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Cartan geometry

1. Introduction

Consider a system of m > 1 ordinary differential equations (ODEs) of order n 4+ 1 > 2 given by
u™ = f(t,u,a,...,u™), (1.1)

where u is an R”-valued function of ¢, and u'® is its k-th derivative. We will focus on the geometry of such
ODEs under local contact transformations, which by the Lie-Bécklund theorem agrees with the geometry
under local point transformations when m > 2 (vector ODEs).

Except when n = m =1 (scalar 2nd order), the ODE (1.1) admits a finite-dimensional contact symmetry
algebra and the largest realizable (mazimal) symmetry dimension 9 is known — see for example [1, §1] for
a historical survey. Indeed, the trivial ODE u("*t1) = 0 is uniquely (up to contact equivalence) maximally
symmetric among (1.1), cf. Corollary 2.8 below, and the dimension of its Lie algebra of (infinitesimal)
contact symmetries is given by

10, ifm=1,n=2 (scalar 3rd order);
M= (m+2)% -1, if m>2 n=1 (vector 2nd order); (1.2)
m?2+(n+1)m+3, ifm=1,n>3 or m,n>2 (higher order cases).
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Table 1
Submaximal symmetry dimensions & for ODEs among parabolic geometries.

Geometry S Sample ODE Reference
Scalar 2nd order ODEs

3 i = v 1896) [24
mod point transformations i = exp(1) ( ) 124]
Scalar 3rd order ODE:
calar 3rd order S ‘ 5 U= b+ u (2002) [25]
mod contact transformations
Vector 2nd order ODEs m? 45 0% = (a)369, m = 2: (2013) [2]
mod point transformations (1<a<m) m > 3: (2017) [14]

In contrast, all scalar 2nd order ODEs are locally contact equivalent to the trivial ODE @ = 0, which admits
an infinite-dimensional contact symmetry algebra. Under point transformations, i = 0 has point symmetry
algebra of dimension 9 = 8 and is maximally symmetric.

In all cases with a finite maximal symmetry dimension, a natural classification problem is to determine
the next largest realizable (submazimal) symmetry dimension &. There is often a sizable gap between 9t and
G, so this is referred to as the symmetry gap problem. For ODEs, examples of this are given in Table 1. See
[14] for details on these cases where the underlying geometric structure is a parabolic geometry (see below).

We consider the symmetry gap problem for higher order ODEs (which are non-parabolic), and prove that:

Theorem 1.1. Fiz (n,m) with m = 1,n > 3 or m,n > 2. Among the ODEs (1.1) of order n + 1, the
submazimal contact symmetry dimension is

_{gm_l, ifm=1,n¢c {4,6}; (1.3)

9N — 2, otherwise.

M—2m+2, ifme{23};
M—2m+1, ifm>4.
The results for scalar ODEs recover Lie’s [16] (see [20, p.205] for a brief summary), which he obtained

This corrects a recent conjecture [1, §10] for & when m,n > 2, stated as {

based on [20, Thm.6.36] and the complete classification of Lie algebras of contact vector fields on the
(complex) plane. This requires classifying the fundamental differential invariants for each such Lie algebra
of vector fields as well as investigating their Lie determinants (see [20, Table 5]). However, attempting to
apply Lie’s approach to vector ODEs in order to prove Theorem 1.1 is not feasible: this would require as a
first step classifying Lie algebras of vector fields in general dimension. This is far out of reach, as evidenced
by the fact that even the classification in dimension three remains incomplete (although large branches have
been settled), see [10,21] for recent progress and references therein. Moreover, even if such classifications
were available, the computations involved with the approach would be extremely tedious, and establishing
refinements as in Theorem 1.2 below would be even more difficult. Different techniques are required to
address the vector cases.

Our approach is based on a categorically equivalent reformulation of ODEs & given by (1.1) (mod contact)
as regular, normal Cartan geometries (G — E,w) of type (G, P), for some appropriate Lie group G and
closed subgroup P C G (see §2.1.2). The construction of such canonical Cartan connections w for ODEs was
discussed in [4,7,11,12]. The trivial ODE corresponds to the flat model (G — &/P,w¢), which has symmetry
dimension dim G, and more generally dim G bounds the symmetry dimension of any Cartan geometry of
type (G, P), so M = dim G.

Parabolic geometries are Cartan geometries modeled on the quotient of a semisimple Lie group by a
parabolic subgroup. For this diverse class of geometric structures (whose underlying structures includes
those ODEs from Table 1), significant progress on the symmetry gap problem was made in [14]. In particular,
a universal algebraic upper bound 4 on & was established, effective methods for the computation of 4 were
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Table 2
Curvature-constrained submaximal symmetry dimensions for ODEs of order n + 1.

n m Go-irrep U C E Sy n m Go-irrep U C E Sy = Uy
>3 1 - M — 2 = sy, > 2 >2 W M — 2m + 1

(8<r<n+1) (2<r<n+1)

tr

3 1 Bs M —3 =g, —1 =2 =2 (35?2%1) el
3 1 B, M — 2 = YU,
4 1 Be M —1=Up, 2 >2 ]1334f M —m
>4 1 A, M- 2= 4, 2 >2 A;f M — 2m + 2
5 1 As M—3=1ly, —1 22 =2 Aj M — 2m + 1
>6 1 As <M—3=g,, —1 23 22 Ay Mmom -1
6 1 Ay M — 1=y,
>7 1 Ay 9N —3 =14, —1orM—4

(Recall 9t = m? + (n + 1)m + 3 from (1.2).)

given in the complex or split-real settings, and in almost all of these cases it was shown that & = i by
presenting (abstract) models.

All higher order ODEs (m = 1,n > 3 or m,n > 2) admit equivalent descriptions as non-parabolic
Cartan geometries. For these ODEs, we adapt certain key features from the parabolic study to our specific
non-parabolic setting. The main ingredients for establishing & < il are harmonic curvature kg, which is a
complete obstruction to local flatness, and Tanaka prolongation, both of which have parallels in the ODE
setting. The key technical fact underpinning our & < i proof is that kg # 0 is valued in a certain completely
reducible P-module, which was established in [4, Cor.3.8], so only the action of the reductive part Gq C P
is relevant. (In fact, the strategy of our proof is a simplified version of that given in [15], which yields a
stronger statement than the approach from [14] — see Remark 2.12.) Our upper bound result is formulated
in Theorem 2.11.

By complete reducibility, the codomain of kg can be identified with a certain proper Gy-submodule
EC Hf_ (g—, @) of a Lie algebra cohomology group. This effective part E has already been computed in the
literature by Doubrov [7,8] for scalar ODEs, Medvedev [18] for vector 3rd order ODEs, and by Doubrov—
Medvedev [11] for vector higher order ODEs. In §3, we summarize their classifications in Tables 5 and 6,
organized as irreducible Gp-submodules U C E, and use these to efficiently compute the corresponding
restricted quantities $ly, from which 4 can be obtained via (2.29).

We note that the aforementioned upper bound proof also yields the finer results Sy < iy, where Sy is
analogous to & but with the additional constraint that kg # 0 is valued in U C E. Thus, we can consider
the finer symmetry gap problem of determining Gy for a fixed U. For ODEs that as Cartan geometries are
parabolic, such constrained problems were resolved in [14]. In our non-parabolic setting, using the known
fundamental (relative) differential invariants for higher order ODEs derived in [7,11,19,22,26], we exhibit
realizability of Uy in §4 by finding explicit ODEs realizing these symmetry dimensions and with kg # 0
concentrated in U. In addition to proving Theorem 1.1, we obtain the following curvature-adapted result:

Theorem 1.2. Fiz (n,m) with m =1,n >3 or m,n > 2, and consider ODEs (1.1) of order n+ 1. Let U be
a Go-irrep contained in the effective part E C Hi(g,,g). Then Gy is given in Table 2.

We note that all vector cases and most scalar cases satisfy Gy = Uy. The exceptional scalar cases are:
(n,U) = (3,B3),(> 5,A3) or (> 7,A4). The assertions Sy < Ly here can be deduced from the known
classification of submaximally symmetric scalar ODEs (see [20, p. 206]). In Appendix A, we outline an
alternative algebraic method for establishing these Gy < iUy exceptions.

We conclude this introduction with explicit examples of ODEs (in Tables 3 and 4) that realize Gy from
Table 2 (aside from the above exceptions). We use the notation u(®) := (u}, ..., u}") for the k-th derivative
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Table 3
Scalar ODEs of order n + 1 > 4 realizing Sy .
n Go-irrep U C E Example ODE with im(kg) C U
>3 r Un+1 = Un+1—r
(3<r<n+1)
3 B
>4 A: NUp—1Unt+1 — (N + 1)(un)2 =0
4 ]BG 9(uz)2U5 - 4SUQU3U4 + 40(11,3)3 =0
6 A 10(usz)3ur — 70(usz)?usus — 49(usz)?(us)?
4 +280us (us)?us — 175(ug)* = 0
Table 4
Vector ODEs of order n + 1 > 3 (for m > 2 functions) realizing Sy .
n Go-irrep U C E Example ODE with im(kg) C U
>2 W Upyq = Up g,
(B<r<n+1) (1<a<m)
>2 Wff UZ+1 = “?1+1—r5;1
(2<r<n+1) (1<a<m)
2 ]B;lr w . (n + Dulu?
>3 Aj nHt nul |
(1<a<m)
>0 AL up g = (up,)?67
= (1<a<m)
of u:= (u!,...,u™) with respect to t. The assertions about the given ODEs can be directly verified using

the relative invariants summarized in §4 and explicit infinitesimal symmetries given in Tables 8, 9, and 10.
2. An upper bound on submaximal symmetry dimensions

We begin by reviewing the Cartan-geometric perspective on ODEs, and then use it to prove an upper
bound formula for submaximal symmetry dimensions (Theorem 2.11).

