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Abstract
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1 Introduction

All symbols used in this introduction can be found in Sect. 2.
In the one-dimensional case, the weak (1,1)-type inequality for the maximal
operator o * of Fejér means o, with respect to the Walsh system, defined by

o™ f :=sup o f|
neN

was investigated in Schipp [11] and Pal and Simon [7]. Fujii [1] and Simon [13]
proved that o* is bounded from H; to L;. Weisz [19] generalized this result and
proved boundedness of o* from the martingale space H), to the Lebesgue space L,
for p > 1/2. Simon [12] gave a counterexample, which shows that boundedness does
nothold for 0 < p < 1/2. A counterexample for p = 1/2 was given by Goginava [3].
Moreover, in [4], he proved that there exists a martingale F' € H, (0 < p <1/2),
such that

sup ”UnF”p = +00.
neN

Weisz [22] proved that the maximal operator o* of the Fejér means is bounded
from the Hardy space H\; to the space weak-L1>.

To study convergence of subsequences of Fejér means and their restricted maximal
operators on the martingale Hardy spaces H,(G) for 0 < p < 1/2, the central role
is played by the fact that any natural number n € N can be uniquely expression as
n= Z,fio anj, nj € Zy (j € N), where only a finite numbers of n; differ from
zero and their important characters [n], |n|, p (n) and V (n) are defined by

[n] :=min{j e N,n; #0}, |n|:=max{j eN,n; #0}, p{®) = |n|—[n]

and
oo
V) =no+ Y Ing—mi|, forallneN.
k=1
Weisz [21] (see also [20]) also proved thatforany F' € H,(G) (p > 0), the maximal
operator sup,, ¢y |ozn F'| is bounded from the Hardy space H), to the Lebesgue space

L . Furthermore, in [8] was generalized this result and it proved thatif 0 < p < 1/2
and {ny : k > 0} is a sequence of positive numbers, such that

sup p (ng) < ¢ < 00, (1.1)
keN

then the maximal operator *V , defined by

5VF = sup |ankF| ,
keN
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is bounded from the Hardy space H, to the Lebesgue space L ,. Moreover, if 0 < p <
1/2 and {ny : k > 0} is a sequence of positive numbers, such that sup; . p (nx) = 00,
then there exists a martingale ' € H), such that

sup HankFHp = 00.
keN

From this fact, it follows thatif0 < p < 1/2, f € H, and {ny : kK > 0}is any sequence
of positive numbers, then o, f are uniformly bounded from the Hardy space H), to the
Lebesgue space L, if and only if the condition (1.1) is fulfilled. Moreover, condition
(1.1) is necessary and sufficient condition for the boundedness of subsequence oy, f
from the Hardy space H), to the Hardy space H),.

In [18], it was proved some results which in particular, implies that if f € Hj
and {ny : k > 0} is any sequence of positive numbers, then o, f are bounded from
the Hardy space Hj, to the space Hj; if and only if, for some c,

supV (ny) < ¢ < oo.
keN

In this paper, we complement the reported research above by investigating the limit
case p = 1/2. In particular, we derive the maximal subspace of natural numbers
{nk : k > 0}, such that restricted maximal operator, defined by sup; . |a,,kF | on this
subspace of Fejér means of Walsh—Fourier series is bounded from the martingale
Hardy space Hj; to the Lebesgue space L1 ;.

This paper is organized as follows: some definitions and notations are presented in
Sect. 2. The main result (Theorem 3.1) and some of its consequences can be found in
Sect. 3. For the proof of the main result, we need some auxiliary statements, some of
them are new and of independent interest. These results are presented in Sect. 4. The
detailed proof of Theorem 3.1 is given in Sect. 5.

2 Definitions and notations

Let N, denote the set of the positive integers, N := N, U {0}. Denote by Z; the
discrete cyclic group of order 2, that is Z, := {0, 1}, where the group operation is the
modulo 2 addition and every subset is open. The Haar measure on Z5 is given so that
the measure of a singleton is 1/2.

