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Abstract: We consider an operator of multiplication by a complex-valued potential in Ly(R), to
which we add a convolution operator multiplied by a small parameter. The convolution kernel is
supposed to be an element of L1 (R), while the potential is a Fourier image of some function from
the same space. The considered operator is not supposed to be self-adjoint. We find the essential
spectrum of such an operator in an explicit form. We show that the entire spectrum is located in a
thin neighbourhood of the spectrum of the multiplication operator. Our main result states that in
some fixed neighbourhood of a typical part of the spectrum of the non-perturbed operator, there are
no eigenvalues and no points of the residual spectrum of the perturbed one. As a consequence, we
conclude that the point and residual spectrum can emerge only in vicinities of certain thresholds in
the spectrum of the non-perturbed operator. We also provide simple sufficient conditions ensuring
that the considered operator has no residual spectrum at all.
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1. Introduction

Over the last 20 years, there has been growing interest in non-local operators since
they arise in various applications. Among such operators, there are convolution operators
with integrable kernels. They appear in population dynamics, ecological problems and
porous media theory. One of the interesting models of a nonlocal operator is a convolution
operator perturbed by a potential, i.e., an operator

(Lu)(x) = /a(x —yu(y)dy + V(x)u(x) in LZ(IRd). (1)
R4

While the spectra of the convolution operator and of the operator of multiplication by
the potential can be found and characterized very easily, the description of the spectrum
of their sum is a very non-trivial problem. At the same time, the spectral properties of
such sums are not only of pure mathematical interest, but are important also for many
applications. For instance, such operators arise in the mathematical theory of population
dynamics and it is important to know whether a given operator of the form (1) possesses
positive eigenvalues; such questions were studied in [1-4].

A more general problem regards the spectral properties of Schrédinger type operators,
which are perturbations of a given pseudo-differential operator by a potential; see [5-8]
and the references therein. The assumptions made in the cited papers ensured that the
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essential spectrum of the perturbed operator coincides with that of the unperturbed pseudo-
differential operator. The main results described the existence of the discrete spectrum
and Cwikel-Lieb—Rozenblum-type inequalities. A similar result was obtained in [9] for
perturbations of a rather general class of Schrodinger type operators defined on a o-compact
metric space. In [10], various bounds were obtained for the number of negative eigenvalues
produced by a perturbation of an operator Hy under the assumption that the Markov
process with generator —H is recurrent.

In our recent works [11,12], we studied spectral properties of operator (1) assuming
that it was self-adjoint. The essential spectrum was found explicitly. We established several
sufficient conditions ensuring the existence of the discrete spectrum and obtained upper
and lower bounds for the number of points of the discrete spectrum. We also provided
sufficient conditions guaranteeing that the considered operator had infinitely many discrete
eigenvalues accumulating to the thresholds of the essential spectrum. The structure of
such sufficient conditions was quite different from similar well-known sulfficient conditions
for differential operators perturbed by localized potentials. The reason is that in the latter
case, the unperturbed differential operator is unbounded and is perturbed by a bounded
multiplication operator. In the case of the operator in (1), both the convolution operator
and multiplication are equipollent and this essentially changes the spectral properties in
comparison with the classical model of perturbed elliptic differential operators.

It is well known that a small localized perturbation of a differential operator with a
non-empty essential spectrum can create eigenvalues emerging from certain thresholds
in this essential spectrum. There are hundreds of works, in which such bifurcation was
investigated for various models. Not trying to mention all such works, we cite only a few
very classical ones, where this phenomenon was first rigorously studied [13-16]. In view of
such results for differential operators, a natural and reasonable continuation of our studies
in [11,12] is to consider similar the issue for operators (1), i.e., to study the operator

(Lou)(x) = /a(x —y)uly)dy + €V (x)u(x)
R4

on Ly (RY), where ¢ is a small parameter. Here, again, the unperturbed operator and the per-
turbed one are equipollent and we naturally expect that the mechanisms of the eigenvalue’s
emergence from the essential spectrum can be rather different from ones for differential
operators. This is indeed the case; for instance, using the Fourier transform, we can replace
the operator £ with a unitary equivalent one, in which the original convolution operator
is replaced by the multiplication operator, while the potential generates a convolution
operator with a small coupling constant:

(Lou)(x) = a(x)u(x) +e / V(x—y)u(y) dy.

Exactly this operator in the one-dimensional case (d = 1) is the main object of the study
in the present work. We succeed in dropping the condition of self-adjointness of the
operator and treating a general operator with a complex-valued potential and a general
convolution kernel. For such a general non-self-adjoint operator, we explicitly find its
essential spectrum; it turns out to be the union of the ranges of the potential and of the
Fourier image of the convolution kernel. Then, we show that the entire spectrum is located
in a thin neighbourhood of the spectrum of the unperturbed multiplication operator. Our
most nontrivial result states that in some fixed neighbourhood of a typical part of the
spectrum of the unperturbed operator, there are no eigenvalues and no residual spectrum.
As a consequence, we conclude that the eigenvalues and the residual spectrum can emerge
only in vicinities of certain thresholds in the essential spectrum of the unperturbed operator.
We also provide simple sufficient conditions ensuring that the considered operator has no
residual spectrum at all, and not only in the aforementioned vicinities.
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The issue of the existence and behaviour of possible eigenvalues and the residual
spectrum emerging from the aforementioned threshold is an interesting problem that
deserves an independent study. We shall present such a study in our next paper, which is
being prepared now.

2. Problem and Main Results

Let V = V(x) and a = a(x) be measurable complex-valued functions defined on R.
On the space L1 (R), we introduce a Fourier transform by the formula

Flul() = [ u(@e < d
R4

and then extend it to Lp(R). We assume that the function a belongs to L1 (R), while the
function V is an image of some function V € L{(R%), i.e., V = F[V]. Weleta(¢) := Fla](¢).
The paper is devoted to studying an operator in L, (R) defined by the formula

L= Ly+eLa,  (Low)x)i= [alx—yu)dy, (L)) =VE@u(),

R4
where ¢ is a small positive parameter. This operator is bounded in L, (R); this fact can be
easily proved by literally reproducing the proof of Lemma 4.1 in [11]. Our main aim is to
describe the behaviour of the spectrum of this operator for sufficiently small e.

Since the functions 2 and V are complex-valued, the operator L¢ is non-self-adjoint. In
this paper, we follow a usual classification of the spectrum of a non-self-adjoint operator.
Namely, the spectrum o(-) of a given operator is introduced as a complement to its
resolvent set. The point spectrum opnt( ) is the set of all eigenvalues. The essential
spectrum e ( - ) is defined in terms of the characteristic sequences, i.e., A € gess(.A) of a
closed operator A in Ly(R) if there exists a bounded non-compact sequence 1, in Ly(R)
such that (A — A)u, — 0in Ly(R) as n — oo. The residual spectrum oyes( - ) is defined as

Ores( ) == U(')\(Upnt('>u‘7ess('))‘

We shall show in Section 4.3, see Lemma 8, that the residual spectrum is given by the formula
Jres(A) = (Upnt(A*))+ \ (Upnt(A) Uaess(A))/ ()

where for an arbitrary set S C C, the set ST is obtained by the symmetric reflection with
respect to the real axis, i.e., ST := {A: A € S}.

We first describe the essential spectrum of the operator £¢. In order to do this, we
introduce two curves in the complex plane as the ranges of the functions V and a:

T:={V(x): x € R}, v:={a(x): x € R}.
Theorem 1. The spectrum of the operator L is located in a small neighbourhood of Y, namely,
o(L) C{AeC: dist(A,T) <ellally, (g }- (3)
For all € the essential spectrum of the operator L is given by the identity
Oess (L5) = T Uey. @
The sets T and <y are continuous closed curves in the complex plane that contain the origin.

