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Abstract

This paper is devoted to the study of multigraded alge-
bras and multigraded linear series. For an N°-graded
algebra A, we define and study its volume function F, :
N} — R, which computes the asymptotics of the Hilbert
function of A. We relate the volume function F, to the
volume of the fibers of the global Newton-Okounkov
body A(A) of A. Unlike the classical case of standard
multigraded algebras, the volume function F, is not a
polynomial in general. However, in the case when the
algebra A has a decomposable grading, we show that the
volume function F, is a polynomial with nonnegative
coefficients. We then define mixed multiplicities in this
case and provide a full characterization for their positiv-
ity. Furthermore, we apply our results on multigraded
algebras to multigraded linear series. Our work recovers
and unifies recent developments on mixed multiplici-
ties. In particular, we recover results on the existence
of mixed multiplicities for (not necessarily Noetherian)
graded families of ideals and on the positivity of the
multidegrees of multiprojective varieties.
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1 | INTRODUCTION

The main goal of this paper is to study and extend the current theory of graded algebras of
almost integral type and graded linear series to multigraded algebras of almost integral type and
multigraded linear series, respectively. The asymptotic behavior of graded algebras of almost inte-
gral type and graded linear series was extensively studied in the foundational papers of Kaveh
and Khovanskii [21] and of Lazarsfeld and Mustata [25]. Following ideas from seminal works of
Okounkov [29, 30], the authors of [21] and [25] associated a convex body A(A) to a graded algebra
A equipped with a valuation with one-dimensional leaves. The convex body A(A) is called the
Newton-Okounkov body of the algebra A. One of the main results of [21, 25] relates the asymptotic
growth of the Hilbert function of a graded algebra of almost integral type with the corresponding
Newton-Okounkov body.

More precisely, let k be an algebraically closed field and F be a field containing k. Recall that
a graded k-subalgebra A C F[¢] of the polynomial ring in one variable is of integral type if A is
finitely generated over k and is a finitely generated module over the subalgebra generated by [A];.
A graded k-algebra A C F[t]is of almostintegraltypeif A C B C F[t], where B is a graded k-algebra
of integral type. Then, one has the following theorem.

Theorem 1.1 [21, 25]. Let A C F[t] be a graded k-algebra of almost integral type, and let q =
dimg (A(A)). Then, the Hilbert function of A has a polynomial growth. Moreover, the main term
of asymptotics has degree q and its coefficient is given by the volume of A(A).

We generalize Theorem 1.1 to a far-reaching general case of algebras of almost integral type. We
consider an arbitrary field k (not necessarily algebraically closed), and we replace the field F with
any reduced k-algebra R. We also relate the dimension of the Newton-Okounkov body of A C R[]
to the Krull dimension of A.
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Theorem A (Theorem 3.6). Let k be a field and R be a reduced k-algebra. Let A C R[t] be a graded
k-algebra of almost integral type. Suppose d = dim(A) > 0. Then, there exists an integer m > 0 such
that the limit

i 3 ((ALm)

eER
n—oo nd—l +

exists and it is a positive real number.

We prove this result by analyzing the graded algebras equipped with a valuation having leaves
of bounded dimension. In particular, we show that any algebra A C R[¢] of almost integral type
has a valuation with bounded leaves (Proposition 3.13). Our treatment of singly graded algebras
also profited from the works of Cutkosky [9, 10].

We now focus on our developments of the multigraded case of algebras and linear series.

1.1 | Multigraded algebras of almost integral type

Here, we describe our main results regarding arbitrary multigraded algebras of almost inte-
gral type.

Let k be an arbitrary field and R be a k-domain. Our results, in principle, could cover the case
when R is an arbitrary reduced ring (see the general reductions used in Section 3); however, in
doing so, the notation would be quite cumbersome in the notion of volume function that we
define below.

First, we introduce our main object of study, which provides the multigraded extension of
graded algebras of almost integral type (as introduced in [21]). Let ¢4, ..., t, be new variables over
R and consider R[t}, ..., t,] as a standard N°-graded polynomial ring where deg(t;) = e; € N® and
e; denotes the ith elementary vector (0, ..., 1,...,0). We have the following notions.

(i) An NS-graded k-algebra A = @, \s[Aly CRIty, ..., L] is said to be of integral type if A
is finitely generated over k and is a finite module over the subalgebra generated by
[Ale, [Ale,s - [Ale,-

(ii) An NS-graded k-algebra A = @, \s[Aln C RIty, ..., t;] is said to be of almost integral type if
A C B CR[ty,...,t5], where B is an N’-graded algebra of integral type.

Let A C R[ty, ..., t;] be an N®-graded algebra of almost integral type. To simplify notation, we
also need to assume that [A]el_ # 0forall1 < i < s.One has that the Krull dimension of A is finite
(see Theorem 2.5), that is, dim(A) < co. Let d = dim(A) and g = d — s. Our main focus is on the
volume function of A, which is defined as

@

Fy:7, >R, F,(ny,..,ny) = nh_)nolo "

As a direct consequence of Theorem 3.11, we obtain that the limit defining the volume function

F , always exists. Note that, when A is a standard N*-graded algebra, then the volume function F 4
encodes the mixed multiplicities of A (see Remark 4.1).

In a similar fashion to [25], we relate the volume function F, of A to a global Newton-

Okounkov body that we define below. For that, we can safely assume that R is finitely generated

over k (see Remark 3.4) and that there exists a valuation v : Quot(R) — Z" with certain good
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40f38 | CID-RUIZ ET AL.

properties (see Proposition 3.13). Of particular importance is the fact that the valuation v has
leaves of bounded dimension. Let I' 4 be the valued semigroup of the N’-graded algebra A:

r, = {(v(a),m) e€eZ' xN | 0#£a€ [A]m}.
We define
A(A) = Con(T'y) CR" x IR;O

to be the closed convex cone generated by I', and we call it the global Newton-Okounkov body
of A. We denote the index of A by ind(A) and the maximal dimension of leaves of A by £ 4 (these
invariants refer to a uniform behavior of the Veronese subalgebras A®™ = @D, o[Al,n; for more
details, see Definition 4.10). One has the diagram below

A(A) © R x RS,

R" R,

where 71; 1 R"X R} — R"and 7, : R" X R} — RJ  denote the natural projections. We denote
the fiber of the global Newton-Okounkov body A(A) over x € Rio by A(A), = A(A) N75 L(x).

The following theorem contains our main results regarding the relations between the volume
function F 4 and the global Newton-Okounkov body A(A).

Theorem B (Theorem 4.7, Corollary 4.11). Under the notations above, the following results hold.