2.1. Canonical Cartan connections

2.1.1. ODEs as filtered Gg-structures

Consider the space J"(R,R™) of (n + 1)-jets of smooth maps from R into R™, with the natural
projection 721 : J YR R™) — J*(R,R™) and denote by C the Cartan distribution on it. Denoting u, =
Su™), we let (t,ug,uy,...,u,11) be standard (bundle-adapted) local coordinates on J" (R, R™),
for which the Cartan distribution C' is given by

(uy

e

C = <8t + ulauo —+ ...+ un+18un,8un+1). (21)

(Here, u10y, is our compact notation for Y " | ufdyg, etc. and dy, ., s Oun, -

We will consider (1.1) up to contact transformations. These are diffeomorphisms ¢ of J"T1(R,R™) that

refers to Oy, 5., Our, )

preserve the distribution C| i.e. ¢.(C) = C. By the Lie-Béacklund theorem, such transformations are the
prolongations [20] of contact transformations on J!(R, R™). Moreover, for m > 2 they are the prolongations
of diffeomorphisms on JO(R,R™) = R x R™ (point transformations). At the infinitesimal level, a contact
vector field £ is a vector field whose flow is a (local) contact transformation. Equivalently, £:C C C, where
Ly is the Lie derivative with respect to &.
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Rephrased geometrically, the (n+1)-st order ODE (1.1) is a codimension m submanifold £ = {u,+; = f}
in J*T1(R,R™) transverse to the projection map 7% *1. So, £ can be (locally) identified with its diffeomorphic
image in J™"(R,R™).

Definition 2.1. A contact symmetry of the ODE £ C J"1(R,R™) is a contact vector field £ on J" (R, R™)
that is tangent to &.

We associate £ with a pair (F, V) of subdistributions of C' described below:

o the line bundle E over £ whose integral curves are lifts of solution curves to (1.1);
o the rank m Frobenius-integrable distribution V := ker(dz""1|¢).

As proven in [12, Thm 1], the pair (F, V') encodes £ up to the contact transformations and therefore defines
a geometric structure associated to (1.1).

Equivalently, a contact symmetry of the ODE & C J""}(R,R™) is a vector field £ on € such that
LeE C Eand LV C V. In standard local coordinates,

E=(4 =0 +wdyy+ +0u, , +f0u,), V=1_(0u,). (2.2)

In the sequel, we shall refer to % as the total derivative.
The distribution D := E @V C TE is bracket-generating and its weak-derived flag defines a filtration on
the tangent bundle TE:

TéE=D " '>...oD 25D (2.3)

where D™! := D and D=7 := D=7 + [D=7,D71] for j > 0. Then (&,{D’}) becomes a filtered manifold,
since the Lie bracket of vector fields on & is compatible with the tangential filtration {D7}, i.e.

(D), (D)) € T(D). (2.0
From (2.2), we can moreover verify that
[P(DY), (DY) € T(DminGia)-1), (2.5)

which is a stronger condition if 7,j < —2.
Furthermore, (1.1) admits an equivalent description as a filtered Gg-structure described below. The as-
sociated graded to the filtration (2.3) is given by

—1
gr(T€) = @ gr;(T€), where gr,(T€E) = DIE/DITLE.

j=—n—1

For x € &, the Lie bracket of vector fields induces a (Levi) bracket on m(x) := gr(7,£) turning it into
a nilpotent graded Lie algebra (NGLA) with m;(x) := gr;(T,.£). It is called the symbol algebra at x. For
distinct points x,y € &£, m(x) and m(y) belong to the same NGLA isomorphism class. Let m be a fixed
NGLA with m 2 m(z),Vz € €. Since D is bracket-generating, then m is generated by m_;.

For z € £, denote by Fy,(x) the set of all NGLA isomorphisms from m to m(z) and Fg;(£) := U, c¢ Far ().
Then F,.(£) — £ is a principal fiber bundle with structure group Autg, (m) consisting of all graded auto-
morphisms of m. In fact, Autg, (m) — GL(m_1), since m is generated by m_.
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The splitting of D implies a splitting of m_;. Let Go < Autg.(m) be the subgroup preserving this splitting
of m_;. There is a corresponding proper subbundle Gy — &, which is a principal fiber bundle with reduced
structure group Go = R* X GL,,. This realizes the ODE as a so-called filtered Go-structure [3, Defn 2.2].
We immediately caution that not all filtered Gy-structures arise from ODEs (see Remark 2.4).

2.1.2. The trivial ODE

Consider the trivial system of m > 1 ODEs u, 41 = 0 of order n + 1. Throughout, we will restrict to the
higher order cases m = 1,n > 3 or m,n > 2. The contact symmetry vector fields for the trivial ODE were
given in [4, Section 2.2]. Abstractly, the contact symmetry algebra g has the structure

g:=qxV, where q:=slbxgl,, V:=V,W (2.6)

Here, V,, is the unique (up to isomorphism) slo-irrep of dimension n + 1 and W = R™ is the standard
representation of gl,,. The trivial ODE admits the maximal symmetry dimension among (1.1) for fixed
(n,m), cf. Corollary 2.8. Consequently, we denote:

M :=dimg =m? + (n+ 1)m + 3. (2.7)

We work with the following basis for g. Let {w,} be the standard basis for W = R™, let gl,,, = gl(W)
be spanned by {ef}, where efw, = 62wy, and let id,, := Y ", e?. Letting {z,y} be the standard basis for
R2, consider the standard sl,-triple

X=20y, H=x0,—y0y, Y =y, (2.8)

and consider the weight vectors for V,, given by

Following [7,11], we give g the structure of a Z-graded Lie algebra g =g_,,—1 & ... D g1, where

g1 =RY, go=RH®gl,, g-1=RXDRE,@W),

(2.10)
gi:REn+l+i®Wy 1‘272,...,7n71.

We note that g_ = m, the symbol algebra defined in §2.1.1.
The splitting on g_; reflects the splitting on the distribution D = E @& V from §2.1.1. Note that g is
reductive and g_ is generated by g_i. Alternatively, introducing the grading element

Z.— —%(H+(n+2)idm), (2.11)

the eigenspaces of adz € gl(g) are precisely g; = {« € g : [Z,z] = iz} for all i € Z. We visualize this as in
Fig. 1.
We also endow g with the corresponding filtration g° := ZPi g;, and let

pi=g"=(H.ep.Y), pro=g =(Y) (2.12)

Let gr; : g — g°/g*™" denote the natural quotient and let gr(g) := €, gr;(g) denote the associated graded,
which is isomorphic as a go = gr,(g) module to g as a graded Lie algebra.
At the group level, let
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—n —1 —n —2 —1

Fig. 1. Grading on g, with basis specified in the scalar case.

e m=1:G=GLy xV, and P = STy C GL,, the subgroup of lower triangular matrices;
e m>2:G=(SLy xGL,,) X V and P = STy x GL,,.

In either case, let Gy := {g € P : Ady(go) C go}. We note that the filtration on g is P-invariant.

2.1.8. Cartan geometries
All ODEs (1.1) are filtered Go-structures, and these admit an equivalent description as (normalized)
Cartan geometries of type (G, P). We describe the precise setup in this section.

Definition 2.2. A Cartan geometry (G — M,w) of type (G, P) consists of a (right) principal P-bundle
G — M endowed with a g-valued one-form w € Ql(g ,9), called a Cartan connection, such that:

(i) For any u € G, w,, : T,G — ¢ is a linear isomorphism;
(ii) w is P-equivariant, i.e. Rjw = Ady-1 ow for any g € P;
(iii) w(Ca) = A, where A € p, where (4 is the fundamental vertical vector field defined by (a(u) :=
%|t:0 u - exp(tA).
Because of (i), the tangent bundle of G is trivialized, i.e. TG = G X g, and the P-invariant filtration on g
induces a corresponding filtration of T'G:

T-"'g>...oT'¢o>T1T°G>T'G. (2.13)

Let us also note the following consequence of (ii). Fixing u € G, consider a P-invariant vector field n €
[(TG)? with A :=w(n,) € p, and let f be a P-equivariant function on G. Then:

(900 = G| Fesw(an) = Gl ep(-An- f = -A- £ (2.14)

The Klein geometry (G — G/P,wq), where wq is the Maurer—Cartan form on G, is called the flat model
for Cartan geometries of type (G, P). Given a Cartan geometry, its curvature form K € Q2(G,g) is given
by

K(&,m) = dw(§,n) + [w(£),w(n)], (2.15)

which is P-equivariant and horizontal, i.e. K(C4,-) = 0, A € p. By horizontality, it is determined by the
P-equivariant curvature function r: G — N\>(3/p)* ® g, defined by

K(A, B) = K(w '(A),w"Y(B)), A,Beag. (2.16)
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For (G, P) from §2.1.2, and the filtration {g’} introduced there, we say that a Cartan connection w is regular
if k(g% g’) C gttt for all 4,j. Equivalently, x has image in the subspace of /\2(9/p)* ® g on which the
grading element Z acts with positive eigenvalues (degrees).

