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Abstract. We de�ne and study a class of Reed-Muller type error-
correcting codes obtained from elementary symmetric functions in �nitely
many variables. We determine the code parameters and higher weight
spectra in the simplest cases.

1. Introduction

Over the last decades, good examples of error-correcting codes have been
constructed using algebraic geometric techniques. The codes constructed this
way are linear codes over a given �nite �eld k, where each member of a �nite
dimensional vector space of functions, say V , are evaluated at a �nite set of
points, say S, all lying in an a�ne space or a projective space over the same
�eld k. Examples are simplex codes, Reed-Muller codes ([10]), algebraic-
geometric codes with S a curve (Goppa codes) ([4]) or a higher dimensional
variety ([2]), Grassmann codes ([9]), and codes where the points in question
represent synmmetric or skew-symmetric matrices ([3]).

Having de�ned such codes, it is imperative that one looks for their pa-
rameters such as dimensions, minimum distance, weight distributions, gen-
eralized Hamming weights etc. These questions are often related to question
that are interesting from the perspective of algebraic geometry, number the-
ory and various branches of discrete mathematics. For instance, one checks
easily that the minimum distance of a code de�ned using methods described
above is equivalent to determining the maximum possible number of zeroes
that a function in V (that does not vanish identically in S) may have in S.

In this paper we study a class of codes that are motivated from the Reed-
Muller codes. While de�ning a Reed-Muller code, one evaluates the set of all
reduced polynomials of degrees bounded above by a given quantity on the
whole of a�ne space. Instead, here we consider a subspace of the set of all
symmetric polynomials and evaluate them on points from a�ne spaces that
have pairwise distinct coordinates. As it turns out, the relative minimum
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distance of our codes is same as that of Reed-Muller codes. However, relative
dimension of the code is not as good. To this end, we introduce a modi�ed
family of codes that has the same relative minimum distance, but a better
rate. We also show that, like the Reed-Muller codes, the new codes are
also generated by minimum weight codewords. This property, in particular,
makes the duals of the new codes useful.

This article is organized as follows: In Section 2, we study the num-
ber of points over �nite �elds with pairwise distinct coordinates satisfying
multivariate symmetric polynomials that are linear combinations of elemen-
tary symmetric polynomials over a �nite �eld. In Section 3, we introduce
the new family of codes and study their properties, such as their dimen-
sion, minimum weight and minimum weight codewords. In Section 4, we
derive upper bounds on the generalized Hamming weights of the codes. In
Section 5, we work with the codes that occur from symmetric polynomials
in two variables and prove several results including their generalized Ham-
ming weights, weight distributions and higher weight spectra. In Section
6, we specially concentrate on trivariate symmetric polynomials over a �eld
with 5 elements for the sake of illustrating the di�culties in obtaining the
parameters in higher dimensions.

2. Symmetric polynomials and their distinguished zeroes

Let k be a �eld. In most cases, we shall restrict our attention to the case
when k = Fq, i.e. k is a �nite �eld with q elements where q is a prime power.
For a positive integer m and a nonnegative integer i, we denote by σim the
i-th elementary symmetric polynomial in m variables x1, . . . , xm, i.e.,

σim =
∑

1≤j1<···<ji≤m
xj1 · · ·xji

for 1 ≤ i ≤ m and σ0
m = 1. It is well known that any symmetric polynomial

f ∈ k[x1, . . . , xm] can be written as an algebraic expression in σ0
m, . . . , σ

m
m.

However, in this article we are interested in symmetric polynomials that are
k-linear combinations of elementary symmetric polynomials. We denote by
Σm the k-linear subspace generated by the elementary symmetric polynomi-
als σ0

m, . . . , σ
m
m. Note that dimk Σm = m+ 1.

For a given polynomial f ∈ k[x1, . . . , xm], we denote by Zk(f) the set
of zeroes of f in Am(k), the m-dimensional a�ne space over k. A point
(a1, . . . , am) ∈ Am(k) is said to be distinguished if ai 6= aj whenever i 6= j.
In this paper, we are interested in the distinguished zeroes of symmetric
polynomials described in the last paragraph. For ease of reference, we shall
denote by AD(k)m the set of all distinguished points of Am(k). For a subset
S ⊂ k, and a polynomial f ∈ k[x1, . . . , xm], we denote by ZS,D(f) the set of
all distinguished zeroes of f in Sm. Thus,

ZS,D(f) := {(a1, . . . , am) ∈ Sm | f(a1, . . . , am) = 0, ai 6= aj for all i 6= j}.

In particular, given a polynomial f ∈ k[x1, . . . , xm], we denote by Zk,D(f)
the set of distinguished zeroes of f in Am(k).

Next we introduce a combinatorial notation for ease of reading. For pos-
itive integers n, r we denote by P(n, r) the number of possible arrangements
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of r objects taken from n distinct objects. More precisely,

P(n, r) =

{(
n
r

)
r! if r ≤ n

0 otherwise.

It follows trivially that |AD(Fq)m| = P(q,m). We are interested in analyzing
the number of distinguished zeroes of a symmetric polynomial that is a linear
combinations of the elementary symmetric polynomials on certain �nite grids
in Am(k). Before we state our main result towards this direction, let us state
a few remarks on such polynomials. Let f ∈ k[x1, . . . , xm] be given by

(1) f = a0 + a1σ
1
m + · · ·+ amσ

m
m

where a0, . . . , am ∈ k. It can be veri�ed readily that
(2)
f =

(
a0 + a1σ

1
m−1 + · · ·+ am−1σ

m−1
m−1

)
+xm

(
a1 + a2σ

1
m−1 + · · ·+ amσ

m−1
m−1

)
.

