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We characterize the validity of the Hardy-type inequality |||l [Z°h(2)dz llpu,00 lgw,0, ) <

¢ ||hllg,0(0,00), Where 0 < p < 0,0 < g < 00,1 < 0 < o0, u, w, and v are weight functions on
(0, 0). Some fairly new discretizing and antidiscretizing techniques of independent interest are
used.

1. Introduction

Everywhere in the paper, u, v, and w are weights, that is, locally integrable nonnegative
functions on (0, o0), and we denote

U(s) = IS u(t)dt,

0

J v(s)"ds for1<6 < oo, (1.1)
t

“ ds
J; @ fOTG—OO,

Vo(t) =
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where

o) if6=1,
0
=3 _—_ i 1.2
01 if1<0< oo, (1.2)
1 if 6 = co.

We assume that u is such that U(t) > 0 for every t € (0, o).

For 0 < p < o0 and w, a weight function on (a,b) C (0, ), let us denote by L, .,(a,b)
the weighted Lebesgue space defined as the set of all measurable functions u on (a, b) for
which the quantity

b 1/p
<f |u(x)|pw(x)dx> for1<p< oo,

”u”p,w,(a,b) = (1.3)
ess sup |u(x)|w(x) forp=o0
a<x<b
is finite.
In this paper we characterize the validity of the inequality
” L < el 0.0y 14)
s pu,(0,t) 4,w,(0,00)

where 0 < p < 00,0 < g < o0,1<6 < oo, u, w,and v are weight functions on (0, o). Note
that inequality (1.4) has been considered in the case p = 1 in [1] (see also [2]), where the
result is presented without proof, in the case p = oo in [3] and in the case 8 = 1 in [4, 5],
where weight functions v of special type were considered. For general weight functions v,
the characterization of the inequality (1.4) in the case 6 = 1 does not follow directly by this
method (there are some technical problems) and we are working on it.

It is worth to mention that, by Fubini’s theorem,

J: u(t) <Loo g(s)ds) dt = U(x) J? % (1.5)

Hence, we see that the inequality (1.4) (with p = 1) is equivalent with the following
inequality:

1SRl 4,1920,(0,00) < ClIPllg,11-00,(0,00)7 (1.6)

where the operator S defined by

© p(t)dt

(Sh)(x) = o m

(1.7)
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for all nonnegative measurable functions h on (0, o). We call this operator the generalized
Stieltjes transform; the usual Stieltjes transform is obtained on putting U (x) = x.

In the case U(x) = x*, A > 0, the boundedness of the operator S between weighted L?
and L7 spaces was investigated in [6] (wWhen1 < p < g< oo0) andin [7,8] (when1 < g <p <
00).

Our approach is based on discretization and antidiscretization methods developed in
[4, 9, 10]. Some basic facts concerning these methods and other preliminaries are presented
in Section 2. The main results (Theorems 3.1 and 3.2) are stated and proved in Section 3.

Throughout the paper, we always denote by c or C a positive constant which is
independent of the main parameters, but it may vary from line to line. However a constant
with subscript such as ¢; does not change in different occurrences. By a < b, (b 2 a), we
mean that a < Ab, where 1 > 0 depends on inessential parameters. If a S band b < a, we
write a = b and say that a and b are equivalent. We put 1/c0 = 0,000 = 0,0/0 = 0, and
w0/ =0.

2. Preliminaries

Let us now recall some definitions and basic facts concerning discretization and antidis-
cretization which can be found in [4, 9, 10].

Definition 2.1. Let {ax} be a sequence of positive real numbers. One says that {ay} is strongly
increasing or strongly decreasing and write ax 77 or ax || when

- Qk+1 Ak+1
inf—— >1 or sup—

<1,
keZ Ay kez Gk (2'1)

respectively.

Definition 2.2. Let U be a continuous strictly increasing function on [0, co) such that U(0) =0
and lim;_, ,,U(f) = co. Then One says that U is admissible.

Let U be an admissible function. We say that a function ¢ is U-quasiconcave if ¢ is
equivalent to an increasing function on (0, o0) and ¢ /U is equivalent to a decreasing function
on (0, o). We say that a U-quasiconcave function ¢ is nondegenerate if

. o L) U
fme®) = lim 2 = im e T AR ow T

(2.2)
The family of nondegenerate U-quasiconcave functions will be denoted by €;. We say that
¢ is quasiconcave when ¢ € € with U(t) = t. A quasiconcave function is equivalent to a
concave function. Such functions are very important in various parts of analysis. Let us just
mention that, for example, the Hardy operator H f(x) = fg f(t)dt of a decreasing function,
the Peetre K-functional in interpolation theory, and the fundamental function ||yg||x, X is a
rearrangement invariant space, all are quasiconcave.

Definition 2.3. Assume that U is admissible and ¢ € Q;;. One says that {x } ;7 is a discretizing
sequence for ¢ with respect to U if

(i) xo = 1and U (xx) 11;

(ii) () TT and @(xx) /U (xk) L
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(iii) there is a decomposition Z = Z; UZ, such that Z;NZ, = ) and for every t € [Xy, Xk+1]

p(xk) = (t) if k€ Zy,

p(x) ot (2.3)
u(Xk) ~m lkaZZ.

Let us recall (see [9, Lemma 2.7]) that if ¢ € Qy;, then there always exists a discretizing
sequence for ¢ with respect to U.

Definition 2.4. Let U be an admissible function, and let v be a nonnegative Borel measure on
[0, 00). We say that the function ¢ defined by

dv(s)

[0,00) m’ t€ (0,), (2.4)

o) = U |

is the fundamental function of the measure v with respect to U. One will also say that v is a
representation measure of ¢ with respect to U.