For normality of w, we follow the description in [4, §3]. Let us denote by C*(g,g) := /\2 g* ® g, and
consider the P-invariant subspace

Chor(g:8) = {0 € C*(g,8) 1 1at = O,VA € p} = \(9/p)" @ g. (2.17)

Both of these inherit filtrations from the filtration on g. Their associated graded can be identified with
Ck(g_,g), i.e. the cochain spaces for a complex C*(g_,g) with the standard differential & for computing
Lie algebra cohomology groups H*(g_, g). There is an inner product (-,-) on g whose extension to C*(g, g)
is such that the adjoint 0* of the standard differential d; on C*(g,g) (with respect to (-,-)) restricts to a
P-equivariant map 8* : A\"(3/p)* @ g = A"'(3/p)* @ g. (See [4, Lemma 3.2] for details.) In terms of this
map 0%, we say that w is normal if 9*k = 0. From [4, Thm.2.2] (see also [7,11,12]), we have the following
important starting point:

Theorem 2.3. Fiz (G, P) as above. There is an equivalence of categories between filtered Go-structures and
reqular, normal Cartan geometries of type (G, P).

Remark 2.4. A regular, normal Cartan connection associated to an ODE (1.1) satisfies the strong regularity
condition s(g’, g7) C g"t/ T Ng™in(t)=1 4, j [4, Rem 2.3]. Consequently, not all filtered G-structures arise
from ODE. For example, in [4, §3.5] there is a Go-invariant filtered Go-structure with the same symbol as
that of an 11th order scalar ODE, but it is not realizable by any such ODE.

Since (9*)% = 0, then for regular, normal Cartan geometries one obtains the (P-equivariant) harmonic
curvature function

ker 0*
g —— 2.1
wi g im o*’ (2.18)
which is valued in the filtrand of positive degree (by regularity). It is a fundamental fact that kg completely
obstructs local flatness [3], i.e. kg = 0 if and only if the geometry is locally equivalent to the flat model,

which corresponds to the trivial ODE. Furthermore,

Lemma 2.5. The P-module lffnrg* is completely reducible, i.e. g* acts trivially.

Proof. See [4, Corollary 3.8]. O

The above complete reducibility property will be important in subsequent sections. Consequently, only
the Go-action on 2" is relevant. Identifying A\*(5/p)* @ g = A’ g* ® g as Go-modules, and defining the

im O*

Laplacian operator [J := 8 0 9* + 8* 0 @ on A>g* ® g, we have a Hodge decomposition and the following

Gy isomorphisms:

ker 8
—_—— ker 0* _ kerd
2 % ~ * . ~ ~ 2
= 0 ker (] 0, kerd¥ ——=~_—— =:H(g_,g). 2.19
/\g_®g imd* ®kerd®imad, ker o P~ (g—,9) ( )

ker 0

Regularity of w and complete reducibility imply that the codomain of kg can be identified with the subspace
H?(g—,g) C H*(g—,g) on which Z acts with positive eigenvalues.
Not all filtered Gp-structures are realizable by ODEs, so some of H? (g_, g) is extraneous for ODEs.
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Definition 2.6. Let E C HZ (g_, g) denote the effective part, i.e. the minimal Go-submodule in which ky is
valued, for any regular, normal Cartan geometry of type (G, P) associated to an ODE (for fixed n,m).

This important submodule has already been computed in the literature [7,8,11,18]. All irreducible com-
ponents are summarized in Tables 5 and 6.

2.2. ODE symmetries viewed Cartan-geometrically

Given a Cartan geometry (G — M,w) of type (G, P), an (infinitesimal) symmetry is a P-invariant vector
field on G that preserves w under Lie differentiation. The collection of all such symmetries forms a Lie
algebra, which we denote by

inf(G,w) == {¢ € N(G)" : Lew =0} . (2.20)
Proposition 2.7. Let (G — M,w) be a Cartan geometry of type (G, P) and fix u € G arbitrary. Then:

(i) The map & — w(&,) is a linear injection from inf (G,w) into g. Let f(u) denote the image subspace.
(ii) Equipping f(u) with the inherited filtration §(u)* := §(u) N g* and bracket

(X, Y]j) = [X,Y] = k(u)(X,Y), VXY €f(u), (2.21)

we have that (f(u), [+, ]sw)) s a filtered Lie algebra isomorphic to inf(G,w).
(i) The associated graded Lie algebra s(u) := gr(f(u)) is a graded Lie subalgebra of g.
(iv) so(u) C ann(kpg(u)) C go-

Proof. The statements (i)—(iii) were proved in [6, Thm.4] for bracket-generating distributions that lead to
parabolic geometries of type (G, P). Although (G, P) there refers to the parabolic setting, the same proof
works for our (G, P) considered here. For (iv), let A € p with A € {f9(u), and let 1 be a symmetry with
w(nu) = A. Use (2.14) with f = kg to obtain A - kg(u) = 0. Since X2 is completely reducible, this

im 9*

statement only depends on A mod ! € s¢(u), so (iv) follows. O
Using Cartan-geometric methods, we have:

Corollary 2.8. Let (n,m) # (1,1). Up to (local) contact transformations, the trivial ODE u™*t) = 0 of
order n+ 1 > 2 with m > 1 dependent variables is uniquely mazimally symmetric among (1.1).

Proof. The scalar 3rd order (n = 2,m = 1) and vector 2nd order (n = 1,m > 2) cases correspond to
parabolic geometries — see [14, Prop.2.3.2] for a uniqueness statement. The proof for higher order ODE
cases is analogous and we give this here. Given an ODE (1.1), let (G — M, w) be the corresponding regular,
normal Cartan geometry of type (G, P). Fix any u € G. By Proposition 2.7 (iii), §(u) C g, so diminf(G,w) =
dims(u) < dimg. The trivial ODE in particular has symmetry dimension 9t = dim g, so this is indeed
maximal. Now supposing dim inf(G,w) = dim g, we must have s(u) = g, so go = so(u) = ann(r g (u)) follows
from Proposition 2.7 (iv). In particular, the grading element satisfies Z € so(u). Since kg (u) € H2 (g—, 9),
then kg (u) = 0, so kg = 0 and the geometry is flat. Thus, the ODE is locally equivalent to the trivial
one. 0O

We note that the results for the scalar case are due to Lie [17], while Fels [13] established uniqueness for
the case of second and third order systems using Cartan’s method of equivalence.
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2.3. An algebraic bound on submaximal symmetry dimensions
Fix (G, P) as above. We define the submaximal symmetry dimension & by:

S := max {diminf(G,w) : (§ = M,w) regular, normal of type (G, P) (2.22)
associated to an ODE, with kg # 0}. .

Following [14], we define:

Definition 2.9. Let g be a graded Lie algebra with g_ generated by g_;. For ag C go, the Tanaka prolongation
algebra is the graded subalgebra a := pr(g_,ag) of g with a_ := g_ and a; defined iteratively for & > 0 by
ar, == {X € gx : [X,9-1] C ax_1}. Given ¢ in some go-module, let ann(¢$) C go be its annihilator and define
a? := pr(g—, ann(¢)).

In terms of the effective part E C Hi(g,, g), we define
{:=max {dima®: 0£ ¢ €E}. (2.23)

Clearly 4 < dimg. (Otherwise a® = g for some 0 # ¢ € E, and so Z € ann(¢). But necessarily Z acts
non-trivially since ¢ € H? (g—, g), which is a contradiction.) We will show that & < 4.

Lemma 2.10. Let (G — M,w) be a regular, normal Cartan geometry of type (G, P). Let uw € G be arbitrary.
Let € € inf(G,w) with w(&,) € g8 Cp and n € T(TG)F. Then:

[W(fu), W(nu)] : KH(”) =0. (2'24)

Proof. Fix u € G as above with A := w(¢,) € g' and B := w(n,) € g~'. Since £ is a symmetry, then
0= (Lew)(n) =dw(&,n) +n-w(§) =& wn) —w( n]). Evaluation at v now yields

w([&n))(w) = (§-wmn))(u) = —[A, Bl €p, (2.25)

using P-equivariancy of w(n) and (2.14).
Since ¢ is a symmetry, then £ - K =0 and & - kg = 0. We get the prolonged equation

0=n-( ku)=E& (n-km)+n & ku. (2.26)
Now evaluate at u:

e Since 7 is P-invariant and xpy is P-equivariant, then n - kg : G — ll‘;‘lrg is P-equivariant. Thus,
(€-(n-kg))(u)=—A-(n-kg)(u) =0 using (2.14) and Lemma 2.5 (since A € g').

o Since [¢, 7] is P-invariant with w([£,7n])(u) € p, then

(2.14

(In, € ma)(w) "= w((€, M) () - o ()

(2.26) (2.25)

0 [A,B] - kg(u). O (2.27)

Theorem 2.11. Let (7 : G — M,w) be a regular, normal Cartan geometry of type (G, P) associated to an
ODE. For any u € G, we have s(u) C a®# (W) Moreover, & < §l < dim g.