(i) The fiber A(A), of the global Newton-Okounkov body A(A) C R" X R coincides with the
Newton-Okounkov body A(A™) for eachn € 7’ that is:

T (AA)) X {1} = 7 (AA) N7 () x {1} = AA™) c R"x {1}

(ii) There exists a unique continuous homogeneous function of degree q extending the volume
function F y(n) defined in Equation 1 to the positive orthant RY . This function is given by

Vol (A(A),)

F,: RS - R, Xy
>0 ind(A)
Moreover, the function F 4 is log-concave:

1 1 1
F,(x+y)1 > F,(x)1 +F,(y)? forallx,y € RS-

We illustrate the concrete computation of the volume functions in Example 4.4 and Exam-
ple 4.15. In particular, we show that in general, part (ii) of Theorem B is the strongest result
that can be obtained in this setting: for any nonnegative, homogeneous of degree 1, concave
function f : R} — R, we construct an N°-graded algebra A whose volume function is f (see
Example 4.12).
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1.2 | Algebras with decomposable grading

An important question is to determine the following:
* When is the volume function F 4 a polynomial?

By mimicking the classical case of standard multigraded algebras, the existence of such a poly-
nomial yields a natural notion of mixed multiplicities for the algebra A (see Remark 4.1). It turns
out that the volume function F 4 is not always a polynomial (see, e.g., Example 4.4, Example 4.12,
and Example 4.15). However, we show that the volume function is a polynomial for the family of
multigraded algebras with decomposable gradings.

An NS-graded algebra A is said to have a decomposable grading if the equality

(A, ny,ng) = [Alpye, - [Alnye, - -+ - [Al e,

holds for each (n,, n,, ..., ng) € N°.

Now, we additionally assume that the NS-graded algebra A C R[f;, ..., ;] of almost integral
type has a decomposable grading. For each p > 1, let A\[p] = ﬂ«[[A]pel yeees [A]pes] C A be the N5-

graded algebra generated by [A] pe> s [A],. , and denote by Zf[ p] = Drens [121\[ p11pn the standard

pey’

NS-graded algebra obtained by regrading ﬁ[ ]
The following theorem deals with the case of algebras with a decomposable grading.

Theorem C (Theorem 5.5). Assume the notations above with A having a decomposable grading.
Then, there exists a homogeneous polynomial G ,(n) € R[n,, ..., ng] of degree q with nonnegative
real coefficients such that

Fo(m) = Gy(n) forall neZz:.

Additionally, we have

_ Oa, () Cay,y () ~
Gym) = lim ——— = sup ——— forall neZzZ.
p—© p1 pez, p1

We illustrate Theorem C with an example of the Cox ring of a full flag variety (Example 5.6).
Moreover, we can write the polynomial G, of Theorem C as follows:

G,(n) = Z %e(d;A)nd.
ldl=q

Then, foreachd = (d;, ..., d;) € N’ with |d| = g, we define the nonnegative real number e(d; A) >
0 to be the mixed multiplicity of type d of A.

In Corollary 5.8, we provide an extension into a multigraded setting of the Fujita approximation
theorem for graded algebras given in [21, Theorem 2.35]. We show the following equalities:

4 A d; A
e(d; A) = lim e(didp) _ sup e(d Ap)
p—oo pq pEZJr pq
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Furthermore, in Theorem 5.9, we provide a full characterization for the positivity of the mixed
multiplicities e(d; A) of A.

In our findings, we got that a number of interesting applications follow rather easily by studying
certain multigraded algebras with decomposable grading. The list of applications includes the
following.

(1) In Section 6, we recover some results from [7, 8, 11] by showing the existence of mixed
multiplicities for (not necessarily Noetherian) graded families of ideals.

(2) In Section 6.1, we provide a full characterization for the positivity of the mixed multiplicities
of graded families of equally generated ideals.

(3) In Section 6.2, we recover a classical characterization for the positivity of the mixed volumes
of convex bodies.

1.3 | Multigraded linear series

Finally, we are interested in the notion of multigraded linear series. Let k be an arbitrary field and
X be a proper variety over k. Let Dy, ..., Dy be a sequence of Cartier divisors on X, and consider
the corresponding section ring

SDy,..,Dy) = @ HX, 0D, + - +nDy)).

(ny,....,n5)ENS

A multigraded linear series associated to the divisors Dy, ..., Dy is an N*-graded k-subalgebra W of
the section ring S(Dy, ..., D). In particular, W is of almost integral type (see Proposition 7.2). The
Kodaira-Itaka dimension of W is given by

(W) = dim(W) —s,

where as before dim(W) denotes the Krull dimension of W. As simple consequence of our devel-
opments for multigraded algebras, we have the following theorem for multigraded linear series
(which we enunciate below for the sake of completeness).

Theorem D (Theorem 7.4). Under the above notations, let W C S(Dy, ..., D) be a multigraded
linear series and suppose that [W]ei # 0 forall 1 < i < s. Then, the following statements hold.

(i) The volume function

. dimy ([W]m)
Fy(m) = lim k(W)

of W is well defined for alln € Z°,.
(ii) There exists a unique continuous function that is homogeneous of degree k(W) and log-concave
and that extends the volume function Fy,(n) to the positive orthant RS .. This function is given

by

Vol (A0,

Fy : R, =R, Xe= 7
W v ind(W)
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(iii) If W has a decomposable grading, then there exists a homogeneous polynomial Gy,(n) €
R[ny, ..., n,] of degree k(W) with nonnegative real coefficients such that

Fy(m) = Gy (n)
foralln € Z%,.

Finally, in Theorem 7.5, we express the mixed multiplicities of a multigraded linear series with
decomposable grading in terms of the multidegrees of the multiprojective varieties obtained as
the image of certain Kodaira rational maps.

1.4 | Organization of the paper

The basic outline of this paper is as follows. In Section 2, we recall some important results and fix
some notations. In Section 3, we deal with singly graded algebras and we prove Theorem A. In
Section 4, we begin our study of multigraded algebras and we prove Theorem B. Our treatment
of multigraded algebras with decomposable grading is made in Section 5, where we show Theo-
rem C. In Section 6, we obtain some applications for the mixed multiplicities of graded families
of ideals and for the mixed volumes of convex bodies. Finally, in Section 7, we apply our results
on multigraded algebras to multigraded linear series and we prove Theorem D.

2 | NOTATION AND PRELIMINARIES

In this preparatory section, we fix our notation and recall some important results to be used
throughout the paper. We denote the set of nonnegative integers by N = {0, 1, 2, ...} and the set
of positive integers by Z, ={1,2,...}. Letd > 1. For a vector n = (n,, ...,ny) € N¢, we denote by
In| the sum of its entries. We also denote by e; € N the ith elementary vector (0, ..., 1,...,0). For
n=(n,,..,n;)andm = (my, ..., my) inN¢, we writen > mifn; > m; forevery1 < i < d. Thenull
vector (0, ...,0) € N? is denoted by 0 € N¢. Moreover, we writen > 0ifn; > Oforevery 1 < i < d.
We also use the abbreviationsn! = n;!--- nj! and n™ = n:"‘ n;"d.

‘We first describe the notions and methods of Newton-Okounkov bodies and recall some impor-
tant results from [21]. Let d > 1. Suppose that S ¢ z9+! is a semigroup in z¢*!. Let 7 : R4l - R
be the projection into the last component. Let L = L(S) be the linear subspace of R4*! that is gen-
erated by S. Let M = M(S) be the rational half-space M(S) := L(S) N ﬂ_l(RZO) =L(S) N (R4 x
R.), and let oM, = dM N 79+1, Let Con(S) C L(S) be the closed convex cone that is the closure
of the set of all linear combinations ) ; A;s; with 5; € S and 4; > 0. Let G(S) C L(S) be the group
generated by S.