We say that v is nondegenerate if the following conditions are satisfied for every t €
(0, 00):

dv(s) J‘ dv(s) J‘
— < 00, = dv(s) = 0. 2.5
J‘[O,oo) U(s) +U(t) 01 U(s) [1,00) (s) @5
We recall from [9, Remark 2.10] that
p(t) z-[ dv(s) + l,I(t)I U(s)dv(s), te (0,00). (2.6)
[0,4] [t,00)
Corollary 2.5 (see [10, Lemma 1.5]). Let u, w be weights, and let ¢ be defined by

¢(t) = esssup U(s)"/? esssup

se€(0,t) TE(S,00)

Z:(T) t € (0, 00). (2.7)

T)l/p ’

Then ¢ is the least U/ P-quasiconcave majorant of w, and

o0 (i ([ o) o)

(2.8)
1 t o 14 1/p
= etsesws,z)p w(t)<m .[0 <L h(z)dz> u(s)ds>
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for any nonnegative measurable h on (0, 0o). Further, for t € (0, 00),

1/
¢(t) = esssup w(t) min{l, < uf) ) 7’} = U(t)"? ess sup @ esssup w(t),

7€(0,00) U(r) sE(t,00) 7€(0,3)

(2.9)

1/p
p(t) = esssup w(s)(%) .

5€(0,00)

Theorem 2.6 (see [9, Theorem 2.11]). Let p,gq,r € (0,00). Assume that U is an admissible
function, v is a nonnegative nondegenerate Borel measure on [0,00), and ¢ is the fundamental

function of v with respect to U7 and o € Qup. If {x1} is a discretizing sequence for ¢ with respect to

U4, then

j Mdv(t) = M. (2.10)
o) o(t)"7 izolx)”

Lemma 2.7 (see [9, Corollary 2.13]). Let g € (0,00). Assume that U is an admissible function,
f € Qu, v is a nonnegative nondegenerate Borel measure on [0, o0), and ¢ is the fundamental function

of v with respect to U4. If {xy } is a discretizing sequence for ¢ with respect to U1, then

B\ 1/11~ )\ ”
<J[O,m) (U(t)) dv(t)) - é(u(xk)> o (xk) . (2.11)

Lemma 2.8 (see [9, Lemma 3.5]). Let p,q,r € (0,00). Assume that U is an admissible function,
@ € Quu, and § € Qup. If {xx} is a discretizing sequence for ¢ with respect to U7 and {A} is a
discretizing sequence of g with respect to UP, then

P i)
fog(a)? iZg(he) P
(2.12)

sup PO @ o0
te(O,oo)g(t)l/p keZ g(xk)l/p ez g(Ag)l/p
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Lemma 2.9 (see [4, Lemma 2.5]). If 7 ||, then

(2.13)

Lemma 2.10 (see [9, Lemma 3.6]). Let g € (0, 00). Assume that U is an admissible function, v is a
nondegenerate nonnegative Borel measure on [0, 00), ¢ is the fundamental function of v with respect
to U4, and f is a measurable function on [0, 00). If {x} is a discretizing sequence for ¢ with respect
to U4, then

J?( :%)qdv(x)

g U AQICIR
=2(], awr e«

kez
(2.14)

Xk Xk+1 1
= <U‘1(xk)f [f()ldy + f f (y)lu‘l(y)dy> (k)

keZ Xk
- Z(
kez

Lemma 2.11 (see [9, Lemma 3.7]). Let q € (0, 00). Assume that U is an admissible function, v is a
nondegenerate nonnegative Borel measure on [0, o), ¢ is the fundamental function of v with respect
to U9, and f is a measurable function on [0, o0). If {xx} is a discretizing sequence for ¢ with respect
to U1, then

Xs1 9
f FIU ()pwy)” "dy> :

Xk

HOIERY
-[[0,00) < eff(os,ilf U(x) +U(y) W)

q
= < ess sup M) ¢(xk)
keZ

ye0m) U (xk) +U(y)
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q
=D, <U‘1(xk) esssup |f(y)| + esssup |f(y) U™ (y)> ¢ (xx)

keZ Xk-1SY< Xk Xk <SY<Xis1

= >, esssup | f(y)|TU (y)g(y)-

keZ XkSY<Xk+1

(2.15)

Lemma 2.12 (see [9, Lemma 3.8]). Let g € (0,00). Assume that U is an admissible function,
¢ € Quua, {xi} is a discretizing sequence for ¢ with respect to U1, and f is a measurable function on
[0, 00). Then

= fOldE \7
x$$<oum+wm>¢m

_ = |fwlde \
”i$<olﬂﬂ+uwu plxe)

Xk X1 q
~sp ([ 1@l [l Gay) ot

keZ Xk

(2.16)

~sup( [l ot ar )

Xk

Lemma 2.13 (see [9, Lemma 3.9]). Let U be an admissible function, ¢ € Qu, {xi} be a discretizing
sequence for ¢ with respect to U, and f be a measurable function on [0, o). Then

“w /W)l
p ¢(x) esssup ——————
xe(0,00) ye,0) UX) +U(y)

= sup ¢p(x) ess sup I
= yese) Uxe) +U(Y) (2.17)

= sup ¢ (xx)U (xx) " esssup lf(y)|+ sug(p(xk) esssup |f(y) |ll(y)_1

keZ Xk-1SY <Xk k XS Y< Xkl

~ sup esssup | f(y)|U(y) " o(y).

k€Z Xk SY<Xg+1

Proposition 2.14 (see [9, Proposition 4.1]). Let {wy} and {vr}, k € Z, be two sequences of positive
real numbers. Let p,q € (0, o), and assume that the inequality

1/q 1/p
<ZaZUk> < C<Za,€wk> (2.18)

keZ keZ

is satisfied for every sequence {ay} of positive real numbers.
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(i) Ifp < q, then

q/p

supw, """ vk < 0. (2.19)

keZ

(ii) Ifp > qand r = pq/ (p - q), then

1/r
<Zwk” Po7/ “’> < oo. (2.20)

kez

Lemma 2.15. One has the following Hardy-type inequalities.
(a) Let 1 < 0 < p < co. Then the inequality

< C||h||6,v,(xk_1,xk) (221)

P, (Xk-1,Xk)

f:k h(z)dz

holds for all nonnegative measurable h if and only if

¢ Up , x , 1/0'
A= sup <I u(s)ds> <f v(s)'? ds> < oo, (2.22)
Xp—1<t<Xk Xk-1 t

and the best constant in (2.21) satisfies ¢ = A.
(b) Let 1 < 0 < oo, p = oo. Then the inequality (2.21) holds if and only if

X /¢
B:= sup < ess sup u(s)> (I v(s)l_e,ds> < oo, (2.23)

X1 <t<x Xp-1<s<t t

and the best constant in (2.21) satisfies ¢ = B.
(c) Let 0 = p = oo. Then the inequality (2.21) holds if and only if

C:= sup <ess sup u(s)> ka % < oo, (2.24)
t

X1 <t<x) Xp-1<s<t

and the best constant in (2.21) satisfies ¢ = C.
(d) Let1 <0 <o00,0<p<0,andl/r=1/p—1/6. Then the inequality (2.21) holds if and
only if
1/r

D:= <£C: (I; u(s)ds>r/p<fkv(s)1"’ds)r/p’v(t)l"’dt> < o, (2.25)

and the best constant in (2.21) satisfies ¢ = D.