Proof. Fix any u € G. We have so(u) C ann(k g (u)) from Proposition 2.7(iv), so for the first claim it suffices
to prove that &1 (u) C ). Suppose s;(u) # 0, then we must have s;(u) = RY. Pick any B € g_;. Let
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¢ € inf(G,w) and n € T(T71G)F with w(¢,) = Y and w(n,) = B. Then (2.24) with A := Y implies that
[Y,B] - kg(u) =0, hence Y € aTH(u) and the first claim follows. We deduce that diminf(G,w) = dim s(u) <
dim a7 (®) < i, since kg is valued in the effective part E. We conclude that © < { < dimg. O

Remark 2.12. In the parabolic setting, the analogous statement s(u) C a®#(*) was proved in [14, §3] on an
open dense set of so-called regular points (using a Frobenius integrability argument). This was strengthened
to all points in [15] using the fundamental derivative and calculus on the adjoint tractor bundle. Our proof
in this section is adapted from the latter, but can be formulated and proven more simply since the positive
part g4 = g; consists of only a single grading level (with dimension one).

Let O C E be a Gy-invariant subset. We define G analogously to & from (2.22), but with the additional
constraint that g is valued in O. We also set o := max{dima® : 0 # ¢ € O}. The same argument as in
Theorem 2.11 allows us to conclude:

So < to. (2.28)

Of particular interest to us will be the case where O C E is a Gg-irrep U, so that Gy < Uy.
Suppose that E = @, U, is the decomposition into Go-irreps U;, which exists since Gy is reductive. From
the definition of {l and y,, we remark that the following equality is immediate:

i = max iy, . (2.29)

A priori, the corresponding statement & = max; Gy, may not hold, in particular when Gy, # HUy,. Fur-
thermore, submaximally symmetric models may exist with Ky not concentrated along a single irreducible
component. (See for instance [23, Example 1.5] for scalar 2nd order ODE.)

3. Computation of upper bounds

In this entirely algebraic section, we compute 4 and tly for each go-irrep U C E C H3 (g_, g). In view of
Theorem 2.11, these provide upper bounds on the respective submaximal symmetry dimensions & and Gy.

3.1. Bi-gradings

In (2.10), we introduced a gop-invariant splitting on g_;. Such splittings similarly arise for parabolic
geometries (with respect to non-maximal parabolic subgroups). Analogously as in that setting [14], we
refine the grading to a bi-grading. Define Z1,Z5 € 3(go) with Z =71 + Z5 (see (2.11)) by

1

We refer to the ordered pair (Zi,Z3) as the bi-grading element, and then the joint eigenspaces g, =
{zx € g : [Z1,2] = ax, [Z3,x] = bx} define the bi-grading g = ®(a,b)eZ2 ga,b- Note that go = goo and
g-1 =9-1,0 D go,—1, and we visualize the bi-grading as in Fig. 2.

The bi-grading on g induces a bi-grading on cochains and cohomology (since 0 is go-equivariant), in
particular on the effective part E C H% (g, g). Given (a,b) € Z2,let Eq = {¢p €E : Z1-¢ = a¢, Z>-¢ = bo}
be the corresponding joint eigenspace.

We note that Zy acts on A?(8/p)* ® g with eigenvalues (Zy-degrees) 0,1 or 2. We will refer to the G-
submodules in E of positive Zy-degree as C-class modules and those with zero Zs-degree as Wilczynski
modules (see §4 for this terminology).
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(=n,—1) (= +1,-1) (=1,-1) (0,—-1)

Fig. 2. Bi-grading on g.

Table 5
Effective part E C Hf_ (g—, g) for scalar ODEs of order n + 1 > 4.
Type n go-irrep U C E Bi-grade
Wilczynski >3 W, (r,0)
(3<r<nt1)
C-class 3 Bs (1,2)
3 B, (2,2)
4 Bs (4,2)
>4 A, (1,1)
>5 Aj (2,1)
>6 Ay (3,1)

Definition 3.1. Let Ec C E denote the direct sum of all C-class modules and W C E the direct sum of all
Wilezynski modules in E, i.e. E=W ¢ Ec.

Remark 3.2. In the articles [7,8,11,18] computing the effective part E, the gradings on go-submodules of
E were explicitly stated, but bi-gradings were not used. However, these can be easily deduced from the
cohomology results there (in particular, their realizations as (harmonic) 2-cochains) using the fact that V'
and ¢ (as defined in (2.6)) have Zy-degrees —1 and 0 respectively.

3.2. Prolongation-rigidity

In view of §2.3, it is important to understand when the Tanaka prolongation algebra a® has non-trivial
prolongation in degree +1.

Lemma 3.3. Let 0 # ¢ € E. Then af # 0 if and only if ¢ lies in the direct sum of all Eqp for (a,b) that is
a multiple of (n,2).

Proof. Note that acf # 0 if and only if acf = g1 = RY. Since [Y,go,—1] = 0, then this occurs if and only if
[Y,X] = —H € a := ann(¢). From (3.1), we have H = —2Z; +nZs, so H € ann(¢) if and only if ¢ lies in the
direct sum of the claimed modules. O

Definition 3.4. We say that a gg-submodule O C E is prolongation-rigid (PR) if a‘f =0 for any 0 # ¢ € O.

3.3. Scalar case

For scalar ODEs, the effective part E C H? (g—, g) (Table 5) was computed by Doubrov — see [7, Prop.4]
for a summary and [8] for details. (Bi-gradings are asserted using Remark 3.2.) Since gg is spanned by Z;
and Z,, then all gg-irreps U C E are 1-dimensional.
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Table 6
Effective part E C Hi(g_ , g) for vector ODEs of order n + 1 > 3 with m > 2.
Type n go-irrep U Bi-grade s[(W)-module U s[(W) how. A
Wilczynski > 2 W,t,f (r,0) s[(W) A1+ A1
(2<r<n+1)
>2 A (r,0) Rid,, 0
(3<r<nt1)
C-class 2 By (2,2) S2w* 2Am—1
>2 Alf (1,1) (S2W* @ W), A1+ 201
>3 AY (1,1) w* Am—1

Lemma 3.5. Consider the effective part E for scalar ODFEs of order n+1 > 4. Then:

(a) E is not PR if and only if n =4 or 6. In particular, (n,U) = (4,B¢) and (6,A4) are not PR.
n+4, if (n,U)=(4,B¢) or (6,A4);

(b) If U C E is a go-irrep, then Ly =
n+ 3, otherwise.

M—1= 4, ifn=4,6;
() o= n+ ifn
M—-2=n+3, otherwise.

Proof. Part (a) directly follows from Lemma 3.3 and Table 5. For part (b), recall that dimg_ = n + 2 and
dim ann(¢) = 1 for 0 # ¢ € U since U is irreducible and Z ¢ ann(¢) (by regularity). Thus, dim aﬁo =n+3,
s0 Uy = n + 3 when U is PR and 4y = n + 4 when U is not PR (when (n, U) = (4,B¢) or (6,A,)). Part
(¢) now follows by using (2.29). O

Lemma 3.6. Consider the effective part E for scalar ODEs (1.1) of ordern+1>4 and Ec =@, U; CE,
the direct sum of all irreducible C-class modules U;. Then, for 0 # ¢ € E¢ such that dima® > n + 3, we
have ¢ € U; C E¢ for some 1.

Proof. Suppose that for 0 # ¢ € E¢, dima® > n+ 3. Since dimg_ = dim a® =n+2, then ag =ann(g) is a
non-trivial proper subspace of gg. Since dim gg = 2, then dim ag = 1. None of the bi-grades for the C-class
modules in Table 5 is a multiple of any other, so dim ag =1 forces ¢ € U; C E¢ for some i. O

3.4. Vector case

For vector ODEs, the effective part E C H%(g_,g) (Table 6) was computed by Medvedev [19] for the
3rd order case, and Doubrov-Medvedev [11] for the higher order cases. (Bi-gradings are asserted using
Remark 3.2.) We have go = span{Z;,Zs} @ sl(W), so any go-irrep U C E is completely determined by
its bi-grading and highest weight A\ with respect to sl(W) = sl,,. The latter can be expressed in terms
of the fundamental weights A1,..., A\;,—1 of sl,, with respect to the standard choice of Cartan subalgebra
and simple roots. We note that some of the modules appearing in [11,19] are not go-irreducible, so we
have decomposed them here into their trace-free and trace parts. We also define W, := W + W' and
Ay = Al 4+ AY.

Lemma 3.7. Consider the effective part E for vector ODEs of order n+1 > 3 with m > 2. Then:
(a) E is not PR if and only if n = 2. When n =2, AY and By are not PR, while W' and W' are PR.