For simplicity, we shall write

(3) f = f1 + xmf2,

where

f1 = a0 +a1σ
1
m−1 + · · ·+am−1σ

m−1
m−1 and f2 = a1 +a2σ

1
m−1 + · · ·+amσ

m−1
m−1.

We may readily observe that a polynomial f as in equation (1) can be
classi�ed in two types:

Type I: f1 and f2 are linearly dependent. In this case, there exists
α ∈ k such that

ai = αai+1 for all i = 0, . . . ,m− 1.

If am = 0, then f is a constant polynomial. On the other hand, if am 6= 0,
then

f = am(αm + αm−1σ1
m + · · ·+ σmm).

As a consequence, if f is of Type I, then f = am

m∏
i=1

(α+ xi).

Type II: f1 and f2 are linearly independent. It is not hard to
verify that in this case f is absolutely irreducible, i.e. f is irreducible in an
algebraic closure of k.

Note that, if we identify a nonzero polynomial as in (1) with the point
[a0 : a1 : · · · : am] in a projective space Pm(k) of dimension m over the �eld
k, then the polynomials of Type I correspond to (upto multiplication by a
nonzero element of k) some k-rational points of the rational normal curve
in Pm(k̄). Indeed, the k-rational points of the rational normal curves are of
the form [αm : · · · : α : 1] for some α ∈ k or [0 : · · · : 0 : 1]. Under the
correspondence mentioned as above, we see that the polynomials of type I
(upto multiplication by a nonzero constant in k) correspond to the k-rational
points (of the �rst kind as mentioned above) of the rational normal curve in
Pm(k̄). We are now ready to state the �rst main result of this article.

Theorem 2.1. Let m be a positive integer and S be a �nite subset of k
with |S| ≥ m. If f is a nonzero symmetric polynomial as in (1), then

(4) |ZS,D(f)| ≤ mP(|S| − 1,m− 1).
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This bound is attained if and only if f is a nonconstant Type I polynomial

given by

f = c
m∏
i=1

(xi − b)

for some c ∈ k and b ∈ S. Moreover, if f is non-zero and not of the above

type, then

(5) |ZS,D(f)| ≤ mP(|S| − 1,m− 1))− (|S| −m)P(|S| − 2,m− 2).

Proof. We prove the inequality (4) by induction on |S|. Suppose that
|S| = 1. Then m = 1 and the assertion follows trivially. Suppose that the
assertion is true for all T ⊂ km where |T | < |S| and m ≤ |T |. We distinguish
two cases:

Case 1: f is of type I. In this case, we may write

f = c(x1 − b)(x2 − b) · · · (xm − b)
for some b ∈ k. Note that (a1, · · · , am) ∈ ZS,D(f) if and only if b ∈ S and
ai = b for some i. Consequently,

|ZS,D(f)| =

{
mP(|S| − 1,m− 1) if b ∈ S
0 otherwise.

Case II: f is of type II. Write f = f1 + xmf2 as in equation (3).
Since f1 and f2 are linearly independent, for every α ∈ k, the polynomial
f(x1, . . . , xm−1, α) is a nonzero symmetric polynomial that is a linear com-
bination of the elementary symmetric polynomials in m− 1 variables. Using
the inductive hypothesis, we obtain,

|ZS,D(f)|

=
∑
α∈S
|ZS\{α},D(f(x1, . . . , xm−1, α))|

≤ |S|(m− 1)P(|S| − 2,m− 2)

= (|S| − 1)(m− 1)P(|S| − 2,m− 2) + (m− 1)P(|S| − 2,m− 2)

= (m− 1)P(|S| − 1,m− 1) + (m− 1)P(|S| − 2,m− 2)

= mP(|S| − 1,m− 1)− (P(|S| − 1,m− 1) + (m− 1)P(|S| − 2,m− 2))

= mP(|S| − 1,m− 1)− (|S| −m)P(|S| − 2,m− 2)).

This completes the proof. �

We now apply the result to the particular case when S = Fq to get the
following corollary.

Corollary 2.2. Let f ∈ Fq[x1, . . . , xm] be as in (1). If m ≤ q and

f 6= 0, then |ZFq ,D(f)| ≤ mP(q − 1,m − 1). Moreover, the equality holds if

and only if f is of Type I.

Having known the maximum number of distinguished zeroes of a poly-
nomial as in equation (1), it is important to address the following question.

Question 2.3. Given f ∈ Fq[x1, . . . , xm] as in (1), what is the possible

number of distinguished zeroes in Am(Fq) that f may admit?



CODES FROM SYMMETRIC POLYNOMIALS 5

One can readily note that |ZFq ,D(f)| is always divisible by m!. Further-
more, if f is a nonzero constant polynomial, then it has no zeroes. If f is a
zero polynomial then it has P(q,m) distinguished zeroes. Moreover, thanks
to Corollary 2.2, if f is nonzero and of Type I, then it has mP(q− 1,m− 1)
distinguished zeroes. We remark that the above question is equivalent to the
question of determination of the weight distribution of the code de�ned in
Section 3. In general, it is a hard question to answer. Here we completely
work out the case whenm = 2 and leave the general question open for further
research.