Journal of Function Spaces and Applications 9

(e) Let 0 = o0, 0 < p < oo. Then the inequality (2.21) holds if and only if

- < [ < [ u(s)ds) (" %)%> oo, 226

and the best constant in (2.21) satisfies ¢ = E.

These results are just classical results of Maz’ja [11] and Sinnamon [12] (cf. also [13,
14]).

3. The Main Results

In this section we characterize the validity of the inequalities

o t e 14 a’p 4
<Jo <ﬁ Jl) <I h(z)dz> u(s)ds> w(t)dt> < cllhllg,p,(0,00)- (3.1)
t w© 14 1/p
etses(os::)p w(t) <ﬁ L <L h(z)dz) u(s)ds> < cllhllgp,0,00)- (3.2)
Denote
__ U)
U(x,t) = 00+ U@ (3.3)

First we characterize (3.1) as follows.

Theorem 3.1. Let0 < g< o0, 0<p < o0, 1< 0 < oo, and let u,v,w be weights. Assume that u is
such that U%'P is admissible and the measure w(t)dt is nondenerate with respect to U9/P. Then the
inequality (3.1) holds for every measurable function f on (0, co) if and only if

(i)1<6<p<oo,0<g

© 1/q :
Ay = sup (f M(x,t)q/”w(t)dt> U(x)™P sup U PVo()? < 0. (3.4)
xe(0,00) \J 0 te(0,x)

Moreover, the best constant c in (3.1) satisfies ¢ = A;.
(i) 1<0<p<ow,0<g<O<oo,l=0q/(0-9q)

o

Moreover, the best constant c in (3.1) satisfies ¢ = Aj.

o o0 (I-9)/q , 1/1
J (f U(x, t)q/”w(t)dt> w(x)U(x)™P sup U (t)"PVy(t)"® dx) < 0.
0 0 te(0,x)

(3.5)
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(iii) O<p<B<o0,1<0<g<oo, r=0p/(0-p)
1/r

Az = sup (fwu(x,t)q/”w(t)dt)l/quu(t,x)f/f’ve(t)’/P’v(t)l-e’dt> <. (3.6)

xe(0,00) N0

Moreover, the best constant c in (3.1) satisfies ¢ = As.

(iv)0<p<O<oo,1<0<m,qg<0,r=0p/(0-p), 1=0g9/(0-q),

Ay (F ([ nexprroar) e ([t 07wy 7o dt>l/rdx>1/l<oo.

0 0 0

(3.7)
Moreover, the best constant c in (3.1) satisfies ¢ = As.
(v) Let 0 =00,0<p<o0,0<g<oo,
* L dt \7P i
As = J‘ <7/l(t, x) Vo (t)P~ —) w(x)dx < oo. (3.8)
0 o(t)
Moreover, the best constant c in (3.1) satisfies ¢ = As.
Proof. Define
p(x) = J U(x, s)VPw(s)ds. (3.9)
0

Then ¢ € Qu/», and therefore there exists a discretizing sequence for ¢ with respect to U%/?.
Let {xx} be one such sequence. Then ¢(xx) 11 and ¢(xx)U9/P ||. Furthermore, there is a
decomposition Z = Zy U Zy, Z1 N Zy = @ such that for every k € Z; and t € [xk, Xi41], ¢(xk) =
(t) and for every k € Z; and t € [xy, xx:1], @)U (xx) 77 = @(£)U(£) V7.

For the left-hand side of (3.1), by using Lemma 2.7 with

dv(t) = w(t)dt, f(t) = It (J‘w h(z)dz)pu(s)ds, (3.10)

0 s

we get that

1/q

- <I:o <ﬁ f ‘Z <f°° h(z)dz>p”(s)ds>q/pw(t)dt>
(B0 () )

(3.11)



Journal of Function Spaces and Applications 11

Moreover, by using Lemma 2.9, we get that

q/P

= (20 (o) ")

- (gz(f (J h(z)dz+f h(z)d2> u(s)d5> u(fx(:c(];)k)>

(B0 ()2 )
(R (o)) ")

(R0 wwen) sz

© q Xk q/p (p(xk) 1/q
h(z)d d _
+ <I§Z<‘ka (z) z> <ka1 u(s) s) U‘i/P(xk)>

By now using the fact that f u(s)ds = U(xx) — U (xk-1) = U(xx), we find that

(3.12)

q/p

1/q
_ Xk Xk 14 (p(Xk)
J= <1§z<jxk_1 (L h(z)dz> u(s)ds> LWP(xk)>
q 1/q
< (I h(z)dz> (p(xk)> ,
keZ

is, by using Lemma 2.9 on the second term,

") \
~ P Xk
J= <é<j (I h(z) dz> u(s)ds> uq/p(xk)>
Xk+1 9 1/‘7
+ <Z <f h(z)dz> (p(xk)> =TI +1I
keZ Xk

(3.13)

(3.14)
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Now we will distinguish several cases. We start with the case 1 < 8 < p < . Then, by using
Lemma 2.15, we get that

f <j:kh(z)dz>pu(s)ds>q/P % >1/q

(xi) * 7o\
_P) a/p ol [ 0
. <l§Zuq/P(xk) inligxkua) VQ(t) <jxk1 h(Z) U(Z)dz> > '

Moreover, by applying Holder’s inequality for 11, we find that

Xk+1 q Uq
II = <Z(p(xk) <J h(z)dz> >
keZ Xk
Xk+1 q/6 oo q/0 1/q
< <Zeo<xk><j v(z)l-e’dz> <f h<z>9v<z>dz> > (3.16)
kezZ Xk Xk