(b) If U C E is a go-irrep, then Ly is given in Table 7.
(c) U=M—-2=m?+ (n+1)m + 1.
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Table 7
Upper bounds iUy for vector ODEs of order n + 1 > 3 with m > 2.
Type n go-irrep U C E max dim ann(¢) Is U PR? Uy
0#¢pcU
Wilczynski >2 \LAS m? —2m + 3 v M —2m + 1
(2<r<n+1)
> 2 VA m? v M — 2
(3<r<n+1)
C-class 2 B4 m2—m+1 X M —m
2 Al m? —2m +3 X M — 2m + 2
>3 Al m? —2m + 3 v M —2m + 1
>3 Agr m?2—m+1 v M—m—1

(The contact symmetry dimension of the trivial ODE is 9t = m? + (n 4+ 1)m + 3.)

Proof. Part (a) directly follows from Lemma 3.3 and Table 6. Let us prove part (b). In order to compute
{ly, it suffices to maximize dim ann(¢) among 0 # ¢ € U. (If U is not PR, then af = RY for all 0 # ¢ € U.)
Since U is go-irreducible, the maximum is achieved on any highest weight vector ¢y (and indeed, along the
SL,,-orbit through ¢g). Let u C sl(W) = sl,, be the parabolic subalgebra preserving ¢y up to a scaling
factor. Since Z; and Zs also preserve ¢g up to scale, then we obtain

dim ann(¢g) = 1 + dimu. (3.2)

For each gg-irrep U C E, the highest sl,,,-weight A and parabolic u C sl,, is given below.

U wi¥  wt B, AY AY
MA +FAmet 0 201 AL+ 2X o1 At (3.3)

ull Prm—1  Sbn Pm—1 Prm-1  Pm-1

The subscript notation for parabolics is the same as that used in [14]. (We caution that p ornamented with
subscripts here is not related to P for the trivial ODE.) Concretely, each such u is a block upper triangular,
trace-free m x m matrix with diagonal blocks of size:

o 1,m—2,1for p1 m-1,s0 dimu=m?—1-2(m—2)—1=m?—2m +2;
e m—1,1for p,,_1,s0odimu=m2—1—(m—1)=m? —m.

Using dimg_ = 1+ (n+ 1)m and (3.2), we obtain dim ai"o. When U is PR, this equals {y. When U is not
PR, we must augment it by one. Part (c) now follows by using (2.29). O

4. Submaximal symmetry dimensions
For higher order ODEs, we review the known local expressions for kg, labeled here by:

e W,: Generalized Wilczynski invariants (with Zs-degree 0);
o A, B,: C-class invariants (with Zy-degrees 1 and 2 respectively).

These correspond to the go-irreps W,., A,., B,. C E introduced earlier in §3.3 and §3.4. (The expressions for
these invariants were computed with respect to some adapted coframing. If a different adapted coframing is
used, these expressions would transform tensorially according to the structure of the indicated modules.) For
each irreducible gg-submodule U C E, we use these differential invariants to exhibit explicit ODE models
with abundant symmetries having xz non-zero and concentrated in U C E.

For all vector cases and most scalar cases, these exhibited models realize Gy = Ly, cf. Tables 8, 9 and
10. The contact symmetries of the given ODE models are stated in terms of their projections to (¢, u)-
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Constant coefficient linear ODEs realizing Sy = Uy for U of Wilczynski type.

15

n m U ODE with im(kg) C U Sym dim Contact symmetries
Z 3 1 r Un+4+1 = Un41—7r m—2 6t, uau, skf)u
(83<r<n+1) ({sk}77} solns of w, 1 =uni1_,)
>2 >2 o Up g = Up g o M —2 O, u®Oys, SkOya
(3<r<n+1) (1<a<m) (1<a,b<m; {sp}} 2] solns of u, 1 =uni1_,)
By, Oya, t°0ya, ubya,
(1<a,b<m, a#2, b#1, 1<i<n)
t0; + rutdy, uldy + u?dy2,
tka thor o
>2 >2 W wl o =ud 68 M — 2m + 1 F1Out + g1 Juz
(2<r<n+1) (1<a<m) (n+1<k<ntr)
for 2 < r < n in addition:
48,
(0<¢<n—r)

(The contact symmetry dimension of the trivial ODE is 9 = m? + (n 4+ 1)m + 3.)

Table 9

Scalar ODEs realizing Sy = Yy for U of C-class type.

n U ODE with im(kg) C U Sym dim Contact symmetries
3 B4 2 O¢, Ou, tOi, w0y,
_ — 1 =0 M—-2=n+3
-4 Ay M=ttty = (04 1)(un) 128, + (n — 2)tudy,
tOu, .., t"T20,
Ot, Ou, tO:, uO:, t0u,
4 Bg 9(u2)2u5 — 45ususzuyg + 4O(U3)3 =0 M—-1=8 udy, tudy + u?dy,
t28, + (n — 3)tud,
Ot, Ou, tOf —u10y,,
t0u + Ou,y 170y + 260,
Ou + w10y, 2u10: + u?8,
10(us)3ur — 70(usz)? — 49(u3)? (us)? v v 19us
uz(ug)’us — u =
3l 5 4 (2tur — 2u)0; + tu?Bu + u?ﬁul,
(2t%uq — 4tu)dy + (£2u? — 4u?)d,
+(2tu? — duug )9,
Table 10
Vector ODEs realizing Sy = 4y for U of C-class-type.
n U ODE with im(kg) C U Sym dim Contact (point) symmetries
2 By ue _ (n+ 1)11,;11,‘7’l M —m =9 O, t@lt, ulau.l, .
tr n+1 = 1 ’ Oyay, uOyuv, tu Oyv, 70,1, t'Oys,
>3 As (1<a<n:f)"’1 M-—m—-1, n>3 (1<a, b<m, b1, 1<t 3<n—1, j£n—1)
T t28t +(n — 2)tu16u1 +(n - l)tzz;z u® Oy,
for n = 2 in addition: u' 37" | u®dye
B¢y Oue, 7042, t70yua, uPdya,
(1<a, b, c<m, a#2, b#1, 1<i, j<n, i#n)
o o _ _ 10, — (n — Duldyr, 2urdy + u?d,2,
> 2 Alf Upt1 = (’U‘ZL)Q(SI M—2m+2, n=2 ‘ 2 ut"(n+1)u “
- 2 (1<a<m) M—2m+1, n>3 2tu”0y1 + 7 Oy,

for n = 2 in addition:
3t%0; + 2(u?)? 01 + 6t 1w | u®due

(The contact symmetry dimension of the trivial ODE is 9t = m? + (n 4+ 1)m + 3.)

space, i.e. JY(R,R™), in the case of point symmetries, or in terms of their projections to (¢, u, u;)-space,

i.e. JL(R,R™), in the case of genuine contact symmetries. In §4.3, exceptional cases (where Gy < Uy) are

discussed and we conclude the proofs of Theorems 1.1 and 1.2.
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4.1. Generalized Wilczynski invariants
Consider the class of linear ODEs of order n + 1:
Upt1 + Rp(B)u, + ...+ Ri(t)ur + Ro(t)u =0, (4.1)
where R;(t) is an End(R™)-valued function. The invertible transformations
(t,u) = (A(¢), p(t)u), where A:R —-R*, p:R — GL(m), (4.2)
constitute the most general Lie pseudogroup preserving the class (4.1). Using (4.2), any equation (4.1) can

be brought into canonical Laguerre—Forsyth form defined by R,, = 0 and tr(R,,—1) = 0.
As proved by Wilczynski [26] for m = 1 and Se-ashi [22] for m > 2, the following expressions

[

T—

2r—k—Dln—r+k)! -1
0, = S (—1t1 (k1) =2,....n+1 4,
;( ) k=11 ek T 2endl (4:3)

are fundamental (relative) invariants with respect to those transformations (4.2) preserving the Laguerre—
Forsyth form. These invariants are called the Se-ashi—Wilczynski invariants and r is the degree of the
invariant. We remark that:

o If all R; are independent of ¢, then all ©, are constant multiples of R, ;1.
o For m =1 (scalar ODEs), we have R,,_1(t) = 0 and this forces ©2 = 0.

The generalized Wilczynski invariants W, directly generalize the Se-ashi—-Wilczynski invariants to non-
linear ODEs. We refer to the corresponding modules W, as being of Wilczynski-type. (Similarly for trace or
trace-free parts.)

Definition 4.1. For (1.1), W, are defined as ©, evaluated at its linearization along a solution u. Formally,
W, are obtained from (4.1) by substituting R,.(t) by the matrices (—%) and the usual derivative by the
total derivative.

It was proved by Doubrov [9] that W, do not depend on the choice of solution u and are indeed (relative)
contact invariants of (1.1). Table 8 exhibits constant coefficient linear ODEs with kg #Z 0, im(ky) C U and
contact symmetry dimension realizing iy, so Sy = Uy for modules U of Wilczynski type.

4.2. C-class invariants

As formulated in [4], an ODE (1.1) is of C-class if the curvature of the corresponding canonical Cartan
geometry satisfies (X, ) = 0. This can be characterized at the harmonic level in terms of the generalized
Wilezynski invariants W,.. Necessity of all W, = 0 follows from [4, Thm.4.1], while sufficiency is established
in [4, Thm.4.2]. Here, we abuse the terminology and refer to the modules A,., B, and corresponding invariants
A,., B, as being of C-class type (despite the fact that they are defined in general, even for ODEs that are
not of C-class).