Theorem 2.4. Let q be odd, m = 2, and f ∈ Fq[x1, x2] be given by

f = a0 + a1(x1 + x2) + a2x1x2. If D := a2
1 − a0a2, then.

|ZFq ,D(f)| =



0, if a0 6= 0 and (a1, a2) = (0, 0)

q − 3, if a2 6= 0,D ∈ F2
q and D 6= 0

q − 1, if {a2 = 0 and a1 6= 0} or
{a2 6= 0,D 6∈ F2

q and D 6= 0}
2(q − 1), if a2 6= 0 and D = 0

q(q − 1), if (a0, a1, a2) = (0, 0, 0)

Proof. If f = 0, then |ZFq ,D(f)| = P(q, 2). Conversely, it is clear from
Corollary 2.2 that if |ZFq ,D(f)| = P(q, 2), then f = 0. So we may assume
that f 6= 0, i.e. (a0, a1, a2) 6= (0, 0, 0). We distinguish the proof into several
cases:

Case 1: Suppose a2 = 0. If a1 = 0, then f is a nonzero constant polynomial
which does not have any zeroes. So we may assume that a1 6= 0.
Then the polynomial a0 +a1(x1 +x2) has q−1 distinguished zeroes.

Case 2: Suppose a2 6= 0. We may write

f(x1, x2) = a2x1x2 + a1(x1 + x2) + a0

= a2

(
x1x2 +

a1

a2
(x1 + x2) +

a2
1

a2
2

)
+ a0 −

a2
1

a2

= a2

(
x1 +

a1

a2

)(
x2 +

a1

a2

)
+ a0 −

a2
1

a2

By using the change of coordinates X1 = x1 + a1/a2 and X2 =
x2 + a1/a2, and we get a new polynomial

f ′(X1, X2) = X1X2 −
a0a2 − a2

1

a2
2

.

It is clear that there is a one-one correspondence between the set
of distinguished zeroes of f and f ′. This leads us to analyzing the
distinguished zeroes of the polynomial f ′. Note that the number of
distinguished zeroes of f ′ depends of the quantity D.

Subcase 1: Suppose D = 0. Then the polynomial f ′(X1, X2) = X1X2 has
exactly 2(q − 1) many distinguished zeroes.

Subcase 2: Suppose D 6= 0 and D is a square in Fq. Note that the polyno-
mial X1X2−D/a2

2 has q− 1 zeroes. Since D is a square in Fq,
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the polynomial x2−D/a2
2 has two distinct roots in Fq. As a con-

sequence the polynomial X1X2 −D/a2
2 has exactly two zeroes

that are nondistinguished, namely (c1, c1) and (c2, c2), where
c1, c2 are the distinct solutions to the equation x2−D/a2

2 = 0.
Thus, polynomialX1X2−D/a2

2 have exactly q−3 distinguished
zeroes.

Subcase 3: Suppose D 6= 0 and D is not a square in Fq. In this case, all the
zeroes of X1X2−D/a2

2 are distinguished. This follows from the
fact that the one variable polynomial equation x2 − D/a2

2 =
0 has no solutions in Fq. As a consequence, the number of
distinguished zeroes of such a polynomial is q − 1.

This completes the proof. �

Remark 2.5. It is not very di�cult to count the number of polynomials
that have 0, q − 3, q − 1, 2(q − 1), and q(q − 1) distinguished zeroes. It is
trivial to see that there are q−1 nonzero constant polynomials admitting no
zeroes and exactly one polynomial, namely the zero polynomial, admitting
q(q − 1) distinguished zeroes. In order to count the number of polynomials
a0 + a1(x1 + x2) + a2x1x2, or equivalently, the tuples (a0, a1, a2) satisfying
the conditions a2 6= 0 and D is a nonzero square in Fq, we note that there
are (q−1)/2 possible values for D, and for each of these choices, the q(q−1)
choices of (a1, a2) (namely q − 1 choices for a nonzero value of a2 and q
choices for a1) determines a0 uniquely. This results in a total of q(q − 1)2/2
many polynomials admitting q − 3 distinguished zeroes. Furthermore, from
Theorem 2.4 we note that a polynomial a0 + a1(x1 + x2) + a2x1x2 has q− 1
distinguished zeros i�

(a0, a1, a2) ∈ {a2 = 0 and a1 6= 0} ∪ {a2 6= 0,D 6∈ F2
q and D 6= 0}.

Let S1 = {a2 = 0 and a1 6= 0} and S2 = {a2 6= 0,D 6∈ F2
q and D 6= 0}.

Clearly, |S1| = q(q − 1). To enumerate S2, we note that the quantity D
takes (q− 1)/2 possible values. Now for each of these (q− 1)/2 values of D,
the element a0 is determined uniquely for each choice of (a1, a2) satisfying
a2 6= 0. It follows that |S2| = q(q − 1)(q − 1)/2. Thus,

|S1|+ |S2| = q(q − 1) + q(q − 1)
(q − 1)

2
=
q(q − 1)(q + 1)

2
.

Since S1 and S2 are disjoint, we see that there are exactly q(q − 1)(q + 1)/2
many polynomials having q−1 disinguished zeroes. Finally, the polynomials
that have exactly 2(q−1) distinguished zeroes are polynomials of Type I and
there are q(q − 1) many polynomials of this type. Hence there are exactly
q(q − 1) many polynomials that admit 2(q − 1) distinguished zeroes. We
tabulate this data in Table 1 below.

