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1 Introduction

The use of nonlinear matrix models as a strong and powerful tool 1 the description of
various properties of a population with non-overlapping generations (or stages) is well
documented in Caswell’s book [1]. Indeed. in consideration of problem within population
dynamics. Guckenheimer et al. [2] used a 2 x 2 Leslie matrix model in order to study the
chaotic behaviour of a two-stage class species, Levin and Goodyvear [3] and later Levin [4]
formulated and analyzed their striped bass fishery model in terms of a nonlinear matrix.
DeAungelis et al. [5] and Bergh and Getz [6] focused on return paths and return times to
the stable equilibrium after small perturbations. A logistic matrix model was developed
and presented by Liu and Cohen [7] and applied with good results by Desharnais and Liu
[3] on the flour beetle Tribolium castaneum.

Other authors have from a more theoretical point of view paid attention to the quali-
tative behaviour of an age-structured population in unstable parameter regions, see f.ex.
Silva and Hallam [9]. Wikan and Mjoelhus [10] in case of density dependent fecundity terms.
and Wikan and Mjelhus [11], Wikan [12] in case of density dependent survival probabili-
ties. Information of general ergodic properties of nonlinear one-population matrix models
mayv be obtained in Cushing’s papers [13, 14] and in Crowe [13]. and most interesting, it
has recently been demonstrated by Cushing and collaborators (see Cushing’s book [16])
that 3 x 3 matrix models indeed may be used in order to predict nonstationary and even
chaotic behaviour of laboratory populations (flour beetles).

The purpose of this work is to extend results from the previously quoted “one-population
papers” by considering a discrete nonlinear age-structured prey-predator model formu-
lated within the framework of Leslie matrices. The main question which we consider is
to reveal what kind of qualitative dynamical changes a discrete age-structured prey pop-
ulation may undergo by including a certain number of predators from an age-structured

predator population. More specific:

(1) What kind of qualitative behaviour will the prey and predator exhibit outside the

stable parameter region?






(2) Given that the prey, in absence of the predator. exhibits almost periodic chaotic
oscillations, what effects (stabilizing or destabilizing) will the inclusion of a certain

number of predators have, and what about the periodicity?

Is it possible to stabilize a “chaotic prey population”™ by adding a sufficiently large

number of predators?

In this paper. the questions above shall be answered by considering density dependent
(vear-to-vear) survival probabilities and constant fecundity terms. In a forthcoming paper

densitv-dependent fecundities shall be considered.

2 The Model

Let X = (21.yan)T

consist of n nonoverlapping age classes of the prev population and
let y = (y1,...,ym)T be m nonoverlapping age classes of the predator. Define the prey-
sredator vector z = (X, . Then we express the relation ‘een z at two consequtive
predator vector z x,y)?. Then we ex tl lation between z at t t

time steps (vears) t and ¢ + 1 as
Zi41 = Az, (1)
where the transition matrix A i1s of a block diagonal form

(A0
A‘(o ‘42>

where the two blocks A; and 4, are of dimension n X n and m x m, respectively. Further

—
8]

we let each of these blocks have the structure of a Leslie matrix. We define the prey block

fl fn

p 0 ... 0
0 ... 0 poy O






and the predator block

gl 5B o f/m
41 0 oo o 0
O L) O Gm-1 0

where f; and g; are the fecundity elements for the prey and predator, respectively, and p,
and ¢; denote the corresponding yvear-to-vear survival probabilities.
The matrix elements may be density dependent or not. In consideration of one-

population models of the form

Tipr = A7y (:

(@21}
S

the usual approach has been to include density effects in the fecundity terms f and not
in the year-to-year survival probabilities, cf. [3], [4], [9], [10], and [17]. Especially in
fishery models, this has often been motivated by the fundamental assumption that most
density effects occur within the first year of life. Another strategy is to consider density
dependent survival terms, cf. [11] and [12], and as mentioned, this is the strategy which

we shall adopt in the prey—predator model (1).