Below are the C-class invariants of (1.1):

o Scalar case: The C-class invariants of u,11 = f(¢,u,u1, ..., u,) were computed by Doubrov [7] (see also
[11, Example 6]):
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n=3: Bs= fs33,
3d
4 dt

n=4: Bs= foz4 — §f333 - §(f34)2 mod (A, Ws),

n>4: A2:fnn7

n=3: By= fazz+ ~ (f33) + f3f333+ — f333,

(4.4)

n(n —1)

mfnfnn thfnna
n>6: As= fno1n-1 mod (A, A3, Ws).

n>5: -A3:fn,n—1+

Here, f; := 68 L see (2.2) for & 4> and (Z) denotes the differential ideal generated by an invariant Z.
e Vector case: For m > 2, the C-class invariants were computed by Medvedev [19] for n = 2 and by
Doubrov—Medvedev [11] for n > 3. Letting tf refer to the trace-free part, we have:

a o*fe
22 o= ()

OHT! o 0 0 d 0 i of®
=2 Bape=-oe 2 St O Sy S S ) reom E!
" (Ba)oe oub Oub Ou§ ou§ dt b ou$ (a_ ¢ oub b e

(4.5)

where

_ o~ 0*f° 1~ (of dofe of ofe
H' = H' = —— . (4
b 6(m + 1) az::l Oug oul’ dm —~ <8u‘f dt du Z < Qug Oug (4.6)

Tables 9 and 10 respectively exhibit scalar ODEs and vector ODEs with kg # 0, im(kg) C U and
contact symmetry dimension realizing Gy = Uy for modules U of C-class type. These ODEs are examples
of C-class equations since all W, = 0. These scalar ODEs are well-known and stated for example in [20, pp.
205-206], but their harmonic curvature classification was not given there. We remark that for the ODE in
the first row of Table 9, the k g-classification is deduced from the invariants when n = 3. For n > 4 however,
im(kp) C Ag cannot be asserted by using the invariants alone since Bg and A4 were computed only up to
a differential ideal containing As, and we have A, # 0 for this ODE (and Az = 0 for n > 5). However,
since the ODE admits an (n + 3)-dimensional contact symmetry algebra, then by Lemma 3.6 the conclusion
im(kgr) C Ay follows.

4.8. Exceptional scalar cases and conclusion

By Theorem 2.11, we have Sy < Uy and & < 4. The upper bounds were computed in Lemma 3.5 and
3.7, from which we obtain (using (2.29)):

M—1, ifm=1,nec {46}
M{ if m n € {4,6} (4.7)

I — 2, otherwise.

These are realized by ODEs in Tables 8 and 9, so & = 4l and Theorem 1.1 is proved.
Let us now turn to completing the proof of Theorem 1.2. The equality Gy = Uy has already been
established for all vector cases and most scalar cases. The following scalar cases remain:

(n, U) = (3,B3), (Z 5,A3>, (Z 7, A4), (48)
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for which Uy = MM — 2 = n + 3. (The (6,A4) case was treated in Table 9.) Excluding n = 4 (for which
S = 8) and n = 6 (for which & = 10), we already have & = n + 3 for scalar ODEs of order n + 1 > 4.
From [20, p.206], which relies on results of Lie [16], all submaximally symmetric ODEs are either linear (but
inequivalent to the trivial ODE u,4+1 = 0) or equivalent to either:

Ny 1Uns1 — (0 4+ 1) (up)? =0, or Buguy — 5(uz)?* = 0. (4.9)

We exclude the linear cases, for which all C-class invariants vanish. The first ODE in (4.9) has already
appeared in Table 9 (associated to (3,B4) or (> 4,Az)). The second ODE in (4.9) has kg concentrated in
B4 (using the known relative invariants in §4.2). We conclude that

Gyu<<n+2<idy=n+3 (4.10)

for all cases in (4.8) except possibly the (6,A3) case. The latter case is resolved in §A.2.1 (Theorem A.7)
and indeed (4.10) also holds in this case.

Let us now exhibit model ODEs with kg # 0, im(xgy) C U and all W,. = 0 (ODEs of C-class type). The
assertions W, = 0 and im(kg) C U are established using Definition 4.1 and the differential invariants from

§4.
e (3,B3): The ODE uy = (u3)* for k # 0,1 has the 5-dimensional contact symmetry algebra:
Os, Ouy 0y, 20y, (k—1)td; + (3k — 4)ud,. (4.11)

Generally, both B3 and B, are nonzero. Requiring By = 0, i.e. im(ky) C B3 forces k = %Q‘/E. Thus,
Gp, =5 < Up, = 6.

e (>5,A3): Consider the following ODE (obtained as S, 11 = 0 from [20, p. 475]):
(n = 1)2(tn—2)*tns1 — 3(n — 1) (n + Dty —otp_1upn + 2n(n + 1) (u,—1)* = 0, (4.12)
which has the following n + 2 contact symmetries when n > 5:
O, Oy, 10y, uly, tOu, ..., t"30,, t20;+ (n— 3)tud,. (4.13)

(Sidenote: when n = 4 the ODE (4.12) recovers the submaximally symmetric model from Table 9 in the
(4,Bg) case, which admits eight symmetries: those in (4.13) and additionally ud; and tud; + u2d,,.)
We have A = 0 (and W, = 0), but A3 # 0. When n = 5, the invariant A4 does not arise, so
in this case we can assert that im(ky) C Ag and Gy, = 7 < Hy, = 8 (using (4.10)). For n > 6,
since A4 was computed only up to the differential ideal (As, A3, Wj3), then the formula given in (4.4)
for A4 is ambiguous, and so we cannot directly use it on (4.12). From (4.10), we can only assert
Ga, <n+2< Uy, =n+3forn > 6.
e (>7,A4): The ODE w11 = (u,_1)? admits the following n + 1 contact symmetries:

Oty Ouy t0u, ..., t"720y, tO; + (n —3)ud,. (4.14)

We confirm that it has vanishing Ay, A3, W3, so the formula for A, is unambiguous and A4 # 0, i.e.
kg Z0and im(kg) C Ag. Hence, n +1 < Gy, <n+2< iy, =n+3.

This completes the proof of Theorem 1.2. We remark that for (n,U) = (> 6,A3) or (> 7,A4), we
currently do not know of any ODE (1.1) of order n + 1 with kg # 0 and im(kg) C U that has contact
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symmetry dimension n+2. (See Remark A.8 for further discussion.) Determining Sy for these cases remains
open.
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Appendix A. Exceptional scalar cases

Fix (G, P) as in §2.1.2, and the effective part E C H3(g_, g) as given in §3.3 and §3.4. Let U C E be a
go-irrep. Recall from §4 that for ODEs (1.1) of order n+1 with kg # 0 and im(xpg) C U, an algebraic upper
bound iy on the submaximal symmetry dimension Sy is realizable for all vector cases and the majority
of scalar cases. Among the remaining scalar cases (n,U) = (3,B3), (> 5,A3) or (> 7,A4), we asserted that
Sy < Uy for all of these in §4.3, except for (6,As), based on the known classification of submaximally
symmetric scalar ODEs as described in [20, p. 206]. In this section, we outline a Cartan-geometric method
for establishing Gy < Uy for the exceptional scalar cases, and in particular establish G4, < s, for n =6
(Theorem A.T).

A.1. Local homogeneity and algebraic models

Lemma A.1. For regular, normal Cartan geometries of type (G, P) and a go-irrep U C E, suppose that Sy =
y. Then any geometry (G — M,w) with kg valued in U and diminf(G,w) = Uy s locally homogeneous
near any u € G with kg (u) # 0.

Proof. Fix u € G. By Theorem 2.11, s(u) C a®#(*). Then by definition of iy,
Sy = diminf(G,w) = dim s(u) < dim a7 ™) < Y. (A1)
So, Gy = Uy implies 5(u) = a®# () > g_. The result then follows by Lie’s third theorem. 0O

Tt is well known that a homogeneous Cartan geometry (7 : G — M, w) of fixed type (G, P) can be encoded
by algebraic data [5, Prop 1.5.15]. Fix u € G, let F® C F denote the stabilizer of a point 7(u) € M, and let
2 and f denote the Lie algebras of F© and F respectively. Then the induced F-action on M is transitive.
Any F-invariant Cartan connection is completely determined by some distinguished linear map w : f — g
(an algebraic Cartan connection of type (g, P)). In particular, wl|; is a Lie algebra homomorphism, so
ker(ww) C O is an ideal in f. Since the action of F on F/F° can be assumed to be infinitesimally effective
(i.e. ¥ does not contain any non-trivial ideals of f), then without loss of generality we can restrict to injective
maps w. Consequently, we can identify f with its image w(f) in g. Analogous to [23, Defn 2.5] and in light of
the fact that canonical Cartan connections for ODEs satisfy the strong regularity condition (Remark 2.4),
any homogeneous Cartan geometry arising from an ODE can be encoded as:

Definition A.2. An algebraic model (f;g,p) of ODE type is a Lie algebra (f, [, ];) satisfying:

(A1) § C g is a filtered linear subspace such that f* = g N § and s := gr(f) with s_ = g_;
(A2) § inserts trivially into k(X,Y) := [X,Y] — [X,Y];, i.e. k(Z,:) =0 VZ e {°
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Recall from §2.1.3 that kg := k£ mod im 0*, where 0* is the adjoint of the Lie algebra cohomology
differential with respect to a natural inner product on g.