We remark that, in the particular case when q = 3, then the nonzero constant
polynomials as well as the polynomials satisfying the conditions a2 6= 0 and
D a nonzero square in Fq admit no distinguished zeroes. We now study the
case when q is even. The proof is essentially similar, but the di�erence lies in
the fact that every element of Fq is a square in Fq. We include the complete
proof for the ease of the reader.
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Number of distinguished zeroes Number of polynomials
0 q − 1

q − 3 q(q−1)2

2

q − 1 q(q−1)(q+1)
2

2(q − 1) q(q − 1)
q(q − 1) 1

Table 1. Number of polynomials with given number of dis-
tinguished zeroes when q is odd

Theorem 2.6. Let q ≥ 4 be even, m = 2, and f ∈ Fq[x1, x2] be given by

f = a0 + a1(x1 + x2) + a2x1x2. If D := a2
1 − a0a2, then.

|ZFq ,D(f)| =



0, if {a0 6= 0 and (a1, a2) = (0, 0)}
or {a1 6= 0 and (a0, a2) = (0, 0)}

q, if a0a1 6= 0 and a2 = 0

q − 2, if a2 6= 0, and D 6= 0

2(q − 1), if a2 6= 0 and D = 0

q(q − 1), if (a0, a1, a2) = (0, 0, 0)

Proof. If f = 0, then |ZFq ,D(f)| = P(q, 2). As in Proposition 2.4, it
is clear from Corollary 2.2 that if |ZFq ,D(f)| = P(q, 2), then f = 0. So we
may assume that f 6= 0, i.e. (a0, a1, a2) 6= (0, 0, 0). We again distinguish the
proof into several cases:

Case 1: Suppose a2 = 0. If a1 = 0, then f is a nonzero constant polynomial
which does not have any zeroes. So we may assume that a1 6= 0.

Subcase 1: If a0 6= 0, then all the zeroes of a0 + a1(x1 + x2) are distin-
guished. Note that if a0 + a1(x1 + x2) has a nondistinguished
zero, say (c, c), then a0 = a1(c + c) = 0 since q is even. This
leads us to a contradiction to the assumption that a0 6= 0.
Consequently, |ZFq ,D(f)| = q.

Subcase 2: Then the zeroes of the polynomial a1(x1 + x2) are not distin-
guished. Thus |ZFq ,D(f)| = 0.

Case 2: Suppose a2 6= 0. As in Proposition 2.4, after a suitable change of
coordinates, we get a polynomial

f ′(X1, X2) = X1X2 −
a0a2 − a2

1

a2
2

,

with |ZFq ,D(f)| = |ZFq ,D(f ′)|.
Subcase 1: Suppose D = 0. Then the polynomial X1X2 has exactly 2(q−

1) many distnguished zeroes.
Subcase 2: Suppose D 6= 0. Since q is even, D is a square in Fq. Note that

the polynomial X1X2−D/a2
2 has q− 1 zeroes and out of them

only one is nondistinguished. Consequently, such a polynomial
have q − 2 distinguished zeroes.

This completes the proof. �
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Number of distinguished zeroes Number of polynomials

0 2(q − 1)
q (q − 1)2

q − 2 q(q − 1)2

2(q − 1) q(q − 1)
q(q − 1) 1

Table 2. Number of polynomials with given number of dis-
tinguished zeroes when q is even

Again, it is not very di�cult to compute the number of polynomials that
admits a given number of distinguished zeroes in the case when q is even.
We omit the explicit computations, but present the data in Table 2.

3. Reed-Muller type codes from symmetric polynomials

Throughout this section, we will denote by Fq a �nite �eld with q ele-
ments where q is a power of a prime number. As in Section 2, we denote
by Σm the vector space consisting of all symmetric polynomials as in (1).
As noted before, Σm is a vector space of dimension m + 1 over Fq. Let
n = P(q,m).

Definition 3.1. We �x an ordering {P1, . . . , Pn} of elements in AmD .
De�ne an evaluation map

ev : Σm → Fnq , given by f 7→ (f(P1), . . . , f(Pn)).

It is readily seen that ev is a linear map and consequently the image, Cm of
ev is a code.

We discuss some properties of this code in the following proposition:

Proposition 3.2. If m < q, then the code Cm is a nondegenerate [n, k, d]
code, where n = P(q,m), k = m + 1 and d = (q − m)P(q − 1,m − 1).
Furthermore, the code Cm is generated by minimum weight codewords.

Proof. The statement on the length of the code is trivial, while the
fact that the code is nondegenerate follows readily by observing that ev(1) =
(1, . . . , 1) ∈ Cm. To show that Cm is of dimensionm+1, it is enough to show
that the map ev is injective. To this end, let f ∈ Σm with ev(f) = (0, . . . , 0).
Then |ZFq ,D(f)| = P(q,m). But from Corollary 2.2, we see that, if f 6= 0,
then |ZFq ,D(f)| ≤ mP(q−1,m−1). Sincem < q, we havemP(q−1,m−1) <
P(q,m). This implies f = 0. Consequently, the map ev is injective. The
assertion on the minimum distance follows from Corollary 2.2 since

d = minf∈σm |{i | f(Pi) 6= 0}|
= P(q,m)−maxf∈Σm |{i | f(Pi) = 0}|
= P(q,m)−mP(q − 1,m− 1)

= (q −m)P(q − 1,m− 1).

Moreover, it is clear from the last assertion of Corollary 2.2 that the
minimum weight codewords of Cm are given by ev(f) where f is a Type I
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polynomial. Thus, to show that Cm is generated by minimum weight code-
words, it is now enough to prove that Σm is spanned by a set of m+ 1 Type
I polynomials. Since m+ 1 ≤ q, we may choose α1, . . . , αm+1 ∈ Fq that are
distinct. For each i = 1, . . . ,m+ 1, we de�ne

fi = (x1 + αi) · · · (xm + αi).