2.1 Density-dependent survival probabilities

In this section we apply the following specifications for the prey:

0 p=1 - ,
fi= { F; (constant) i=2,...,n 65)
pi =pi(z,y) = B(1 —42)""(1 = 4By)Y* i=1,.,n-1 (6b)

and in the predator block we define

0 Pl
gi = { J 9 (7a)

(G (constant) j =2,...,m

g =gq(z,y)=Q;1 - Q-1 —-v00)") j=2,.,m-1 (7b)






where F; and G, are the density independent fecundities for the prey and predator, re-
spectively, and P; and Q; the density independent part of the vear-to-year survival proba-
bilities. x = Y 2:, y = Y. ¥i, 7 < 0. The parameter 3 > 0 which shall be our bifurcation
parameter describes the coupling between the prey and predator. When J — 0 it is
clear from (7b) that the predator will die and consequently that (1) is nothing but the

one-population model

0 £ ... i
€2 pr 0 0 T
g f s (8)
Uy, : v,
0 O 50 o Pn-1 0

where p; = Pi(1 — vx)'/".

The model (8) has been studied in [11] and later by Wikan [13] and one important
conclusion from these studies is that the nonstationary dynamics has a strong resemblance
of 4-cycles, wither exact or approximate. An interesting question is how this dynamics
will change as we start is how to increase 3 in (1) under the specifications (6) and (7).

However, let us first show that the general model (1) (under the assumptions above)

possesses a nontrivial equilibrium. To this end, assume

n—1 m—1

iF,‘H)l i:G;HQJ‘>1 (9)
i=2 =1 i=2  j=1

From the prev block in (1) we have

il n—2
[M7) re + (I[P ) Fow ™+ + P =1 =0 (10)
=1 =il

where w = [(1 — qz)(1 —~8y)]*/".

Since there is only one change of sign in (10). we may by applving Descartes’ rule of
sign, cf. [19]. directly conclude that there is only one positive real root w of (10), hence
there must be a unique correspondence between z and y.

Now, consider (cf. the predator block in (1))
m—1

HQi Guu™ 4.+ 0Gou =1 (11)
i=1
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where

and

1 Yy >
alr)=—|(1—
( ) "/‘3 ( 1 = Qiqr

where 7 is the positive real solution of (10).

Here we may notice that @ — 0 implies that the left-hand side of (11) — 0 and if «
becomes large it follows from (9) that the left-hand side of (11) is greater than 1. Finally.
if we regard the left-hand side as a function of x, say v(z). it is immediately clear that
v'(2) > 0 which proves that o = 2™ is uniquely determined from (11).

The relations between the total population and the various age classes at equilibrium

are
. L . - K o 12
D YT R VAN .

where ([ =p]...pj_; and k; = q] ... q;_;.

Our next goal is to study stability properties and the qualitative behaviour of the
populations in unstable and chaotic parameter regions. In order to do so we restrict the
analysis to two age classes for both the prey and the predator (that is . = m = 2) and

we let v — 0in (6) and (7). Then we are left with the map

f:R*= R* (21,79,y1,y2) — [Foxy, Pe™ (z+8y) 4 Ggyg, Qe ¥(1 — e~ )yl]

(13)
The equilibrium is
; F oo e 1 , G, 1 ) (14
= I — i A % =
ST 6 2= 1T R, e e R I )

= 213- (In(PF,) — 7]

and z™ must be obtained by means of numerical methods from the equation

QGo(PFy) P /A7 (] — =F=") = ]






By use of standard linearization techniques, see [1]. the eigenvalue equation may, after

some algebra, be cast in the form

Mg+ +azd+as=0 (15)
where
P 0N
==+
: 2 Gy
TN 5 B0z
(nga'§+yf—2+ﬁé,‘)(l—3“)+%e J
L TSt a2y, LIV P e G,
az=— L UL T g gy T g gy 320, Tym e (1 +

as=1— (27 +y7) + 2iyi (1 — 8°) + B*QGaajyfe™
The fixed point (12) is locally stable as long as the spectral radius of (15) is less than
unity.