Define the group G as the complete direct product of the group Z;, with the product
of the discrete topologies of Z,. The elements of G are represented by sequences
x = (X0, X1,...,%j,...), where x; =0V 1.

It is easy to give a base for the neighborhood of x € G :

Ipx):=G, I,(x) ={yeG:yy=x0,...,Yn—1 =Xxn—1} (n €N).
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Denote I, := I, (0), I, :== G\ I, and e, := (0,...,0,x, =1,0,...) € G, for

n € N. Then, it is easy to prove that

M~ M-2 M—1 M—1
Iy = U \i+1 = (U U 41 (& +61)) U (U In (ek>>. @.1)
i—0 k=0

k=0 I=k+1

If n € N, then every n can be uniquely expressed as n = Z;‘;o n;2/, where
n;j € Z (j € N) and only a finite numbers of n; differ from zero.
Every n € N can be also represented as

P
n:ZT’i,nl >ny>---n, >0.
i=1

For such a representation of n € N, we denote numbers
A R A 2

Let2® <ng <ng <---<n 25+l s e N. For such R which can be written

as
s
=2 Z 2

i=1 Sj
k=l

Sj Sj .Yj Sj Sj Sj Sj Sj
where 0 <[/ <1’ <l -2 <) <t < 'flrj_2<lrsj §trxj,wedeﬁne

,
- SioSiopSio Si Sjo Sj
As = {l1 L lryj’fryj}

j=1

R A N s S N s N N
[1,12,...,1’_51}U[tl,tz,...,trszl ={u1,u2,...,urs3},

LT

2.2)

where u} <u2<-~-<u3 Wenotethatt,r =se€A, forj=12,.

We denote the cardmahty of the set A; by |As|, that is

card(Ay) = |Aql.

By this definition, we can conclude that |As| = rf <r;+r
It is evident that sup . |As| < oo if and only if the sets {ng,, ny,, ..., ny } are

uniformly finite for all s € Nt and each ny; has bounded variation

V(nSJ.) <c<oo, foreachj=1,2,..., 2.3)
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The norms (or quasi-norm) of the spaces L ,(G) and L o (G), (0 < p < 00) are,
respectively, defined by

715 3= [ 1717 d and U, g = SupAu (S > ) < oo,
G ’ A>0

The k-th Rademacher function is defined by
re (x) := (=% (x €G, keN).

Now, define the Walsh system w := (w, : n € N) on G as

In]—1
X

0o > npxg
wy (x) == kl;lorkk (%) =1y () (=1) *=0 (n e N).

The Walsh system is orthonormal and complete in L, (G) (see [10]).
If f € L1 (G), then we can define the Fourier coefficients, partial sums of Fourier
series, Fejér means, Dirichlet and Fejér kernels in the usual manner:

Ty = fG Fundn, (neN),

n—1
Suf =Y Fywe, (neNy, Sf:=0),
k=0
1 n
onf =~ Sif.
n k=1
n—1
D, = Z Wy,
k=0
1 n
Ky:=-) Di, (neNy)
"=
Recall that (see [10])
|2t ifxel,
Dy (x) = {0 ifx g L. 2.4)

Letn=)>;_,2%, ny>ny>--->n, >0.Then, (see [6, 10])

r

A-1
nKy =3 [ [Twzs | (2" Kara + 0 Dos). 2.5)
A=1 \ j=1

) Birkhauser
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The o-algebra, generated by the intervals {I, (x) : x € G} will be denoted by ¢,
(n € N). Denote by F = (F,,, n € N) a martingale with respect to ¢, (n € N) (for
details see, e.g., [20]). The maximal function F* of a martingale F is defined by

