C €. So we
shall use the procedure of projection to test if we obtain (essentially) new equations after
prolongation. We will now discuss these principles in more detail.

Prolongation.

We have seen that prolonging a PDE & raises the order by one; these higher order equations
being obtained from differentiating the equations defining £ with respect to the independent
variables. In practice, the prolongation of a PDE is easily computed starting from a local
representation of the PDE. Ideally, we can then extract useful information about the PDE
from its prolongations. One class of PDEs for which this works are called PDEs of finite

type.

Definition 2.2.1 (Finite Type). Let £ C J*E be a PDE. A PDE is called of finite type
l if after [ prolongations all the highest order derivatives of the dependent variables can be
expressed algebraically in terms of the lower order derivatives. A PDE is called of Frobenius
type if it is of finite type 0.

Given a PDE & of finite type, it is readily seen that the space of formal solutions &(°)
is necessarily finite-dimensional (under some regularity conditions, see [Krull]). Since any
solution is a formal solution, we find in particular that the solution space Sol(£) is finite-
dimensional.

We examine some examples of PDE and check whether they are of finite type or not.

Example 2.2.2. Consider the bundle R* — R?, (z,y,a,b) — (x,y). The first-order PDE
& given by

a; =0
E=qa,+b,=0 (2.35)
by, =0
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is of finite type 1. Indeed, prolonging the PDE yields

Qze =0, a; =0
gy =0
) _ Qpy + bz =0, ay+b,=0 (2.36)
Qyy + bzy =0
byy =0, b, =0
byy = 0.

We can rewrite the first equation from the third row to b,, = 0 using the equation from
the second row. Similarly, the fourth equation reduces to a,, = 0. Thus, all highest order
derivatives are expressed.

The condition that a PDE is Frobenius type (or finite type) can also be interpreted geomet-
rically in terms of its symbol, as we now discuss.

Definition 2.2.3. Let £ C J*E be a PDE of order k. The symbol g is the subbundle of
the Cartan distribution given by

g = ker(dmg,k—1|re) € C(€) (2.37)
Thus, the symbol is the vertical bundle of 7y k_1]|¢.

If € is defined by the vanishing of a function F, then TE = kerdF. Thus for a tangent
vector v € T'E we have that

dF(v) = g; dr'(v) + Y > a—Fd(u?‘)(v) =0. (2.38)

W=
In view of definition (2.37) it is readily seen that
g=were: Y3 2 g = o). (2.39)
s Jue Y
loe|=k j=1 "~
Thus the symbol only captures the highest degree part of the differential equation. Under

some regularity conditions a PDE is of Frobenius type if and only if its symbol vanishes.

Definition 2.2.4 (Cartan—Ehresmann Connection). A Cartan—Ehresmann connection
on a PDE £ is a subbundle H of the Cartan distribution C(£) such that dny, : H — TB is an
isomorphism. In this way we obtain a direct sum decomposition of the Cartan distribution

CE)=2XHog (2.40)

into its horizontal and vertical part (cf. [Boc+99, Theorem 2.1]).
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Theorem 2.2.5 (Frobenius Theorem). Let £ C J*E be a PDE of finite type . The
solutions of £ are determined uniquely by their (k +1— 1)-jets. If in addition & is formally

k41

integrable, then for every x4, € EW there exists a solution o of £ satisfying JiTto = Tpq.

Proof. The first assertion holds by definition of finite type and the Picard-Lindelof funda-
mental theorem for ODEs. Now suppose that £ is also formally integrable. Since £ is of
finite type ! and formally integrable, it follows that 7 : €0 — £0=1) is an isomorphism.
The unique section & : £ — £ of 7 gives rise to a Cartan-Ehresmann connection H
on £¢-1 Explicitly, it is given by the assignment

H:EWY s a0 — L(E(xpy1)) € CETD), (2.41)

where L(&(xg4;_1)) is the horizontal jet plane (2.27) at 24 ;1. The symbol g = ker(dr|rea))
of €@ vanishes by the finite type assumption. This implies that dr maps the Cartan distri-
bution C(£®) bijectively onto the horizontal subbundle H C C(£¢~1). We conclude that
C(EW) is horizontal, and so C(E®") defines a Cartan-Ehresmann connection on £().

Furthermore, this connection is flat as there is no vertical part in C(®). By virtue of
Frobenius’ theorem (2.1.9) there exists through every point xp4; an integral manifold S
of the Cartan distribution C(£(!)). The integral submanifold S is horizontal, so locally it
can be described by the graph of a section o of the bundle £/ — B ([Boc+99, p.81]).
Application of Proposition (2.1.11) guarantees that o is a solution of £(). Since any solution
of €W is a solution of &, this proves the second assertion. O

Note that if a PDE is of finite type, then all of its prolongations are finite type as well. Thus,
if we can turn a PDE of finite type into a formally integrable one by prolonging enough
times, then we have local existence and uniqueness of solutions.

Projection.

Let £ C J¥E be a PDE. Consider its I’th prolongation £ C J*+! and the map 7 : £V — &.
The projection of £V is defined to be the subspace 7(£®)) C £. So prolongation raises the
order of a PDE, whereas projection lowers the order of a PDE. In general these operations
are not inverses of each other.

If the projection m(£W) is strictly contained in &, then we say that we have found compat-
ibility conditions.

Definition 2.2.6 (Compatibility Condition.). Let £ C J*E be a PDE of order k.
Suppose that & = {F(z,u®) = 0} is a local representation of the PDE. A compatibility
condition of £ is an equation which is algebraically independent of F' and which is satisfied
by all formal solutions.

Compatibility conditions can be interpreted as the obstructions of a PDE to being formally
integrable.

One can obtain a local representation of a projection, as follows. Suppose we have a PDE
of order k with local representation & = {F(x,u®) = 0} . Then the local representation of
its prolongation consists of equations which are affine linear in (k + 1)-jets. By using solely
Gauss manipulation, we now try to rewrite the equations of order £+ 1 to equations of lower
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order. If we succeed in rewriting and if in addition the resulting equation is algebraically
independent from the equations defining the PDE, then we have obtained an compatibility
condition. The local representation of the projection is given by the equations F(z,u,) =0
together with all the compatibility conditions. On the other hand, if none of the highest
order equations can be rewritten in such a way, then the projection is given by 7 (& (1)) =¢.
We demonstrate this technique with the following example.

Example 2.2.7 ([Seil0]). Consider the bundle R* — R3, (z,y,2,u) — (z,y,2) together
with the PDE £ defined by
£ = {“‘” +auy =0 (2.42)

u, =0
The prolongation is easily computed:
Uy + 2Ugy = 0, Uy + 21Uy =0

Ugy + 2Uyy =0

Uy + Uy + 2Uy, = 0

gD = (2.43)
Uy, = 0, u, =0
Uy, =0
Uyy = 0.

Note that this system is linear in the dependent variables (u, Uy, Uy, Uz, Ugy, €tc). We can
rewrite the equation in the third row to u, = 0 using the equations from the fourth and fifth
row. The compatibility condition u, = 0 is responsible for the projection w(£') being strictly
contained in £. We thus obtain the following coordinate representation of the projection:

u; =0
(M) = u, =0 (2.44)
u, =0,

from which we read off that the only solutions of £ are the constants.

As we see in the above example, the process of projecting after prolongation is essentially a
linear algebraic problem.
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Cartan’s Prolongation—Projection Method.

Algorithm 1. (Cartan’s Prolongation—Projection Method).
(Input: A PDE & of finite type [.)

e Step 1.) Prolong the PDE & to £,
Put Fy := €W and inductively define Fy := (.FN,l)(l).
Now set N := 0.

e Step 2.) Compute the projection of the prolonged PDE Fy; in Fy.
If we have obtained compatibility conditions from this projection, increase N
by 1 and repeat Step 2.

e Step 3.) Return the PDE Fy.

(Output: A formally integrable PDE of Frobenius type with the same solutions as
£)

\. .

From the description of Step 2, it is clear that the algorithm terminates after a finite number
of steps. In order to show that the output is actually a formally integrable PDE, it remains
to show that this algorithm finds all compatibility conditions in Step 2. This is guaranteed
by Cartan’s prolongation theorem. By Frobenius’ theorem the PDE obtained from Cartan’s
method enjoys local existence and uniqueness of solutions.

Theorem 2.2.8 (Cartan’s Prolongation Theorem). An overdetermined PDE of finite
type 1 can be turned into a formally integrable one using Cartan’s prolongation-projection
method. Moreover, we have the following criterion to test if the N ’th prolongation is formally
integrable: if m : EN) — EWN=1 s surjective for some N > I, then © : E®) — £r=1) g
surjective for all p > N.

Proof. By prolonging if necessary, we may assume without loss of generality that & is of
Frobenius type and additionally that 7 : £1) — £ is surjective. Furthermore, we can reduce
the order of the PDE through the replacing of derivatives by new dependent variables (see
([Seil0, p.519]) for more details on why this reduction respects compatibility conditions).
Hence, we may also assume that the PDE & is of first order.

Thus, let £ C J'E be a first order PDE of Frobenius type such that 7 : £ — £ is
surjective. The theorem follows by induction if we can prove that the projection 7 : £?) — &
is surjective. Let = (x1,...,x,) denote the independent variables. Since the system is of
Frobenius type, we can write u, = ¢(x,u), that is, one equation for each first derivative.
Explicitly, a local representation of £ is given by

Uz, = p1(7,u)
e=1{... (2.45)
Uz, = pn(z,0).
From this local representation, we see that the only compatibility conditions can arise from
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cross-derivatives. A cross-derivative is of the form

Ug,z; — Uz;z; = Xij (xa u, uﬂc))
= Xij (@, u, o(z,u)) (2.46)
= Xij(z,u) =0

for some function x;;. (Here Uz, s notation for the expression obtained from differentiating
u,, with respect to the base variable ;.) By the assumption that 7(£') = &, it follows that
the functions x;; vanish identically on &£ for all 1 < 7,5 < n. The compatibility conditions
of the projection £ — £ can only come from the following cross-derivatives:

Ugpzie; — Uepa o; = Viij (T, U, Ug, Ugz) = Viij(z,u) = 0. (2.47)

Here we have used the Frobenius type condition to express the higher order jets u,, ty, in
terms of (z,u). In order to show that 7(£()) = £, it suffices to show that the equation
Viij = 0 is automatically satisfied on € for all 1 <4, j,k < n. By using that x;; vanishes on
&, it follows that

Vkij(2,u) = Dy(Ug,0; — Usz;z;) = Dr(xi;) = 0. (2.48)
In other words, the equations vy;; = 0 are not compatibility conditions. We conclude that
7 : E?) — £ is surjective. O

The criterion in Cartan’s theorem can be rephrased as follows. Under the assumptions
of Cartan’s theorem, if after a prolongation (of a Frobenius type PDE) we obtain no new
compatibility conditions, then no more compatibility conditions can be found by subsequent
prolongations. This allows for an effective implementation of the algorithm in computer
algebra systems, which we shall discuss in the next section.
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2.3 Prolongation-Projection for the Geodesic Flow

We now wish to apply the prolongation-projection method to find Killing tensors in an n-
dimensional (M™,g) be an n-dimensional spacetime (for most purposes n = 4). In Chapter
1 we have seen that a Killing d-tensor corresponds to a degree d polynomial integral of the
geodesic flow. Thus, we search for a nontrivial degree d polynomial

Iy o= a4 (z) i, - s, (2.49)
which Poisson commutes with the Hamiltonian H = ¢"/p;p; of the geodesic flow, that is,
{H,I;} =0. (2.50)

Since the Hamiltonian is quadratic in momenta, the Poisson bracket { H, I;} will be of degree
d+ 1 in momenta. Therefore, we can instead equate the coefficients of {H, I} with respect
to the momentum variables to zero. On the vector bundle

n+d—1
d

R ) R™, (x,a ") s . (2.51)

this leads to a first order linear PDE given by
E:={F=0:F €coeffs,({H,I;})} C J". (2.52)
Here we use the notation

coeffs), (P) = {the coefficients of P with respect to the momentum variables p1,...,p,}).
(2.53)
Linearity of the PDE eq. (2.52) means that the resulting system of equations is linear in the
dependent variables a®t*‘¢ and its first order derivatives a’l "% (|a| = 1). We introduce the
notation

Via = {al" 1 |a| < k}. (2.54)

It is readily seen that the k’th prolongation £ C J¥*1 is also a linear PDE, i.e., it is linear
in the variables Vi1 4. The following theorem is well-known, cf [Tho86] and [Wol98].