We say that the semigroup S is nonnegative if S C M; additionally, if Con(S) is strictly convex
and intersects the space dM only at the origin, then S is strongly nonnegative (see [21, Definition
1.9 and §1.4]).

Following [21], when S is nonnegative, we fix the following notation:

— [S], :=Snxi(n) =Sn(2z¢x{n),

- m(S) :=[Z : w(G(S))],
- ind(S) :=[dM, : G(S)ndM],
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- A(S) := Con(S) n 7~1(m(S)) (the Newton-Okounkov body of S),
- Vol (A(S)) is the integral volume of A(M, S) (see |21, Definition 1.13]); this volume is computed
using the translation of the integral measure on oM.

The following result is of remarkable importance for us.

Theorem 2.1 Kaveh-Khovanskii [21, Corollary 1.16]. Suppose that S is strongly nonnegative. Let
m = m(S) and q = dimy(A(S)). Then

i #[S),m  VOlg(A(S))
it g ind(S)

ForasubsetU Cc Sof Sandn € N,wedefinen x U := {Z?:l u; | Uy,...,u, € UL Forp €N,
we denote by S, p» the subsemigroup of S generated by [S],, that is,

[§p]np =nx [S]p and [§p] = 0 if p does not divide n.

n

The following approximation theorem relates the semigroup S with the semigroups s pm for p big
enough.

Theorem 2.2 [21, Theorem 1.27; 25, Proposition 3.1]. Suppose that S is strongly nonnegative. Let
m = m(S) and q = dim(A(S)). Let € > 0 be a positive real number. Then, for p > 0, the following
statements hold.

() dimg(AGS,,) = g
(i) ind(S,,,) = ind(S).
(iii) We have the inequalities

#[S #(n % [S] #[S
lim P i #lnx [Slpm) < lim FShm,
n— oo nd n— oo ndp4 n— oo n4

‘We now briefly recall Minkowski’s theorem and the notion of mixed volume of convex bodies.
Let K = (K, ..., K;) be a sequence of convex bodies in R%. For any sequence 1 = (4, ...,4,) € N*
of nonnegative integers, we denote by AK the Minkowski sum AK :=4,K; + -+ + 4K, and by
K, the multiset K; :=J;_, Ujizl{Ki} of 1; copies of K; for each 1 < i < s. Below is the classical
Minkowski’s theorem (see, e.g., [31, Theorem 5.1.7]).

Theorem 2.3 (Minkowski). Vol;(AK) is a homogeneous polynomial of degree d.

We write the polynomial Vol;(1K) as

1

5 MV,(Kq) A9,

Vol,UK) = )’

deNs |d|=d

where MV ;(—) denotes the mixed volume.
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Next, we concentrate on describing the dimension of a subalgebra of an algebra finitely gener-
ated over a field. Following the terminology of [23], we say that these algebras are subfinite. Let k
be a field and A be a k-algebra. We shall always denote by dim(A) the Krull dimension of A. We
say that A is subfinite over k if there exists a finitely generated k-algebra B containing A. Denote
by J; (A) the maximal number of elements in A that are algebraically independent over k, that is,

5, (A) :=sup {d | there exists x, ..., x; € A, which are algebraically independent over [k}.

Equivalently, §,,(A4) = d if d is the largest integer such that there is an inclusion k[x, ..., x;] < A
where k[x, ..., x,4] is a polynomial ring over k.

Remark 2.4. If A is finitely generated over k, then dim(A) = §, (A). This is a classical result that
follows, for instance, from the Noether normalization theorem (see, e.g., [12, Theorem 13.3]).

The following theorem extends the above remark to algebras that are subfinite over k (cf. [14]).

Theorem 2.5 [23, Theorem 4.6, Corollary 4.7]. Let A be a subfinite algebra over k. Then, the
following statements hold.

(i) dim(A) = 5, (A).
(ii) IfB D A is a subfinite algebra over k, then dim(B) > dim(A).

3 | SINGLY GRADED ALGEBRAS OF ALMOST INTEGRAL TYPE

In this section, we extend the results of [21, Part IT] regarding the asymptotic behavior of algebras
of almost integral type. Our results are slightly more complete than the ones in [21, Part II] with
respect to the following points.

(1) We consider an arbitrary field k instead of assuming that k is algebraically closed.

(2) We substitute the field F by any reduced k-algebra R.

(3) We show that the asymptotic growth of an algebra of almost integral type is determined by its
Krull dimension.

Similar results to the ones in this section were also obtained in [10] for graded linear series.

Let k be an arbitrary field and R be a reduced k-algebra. Let R[t] be a standard graded
polynomial ring over R. Below we introduce the notion of almost integral type in our current
setting.

Definition 3.1.

(i) A graded k-algebra A C R[¢] is called of integral type if A is finitely generated over k and is a
finitely generated module over the subalgebra generated by [A];.

(ii) A graded k-algebra A C R[t] is called of almost integral type if A C B C R[t], where B is a
graded algebra of integral type.

Notice that, if A C R[t] is a graded k-algebra of almost integral, then dim,([A],,) < oo for all
n € Z. By definition, one has that a graded k-algebra of almost integral type is a subfinite algebra
over k. For any positively graded k-algebra A that is subfinite over k, we denote by G{(A) the
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finitely generated graded k-algebra that is generated by the graded components [A], ..., [A];, that
is,

G'(A) := K[[A]p...,[A];] C A.
First, we discuss some properties of graded k-algebras that are subfinite over k.

Lemma 3.2. Let A be a positively graded k-algebra that is subfinite over k. Then, the following
statements hold.

(i) There exists iy € N such that dim(A) = dim(G'(A)) for all i > i,
(ii) Suppose thatd = dim(A) > 0. Then there exists h € Z_ and a € R such that

dim, ([Al,,) > an™!
foralln > 0.

Proof.

(i) This part follows from Theorem 2.5.

(ii) Let C = Gi(A) such that dim(C) = d. Since C is finitely generated over k, by [15, Lemma
13.10, Remark 13.11], one has a positive integer h > 0 such that the Veronese subalgebra
CM =P [Cl,y, is a standard graded k-algebra. The ring [A], is Artinian because by
assumption, it is a finite-dimensional vector space over k. As dim(C") = dim(C) = d, by
[27, Corollary of Theorem 13.2], the Hilbert polynomial of C") has degree d — 1 and it coin-
cides with lengthy 4; ([Cl,) for n > 0. Therefore, there exists a positive real number a such
that dim, ([A],,,) > dim, ([C],;,) > an?~! for all n > 0. 0O

Lemma 3.3. Let A, B, and C be graded k-algebras that are subfinite over k. Suppose that there exists
ny = 0such that for all n > ny, we have a short exact sequence 0 — [A],, — [B],, = [C],, = 0. Then,
dim(B) = max{dim(A), dim(C)}.