When 8 =0 map (13) becomes
(I]..’l'g) = (Fz.’l'-z. Pﬁ_r;l'l) (16)
and it was proved in [11] that the corresponding fixed point (Z1,7>) is stable whenever

1
P < E62(1+Fz)/Fz (17)

and undergoes a supercritical Hopf bifurcation as (17) is violated. Moreover, at bifur-
cation, the dominant eigenvalues cross the unit circle close to the imaginary axis, which
again implies that the dynamics in unstable and chaotic parameter regions has a strong
resemblance of 4-cycles, either exact or approximate. .

Next, consider the fixed parameter se P = 0.6, F, = 25. Then the prey will exhibit
chaotic oscillations, cf. [I1]. Now, introduce the predator parameters Q) = 0.6, G, = 12.
Starting with 8 = 0, our goal is to reveal what kind of qualitative changes the prey (and
the predator) will undergo as we increase the number of predators in the model (13) by
increasing the coupling parameter 3.

When 8 = 0.10 the prey (and also the predator) is still in the chaotic regime. This is

exemplified in Figure 1. Note that each of the four disjoint subsets of the chaotic attractor






is visited only once every fourth iteration so clearly the attractor has a 4-period structure
which is qualitatively similar to the case 5 = 0.0, cf. [11].

As we continue to increase the coupling parameter the chaotic atiractor disappears
and we enter a part of the unstable parameter region where the attractor is a stable exact
periodic orbit of period 4-2%, & = 0,1,2, ..., where k becomes smaller as .3 becomes larger.
Thus an increase of J leads to the period doubling route to chaos in the opposite direction.
In Figures 2a and 2b we show an exact 4-period orbit (k = 0) for both the prey and the
predator. Through further enlargement of 3 the dynamics is restricted on an invariant
curve but on this curve the original map (13) is topologically equivalent to a circle map
with rotation number close to 1/4, hence the dynamics now is an almost four period orbit.

When g = 0.28 the dominant complex eigenvalues A become less than unity so con-
sequently, the fixed point (27, 23,97, y5) of map (13) becomes stable. At this point 11
parameter space. y= = 0.532™. It 1s a well-known fact from the literature that an increase
of the number of predators in a prev—predator model may act as a stabilizing effect, cf.
[20]. [21], and [22]. Thus, what we have demonstrated in our model is that increased
predation may indeed be a strong stabilizing effect, it is capable of bringing a system
from chaos to stability.

Now, in order to explain the 4-periodic behaviour of the prey—predator system, assume
for a moment that 8 > 0.28. Then by decreasing 3 to the value 0.23 the Jury expression.

see [19]

S5 =](1=a2)? = (az — aya))| — |(1 — ay)*(@2 — agay) — (a3 — ayay)(a; — aqaz)]
(18)
fails to be positive, thus (z7,23,y7,y;) undergoes a (supercritical) Hopf bifurcation at
instability threshold. Consequently, for § < 0.28, |G — 0.28] small. the dynamics is

restricted on an invariant curve and (13) is nothing but a circle map on the form

bd
0—>9+c——(—u (19)

a
where b and ¢ = arg A give asymptotic information on rotation numbers, © = bifurcation

parameter, d = (d/du)|A(0)], @ is the stability coefficient, cf. [23].






At our bifurcation, 8 = 0.28, the spectral radius is A;» = —0.0216 £ 0.9993:, hence
¢ = 7/2 which means that the rotation number ¢ ~ 1/4 which again implies an almost
four period orbit. Then by further decrease of 3 the exact four period orbit is established
due to frequency locking.

As mentioned. if 8 = 0.0 the predator will die and with our choice of prey parameters
map (16) gives a chaotic attractor with a four periodic structure. Thus another way of
implementing our results so far is that although the predator may stabilize the prey, the
predator is not capable of altering the periodicity of the prey dynamics in any substantial
way, that is as long as y= < 1/2z~ (roughly!). This suggests that periodic oscillations of
low period observed in nature for many species (especially small rodent populations, see
[20]. [21] and [22]) is not caused by any external force (predators) but that the populations’

“own” parameters are the important ones.