X1 q/6 q
S<Zso<xk>ve<xk>"/9’<f h<z>9v<z>dz> > |
kezZ Xk

(i) In the case /0 > 1, according to (3.15), we have that

(3.15)

I SsupM sup U(1)"/PVo(t)""? |1hllg 0,0 00)- (3.17)
kEZu p(xk)xk_1<t<xk A

Similarly, if q/0 > 1, then, according to (3.16), we obtain that

II< skugso(xw“qve(xk)“@’||h||e,v,<o,m>, (3.18)
€.

and, finally, by using (3.9), Lemma 2.13, and (3.14), we get that

JSsupw(xk>”q<U‘“P<xk> sup U<t>””v9<t)”9’+v9<xk>”9’>||h||9,v,<o,m)

keZ Xj—1 <t<xy

4

6/
sup ¢(x)"7 sup U(t, x)"PVo () [1llg 0, 0,00
x€(0,00) te(0,00)

(3.19)

© 1/q :
sup (f u(x,tw*’w(t)dt) sup 2(t, )" "Vo(®) [l 0.0

x€(0,00) \/ 0 t€(0,00)

Q

) 1/q :
sup (f u(x,tWPw(t)dt) U (x)™7 sup U PVo(t)" | hllg,0,(0,00)-

xe(0,00) \J 0 te(0,x)
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(ii) For the case 0 < g < 0 < oo, I = 0q/(0 — gq), by applying Holder’s inequality for
sums to the right-hand side of (3.15) and (3.16) with exponents 6/q and [/q, we find that

(P(xk)l/q 1/1
I< <Z— sup U(t)l/st(t)l/9> 17lle,0,(0,00)+

kezZ u'r (%K) xp<t<i
(3.20)

keZ

1/1
11 < <Z(p(Xk)l/qV9(xk)l/9,> 1ll6,2,(0,00)-

Therefore, we get that

1/1
I+1I< <Z(p(xk)l/’7 <U(xk)-l/p sup U(t)PVy(t)? +V9(xk)l/9'>> 1162, 0,00)

keZ X1 <t<xk

(3.21)

so that, in view of Lemma 2.11, Theorem 2.6, and (3.14),

1/1
J 5 <Zgo<xk>”q sup u(t,xo’/"ve(t)”@’) 172ll6,0, 0,001

keZ t€(0,00)

. 1/1
~ <f @)Y sup u(t,x>’/Pve<t>”9w<x>dx> 1Bl6,5,0,00)
0

te(0,00)

Now let us assume that 0 < p <8 < 0,1 <0 < 0,1/r =1/p — 1/0. By Lemma 2.15,

we have that
¢ r/p Xk : r/p' :
j u(s)ds> < f v(s)'? ds) o) dr
Xk-1 t

i (xx) x"
I< éuq/?(xk) <J‘Xk1 <

Xk q/0 a
><<f h(z)%(z)dz> ) .

Moreover, by applying Holder’s inequality for 11, we find that

Xk+1 q/Q 1/‘1
1< <le(Xk)V9(Xk)q/ 9<f h(z)"v(z)dz> > _ (3.24)
kezZ Xk

w ;oo t-0)/q A\
f (f M(x,tw/*’w(t)dt) W)U (x)'P sup ua)’/Pve(n”@dx) 1ll.0,0.0-

0 0 te(0,x)
(3.22)

q/r

(3.23)



14 Journal of Function Spaces and Applications

(iii) Now, we assume that q/6 > 1. Then, according to (3.23) and (3.24), we obtain that

@)1 [ , S\
IS supy— <f U@ "Pve(t) P o(t) dt> 17 ll0.0,(0.0)
ez UMP(xk) Xk-1 (3.25)

6/
IT < sup g(x) Vo (x) "/ 1Al6,0,(0,00)-
keZ

Hence, using Lemmas 2.9 and 2.12, and (3.14), we get that

Xk © 1/r
JSsup<p(xk>”"<u_””<xk>f U(t)r/”Ve(t)r/”v(t)l_edt+f Ve(t)r/pv(t)l_gdt>
keZ Xkt .

X ”hH@,v,(O,oo)

Xk X4l ir
= sup w(xk>”q<u_””(xk>f Ut PVo(t) P o(t) dt +f Vo(t) P o) dt>
keZ X1 X
x ||h||0,v,(o,oo)

1/r

zsuptp(xu“q(jo u(t,xkr/*’ve<t>”*”v<t>“9’dt) 10,00
keZ

oo 1/r
~ sup w(x)l/q(fo W(t, %) PV ()P0 (1) dt) 1l 0.0

x€(0,00)

= sup <J-°° Ul(x, t)q/"’w(t)dt)l/q <Jm U(t, x)r/pVQ(t)r/p,v(t)l_eldt>UT

x€(0,00) 0 0

X ”hHB,v,(O,oo)'
(3.26)

(iv) Next, we consider the case 0 < g < 0,1/ =1/g-1/6. By using Holder’s inequality
for sums to the right-hand side of (3.23) and (3.24) with exponents 8/q and /g, we get that

()" [ N

k . iy g

I< <ZLIIT(xk)<I Uu®"?ve(t)" 7 o(t)! 9dt> > IBllo,0,(0,00)+
keZ Xk-1

11
I1 < <Z<p(xk)l/qu(xk)l/9/> [17ll6,0,(0,00)-

keZ

(3.27)
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Therefore, using Lemmas 2.9 and 2.10, Theorem 2.6, and (3.14), we find that

Xk 1/r 1/1
' <Z‘P(x") " (ul/p (xk) <J‘ U ) PVe(t)” P'v(t)l‘e’dt> - V(xk)l/9,>>
keZ Xk-1

x ||h||6,v,(0,oo)

Xk [ee] l/r 1/l
<Z¢<xk>’/q<uﬂp<xk>f um”*’ve<t>”*”v<t>1-6’dt+j ve<t>f/P’v<t>1‘9’dt> >
keZ X1 Xk

0

X ||h||9,v,(0,oo)