Proof. After choosing some h > n, we substitute A, B, and C by the Veronese subalgebras A,
B®M and ¢, respectively. Thus, we may assume that 0 — [A], — [B], — [C],, — 0is exact for
alln > 1.

By invoking Theorem 2.5, we choose i > 0 such that dim(G/(B) N A) = dim(A), dim(G'(B)) =
dim(B), and dim(G!(C)) = dim(C). Notice that we have the short exact sequence

0 [G'(B)n4], = [G'(B)], = [G'(C)], =0,

where [S], = @f;o[s]n for any graded k-algebra S. From the above short exact sequence, we
obtain that the ideal [G'(B) n A], is finitely generated (as it is an ideal over G'(B)), which implies
that G{(B) N A is a finitely generated graded k-algebra (see, e.g., [3, Proposition 1.5.4]). We substi-
tute A, B, and C by G'(B) N A, G(B), and G(C), respectively. So, we assume that A, B, and C are
finitely generated k-algebras.

Finally, by standard arguments, we can show that dim(B) = max{dim(A), dim(C)}. We choose
h >0 such that 0 - A — B® — ¢ _ 0 is a short exact sequence of standard graded
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k-algebras (see, e.g., [15, Lemma 13.10, Remark 13.11]), and then the result follows from the
additivity of Hilbert polynomials and [27, Corollary of Theorem 13.2]. O

The following easy remark shows that we can always substitute R by a reduced finitely
generated k-algebra (cf. [21, Proposition 2.25]).

Remark 3.4. Let A C R[t] be a graded k-algebra of almost integral type. By definition, let B> A
be a graded k-algebra of integral type and suppose that f iltil s Si t'm are generators of B as a
k-algebra. Let R" C R be the reduced k-algebra generated by the elements f; , ..., f; € R.So, one
has that A C R’[t] with R being a reduced finitely generated k-algebra.

Thus, as a consequence of the above remark, we now safely assume that R is a reduced finitely
generated algebra. Hence, let py, ..., p, € Spec(R) be the minimal primes of R. Since R is assumed
to be reduced, we have a canonical inclusion R[t] & @le R/p;[t]. Let A C R[t] be a graded k-
algebra of almost integral type. For each 1 < i < 7, let B* be the k-subalgebra defined by

n .k ifn=0
[B]n"{[Mi]n itn >0, @

where M' := (Anp,R[t] NN p,_ R[t])/(A N pR[E] N - N p;_R[t] N p;R[t]). By construc-
tion, B! is a graded k-algebra of almost integral type and we have a canonical inclusion B! &
R/pilt].

Lemma 3.5. Under the above notation, the following statements hold.

(i) dim(A) = max{dim(B") |1 <i < ¢}

(ii) Foralln > 0, one has dim, ([A],) = Zle dim, ([B'],,).

Proof. For each 1 £i < ¢, we have the short exact sequence

A A

O M A PRIIN Ny RN PRI ANpRIIN -~ ARl

Since R is reduced, p;R[t] N --- N p,R[t] = 0. Therefore, part (ii) is clear and part (i) follows from
Lemma 3.3. |

The following theorem contains the main result of this section. By using the general arguments
above, the first idea in the proof is to reduce to the case when R is a domain. For organizational
purposes, in the next subsection, we encapsulate a proof of Theorem 3.6 under the assumptions
of R being a finitely generated k-domain (see Theorem 3.11).

Theorem 3.6. Let k be a field and R be a reduced k-algebra. Let A C R[t] be a graded k-algebra
of almost integral type. Suppose d = dim(A) > 0. Then, there exists an integer m > 0 such that the
limit

i 3 ((ALm)

eER
n—co nd-1 +

exists and it is a positive real number.

IpUOD pue sl 18U} 885 *[202/80/90] U0 A%iqiauliuo A1 ‘0swoiL 11N - AeMION Jo ANsieAIUN 2101 AQ 088ZT SWI(/ZTTT OT/I0pALI0D A 1M AR 1[BUI|UO-D0SUTRWPUO|//SARY WO1) papeojuMoq ‘€ ‘¥Z02 ‘05.L69rT

ol Ariqipul

@6UBD1 7 SUOWILIOD dANERID 3|qedldde ay A peusenob ae saie WO ‘@sn JO Sajni 10 ARiq 1T auluQ A3|IAA UO (SUORIPUCO-PI



12 of 38 | CID-RUIZ ET AL.

Proof. By Remark 3.4, we assume that R is finitely generated over k. Suppose that p,, ..., p, are the
minimal primes of R, and consider the algebras B’ constructed in Equation (2). Since each B! C
R/p;[t] is an algebra of almost integral type, Theorem 3.11 yields the existence of the following
limits

. dim,, ([Bi]nmi>

€ R,,
n—oo ndi—1 +

where m; = m(B') and d; = dim(B"). Therefore, after taking m = lem(my, ..., m,), the result of
the theorem follows from Lemma 3.5. O

3.1 | The case where R is a domain
The setup below is used throughout this subsection.

Setup 3.7. Let k be a field, R be a finitely generated k-domain and r = trdeg, (Quot(R)). Let A C
R[t] be a graded k-algebra of almost integral type. Let d = dim(A). Let m(A) be the indexm(A) :=
[Z : G] of the subgroup G of Z generated by {n € N | [A],, # 0}. For any p > 0, we denote by A\p

the graded k-subalgebra A p ‘=kl[[A],] C A generated by the graded part [A] . By regrading the
algebra A p» We obtain the standard graded k-algebra A p defined by [A p]n =[A p]np foralln > 0.
As customary, let

G e =D - i dim[k<[Ap]n)
eAdp) = dmiay) = "HL%W

be the multiplicity of the standard graded k-algebra A b

Remark 3.8. We fix an order on Z" that is compatible with an addition, that is, for anyn,m,p € Z"
with n < m, we have n + p < m + p. One way to do this is to fix a linear function ! on Z" with
rationally independent coefficients and setn < m < I(n) < [(m) forn,m € Z".

We assume that Quot(R) admits a valuation v : Quot(R) — Z" such that v(«) =0 for all a €
k € Quot(R). We further suppose that v : Quot(R) — Z" is faithful and has leaves of bounded
dimension. By Proposition 3.13, we can always construct such a valuation. The faithfulness of
v means that ¥(Quot(R)) = Z". For any n = (n,, ...,n,) € Z", we define K,, :={f € Quot(R) |
v(f) 2 n}and K} :={f € Quot(R) | v(f) > n}, and we say that the leaf with value n is given by

L, := K,/K}.

We say that v has leaves with bounded dimension if sup,, - (dim; (L,,)) < 0. Let £ be the maximal
dimension of the leaves of »:

= nmeazg (dimy, (Ly,))-
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For every t > 1, we define
r® = {(n, n) = (ny,...,n,n) € 2" xN | dimy, (K N [Al/KS N [A],) > t}. 3)
For any n > 0 and n € Z", one has the inequalities
dim, (K, N[Al,/K} n[A],) < dim, () < 7.
We consider the integer
£, 1= max {teN|TV ¢ {0}} < 2. (4)

Then, we have the following equalities:

dimy, ([A],,) = dim, <EB (Ka N [AL/K} 0 [A]n)>
nez’

. ©)
- ®
- 2+,

foralln > 0.
‘We have the following general lemma.