Our next question is concerned with the dynamics when 3 is further enlarged. In the
interval 0.28 < 8 < 1.41 the fixed point (x7, 23, y7,y5) is stable but when 3 superceedes
1.41 the fixed point undergoes another (supercritical) Hopf bifurcation as the Jury ex-

pression
S3=1—|a4] (20)

fails to be positive. The values of the quantities 53 and S5 are shown in Figure 3.
The stable parameter region corresponds to the case where both 53 and S5 are positive.
When 53 fails to be positive. y* = 2.252~, the dominant modulus 1 eigenvalues are
Azq = 0.6753 £ 0.7356: and clearly we have now entered a region iu parameter space
where an increase of the number of predators acts as a destabilizing effect. Note that the
location of Az 4 in the right half plane is far away from the axes. This location excludes
periodic dynamics of low period, exact or approximate, hence the onlv outcome in the

unstable parameter region § > 1.41, |8 — 1.41| small is a quasistationary orbit with a

10






possible long periodic behaviour. For example. we have verified numerically that there
exists a small “3-window”™ where the dynamics is an exact 14-period orbit.

In case of higher 3 values the prey—predator system returns through the Curry and
Yorke route [24] to chaos. In Figure 4 we show the chaotic attractor in the case 8 = 2.0.
Note that there is no sign of any periodicity which is in sharp contrast to the situation 1n

[igure 1.

Although the conclusions above are based upon one parameter set only they illustrate
a fairly general principle. Starting with a prey population which exhibits exact or almost
periodic oscillations of low period. the inclusion of a predator in the model is capable
of stabilizing the prev, but as long as the spectral radius of (15) is located outside the
unit circle the predator is not capable of altering the period of the oscillations in any
substantial way. This is strongly related to the fact that the dominant eigenvalues enter
the unit circle close to the imaginary axis.

In Table 1 we show where the spectral radius enters the unit circle (column 4) for
several different choices of (7,.

Table 1 (last column) also show the location of the dominant eigenvalues at the second
instability threshold 8,. These computations suggest that in case of 3 > 3, the dynamical
behaviour must be qualitatively similar to the case already discussed. This result has also

been verified through several numerical simulations.

Finally, let us close this section with a few results obtained by considering F, values
that satisfy Equality (17), which means that the prey in absence of the predator possesses
a stable fixed point. As expected. with this choice of F}, predation acts as a destabilizing
effect only and by increasing the coupling parameter  the fixed poiut eventually becomes
unstable through a (supercritical) Hopf bifurcation as the Jury condition (20) fails to be

positive. The locations of the dominant eigenvalues at bifurcation are similar to what

11






Table 1: Parameter values and location of dominant eigenvalues at the two bifuraction
thresholds. Starting with chaotic prey osaillations 5 = 0. F, = 25. P’ = 0.6. 3, 1s the J
value where (2], 23.y;.y5) becomes stable. A, the corresponding dominant eigenvalues.
3, 1s the 3 value at the second instability threshold where the eigenvalnes leave the unit
circle. Az 4 is the corresponding spectral radius.

F-g (_1'_) = (_) /31 /\1‘2 32 ,\3._1

25 2 0.6 3.42  —0.036 £0.9999: 18.36 0.9522 = 0.3079:
25 6 0.6 051 —0.019£0.9998: 227 0.7786 = 0.6172¢
25 12 0.6 0.28 —0.0216 £0.9993: 141 0.6752 = 0.7256;
25 I8 0.6 0.21 —=0.0294 £0.9999: 1.17 0.6235 = 0.7775¢
25 25 0.6 0.77 —0.5128 £0.8609: 1.05 0.583]1 = 0.810&:

has been found in the previous case (F> = 25). A numerical example: [, = 12. G, = 6.
P=0Q=006,3=3,=213 = A3, = 0.8340 £ 0.5559:. Counsequently. there is no major

change of qualitative behaviour in the case 8 > 3,.