Theorem 2.3.1 (Killing is Finite Type). The PDE £ (eq. (2.52)) defining a Killing d-
tensor of the geodesic flow is a first order linear PDE of finite type d. Hence, it can be turned
into a formally integrable PDE by Cartan’s prolongation—projection method. Moreover, no
compatibility conditions can be found before achieving Frobenius type.

Example 2.3.2. Consider on R? the flat metric
g = (dz')* + (da?)? (H = pi +p3). (2.55)

The equation for I = a(z) p; + b(x) pa2 to be a linear integral (Killing 1-tensor) is given by
the linear first order PDE

a; =0
E=qa,+b,=0 (2.56)
b, = 0.

In Example 2.2.2 we saw that £ is indeed a PDE of finite type 1. There are no compatibility
conditions for this metric.
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In the previous section we have made regularity assumptions on the PDE. In practice, this
assumption can be circumvented by restricting to an open submanifold of the PDE which
does not contain any singularities.

In the next section we shall apply Cartan’s prolongation method to the PDEs defining
Killing tensors on a spacetime (M,g). This PDE £ is linear so each prolongation EF)
will be linear in the (k + 1)-jets of the dependent variables. We shall convert this linear
system of equations to a matrix-valued function M (x) on the spacetime. In order to
make use of computer algebra software, we would like to insert a point to obtain a matrix
with rational coefficients. The first thing to do is to find the points that work nicely with
Cartan’s prolongation method. We call a point z € (M,g) a regular point if the function
x — rank(Mj(x)) attains its maximum at z for all k& > 0, that is, at each step we find the
maximal number of compatibility conditions. Note that a regular point is generic, i.e., the
regular points form an open, dense subset of M. A point is singular if it is not regular.

Example 2.3.3 (Toy Example of a Singular Point.). Consider the two functions
2

fi(z) = 2, fo(x) = 22. The Wronskian of f; and f, is given by W(x) = ‘f ;Cm = 2%

Since the Wronskian does not vanish identically, we know that f; and fo are linearly inde-

pendent on R. However, the Wronskian vanishes at the (singular) point = 0, so the 0-

and 1-jets of f1, fo are not enough to detect linear independence. For the singular point, we

need to include 2-jets to see the linear independence. Indeed, the 1-jet at 0 of the equation

ax + bz? = 0 yields a = 0 and the 2-jet at 0 yields 2b = 0.

This example builds our intuition that for singular points more prolongations are needed to
find all the compatibility conditions. Since the number of equations and jet variables grow
drastically while prolonging it is ideal (necessary) to use regular points.

Example 2.3.4 (Singular Points of Geodesic Flow on a Surface of Revolution). A
surface of revolution is an embedded submanifold S C R? of Euclidean space obtained by
a parametrization (u,0) — (r(u) cos(8),r(u)sin(8), z(u)) for some functions r(u), z(u) with
r(u) > 0 for all u. In these coordinates the induced metric on S reads
v

(r(u))?

By Noether’s theorem, the circle action generates a linear integral given by p = pg. By
Clairaut’s theorem this linear integral equals r(u) cos(d) along geodesics. The points on S

with angular coordinate § = 7 are singular.

g = du® + r2df? H=p?+ (2.57)

We will not comment further on regular or singular points.
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2.3.1 Computer Implementation of Cartan’s Method

We now discuss several algorithms based on Cartan’s prolongation method, which can be
implemented in computer algebra programs. We state the algorithms and then prove cor-
rectness and termination.

s ~

Algorithm 2. (Cartan’s Method for Geodesic Flow).
(Input: A nonnegative integer d, a local representation of an n-dimensional space-
time (M™,g), a regular point z € M.)

e Step 1.) Compute the Poisson bracket {H, Iz} of the function I; with the
Hamiltonian H of the geodesic flow. (Their Poisson bracket is a polynomial in
momenta of degree d + 1.)

e Step 2.) Collect the coefficients of {H, I;} with respect to the momentum vari-
ables. Define the first order linear PDE & := {F = 0: F € coeffs,({H, I4})}.

e Step 3.) Set k :=0.

— Write £) = {Fi(k) =0:ie€l} and Vip1,0 ={v; : j € J} where I and J

are indexing sets.

— Convert the linear system of equations £*) into the matrix Mj, with en-
tries defined by
. k
(i,7) — coeff(Fi( ), vj) (2.58)

— Set O, := columns(Mj,) — rank(My).
If (k < d) or (k> 0 and dy # di—1), increase k by 1 and repeat Step 3.
o Step 4.) Return (o, k)

(Output: The dimension dim K, = J; of the space of Killing d-tensors. The integer
k indicates the number of prolongations we need to achieve formal integrability.)

\. .

Proposition 2.3.5. Algorithm 2 is correct and it terminates.

Proof. Termination of algorithm 2 is guaranteed by Cartan’s prolongation theorem. We
now verify correctness. In view of algorithm 1, it remains to check that all the com-
patibility conditions of the projection 7 : £*) — & can be detected using the value
d1, = columns(Mj,) — rank(M}). Since the PDE £ defined by the Poisson bracket is linear,
the equations defining the prolongation £) are linear in the dependent variables Vit1.d-
Consequently, we can compute compatibility conditions using only linear algebra. O

Example 2.3.6. Consider on the manifold R+q(z!) x R(z?) the metric
g = (dz')? + 2" - (dz?)% (2.59)

The Hamiltonian of the geodesic flow is H = p? + ip% We apply algorithm 2 to find the
number of Killing 1-tensors.
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Step 1.) Let I} = a'(x)p1 + a®(z)ps be an arbitrary polynomial (in momenta) of degree 1.
Using the Leibniz rule we compute

1
{H.I,} = {p{ + ;p%,al(a:)pl + a®(z)ps2}

2t p2 _9 [1 1] a' 2a[20,1] 2 (2.60)
= —40p 0P1 — pip2 — =z + o | P2

Step 2.) Collecting the coeffients in Fquation (2.60) with respect to momentum variables,
we obtain the following PDE:

! 2 %o a' 9
5 = {2(1[170] = O, 2(1[1’0] + :1;1 = 0, ($1)2 + 2 xl = 0} (261)
In view of the second equation, we see that £ is not of Frobenius type yet. Theorem 2.3.1
guarantees that the next prolongation is of Frobenius type. We now set k := 0.

Step 3.) We write £ as above and the variables as Vi ; = {a', a[1 ol [0 1 a?, a? [1.0]> }.
By differentiating the left hand sides of the equations from the PD & with respect to t]h
variables in V; 1 we obtain the matrix My:

0 2 0 00 0
My=| 0 0 % 0 2 0 (2.62)
ﬁoooow—%,

which clearly has rank 3 for all ' > 0. Thus, 6y =6 — 3 = 3.

We continue the loop, summarizing the results in the following table:

ETEDO T [T B T @
rows(My,) 31 9 18 | 30 | 45
columns(My) | 6 | 12 20 30 42
rank (M) 3 9 18 29 41
Ok 3 3 2 1 1

Step 4. We conclude that g has one Killing field (which is 0,2).

The number of rows and columns of the matrices My, show that doing this algorithm by
hand quickly gets unfeasible, even for this low-dimensional example.

Remark 2.3.7 (Pseudo-Stabilization). Algorithm 2 requires the use of a regular point.
If a singular point is chosen, the algorithm can have two consecutive values in the sequence
(0k)r that agree before additional compatibility conditions are found. We call this phe-
nomenon pseudo-stabilization. After pseudo-stabilization the sequence (dy); will continue
to decrease until it stabilizes at the correct value. It is thus important to run algorithm 2
several times with different points to check if a point is possibly singular.

Finding relations amongst Killing tensors using Cartan’s prolongation method

Recall that a relation among Killing tensors is an element of the kernel of the map Ky, ®
Kq, = Kg,+4,- We can use Cartan’s prolongation method to find relations.

40



Notation. We introduce some more notation. Denote by
I := Taylor(a™ " 2 k) - p;, - pi, (2.63)

an arbitrary polynomial of degree d whose coefficient functions are Taylor approximated in
a point z up to order k. For example, with 4 independent coordinates we have
4
Iy = Z(afl,o,o,o] (2)(z1—21)+a 10,0 (2)(T2—22)+a[g 0 1,0](2) (T3—23)Fag 0,0,1) (2) (Ta—24)+ag 00,01 (2))Pi-

= (2.64)

Algorithm 3. (Finding Relations among Killing Tensors).
(Input: Nonnegative integers dj,ds, a local representation of an n-dimensional
spacetime (M™, g) and a regular point z € M. )

e Step 1.) For ¢ = 1,2: run algorithm 2 to obtain dim K4, and the number of
prolongation k; needed to achieve formal integrability.

Consider the polynomial Iy, 1.4,

e Step 2.) Consider the linear algebraic system of equations {Taylor(c, 2, k) =0 :
¢ € coeffs,({H, I, +1.4,})} on the variables Vi, 11.4,(2) := {aa "' (2):|a| <
ki + 1}, for i = 1, 2. Solve the equation and find a basis v}, , v}, K, for its
solution set.

Set I 1 4, = eval(Ix,41,q,,v}) for 1 < j < dim Kq,.

e Step 3.) Set
dimK 4, dimK,g,

&= Z Z Cim Ill€1+l,d1 T 1,4, (2.65)
=1 m=1
Define S := {Taylor(c, z,d1 +d3) : ¢ € coeffs,(T)}).

e Step 4.) Solve the linear algebraic system of equations {F' = 0 : F' € coeffs,(S)}
in terms of the coefficients ¢; ,,,, and call the resulting solution space R.

e Step 5.) Return R and dim R.