3 (i)

keZ

Q

Xk Xa1 e\ V1
U~"'?(xx) j U )PV () P o) dt+f Vo) P o) 0 dt> >
Xk-1

Xk

X ||h||6,v,(0,oo)

1/r\ "
= ( D(x) ’/'1< ut, xkf/Pve(t)”*’v(t)”dt) > 1llg,0,(0,00)

keZ
1/1

oo 0 1/r
z(f w(tw‘l(f u(t,x)ffpve<t>”*”v<t>1‘9’dt) w(x)dx) 1Al 00
0 0

[ ([ e ™ o[ ”<t,x)f/Pve<t>’/P’v<t>1-9'dt>l/rdx>m

x ||h||6,v,(0,oo)‘
(3.28)

(v) Let @ = 00,0 <p < 00,0 < g < 0. According to Lemma 2.15, we have that

1/q
(P(xk) e t Xk p-1 dr q/p
<g%””xw<f <LH“@“><LEE5> aa) Bl 0o (329

Moreover, it yields that

1/q
Xk+1 dz q
< (Zoeo ([ 5) ) Masir 330)
<I§Z Xk 'U(Z) (O )
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Hence, by integrating by parts, using Lemmas 2.9 and 2.10, and (3.14), we get that

a (™ * dz \P"' ds © o g \Pl gg ap\ V4
J§<éw<xk><u<xk> L_lu(S)(L =) @+L (f 4 %> )

x ||kl

0,v,(0,00)

~ <1§Z¢(xk)<U(xk)_1I::_l u(g(Jj %)P—l%_’_’[:ﬂ (Jjo %>p_l%>q/p>l/q

x ||kl

Now we prove the lower bounds (necessity). Let 0 < g < oo and {xy} be a discretizing
sequence for ¢ from (3.9). Then, by (3.14), we find that

Xk Xk p q/p v
¢ (xx)
<1§2<ka1 <fs h(Z)dz> u(S)d5> Uq/p(xk)>
Xk+1 q 1/q
* (Z (J h(Z)dZ> (P(xk)> (3.32)
keZ

X 1/6
< (ZI h(z)%(z)dz) .
keZ ¥ Xk-1

Let1 <0 < p < oo. For k € Z, let hy be functions that saturate the Hardy inequality (2.21) and
Holder’s inequality, that is, functions hy satisfying

0,v,(0,00)

% © gz \"" ar \"” e
L <?/l(t,x)<J‘t ﬁ) m) 0(x)dx ) Ml 0000

(3.31)

supp hx C [xk-1, xx],

f hi (Do (t)dt =1,

t Vp oo N (3.33)
2 sup <I u(s)ds) (I v(s)lf@ ds) ,
pou(xk-1,%k)  Xk-1<E<Xk Xk-1 t

xi Xk 1/60
J hie(B)dt > <f o(t)? dt> .
X1 Xk-1

ij hy(z)dz
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Now we define the test function

h(t) = > aghi(t), (3.34)

keZ

where {ai} is a sequence of positive real numbers. Thus, using test function (3.34) in (3.32),
we get that

q (P( t a’p Xk - q/6
<é kllq/p(xk)xk 1‘j£Xk<f lu(S)ds> <L v(s) ds>

1/q

(3.35)
i aro\ V1 1/6
+ <Za2(p(xk) <I o(t)? dt> > < <Za2> .
keZ Xk keZ
Now using Proposition 2.14 for the case 0 < g, we obtain that
Xk+1 /¢
sup (p(xk)l/q f o) dt
keZ Xk
y (3.36)
1/q ¢ P, o Y
sup% sup f u(s)ds (f v(s)'? ds> < oo.
u p(xk) Xj—1<t<xy Xk-1 t
On the other hand, using Lemma 2.9, we get that
1/q
A; < su p% sup U()YPVo(t)V? + sup o(xx) Vo (xx)
kez U P(Xk) xi s <ty ke,
1/q ! 1/6'
< sup—(Pg)/Ck) sup U(H)'V? (I v(s)t? ds>
keZ u (xk) X1 <t<xy t
+ sup ¢p(x) "1V (i) ¢
kez
o (xx )1/q ¢ Ve, x - 1/0'
< sup———— s f u(s)ds (f v(s) ds> 3.37
keg ul/p(xk) Xje— 1<t€xk< X-1 t ( )
+sup ¢ (xx) VTV ()
k€eZ

<supf 7 ([ o N ([ oerras)”
SUup————— Su uis)as U(S S
~ kEIZ) ul/p(xk) Xj— 1<tl:<)xk Xk-1 t

Xk+1 1/9'
+sup ¢(xx) 1 <I v(s)1™? ds) < 0.
Xk

keZ
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Let 0 < g < 0 < oo. From (3.35) and Proposition 2.14, we obtain that

" e\ 1
<Z<p<xk>’/q<f v(t)”’dt> >
keZ Xk
1/q t lp , x , 1/0' i
+ thg/x—k) sup <I u(s)ds> (J U(S)l_eds> < oo.
kezu P (xk)xk,1<t<xk Xk-1 t

(3.38)

Since

11
Ay = <Z(P(xk)l/qV9(xk)l/9,>

kez

1/ 1/1
+ <Z lp(xk) q sup u(t)l/PVe(t)l/G’ >

keZ u(xk)l/p X1 <t<xk

1/1
< <Zw<xk>l/qve(xk>”9’>

keZ

l/q Xk , 170\ V1
+ <Z (P(xk)l/ Sup ua,)l/ﬁ(f U(S)l—e dS> >
ez U (xx) P xia<t<xy t

1/1
S <Z‘P(xk)l/qV9(xk)l/9, >

kezZ
¢ 1/p Xk , 1/¢' 1/1
f u(s)ds> (J U(s)l’e ds) ,
Xk-1 t

(3.39)

1/q
N Z‘P(xk)l/ sup <
keZ u(xk) p X1 <t<x)

by Lemma 2.9, we arrive at

X 1/6' 1/1
A 5<Z¢<xk>’/q(f v(s)l-e’ds) >
keZ t

1/q ‘ Up , e\ !
+ % sup J‘ u(s)ds <f v(s)l_6 ds) < oo.
u(xk) /P Xp-1<t<xg Xk-1 t

(3.40)