Lemma 3.9. Let S C Z" X N be a strongly nonnegative semigroup and let T C S be a nontrivial
semigroup ideal (i.e, a+ S C T foralla € S), then

@ AT) = AS),
(ii) ind(T) = ind(S),
(i) m(T") = m(S).

Proof. Let a € T be any point, then we have an inclusion a + S C T, and hence G(S) = G(T') and,
in particular, ind(T") = ind(S) and m(T") = m(S). Moreover, we obtain inclusions of closed convex
cones

Con(S) + a € Con(T") c Con(S),
which guaranties the equalities Con(S) = Con(T") and A(T") = A(S). O

In the next proposition, we study some properties of I‘g). For the special case t = 1, we simply

writeI'y = F(Al).

Proposition 3.10. Supposethat1 <t < ¢, (ie., FX) ¢ {0}). Then, the following statements hold.

M ' cr,.
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(i)

(iii)

T, is a semigroup, and FX) is a semigroup ideal of T 4. In particular, one has that

ATy = AT, indTD) =ind(T,) and mTP) = m(A).

o . .
I’ is strongly nonnegative.

Proof.

@
(ii)

(iii)

This part is clear.
Let (n,n) = (ny,...,n,,n) € FX) and (m,m) = (my,...,m,,m) € I'y. Then, we can choose
elements f1, ..., f; € [A], such that v(f;) = n and the classes ]Tl f_t are linearly indepen-
dent over k in K;, N [A], /K N [A],. Similarly, let g € [A],, such that v(¢) = m.

By contradiction, suppose that the classes of gf, ..., gf; € [A],+n are k-linearly depen-
dent in

Kn+m N [A]n+m/K:l—+m N [A]n+m'

Thus, there exist a; ..., a;, € ksuch that v(a,;gf; + .- + a;¢f;) > n + m, which implies that
v(a,f, + -+ + a,f;) > n. But, the last inequality v(a, f; + -+ + a,f;) > n yields the contra-
diction a, f; + - + a,f, =0 € K, N [A],/K} N[A],. So, as required we have (n +m,n +
m) € FX) .

Finally, Lemma 3.9 implies that A(Fg)) = ATy), ind(Fg)) =ind(T',), and m(l“f;)) =
m(T ,). Also, notice that m(T'4) = m(A).
Since FX) c I'y, itis enough to show that I, is strongly nonnegative. By definition, there is
a graded k-algebra B C R[t] of integral type such that A C B. Consider the semigroup

Iy :={(m,n) €z xN | K,n[B],/K} n[B], #0}

determined by B. After possibly extending B by a bigger algebra of integral type, we can
assume that G(I'y) = Z"*! (see [21, Lemma 2.29]). Since B is a finitely generated module
over a standard graded k-algebra and dim(B) < r + 1, it follows that dim,([B],,) becomes
a polynomial of degree bounded by r for n > 0. So, [21, Theorem 1.18] implies that I'y is
strongly nonnegative, and since I'y C I'g, the result follows. O

The following theorem deals with the asymptotic behavior of the growth of A. The semigroup
I', is given by

T, =T = {(Ma),n) ez xN | 0#ae[Al,},

and we call it the valued semigroup of the graded k-algebra A. To simplify notation, we denote
A(T ) and ind(T 4) by A(A) and ind(A), respectively.

Theorem 3.11. Assume Setup 3.7, set m = m(A) and let d = dim(A) and ¢ 4 be as in Equation 4.
Then,

o M4l _ Vol (A()
n— oo nd-1 - A ind(A) ’
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and we have the equality

@-1t - lim S0 AAhm) “Apm)
: n—oo nd—l - p—oo pd—l :

Proof. For any p > 0 and t > 0, we consider the semigroup

) _ n + n .
r¢ —{(n,n)EerN | (Knn[Apm]n/Knn[Apm n);t},

pm

these semigroups play the same role for A pm than the semigroups in Equation (3) for A.
By using the inclusions

n % [Fg)] C

pm Apm

r® ] c [rﬁ?] (6)
npm npm

and Theorem 2.2, we can choose p > 0 such that

; (0 — d; ()
dimg <A<F‘/4\pm>> = dimy (A(PA ))
From Theorem 2.5, by possibly making p larger, we can assume that dim(A pm) = d. After regrad-
ing A pm and considering the standard graded k-algebra A pm» We obtain the existence of a
polynomial me(n) of degree d — 1 such that dimk([ﬁpm]npm) = me(n) for n > 0 (see, e.g., [3,
Theorem 4.1.3]). Similarly to Equation 5, we have the equality

£~

Apm
; 2 — (1)
dim, <[Apm]npm) = ; #[ngm]npm. @)

From the inclusion Fg) cT Ao’ it then necessarily follows that the growth of #[I' ﬁpm]nl’m is

m

asymptotically a polynomial of degree d — 1. So, by applying Theorem 2.1 to the semigroup I'; ,
pm
we obtain

dimg (A(A)) = dimg (A(F;{pm>) —d-1.

From Proposition 3.10, we also have A(Fg)) = A(A), ind(l“g)) = ind(A), and m(FX)) =m(A)=m
for all 1 < t < 4. Therefore, by using Equation 5, Proposition 3.10, and Theorem 2.1, we obtain
the equality

dim[k ([A]nm) _ . VOld—l(A(A))
n—oco nd-1 -4 ind(A)

So, the first statement of the theorem holds.
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From Equation 6 and Theorem 2.2, for any € > 0, we can choose p > 0 such that

)
# [Fg)] # ngm] . # [FS)]
n— oo nd—l n—o0 nd—lpd—l n—oo nd—l

for all ¢. Finally, by Equation (7), we obtain

. dim, [A\ ] ~
dlmk ([A]nm) . 1 . . < pm ”Pm> 1 . e(Apm)
lim ———— = lim lim = lim s
n—oo nd—l p—oo pd—l n—o0o nd—l (d — 1)' p—ooo pd—l
which gives the second claimed equality. O

3.2 | Valuations with bounded leaves

In this subsection, we show that the valuations used in Section 3.1 can always be constructed.
Here, we continue using Setup 3.7. We start with the following lemma that will allow us construct
a valuation on Quot(R).

Lemma 3.12. There exists a regular local ring (S, m, k') such that R C S, Quot(S) = Quot(R) and
the residue field ' = S/m is finite over k.