(Output: The relations among Killing tensors of rank d; and dy. The dimension of
R is the number of (linearly independent) relations.

Proposition 2.3.8. Algorithm 3 is correct and it terminates.

Proof. For d > 1, consider the PDE
E={F=0:F €coeffs,({H, 14})} (2.66)

on the bundle
n+371)

7w R — R", (x,a"") > 2. (2.67)

An arbitrary (k+ 1)-jet 510 of a section o = (a’*""%(z)) can be identified with the Taylor
polynomial I;1q,4 = Taylor(a™ ",z k + 1)p;, - -+ p;,. Under this correspondence, we have
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that j**1o € £®) if and only if {H, I, 1,4} vanishes up to order k. This observation ex-
plains steps 1 and 2.

By Theorem 2.3.1 K is determined by d-jets in the sense that we can compute all jets of a
Killing d-tensor at a point if we know the d-jets (or equivalently the Taylor polynomial up
to order d 4+ 1). Thus, in step 3 we must include the jets up to order dy + ds in order to
determine uniquely the corresponding (dy + dg)-tensor. (Remark W: mtaylor command in
maple has other idea of up to order k) O

Example 2.3.9. Consider on the manifold R? the flat metric (with Hamiltonian)
g = da® + dy® + dz° (H =p2 +p2+p2). (2.68)
We show using algorithm 3 that there exists one relation among the Killing 1-tensors.

Step 1. Applying algorithm 2 shows that we need one prolongation to achieve formal inte-
grability and that dim K7 = 6.

Step 2. The linear integrals up to order 2 (actually up to any order) are given by

I =pg, Iy =py, I3 = p., Iy = xpy — ypo, Is = yp. — 20y, Is = Tp. — 2P (2.69)

Step 8. We set
6 6
T:=>"> cml In. (2.70)
=1 m=1

The coefficients of T' (up to order 2) with respect to the momentum variables are given by

P2 ey —yera — z2c16 + yPcas + yzeas + 22ce6
PPyt €12 +xC1a — 2(C15 + Co6) — YC2.4 — 2XTYCaa
Papz : €13 +y(c15 — €3.4) + TC1 6 — 2C36 — 202C6.6
pz e+ TCo g — 2Co 5 + m20474 —zzCs5 + 220575 (2.71)
PyD= : C2,3 +ycos + x(Co6 + C3.4) — 2C35 — 2yzCs 5
P? 1C33+Yycss+ TC36+ y205}5 + xycse + 56206,6
Step 4. We equate the polynomials in Equation (2.71) to zero and solve. The solution is
given by
C1,5 = —C2,6 = C3,4- (2.72)

with all the other coefficients being zero.

Step 5. We conclude that we have found one relation among the Killing 1-tensors. It is
given by
Px(yp: — 2py) + P2 (2py — Ypa) = py(Tp2 — 2P0)- (2.73)

We discuss an application, which we shall use in later chapters.
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Application. We can use algorithms 2 and 3 to prove the existence or nonexistence of
irreducible Killing tensors, as we now briefly describe. Suppose that we have a local repre-
sentation of a spacetime (M, g) and consider the short exact sequence

0 — Ker 15 — S?°K; 22 Ky —» Coker 15 —> 0. (2.74)

Recall that Ker 15 consists of the relations among Killing 1-tensors and that Coker ts can
be identified with the irreducible Killing 2-tensors. First, using algorithm 2 we compute the
dimensions of S2K; and K. Then we use algorithm 3 to determine the dimension of the
kernel Ker to. Finally, the number of (linearly independent) irreducible Killing 2-tensors is
given by

dim Coker 15 = dim K5 — dim S?K; + Ker 5. (2.75)

Here we used the exact sequence property to relate the dimensions. This method can be
readily generalized to higher order Killing tensors.

Cartan’s Prolongation Method for a regular Metric

We can also use Cartan’s method for a family of metrics g; parametrized by a function
f- Since computer algebra programs assume regularity (i.e., the function f is not assumed
to satisfy nontrivial equations.) In order to circumvent this problem, we need to modify
algorithm 2 to keep track of possible nontrivial equations on the function f which alter the
results of the prolongation method. For simplicity, we shall assume that f is a function of
just one variable.

Consider the PDE £ defining a Killing tensor. In Cartan’s prolongation method we can
consider two sets of variables, those that are determined and those that are free. The
determined jet variables are written in terms of the free variables. The Killing d-tensor
PDE is determined by the d-jets, so all jets of order greater than d are determined. After
reaching Frobenius type, we prolong to find compatibility conditions. These compatibility
conditions increase the number of determined variables, and in turn decrease the number of
free variables. We keep prolonging until we acquire stabilization (i.e., no more compatibility
conditions can be found). The next algorithm is based on this idea, with the key feature
that we control the assumptions made on f.
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Algorithm 4. (Cartan’s Method for a General Metric).
(Input: A nonnegative integer d, a family of local representations of an n-
dimensional spacetime (M",g;) depending on a function f of one variable.)

e Step 1.) Compute the Poisson bracket {H, I;} of the function I; with the
Hamiltonian H of the geodesic flow. Consider the PDE & := {F =0: F €
coeffs,({H, I4})}.

e Step 2.) For k from 0 to d—1, do the following. Consider the prolongation £*).
Express, using the equations defining £*), the maximal number of (k + 1)-jets
in terms of the remaining free variables. We set

subgy1 = {expressions of (k + 1)-jets in terms of the free variables C Vi1 4}

(Note that the number of free variables increase as we prolong.)
Denote by sub;..q = U‘;zlsubj the expressed jets up to order d.

e Step 3.) For the Frobenius type PDE £(4) express all (d 4 1)-jets in terms of
the free variables (C V, 4) by using the expressions obtained in subs...q. Set

subgy1 := {expressions of all (d+1)-jets in terms of the free variables C V4 4}.

e Step 4.) Set k := 1. For £(@+¥) do the following.
— Express all (d + k + 1)-jets in terms of the free variables (C V44) and
denote the set of these expressions by subgig41-

— After expressing, we collect the unused equations into

int(q44) := {the remaining equations defining £ (d+k)}

The set int(q1y) consists of potential compatibility conditions.

— Simplify subj...q using these compatibility conditions, which reduces the
number of free variables. Here, potential conditions on f can arise (as a
consequence of division by differential expressions in f ). Keep track off
this “branching”.

Increase k by 1 and repeat step 4 until no additional compatibility conditions
can be found.

e Step 5.) Return the number of remaining free variables in subj...q for each
branch (nontrivial equations satisfied by f).

(Output: The dimension dim K, of Killing d-tensors as a function of f.)
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Chapter 3

Metrics in General Relativity

3.1 Classifying Spacetimes

We discuss several possible approaches to classifying Lorentzian spacetimes.

Petrov Classification

The Petrov classification is an algebraic classification of the Weyl tensor. We briefly recall
the situation in dimension 4. The Riemann curvature tensor is given by

R(X,Y)Z =VxVyZ ~VyVxZ —VixyZ, R(X,Y,Z,W)=gR(X,Y)Z,W) (3.1)

By contraction of the curvature tensor we can construct the Ricci curvature and scalar
curvature, respectively given by

Ric(X,Y) =tr(Z — R(Z,X)Y) Scal := tr(Ric). (3.2)

The Weyl tensor is the completely trace-free (0,4)-tensor defined by

1 . Scal Scal

Here - (® - is the Kulkarni-Nomizu product for symmetric (0,2)-tensors. By the Ricci
decomposition [Leel6, p.216], we can write the curvature tensor in terms of the Weyl
tensor and two additional tensors coming from the Ricci curvature. The Weyl tensor enjoys
the same algebraic symmetries as the curvature tensor. Hence, we can view the Weyl tensor
at an event ¢ in spacetime as a curvature operator taking bivectors to bivectors,

W A*T,M — N*T, M. (3.4)

One then proceeds by converting the (6 x 6)-matrix associated to this linear map to a com-
plex symmetric trace-free (3 x 3)-matrix [Ste+09, p.49]. The Petrov classification is then
obtained by classifying the possible sets of eigenvalues (with multiplicites). This leads to
six different Petrov types (I, II, D, III, N, O). For example, an event is said to be of Petrov
type O if its Weyl tensor vanishes. By the Weyl-Schouten theorem [Ste+09] a 4-dimensional
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spacetime is conformally flat if and only if its Weyl tensor vanishes everywhere.

Note that the curvature tensors of vacuum spacetime are distinguished by the Petrov classi-
fication, since vacuum spacetimes are Ricci-flat and so R = W. For physical interpretations
of the different Petrov types in terms of tidal forces see [d’192].

Scalar Curvature Invariants

Ideally, we can locally classify spacetimes (up to isometry) by finding some simple criteria to
decide if there exists an isometry between two spacetimes. The method of scalar curvature
invariants provides some progress in this direction.

Consider a local representation of two Lorentzian metrics
g =g,;(z) da'dx’ g=2g,,(z) dz'dz’ (3.5)
Given a coordinate transformation ¢ : x — Z(z) the isometry condition ¢*g = g reads
8i;(2(z)) di'di’ = gi; () de'dx? (3.6)

This equation defines a nonlinear first order PDE on the functions Z¢(x), which in practice is
virtually impossible to solve explicitly. Instead we construct simple scalar invariants to com-
pare both metrics. Here a scalar invariant means a scalar function that is invariant under
the pseudogroup of coordinate transformations, that is, we know how the object transforms
under coordinate changes. We observe that if g and g are isometric, then their invariants
will be the same. A difficulty that arises is that the invariants are computed with respect
to different coordinate systems, so it might be hard to compare them.

The scalar curvature is an invariant that we can use to compare metrics. For example, if
the scalar curvature Scal(x) of the first metric is constant and the Scal(Z) nonconstant,
then we conclude that g, g are not isometric. However, if the scalar curvatures are both
(non)constant, then we cannot rule out that the spacetimes are isometric. In this case,
we may look at other scalar invariants. A scalar curvature invariant [CHP09] is a scalar
function obtained from the curvature R, Ricci curvature Ric, the Weyl tensor W and their
covariant derivatives. Thus, some examples of scalar curvature invariants are the scalar
curvature Scal, the Kretschmann scalar RqpeqR%PY, the Weyl invariant W,peq WP and
ViRicjkViRicj ¥ In order to compare both metrics, we can look at syzygies (relations) in
the set of scalar curvature invariants. If the syzygies are different, the metrics are not iso-
metric.