Apart of the essential spectrum described in Theorem 1, the operator £¢ can also
have point and residual spectra. Our second main result states that the eigenvalues of the
operator £ and its residual spectrum can exist only in the vicinities of certain thresholds
on the curve T and they are absent in certain neighbourhoods of finite pieces of this
curve. In order to state such a result, we classify all points xy € R by a behaviour of the
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function V in their vicinities. Namely, given two pairs « = (v, a4 ) and g = (B—, p+) with
a+ € C\ {0} and B+ € (0, +00), a point xg € R is called a (B, a) threshold if there exists a
p-neighbourhood of the point x( such that

V(x) = Vo = ax|x — xo|P*os(x) as 0<+(x—x) <p, (5)
where v_ € C%[xg —p, xq], v+ € C%[xg, X9 + p] are some complex-valued functions such that

vi(xg) =1, |o”_(x)] <C on [xg—p, x0], |0/, (x)| <C on [xo,x0+p], (6)

where C is some constant independent of x.
A point xg € R is called regular if there exists a p-neighbourhood of the point xg
such that
VeCxg—px0+p],  V'(x) #O0. @)

Let S be a connected close piece of the curve T not containing the origin. We assume
that this piece is the image of finitely many disjoint segment J; := [b]-_, b]ﬂ on the real
axis, i.e.,

S={V(x):xeJ}, V()¢S as x¢&]:=]J, ®)

j=1

where n € IN and b]i € R are fixed numbers and bf < b;r. For 6 > 0, we let
§°:={AeC: dist(A,S) <4}

By B,(y), we denote an open ball in the complex plane of a radius r centred at a point y.
Now, we are in a position to formulate our second main result.

Theorem 2. Let S be a connected close piece of the curve Y not containing the origin and
obeying (8), each segment J; contains only regular points and finitely many (B, a) thresholds,
and for each of such thresholds, we have B+ < 1. Suppose that there exists a natural m such that for
each A € S, each of the segment J; contains at most m points x such that V(x) = A. Suppose also
that the generalize derivative a’ exists and

/ o
a € Li(R)NW;(R), esssup M
(X,y)GRZ |x - y|
0<|x—y|<1

< 00, 9)

where 6 € (0, 1] is some fixed number. Then, there exists a sufficiently small & > 0 such that for
all sufficiently small e, the closed 6-neighbourhood S° of the set S intersects neither with the point
spectrum of the operator L, nor with its residual spectrum, i.e.,

opnt(L)YNS =0,  0res(LE)NS = @.

Our third result concerns the residual spectrum. It is well known that such a spectrum
is always absent for self-adjoint operators. In view of the absence of the residual spectrum
in the set S° stated in Theorem 2, there arises a natural question on sufficient conditions
ensuring the absence of the residual spectrum for the operator £¢. The answer to this
question is our third main result formulated in the following theorem.

Theorem 3. Assume that one of the following conditions holds:
V(x)=V(x), a(x) =a(—x), (10)

or
V(tx+0) =V(x), a(—tx) = a(x), x €R, (11)
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for some 0 € Rand T € {—1,+1}. Then, the residual spectrum of the operator L is empty for
all e.

Let us briefly discuss the problem and the main results. The main feature of our
operator L¢ is its non-self-adjointness, and in the general situation, both functions V and
a are complex-valued. The convolution operator is multiplied by the small parameter
and our operator L¢ is to be treated as a perturbation of the multiplication operator by a
small convolution operator. As mentioned in the introduction, by applying the Fourier
transform to the operator £, we can reduce it to a unitarily equivalent operator, in which
the convolution and the potential parts interchange; then, we obtain a convolution operator
perturbed by a small potential. The results of this work serve as a first step in studying
how such a small perturbation deforms the spectrum of the unperturbed operator.

Our first result, Theorem 1, describes explicitly the location of the essential spectrum
of the operator L. It turns out to be the union of the essential spectra of the unperturbed
multiplication operator Ly and of the perturbed operator e£,,. These parts of the essential
spectrum are the curves T and e7. The latter curve is small and is located in the vicinity of
the origin. The spectrum of the operator £L¢ also satisfies inclusion (3), which means that
this spectrum is located in a thin tubular neighbourhood of the limiting spectrum Y.

Our most nontrivial result is Theorem 2. It states that in a typical situation, there are
fixed neighbourhoods of finite pieces of the curve T, which contain no point and residual
spectra of the operator L. The choice of such finite pieces is characterized by the presence
of (B, w) thresholds, and these pieces are to be generated by regular point and finitely many
(B, a) thresholds with B+ < 1. The latter condition means that the function V approaches
such threshold with a not very high rate; see (5). The fact that there should be finitely
many such thresholds is important and is employed essentially in the proof of Theorem 2.
Another important point is that the considered piece of the curve T should not pass the
origin; the presence of an additional curve &7y of the essential spectrum seems to play a
nontrivial role in the existence of the discrete and residual spectrum in the vicinity of the
origin. Assumption (9) is also essentially employed in the proof, and what can happen
once they are violated is an interesting open question. We conjecture that violation of these
conditions can dramatically change the spectral picture for the operator L°.

We also observe that the second condition in (9) means that the first generalized
derivative a4’ is Holder-continuous almost everywhere, and this can be guaranteed by
assuming that the second generalized derivative a” exists and belongs to L, (R) with some
p € (1,+o0) including the case p = +o0. Indeed, if the second derivative is an element of
L (R), then the second condition in (9) is satisfied with § = 1, while for 1 < p < 400, it is
implied by the Holder inequality:

Y
_1
J 0 < =y 1

X

|a'(x) —d'(y)| =

An important consequence of Theorem 2 is that the eigenvalues and the points of the
residual spectrum can arise only in the vicinity of (B, «) thresholds, when at least one of the
numbers B and B_ exceeds or equal to 1; in the case .+ = f_ = 1, we should additionally
assume that «y # —a_ to avoid the case of a regular point. This means that typically,
the spectrum of the operator L is as follows: there is the essential spectrum described in
Theorem 1, and along the curve T, there are no eigenvalues and residual spectrum except
vicinities of the origin and (B, a) thresholds with B > 1 or/and f_ > 1. In such vicinities,
the eigenvalues can indeed emerge; see an example in our recent work [12]. However, the
study of possible emerging eigenvalues in the general situation is a non-trivial problem,
which we postpone for our next paper.

Theorem 3 addresses one more question on the absence of the residual spectrum for
the operator £¢. In contrast to Theorem 2, here we aim to find cases where the residual
spectrum is completely absent rather than only in some neighbourhoods of some pieces of
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T. Condition (10) guarantees that the operator L¢ is self-adjoint. Condition (11) is more
delicate and, in fact, it means that the operator £¢ is PT -symmetric, namely,

PT(LE) = LEPT. (12)

Here T is the operator of the complex conjugation, i.e., Tu = u. The symbol P is an
operator acting as

(Pu)(x) = u(tx + 0). (13)

We also observe that once condition (12) holds for some other operator P, it also ensures the
absence of the residual spectrum for the operator £¢. Indeed, if A and ¢ are an eigenvalue
and an associated eigenfunction of the adjoint operator (£¢)*, then

LEPT ¢ =PT (L) ¢ = APT¢. (14)

Hence, A is an eigenvalue of the operator £¢, and by Formula (2), we see that the residual
spectrum of the operator £¢ is empty.