3 Discussion

Up to this point we have studied the model (13) which is a special case of the four-

dimensional map (see (6) and (7))

(1.2 Y1, y2) = (F241'2~ Bl ’/4")1/7(1 - "/,3.9)1/741'1‘ Gy,

(21)
QU1 =) [l = (1 = 482) " y)

and when 3 — 0. map (21) degenerates (see (8)) to the one-population model

(r1,22) = (Foxy. P(1 — A,';r)l/"'l'l) (22)
So far. we have covered the case v — 0. In [18] it was proved that whenever
Fy

N 23)
2= T 0T By (23)

then, in case of sufficiently large F, values, the fixed point of (22) will undergo a super-
critical Hopt bifurcation at instability threshold and moreover that the nonstationary

dynamics has a strong resemblance of 4-cycles.

12






Our first goal in this section is to reveal the dynamical properties of (21) when we

restrict 4 to the interval 4. < v < 0. The conclusion (mainly based nupon simulation
results and Jury condition calculations (cf. (18) and (20))) is that the qualitative picture
found in the case 5 — 0 also takes over to the interval 4. < 4 < 0. Thus. starting with £’
and F, values which in the absence of predators imply prey oscillations with period >~ .
an increase of 3 eventually results in a stable fixed point (27,23, y7.y3) but as long as the
spectral radius of the linearized map is outside the unit circle the period of the oscillations
is not altered in any substantial way. Large values of 3 also imply noustationary dynamics.

but also in this part of parameter space the dynamics is similar to the case 4 — 0.
—O_—

Our next goal is to study the dynamics when 4 < 4.. To this end. suppose v = —1.

Then we are left with the map

P Q 1
Ty d . ~ Un)) = JEar: = A8 (‘;) Do ] — - |
(21, 72.91,42) < '12(1+J‘)(1+jy)ll' 2Y2 1+y< l+,f.r>y1> o

which possesses the unique nontrivial equilibrium:

. Iy . 1 . . Gy . . l . (25
V= 8 o 7 =—— = - 7
1T TF R T IR S e O g
1 PF; . _ =b—=b* —4dac
U = — = T =
J 8 \1+a~ ! 2a

where « = 32— 38— 32QG,. b= 3>— 1+ B3PF, - 3?QG,, and c = 3+ PF, ~ 1. Note that

when 3 — 0 the corresponding one-population model becomes

(z1,72) = (FQIQ. : il‘ 11> (26)
and it was proved in [18] that the fixed point (Z;,Z2) of (26) is always locally stable.
This implies that in case of small values of 3, the fixed point (23) is also locally stable.
hence the pronounced 4-periodic dynamics is absent. The question now is if it is possible

to obtain any periodic dynamics by increasing 3 to a level where (23) becomes unstable.

The eigenvalue equation of the linearized map becomes

M+ a4+ a4+l +a=0 (

(§V)
=
S

13






where

oo Y
Fl+27) Gyl +y)
Y1 l o
Uy = - -+ = - S
FoG(1+ 7)1 +y*)  FGhr(1+ Bx)(1 + By)
asz = st T = ﬁl}gf ;
T a1+ Bx) (1 + By™)  Gax=(1 4+ Ba=)(1 + 3y7)
R N
"R+t GOt +y) B+ il +y)
Gi=1— &5 Y1 L FETh N Basys

Lo T4y (L+ar)(L+y) - a1+ Bam)(1 = 3y7)

and by applying the Jury conditions on (27) we have verified numerically that the spectral

radius of (27) is located within the unit circle for all combinations of the paraineters, hence

provided the relations (9) are satisfied the only dynamics of map (24) is stable fixed point.
Finally, to close the discussion. let us consider a mixed choice of overcompensatory

and compensatory survival probabilities. 1.e. let us examine the model

¢ —(z+5y ‘ Q l o
(21,22, Y1, Y2) — (Fsz-, Pe! J)-l"la Gya, == Y1 (28)
_ B 1+ 3z

which possesses a unique nontrivial equilibrium where the values of the total prey and

predator populations are

_ u? + 45v
B 23

where
u = BIn(PF,)+ %1 - QG,y) -1
v=In(PF)+ 0
and
N .
v = =[In(PF,) — a7
Jé}
The analysis of map (28) follows the same pattern as of map (13): we use fixed pa-
rameter values F, and P which ensures that the prey in absence of the predator is in the
chaotic regime and exhibits almost periodic oscillations with period close to four. Then we

look for qualitative changes of the prey population by increasing the coupling parameter