F* :=sup |F,|.
neN

In the case f € Li (G), the maximal functions f* are also given by

For 0 < p < oo, the Hardy martingale spaces H), (G) consist of all martingales,
for which

f*(x) :=sup

1
_ d
neN<u<ln ) |y AR

In ()

1F N, = |F*, < oo

A bounded measurable function a is a p-atom, if there exists an interval I, such
that

supp (@) C 1, /Iadu =0, llalloo < 1 (1)1

It is easy to check that for every martingale F = (F,,, n € N) and every k € N the
limit

n—oo

F k) := lim | F,(x)w (x)dp (x)
G

exists and it is called the k-th Walsh—Fourier coefficients of F'.
The Walsh—Fourier coefficients of f € Lj (G) are the same as those of the
martingale (S>» f, n € N) obtained from f.

3 The main result and its consequences

Our main result reads:

Theorem 3.1 (a) Let f € Hi,2 (G) and {ni : k > 0} be a sequence of positive num-
bers and let {nsi tl<i< r} C {nk : k > 0} be numbers such that 2° < n;, <
ng, < - <ng < 2+l g e N. If the sets Ag, defined by (2.2), are uniformly
finite for all s € N, that is the cardinality of the sets A are uniformly finite:

sup,enlAs| < ¢ < oo,

then the restricted maximal operator 5*V | defined by

&*VF = sup oy, F|, (3.1

keN

W Birkhauser
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is bounded from the Hardy space H\; to the Lebesgue space L.
(b) (Sharpness) Let

Sup,en|As| = 00. 3.2)

Then, there exists a martingale f € Hi; (G), such that the maximal operator,
defined by (3.1), is not bounded from the Hardy space H\ /> to the Lebesgue space
Lyp.

In particular, Theorem 3.1 implies the following optimal characterization:

Corollary 3.2 Let F € Hy 2 (G) and {ny : k > 0} be a sequence of positive numbers.
Then, the restricted maximal operator %V, defined by (3.1), is bounded from the
Hardy space H\; to the Lebesgue space L1, if and only if any sequence of positive
numbers {ny : k > 0} which satisfies ny € [2°,2°TV), is uniformly finite for each
s € N4 and each {ny : k > 0} has bounded variation, i.e.,

sup V(ng) < ¢ < oo.
keN

In order to be able to compare with some other results in the literature (see
Remark 3.4), we also state the following:

Corollary 3.3 Let F' € Hy ;3 (G) . Then, the restricted maximal operators Ei*’v, i =
1,2, 3, defined by

~%x,V

G,V F = sup|ox F|, (3.3)
keN

&5V F = sup oy, Fl, (3.4)
keN

~%,V

o3 F = sup |O’2k+2[k/2]F , 3.5
keN

where [n] denotes the integer part of n, are all bounded from the Hardy space Hy 2
to the Lebesgue space L.

Remark 3.4 In [8], it was proved that if 0 < p < 1/2, then the restricted maximal
operators 8'2* Vand 53* ’V, defined by (3.4) and (3.5), are not bounded from the Hardy
space H), to the Lebesgue space weak — L.

On the other hand, Weisz [20] (see also [8]) proved that if 0 < p < 1/2, then the
restricted maximal operator 8'1* V' defined by (3.3) is bounded from the Hardy space
H), to the Lebesgue space L.

4 Auxiliary lemmas and propositions

Lemma 4.1 (Weisz [21] (see also Simon [14])) A martingale F = (F,,,n € N) is in
H, (0 < p <1) if and only if there exists a sequence (ai, k € N) of p-atoms and a

) Birkhauser
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sequence (i, k € N) of a real numbers, such that for everyn € N,
o oo
D mkSpag = Fa Y lul? < oo @.0)
k=0 k=0

Moreover, ||F||H,, ~ inf (Z;‘;O |Mk|p)]/17, where the infimum is taken over all
decomposition of F of the form (4.1).