3. Location of Spectrum and Essential Spectrum

In this section, we prove Theorem 1. We begin with checking identity (3). The spectrum
of the operator Ly obviously coincides with T. As A ¢ T, the inverse operator (Ly — A)~!
is the multiplication by (V — A)~! and it is easy to see that the norm of the operator
(Ly — A)~! satisfies the estimate

1

1Ly =)~ < dist(1, 1) (15)
For A ¢ T, we consider the resolvent equation
(LE=ANu=f
with an arbitrary f € L(()), and we rewrite it as
u4e(Ly —A) Lgu=(Ly —A)1f. (16)
By || - ||x—, we denote the norm of a bounded operator acting from a Banach space X

into a Banach space Y. As it was shown in the proof of Lemma 4.1 in [11], once a € L;(R),
the operator L, is bounded in L, (R) and

1 LaxllLy )= 1o m) < llallz, (m)- (17)
This estimate and (15) yield that as

HﬂHLl(R)

_ A1 < B
E”(EV /\) Ea*” = gdist()\, 'r)

<1,

the inverse operator (Z + e(Ly — A) "1 Lay) s well defined, where 7 is the identity
operator. This allows us to solve Equation (16) and to find the resolvent of the operator £*:

(L= AV = (T4e(Ly —A) La) (Ly =N as ellal|r, ) < dist(A, ).

Hence, each point in the spectrum of the operator L satisfies the inequality
dist(A, T) < ellal|, (r) and this proves inclusion (3).

In order to prove identity (4), we adapt the proof of Theorem 2.1 from [11] and below,
we reproduce the main milestones from the cited work. It follows from our assumptions on
a and V that the functions V and @ are bounded and continuous on R and decay at infinity.
We also observe the following unitary equivalence:
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<<2i>5f)£“*(<zi>?f>_l:Eﬁ’ ((zi)?f )‘V<<zi)zf )_1:%‘ 19)

Hence,
U(ﬁsd) = Uess(ﬁsﬁ) = U(£su*) = ‘Tess(ﬁsa*) = &7, (19)
U’(,Cv) = (Tess(»CV) = J(,CV*) = ‘Tess('cf/*) =17.
We are going to prove the inclusion
T Uey C gess(LF). (20)
We let
1 1
(2n)2 as x| < e
q)n(x> = 1
0 as |x| > —

for all natural n. For an arbitrary A € Y, there exists xg € R such that V(xg) = A. The
sequence ¢, (x — xg), normalized and non-compact in L, (R), is obviously a characteristic
one of the operator Ly at the point A. We also have:

Xo+1
| axpn(- =20 u <zn/dx( / a(x - >|dy>2—zn/ </|a |dy>

R xg—

x+1 x+1

<2n sup/| )| dy /dx/| )| dy
xG]R

]

:2n<sup / la(y |dy>/dy|a |/dx
xeR 1
Y=
X“Fﬁ

=llallr,(w) <Sul}3R / Ia(y)|dy> —0, n-— oo,
xe

_1
n

where the latter convergence is due to the absolute continuity of the Lebesgue integral.
Hence, ¢, (x — xo) is a characteristic sequence of the operator £ at A and

U'ess(EV) - U'ess(/:'g)- (21)

By unitary equivalence (18) and identity (19), we similarly obtain gess(Leax) € 0ess (L), and
in view of (21), this proves (20).
It remains to show that
ess (L) \ (Y Uey) = @.
If A € 0ess(L) \ (T Uey), there exists a bounded non-compact sequence u, € Ly(R)
such that
fui=(L—=A)u, =0, n — oo. (22)

Since A & (Cess(Ly) U Oess(Leax)), in view of (19), the resolvents (Ly — A)~! and
(Leax — A) ! are well defined and bounded. Then, we rewrite (22) as

fn

V_/\—>O, n— 400, V(x) #A, x€R,

Leastty + Uy =

V—-A

and we get
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A 1% 1 1 W
_’,_7

v Ty voaT it

(Esa* - A)un + V1 Legutty =

where we have used zero as in 0ess (L) and, therefore, A # 0. Applying, then, the resolvent
(Lax — A) 7! to the obtained identity, we finally find:

Up = (»Ceu* - )\>71 <V)\)\fn - Vlﬁea*un) .

Since the function V decays as infinity, the same holds for V;. This ensures the compactness
of the operator V;Le, in Ly(R) and, hence, by the above identity, the sequence u, is
compact, which is impossible. The proof is complete.

4. Absence of Point and Residual Spectrum
In this section, we prove Theorem 2. The proof consists of three main parts and we

present them as separate subsections. After the proof of Theorem 2, we provide the proof
of Theorem 3.

4.1. Absence of Embedded Eigenvalues

By our assumptions, the segment J; contains only regular points and possibly finitely
many (B, «) thresholds. We denote the latter thresholds by xU) i=1,.. ompj=1,...,mn,
while the symbols ﬁg’l) and ocg_ﬂ’l) stand for the corresponding values of f+ and a+. The
mentioned structure of the segment J; implies that the function V' is continuous on each
of the segments J; and is continuously differentiable on the same segments except the
(B, a) thresholds. It also follows from the definition of the (B, &) thresholds and the regular
points that

V'(x)|2c0>0, xe\{xV),i=1,...,m}, j=1,...n (23)

where ¢y is a fixed constant independent of x. As x approaches one of the thresholds x (i),
the derivative V’ blows up in the sense |V/(x)| — +co as x — xU4).
It follows from (8) that there exists a small fixed Jy such that

V(x) ¢S as xe[b;—&o,bj_)u(b]?",b;rvhéo], i=1...,m

and, by (24),
dist(V(x),S) Z erlx —bj| as 0<*(x—b7)<d, j=1...,n (24)

with some fixed positive constant ¢; independent of x and j. We can additionally choose Jy
small enough so that forall j =1, ..., n, the intervals [b; — 0, b;) U (b;r, b;r + Jo] contain
only regular points and, if necessary, reducing the constant ¢y, we can extend estimate (23)
to J;, namely,

V'(x)|2c0>0, xe]\{xV),i=1...m}, j=1,...,n (25)

Since S is a closed connected piece of the curve T, there exist two small fixed positive
numbers §; and ¢, such that

dist(V(x),8) >co as x¢]=]], J:= b7 =00, b +d0].  (26)
j=1

We consider the eigenvalue equation for the operator £f with the spectral parameter
ranging in $%:
(V—-AN)yp+elyy =0. (27)
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Given an arbitrary measurable set X C R, by Px, we denote the operator of restriction to X.
This operator is considered as acting from Ly (R) into Ly(X) by the rule (Px¢)(x) := ¢(x),
x € X. Representing the real axis as R = JU (R \ ]) and using an obvious decomposition
Ly(R) = Lo(]) ® Lp(R )\ ]), we denote

=P ¥myg = Pryg?
and equivalently rewrite Equation (27) as a pair of two equations
(V — )L)lpj + 873]~M]~1/J]~ + ‘S,PfMIR\fIP]R\f =0,

(28)
(V= A)yg\j + ePry Mg\ j¥r\j + PR\ jM s = 0,

where for an arbitrary measurable set X C R, the symbol My denotes a convolution
operator acting from L, (X) into L, (R) by the rule

Mxp)(x) = [alx=ypm)dy,  xek 9)
X

The first equation in (28) is to be treated as that in L, (), while the other equation is that
in Ly(R\ J).

Owing to (26), the norm of the operator of multiplication by (V —A)~1in Ly(R \ ) is
bounded uniformly in A € $% by the constant c; . Applying this operator to the second
equation in (28), we obtain an equivalent equation

(Zgj +e(V = A) 7 Py pMgy ) Y+ e(V = A) Py pM iy = 0, (30)
where Ty, ; is the identity operator in Ly (R \ J) and by estimate (17) we immediately see
that (V — A)’lpm\fMR\f is a bounded operator in Ly(R \ J), and (V — )\)’1773\;/\/1} is

a bounded operator from Ly(]) into Ly(R \ J); both operators are bounded uniformly
in A € §%. Hence, for sufficiently small ¢, the operator Ipyj+e(V— A)’lle\ MRy is

invertible for each A € $% and the inverse operator
_ -1
Qe A) == (Igy\j+e(V—A)"PgyfMpyf)

is bounded uniformly in e and A € $° as an operator in Ly(R \ J). Applying this operator
to Equation (30), we immediately find ¢, j:

YRy = —€Q(e, A)(V = 1) " PryMiyy, (31)

and the operator Q(e, A)(V — A) ' Py, 1M from Ly(]) into Ly (R \ ) is bounded uniformly
in e and A € S°. Substituting this formula into the first equation in (28), we arrive at a
single equation for ¥y:

(V — /\)le + S'P]*M]“l,l’f — EZPTM]R\fQ(S, A) (V- A)il'PR\fM]*lPT =0. (32)
We observe that the second and the third terms in the above equation can be rewritten as
877]”./\/1 fwf — EZPfM]R\]”Q(e, )\) (V — )\) _1PR\folpf = 87)]~£a*./4(8, /\)l/)f,
where A is an operator from L, () into Ly(R) defined by the formula

5 on J,

1 = (33)
—eQ(g,A)(V=N) Pry My on R\ J.