Proof. From [32, Proposition 07PJ ] and [32, Definition 07P7 |, we have
Reg(R) = {p € Spec(R) | Ry, is a regular local ring}

is an open subset of Spec(R). As R is a domain, Reg(R) is nonempty. Then we can choose 0 # g € R
such that Spec(R,) C Reg(R). Let m C Spec(R,) be a maximal ideal of R,. Therefore, by setting
S=(R rz)m’ the result follows. O

From Lemma 3.12, fix a regular local ring (S, m, k") such that R C S, Quot(S) = Quot(R) and the
residue field k' = S/m is finite over k. Let r = dim(S) = trdeg, (Quot(R)), and choose y;, ..., ¥, C
m a regular system of parameters for S. Let by, ..., b, be rationally independent real numbers with
b; > 1forevery 1 < i <r.Since S is a regular local ring and Quot(S) = Quot(R), we can construct
avaluation w on Quot(R) with values in R by setting

w(y; = y") =nb + - +nb, €R

for every (ng,..,n;) €N, and w(y) =0 if y €S has nonzero residue in k' =S/m. Let
V,,m,,k,) be the valuation ring of w in Quot(R). Notice that V,, dominates S and we have
the equality k, = k'. Since by, ..., b, are rationally independent, we can define a function ¢ :
Quot(R) — Z" determined by ¢(f) = (ny, ..., n,) if f € Quot(R) and w(f) = nyb; + --- + n,b,. As
in Remark 3.8, we now fix the order on Z" that is determined by the linear function ! : 7" —
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R, (ny,...,n,) = nyb; + -+ + n,b,. Therefore, we obtain the valuation v : Quot(R) —» Z', f —
@(f) for which the proposition below is valid.

Proposition 3.13. There is a valuation v : Quot(R) — Z" that satisfies the following conditions.

(i) v(ax) =0forallx € k C Quot(R).
(ii) v is faithful.
(iii) v has leaves of bounded dimension.

4 | MULTIGRADED ALGEBRAS OF ALMOST INTEGRAL TYPE

Here, we define and study a volume function for multigraded algebras of almost integral type
(see Equation 9), and we relate this function to certain global Newton-Okounkov bodies. In [25],
similar volume functions have been considered for the case of multigraded linear series in an
irreducible projective variety over an algebraically closed field. First, for the sake of completeness,
we recall the notion of mixed multiplicities for the well-studied case of standard multigraded
algebras, and we explain how this volume function encodes the mixed multiplicities.

Remark 4.1. Let k be a field and A be a standard N’-graded k-algebra (i.e., it is finitely generated
over k by elements of degree e; for 1 < i < s). Suppose that A is a domain and set d = dim(A). Let
P,(n) = P,(n,,...,n,) be the multigraded Hilbert polynomial of A (see, e.g., [18, Theorem 4.1], [6,
Theorem 3.4]). Then, the degree of P, isequaltoq = d — sand P4,(n) = dim, ([A],,) foralln € N$
such that n > 0. Furthermore, if we write

b= 3 e, ...,ds)<n1; dl) <ns; ds>’
1

dl ..... dSZO S
then 0 < e(dy,...,dy) € Zforalld, + --- + d; = q. Ford = (d,, ..., d,) with |d| = g, we say that
e(d; A) := e(dy,...,d,)

is the mixed multiplicity of A of type d. We define a function

; dimy, ( [A]¢,,
Fam) i= lim S2UAbm) (14

n—oo nd n—oo nd

For all n € 73, we have F 4(n) = G,(n) where G ,(n) is the homogeneous polynomial

e(dl,...,ds;A) d; d

1
Gy,(n) := Ee(d;A)nd = 2 4] nt e ng

ldj=q dy+--+dy=q
So, the function F 4 (n) encodes the mixed multiplicities of A.

Let k be a field and R be a k-domain. We introduce new variables ¢, ...,t; over R and con-
sider R[t,, ..., t;] as a standard N*-graded polynomial ring where deg(t;) = e; € N*. We have the
following definition.
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Definition 4.2.

(i) AnN‘-graded k-algebra A = @, c\s[Al, C R[ty, ..., t;] is called of integral type if A is finitely
generated over k and is a finite module over the subalgebra generated by [A] , [Ale,, -, [Al,-

(ii) An N’-graded k-algebra A = @, c\s[Aly C R[ty, ..., t;] is called of almost integral type if A C
B C R[ty, ..., t;], where B is an N*-graded algebra of integral type.

The following setup is used throughout the rest of this section.

Setup 4.3. Let k be a field and R be a k-domain. Let A C R[¢,, ..., t,] be an N*-graded k-algebra of
almost integral type. Set d = dim(A4) and g = d — 5. We assume that [A], # Oforall1 <i<s.

Letn = (ng,...,n) € Z°,. We consider the graded k-algebra

()

A® = PlA]. ®

n=0

By definition, A®™ is a graded k-algebra of almost integral type with a canonical inclusion
A™ < R[t]into a standard graded polynomial ring R[¢]. Denote by Ay € Quot(A) the subfield
of fractions of multihomogeneous elements with the same degree, that is,

Ay = { § € Quot(A) | x,y € A multihomogeneous elements with y # 0 and deg(x)= deg(y)}.

Let 0 # f; € [A]e, for each 1 <i <s. Since Quot(A) = Ay(fy, -, f) with fy,..., f; transcen-
dental elements over A, Theorem 2.5 yields that dim(A) = s + trdeg, (A(y). In the same
way, Quot(A™) = Ay (fi! f;ls) with f ;l L. f?s transcendental over A, and Theorem 2.5
yields that dim(A®™) = 1 + trdeg, (Ay). It follows that dim(A®™) = dim(A) —s+1=d—s+
1. Therefore, for n € 7%, Theorem 3.11 applied to the algebra A™ gives a well-defined
function

dim ([A]

F,(m) := lim mn) )

n—oo nd

with g = d — s. We say that F ,(n) is the volume function of the N*-graded k-algebra A.

The following simple example shows that, for an arbitrary algebra of almost integral type A,
F ,(n) may not coincide with a polynomial (also, see [11, §7]). So, in general, we do not have a
suitable extension of Remark 4.1.

Example 4.4. Let R =k[x] be a polynomial ring and consider R[t,t,]. Let a(n;,n,) =
[2 n% + ng], where [f] denotes the ceiling function of a real number § € R. We define the
family of vector spaces

2(ny+n,)
Al oy = | P k-x |11 < [Rlt 61100,

j=any,ny)

IpUOD pue sl 18U} 885 *[202/80/90] U0 A%iqiauliuo A1 ‘0swoiL 11N - AeMION Jo ANsieAIUN 2101 AQ 088ZT SWI(/ZTTT OT/I0pALI0D A 1M AR 1[BUI|UO-D0SUTRWPUO|//SARY WO1) papeojuMoq ‘€ ‘¥Z02 ‘05.L69rT

ol Ariqipul

85UBD1T SUOLUWIOD BANEID (e 1 jdde ayy Ag pauseAob 8.8 91 WO ‘BSN JO S3JNJ 10} Aeiq1T 8UlUQ AB|IM UO (SUORIPUOD-P



MULTIGRADED ALGEBRAS AND MULTIGRADED LINEAR SERIES | 19 of 38

over k. Then, A = @, ,, )en2[Aln,.n,) € Rlt1, ;] is naturally an N2-graded k-algebra. Since A C
B with B = k[xt,, x?t;, xt,, x*t,], it follows that A is an N?-graded k-algebra of almost integral
type. However, in this case, the corresponding function F ,(n;, n,) is equal to

dim,, ([A](nnl,nn2)>

n

Fa(mm) = fim

2(nn, + nn,) —a(nn,,nn,) +1
lim (nn; 2) (nn, 2)

n— oo n

2(ny +ny) —24/nf +nl.

