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Introduction

Persistent scaling:

The power spectral density (PSD)

follows a power law:

lim
f→0

S( f ) ∝ f−β

where 0 < β < 3.
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The power-law behavior of the PSD indicates the absence of a characteristic

scale in the time record; the record is scale-invariant, or just scaling.
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Introduction
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Fig. 2. A composite temperature spectrum: the GRIP (Summit) ice core �18O, a temperature proxy, low resolution (left, brown) along with
the first 91 kyr at high resolution (left, green), with the spectrum of the (mean) 75� N 20th century reanalysis (20CR, Compo et al., 2011)
temperature spectrum, at 6 h resolution, from 1871 to 2008, at 700mb (right). The overlap (from 10–138 yr scales) is used for calibrating the
former (moving them vertically on the log–log plot). All spectra are averaged over logarithmically spaced bins, ten per order of magnitude in
frequency. Three regimes are shown corresponding to the weather regime with �w = 2 (the diurnal variation and harmonic at 12 h are visible
at the extreme right). The central low frequency weather “plateau” is shown along with the theoretically predicted �mw = 0.2–0.4 regime.
Finally, at longer timescales (left), a new scaling climate regime with exponent �c⇡ 1.4 continues to about 100 kyr. Note that a recent revised
chronology may modify the very lowest frequencies. Reproduced from Lovejoy and Schertzer (2012b). The black lines are reference lines
with the (absolute) slopes indicated.
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Fig. 3. Empirical RMS temperature fluctuations (S(1t)): on the left top we show grid-point-scale (2� ⇥ 2�) daily scale fluctuations for both
75� N and globally averaged along with reference slope ⇠ (2)/2 =�0.4⇡ H (20CR at 700mb). On the lower left, we see at daily resolution,
the corresponding globally averaged structure function. Also shown (bottom) are the average of the three in situ surface series as well as three
multiproxy structure functions described in Lovejoy and Schertzer (2012b) (the ensemble average of the RMS fluctuations of the Huang,
2004, Moberg et al., 2005, and Ljundqvist, 2010, multiproxies). The surface curve is the mean of three surface series (NASA GISS, NOAA
CDC and HADCRUT3, all 1881–2008). At the right we show the Vostok palaeotemperature series. Also shown is the interglacial “window”.
This is a simplification of a figure in Lovejoy and Schertzer (2012b).

www.earth-syst-dynam.net/4/439/2013/ Earth Syst. Dynam., 4, 439–454, 2013
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Alternative model

LRM processes can be generated as LRM-response to a white-noise forcing.

A convolution integral for generating a fractional Gaussian noise:

TfGn(t) = σ

∫ t

0
(t− s)β/2−1dB(s)︸ ︷︷ ︸

fGn

The kernel G(t− s) = exp−γ(t−s) yields an Ornstein-Uhlenbeck (AR(1))

red-noise.
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Stochastic-dynamic response model

Ftot(t)→ F(t)︸︷︷︸
deterministic

+σdB(t)︸ ︷︷ ︸
stochastic

T (t) = µ[
∫ t

0
(t− s)β/2−1F(s)ds︸ ︷︷ ︸

deterministic

+σ

∫ t

0
(t− s)β/2−1dB(s)︸ ︷︷ ︸

stochastic

]

The unknown parameters µ , β , σ are estimated using the MLE method

M. Rypdal & K. Rypdal, J. Climate, 27, 5240 (2014).
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Evidence for Holocene scale break?

Nilsen et al. (2016): Are there multiple scaling regimes in Holocene

temperature records? Earth Sys. Dyn., 7, 419-439.

• Is the scale-break around centennial time scales universal?

• If the scale break can be removed by detrending, what does this mean?

• Which dynamics separate the two scaling regimes?
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Data and methods

• 7 proxy/multiproxy

temperature reconstructions

for the late Holocene.

• 1 temperature reconstruction

for the entire Holocene

• 6 stable isotope ratio time

series from Greenland and

Antarctic ice cores.

• Periodogram

• Wavelet scalogram

• Structure/scaling function

• Haar fluctuation function
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PSD vs DFA2

Signal: Superposition of fGn (β = 0.2), and an fBm (β = 0.8)
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Examples

Moberg et al. (2005), Nature, 433,

Mann et al. (2008), P. Natl. Acad. Sci. USA, 105

9 / 13



Examples
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Marcott et al. (2013), Science, 339, 1198.
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Greenland ice core data - Holocene
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GRIP ice core data
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Conclusion

• A mono-scaling LRM process cannot be rejected as a model for the

temperature variability for the Holocene.

• Trends and individual events can explain changes in the spectral

exponent, using this information gives a more precise model than

multiple scaling regimes.

• There seems to be a significant scale-break associated with the glacial

climate. However, the use of scaling analysis on records with

time-dependent statistical properties is problematic.
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