Ale, /\)lpf = {

This operator is bounded uniformly in ¢ and A € S%, namely,

[ A(e, A)l L()=La(R) S C3s (34)
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where c3 is a constant independent of € and A. Hence, Equation (32) becomes
(V — A)UJ]* + SPfEﬂ*.A(s, )\)#Jf =0. (35)

Our main aim is to prove that there exists a fixed positive § € (0,d1] such that for
A € S°, Equation (35) can have only trivial solutions. First, we are going to show that such
a statement holds for A located on the curve T N S%; such a curve obviously contains S.

We arbitrarily choose A € T N S% and let zU/)) be all points of the segment fj such
that V(zU)) = A. Here, the superscript j ranges in some subset of {1,...,n} and i ranges
from 1 to some natural number depending on j. Let us show that the total number of
points zU/) in each segment J; is bounded by some constant i > m independent of j and A
provided ¢; and 4y are chosen small enough. Indeed, according to our assumptions, the
total number of the points zU) located in the segment | j is bounded by m and we only
need to estimate the total number of such points located in f] \ Jj- If A is such that one of
the corresponding points zU-) is located in [b; — &, b;) or in (b]-+, b]-+ + dp| for some j, then

each of the mentioned intervals can contain at most one point z(//), This will be ensured by
the inequality

Vix)#V(y) as x#y, X,y € [b; — &, b;) or x,y€ (bj+,17j+ + o), (36)

which we are going to prove. The point bj+ can be regular or a (B, «) threshold, and in both
cases, owing to (5) and (7), for x € (b].*, bj+ + o] the function V can be represented as

V(x) = ap(x — b;’)ﬂﬂvo(x), v € Cz[b;r,b;r + &),

provided dy is small enough. Here, g is some non-zero complex number, By € (0,1] is
some real number and vy is some complex-valued function such that vy (b]*') = 1. Choosing

x,y € (b, b1 + &o] arbitrarily, we have

VP (x) — V10 (y) =a" ((x— b )og® (x) — (y — b7 )ofl (1))

Applying the Lagrange rule, we obtain:

1

VA (x) = VA (4) = (x =) (o]0 () + (0= 51 )0(x,9)), @)

where 7 (x, y) is some function obeying the uniform estimate
~ 1 % -1 /
()] < 5ollo0] By bty o 45

Since each segment f] can contain only finitely many (B, «) thresholds and all other points
are regular, the right-hand side of this inequality can be estimated from the above by some
constant independent of j. Hence, in view of the identity vy (b]*) = 1, the expression in the
brackets on the right-hand side of (37) is close to 1 and can not vanish once we choose a
small enough d¢. This confirms inequality (36).

Let &, be a fixed positive number such that the intervals UU-) := Jin (204 — 6y, 2Uid) 4 5)
are disjoint and each of these intervals contains no (8, a) thresholds except possibly that at z(").
Assume that zU) is a regular point and let x range outside UU+), but still in some bigger
neighbourhood of zU"4). By the Lagrange rule, we then have

V(x) = A =V(x) = V() = (x — 200) (Re V/(2V)) +iIm V' (2V7))),
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where xﬁj ) and xi(j ") are some points between x and zU/). By inequality (25), we see that

for such x, the inequality holds:
V(x) = A| > cp|x — 20, (38)

If zUd) is a (B, ) threshold, we choose J; small enough, so that in the interval utid,
representation (5) holds true. This representation implies immediately that

|V (x) = Al > eafx = 207

again for x outside /), but still in some bigger neighbourhood of zU/"); here, ¢, is a fixed
positive constant independent of x, j and i. This estimate and (38) imply the existence of a
positive constant c5 depending on J; but independent of the choice of A such that

V(x)=Al2es>0 as  xef\U  U:=Juli. (39)
ji

By x4 = xU? (x), we denote the characteristic functions of the intervals U), while
My is the set of the superscripts (j, i) such that either the point zU"4) is regular or itis a (8, a)
threshold with at least one of B+ obeying B+ € [%, 1]. We return back to Equation (35) with
A € TNS% and let 5 be its solution in Ly(J). Since the function V — A vanishes only

at the corresponding points z(//), which form a set of zero measures, we can rewrite this
equation as

97+ 5 PiLacAle, Ay = 0. (40)

The second term in this equation can be represented as follows:

S PiLa Al g = Bole gy + Bile gy, Bule Dy i= ooy Bale A,

V A |4
where
(Bo(e, M)ipy) (x) = L a0 [ a0 —y) (Ale A)y) () dy, xel, @)
( —A (ji)eMo R
EaleMpp) = T (tr=9) =0 - 80) (A 05) ) xel.
JA)EMo R

Let us show that B (¢, A) is a bounded operator in Ly(]) and, moreover, its norm is
bounded uniformly in A € T N $%. Indeed, as x € J\ U, the function (B (e, A)¥;)(x)
reads as

(Bile V) (¥) = v — / x ) (Ale, V) (v) dy
Estimates (17), (34) and (39) then imply
1B (e, Mgl vy < 65 Hlally oy A7, ) < cses Hlall, @ llegll, g 42)

As x € UV, (j,i) € My, the function (B (e, A)¢7)(x) is given by the formula

(Bale, A)py) (x) /\/ x = y) = a0 =) (Ale A)yy) () dy

1 x—z i) (43)
TV -A Ig dy (Ale V) [ a(t4+207 )t

0
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Using, then, the definition of the regular points and (B, «) thresholds and estimate (25), by
the Cauchy-Schwarz inequality and the uniform boundedness of the operator .A, we obtain:

\x—z(ffi)\ 2
(Bt ) O < ( JavlAenuwm] [ a0 ) dt)
R

7|xfz(/'/l‘)|
‘x—z(jri)| 2

S - Ale, Ay : d Gd) _ d
\mn (e W}HLZ(R)/ Y / | (t+z )| ¢

R 7\x7z(iﬂ')‘

C ) |x—z0id) | )

<|x_z<]-,i)|||«4(e,A)le||L2(R)/dy / 0/ (¢ 4209 — ) Pat

R —|x—zlid)|

|x— z]‘
:WHAe/\lP]HL / dt/\a t+zf'l> )‘Zdy

Ix z]l

/ 2
<Clld iy 12, 5y
where the symbol C stands for various constants independent of x, A € T and ;. Integrat-

ing the obtained estimate over UU") and summing up the result over (j,i) € My, we finally
arrive at the inequality

1B1(e, 1]l Ly < collplly

where cg is a constant independent of A € T N S% and ¥ 7- This inequality and (42) imply
that the operator B is bounded in L,(]) and its norm is bounded uniformly in A € T N S%.

Let us study the function Bolpf defined in (41). If Prisa solution of Equation (40) in the
space Ly(]), then the function B is also an element of this space and, hence, By (e, A )¢y

is necessarily in L,(]). At the same time, as x € U, this function reads

(Bole, A)y) (x) = s / 209 — ) (e, A)y) (v) dy (45)

and the integral is independent of x. The function (V(x) — A)~! has a singularity at the
point zU) and since zU/") is either a regular point or a (B, «) threshold with at least one of
B+ not less than %, this function is not an element of LZ(UW) ). Hence, the only possibility
is that the integral in (45) necessarily vanishes. Then, Byy; = 0 and Equation (40) becomes

(If + 881(8, /\))1,[7]* =0,

where 7 is the identity mapping in L, (J). Since the operator B; is bounded uniformly in
A, for sufficiently small ¢, the operator Z + eB; (¢, A) is boundedly invertible and the above
equation can have only the trivial solution. Therefore, Equations (35) and (40) also have
only the trivial solution as A € T N S°1.