Proposition A.3. Let (f;g,p) be an algebraic model of ODE type. Then

(a) (f,[-,-]s) is a filtered Lie algebra.
(b) k=0, die [Z,x(X,Y)];=r(Z X];,Y)+rk(X,[Z2,Y];), VX,Y €] and VZ € {°.
(c) s Ca"H.

Proof. This is the same as for corresponding statements in the parabolic geometry setting [23, Prop 2.6]. O
Fix (G, P) and denote by A the set of all algebraic models (f; g,p) of ODE type. Then N:

(1) admits a P-action: for p € P and f € N, p-f := Ad,(f). All algebraic models belonging to the same
P-orbit are considered to be equivalent.

(2) a partially ordered set with relation < defined as follows: for f,? € N regard § < ? if there exists an
injection f§ f—)?of Lie algebras. We will focus on maximal elements § (for this partial order).

Remark A.4. By [14, Lemma 4.1.4], to each algebraic model (f;g,p) of ODE type, there exists a locally
homogeneous geometry (G — &,w) of type (G, P) with inf(G,w) containing a subalgebra isomorphic to f.
Moreover, if § is maximal, then it is isomorphic to inf(G,w).

At the level of vector spaces, f C g can be understood as the graph of a linear map on s into some
subspace s C p with g = s @ s as follows. Choosing such a graded subspace s+, we can write

f::@<x+©(x):x€5i>, (A.2)

K2

for some unique linear (deformation) map ® : s — s+ satisfying D(z) € st N g't! for z € 5;. For 7 :=
x +D(x) € f, we will refer to x € s as the leading part and D(x) as the tail.

Lemma A.5. Let T € {° and suppose that s and s are adp-invariant subspaces. Then T -® = 0, i.e.
adT oD =%9Do adT.

Proof. Recall 5,5+ C g are graded. Given z € s;, we have z +®(z) € f and [T,z + D(z)]; € f. Since T € {°,
then (T, -) = 0 and therefore [T,z +D(z)]; = [T,z +D(x)] = [T, z] + [T, D(x)]. By adp-invariancy of s and
st we have [T, z] € 5 and [T, D ()] € 5T Ng*L. The uniqueness of ® then implies [T, D (x)] = D([T,z]). O

A.2. Realizability of a curvature-constrained upper bound
From §A.1, Gy = Uy implies local homogeneity (Lemma A.1) and then the problem of realizability of
iy reduces to that of existence of an algebraic model (f; g,p) of ODE type with kg # 0, im(ky) C U and

dim f = Hy. Recall from §2.1.2, §3.1 and §3.3:

o basis for g = (sly x gl}) x (V, ® R): X,H,Y (standard slo-triple), Ey, ..., E, (for sly-irrep module V,,)
and id;. And Z;,Z5 are the bi-grading elements.
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o U C E is one-dimensional with bi-grade (a,b) = (1,2),(2,1),(3,1) for B3, Az, A4 respectively. Thus, for
any 0 # ¢ € U, we have ann(¢) = (T := bZ; — aZy). Since U is prolongation rigid (Lemma 3.5), then
a‘f =0 for any 0 # ¢ € U. So, a:=a® = g_ @ ann(¢) C g, is a graded subalgebra of dimension n + 3.

Proposition A.6. Fiz (n,U) = (3,B3), (> 5,A3) or (> 7,A,). If there exists an algebraic model (f;g,p) of
ODE type with kg £ 0, im(ky) C U and dimf =y =n+ 3 = M — 2, then fixing 0 # ¢ € U and using
the P-action f — Ad, f, we may normalize to f = a?® as filtered vector spaces.

Proof. Suppose such an algebraic model with s := gr(f) = a® exists. Let T e 0 with leading part T, so
T :=bZy — aZy + A\Y. We use the P,- action to normalize A = 0:

N PN 1 N
Adexp(tY) (T) = exp(adty)(T) =T+ [tY, T] + E[tY, [tY, TH 4+ - =021 —aZy + ()\ — bt)Y (AS)

For our cases of interest, (a,b) € {(1,2),(2,1),(3,1)}, so b # 0 and choosing t = % normalizes T = T So,
T = bZy — aZy € {° and by property (A2) of Definition A.2, we have [T, -]; := [T,-]. Consequently, s and
st := (Z;,Y) are adp-invariant graded subspaces of g, so by Lemma A.5, the deformation map ® : 5 — s+
satisfies T - © = 0.

We claim that ® = 0. Equivalently, for )/Z,El € f with leading parts X, E; respectively, we claim that
X = X and El = FE;. First focus on X and En, whose tails are valued in s+ = (Z1,Y). Recall from Fig. 2 that
X, En,Z1,Y are of bi-grades (—1,0), (0, —1),(0,0), (1,0). Letting w™ and w* denote dual basis elements to
FE,, and X respectively, the eigenvalues of T' = bZ; — aZ5 acting on

WRZ, W'Y, w*®Z;, oY (A4)

are —a, —a + b, b, 2b. None of these are zero, so the condition T'-®D = 0 forces ®(X) = 0 = ®(E,,) and hence
X = X and En = F,. Any ODE with kg concentrated in any of the C-class modules B3, A3, Ay is of C-class,
so k(X,-) = 0 (see discussion in §4.2) and [X,-]; = [X,]. Since X, E,, € f, then { 3 [X, E;}; = [X, E;] = E;_,
inductively from i = n to i = 1. Thus, Ei =FE;Vi,so®=0and f=s=a® O

A.2.1. Non-existence of algebraic models for the exceptional scalar cases

We prove that for (n, U) = (6, Ag), there are no algebraic models (f;p, g) with kg #Z 0, im(kgy) C As, and
dim § = 4y . Thus, U, is not realizable, i.e. Sy, < Uy, (Theorem A.7). From §2.1.3, kg := £ mod im J*
with 0"k = 0, but the determination of 9* is rather tedious, requiring specific information about the inner
product on g. We have not provided details of this in our article since for our purposes here they can be
completely circumvented. Namely in the proof of Theorem A.7, instead of showing that “normal filtered
deformations” provided by x do not exist, we show that arbitrary “filtered deformations” do not exist. In a
similar manner, Sy < y can be established for (n,U) = (3,B3), (5,A3), (> 7,A3) or (> 7,A4).

Theorem A.7. There are no algebraic models (f;g,p) for seventh order ODEs (1.1) with kg # 0, im(kg) C
Az and dim§ =4y, = 9. Thus, G4, < 8.

Proof. Note that n = 6. Fix 0 # ¢ € Az (bi-grade (2,1)), a := a®, and ag = (T), where T = Z; — 2Z,.
Assume there is an algebraic model (f;g,p) of ODE type with s := gr(f) = a. By Proposition A.G, we
may assume that f = a. Let {w°,...,w"™ w*} denote the dual basis to {Ey, ..., E,,X}. We note that any
B € A%(3/p)* ® g has Zy-degree at most 2. Since ¥ - k = 0 (Proposition A.3 (b)) and x(X,-) = 0 (the ODE
is of C-class), then k is a linear combination of the 2-cochains below:



22

J.A. Kessy, D. The / J. Math. Anal. Appl. 516 (2022) 126475

‘ Bi-grade ‘ 2-cochains
At RE), WwAwP®E), WAWRE, wAw'®E,
2.1) AP RE], WLCAORE, WwAWRE, WwAw!®E,,
’ WIAWSRE;, WAW®E; WAWw®E;, wAwS®Ey,
w3Aw5®E4, w3/\w6®E5, w4/\w5®E5, wi AWl ® Fy
(4,2) |wlAWP X, WAWPRX, WCPARX WCASRT, WPAPCRT

We observe that all such 2-cochains are regular and satisfy the strong regularity condition, i.e. (g%, g’) C
gi-i-j-‘,-l ) gmin(i,j)—l Vl,]
Next, we show that the Jacobi identity for (f,[-,]s) forces x = 0. For all z,y, z € f, define

Jacf(x,y,z) = [IIZ, [yaz]f]f - H‘r7y]f7z]f - [y7 [lL’,Z]f}f (A5)

For any y,z € f, a direct computation shows that 0 = Jac(X,y,2) = (X - k)(y, z). Expanding this gives
many conditions (see the Maple file accompanying the arXiv submission of this article) and this leads to:

fzz)\[(wo/\w4—w1/\w3)®E0+(w0/\w5—w2/\w3)®E1
+ (WA H W AW — WP AW @By + 2w AWt — WP AWt ® Es
+ 2w AW’ — WP Aw®) ® By + (W Aw® — w' Aw®) ® Es]
+ (W AN — W AW + WP Awt) @ X

Then Jacf(E27E4,E6) = 0 implies A = 0, while Jacf(El,EQ,E5) = 0 then forces y = 0, and hence x = 0.
Thus, an algebraic model with 0 # kg C Ag with dim§ = 4, does not exist. O

Remark A.8. Fix (n,U) = (> 6,A3) or (> 7,A4) and recall from Table 5 that the bi-grades (a,b) for the
C-class modules As and Ay are (2,1) and (3, 1), respectively. Then from §4.3, we have

Gu<<n+2<iUy=n+3=9M-2. (A7)
For 0 # ¢ € U, we have a := a® = g_ @ ann(¢) = g_ @ (T := bZ; — aZy) C g, which is a graded

subalgebra of dimension n + 3. If there exists an ODE whose associated Cartan geometry (G — M, w)
satisfies 0 # kg (u) € U, Yu € G, then from Theorem 2.11 we have the graded Lie algebra inclusion

s(u) Ca®™ =q, Vueg. (A.8)

By (A.7), this inclusion is proper and a priori we do not need to have g_ C s(u). If the contact symmetry
dimension is Uy — 1 = n + 2, then there are three possibilities to investigate:

(i) inhomogeneous case: s(u) = (Ey, ..., E,, T);
= <E05 EREE) En—l7X7 T>a
(iii) homogeneous case: s(u) = (Ey,..., Ep, X) = g_.