Journal of Function Spaces and Applications 19

Let1 <0 < o0,0<p<0.For k € Z, let hi be functions that saturate the Hardy inequality
(2.21) and Holder’s inequality, that is, functions hy satisfying
supp hi C [xk-1, xk],

IXk he()o(bdt =1,

X1
1/r

Xk t TP, e ! r/p' ,
> f <I u(s)ds> (f v(s)l-"ds> o) dr )
P, (Xk-1,Xk) X1 Xk-1 t
Xk X 1/6
f hy(t)dt 3<f v(t)“”dt> .
Xk-1 Xk-1

J‘:k hi(z)dz

(3.41)

Now we define the test function

h(t) = > aghi(t), (3.42)

keZ

where {ax} is a sequence of positive real numbers. Thus, using test function (3.42) in (3.32),
we get that

N\ Y
o) ((* (" (T SN A
ZaZun J <J u(s)ds> (I v(s)? ds) o) dr
kez (xk) Xje-1 Xje-1 t
(3.43)
Xpeot q/e'\ /1 1/6
+ Zath(xk) <’[ () dt> < (Za2> .
keZ Xk keZ
Now using Proposition 2.14 for the case 0 < g, we obtain that
1/r
1/q Xk t r/p Xk ’ r/p ’
sup% f f u(s)ds (f o(s)1° ds> o (1) dt
keZ u p(xk) Xk-1 Xk-1 t
(3.44)

Xk+1 1/9,
+sup ¢(xx) 1 <f o(t)? dt> < 0.
Xk

kez
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Since

keZ

1/q Xk , , 1/r
g Sup (P(xk) <J‘ U(t)r/pVQ(t)r/p v(t)l—e dt>
X1

kez, UV/P(x)

Xk © 1/r
As = sup (i) 1 <U’/ ”(xk)f Ut PVe(t) P o)~ dt +f Vo(t) P o(t)' dt>
Xk-1

Xk

+ sup (p(xk)l/qu (xk)l/el

keZ
Xk t r/p , '
f <f u(s)ds> Vo) P o) 0 dt

1/q
< sup—(PEJ/Ck)
kez U'/P(xk)

+sup (p(xk)l/qu (xk)l/gl,
keZ

1/r

(3.45)

by integrating by parts, we get that

kez UV/P (xx)

1/q
A, < sup PO <

Xk © : (r/p') +1 t (r/p)-1 vr
f (J v(s)t? ds> u(t) <J u(s)ds> dt
X-1 t Xk-1

+ sup (k) Vo ()7
k€eZ

(p(xk)l/q X X , (r/p) +1 ¢ (r/p)-1 1/r
Ssup L — f <J v(s)'? ds> u(t) f u(s)ds dt
keZ u /p(xk) Xk-1 t k-1

X

+sup (p(xk)l/qu(xk)l/el.
keZ

(3.46)

Again integrating by parts, we arrive at

/o P, N A\
J;H <LH u(s)ds> <’[t 0(5)1—9d5> v(t)l—edt>

+sup (p(xk)l/qu(xk)l/el < o0.
keZ

kez UVP (xr)

1/9
A < sup P00 (
(3.47)
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Nowlet1 <8 <oo,0<p<6,g<0.By using (3.43) and Proposition 2.14, we obtain
1/r
1/p « t r/p Xk r/p
Z"’l(/x—k) f (f u(s)ds> (f ()0 ds) o) dt
keZu p(xk) Xk-1 X1 t
- e\ V!
+ D) <f v(t)l-e’dt> < 0.
keZ Xk

1/1

(3.48)

Since

x,( l/r 1/l
Ay= <Z(p(xk)l/q <u’/P(xk) < f U(t)”Pve(t)”?’v(t)l-e’dt> - Ve(xk)’/9’>>
keZ X1

so<xk>’/q N\ v
r/ r/ 1-6' 1/ 1/¢'
<k 70 () f L()"" Vo) o(t) dt> > +<k§E]Z<p(xk) Vo (xi) >

/1
<P(x1<)l/” xk t il , , "'
e J' u(s)ds ) Vet)Pom)at

ke Zu p(xk) Xk-1

11
+<Z‘P(xk)l/qve(xk)l/9'> ,

keZ
(3.49)
integrating by parts, we find that
~ 1
(P(xk)l/q Xk *® 3 (r/p,) +1 t (r/p)_l l/
AS| D f (f v(s)? ds) u(t) (I u(s)ds> dt
keZu p(xk) Xk-1 t Xk-1
1/1
+ <Z‘P(xk)l/qV9(xk)l/9, >
keZ
1/1

1/q Xk Xk : (r/p') +1 t (r/p)-1 e
< Z—‘Pf") j (I v(s)? ds> u(t) < f u(s)ds> dt
keZu P(xk) Xk-1 t Xk-1

11
+<Z‘P(xk)l/qve(xk)l/9,> :
keZ

(3.50)
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Again integrating by parts, we arrive at

1/1
o) [ t P e o\ , v
PR it j f u(s)ds (J U(s)l_eds> o(t) at
keZu /p(xk) Xk-1 Xk-1 t
1/1
+ <Z‘P(xk)l/qV9(xk)l/9,> < oo.
keZ
(3.51)

Now let0 < p < o0, 0 = 0, 0 < g < o0. For k € Z, let hi be functions that saturate the
Hardy inequality (2.21) and Holder’s inequality for 6 = oo, that is, functions hj satisfying

supp hi C [xk-1, xk],

||hk ||oo,v,(0,oo) = 1/
1/p

Pt (xk-,%K) < <,[::1 (ij %)pu(s)ds> , (3.52)