4.2. Reduction to System of Linear Algebraic Equations

We proceed to proving the existence of a small fixed positive § < 61 such that the set
S%\ T contains no eigenvalues of the operator £¢. Namely, we are going to show that for
A € S$°\ T, Equation (35) possesses only the trivial solution. In this subsection, we make
the first important step in studying this equation, i.e., we reduce it to a system of linear
algebraic equations.

We choose a sufficiently small §3 < min {‘)71, 1} and introduce a finite covering of the
curve S by open balls 853(Pk) with centers at some points P, € S, k = 1,...,N, where



Mathematics 2023, 11, 4042

13 of 26

N € IN is the number of the balls. By our assumptions, for each k, the point P is the image
of finitely many points in the segment J; and, hence, the piece of curve Bys, (P;) N Y is the
image of finitely many segments in f]-, namely,

(7
n Nk - L. - -
By (P)NT = U {vm):xe !}, m=vey?), v/ er)?,
j=1i=1
where [ ,Ej ) C fj are some open intervals, N,Ej ) are some given natural numbers, and Yk(j )
are some points. Owing to inequality (25) and the assumed smoothness of the function V,
by choosing a small enough J3, we can gain the following properties:

P1. Theintervals I]Ej " are disjoint for different i, their lengths satisfy the estimate |I]£j A) | <1
and all possible thresholds in the interval J; are among the points Y,EJ ) ;
P2. The end points of the intervals I,E] ) 4o not coincide with the (B, &) thresholds located

in the segment J;, each of the intervals Ilgj ") contains at most one (B, &) threshold and

the distance from this threshold to other intervals I,Ej ) is at least ¢703, where ¢y > 0 is

a constant independent of J3, k, j, i; the image of each end point of each interval IIEj A)

is located on 9By, (Py);

P3. If some interval I,EJ'I) contains a (p, ) threshold, then the corresponding identity (5)
holds true for the entire interval.

In what follows, given a curve and a point in the complex plane, we say that this
point is projected onto this curve orthogonally to some non-zero complex number if this
projection is made along the straight line orthogonal to the vector connecting the origin
and this non-zero complex number. We suppose an extra two properties of J3.

(j:i)

P4. If a given interval [,”"’ contains only regular points, then for all A € B53 (Y,Sj ’i)) \ T,

there exists a unique projection of m onto the curve F ={V(x): xe I,gj A) }
(]',i))

orthogonally to the number V'(Y,”"’) and the inequality holds:

!/ ..
Rellﬁ—Qlfmdueém; (46)
V/(YIEJJ)) 2

P5. If a given interval I; U7 contains a (B, «) threshold at Y(j D ¢ IIEj ) with corresponding

ay = ocg[ k) , then for all A € Bs, (Y, ]/Z) )\ T such that Re A P)" > 0 there exists a unique
+k
projection of - onto the curve
k,i

Fl({]i) ={V(x): xe Ik } where I,EJJE) = I,Ej’i) N{x: £(x— Y,Sj’i)) >0}

(i)

orthogonally to the number «;”,’; the functions vy = v}

(J)

from (5) corresponding to

the (B, a) threshold at Yk(j A) satisfy the estimates

5' |v,(<]’i)(x)‘ <2, ]Imv,((]’i)(xﬂ < tan%ﬁORev,(gi) (x) as x¢€ I,EZ),
o 47)
Al )~ 4l
where

Po: ln{ﬁk+, oy (48)
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We observe that the definition of intervals I,Ej A) implies immediately that
‘ N
V(x)=A| 238 as AeBg(P), xel\IV, j=1,..n 1V.= )10 (49)

Property P4 can be equivalently formulated as follows: there exists a unique solution
to the equation
eV(Z)—Pk _ Re A — Py

_k —Re- Sk (50)
V’(Yk(]’l)) V/(Y;EJ'Z))

for all A € By, (Yk(j ’i)) \ T. In view of the definition of a regular point, this equation is
i

uniquely solvable, since for Z close to Y,f] the quotient on the left hand side behaves as

VIO =B _ 7 i)y o((z— Yy,
V/(Y]S]'l))

The latter identity also ensures the possibility of satisfying (46). We denote the unique
solution of (50) by Z,E]”) = Z,E]’l) (A).

Property P5 can be also equivalently formulated as follows: there exists a unique
solution to the equation

Re

V(Zi) =P A—D

2 UA)
Ay Ly

7Pk

forall A € B, (Y(j ’i)) \ T obeying an additional condition Re > 0. These equations

(]
k
are again locally uniquely solvable owing to the def1n1t10n of ( /3 ) threshold, which also
)-

ensures (47). We denote the solutions of (51) by Z b k) = ( We also let
A— Pk
zl =y e Re <0 (52)
Xy k

In what follows, we consider Equation (35) for A € Ej 5,, where
Es, = Bs,(P) \ Y. (53)

We rewrite this equation in form (40) and then we represent the second term in the latter
equation as

llbf + 883,]( (E, )\)IP]* + 884,k<£/ /\)IPT =0, (54)
n N (i
B3,k(£, A) = E E vV — APTEQ*A(&, /\),

n k ,
B = ) e,

(i)

where ¢ }Ej ") are the characteristic functions of the intervals P
the definitions of the operators By x and the function ¢ ,E] ) and estimates (17), (34) and (49) that

. It follows immedjiately from

cs
1Bl Ly L) < &’ (55)

where cg is a constant independent of A, k, J3.
We proceed to studying the operators B3 (e, A). Let M; be the set of all superscripts

(j, 1) such that the intervals IIEj ), (j,i) € My, contain only regular points, while M is the set
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of all superscripts (j,7) such that the intervals I}Ej,i) , (j, i) € My, possesses a (B, a) threshold

at Yk(j D e I,Ej A, Bearing in mind Properties P4 and P5, we represent the operator B as
a sum

By (e, A) = Bs (e, A) + Be (e, A)A(e, A), (56)
where Bs (¢, A) and Bk (¢, A) are operators in L, (]) defined by the formulas

Bsi(e )= Y ol 0z (N, en)+ Y ot

Doz (1),e0)

(11)6M1 (ji)EMz
+ ¥ ¢£{i>e<zk: (A) e A),
(j.i)eMy
Be(e, )= Y B (M) + ) 1’5'6k+ + ) B ), (57)
(ji)eM, (ji)eMy (ji)eM;
where . .
C[({],I) (i) . gl(cfi)

(i) . _
Wy ke Ty Iy

(B e 09 ) = i) [ AE D gy,
R

(BID, (e, ))9) (x) := &0 ()

a(x—y) —a(ZJ) (A) )
]Z 7 e p(y) dy,

@’]((j i) are the characteristic functions of the intervals I,Ej i), and ¢(z,¢,A), z € R, is a bounded
linear functional on L, (]) defined as

(ze )y = / a(z — ) (Ale, )yy) (v) dy.
R
In order to study the properties of the operators Bs (e, A) and Bg x (¢, A), we shall need
the following lemma.

Lemma 1. There exists 6, > 0 independent of k such that for all ABnEy s,, all k and all 63 < 64
the estimates hold:

V(x) = Al = colx— 20N as xe IV, (i) e My, 59

V)~ Al Zelx—2z7)M)] e xell, (i) e M,

where cg is a positive constant independent of 3, x, A, k, j and i.