14






3. Stability properties of the fixed point (27, 3. y;.y5) of (23) revealed by use of the Jury

criteria on the eigenvalue equation

MtraM+ el +arta=0 (30)
where the coefficients are
oy Wy
al e .__1 + ._'__1._*
Fz (,72(] S y')
. r1Y1 U S e
)y = — =

L
1'1-2(_1'»_)(1 -+ y*) ‘ 1 + y' } Fg(rvg.l'x(l + .’3.1")

Y ay o ay 1 , Brly; I 27
= (1+y7) <6—_> i o G-g) N a=(l + Ba~) <G2 B F) AN
Br7y;
.’I."(l + ,‘7}1"‘)

-
ay=1-—a7+ 1ily (x7— 1)+

The results of the analysis are very similar to what was found from map (13). Starting
with 8 = 0. an increase of the coupling parameter acts as a stabilizing effect but as long as
the population(s) is in the unstable parameter region, the initial four-periodic behaviour
is not altered in any substantial way. Stability is achieved at a certain threshold 8, and
there is clear numerical evidence that (the number of predators/the number of prey) is
larger here than in the case where overcompensatory survival probabilities were used for
both the prey as the predator.

As we continue to increase 3 we soon enter a part of parameter space where the increase
acts as a destabilizing effect and at the threshold [, a secondary Hopf bifurcation occurs.
(The interval (8, 3,) is smaller than the corresponding interval of map (13).) Beyond
3, there is no evidence of periodic dynamics of low period, a conclusion which is based
upon the location of the dominant eigenvalues at bifurcation threshold. If we use the
parameters P = () = 0.6, F, = 25, (G, = 12, we find that 3, = 0.26 with corresponding
modulus 1 eigenvalues A, = —0.03058 £+ 0.99934: and B, = 0.83 with corresponding

modulus 1 eigenvalues A;, = 0.77621 = 0.63334..







The purpose of this paper has beeu to reveal possible qualitative dynamical changes
of a discrete age-structured prev population as it is exposed to predation {rom an age-
structured predator population. By use of compensatory survival probabilities for both
species the only stable attractor found is the fixed point (2].23.y7. ¥ 0. thus in this case
the predator is not capable of altering the prev dvnamics.

Oun the other hand, if we use overcompensatory survival probabilities for both species.
or overcompensatory survival for the prev and compensatory survival for the predator.
we have found that in case of small values of 3. an increase of the coupling parameter
acls as a stabilizing effect. and i case of large values of J. a furthier increase acts as a
destabilizing effect. Thus as shown in these cases the dyvnamics mayv vary from a stable
fixed point to chaotic behaviour. Moreover. we have found that the onlv 3 interval where it
is possible to obtain periodic dynamics of low period (either exact or approximate) is when
0 < J < ). and further that the predator is not capable of altering this periodicity. These
findings have important biological consequences. There are several examples in nature
of species that exhibit almost exact low periodic oscillations. Especially small rodent
populations in Fenno-Scandinavia have this property, see [23]. The most famous example
1s the Norwegian lemming cycle. It has been proposed that predators are responsible for
such low period cycles. The results in this paper suggest that such « hyvpothesis must be

false.
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Figure Captions

Figure la:

Figure 1b:

Iigure 2:

Figure 3:

Figure 4:

The prev in the chaotic regime. Each of the four disjoint subsets of the attracto
is visited once in each cycle. Parameter values: F, =25, P = Q = 0.6. G, = 12.

8 = U,10.
The predator in the chaotic regime. Same parameter values as i Figure la.

An exact four period orbit. (a) prev, (b) predator.. The dynamics goes clockwise.

Parameter values as in Figure 1 except 3 = 0.22.

The Jury quantities S3 (A) and S5 (B) (cf. the main text) as function of 8. The

fixed point is stable as long as both S3 and S5 are positive.

(a) The prey, and (b) the predator have reentered the chaotic regime. Parameter

values as 1n Figure 1 except g = 2.0.
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