(ii) inhomogeneous case: s(u

Thus, identifying Gy is more difficult and at this point we can only assert that:

Ga, <n+2, n+1<6,y, <n+2. (A.9)



J.A. Kessy, D. The / J. Math. Anal. Appl. 516 (2022) 126475 23

References

[1] V.M. Boyko, O.V. Lokaziuk, R.O. Popovych, Admissible transformations and Lie symmetries of linear systems of second-
order ordinary differential equations, arXiv:2105.05139, 2021.

[2] S. Casey, M. Dunajski, P. Tod, Twistor geometry of a pair of second order ODEs, Commun. Math. Phys. 321 (2013)
681-701.

[3] A. Cap, On canonical Cartan connections associated to filtered G-structures, arXiv:1707.05627v2, 2017.

[4] A. Cap, B. Doubrov, D. The, On C-class equations, Commun. Anal. Geom., in press, arXiv:1709.01130, 2020.

[5] A. Cap, J. Slovak, Parabolic Geometries I: Background and General Theory, Mathematical Surveys and Monographs,
vol. 154, American Mathematical Society, 2009.

[6] A. Cap, K. Neusser, On automorphism groups of some types of generic distributions, Differ. Geom. Appl. 27 (6) (2009)
769-779.

[7] B. Doubrov, Contact trivialization of ordinary differential equations, in: Differential Geometry and Its Applications,
Proceedings of the 8th International Conference, Opava (Czech Republic), 27-31 August 2001, vol. 3, Math. Publ. Publ.,
Opava, 2001, pp. 73-84.

[8] B. Doubrov, Contact invariants of ordinary differential equations, Kyoto Univ. 1150 (2000) 105-113.

[9] B. Doubrov, Generalized Wilczynski invariants for nonlinear ordinary differential equations, IMA Vol. Math. Appl. 144
(2008) 25-40.

[10] B. Doubrov, Three-dimensional homogeneous spaces with non-solvable transformation groups, arXiv:1704.04393, 2017.

[11] B. Doubrov, A. Medvedev, Fundamental invariants of systems of ODEs of higher order, Differ. Geom. Appl. 35 (2014)
291-313.

[12] B. Doubrov, B. Komrakov, T. Morimoto, Equivalence of holonomic differential equations, Lobachevskii J. Math. 3 (1999)
39-71.

[13] M.E. Fels, Some applications of Cartan’s method of equivalence to the geometric study of ordinary and partial differential
equations, Ph.D. Thesis, McGill University, Montréal, 1993.

[14] B. Kruglikov, D. The, The gap phenomenon in parabolic geometries, J. Reine Angew. Math. 723 (2017) 153-215.

[15] B. Kruglikov, D. The, Jet-determination of symmetries of parabolic geometries, Math. Ann. 371 (2018) 1575-1613.

[16] S. Lie, Klassification und integration von gewohnlichen differentialgleichungen zwischen z,y, die eine Gruppe von Trans-
formationen gestatten I-IV, Gesammelte Abhandlungen, vol. 5, B.G. Teubner, Leipzig, 1924.

[17] S. Lie, Vorlesungen iiber Continuierliche Gruppen mit Geometrischen und Anderen Anwendungen, Teubner, Leipzig, 1893.
[18] A. Medvedev, Geometry of third order ODE systems, Arch. Math. 46 (5) (2010) 351-361.

[19] A. Medvedev, Third order ODEs systems and its characteristic connections, SIGMA 7 (2011) 076.

[20] P.J. Olver, Equivalence, Invariants, and Symmetry, Cambridge, 1995.

[21] E. Schneider, Projectable Lie algebras of vector fields in 3D, J. Geom. Phys. 132 (2018) 222-229.

[22] Y. Se-ashi, On differential invariants of integrable finite type linear differential equations, Hokkaido Math. J. 17 (1988)

151-195.

[23] D. The, On uniqueness of submaximally symmetric parabolic geometries, arXiv:2107.10500v1, 2021.

[24] M.A. Tresse, Déterminations des invariants ponctuels de équation différentielle ordinaire du second ordre y” = w(z,y,y’),
Hirzel, Leipzig, 1896.

[25] C. Wafo Soh, F.M. Mahomed, C. Qu, Contact symmetry algebras of scalar ordinary differential equations, Nonlinear Dyn.
28 (2002) 213-230.

[26] E.J. Wilczynski, Projective Differential Geometry of Curves and Ruled Surfaces, Leipzig, 1905.


http://refhub.elsevier.com/S0022-247X(22)00489-9/bib46C6D5CC653E32B4C2AA0FA4B5607F34s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib46C6D5CC653E32B4C2AA0FA4B5607F34s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib2661818B155C98700A9335ED0D8FC240s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib2661818B155C98700A9335ED0D8FC240s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib0CE68D454C4A22EA7813F135CE464AD2s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib358A407784F82FC0465D32F34C1F4442s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib50C18103CCD511259EBAF0589F95B4D2s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib50C18103CCD511259EBAF0589F95B4D2s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib7D1D565642AE7266F4149220DB34D23Cs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib7D1D565642AE7266F4149220DB34D23Cs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibB5630277E09076483109DB28108959ACs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibB5630277E09076483109DB28108959ACs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibB5630277E09076483109DB28108959ACs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibF5C7FF4E853E922C622FB268071D1342s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibD754D1D61D424FBA12114F2F248FD710s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibD754D1D61D424FBA12114F2F248FD710s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib74181B07832822E59CF453E2290A39D3s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib602748CD508631C47AD973A4AAD37D0Ds1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib602748CD508631C47AD973A4AAD37D0Ds1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib8C3865D460E876F882D221D00B0BDA7As1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib8C3865D460E876F882D221D00B0BDA7As1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib40CC93A873F2BA02769EC64A8F1A1B5Fs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib40CC93A873F2BA02769EC64A8F1A1B5Fs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib1CF42401AD6E0FBD8726FA80730E74B1s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib50D645FE51D89DAD77394889F6B36650s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibD786A6576FB8655FE50800B2C637ABCAs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibD786A6576FB8655FE50800B2C637ABCAs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib2CB3D9276D3BD9A4289D8C60206B90E5s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib621345C3FF7BF1BFE8654B4AAE178DADs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib03456FA065981A09BF2C5F91B362D751s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib0A1F7E8A2AF896DD6B5373C69DA6E864s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bibA5B2C43DCF7B24FF380F715F067C0CE7s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib854783B12BB9C669633979919AF52FC4s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib854783B12BB9C669633979919AF52FC4s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib12264CB2071E37BDCF085C7771325634s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib1D4DA61135BD5E4644775157AF13BBBAs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib1D4DA61135BD5E4644775157AF13BBBAs1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib7BE9AA4277A51D9098D01D68F50DB6C4s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib7BE9AA4277A51D9098D01D68F50DB6C4s1
http://refhub.elsevier.com/S0022-247X(22)00489-9/bib3F8319CD969029CE28CEE5CA194EA92As1

	Symmetry gaps for higher order ordinary differential equations
	1 Introduction
	2 An upper bound on submaximal symmetry dimensions
	2.1 Canonical Cartan connections
	2.1.1 ODEs as filtered G0-structures
	2.1.2 The trivial ODE
	2.1.3 Cartan geometries

	2.2 ODE symmetries viewed Cartan-geometrically
	2.3 An algebraic bound on submaximal symmetry dimensions

	3 Computation of upper bounds
	3.1 Bi-gradings
	3.2 Prolongation-rigidity
	3.3 Scalar case
	3.4 Vector case

	4 Submaximal symmetry dimensions
	4.1 Generalized Wilczynski invariants
	4.2 C-class invariants
	4.3 Exceptional scalar cases and conclusion

	Acknowledgments
	Appendix A Exceptional scalar cases
	A.1 Local homogeneity and algebraic models
	A.2 Realizability of a curvature-constrained upper bound
	A.2.1 Non-existence of algebraic models for the exceptional scalar cases


	References