Proof. We first consider the case (j,i) € M;. By Equation (50), estimate (25) and the
Lagrange rule, we have:

V(x) — Al =V (Y0 V) -P  A-F
vy vy

2|V’(Y]£j’i))‘ Re V(x) (_)Pk _Re A_(PI,C)

V(") V(v

:’V’(Y(j'i))‘ Re V(x)_Pk_Re V<ZIE )) Pk
k V’(Ylfj'i)) V’(Yk(j'i))

(60)

> §| -2z,
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B Rev) () + (¢ = ) Re(o))(0)| = == — |1}

We proceed to the case (j,i) € M. We shall prove the second inequality in (59) only

for x € II£]+)’ Ur )

case, the interval IIEJ

the case of the interval I

i)
suppose that Re /'\,Bjr1 < 0. In view of (5) and (52), we have:

can be treated in the same way. In the considered

contains a (B, a) threshold at some internal point Y,f] . We first

VE) AT = v00)PL > e — v 09
0|7 ’
k,+

V(x) — Al > |of")||Re

(61)

where C is a constant independent of k, j, i and A. This proves the second inequality in (59)
as Re Aﬁjrl <0.
Suppose that Re /\/311 > 0. Then, we argue similarly to (60):

i) | V(x) =P A—D
el
(jid)
. _ V(Z —P
>|oll}]Re V() —Pe e ( ”f? £
, zx(]'l) tx(]'l)
+k +k
S o~ el
i i ji |x _ Z(jli)|
=|||B Re ol () + (€ = ) Re(o)) ()| —— 2,
|€ _ Yk(]rl) =B,

)

where { is some point between x and Z,EJ Y
in (47) and (48) that

. It follows from the first and fourth inequalities

(ji)
13 1 Bo
( ) || (I(/’Jr')) > ﬁO -

1 T .
45 2
This inequality and the inequality \Ik | < |I; )
the above estimating:

< 1, see Property P1, allows us to continue

(ji) (i) ()
/30""+,k e i\ | :30|"‘+,k | 50‘ ‘ (j.i)
‘V(x)_M > > > (i) 1_‘51((],'1)| k+| Ty |x_Zk,+ :

Gy 1=y o 1l
’C Y ’ ’ | k+

The proof is complete. [

Using this lemma and arguing as in (43) and (44), we easily see that the operators
Be (¢, 1) are bounded uniformly in e and A € Ej 5, once d3 < d;, namely,

1B6,c(&; Al Ly (1) L,y < €10, (62)

where cyg is a constant independent of € and A. This inequality and (55), (34) yield that

the operator .
G(e,A) := (Zj + By + B A(e, A))

is well defined and bounded in L, (]) provided

3

77—, A€ Ers., 0<d <d
‘ 2(cg + c10c363) < Bty SBSa

and for such values of ¢, §3 and A, it satisfies the estimate

196 MLy ragh) < 2
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We substitute identity (56) into Equation (54) and then apply the operator G (¢, A)
to the resulting relation and use the definition of the operator Bsy. This implies one
more equation:

prre Y o)zt (V) e Nyrre Y @0 (e 1)0(Z0D (0), e, 0y

(ji)eM; (ji)eM, 63)
Y o e )0z (V) M)y =0,
(j.i)eM;
where y y y N
o (e,1) = Gle Mg, D (e,4) = Gle, V). (64)

We arbitrarily choose p € {1,...,n}andi € {1,.. .,N,Ep)} and if (p,q) € My, we apply the
functional ¢ (Z,gp D(A), e, A) to Equation (63), while for (p,q) € M, we apply the functionals
l (Z,Epj’j) (A), & A) to the same equation. This gives the following identities:

(zZPV A e Mg re Y AP (e, M)e(Z0) (M), e 1) g

(7)) €My
Z AP‘HZ)(S Az (+)(/\),s,)t)1/ﬂ]~
(ji)EM,
Y AP e Mz (M), e Mgy =0, (pg) € My,
() €My
(PN ey +e L AT @00z ()6 2) ¥
(ji)eMy
e Y AP (e, )02 ()6 A gy (65)
(]1 eM,
L A N W) e Ay =0, (pg) €My,
(j,i)EMz
(zZP A e Mg re Y AP (e, M)e(Z0) (M), e 1) gy
(ji)eMy
Y AP e, 2)e(z0D (V) e, M)y
(ji)eM;
e Y AP e 1)e(z) (A, e )y =0, (p.g) € My,
(]l)GMz
where
AP (e, 1) = 02T (N), e )0 (€ 4), AP (e, A) == £(Z (1), 6, 1) B (e, 1) (66)
as (p,q) € My and
AP (e, 0) = 0(ZD (W), e ) (e, 1), AL (e,0) 1= 0(2 (1), 6, )0 (e, 1) (67)

’

s (p,q) € My, where the symbols b and f are to be independently replaced by ‘+

’

or ‘—’. Identity (65) is a system of linear equations for the numbers Z(Z(j’i)()x) g A)

and /(Z; zU )( A),€,A). Once we find these numbers, we can recover the function yy for
Equatlon (63). If system (65) has only the trivial solution, this immediately implies that
5 vanishes identically, and by Formula (31), Equation (27) can have only the trivial so-
lution; hence, the set Ej 5, contains no eigenvalues of the operator L. In order to prove
that system (65) has only the trivial solution, it is sufficient to show that all functions
A]({p f’] A) (¢, A) and A;{ﬁ’fé’]’l) (e, A) are bounded uniformly in € and A. The proof of this fact is
our next important step.



Mathematics 2023, 11, 4042

18 of 26

4.3. Trivial Solution and Absence of the Spectrum

In this subsection, we prove the uniform boundedness of the functions A}({p f 47) (e,A)
and AI((%] ) (¢,A) and this will allow us to complete the proof of Theorem 2. We first rewrite
Formula (64) for the functions CD,Ej'i) (¢, A) and @I(ji) (g,A) as

O (e,1) = 9" — e(e, 1) (Ba(e, 1) + Bole, )9,

(i) (i) (i) (68)

D (e, ) = ¢, —eG(e, M) (Byi(e,A) + Be (e, )y

The prove of the uniform boundedness of A,((p’q’j’i) (e,A), A,E’f’j’i) (e, A), A](ff’j’i) (e, M),
Al(qun] ) (¢,A) is based on a series of the following lemmas.

Lemma 2. There exists 65 > 0 such that as 65 < 5, for all A € Ey s, and (j,i) € My the
estimates hold

(jid)
’]Zcpk (x)dx

C11
< = 7
where c11 is a constant independent of k, j, i, 3 and A.

Proof. We begin with representing the considered integral as

ii dx
/‘Pi] () dx = / V({x) — A
R I}E]',i)

1 V/(x) 1 V/(2") — V' (x)
= / V) AT Vi) / v a

(69)

(i)
e

The first integral in the right hand side of the above representation can be immediately

rewritten as Vv p
/ Vi) dx = / _at_
V(x)—A F—A
16)

(i)
r”

The above integral over the curve F,({j 7 is holomorphicin A € B, (Pg) \ T. As A is such that

dist(A, T) > %, we have an obvious estimate

dt

< (70)

~ 53/

r{i?)
where C is a constant independent of A, k, j, i and J3. We also easily find that

d [odt / a1 -
ax ] t=A T ) =AUy apUd )
0 £ 1k +1g

where 0T’ ,((j ) are the end-points of the curve F,Sj ) Definition (53) of the set Ey 5, ensures that
1 1

- N 2 P—
o TV A 9
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Having this estimate and (70) in mind and integrating (71) with respect to A, in view of (25),
we immediately find

dx

<&

5 72)

1 / V'(x)
V/(ZIE]J)) U V(X) —A
Ik
where C is a constant independent of A, k, j, i and J3.
In order to estimate the second integral in the right hand side of (69), we employ

estimate (59) and the Lagrange rule:

1 / VI(ZU) — V! (x)
V/(Zlgj/i)) V(X) —A

dx| <

1
< m sup [V"(t)], (73)