A natural question to ask whether metrics can be classified using their scalar curvature
invariants. This is true in the Riemannian case (see the corollary after theorem 1 in note
19 on p.357 in [KN63] together with [Wey39]). However, there exist Lorentzian spacetimes
whose scalar curvature invariants all vanish (so-called VST Spacetimes). It is thus impossible
to distinguish a VSI spacetime from Minkowski space using only scalar curvature invariants.
It is well-known that all VSI spacetimes are of Kundt class ([Pra+02]). A Kundt metric can

be written in coordinates (', 22, u,v) as [Col409)

g = 2dudv + 2h(z', 2*, u)(du?)? + Wi (a', 2%, u, v)da'du + g;j(z", 22, u)dx' da’ (3.7)
for some smooth functions h, W, g;;. (It is vacuum if and only if 92, h + 92,h = 0.)
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Cartan’s Method of Moving Frames

Fortunately, it is still possible to classify Lorentzian spacetimes using Cartan’s method. In
Cartan’s method of moving frames, one uses the orthonormal frame bundle to construct in-
variants from the components of the Riemann curvature tensor and its covariant derivatives.
For 4-dimensional spacetimes, this procedure was carefully specified by Karlhede [Kar80|
and so is nowadays called the Cartan—Karlhede algorithm. We briefly sketch an approach
following [KMS19].

Let (M, g) be a Lorentzian spacetime. The orthonormal frame bundle P — M is a principal
bundle with structure group the Lorentz group O(3,1). A fiber over x € M consists of all
the orthonormal frames of g at x. The free and transitive action of O(3,1) preserving the
fibers is '

0(3,1)xP—=P, E;:==A-E;:=AE; (3.8)

A key observation is that the components of a tensor can be viewed as a function on the
orthonormal frame bundle P. We define the Cartan invariants of order k to be ratio-
nal combinations of components of the Riemann curvature tensors and its k’th covariant
derivatives. In particular, Cartan invariants are functions on the total space P. If a Cartan
invariant is invariant under the action of the structure group (i.e. constant on the fibers),
then it descends to a function on the base M. We call functions on M obtained in this way
invariants on M. The advantage of this approach is the following: to establish the existence
of an isometry ¢ : (M,g) — (M,g) ‘downstairs’, we can instead compare their invariants
that are obtained from the Cartan invariants ‘living upstairs’:

PP
M —2— M.

We start by considering the Cartan invariants of order 0. If a Cartan is invariant under

the structure group, we obtain an invariant on M. If it is not, we aim to set this Cartan

invariant equal to a constant by fixing the group parameters. In turn this reduces the struc-

ture group from O(3,1) to a lower-dimensional subgroup Hy. Both the structure group and

total space are reduced in dimension. By doing this for all Cartan invariants of order 0, we

obtain a principal Hy subbundle Py — M of the bundle P — M. Here the new total space
Po consists of all the admissible orthonormal frames.

Next, we look at the Cartan invariants of order 1. We collect the new invariants on M. The
Cartan invariants which are not constant on the fibers allow us to reduce the structure group
and total space. This reduction yields a principal H;-subbundle P; — M of Py — M with
H, C Hy. We continue this process for higher order Cartan invariants. One counts decrease
of the dimension of the structure group and, simultaneously, the number of functionally
independent invariants on the base M. These represent the vertical and horizontal freedom
in the frame bundle (cf. [Bro+18]), respectively. The stabilization should occur for both
numbers, hence the number of steps cannot exceed n + @ = w where n = dim M.
After doing the above procedure for two metrics g, g, one can now decide if the two are
isometric or not. This is done by examining the syzygies among the invariants on the base
(cf. [KMS19)).
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Differential Invariants

An alternative approach to classification is the method of differential invariants. If a Lie
(pseudo)group acts on the total space E of a bundle, one can prolong this action to its jet
bundles [O1v95]. A differential invariant of order k is then just a function I : J*E — R which
is invariant under this prolonged group action. In [KMS19] differential invariants for Kundt
waves are computed and compared with the invariants obtained from the Cartan—Karlhede
algorithm.

Koutras—McIntosh Metric

We now introduce the metric that we shall study in the next chapters using the techniques of
chapter 2. We define the Koutras—McIntosh metric to be the 2-parameter family of metrics
which is given in coordinates z!, x2, 23, z* by

g = 2(ax’ +b)dedda? —2adx drd+{2f (2®) (ax' +0) ((2')*+(2?)?) —a?(2*)?} (d2?)? — (dxt)? — (da?)?
Setting (a,b) = (0,1) we obtain a conformally flat pp-wave

g = 2dx3dx* + 2f(23)((2")? + (2?)?)(d2®)? — (dx')? — (dz?)? (3.10)
and setting (a,b) = (1,0) we obtain the Wils metric

Bwis = 2 oot — 200 dat do® + {21 (29)at (21)2 + (62)2) — ()2} (da)? — (da")? — (da?)?

(3.11)
These latter two spacetimes are pure radiation solutions, that is, they satisfy Einstein’s
equations with energy-momentum tensor given by T = ¢ [ ® | for some scalar field ¢ and a
null one-form I. A. Koutras and C. McIntosh showed in [KM96] that the metric (3.9) has
no scalar curvature invariants.

Plane Waves and Singularities

We discuss the physical relevance of metrics (3.10), following the lecture notes Plane Waves
and Penrose Limits by M. Blau [Blall].

A special class among the pp-waves are the gravitational plane waves which in Brinkmann
coordinates (z!, 2%, u,v) take the form

g =2 dudv + Agy(u) z%2du? + (dzt)? + (dz?)? (3.12)

for some symmetric matrix A,p(u) called the wave profile. A key feature of a plane wave is
the existence of a parallel null vector field, namely the coordinate field 9,,. In particular, we
see that conformally flat pp-waves (3.10) are plane waves with Agp(u) = 04 f ().

Scalar curvature invariants are a useful tool in proving the existence of physical singularities
(e.g. the Kretschmann scalar in Schwarzschild spacetime). For plane waves all scalar cur-
vature invariants vanish, so one might wonder if physical singularities exist in plane waves.
This question can be answered by examining the Jacobi equation for variations of geodesics,
as we now briefly discuss. Let ¢(t, s) denote a variation of a geodesic ¢ so that s — ¢(t, )
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is a geodesic for all ¢. Then the vector field J : s — §%(0,s) along c is a Jacobi field. This
means that J satisfies the Jacobi equation

J+ R(J,é)é = 0. (3.13)

(Here the second derivative of J is taken with respect to the connection.) Physically, the
Jacobi equation describes the tidal forces on geodesic congruences. By choosing a Jacobi
field with J* = 0 and taking s to be the affine parameter along the geodesic variation, one
can show (cf.[HET73, Section 4.1, 4.2], [Blal1, p.18], [Str12, p.68]) that the Jacobi equation
implies

@Ja = Aab(u(s))J . (314)
If the wave profile A, is singular for some u, then the tidal forces become infinite in which
case we have a physical singularity.

R. Penrose shows in the paper Any Space-Time has a Plane Wave as its Limit [Pen76] that
to any pair (g,7) of a spacetime (M, g) together with a null geodesic v one can associate
a plane wave, the so-called Penrose limit. Determining the Penrose limit of a spacetime
entails computing the wave profile A,p(u) from the null geodesic and the metric. In the
original description the Penrose limit arises by writing the metric in terms of a 1-parameter
family of coordinates and taking the limit of the parameter. In [Bla+04] it is shown that
the wave profile A, can also be computed from

Aap(v) = =Ratbt ]y (3.15)

with respect to a suitable pseudo-orthonormal frame (E*, E~, E*). (On the left hand side
u is a coordinate of the plane wave, on the right hand side u is the affine parameter of the
null geodesic.)

For a large class of spacetimes with singularities, the Penrose limit, obtained from a null
geodesic approaching a singularity, has waveprofile Ag, oc % ([Bla+04]). In Chapter 4, we

T2
Ky 1

apply Cartan’s prolongation method to the plane wave (3.10) with f(23) = TIEE

3.2 Integrability in General Relativity

Kerr Metric

The Kerr solution in Boyer—Lindquist coordinates ¢ = (r,t,60,¢) is given by the two-
parameter family of metrics

1

SKorr == [—(A — a?sin®(0)) dt* + 2asin®(0)(A — r® — a?) dt dy
= ) (3.16)
dr
+sin?(0)((r? 4 a®)? — Aa®sin?(0)) dyp? ] +E <A + d92)
where the two quantities A, = are defined by
A(r) =712 = 2mr +a?, Z(r,0) = r* + a® cos*(0). (3.17)
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The geometry of the Kerr metric describes a stationary rotating black hole with total mass
m and angular momentum J := am. The metric coefficients are independent of the variables
t,p, it follows that 0;, 0, are Killing vector fields. In view of the Arnold-Liouville-Mineur
theorem, an additional integral would be beneficial to integrate the geodesic equations. In
order to obtain the geodesics, B. Carter used the Hamilton—Jacobi method. This essentially
entails to solving the Hamilton—-Jacobi equation

, 08 ij a5 0S8 15
1 (52 ) = el g = 3 (= constant) (3.19)
for the generating function S of a symplectomorphism. Carter [Car68] solved this first order
PDE by additive separation of variables. The separation constant C corresponding to the
f-dependent part, called Carter’s constant,

2
C := pj + cos*(0) <a2(u2 —p?) + Sif;’((g)> . (3.19)

is the fourth integral of motion. By means of this complete set of integrals, he solved the
geodesics by quadrature.

The main takeaway of this story is that the additive separability of the Hamilton—Jacobi
equation is closely related to the existence of quadratic integrals. Woodhouse’ article [Woo75)
explores this relation in detail.

The techniques from Chapter 2 provide another way of proving the existence of a quadratic

integral. Application of algorithm 2 to the Kerr metric (with parameters m = 50,a = %)

gives the following tables. In each table we denote the prolongation £*) together with its
corresponding value dy.

Linear E 1T @ T B
1) 10 10 2 2

Quadratic | € [ ED [ @D [ B [ @ [ £
) 30 50 | 50 | 6 5 5

The first computation shows that p;,p, are the only linear integrals for the Kerr metric.
The second table shows that there are 5 quadratic integrals. The linear integrals and the
Hamiltonian account for 4 quadratic integrals (pf,p@pt, pi, ). It follows that there is an
additional irreducible quadratic integral.

Summarizing, the Hamilton-Jacobi method provides an effective way of finding quadratic
integrals. Cartan’s prolongation method allows us to prove the (non-)existence of higher
order Killing tensors. Even though Cartan’s method does not give us an explicit form of
the integrals, we can use algorithm 3 to obtain the integrals up to a given order.
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Chapter 4

Killing Tensors of Conformally
Flat pp-Waves

The metric of a conformally flat pp-wave is given by
g = 2dx3dx® + 2f(23) ((2")? + (2?)?) (dz?)? — (da*)? — (dz?)? (4.1)

where f is a function of the coordinate z3. The Hamiltonian of the geodesic flow is given
by
H = —pi — p3 + 2p3pa — 2f(2°) ((2")* + (2*))p] (4.2)

The paper Symmetry classes of pp-waves by Sippel and Goenner [SG86] has classified pp-
waves in terms of their isometry group. For conformally flat pp-waves there are three
classes:

e the generic case has dim K; = 6;

e the second class given by f = k for some constant k£ # 0 has dim K; = 7 and the
seventh integral is given by ps;

e the third class given by f = ($§)2 for some constant k # 0 has dim K; = 7 and the

seventh integral is given by z3p® — zp,.