Therefore, in this case, F ,(n,, n,) is not a polynomial function.

4.1 | Global Newton-Okounkov bodies

Here, we study the function F 4 (n) for an arbitrary algebra of almost integral type and we relate
it to the construction of certain “global Newton-Okounkov bodies.” We continue using Setup 4.3.
Since we may assume that R is finitely generated over k (see Remark 3.4), we fix a valuation
v . Quot(R) — Z" that satisfies the conditions of Proposition 3.13; in particular, v has leaves
of bounded dimension. By using the fixed valuation v : Quot(R) — Z", we make the following
construction.

Definition 4.5. Let I', be the valued semigroup of the N’-graded algebra A:
I, := {(a)m)eZ XN | 0#a€[Aly}.

We define A(A) = Con(T'4) C R" X R to be the closed convex cone generated by I'y and we call
it the global Newton-Okounkov body of A.

Remark 4.6. By abusing notation and following [25], although A(A) is actually a cone, we call
A(A) the global Newton-Okounkov body.

We consider the following diagram:

A(A) ¢ — RIXRY,
/ X

R" R,

where 77; 1 R"XR{j — R"and 7, : R" X R}  — R denote the natural projections. We denote
the fiber of the global Newton-Okounkov body A(A) over x € [R;O by A(A), 1= AA) N5 L(x).
Since A is a domain and [A]e,- #0forall1 <i < s, it follows that m(A™) = 1 and A(A™) c R" x
{1} C R" X R,,,. The following theorem describes the Newton-Okounkov bodies of the graded k-
algebra A™) (see Equation 8).
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Theorem 4.7. Assume Setup 4.3. The fiber A(A), of the global Newton-Okounkov body A(A) C
R" X RY coincides with the Newton-Okounkov body A(A™) for eachn € 7', that is:

T (AA)) X {1} = 7 (A N7 (M) x {1} = AA™) ¢ R™x {1}

For the proof of Theorem 4.7, it is convenient to use the following well-known result.

Lemma 4.8. Let S C Z" X N be a strongly nonnegative semigroup. The Newton—-Okounkov body
A(S) can be computed as

A(S) = {(%,m) ER'XRy, | (n,nm) €S forall n>0},

where m = m(S).

Proof of Theorem 4.7. Fix avector n € Z, of positive integers. The statement follows from the fact
that the valued semigroup of A™ is given by

Ty = {(m,n)€Z xN | (m,nn) €T,}.

Hence, by Lemma 4.8, we have that

AA™) = (B1) eR' xRy, | (m,nn) €T, forall n>0
n #0 A

=n1<{($,n> E[RVxIR;O | (m,nn) e, forall n>0}> x {1}

= (AA) N7, () x {1}

= 71 (A(A),) X {1},
which completes the proof. [l

The following lemma provides a required uniformity result for the algebras A™.

Lemma4.9. Letn € Z}, andm € Z’,. Then, one has ind(A™) = ind(A™) and ¢ Am) = € 4(m).
Proof. For each n > 0, we have a canonical multiplication map
[A(“)] 2y [A(m)] - [A(‘“'m)] , a®.ad ~ad.
n n n

Then, by proceeding similarly to Proposition 3.10, we obtain that ind(A™) > ind(A®+™)) and
C qm) < € 4mim).

Take k > 0 big enough such that (k — 1) - n > m. As above, by considering the multiplication
maps [AD+M] @, [Ak-Dn—m)] -, [4k)] we get ind(A®F™) > ind(A*™) and £ 4mim) <
€ 4km. Since ind(A™) = ind(A*™) and ¢ A = € 4k, it follows that ind(A™) = ind(A®@+m))
and fA(n) = fA(n+m).

Symmetrically, we also have that ind(A™) = ind(A®+™)) and # Am) = € 4@mim). O
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Definition 4.10. By using Lemma 4.9, we set:

(i) ind(A) be the index of A that is the constant value of ind(A™) for alln € z:.
(ii) 7, be the maximal dimension of leaves of A that is the constant value of £ s foralln € Z5.

The corollary below gives an important characterization of the volume function of A in terms
of the global Newton-Okounkov body A(A).

Corollary 4.11. Assume Setup 4.3. There exists a unique continuous homogeneous function of degree
q extending the volume function F 4(n) defined in Equation (9) to the positive orthant RY . This
function is given by

Voly(A(A),)

F, : RS R, X,
a0 AT T nd)

Moreover, the function F , is log-concave:

1 1 1
Fo(x+y)7 > Fp(x)7 +Fo(»)7 forallx,y € R,

Proof. By combining Theorem 3.1, Theorem 4.7, and Lemma 4.9, it follows that F, : R —

1
\% extends the function F 4(n) defined in Equation (9) for alln € Z,.

Now, the homogeneity follows from the fact that A(A); , = 4 - A(A),. Since A(A) is convex,
we have A(A), + A(A), C A(A),., and hence the log-concavity follows from Brunn-Minkowski
inequalities for the volume of convex bodies. O

[R,XI—)fA-

As our next example shows, in general, Corollary 4.11 is the most general statement about
volume function F, for some multigraded algebra A.

Example 4.12 (Every concave function is a volume function). Let R = k[u] be a polynomial
ring and consider the polynomial ring R[t, ..., £,]. Let further f : R  — R, be any nonnega-

tive, homogeneous of degree 1, concave function. We define a family of vector spaces indexed by
n € NS:

[Al, = ( @ k- u")tn C [R[ty, s E] ]y
0<i<f(n)

The algebra Ay 1= @,cps[Aln C R[1y, .., ] is naturally an N°-graded algebra. Since f is con-
cave and homogeneous, the global Newton-Okounkov body A(Af) of Ay is a cone in RS*L
given by:

MAp) ={0.0) ERXRY, | 0y < f0) ).

In particular, we get F A (x) = f(x), forany x € R .

However, in some cases, one can say more about function F,(x). Let C C R® be a convex
cone and consider a family {A,}, oo of convex bodies of dimension g parameterized by C. We
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say that {A } ec is linear if Ay 1y, = L1A, + ,A, for any x,y € C and 1;,4, > 0. According
to Minkowski’s theorem (see Theorem 2.3), the volume of a linear family of convex bodies is a
homogeneous polynomial. Thus, we obtain the following proposition.

Proposition 4.13. Assume that the fibers of the global Newton—-Okounkov body form a linear family
of convex bodies. Then the function F 4(x) is a homogeneous polynomial of degree q.

Proof. Since

Vol (A(A),)

FaA =21 —q@

the statement of the proposition follows from Minkowski’s theorem and the fact that A, =
XA, + o+ + XA forall x = (xy,...,x) € R, O

Another important case is when the global Newton-Okounkov body is a polyhedral cone. In
this case, the multiplicity function is a piecewise polynomial with respect to some fan supported
on the positive orthant.