Since α1, . . . , αm+1 are distinct, it follows from the Vandermonde determi-
nant formula that f1, . . . , fm+1 are linearly independent. Since dimFq Σm =
m+ 1, they span the vector space Σm. This completes the proof. �

Remark 3.3. We note that the relative minimum distance of Cm is the
same as that of the generalized Reed-Muller codes of order m.

The code Cm is made by evaluating each of the functions in Σm at the
points of AmD . But the points of AmD constitute a disjoint union of Sm-orbits,
each of cardinalitym!, where the symmetric group Sm inm letters acts freely
by permuting the coordinates. This motivates us in de�ning a code of smaller
length, namely, by constructing a smaller evaluation set, say RD, consisting
of one point from each of the Sm orbits mentioned above. Again we �x an
ordering of the elements in the set RD, say Q1, . . . , QN , where N =

(
q
m

)
.

We now consider the restriction of the evaluation map, still denoted by
ev:

ev : Σm → FNq given by f 7→ (f(Q1), . . . , f(QN )).

Let C′m denote the image of RD under the map ev. The following proposition
follows readily from Proposition 3.2.

Proposition 3.4. If m < q, then C′m is a nondegenerate [N,K,D] linear

code where N =
(
q
m

)
, K = m+ 1 and D =

(
q
m

)
−
(
q−1
m−1

)
.

Proof. The assertions on length and dimension is readily obtained as
in the case with Proposition 3.2. The assertion on minimum distance is
deduced from Corollary 2.2 and the fact that the weight of any codeword
ev(f) ∈ C′m is given by

(
q
m

)
− 1

m! |ZFq ,D(f)|. �

4. Generalized Hamming weights

Ever since their introduction by V. Wei in [11], the computation of gener-
alized Hamming weights of several codes have been in the center of interest
of many mathematicians and coding theorists. The study of generalized
Hamming weights of several evaluation codes has paved the way for a lot of
research articles such as [1, 5, 6] among others. Before we proceed further,
we recall the de�nition of generalized Hamming weights of linear codes.

Definition 4.1. Fix positive integers n and k.

(a) Let W be a linear subspace of Fnq . We de�ne the support of W ,
denoted by Supp(W ), as follows:

Supp(W ) = {i | xi 6= 0 for some (x1, . . . , xn) ∈W}.
(b) Given an [n, k] code C and a positive integer 1 ≤ r ≤ k, we de�ne

the r-th generalized Hamming weight of C, denoted by dr(C), as

dr(C) = min{|Supp(W ) |W is a subspace of C, dimW = r}.
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In this section, we derive some natural upper bounds on the generalized
Hamming weights of the codes Cm and C′m. At the outset, we remark that
it is enough to derive any parameters related to the Hamming weight of
codewords for one of the codes. Since, the codes Cm are somewhat more
natural to work with, we choose to restrict our attention to them.

Proposition 4.2. Fix positive integers 1 ≤ r < m + 1 ≤ q and denote

by dr the r-th generalized Hamming weight of Cm. We have

dr ≤ P(q,m)−m!

(
q − r
m− r

)
.

Proof. Since 1 ≤ r ≤ q, there exist distinct elements b1, . . . , br ∈ Fq.
For i = 1, . . . , r, we consider the polynomials

fi := (x1 − bi) · · · (xm − bi).
Note that f1, . . . , fr are linearly independent and as a consequence ev(f1), . . . , ev(fr)
span an r dimensional subspace, say Er of Cm. It follows that

dr ≤ |Supp(Er)| = P(q,m)− |ZS,D(f1, . . . , fr)|,
where, as usual, for any subspace V ⊂ Fnq ,

Supp(V ) = {i | ∃(a1, . . . , an) ∈ V, ai 6= 0}.
Now, an element (a1, . . . , am) ∈ ZS,D(f1, . . . , fr) if and only if for each i =
1, . . . , r, there exists ji ∈ {1, . . . ,m} such that aji = bi. Hence the unordered
m-tuple (set) {a1, · · · , am} must be chosen in such a way that it contains
{b1, · · · , br}. The remaining m−r elements can be chosen arbitrarily among
those q − r elements not among the bi. This gives

(
q−r
m−r

)
unordered sets

{a1, · · · , am}, and, at last, exactly m!
(
q−r
m−r

)
ordered m-tuples contained in

ZS,D(f1, . . . , fr).
�

Remark 4.3. We note that the determination of the r-th generalized
Hamming weight of Cm (resp. C′m) is equivalent to computing the maxi-
mum number of common zeroes of r linearly independent elements of Σm

in AmD(Fq) (resp. RD). It follows trivially that dr(Cm) = m!dr(C′m). The
following corollary is now immediate:

Corollary 4.4. dr(C′m) ≤
(
q
m

)
−
(
q−r
m−r

)
.

The following proposition shows that the bounds obtained in Proposition
4.2 is exact for the largest two values of r.

Proposition 4.5. We have

(a) dm+1(Cm) = m!dm+1(C′m) = m!
(
q
m

)
.

(b) dm(Cm) = m!dm(C′m) = m!
((

q
m

)
− 1
)
.

Proof. Part (a) follows trivially since (1, . . . , 1) ∈ Cm and hence Cm is
a nondegenerate code. We prove the part (b) for the code C′m.