In light of this, we will consider four metrics.

e Metric 1: f(23) =1

e Metric 2: f(23) = 23

e Metric 3: f(z3) = (23)2.
e Metric 4: f(x?) = (x%)z.

Metric 1 belongs to the second class, metrics 2,3 belong to the generic case and metric 4
belongs to the third class. We will apply Cartan’s prolongation method (algorithm 2) to
the PDE

E={F=0:F €coeffs,({H, I4})} (4.3)
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to compute the number of Killing d-tensors for d = 1,2, 3,4. Given Killing tensors of degree
d1 and dy their product will be a Killing tensor of degree d; + d>. Thus, the existence
of Killing 1-tensors imply the existence of higher order Killing tensors. However, relations
between lower order Killing tensors will "lower’ the number of (independent) higher order
Killing tensors. On the other hand, there might be additional irreducible Killing tensors.
In order to compute the relations among Killing tensors we shall apply algorithm 3. In turn
this will allow us to confirm the (non-)existence of irreducible Killing tensors up to order 4.

Note on the computational complexity.

We briefly discuss the computational difficulties associated with Cartan’s method and how
we deal with them. The dimension of the prolongation matrix M} from algorithm 2 equals

o) <ZI(11> <§k: (n:: 1)) , columns(My) = <n+dd— 1> (% (”Z: 1))

i=0 1=0
(4.4)
In particular, we see that the number of rows grows faster than the number of columns. We
highlight several elements that have made the computer implementation more efficient:

e (LinBox). The LinBox package ([Dum+02]) in Sage allows for incredibly fast rank
computations of large sparse integer matrices. For example, computing the rank of
the quartic prolongation matrix Mg for metric 2 with size (495880) x (371910) took
less than an hour. In comparison, rank computations of smaller matrices (say 50000
by 40000) would take several days in Maple or not give a result at all. Thanks to
LinBox, the time to compute the ranks is negligible. The generating of a prolongation
matrix takes by far the longest time of the steps in algorithm 2.

e (Exploiting Sparsity.) The prolongation matrices My that we encounter here are
sparse (with density < 0.001). It is important that the generation of the matrix reflects
this. We generate a matrix with only zeroes and then substitute the nonzero values.

e (Combinatorial Description of Prolongations.) For the quartic case, we used
a combinatorial description of the prolongation equations. We demonstrate this for
metric 2. Since I is of degree 4, we have that {H, 4} is of degree 5 in momenta.

T1,,72

Thus, we can write {H, I} = coeff;p” where p™ = p]*p3*p5°py*. Given a multi-index
7 of length 5, we obtain the p™-coefficient in terms of the coefficients of I:

coeff, ({H,I,}) = 201 (a™ ) + 205(a”™'2) — 204(a”*2) — 203(a™ ™)

F423((2)? + (@2)D)u(a™ 1) — 2((0))? + (o)) e -2 L)

(T—Q- 14)
1, —2-14)! 1o —2-1y)!
—4x1x3(T+ 1 1) g2 —4x2$3(7+ 2 1) g H12—21s
(7'—2'14)! (T—2'14)!

(4.5)

Using the product rule for multi-index notation, we can subsequently determine the
general expression for 0%(coeff, ({H, I4})), where « is a multi-index. In this way we
obtain the equations of the prolongation as a function of the multi-indices 7 and «.
This combinatorial description significantly reduces the time needed to generate the
equations in Maple, especially as the order increases.
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4.1 Dimensions of Space of Killing Tensors

Metric 1 (f(2®) =1)

We present the results of algorithm 2 applied to metric 1 for the degrees d = 1,2, 3,4. In the
tables below we collect for a given degree d, the k’th prolongation £*) together with its value
% obtained from step 3. The generic point we used for algorithm 2 is z := (1,2,3,4) € R*.
The used Maple worksheet “ConformallyFlatPPWavel_Algorithm?2” is supplied separately
in the attached zip-file.

Linear E1TEDMTe@ T B
1) 10 10 7 7

Table 4.1: The values of ¢ obtained in algorithm 2 (step 3) for d = 1.

Quadratic | € | €D | €@ | @) | g@) | gG) | £(6)
0 30 | 50 50 37 29 28 | 28

Table 4.2: The values of § obtained in algorithm 2 (step 3) for d = 2.

Cubic ETEM T [T e® [T g@ B [ g®) [ g ] g®
) 65 | 125 | 175 | 175 | 134 | 101 | 87 84 84

Table 4.3: The values of § obtained in algorithm 2 (step 3) for d = 3.

Quartic E | ED @D | g® | g@ | £6) | £©

) 119 | ... e 490 | 490 . 299
cont’d EM 1 e® [ @ | g0) [ gn) | g(12)
0 210 | 210

Table 4.4: The values of § obtained in algorithm 2 (step 3) for d = 4.

Recall that the PDE &£ defined by the Poisson bracket {H, I} is of finite type d. This
manifests itself by the fact that the value 64 of £ is maximal (10 for the linear case, 50
for the quadratic case, 175 for the cubic case and 490 for the quartic case). By prolonging
further (as in step 3) we obtain compatibility conditions. As a result, the rank of the matrix
M, (2.58) increases and so the value 0 decreases. If two subsequent values dy, 41 are
equal (with k& > d), the sequence of d-values stabilize and we can read off the number of
Killing d-tensors. These values are printed bold-faced in the tables above. We conclude that

dim K, = 7, dim Ko = 28, dim K3 = 84, dim K4 = 210. (4.6)
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Metric 2 (f(2?) = 2?)

We present the results of algorithm 2 applied to metric 2 for the degrees d = 1,2, 3,4. In the
tables below we collect for a given degree d, the k’th prolongation £*) together with its value
% obtained from step 3. The generic point we used for algorithm 2 is z := (1,2,3,4) € R*.
The used Maple worksheet “ConformallyFlatPPWave2_Algorithm2” is supplied separately

in the attached zip-file.

Linear

£

£M

@)

£B)

£B)

0

10

10

7 6

6

Table 4.5: The values of § obtained in algorithm 2 (step 3) for d = 1.

Quadratic

€

£M

£®

£B)

£@

£06)

£(6)

£

)

30

20

50 35

28

24

22

22

Table 4.6: The values of § obtained in algorithm 2 (step 3) for d = 2.

Cubic £ EM T e T B £@ £06) £(6)
1) 65 125 | 175 175 131 100 e

cont’d EM 1 e® | g0 | g0) [ g0D) [ g(12) | g(3)
6 68 64 63 62 62

Table 4.7: The values of § obtained in algorithm 2 (step 3) for d = 3.

Quartic £ e T @ [ B @ 1T 6B) [ g6) [ €M £®) £0O)
4] 119 e e 490 490 389 292 245 213 194
cont’d 5(10) 8(11) 5(12) 5(13) 5(14) 6(15) 5(16) 5(17) 5(18) 5(19)

) 181 170 163 158 156 154 152 150 148 | 148

Table 4.8: The values of § obtained in algorithm 2 (step 3) for d = 4..

We conclude that the dimensions of the space K of Killing d-tensors are given by

dim K; = 6, dim Ko = 22, dim K3 = 62, dim K, = 148.
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Metric 3 (f(2?) = (23)?)

We present the results of algorithm 2 applied to metric 3 for the degrees d = 1,2, 3,4. In the
tables below we collect for a given degree d, the k’th prolongation £*) together with its value
% obtained from step 3. The generic point we used for algorithm 2 is z := (1,2,3,4) € R*.
The used Maple worksheet “ConformallyFlatPPWave3_Algorithm2” is supplied separately

in the attached zip-file.

Linear

£

£M

@)

£B)

£B)

0

10

10

7 6

6

Table 4.9: The values of § obtained in algorithm 2 (step 3) for d = 1.

Quadratic

€

£M

£®

£B)

£@

£06)

£(6)

£

)

30

20

50 35

28

24

22

22

Table 4.10: The values of § obtained in algorithm 2 (step 3) for d = 2.

Cubic £ EM T e T B £@ £06) £(6)
1) 65 125 | 175 175 131 100 e

cont’d EM 1 e® | g0 | g0) [ g0D) [ g(12) | g(3)
6 68 64 63 62 62

Table 4.11: The values of § obtained in algorithm 2 (step 3) for d = 3.

Quartic £ e T @ [ B @ 1T 6B) [ g6) [ €M £®) £0O)
o 119 e . 490 | 490 389 292 245 213 194
cont’d 5(10) 8(11) 5(12) 5(13) 5(14) 6(15) 5(16) 5(17) 5(18) 5(19)
) 181 170 163 158 156 154 152 150 148 | 148
Table 4.12: The values of § obtained in algorithm 2 (step 3) for d = 4.
Note that the d-values are exactly the same as for metric 2. We conclude that
dim K; = 6, dim Ky = 22, dim K3 = 62, dim K, = 148. (4.8)
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Metric 4 (f(2?) =

@p)

We present the results of algorithm 2 applied to metric 4 for the degrees d = 1,2, 3,4. In the
tables below we collect for a given degree d, the k’th prolongation £*) together with its value
% obtained from step 3. The generic point we used for algorithm 2 is z := (1,2,1,4) € R%.
The used Maple worksheet “ConformallyFlatPPWaved _Algorithm2” is supplied separately
in the attached zip-file.

Linear

€

gM

£®@)

£B)

0

10

10

7

7

Table 4.13: The values of § obtained in algorithm 2 (step 3) for d = 1.

Quadratic

£

£M

@

£B)

£@

£06)

£(6)

]

30

50

50

35

29

28

28

Table 4.14: The values of ¢ obtained in algorithm 2 (step 3) for d = 2.

Cubic

£

M

£@)

£B)

£@

£06)

£(6)

g

£®)

)

65

125

175

175

87

84

84

Table 4.15: The values of § obtained in algorithm 2 (step 3) for d = 3.

Quartic EJEDED [ e® T g@ | £ [£©

) 119 | ... e 490 | 490 | 389 | 294
cont’d EM [ e® [ g | gty | D) | g(12)
) 245 | 223 | 215 | 211 210 | 210

Table 4.16: The values of § obtained in algorithm 2 (step 3) for d = 4.

We conclude, for metric 4, that:

dim K7 =7, dim Ko = 28, dim K3 = 84, dim K4 = 210.
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4.2 Relations and Irreducible Killing Tensors

Relations and Irreducible Killing Tensors of Metric 1

In this section we determine the relations among Killing tensors using algorithm 3. The com-
putations were done in Maple, see the Maple file “ConformallyFlatPPWavel_Algorithm3”.
The generic point we used is again z = (1,2, 3,4). Consider the short exact sequence

0 —s Ker 15 — S?2K; 22 Ky — Coker 15 — 0. (4.10)
Algorithm 3 shows that there is one relation, that is,
dimKer 5 = 1. (4.11)
We have that dim K2 = 28 and dim S2K; = (g) = 28, so we compute that
dim Coker 12 =28 =28 +1=1. (4.12)

Thus, there exists an irreducible Killing 2-tensor. We will show later that it is not the
Hamiltonian. Actually, Maple is able to solve the Killing 2-tensors explicitly. The irreducible
Killing 2-tensor is given by

I, == 23((dz")*+(d2?)?)—a' dot da® — 2P da? do’ — o dodda* + (2% — 223 (21 )2+ (22)?)) (da®)?