Xk Xk+1
f I (t)dt > f dz
Xk-1

5 0@

ij hi(z)dz

Now we define the test function

h(t) = > arh(t), (3.53)

keZ

where {ax} is a sequence of positive real numbers. Thus, using test function (3.53) in (3.32),
we get

e ((* (" dz " I\
q ——
<,§”ku(xk)w <f (&) ”<S)d5> >

Xk+1 dz 9 1/‘7
+ al (xk)<f —> ) < sup ak.
<I§Z K Xk U(z) keg

Hence, by Proposition 2.14, we have that

o) [ (% /(% dz \ 1\ i gz \ T\
<;§ZU(xk)WP<LH <I W) ”(S)ds> > +<é"’(x")<ka @)) =

(3.54)
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On the other hand,
N * dz \"! ds ® /(* dz \P! ds ar\
As = é‘l’(m)(u(xk) LHU(S)<L E) @+Lk (L @> @>
_ 1/q 1/4
- o) [ ® dz \"" ds " ( ( w£>q>
N<l§zu(xk)q/p <Lk1U(S)<L U(Z)> U(S)> ’ ,;Z(P(xk) Lk v(z) ’
(3.56)

Integrating by part and using Lemma 2.9, we get that
¢(xk) Y ® dz \* e\ * 4z \"\"*
< _Pk) “= d 4=
A5 <;§ZU(xk)‘1/p <Lk1 <L U(Z)) uls) S> > ’ <,§Z(P(xk)<ka v(z)> >
x x /p\ V4 X a\ /4
< (o (%7 dz N ' “dz >
”(gzmka (I (I, 25) o (S ([, o

< 0.

(3.57)

The proof is complete. O
We now state the announced characterization of (3.2).

Theorem 3.2. Let 0 < p < o0, 1 < 0 < oo, and let u, v, w be weights. Assume that u is such that
U? is admissible and the measure w(t)dt is nondenerate with respect to U'/P. Then the inequality
(3.2) holds for every measurable function f on (0,o0) if and only if

(i)1<0<p<ooand

By := sup esssup w(s)U(x,s)"P sup V() U(t,x)"? < . (3.58)

xe(0,00) 5€(0,00) te(0,00)

Moreover, the best constant c in (3.2) satisfies ¢ = By.

(i) 0<p<O<oo,1<BO<oo, r=0p/(0-p) and

© 1/r
By:= sup esssup w(s)U(x,s)"? (J M(f,x)r/pVQ(f)r/plv(t)lfeldt) < 0. (3.59)
0

xe(0,00) 5€(0,00)

Moreover, the best constant c in (3.2) satisfies ¢ = B,.
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(iii) 0 < p < o0, 0 = o0 and

© ® -1 1/p
B; := sup <’[ U(s, t) (I dz >p ds > ess sup w(s)U(x,s)"? < co. (3.60)

x€(0,00) \V 0 s 0(2) u(s) 5€(0,00)

Moreover, the best constant c in (3.2) satisfies ¢ = Bs.

Proof. Using Corollary 2.5, Lemmas 2.8 and 2.9, we obtain for the left-hand side Jy of (3.2)
that (¢ is defined by (2.7))

e s g (], ([ e o)
= Skl;g% <J:k <Jjo h(z)dz)pu(s)ds>1/p

= iug% <ka <ka h(z)dz)pu(s)ds>1/p
€ k xe1 \s

Xk+1
+ sup p(xx) h(z)dz :=I1II +IV.
keZ Xk

(3.61)

(i) For the case 1 < 0 < p < oo, by using Lemma 2.15 for I1I and applying Holder’s
inequality for IV, we arrive at

- 1/0
IIT < supM sup U)YPvy(t)? <f h(z)ev(z)dz> ,
Xk-1

keZ u(xk)l/r' Xje—1 <t<xy
(3.62)

keZ

- 1/0
1V < sup (xx) Vo(xi)'? <f h(z)"v(z)dz> ,
Xk-1
so that, by Lemma 2.13 and (3.61), we obtain that

Jo s (sup—2S_sup uwy v +supw(kae(xk)”e’)||h||e,v(o,w>
keZ U(Xk) ka,1<t<xk keZ ’

4

sup (x) sup U(t, x)"PVo(t)"? [1hlloz 0,00 (3.63)

x€(0,00) 0<t<oo

= sup ess supw(s)U(x,s)"” sup Vo(t)/? U(t, x)"P||hllg 5, 0,00)-

x€(0,00) s€(0,00) O<t<oo
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(ii) Letnow 0 < p <0 < 0,1 <0 < oo, r = Op/(0 — p). By using Lemma 2.15 for 111
and applying Holder’s inequality for IV, we find that

f:k <£ u(S)dS>r/P (fjkv(s)lQ,ds>r/plv(t)19’dt>l/r

IIT S sup&kl)/p<

kez U (xx)
X 1/0
><<J’ h(z)%(z)dz> , (3.64)
X 1/0
IV < sup (x) Vo (xx) /7 <j h<z>9v<z>dz>
keZ Xk-1

and, by Lemmas 2.9 and 2.12, and (3.61), we get that

Xk 0 1/r
Jo < sup ¢(xx) <U(xk)_r/pj U PVe(t) o)~ dt + f Vo ()P o(t) ™ dt>
keZ Xk_1 X

x ”h“G,v,(O,oo)

keZ Xk

. Xk+1 1/r
=~ sup ¢(xx) <u(xk)"/ P f Ut PVe(t) P o) dt + f Vo(£)P o () dt>
Xk-1

X ”h“G,v,(O,oo)

o) 1/r
~ sup eo(x)(f u<t,x>f/Pve<t>”"v(t)l-edt) 1llon 000,

x€(0,00) 0

o 1/r
= sup ess sup w(s)U(x, s)l/r’(J M(t,x)r/”Ve(t)r/”'v(t)l’eldt) 1l6,0,(0,00)-
0

x€(0,00) s€(0,00)

(3.65)
(iii) Now let 0 < p < o0, 6 = oco. By using Lemma 2.15 for 111, we deduce that
1/p
Xk Xk 4 P
1 < supkal) f (f —Z> u(s)ds ) Al 00,0 (3.66)
keZ u(.X'k) /p Xk-1 s U(Z) o
Moreover, for IV, it yields that
X1 dZ
IV S supg(x) | [l 0 (3.67)

k€eZ Xk U(Z)
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Therefore, by using integration by parts, Lemma 2.12, and (3.61), we get that

Jo S Skl;g(/’(xk)<ll(x1<)_l Jj:l U(S)<£ﬁ %>p_1% * J.: <J‘:o %)p_l%>l/p

x |[hll

0,v,(0,00)