Lemma 4.2 (Weisz [20]) Suppose that an operator T is o -linear and

/ITal”dufcp<oo, O<p=l

1

for every p-atom a, where I denote the support of the atom. If T is bounded from L
to L, then

ITFI, <cpllFln,-

Lemma 4.3 (See, e.g., [2]) Let t,n € N. Then,

2171, ifxel,(e), n>t, x € [\I11,
Kom(x)y=3Q2"+1)/2, ifxel,
0, otherwise.

Lemma4.4 (See, e.g., [5, 16]) Letn > 2™ and x € I}, k = 0,....,M — 1,
l=k+1,...,M. Then,

/ |Kp (x + 1) dp (£) < cn2kH=M
Iy

Lemma4.5 (See [17]) Let

n=it22k, whereti > 1) > 11 —2>t >l >h—2> > 1, >1; > 0.
i=1 k=,
Then, foranyi =1,2,...,s,
n|Ky (0] 22274 forx € By = Dt (a1 + @)
where I1 (e—1 +eg) = I (eg + 1) .

We also need the following new statement of independent interest:

W Birkhauser
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Proposition 4.6 Let
s 1
n:ZZZk, whereti > 11 >11 —2>th >l >0 —2>--->t;,>1; >0.
i=1 k=l;
Then, foranyi =1,2,...,s,
n|K, ()| = 2%72 forx € Ey = I43 (en4+1 +e42) -
Proof 1t is evident that we always have thatt; +2 < ll 1. It +2=1_y, then E;;, =

Iii43 (ez,-+1 + et,.+2) =1 11 (61,-_,—1 + eli—l) = Ej;,_, and if we apply Lemma 4.5,
we find that

n|Ky (x)] > 2%i-17% = 2% forx € E;_, = E,,.

i

Lett; + 2 < Il;_1. By combining (2.4) and Lemma 4.3, for any n > ¢; + 3, we get
that

Dyn(x) = Kon(x) = 0, forxe Et,-'

From (2.5), for x € E;,, we can conclude that

nK,,zXS:i( li[ ll_j[wzq lt_l[ wzj) (2 K2k+( Z 22‘1+224)D2k)

r=lk=l, \j=i+lq=l; Jj=k+1 Jj=i+1lg=I

:ii(ﬁ ﬁwzq lt_[ wz/) (2 KzH(i: izq““izq)l)zk)‘

r=i k=l, \j=i+lg=l;  j=k+1 j=i+1q=l; q=l;
4.2)
Suppose that /; < ;. Since
fi—1
> 22
j=i+1gq=l;
for x € E;;, we find that
ti—1 ti—1
n|Kal = 21Ky +207 Dy [ = Y ‘2k1<2k -y ‘2"1)2k
k=0 k=0
=L -0 -1 4.3)

) Birkhauser
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Moreover, by combining (2.4) and Lemma 4.3, we get that

22t,‘ 22t,‘
I = 2tiK21i (x) + 2ti71D2l’_ — 7 + 211‘*1 + 7 = 221,‘ + 2[;‘*1' (4.4)

For I, we have that

+ 2671, 4.5)

1<”'§2k(2"+1)_122’f—1+12ff—1 22
T 2 24-1 "22-1°6

Moreover, I3 can be estimated as follows:

221,‘
Iy < Z4’< =, (4.6)

By combining (4.4)—(4.6) and putting them into (4.3), we obtain that

221;
n|Ky, (x)]| 211—12—1327~ 4.7)

Ift; =1;, we getthat ;| <I[; —2 =t; — 2. Hence, using (4.2), we find that

ti—2 ti—2
nIKal 2 [2 K| = Y 2Ky | = Y Dy =h - @8)