(4.13)
or equivalently, by the quadratic integral
I, = 23p3 + o pips + 22paps — 203papy + 227 ((21)? + (22)% + 2*)p3. (4.14)
Next, we look at the short exact sequence
0 — Ker 15 — K1 ® Ko = K5 — Coker 15 — 0. (4.15)
Algorithm 3 gives us 112 relations among the Killing tensors of rank 1 and 2:
dim Ker ¢3 = 112. (4.16)
It follows that
dim Coker 13 =84 — 196+ 112 =10 (4.17)

We conclude that all Killing 3-tensors are reducible. Since all Killing 3-tensors are reducible,
we look at the short exact sequence

0 — Ker 1y — S?°Ky <4 Ky —» Coker 14 —> 0. (4.18)

(If there was an irreducible Killing 3-tensor, the source space of ¢4 would be K7 ® K5 instead
of S?K,.) Algorithm 3 gives us 196 relations:

dim Ker ¢4 = 196. (4.19)

It follows that
dim Coker ¢4 = 210 — 406 + 196 = 0. (4.20)

We conclude that all Killing 4-tensors are reducible. The following short exact sequence
gives us a lower bound on the number of Killing 5-tensors:

0 — Ker 1y — K1 ® Ky = K5 —» Coker 15 — 0. (4.21)
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Reducibility of the Hamiltonian

We prove that the Hamiltonian of metric 1 is reducible, i.e., it decomposes as a sum of
products of Killing 1-tensors. In algorithm 3 (step 3), we replace T by

7
H=>"> " cimly I, (4.22)

=1 m=l

where Ig,l (1 <j <7) are the linear integrals up to order 2 (found in steps 1 and 2). Then
proceeding with steps 4 and 5 in algorithm 3, we obtain a solution in terms of the coefficients

Cl,m-
We summarize these results in the following theorem.

Theorem 4.2.1. Consider a conformally flat pp-wave as in eq. (4.1) with f(x3) = k for
some constant k # 0. The dimension of the space Ky of Killing d-tensors for d =1,2,3,4
is given by:

dim K, = 7, dim Ky = 28, dim K3 = 84, dim K4 = 210. (4.23)

There exists one irreducible Killing 2-tensor, which is not the Hamiltonian (metric). The
Killing tensors of rank 3 and 4 are all reducible.

Proof. We can rescale the coordinates 3, z* such that f = 1. The theorem follows from
the results for f = 1. O

Relations and Irreducible Killing Tensors of Metrics 2 and 3

In this section we determine the relations among Killing tensors using algorithm 3 for metrics
2 and 3 (the results are identical). The computations were done in Maple, see the Maple
file “ConformallyFlatPPWave2_Algorithm3” and “ConformallyFlatPPWave3_Algorithm3”.
The generic point we used is again z = (1,2, 3,4). Consider the short exact sequence

0 — Ker 15 — S?K; 2 Ky — Coker 15 — 0 (4.24)
We find one relation using algorithm 3:
dim Ker 15 = 1, (4.25)

and so we compute
dim Coker 1o =22 —-21+1=2. (4.26)

We conclude that there are 2 irreducible Killing 2-tensors. We show later that the Hamilto-
nian is irreducible. Similar to metric 1, metric 2 and 3 have an irreducible Killing 2-tensor,
which is not the Hamiltonian. Next, we look at the short exact sequence

0 — Ker 15 — K1 ® Ko = K5 — Coker 15 — 0. (4.27)
Among the Killing tensors of rank 1 and 2 we find 70 relations:
dim Ker ¢3 = 70, (4.28)

and it follows that
dim Coker t3 = 62 — 132+ 70 = 0. (4.29)
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We conclude that all Killing 3-tensors of metrics 2 and 3 are reducible. We consider the
exact sequence
0 — Ker 1y — S?Ky 2 K4 — Coker 1y — 0. (4.30)

Algorithm 3 shows that there are 105 relations:
dim Ker ¢4 = 105. (4.31)

Thus, we find that
dim Coker ¢4 = 248 — 253 4+ 105 = 0. (4.32)

We conclude that all Killing 4-tensors of metrics 2 and 3 are reducible.

Irreducibility of the Hamiltonian

We prove that the Hamiltonian of metrics 2 and 3 is reducible, i.e., it decomposes as a sum
of products of Killing 1-tensors. In algorithm 3 (step 3), we replace T by

6
H=> "> cmly I, (4.33)

=1 m=l

where Ig"l (1 <7 <7) are the linear integrals up to order 2 (found in steps 1 and 2). Steps
4 and 5 return no solution, which means that the Hamiltonian is irreducible.

We summarize these results in the following theorem.

Theorem 4.2.2. Consider a conformally flat pp-wave as in eq. (4.1) with f(z3) = 2 or

f(a®) = (23)%. The dimension of the space K4 of Killing d-tensors for d = 1,2,3,4 is given
by:
dim K; = 6, dim Ky = 22, dim K5 = 62, dim K, = 148. (4.34)

There exist two irreducible Killing 2-tensors, one of which is the Hamiltonian (metric). The
Killing tensors of rank 3 and 4 are all reducible.

Relations and Irreducible Killing Tensors in Metric 4

For d = 1,2,3,4, we find that the number of Killing d-tensors and the number of relations
(syzygies) among Killing d-tensors of metric 4 are identical to those of metric 1, see the
attached Maple worksheet “ConformallyFlatPPWave4_Algorithm3”. Thus, there exists one
irreducible Killing 2-tensor and the Killing 3- and 4-tensors are all reducible. However, in
constrast to metric 1, the irreducible Killing tensor of metric 4 is the Hamiltonian. We
summarize:

Theorem 4.2.3. Consider a conformally flat pp-wave as in eq. (4.1) with f(z?) = (xé)g.

The dimension of the space Ky of Killing d-tensors for d =1,2,3,4 is given by:

dim K; = 7, dim K> = 28, dim K3 = 84, dim K, = 210. (4.35)

There exists one irreducible Killing 2-tensor, which is the Hamiltonian (metric). The Killing
tensors of rank 3 and 4 are all reducible.
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4.3 The Isometry Algebra of Conformally Flat pp-Waves

The previous sections deduced results on the number of Killing tensors without computing
them explicitly. In this section we study the isometry algebra structure using the explicit
form of the linear integrals.

For a generic metric of a conformally flat pp-wave, there exist 6 Killing fields ([SG86],
[BOO03]) given by

L =a2%py — a'py

I = = (a*)a' p1 + 61 (2")py
I3 = = (z%) ' pa + ¢2(2”)p1
Iy = ¢ (2®) 2 ps — ¢1(2°)p2
Is = ¢5(2%)2°ps — o (2% )p2
Is = ¢ pa,

(4.36)

where ¢1, ¢o are solutions of the second order linear homogeneous ODE ¢”+2f ¢ = 0. There
are two special classes of conformally flat pp-waves which admit a seventh independent linear
integral in addition to the six above:

o If f =k for some constant k # 0, then ps is an integral.

o If f = ﬁ for some constant k # 0, then x3p3 — x*p, is an integral. (This integral

comes from the boost (21,22, 23, 24) — (2!, 22, a3, a"12?)).

The constant ¢ in linear integral Is can be normalized such that the brackets of the generic
case are given by

I, Lo} = Iy, {1, I3} =I5, {I1, 14} = =1, {11, I5} = —1I3
{12, I3} = I, {14,15} = Ig.

We see that the center is given by Z(K1) = (Is). This Lie algebra is graded ([g;, g;] C gi+j):

(4.37)

9=200D 01D g2, (4.38)

where go = (I1), g1 = (I2, I3, I4, I5) and go = (Ig). Thus, the nilradical (maximal nilpotent
ideal) of the Lie algebra is given by nil(g) = g1 @ g2. It is a solvable Lie algebra, i.e. the
derived series g;) terminates:

ga) = <I27I3a14515716>7 g2 = <IG>7 9i3) = 0. (439)

Moreover, the nilradical g; @ go = heis(5) is the Heisenberg algebra and go is generated by
a complex structure on g;. We now examine metrics 1,2,3.4.
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Metric 1
There are 7 linear integrals in metric 1 given by:

-’
\/i

I = V2 cos(vV2x3)xtpy + sin(v223)p,

Iy = —V/2 sin(vV223) 2 py + cos(v223)p, (4.40)

I = —V2 cos(V22?)z?py — sin(v22°)py

Is = V2 sin(v223)2?py — cos(v22%)py

Is =2 ps

Iy , I = 2%p1 — z'ps

The Hamiltonian of metric 1 is reducible. We can decompose the Hamiltonian into the
linear integrals, as follows:

H=-N1g— 1313 — I} — 12 + 2IgIs — 314 + Lo 15. (4.41)
The (nonzero) structural relations of the isometry algebra are given by:

{L,LYy=1, {1, I3} =1, {I1, 4} = -1, {I1,Is} =—1I3
{Iz, I3} = Is, {I2, 1o} = I3, {Is, o} = —12 (4.42)
{Is,Is} = Is, {11, 1o} =I5, {I5, o} = — 1.

We see that the center is given by Z(K;) = (I;). This Lie algebra is still graded ([g;, g;] C

9it+j):
g9=0050g1 Do, (4.43)

where go = (Lo, I1), 91 = (I2,I3,14,I5) and go = (Is). Moreover, the subalgebra go is
generated by two commuting complex structures on g; = R? ® R2.
Metrics 2 and 3

We do the same for metric 2 (which is isomorphic to the isometry algebra of metric 3).