- “ dz \""' ds """
~x5(13{};)<'[‘0 M(S,t)(fs @) @) P(X) |l os,2,(0,00)

= su fw U(s,t) (J“” E)p_lﬁ 1/pess sup w(s)U(x S)l/p”h”
xe(o,I;) 0 ’ s v(z) v(s) p ’ 0,0,(0,00)*

s€(0,00)

(3.68)

Now we prove the lower bounds (necessity). Let {xi } be a discretizing sequence for ¢
defined by (2.7). Then, by (3.61), we have

(P(xk) * T b vp Xk+1
ke U 7P <I U hz)dz) ”(S)ds> +§<1;Zp¢(xk)f h(z)dz

Xk

X 170 3.69
< (ZI h(z)%(z)dz> . 56
k€Z ¥ Xk-1

Let1 < 0 <p < oo. If we use in (3.69) the test function defined by (3.34), we obtain that

¢ Vp , ax 1/¢'
sup akM sup <I u(s)ds> <I v(s)l_e ds>
Xk-1 t

keZ U(xk)l/p Xj1 <t<x

(3.70)
Xt 1/6' 1/6
+sup arp(xi) <f v(t)l’e dt> < <Z ai) .
k€eZ Xk keZ
Therefore, by Proposition 2.14, we have that
t Up 1/0'
Supﬂkl)/ sup f u(s)ds <f v(s)!™® ds>
keZ U(Xk) pxk,1<t<xk Xk-1 t
(3.71)

Xk+1 1/9,
+ sup ¢(xx) <f v(t)l_eldt> < 0.

keZ Xk
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Since
B = supM sup umrve)? + sup (p(xk)Vg(xk)l/el
keZ U(xk) ka—1<t<xk keZ
¢ Vr , x 1/0'
S Supﬂkl)/ sup j u(s)ds <’[ 0(5)1_9,d5> +sup ¢(xx) Va(xx) 7,
keZ U(xk) pxk_1<t<xk Xfe-1 t keZ
(3.72)
by Lemma 2.9, we get that
¢ Vp , o 1/6'
B; < supkal) sup f u(s)ds (J v(s)l_e ds>
keZ ll(xk) /p Xj—1 <t<xk X1 t
(3.73)

Xk+1 1/
+ sup ¢(xx) <f v(t)l’e dt> < oo.

keZ Xk

Nowlet0<p <8< o,1<0 <o, r=0p/(0-p). By using in (3.69) the test function defined
by (3.42), we obtain that

1/r

Xk t r/p Xi r/p
skug aklﬁi—% (I <f u(s)ds> <J; 0(5)1_9'd5> ’ v(t)l_eldt>
€ k Xf-1 Xk-1

(3.74)
. 1/6' 1/6
+ sup axp(xk) <’[ v(t)l_eldt> < <Zaz> .
kezZ Xk keZ
Then, by Proposition 2.14, we get that
xi ¢ r/p X r/p 1/r
supL"l)/ f <f u(s)ds) (J v(s)'? ds> ()Y dt
keZ u(xk) P Xk-1 Xk-1 t
(3.75)

Xk+1 1/6’
+ sup ¢(xx) (I v(t)l_eldt> < o0.

keZ Xk
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Since

Xk fo'e) 1/9’
By = sup ¢(xx) (u(xk)"/ ”f U PVe(t) P o(t) ™ dt + I Vo(t)' v(t)l‘e’dt>
Xk-1

keZ Xk

xi 1/r

X ’ _a i

< sukal)/p f U®)PVe(t) P o(t)! 9dt> + sup @ (xx) Vi (xx) /¢
kezZ ll(xk) Xk-1 keZ

X t r/p Ur
(P(xk) * r/p 1-0' 1/6
< sup———— u(s)ds Vo(£)"Po(t) " dt +sup p(xx) Vo(xi) ',
keZ u(xk) P Xk-1 Xk-1 keZ
(3.76)
by integrating by parts, we find that
Xk © ’ (r/p') +1 t (r/p)-1 Ur
B, < sukal)/ f (f U(S)H’ ds) u(t) f u(s)ds dt
keZ u(xk) P Xk-1 t Xk-1
+ sup ¢p(x) Vo (xi) /¢
kezZ
Y (3.77)
Xk Xk : (r/p') +1 t (r/p)-1 r
< sukal)/ f <f v(s)? ds) u(t) <f u(s)ds dt
keZ u(xk) P Xk-1 t Xk-1
+ sup (p(xk)Ve(xk)l/el.
keZ
Moreover, by again integrating by parts, we arrive at
Xk ¢ r/p Xk r/pl 1/r
B, < sup&’fl)/ J (J u(s)ds) <f o(s)"° ds) o(t)0 dt
keZ u(.xk) P Xk-1 Xk-1 t (378)

+ sup (p(xk)Ve(xk)l/e’ < oo.
kezZ

Finally, let 0 < p < oo, 8 = oo. By using the test function defined by (3.53) in (3.69), we
get that

Xk Xk P 1p Xier1
sup akak) <I (I E> u(s)ds> + sup arp(xr) % < sup ag.
Xk

kez U(xk)l/” xwa \Js 0(2) kez keZ
(3.79)
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Hence, by Proposition 2.14, we have that

sup———--

(xk) Xk Xkﬁ P 1/p Yen E -
kez U(xi)' /" <'[ - <L U(Z)> u(S)ds> +SI<1£(P(xk) L 0@ (3.80)

Since
~ a (™ © dz \""! ds ® /(® dz \" ds i
B3~i‘;§"’<xk><”‘x“ [ uo( 5a) sor ). (. @) ﬂ)
o) ([ * dz "' ds \' dz 381
SiEEU(xk)l/p<kaIU(S)<fs o) v<s>> v oo | o5 (81

x x - 1/p o
N o T “dz \''ds dz
S ) <f “’(L v(z)> o) ) TSupet) | ey

by integrating by parts and using Lemma 2.9, we obtain that

1/p
Xk Xk d P Xk+1 d
B; < sukal)/’[J <I - (j W;) u(s)ds) + sup ¢ (xk) £ < co. (3.82)

keZ lI(xk) s keZ Xk ( )

The proof is complete. O
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