By simple calculations, we get that

221‘,‘ 21‘,‘
I > 2Ky (x) = — + —, 4.9
1= 2 (X) TR (4.9)
-2 k 262 fi—1 2t
2+1) 12272 —1 2=t —1 2%
L <) 2¢ < - - 2672 (4.10
2= Z =27a-1 taaon twt (4.10)
and
=2 22t,'
L<) 4="— 4.11
=) 4 =7 (4.11)
k=
We insert (4.9)—(4.11) into (4.8) and find that
22li
n|Kn(x)|le_12_I3zT. 4.12)
The proof is complete by just combining the estimates (4.7) and (4.12). O

W Birkhauser
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Corollary 4.7 Let
K t
n=Y Y25 wheretn =l >L—2>2n>hL>hb—2> >t > >0.
i=1 k=l;
Then, foranyi =1,2,...,s,
n|K, (x)| > 22ti_5’ forx € Ey = Ij41 (eli-‘rl + eli+2)-
and

nlK, ()| =272, forx € Ej = Iq1 (1 +ey,)

where I (e—1 +eg) = I, (eg +e1).

Our second auxiliary result of independent interest is the following:
Proposition 4.8 Let

K t
n=Y Y 2" wheretn =l > —2>0>hL>hb—2> >t > >0.
i=1 k=l;
Then,
s tA
Kyl <cY | 24Ky, +2Kps +2' > Dyt
A=1 k=Il4

Proof A proof of the corresponding result in [15] was also here so we omit the details.
(]

5 Proof of Theorem 3.1

Proof Since o, is bounded from Lo, to Lo, by Lemma 4.2, the proof of Theorem 3.1
will be complete, if we prove that

/ sup
m Sk eN

for every 1/2-atom a. We may assume that a is an arbitrary 1/2-atom, with support 7,
w(I)=2"Mand I = I Itis easy to see that o, (@) = 0, when n < 2™ Therefore,
we can suppose that ng, > oM,

1/2
Ony, a (x)‘) du (x) < ¢ < o0, 5.1

) Birkhauser
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Let x € Iy and 2° < ny, < 2°F! for some ny, > 2M. Since [la|lo < 2°M, we
obtain that

onga ()| = /[ la O |[Kny G+ die (1)
<l [ [, 40| i)
Iy

- 22M/ ‘Kmk (x +t)‘ i (1) . (5.2)
Iy

Using Proposition 4.8 and (2.2), we get that

‘Kmk _L 2AK o +24K 5 +24 ZDzk
nSk A=1 k=l;k
c S o0
<o D 24Ky +2Kys +24 Y Dy
A=1 k=l
and
o ( ! )
anska(x)‘fy 2 Z/ 2K iy (1) dpa (1)
A=1"1m
2
2M 2M & 212
+§ Z ] Ko (v +1)dp (1)
A=1"YM
1
oM (8 g
+5 (2 Z/I ZAZDzk(x+t)dM(t)
A=1YM k:lj‘
If we define
I, (x) i= 2M/ 2K s (x+ D) du (), a=1 or a=1
In
o
% (x) := 2M/ 243 Do (x + 1) dp (1),
5 N k; ) M
A

then, from (5.2), we can conclude that

1 2 1
2M s s s

0@ ()] = 5 | 2o 0+ DI 0+ DI @
A=1 A=1 A=1

W Birkhauser
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M rl rZ }’I

2 s N s

sup Ong, (x)‘ =5 ZH}Q x) + ZH}; (x) + ZIII% (x)
ZSSHSk <2s+1 A=1 A=1 A=1 A
Hence,
172
/7 sup On,, a (x)‘ du
Iy 23'5115},{<2°'Jrl
2M/2 r.l r2
s 172 s 172
1 1
=S Z/T‘Ili(x)‘ dM+Z/T m | dp
A=1""'M A=1""'M
1
rg
$ 1/2
+Z/;‘II% (x)) du | . (5.3)
am et

Since sup, 7! < r < oo,
that Theorem 3.1(a) is proved if we can prove that

2 172 1
/7‘1112@)‘ dp<c<oo, A=1,....r

RN 5.4
In
and
| 1/2
[ ’Has (x)) du < ¢ < oo, (5.5)
m A
forallal, =15, A=1,....,rlanda’, =1, A=1,...,r2 Indeed, if (5.4) and
(5.5) hold, from (5.3), we get that
172
/7 sup Unska(x)‘ du
Iy nsk22M
1/2
o0 [¢) CZM/Z
< Z/T - sup 1 ané_ka(x)‘ du < Z XIE < C < 0.
s=M Y Im \ 25 <ng <25+ s=M

It remains to prove (5.4) and (5.5). Let

tely and x € 141 (ex +ep).