)
tel;

I]E/r’)

where C is a constant independent of A, k, j, i and é3. According to the definition of the regular
points, the function V' is twice continuously differentiable on J; except for (B, a) thresholds,
which are denoted, we recall, by xU). In the vicinity of the latter points, the first and the
second derivatives of the function V have singularities of orders O(|x — x i) ﬁ(i]”)’l) and

O(|x — xU) pL) ~2). According to Property P2, the minimal distance from the interval Ilgj D to
the nearest (B, a) threshold is at least ¢7d3, and since the total number of the thresholds is finite,
we conclude on the existence of d5 > 0 such that for d3 < J5 the estimate

sup |[V"(1)]

1G4
t€’<7“ < E
vz %

holds true, where C is a constant independent of d3, k, j, i. Substituting this estimate
into (73), we obtain:

dx

1 vI(z0) —vi(x)
V/(Zlgjri)) / V(x) —A

I}EM)

where C is a constant independent of J3, k, j, i. This estimate and (72) yield the desired
estimate from the statement of the lemma. The proof is complete. [

Lemma 3. Forall A € Ey s, and (j,i) € M the estimates hold

’/szgji) (x)dx| < c12, (74)
R

where c1y is a constant independent of k, j, i, and A but depending on J3.

(). the other case can be treated

Proof. We provide the proof only for the integral with ¢;"’;

in the same way. We first suppose that
A — Py

()
+k

<0.
o

Then, by (61) and the assumed inequality ,B]({j Jlr) < 1 we immediately obtain:

l/ gl((]i)(xf) dx
J V(x)—A

<C / d—x” <C
/ (x_yk(f"))ﬁk’,+

6
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where by C we denote some constants independent of A, k, j, i and d3.
Suppose now that
A=D
Ren >0, where n = k. (75)
2 UA)
+k
Owing to the third inequality in (47) and (48) the function
1
i (i)
w(x) = (x = Y) (0l (x)) o+
is well defined and
(G:d)
Xk :i-
The assumed smoothness of vl(j 3 , see (5) and (6) yields that
2 70id)
weC (Ik,+ )r Hw”CZ(IIE]-:.)) <C, (77)

where C is a constant independent of k, j, i. The first, second and fourth inequalities in (47)

and identity (5) imply that for x € I ]EJ ’+) , the estimates hold:

(1..) 1 ﬁk#
o) (x)] P4+ \<v£€i’>’<")'> <UDy () PE [0 () 1) P2

s () iy i)
< 2oy (o 1) P

.2 Lo o /3
b ﬁ1(<+ 4/3:95? zﬁl(cj' b k+
4 Bo +’g ' g
Hence,
WElzc  xell?,

where C is a positive constant independent of x, k, j and i. We denote
I={wkx):xe I]l)} &= uc,(c]fr), B:= ﬁ(]l
We rewrite the considered integral as follows:

(, dx 1 w'(x) dx w/(Z({’i)) —w'(x)
]g"’k' x)dx = / V()= A yr(z0y / V(x)—A+ (_/_) 1§(+x)—)\ ax.

() kA7 G
Iy T

Using, then, identity (76) and making the change in variable t = w(x) in the first integral in
the right hand side of the above identity, we obtain:

1 dt w'(2))) - w'(x)
/gb (x)dx = _—y (]’l)) / P + / Vi) A dx. (78)
T

Owing to the above established smoothness of the function w, see (77), and the second
inequality in (59), by applying the Lagrangue rule, we immediately estimate the second
integral in the right hand side of the above identity:
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W' (Z07) —w (x) jx -z
, < , <C, 7
/ v <C | pa < © (79)

where the symbol C denotes various constants independent of 3, A, k, j and i.

Let us estimate the first integral in the right hand side of (78). Suppose that the point #
is located above the curve T'. Then, we choose the branch of the analytic function zf with
the cut along the positive imaginary semi-axis and the argument of z ranging in (— 3%, Z].
Let Z be the end-point of the curve I' not coinciding with the origin. In the complex plane,

we introduce extra two curves:
[ii={z:z=e Fs,5€(02])}, Iy:={z: |z| = |Z|, argz € (—m, arg2)}.

Then, the closure of the union of these two curves and T is a closed contour, and by the
Cauchy integral theorem, we obtain:

H
/ tﬁdt - / tﬁdt / tP = F / / tﬁdt ’ (80)
P U A A 0 K

Since A € Egg,, it follows from the definition of 77 in (75) and Property P2 that

03 B 203
il < =, 2P = =,
T a
Hence, |tP — 7| >  on the curve [, and
2
’/ 7T|1x| (81)
th —

Since Re# > 0 by (75), the first integral in the right hand side of the above identity can be
immediately estimated as

sb 1—p|z1-F 1_ﬁ(253>%71 53,%071

where C is a constant independent of d3, k, j and i. This estimate (80) and (81), (80) prove
the uniform boundedness of the first integral in the right hand side of (78), and in view

of (79), we arrive at estimate (74) for cplgj _? The proof is complete. [J

Lemma 4. The function a is an element of C(J).

Proof. Sincea € WJ(RR), by the standard embedding theorems, we conclude thata € C(R)
and this proves the lemma. O

Lemma 5. As d3 < min{dy, s}, for A € Ey 5, the estimates hold:

llcmk” (i) < Cias 1o Ny < 13, (82)
| Laxip” <o, n@wmm®<m, (83)

where cy3 is a constant independent of A, k, j, i but depending on 63.

Proof. We fix k and some (j, i) in the corresponding set M; and represent the function

Eﬂ*qygj ) as
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20id)

(Lot 0 = ale—20) [ g way+ [ B A gy )

I}E//l) I]E]/l)

By Lemmas 2 and 4, we immediately estimate the first integral in the right hand side of the
above identity:

Jl) ‘11 _
ax - /q> )dy] < Ll

(85)

a( - —20) /¢<” H < Blaliymy
Ly(R)

To estimate the second integral in the right hand side of (84), we employ a representation
similar to (43): -
y— Z}((]rl )

(i)
a(x —y) —a(x—Z") / dy / ' (i)
dy = _ a(x—27Z"" —t)dt
/ V{y) —A Y= ) Vi) —a (x=27=1)
2 109 0

and use then the Cauchy-Schwarz inequality and the first estimate from (59):
1

. () . v-2"! ., |
a(x—y) —a(x —Z; )d <1 1 a’(x_z(f'i)—t)‘ dt| d
V(iy)—A VS () 4 k 4
(i) G V=212 ()
Ik Ik 7‘]/72]( I
/
< 12"l L, (r) / dy(ji) _<c,
co ) |3/ - Zk ’ |7
)
(j,i) ly=2."1
) —al- -7 - P
/ a(- —y) ﬂ(_ £ 4y <C/dx / 71) / @ (x— 20"~ )| at
Viy)—A | J |
(],i) L ]l y )
I k \
; ly-2"]
"2 y
<Clla"lI7, () / m dt <C,
I}E]l,i) _ 72]((],0‘

where by C we denote various constants independent of A, k, j and i. These estimates (84) and (85)
prove the first inequalities in (82) and (83).

The proof of the second inequalities in (82) and (83) follows the same lines. Namely,
in (84), we just replace IIEJ ’l), Z,ij’l), 4>( i) I,EJ fr , k]+l)' bl i) . Then, a corresponding analogue
of inequality (85) is implied by Lemmas 3 and 4, whlle estimating the second integral
literally reproduces the above argument. The proof is complete. [J

Lemma 6. As 3 < min{dy, d5}, for A € Ey 5, the estimates hold:
ngé,k(&/\) (8 A (P(]l HL < C14, ngé,k(el)\) (8 /\ q> HL (] \ C14,
where c14 is a constant independent of A, k, j, i but depending on J3.