A generator matrix for C′m is a parity check matrix for its dual code.
Such a matrix M = (mi,j) can be formed by setting mi,j = the value of
σi−1 at point number j in RFq , for some �xed order of the points in RFq .
Another way to put it is that mi,j = the value of σi−1 at a chosen point
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in orbit number j of Sm in AD(Fq)m, for some �xed order of the orbits in
AD(Fq)m. Any two columns of this matrix are equal if and only if they
are equal up to a non-zero, multiplicative constant. This is because their
�rst entries are both 1(= σ0). The last observation immediately shows that
no column of M is zero. Moreover any two columns are di�erent. This is
because the elementary, symmetric functions σ1, · · · , σm separate orbits of
Sm on AD(Fq)m. (If

Xm − σ1X
m−1 + · · ·+ (−1)mσm = (X − α1)(X − α2) · · · (X − αm),

then the αi are unique up to order, since Fq[X] is a UFD). Hence no two
columns are parallel vectors either (i.e. no two columns are equivalent up
to a non-zero multiplicative constant). Hence the minimum distance of the
dual code of C′m is at least 3. By Wei duality

dm(C′m) = length (C′m)− 1 =

(
q

m

)
− 1.

This completes the proof. �

Propositions 3.4 and 4.5 give all 3 generalized Hamming weights dr for
C′m and Cm for the case m = 2. If m = q−1, then C′m �lls the whole ambient
space Fqq, and everything is trivial. It is a challenge, though, to give good
results in the intermediate cases 3 ≤ m ≤ m− 2.

5. The case m = 2.

As it is clear from the work done in previous sections, we are interested
in computing the basic parameters such as length, dimension, minimum dis-
tance, generalized Hamming weights and the weight distributions for the
codes Cm and C′m. In this section, we completely determine these parameters
for the codes when m = 2. To begin with, we derive from Proposition 3.2
that Cm is an [n, k, d] code, where

n = q(q − 1), k = 3, and d = (q − 1)(q − 2).

Furthermore, it follows from Propositions 3.4 and 4.5 that

(d1, d2, d3) = ((q − 1)(q − 2), q(q − 1)− 2, q(q − 1)) ,

where d1, d2, d3 denote the �rst, second and third generalized Hamming
weights for the code C2. We now proceed to determine the weight distri-
bution for the code C2. To this end we introduce the following notation:

Definition 5.1. Let w and r be integers satisfying 0 ≤ w ≤ q(q − 1)
and 1 ≤ r ≤ 3. De�ne

(a) Aw := the number of codewords of C2 of Hamming weight w.

(b) A
(r)
w := the number of r-dimensional subcodes of C2 of support

weight w.

Let c ∈ C2 be a codeword. Then c = ev(f) for some f ∈ Σ2. It follows
that c is a codeword of Hamming weight w if and only if |ZFq ,D(f)| = q(q−
1)−w. One can now readily compute the values of Aw from Tables 1 and 2
for all values of w. We have the following results:
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Proposition 5.2. If q is odd, and q ≥ 5, then we have

Aw =



1, if w = 0

q(q − 1), if w = (q − 1)(q − 2)
q(q−1)(q+1)

2 , if w = q(q − 1)− (q − 1)
q(q−1)2

2 , if w = q(q − 1)− (q − 3)

(q − 1), if w = q(q − 1)

0, otherwise.

We remark that for q = 3, we have A0 = 1, A2 = 6, A4 = 12 and A6 = 8.

Proposition 5.3. If q is even, and q ≥ 4, then we have

Aw =



1, if w = 0

q(q − 1), if w = (q − 1)(q − 2)

q(q − 1)2, if w = q(q − 1)− (q − 2)

(q − 1)2, if w = q(q − 1)− 1

2(q − 1), if w = q(q − 1)

0, otherwise.

We now turn our attention towards computing A
(i)
w -s for all values of

1 ≤ w ≤ q(q − 1) and i = 1, 2, 3 for the code C2. To this end, we have the
following result:

Proposition 5.4. For 1 ≤ w ≤ q(q − 1) and i = 1, 2, 3 we have

A(i)
w =



Aw
q−1 , if i = 1
q(q−1)

2 , if w = q(q − 1)− 2 and i = 2
q2+3q+2

2 , if w = q(q − 1) and i = 2

1, if w = q(q − 1) and i = 3,

0, otherwise.

Proof. The assertions concerning the cases when i = 1 and i = 3 are
clear. To prove the claims concerning the cases when i = 2, we must analyze
the possible number of distinguished points on the intersection of two curves
given by f1, f2 ∈ Σ2 such that f1 and f2 are linearly independent. Suppose
that

f1(x, y) = a0 + a1(x+ y) + a2xy and f2(x, y) = b0 + b1(x+ y) + b2xy.

We claim that f1 and f2 have no common factors. To see this, �rst note
that, f1 is not a nonzero constant multiple of f2 since they are linearly
independent. However, if f1 has a factor of degree one, then f1 = c(x −
a)(y− a) for some a, c ∈ Fq. The fact that f1 and f2 have a common factor,
now readily implies that f2 = d(x − a)(y − a) for some d ∈ Fq. This is a
contradiction. Now the projective closures of the zero sets V (f1) and V (f2)
are given by homogeneous polynomials F1 and F2 of degree 2, namely

F1 = a0z
2 + a1(x+ y)z + a2xy and F2 = b0z

2 + b1(x+ y)z + b2xy.