) Birkhauser
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fO<k<l<oay <M or 0<k<l<M<aj,thenx+t €l (e + e)and
if we apply Lemma 4.3, we obtain that

Ky, (r+1 =0 and H}d (x) =0. (5.6)

Let0 <k <af <I < M.Then, x +1t € I (e + ¢) and if we use Lemma 4.3,
we get that

2% Ky (x+1) < 20tk
so that
Hj[; (x) < 2%k, (5.7)
Analogously to (5.7), we can prove that if 0 < ozi‘ <k <l < M, then
2Ky (x+1) <201 € Iyx € Iy (e +en)
so that
H;i (x) <224t ey, x € lip (ex+e). (5.8)
Let
tely and x € Ip(eg).

Let0 <k <oy <Mor0 <k <M < aj.Since x +1t € x € Iy(ex) and if we
apply Lemma 4.3, we obtain that

2% Ky (41 < 20atk
and

Hii (x) < 2%atk, (5.9)

LetO <oy <k < M.Since x +1t € x € Iy(ex) and if we apply Lemma 4.3, then
we find that

s 2 s
24K s (x +1) =27
and
I, (x) < 2%, (5.10)

W Birkhauser
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Let0 < o)y < M. By combining (2.1) with (5.6)~(5.10) forany A =1, ...,s we
have that

/,M

o (x)‘

=k+1

1 1/2 = 1
I (x)‘ dut Y / i, (x)(
k=0 M

Iy (ex)

/11+1 (exter)

otA—lM 1 M— 2M 1

Z li11(ex+er) Z Ii41(ex+er)

k=0 I=a? k=a’l=k+1

ay—1 M—1

by [ a@Rgre Y [ ot
Iy (ex) A Iy (er)

k=0 k=0

-1 pm—1 Z(aAJrk)/z M=2 M1 5o

ZZ te) DG

k=0 [= =a’+1 k:a%l=k+1

Gl ()2 Mo sa

k=0 ke=ar,

Analogously we can prove that (5.5) holds also for the case , > M. Hence, (5.5)
holds and it remains to prove (5.4).

Lett € Iyy and x € )\I;1.Ifi <[5 — 1, since x +1 € I;\];11, using (2.4), we
have that

1% (x) =0. (5.11)
A
If I, <i < M, then using (2.4), we obtain that
i .
11122 (x) < 2M/ 2l Y Dy (x+0du) < c2latt (5.12)
S T
Let0 < li < M. By combining (2.1), (5.11) and (5.12), we get that

5 12
/7 ‘HF (x)) du
Iu!' 4

-1 Mm-1

52 )

i=0 =l +1

5 1/2
Hl; (x)‘ du

M—1 M—1
s . S : 1
<c) 2040 2dp (x) < Y 202 = < € <00 (5.13)
/11\11+1 2!

—
i=l

) Birkhauser
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If M < I, theni < M <[5 and apply (5.11), we get that

5 172
/7 ‘Hl; (x)‘ du =0, (5.14)
In

and also (5.4) is proved by just combining (5.13) and (5.14) so part (a) is complete
and we turn to the proof of (b).