I = 2%p1 —a'ps
I = —23 AiryAi(1, —252%)z' py + AiryAi(—252%)p;
I3 = —25 AiryBi(1, =252z ps + AiryBi(—252°)p;

Iy = 2%AiryAi(1, —2%$3)x2p4 — AiryAi(—Z%zg’)pg (4.44)
I5 = —Z%AilryBi(l7 —2%x3)x2p4 — AiryBi(—Qéxg)pg

2%
Is=— pa

T

The Airy functions AiryAi, AiryBi are solutions of the second order ODE ¢” 4 223¢ = 0. In
particular, we see that this Lie algebra can be viewed as a subalgebra of metric 1’s isometry
algebra.
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Metric 4
The linear integrals of metric 4 are given by

Io = 2°ps — a'py, [y = 2°p1 — a'po

| V7log(a?) - VTlog(z*) \ | 4 5. [ VTlog(a%)
Ig—m {\ﬁcos (2 + 2sin > T pg + 227 sin 5 P1
1 s (Vo) Vilog(@®) \ | 5 [ VTlog(z*)
Ig—ﬁ {ﬁsm( 5 — 2cos 2 T py — 2x° cos > P1
o Vilog(@®)\ o (VTlog@®) | o L5 (VTlog(a?)
ILL—W {\ﬁcos (2 + 2sin 5 r7py + 227 sin 5 D2
[ e (VTlog(a?) VTlog(a®) || » s, [ VTlog(a?)
15_2\/9?3 {\ﬁblﬂ( 5 —2c 5 r7py — 2x° cos > D2
VT
Is = 5 P4
(4.45)
The (nonzero) structural relations of this isometry algebra are given by:
{,L}y=1, {1, Iz} =1, {I1, 4} = -1, {I1,Is} =—1I3
{2, I3} = I, {14, 15} = Is, {lo,l6} = —Is
-1 1
{Io,Ig} = 7([2 + \ﬁjg), {IQ,Ig} = 5(\/?.[2 — Ig) (446)

(o, Ly = S I+ VTE), (T, Ts) = 3 (V7L ~ ),

We see that the element I is no longer central, so the isometry algebra has trivial center.
The element g is a common eigenvector for the adjoint representation of g (cf. Lie’s Theorem
on solvable Lie algebras). This Lie algebra is graded ([g;, 9;] C gi+j):

g=003 01D g, (4.47)

where go = (lo, I1), 91 = (I2, I3, 14, I5) and go = (Is) and g1 @ g2 = heis(5). The subalgebra
go is generated by a complex structure on g; and an automorphism on g; that commutes
with the complex structure.

Existence of irreducible Killing 2-tensor in generic case

Since metrics 1, 2 and 3 have an irreducible Killing 2-tensor which is not the Hamiltonian,
it is natural to ask whether any generic conformally flat pp-wave has an irreducible Killing
2-tensor. We can look at the explicit expression of the quadratic integral of metric 1 and
make an ansatz for the general case.

The following theorem is not a new result, it was already proven by [KT10, p. 5] using
the Koutras algorithm. However, the methods we have employed in this chapter give an
alternative view on these results. Moreover, these methods are applicable to all spacetimes
in contrast to the Koutras algorithm (which requires a homothetic Killing field).
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Theorem 4.3.1. A conformally flat pp-wave (M, g) (eq. (4.1)) with either dimK; = 6
(generic case) or f =k # 0 (second class) admits an irreducible Killing 2-tensor not being
the Hamiltonian. It is given by the quadratic integral

I, = —23H + 2 p1py + 22pops + 22702, (4.48)
where H is the Hamiltonian of the geodesic flow.

Proof. Tt is readily computed that I, is an integral. To see that I is irreducible, note that
the linear integrals do not depend on z*, whereas 1, does. O

Remark 4.3.2. The Koutras algorithm uses a homothetic Killing field to generate a Killing
2-tensor. The homothetic Killing field here is given by L := z'p; + 22py + 22%p4. Indeed,
we have that {H, L} = constant - H

Module Structure of K; over K;

The space of Killing d-tensors is a module over K; with respect to the Poisson bracket:
given I; € Ky, I € K, their Poisson bracket {I, I} is again a Killing d-tensor. Since the
Killing tensors of rank 3 and 4 are all reducible, it suffices to compute the Poisson bracket
of the quadratic integral I, with the linear integrals. For the generic case (in particular
metrics 2 and 3) we obtain the following brackets

1§

{Iq716} = ?, {Iq,Il} = O, {Iq7_[2} =C I6127 {Iq,Ig} =C ISIG

{Iq,.[4} =cC 14167 {Iq,Is} =C IEIG-

For metric 1 we get the above together with the additional bracket {I,, I} = cH. These
brackets show that the quadratic integral I, is not a good candidate to prove integrability of
the geodesic flow. Indeed, I, only Poisson commutes with the linear integral I;. Also, note
that {I,, K1} := {{I,,1} : I € K1} C 12(S?K;). (This is also true for metric 1, because
in that case the Hamiltonian is reducible.) For metrics 1,2,3,4, we have that the Hamil-
tonian is the only Killing tensor that commutes with all other Killing tensors (up to order 4).

(4.49)

Note that the Poisson algebra (4.49) is weighted. If we assign the weights w(Iy) = w(I;) =0,
w(lz) = w(ls) = w(ls) = w(I5) = 1 and w(ls) = w(I;) = w(H) = 2, then the Poisson
bracket of two integral with weights w; and ws is an integral of weight wy + ws.

4.4 Integrability of Conformally Flat pp-Waves

Theorem 4.4.1. The geodesic flow of a conformally flat pp-wave (M, g) is integrable.

Proof. Consider the function F := (H, I, I3, I5) : T*M — R*, where Iy, I3, I are the linear
integrals as in eq. (4.36). In view of the brackets (4.37), we see that the component functions
are pairwise Poisson-commuting. The component functions are linearly independent almost
everywhere, because the Jacobian matrix

. =2p1 —2pa 2ps 2ps —4f(2°)((2')? + (2?)%)pa
OF" 0 0 0 1
- 4.50
(apj ) o) 00 64 (@®) ol (4.50)
—¢2(z%) 0 —¢2(2?) 2
has full rank almost everywhere. O



In contrast to the Kerr metric, the linear integrals imply integrability of the geodesic flow.
By the Arnold—Mineur—Liouville theorem, the geodesic equations can be integrated and its
geodesics exhibit regular dynamics (outside of singular points).

4.5 Applications

We mention some applications of the results in this chapter.

Penrose Limits. As discussed in Chapter 3, Penrose limits are plane waves associated to a
null geodesic in spacetime. The number of Killing vectors is hereditary, which means that
if the original spacetime has N Killing vectors, then the resulting Penrose plane wave also
has atleast N Killing vectors. Thus, the spacetimes that have a conformally flat pp-wave as
their Penrose limit, have no more than 7 Killing vectors. In Chapter 3 we mentioned that
Penrose limits of null geodesics approaching a singularity have wave profile proportional to

ﬁ. For example, the Penrose limit for a singular FLRW spacetime is in the same class as

metric 4 ([Blall, p.63]). Furthermore, the Penrose limit of the Schwarzschild metric for a
null geodesic with constant r gives rise to a conformally flat pp-wave with f(2) = constant
([Blall, p.58]). To summarize, the results obtained in this chapter have implications for
the (non)existence of Killing tensors in Penrose limits.

Superintegrability. Even though the quadratic integral I, is not needed to prove integrabil-
ity, it does restrict the possible motion of the geodesics. This phenomenon, having more
integrals than necessary, is called ‘superintegrability’. The main point is that in a ‘superin-
tegrable’ system of dimension 2n the motion does not occur on an n-dimensional torus (or
cylinder in the non-compact case) but on one with dimension smaller than n.

Eztending Spacetimes. Integrals can also be used for extending spacetimes ([Ger69]). This
is important for the global analysis of spacetimes.

64



Chapter 5

Absence of Killing Tensors in
Wils Metric

The Wils metric is given by

g = 22" dadda® — 22 datda® + {2f(23) 2 (22 + (2%)?) — (1)} (da®)? — (da')? — (dx?)?
(5.1)
where f is a nonzero function of the coordinate z°. For f = 0 this metric is of constant
sectional curvature and thus admits the maximal number of Killing tensors, all of which are
reducible (cite Thompson 88). The original motivation for studying this metric ([KM96])
was to find an example of a metric without symmetries that has vanishing scalar curvature
invariants. This is in contrast to the flat metric which has maximal symmetry. In this paper
A. Koutras and C. McIntosh show in particular that a Wils metric generically has no Killing
fields. The purpose of this chapter is to give a precise characterization of f for which the
Wils metric does admit Killing 1-tensors and Killing 2-tensors (apart from the metric).

3

To start our study of the Wils metric, we shall consider three cases

1

e Metric 1: f(23)
e Metric 2: f(x?) = 23

(z°)?.

e Metric 3: f(23)

We apply Cartan’s prolongation method (algorithm 2) to the PDE
E={F=0:F ecoefls,({H, I4})} (5.2)

to compute the number of Killing d-tensors for d = 1,2,3,4. After these computations, we
consider a Wils metric with arbitrary f. By applying algorithm 4, we deduce the precise
form of f for which a Wils metric admits a Killing 1-tensor and a Killing 2-tensor (apart
from the metric). This leads to theorems (5.2.1) and (5.2.3).
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5.1 Dimensions of Killing Tensors

Metric 1 (f(2®) =1)

We present the results of algorithm 2 applied to metric 1 for the degrees d = 1,2, 3,4. In the
tables below we collect for a given degree d, the k’th prolongation £*) together with its value
% obtained from step 3. The generic point we used for algorithm 2 is z := (1,2,1,4) € R*.
See the attached Maple worksheet “Wils1_Algorithm2.mw”.

Linear ETED T D T B [ @ | g®
5 10 | 10 7 4 1 1

Table 5.1: The values of § obtained in algorithm 2 (step 3) for d = 1.

Quadratic | € | ED [ €@ | gB) | g@) | gG) | £(6)
é 30 | 50 50 31 14 2 2

Table 5.2: The values of § obtained in algorithm 2 (step 3) for d = 2.

Cubic ETED T [ eB® [T @ T eB) [ g®) [ g ] g®
0 65 | 125 | 175 | 175 | 115 | ... 3 2 2

Table 5.3: The values of § obtained in algorithm 2 (step 3) for d = 3.

Quartic E [EDM @D B [ @
0 119 | 245 | 385 | 490 | 490
contd [ €O [ €O [ &M | £® [ g0
0 353 | 135 4 3 3

Table 5.4: The values of § obtained in algorithm 2 (step 3) for d = 4.

The sequence of d-values decreases quickly after reaching Frobenius type. This allows us to
compute the number of Killing 4-tensors in a reasonable amount of time (2-3 hours). We
conclude that

dimK; =1, dimKs; =2, dim K3 =1, dim Ky = 3. (5.3)

The Killing vector is given by 0,3, because the metric coefficients do not depend on the
coordinate z3. The three reducible Killing 4-tensors are given by (8;3)4, g(823)2, g2.
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Metric 2 (f(2?) = 2?)

We present the results of algorithm 2 applied to metric 2 for the degrees d = 1,2, 3,4. In the
tables below we collect for a given degree d, the k’th prolongation £*) together with its value
% obtained from step 3. The generic point we used for algorithm 2 is z := (1,2,1,4) € R*.

See the attached Maple worksheet “Wils2_Algorithm2.mw”.

Linear

€

£M

@

£B)

£@

£06)

£(6)

0

10

10

7

4

1

0

0

Table 5.5: The values of ¢ obtained in algorithm 2 (step 3) for d = 1.

Quadratic

£

Y]

@

£B)

£@

g6

£(6)

0

30

50

50

31

14

1

1

Table 5.6: The values of § obtained in algorithm 2 (step 3) for d = 2.

Cubic

&

gM

£@)

£B)

£@

£06)

£(©)

g

£B®)

]

65

125

175

175

115

41

1

0

0

Table 5.7: The values of § obtained in algorithm 2 (step 3) for d = 3.

Quartic E EM 1 @) [ £B) | g
B 119 | 245 | 385 | 490 | 490
cont’™d | EC) [ £O [ £ [ £B) | £O)

) 353 | 135 | 2 1 1

Table 5.8: The values of § obtained in algorithm 2 (step 3) for d = 4.