Proof. In view of the definition of the operator By in (57), it is sufficient to prove the
uniform boundedness of the norms
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HB(M)g A)A (5)‘4’k]lHL2 HB(M)e A)A (s)\cp HLz (p.9) € My, (86)
LG ><e,A¢k”>HLzm, 1853 e A Iy (o) € M2 b€ ),

Bearing in mind the definition of the operators B (P4) and Bér;(qi in (58), the definition of
the operator A in (33), and inequalities (26) and (62) we can estimate the first of the above
norms as follows:

1BE (e ) Ale, M1, gy <I1BE( sAcp iy + 18627 (e 1) Pry e Mg |,
<[|BY (e e HLZ +Cl|lMjgi” leacepy

where C is a constant independent of A, ¢, k, j, i and 3. In the same way, we can estimate
other norms in (86) and, hence, it is sufficient to prove the uniform boundedness only for

the norms
||B(p’ (&2 ‘Pk]l ||L2 HB(p’ (&) ‘P HLz(]y (p.g9) € My,
1B e e Ny IBED @, g (pa) €M, b E{+,-, (87)
HMWkJ'l)HLZ(]R\i)f HMJQD(]I [

The uniform boundedness of the latter two norms follows immediately from (83) and
definition (29) of the operator Mj.

According to the definition of the operators Béj kl Jin (58), the identity holds:

(pa) ()Y ( vy — (i) a(x—y)—a(zy" (V) - y)
R Rl A R

0
:f';;(f'i)(x)a(x _(%/]Ez,:)(i)i)_ e (/j V(yd)y—/\
I
4ol (X)Im a(x —y) —alx (fof)_(?)l;{; ()Z_,SJA) )(A) —y)+a0)
09 >a<x—(§/£2':)<A_>>A | a(0) [+ “_
" <z
+50" () J UGES ey O/ (@207 —y) (1) at.

Since é‘,((]’l) is the characteristic function of a bounded interval I,Em and a € Ly(]) by
Lemma 4, in view of Lemma 2, we immediately conclude that the first term in the right
hand side of the above identity is an element of L(RR) and it is bounded uniformly in A, k,
j, i in the norm of this space. The norm of the second term is estimated by using (59) and
the second condition in (9):
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p xfz}j”') 2
Y ’ (jif) /
0 (x) / d(t+ 290 gy —d' (D) dt| dx
[l [ wmnemey [ @era - -dw)
I
; x—2"] 2
Yy (j.f)
<C / dx / 5 ) / a(t+ 2" —y) - a’(t)‘ dt
(i) G X =2 My = Zy (i)
1t 1t —Jx—zJ"|
; x=2"] 2
Y (jA) 9
< _
= C / dx / ‘x _ Z(]/l) |y _ Z(]/l) / |Zk ]/’ dt
I}E]rl) I}E]/l) k k —‘X—ZI((]’I)‘
2
<C / dx
o oo |

1B pq)A(ff/\)4’IEj'i)||L2(j)

where the symbol C stands for various constants independent of A, k, j, i. Hence, the

functions Bé’;{q) (¢, A)4>k are bounded in L (R) uniformly in A, k, j, i. Similar boundedness
for remaining functions in (87) is established in the same way, and one should just use the
second estimate from (59) and Lemma 3. The proof is complete. [

Lemma 7. As d3 < min{dy,ds}, for A € Ey 5, the estimates hold:

[ Bax(e A)Ale, /\)471E]'i)HL2(f) <cos, || Bag(eA)Afe, A 47(]1 I, < c1s,

where c15 is a constant independent of A, k, j, i but depending on J3.

Proof. Denoting

/ 1— {: 12
Biﬁ(q) = Vif/\,])fﬁa*,

we observe that
-y 2 BYY Ae, A). (88)
p=1g=

Then, using inequality (49) and the definition of the operator A(e, ), we obtain:

1B Ale Mo sy < ClLEas i nairy.

where the symbol C denotes some constants independent of A, k, j and i. Applying, then,
estimates (83), we see that the norms in the above inequality are uniformly bounded, and
together with, (88) this completes the proof. [

< ClLard I, )

We substitute Formula (68) into (66) and (67) and apply Lemmas 6 and 7 and esti-
mate (82). This yields the desired uniform boundedness of the functions A,((p ) (e,A),

A(p 9,4:) (g,A), A(p 9,4:) (g, M), A(p qh] A) (e, A) with some fixed sufficiently small §3. All these
functlons are bounded by some constant c16 independent of ¢, A € Ey 5., k, j, i. Hence, there
exists g > 0 independent of k, A, j, i such that as € < g, system (65) possesses only trivial
solution simultaneously for all k. Therefore, there exists J > 0 such that the set S° contains
no eigenvalues of the operator L.

In order to prove the absence of the residual spectrum, we first need to establish
Formula (2). By Ker(-) and Ran(-), we denote the kernel and the range of a given
closed operator.

Lemma 8. Identity (2) is true.
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Proof. Given a closed operator A in a Hilbert space H, let A ¢ Gess(A) U 0pnt(A). Then,
Ker(A — A) = {0} and hence, the inverse operator (A — A)~! is well defined on the
range Ran(A — A). This inverse operator is bounded. Indeed, if this operator was un-
bounded, this would mean the existence of a sequence u, € ©(A) such that ||u,|y =1
and || (A — A)uy||g — 0asn — 0. Since A ¢ 0ess(A), the sequence {u,} is compact, and
choosing a subsequence if needed, we can suppose that 1, converges to some u, in H.
Then, by the closedness of the operator .4 and the normalization of u,, we immediately
conclude that ||u||g = 1 and (A — A)u, = 0, i.e., u, is an eigenfunction of A associated
with its eigenvalue A. This is impossible, since A ¢ Upnt(A) and, therefore, the inverse
operator (A — A)~! is bounded on the range Ran(A — A). By [17] (Ch. 3, Sect. 2, Thm. 9),
this yields that the range Ran(.A — A) is closed. Hence, as A ¢ 0ess(A) U 0pnt (A), it belongs
to the spectrum o (A) if and only if Ran(A — A) = Ran(.A — A) # H, which is equivalent
to Ker(A* — ) # {0}, i.e, if and only if A is an eigenvalue of the adjoint operator .A*. This
completes the proof. O

In view of Formula (2), we observe that the adjoint operator for £f reads as

(L) = Ly +eLy, a*(z) :=a(—z). (89)

This adjoint operator is of the same structure as £° in particular, the essential spectrum of
the operator Ly is just the complex conjugation of the curve T, namely,

U(Ev) = Uess(ﬁv) = T+.

Then, we choose the complex conjugation of the piece S of this curve and we see that it
also satisfies the assumptions of Theorem 2. The function a* obeys Assumption (9). Then,
lessening if needed the number 6, we conclude that the set (5°)" contains no eigenvalues of
the operator (£f)*. Then, Formula (2) implies that the set S° also contains no points of the
residual spectrum of the operator £f and this completes the proof of Theorem 2.

4.4. Absence of Residual Spectrum

In this subsection, we prove Theorem 3. We recall Formula (89) for the adjoint operator
Lf and immediately see that Condition (10) guarantees the self-adjointness of the operator
LE. This implies the absence of the residual spectrum.

Suppose that Condition (11) is obeyed. As it was stated in Section 2, see identities (12)—(14),
it is sufficient to check the validity of P77 -symmetricity condition (12) with the operator
P given in (13). This can be carried out by straightforward calculations for an arbitrary
P € Ly(R) using conditions (11):

(PT(L)"9)(x) =PT (v<x>¢<x> +e [aly=x)9() dy)
R

=V(tx+0)p(Tx + 0) + e/ﬂ(y —Tx = 0)¢(y) dy

R
=V(rx+ )p(Tx+0) +¢ [ a(rly - ))g(ry + o) dy
R
—V(x)(PT@)(x) +¢ [ alx = y)(PT9)(y) dy = (LPT¢)(x).

R

This completes the proof.
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