Under condition (3.2), there exists an increasing sequence f{oy :k >0} C
{nk : k = 0} of positive integers, such that

o
D 1AL, < ¢ < oo (5.15)
k=1
Let
Fyp = Z Aay,
{k; lag | <A}
where
! o
M= —— and qi :=2'% (Dzlofkl“ — Dzlﬂtk\) .
| Ao
Since supp(ar) = il llaklloo < 22! = pu(supp ax) =2 and

S _Jar o] < A,
2UEZN0 0 oyl > A,

if we apply Lemma 4.1 and (5.15), we can conclude that F' = (Fy, F2,...) € Hy ;.
It is easy to prove that

206l /| Ay |, e {2l o 2l — 1) k=0, 1, ...
F() =19, jé fj 20l . 2lestst — 1) (5.16)
k=0

Let 21%! < j < oy. Using (5.16), we get that

j-1 o el
~ D D, | ) 2'%
SiF =S, F+ Y Fw, =Sy F+ (2; ’Af |k\) (5.17)
ek | %k
v=2

Let 2/l < a5, < 2lewl+1 Then, using (5.17), we find that

W Birkhauser
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2l oy,
0, F = — ZSF—i—— > siF
" o j=2lkl 41
O] F (O‘k - 2‘0%') SZ|"‘k| F 2l &
", o, A, 2 (Pr= Do)
j=2lel 41
=TI, + 1L, + I1I5. (5.18)

Since

Djiom = Dom +w,, D;, when j <2,

we obtain that

a, _ole]

2ol Z
|A|ak|’asn = J+21% 5oy

a, o]

2ol
== Z D;

’A|0‘k|’a3n j=1

2 la]
__ = (asn _ 2|Olk|) Kas _olagl
| Al 1| s, n

(as,, _ 2\ak|> ‘ K, _ylal ‘ . (5.19)

Z [
2 |A|ak||
By combining the well-known estimates (see [9])
}|Ssz||Hl/2 <ci|IFlg,, and ||a2kF||Hl/2 <callFllg,. keN,
we obtain that
MLy, =C and [l < C.

Let 2!l < gy S, <o <o, < 2lexl+1 pe patural numbers which generates

the set

Ay = {liak’ llzak\’ L llolfkl } U { |Olk| téak‘, . tlgkl }

[ore | "okl

th
and choose number o5, = Y " | D oipn 2k, where
i

l“akl > l|ak| > l|0‘k‘ 2 > tlakl > l|0‘k‘ > llak‘ 2 > ... > l‘lak‘ > l‘“k| > 0
1 1 ot | log| —

) Birkhauser
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for some 1 < n < r, such thatll"‘k| =1[;, forsomel <u < rﬁxk‘, 1<i< rlixkl'
Since u {Ej,} > 1/2/*1, using Corollary 4.7, we get that
- 1/2
[ 5 Mz [ ou, reola
Ell E
2(2], —6)/2 1 1

(5.20)

> .
V2 (| A )2 27T 25 (| A )2

On the other hand, we can also choose number Ols,,, for some 1 < n < r, such
that t,‘f{’(l =1t, forsomel <u < rI%XkI’ 1<i< r Accordlng to the fact that

w{E;} = 1/2%3, using again Corollary 4.7 for some ak and 1 <i <r2,

get that
J,

we also

~ 1/2
G*’VF‘ d,“« = / |O-a5nF(x)}1/2

. ! 2672
V2 ([A])? 2
I

27 (| )

I \Y

(5.21)

By combining (5.18)—(5.21) with Proposition 4.6 for sufficiently big oy, we get that

/ N*VF‘l/z
G
1/2 1/2 1/2
> ||1113||1§2 — 173 — ||Hh||1§2
-1 -1
|Dtk| |HA|
> Z / ~*VF‘ dp + Z / N*VF‘ dp —2C
El Er
1/2
1 1 2 (|A|ak||)
> ————————= (P, T 7iy) —2C > ———— —> 00, ask —> o0
= 172V ek | lotie| = 8 ’ ’
27 (| Ay ) 2
so also part (b) is proved and the proof is complete. O
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