We conclude that

dimK1 = 0, d1mK2 = ]., dlmK3 = 0, dlmK4 =1.
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Metric 3 (f(2?) = (23)?)

We present the results of algorithm 2 applied to metric 3 for the degrees d = 1,2, 3,4. In the
tables below we collect for a given degree d, the k’th prolongation £*) together with its value
% obtained from step 3. The generic point we used for algorithm 2 is z := (1,2,1,4) € R*.

See the attached Maple worksheet “Wils3_Algorithm2.mw”.

Linear

€

£M

@

£B)

£@

£06)

£(6)

0

10

10

7

4

1

0

0

Table 5.9: The values of ¢ obtained in algorithm 2 (step 3) for d = 1.

Quadratic

£

Y]

@

£B)

£@

g6

£(6)

0

30

50

50

31

14

1

1

Table 5.10: The values of § obtained in algorithm 2 (step 3) for d = 2.

Cubic

&

gM

£@)

£B)

£@

£06)

£(©)

g

£B®)

]

65

125

175

175

115

41

1

0

0

Table 5.11: The values of § obtained in algorithm 2 (step 3) for d = 3.

Quartic E EM 1 @) [ £B) | g
B 119 | 245 | 385 | 490 | 490
cont’™d | EC) [ £O [ £ [ £B) | £O)

) 353 | 135 | 2 1 1

Table 5.12: The values of § obtained in algorithm 2 (step 3) for d = 4.

We conclude that

dimK1 = 0, d1mK2 = ]., dlmK3 = 0, dlmK4 =1.
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5.2 Nonexistence of Killing Tensors in General Case

5.2.1 Linear Case

We know that the Wils metric generically has no Killing vector fields. However, the com-
putations from metric 1 show that there exist special cases of the Wils metric for which we
can find a Killing field. By application of algorithm 4, we determine the number of Killing
fields in an arbitrary Wils spacetime exactly.

Theorem 5.2.1. The Wils metric (5.1) generically has no Killing vector fields. It admits
one Killing vector if and only if f is of the form

Cc1

- 5.6
(€263 + 2cac373 + co(a3)? — 4)2 (56)

fa®) =
for some constants ¢y, ca, c3 with c¢1 being nonzero. If f is of this form, the Killing vector is
X := —(coc3 + 2coc32® + cox3) Oys + 2ca(czx® + 232 + 21) 9,a. (5.7)

Proof. We prove this theorem by use of algorithm 4. See the attached worksheet “WilsGen-
eralCaseLinearIntegrals.mw” which is a Maple-implementation of algorithm 4. In order to
simplify the calculations we evaluate z! = 1,22 = 2, 2% = 4.

Step 1 and 2.) Using, the equations defining the PDE &, we express the 1-jets al, a3, a3, al,
a2,a2,a3,a3,af, a3 in terms of the free variables a',a?,a®, a* a?, a2, a3, a3, a3, a} and the

function f(x®).

Step 3.) For the first prolongation £, we can express all 2-jets in terms of lower order jets
without making any assumptions on f.

Step 4.) Consider E@) | If we assume that f # 0, we obtain the following compatibility

conditions:

7a1f + f’a3
2f ’

We are left with 7 free variables. For £®), we obtain the additional compatibility conditions:

4 s 2a2f2 _4a3ff/+2a3ff// —3(13(f/)2
ay = 6f2

We are left with 4 free variables. The prolongation £® gives three additional compatibility
conditions: aj = 0 and two expressions for a? and a*. We are left with 1 free variable,
namely a®. The prolongation £®) does not give an additional compatibility condition if and
only if f is a solution of the ODE

f/// _ 3f/(6ff// * 5f/)2)
= 4f2 .

at =0, a3 = aj = 0. (5.8)

(5.9)

(5.10)

The solutions of this ODE are given by

C1
(€263 4 2coc37® + co(a®)? — 4)?

69

fa®) = (5.11)




for some constants ¢y, co, c3 with ¢; # 0. If this differential equation is not satisfied, then
there are no Killing vector fields for the Wils metric. The Killing vector for Wils metric
with f as in (5.11) is given by

X := —(cac3 + 2coc30% + cox3) Ops + 2co(czx + 2P + 1) Oy (5.12)
O

Remark 5.2.2. Note that the above computation is consistent with the results obtained
from algorithm 2. We start with 10 free variables, then 7, then 4, then 1 and finally 1 or 0
depending on the function f.

5.2.2 Quadratic Case

We continue to play this game for the quadratic case.

Theorem 5.2.3. The Wils metric (5.1) generically has no Killing 2-tensors apart from the
metric. It admits one additional Killing 2-tensor if and only if f is of the form
fa?) =

C1
(c2€3 + 2000323 + co(23)2 — 4)2

(5.13)

for some constants ¢y, co, c3 with ¢ being nonzero.

Proof. We prove the theorem with help of algorithm 4. See the attached Maple work-
sheet “WilsGeneralCaseQuadraticIntegrals.mw”. Note that a quadratic polynomial I =
a’(z)p;p; in four variables has 10 coefficient functions. It is readily seen that there are 10
0-jets, 40 1-jets and 100 2-jets.

Step 1 and 2. We express 20 1-jets in terms of 30 free-variables (10 0-jets and 20 1-jets).
Collect these expressions into sub;. We prolong to £1). Substitute the expressions sub;
into the equations defining the first prolongation. Next, we express 80 2-jets in terms of 50
free variables, namely 10 0-jets, 20 1-jets and the 20 remaining 2-jets.

Step 3. Consider the prolongation £, which is of Frobenius type. We can express all 3-jets
in terms of the 50 free variables without making any assumptions on f.

Step 4. The prolongation £®) gives 19 compatibility conditions, and so we are left with 31
free variables. The prolongation £®) gives an additional 17 compatibility conditions, we are
left with 14 free variables. The prolongation £ gives 12 compatibility conditions and the
potential compatibility condition

a®3 (Aff" —18ff " + 15(f)3) = 0. (5.14)

If the second factor is nonzero, we obtain a 13th compatibility condition a® = 0. In that
case, we are left with 1 free variable. The corresponding Killing 2-tensor is the metric. If f
satisfies the ODE (5.10) then the second factor is identically zero. Consequently, we cannot
resolve for the 0O-jet a3, and so we have 2 free variables. The two corresponding Killing
2-tensors are given by the metric and the symmetric product of the vector field (5.12) with
itself. O

Corollary 5.2.4. The Wils metric (5.1) admits no irreducible Killing 2-tensors for any f.
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5.3 Applications

We mention some applications of Killing tensors in the Wils metric.

VSI Spacetimes. The Wils metric is an example of a spacetime with vanishing curvature
invariants which generically has no nontrivial Killing 1- and 2-tensors. One could pose the
question if ‘hidden symmetries’ (i.e. higher order Killing tensors) are responsible for the
vanishing of scalar curvature invariants. Corollary (5.2.4) show that the Wils metric admits
no irreducible Killing 2-tensors. Moreover, our computations for metrics 1,2,3 show that in
these cases there are no irreducible Killing 3- and 4-tensors as well.

Tensor Tomography. Suppose we have a pseudo-Riemannian submanifold (M, g) of a pseudo-
Riemannian manifold (N, gy ) without boundary. Consider the unit cotangent bundle SM
which is defined as SM := H~'(1) where H is the Hamiltonian of the geodesic flow. For a
given £ € SM define 7(§), the travel time, to be the time when the N-geodesic with initial
data & ‘leaves’ (M, g) and ‘enters’ the ambient manifold N. Explicitly, one defines

7(§) = inf{t > 0:7¢(t) € N\M} (5.15)

where 7¢ is the N-geodesic with initial data . We assume that the travel time is finite for
all £ € SM. Let ¢%; denote the geodesic flow on the ambient manifold N. The geodesic ray
transform If of a function f € C*°(SM) is defined by

7(£)
1O= [ sekeya (estan.
(Here STM := {¢ € SM : g(v,£%) <0} with v an outward-pointing normal to OM.)

The problem of tensor tomography is to recover the function f from its geodesic ray trans-
form ([PSU13]). In applications, one would like that the geodesic ray transform is injective
(in a suitable way). The absence of Killing tensors is useful in this setting, because the
geodesic ray transform of an integral of motion reduces to the function £ — ¢ 7(§) for some
constant c¢. Thus, we cannot recover an integral from its geodesic ray transform.

Linear Stability of Finstein Equations. Marsden and Arms [AM79] show that the absence of

Killing fields implies linear stability of the Einstein equations with respect to some Cauchy
hypersurface.
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Outlook

The starting point of this thesis was to view the geodesic flow as a Hamiltonian system on
the cotangent bundle of a pseudo-Riemannian manifold. By Noether’s theorem we have a
bijection between Killing vectors (symmetries) and conserved quantities (linear integrals).
Generalizing the Lie bracket of vector fields to the Schouten—Nijenhuis bracket extends this
duality to a one-to-one correspondence between Killing tensors and integrals which are poly-
nomial in momenta. The Poisson bracket of the Hamiltonian with an arbitrary polynomial
(in momenta) leads to a PDE on its coefficient functions.

Since the condition for a polynomial to be an integral is a PDE, we then moved on to the
study of PDEs from the geometric perspective. By means of prolongation and projection
one can obtain compatibility conditions, essentially new equations which must be satisfied
by solutions of the PDE. For systems of linear PDEs of finite type (such as the Killing
equations) Cartan’s prolongation method computes the number of solutions through linear
algebra. Subsequently we can also obtain the syzygies among Killing tensors using algorithm
3. Combining these results then proves the (non)existence of irreducible Killing tensors in
the spacetime!

In Chapter 4 we applied these methods to several examples of conformally flat pp-waves.
We reproved a result by Keane and Tupper [KT10] that there exists an irreducible Killing
2-tensor in generic conformally flat pp-waves. Moreover, we proved by Cartan’s prolonga-
tion method that all Killing 3- and 4- tensors in these examples are reducible.

Finally, we studied the Wils metric. For several examples of a Wils metric, we showed
that there are no Killing tensors up to degree 4 apart from the Hamiltonian (and possibly
a Killing vector). Next we considered the entire family of the Wils metric, which has as
parameter a function of one variable. By application of algorithm 4 we deduced the exact
form of the function for which the Wils metric admits one Killing vector. This makes a
statement of Koutras and McIntosh [KM96] about the Wils metric [Wil89] more precise.
We also showed that the only additional Killing 2-tensor in a Wils metric comes from this
Killing vector (if it exists). In particular, we obtained that any Wils metric admits no irre-
ducible Killing 2-tensors.

To conclude, we hope that this thesis convinced the reader that Cartan’s prolongation
method is a feasible approach to finding higher rank Killing tensors (or disproving their
existence). Further research would include applying these methods to other spacetimes
with the hope that we can find new examples of spacetimes admitting Killing tensors of
rank 3 or greater. Finding such examples would provide testing ground.
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