By Bezout's theorem, the projective curves given by F1 and F2 intersect at
exactly 4 points over the algebraic closure, counting multiplicities. We also
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observe that they have two points on the line z = 0 in common, namely
[0 : 1 : 0] and [1 : 0 : 0]. Hence they have at most 2 points in common
in the a�ne space A2(Fq). To this end, we observe that if V (f1) and V (f2)
have points in common in A2

D(Fq), then by symmetry, the points will be of
the form (α, β) and (β, α) for some α, β ∈ Fq with α 6= β. Thus the a�ne
curves V (f1) and V (f2) either do not intersect in A2

D(Fq) or they intersect

in exactly 2 points. It is thus evident that A
(2)
w = 0 for all values of w other

that q(q − 1) and q(q − 1)− 2. We now compute A
(2)
w for w = q(q − 1) and

w = q(q−1)−2. It is enough to compute the same for w = q(q−1)−2. The
elements of Σ2 that contain the above points form a 2 dimensional linear
system of curves, which in turn gives us a two dimensional subcode that has
weight q(q−1)−2. On the other hand, there are q(q−1)/2 ways of choosing

two such points from A2(Fq). This shows that A
(2)
q(q−1)−2 = q(q−1)/2. Since

there are a total of q2 + q + 1 number of 2 dimensional subcodes of C2, the

assertion on A
(2)
q(q−1) follows trivially. �

Let (C2)(s) = C2 ⊗Fq Fqs for s > 1. It is a linear code over FQ, for
Q = qs, with the same generator matrix as C2 itself. In [8], one gives a
relation between the higher weight spectra of a linear code and the usual
weight spectrum (only counting individual words of each weight), for such
an extension code over larger, �nite �elds. Denote the number of codewords
of weight w for (C2)(s) by Pw(Q). Then:

Pw(Q) =

k∑
r=0

A(r)
w

r−1∏
i=0

(qs − qi) =

k∑
r=0

A(r)
w

r−1∏
i=0

(Q− qi).

This gives:

Corollary 5.5. For (C2)(s) we have, if q ≥ 7 is odd :

P0(Q) = 1, Pn−2(q−1)(Q) = q(Q− 1), Pn−(q−1)(Q) =
q2 + q

2
(Q− 1),

Pn−(q−3)(Q) =
q2 − q

2
(Q− 1), Pn−2(Q) =

q2 − q
2

(Q− 1)(Q− q),

Pn(Q) = (Q− 1)(Q2 +
−q2 + q + 2

2
Q+

q3 − 3q2 − 2q + 2

2
).

We leave it to the reader to �nd analogous formulas for q = 3, 5, and for
even q ≥ 4.

6. The case m = 3.

If m = 3, the only unknown generalized Hamming weight of Cm = C3 is
d2, since we know that d1 = 6

(
q
3

)
− 6
(
q−1

2

)
, d3 = 6

(
q
3

)
− 6, and d4 = 6

(
q
3

)
, by

the results above. Furthermore we know from Proposition 2.1, as for general
m, that there are precisely q(q − 1) codewords of minimal weight, namely
ev(c(x1 − b) · · · (xm − b)), for q choices of b, and q − 1 choices of non-zero c.

The case q = 4 is a special case of the trivial case m = q − 1 mentioned
at the end of Section 4, with dr(C3) = 6r for all r.



14 DATTA AND JOHNSEN

In order to illustrate the complexity, we give our only example below, of
a more non-trivial result for m = 3. We leave it to further research to �nd
good results for m ≥ 3 in general.

Example 6.1. If q = 5, one can show that d2(C3) = 42 (and hence
(d1, d2, d3, d4) = (24, 42, 54, 60)).

For practical calculations in order to show this it will be more convenient
to work with the smaller code C′3 and use the fact that dr(Cr) = m!dr(C′r), for
all m, r in question. Thus we will prove the equivalent statement d2(C′3) =
42
6 = 7: The word length of C′3 is n = 60

6 , and a generator matrixM = (mi,j)

of C′3 with mi,j = σi−1
3 (Pj) becomes

1 1 1 1 1 1 1 1 1 1
3 4 0 0 1 2 1 2 3 4
2 3 4 1 3 2 1 4 4 1
0 0 0 0 0 0 1 3 2 4


Here the Pj = {aj , bj , cj} ⊂ {0, 1, 2, 3, 4} are ordered lexicographically with
respect to the ordering of F5, and they represent the 10 = 60

6 orbits of S3

in AD(F5)3. Hence P1 = (0, 1, 2), P2 = (0, 1, 3), · · · , P10 = (2, 3, 4), and the
�rst column of M becomes the transpose of:

(σ0
3(P1), σ1

3(P1), σ2
3(P1), σ3

3(P1)) = (1, 0+1+2, 0 ·1+0 ·2+1 ·2, 0 ·1 ·2) =
(1, 3, 2, 0). The nine other columns are computed in the same way.

The columns of M may be interpreted as points of projective 3-space
Proj(F5[y0, y1, y2, y3]) = P3 over F5. One then has the well known result
(see for example [7, p. 276]):

Lemma 6.2. If the columns of a (k × n)-generator matrix of a linear

code C are interpreted as points of a projective space Pk−1, then for all r =
1, · · · , k we have

dr(C) = n−mr, where mr is the maximal number of column points that

are contained in a codimension r-space in Pk−1.

One then understands that d1(C′3) = 10 - the maximal number of points
from P1, · · · , P10 that are contained in a (projective) plane = 10 − 6 = 4,
and d3(C′3) = 10 - the maximal number of points from P1, · · · , P10 that are
contained in a point = 10 − 1 = 9 (obvious), since one already knows that
d1(C′3) = 24

6 = 4, and d3(C′3) = 54
6 = 9. This can also be checked by inspecting

the matrix M directly.
Our only new task is to show that the maximal number of points from

P1, · · · , P10 that are contained in a (projective) line is 3, so that d2(C′3) =
10− 3 = 7.

Our �rst observation is that the �rst 3 columns of M are dependent
(compute its upper left 3-minor), so the maximal number of column points
on a line is at least 3. We will show that it is at most 3.

For q = 5 there are q3 + q2 + q + 1 = 156 planes in P3, and among them
we have the 5 planes Wj = 0, for j = 0, · · · , 4 that correspond to (totally)
reducible elements

3∏
i=1

(xi − j)
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of Σ5, and each of them contains
(
q−1
m−1

)
= 6 of the 10 points. We see directly

from the matrix description that W0 = y3 = 0 is one of them. By the last
part of Theorem 2.1 all other planes contain at most 5 column points fromM .
A computer analysis, or a by-hand calculation, shows that there is no plane
(corresponding to irreducible elements of Σm that contain exactly 5 column
points (of M), although the last part of Theorem 2.1, which is obviously not

sharp in this case, allows it. Moreover there are exactly
(

5
2

)
= 10 planes

that contain exactly 4 of the 10 points (For each unordered pairWi,Wj , with
i 6= j, there is exactly one such plane Vi,j = 0 of type = Wi + gi,jWj = 0,
with gi,j 6= 0).

We will use this to prove that no more than 3 of the (column) points (of
M) are on a line. First, two planes Wi = 0 and Wj = 0, with i 6= j, are
well known to intersect in exactly 3 points, by the case r = 2 of the proof of
Proposition 4.2.

If two distinct planes of type Vi,j = 0 contained the same 4 points, add
any point outside L, which is the intersection of those two planes. Then
those 5 points would span a plane. This plane would have to be one of the
Wj = 0, since no other planes contains at least 5 points, as we have seen.
But a plane of type Wj = 0 does not contain 4 points on a line, as we will
now show, so that is impossible.

The assertion that the plane of type W0 = y3 = 0 does not contain 4
points on a line, follows by direct inspection of the 6 leftmost columns of M .
One �nds that the only dependent column triples are (123), (145), (246), (356),
and since no column quadruple contains two of these triples, we cannot have
4 column points on a (projective) line.

Let l ∈ {1, 2, 3, 4}. If instead we choose a generator matrix, with mi,j =
σi−1
m (Pj− (l, l, l))), and order the Pj lexicographically as (l, l+1, l+2), (l, l+

1, 1 + 3), · · · , (l− 3, l− 2, l− 1), then this "new" matrix will in fact be equal
to M . But now y3 = 0 corresponds to the totally reducible element

3∏
i=1

(xi − l)

of Σ5. and therefore there are not 4 collinear column points in this plane,
either, for l = 1, 2, 3, 4. But in the initial matrix description this corresponds
to the plane Wl = 0, and linear relations between columns do not change
when one performs row operations on a matrix. Hence no plane Wl contains
4 collinear points.

If a plane of type Vi,j = 0 and a plane of type Wl = 0 contained 4
common points (in their intersection, a line L), we again have four points in
a plane of type Wl = 0, a contradiction.

Hence the maximal number of column points of M on a line is at most
3 also, and hence d2(C′3) =

(
q
3

)
−
(
q−2
3−2

)
= 10 − 3 = 7, for q = 5. As

a byproduct of this analysis we observe that in addition to q(q − 1) = 20
words of minimal weight 4 there are exactly (q − 1)

(
q
2

)
= 40 codewords of

"subminimal" weight, in this case 6, in C′3 for q = 5.

Acknowledgment: The authors sincerely thank the anonymous referees
for their careful reading the initial version of this article and providing us



16 DATTA AND JOHNSEN

with some important suggestions towards improving the article. We also
thank Hiram Lopez for their comments and suggestions on this article.

References

[1] P. Beelen and M. Datta, Generalized Hamming weights of a�ne Cartesian codes,
Finite Fields Appl. 51 (2018), pp. 130�145.

[2] P. Beelen, M. Datta and M. Homma A proof of Sørensen's conjecture on Hermitian
surfaces, Proc. Amer. Math. Soc. 149 (2021), pp. 1431-1441

[3] P. Beelen and P. Singh Linear codes associated to skew-symmetric determinantal va-
rieties, Finite Fields and Their Applications 58, July 2019, pp. 32-45.

[4] V. D. Goppa Geometry and Codes, ISBN: 978-94-015-6870-8, Springer Verlag, 1988.
[5] S. R. Ghorpade and G. Lachaud, Higher weights of Grassmann codes, in Coding

theory, cryptography and related areas (Guanajuato, 1998), pp. 122�131, Springer,
Berlin, 2000.

[6] P. Heijnen and R. Pellikaan, Generalized Hamming weights of q-ary Reed-Muller codes,
IEEE Trans. Inform. Theory 44 (1998), no. 1, pp. 181�196.

[7] J. W. P. Hirschfeld, M. A. Tsfasman, and S. G. Vladut, The Weight Hierarchy of
Higher Dimensional Hermitian Codes,IEEE Trans. Inform. Theory, 40 (1994) no. 1,
pp. 275-278.

[8] R. Jurrius, Weight enumeration of codes from �nite spaces, Des. Codes Cryptogr. 63,
pp. 321-330, 2012.

[9] D. Nogin, The minimum weight of the Grassmann codes C(k, n), Discr. Appl. Math.
28 (1990), pp. 149�156

[10] E. Weiss, Generalized Reed-Muller Codes, Information and Control 5, (1962) pp.213-
222

[11] V. Wei, Generalized Hamming weights for linear codes, IEEE Trans. Inform. Theory
37 (1991), no. 5, pp. 1412 - 1418.

Department of Mathematics Indian Institute of Technology Hyderabad

Email address: mrinmoy.datta@math.iith.ac.in

Department of Mathematics and Statistics, UiT-The Arctic University

of Norway N-9037 Tromsø, Norway

Email address: trygve.johnsen@uit.no