Proposition 4.14. Assume that the global Newton-Okounkov body A(A) is a polyhedral cone. Then
there exists a fan X supported on RS | such that the function F ,(x) is polynomial at each cone of Z.

Proof. Indeed, by [22, Proposition 4.1], for any polyhedral cone C C RY X R® with 7,(C) = RJ,
the family {C N 75 L(x)},c of polytopes is piecewise linear with respect to some fan X supported
on R} . Therefore, the proposition follows from Minkowski’s theorem. O

Example 4.15. Let R = k[u] be a polynomial ring and consider the polynomial ring R[t,,,].
Let f: Rio — R be a function defined by f(x;, x,) = min(x;, x,). We define a family of vector
spaces:

f(ny,ny)
i ny n
@ hu! t11t22 c [R[tl’t2]](n1,nz)‘
i=0

[A]

(nnp) =

The algebra A = ®(n1,n2)eN2 C R[ty,t,] is naturally an N?-graded algebra. The global Newton-
Okounkov body of A is a cone C in R3 generated by vectors (1,0,0),(0,1,0),(1,1,1) and, as in
Example 4.12, F ,(x;, x,) = f(x;,x,) = min(x}, X,).

5 | MULTIGRADED ALGEBRAS OF ALMOST INTEGRAL TYPE
WITH DECOMPOSABLE GRADING

In this section, we introduce and study the notion of mixed multiplicities for certain multi-
graded algebras of almost integral type. We treat a family of algebras that we call algebras with
decomposable grading. Our approach is inspired by the methods used in [7, 8, 11].
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Definition 5.1. An N*-graded algebra A is said to have a decomposable grading if we have the
equality

= [14]nle1 : [A]nzez v [A]nses
for all (ny, n,, ..., ng) € NS.

We now proceed to define the mixed multiplicities of a multigraded algebra A of almost integral
type with decomposable grading. Here, we extend Remark 4.1: our approach relies on showing
that the corresponding function F 4(n) coincides with a polynomial G4(n) when n € Z? . We use
this polynomial to define the mixed multiplicities of A. For the rest of this section, we use the
following setting.

Setup 5.2. Let k be a field and R be a k-domain. Let A C R[¢,, ..., t;] be an NS-graded k-algebra of
almost integral type with decomposable grading. Set d = dim(A) and g = d — s. We assume that
[A]ei #0foralll <i<s

Foreach p > 1, let
Ay 1= K[[Alpeyss Al | 4

be the NS-graded algebra generated by [A] peys s [A] pe,» and denote by Z[p] = @pens [A\[p]] pn
the standard N°-graded algebra obtained by regrading A\lp |- For p > 0, Theorem 2.5 and the fact

that A has a decomposable grading imply that dim(Z[ p1) = d. Then, by Remark 4.1, the function
F Ay (n) coincides with the homogeneous polynomial

Gz, ()= Z —e (d;Ap,)) n (10)

fosr alln € 7%, where g = d — s and e(d; Z[p]) denotes the mixed multiplicity of Z[ pjoftyped €
NP,

For each a > 1, we consider the a-truncation Gl4(A) : = =k[u]_, Ui, [Alje ] C A of A that is
the subalgebra generated by the graded components [A]; je; w1th 1 < i <s,1<j<a. The next
proposition says that the a-truncations can be used to approximate F 4(n).

Proposition 5.3. Assume Setup 5.2. For eachn = (n,, ..., ng) € Z°%, we have the equality
FA(n) = all_)l’glo FG|a|(A)(n).

Proof. Fix n = (ny,...,ny) € Z5 . To simplify notation, set C = A® and D* = (Gl?l(4))™. Note
that F,(n) = lim,,_, M and Fa)( A)(n) =lim,_, w. By following the same steps
as in Section 3.1, we can deflne strongly nonnegative semlgroups

(t) +1 (1) r+l
[ cN and I ©N
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such that dim,([C],) = E #[Fm] and dimy([D?],) = ZfDa [F(ta]n Consider the integer
a’ = |a/ max{ny, ..., ng}| (Where LBJ denotes the floor function of 8 € R) and the inclusions

[~ 0) ()
nx [r ] c [r A [r ] .
| C DA [ C lna

al
Then, Theorem 2.2 implies that

el | ]
lim | lim = lim

a—oo | n—oo nd n—oo nd

n
k]

and so, the result follows. [l

The following proposition deals with the case when A is also a finitely generated k-algebra.

Proposition 5.4. Assume Setup 5.2 with A being finitely generated over k. For each n =
(ny,...,ny) € Z5, we have the equality

F [](n)
F,(n) = I}Lngo ;q .

Proof. Fixn = (ny, ..., n;) € Z,. We define the graded k-algebra

B @[A]nel [ ]nez' . '[A]Zés'

For each p > 1, let CP be the graded k-algebra

o0
c? = (Ap)"™ = @ |4, = EB[A pot - LAL - - AT.

n=0

Once again, we can define strongly nonnegative semigroups F(t) c N"*land F(Ctl), C N1 such that

. . %
dimy ([B],) = X%, #[T'], and dim, ([C?],) = X/ #[T)],.
Since ([B],)" = [CP], C [B],,, we obtain the correspondlng inclusions

® ® ®
nx |y c [rcp]n c ]

p

By Theorem 2.2, it follows that

(t) (t)
LT .
lim | — lim = lim
p—ooo pq n—oo nd n—oo nd
. Fg[p] (n) . dimy ([B],) - . . .
As a consequence, we get lim,_, ,, —— =lim,,_ ,, ——". To finish the proof, it remains to
show the equality F 4(n) = lim,,_, %.
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As A has a decomposable grading, the algebras A1), ..., A®s) are also finitely generated over k.
Hence, by [15, Lemma 13.10], we can choose h > 0 such that

[Alppn = [A]nnlhel : [A]nnzhez T [A]nnshes = [A]nl : [A]Zilez T [A]Z;Les = [Blun

nhe;
for all n > 0. We then obtain

dim ([(Alyw) _ . dim (Bly) _ . dim, ([B],)

Fam) = lim nahd n—co  ndhd n—co nd
So, the proof of the proposition is complete. O

The next theorem contains the main result of this section. It shows that F,(n) is a polynomial
like function when A has a decomposable grading.

Theorem 5.5. Assume Setup 5.2. Then, there exists a homogeneous polynomial G,(n) €
R[ny, ..., n,] of degree q with nonnegative real coefficients such that

Fym) = Gy(n) forall neZzZ.

Additionally, we have

O,y (™) O,y (M)
G,m) = lim ——— = sup — forall mneZ,.

p—>© pq pEZ, p

Proof. Fixn = (n,,...,n,) € 7%, .For any a > 1 and p > 1, we have the following inequalities:

< FA(n):

where B¢ = Gl?(A). Therefore, by combining Proposition 5.3 and Proposition 5.4, we obtain the
equalities

(n) Fj, (@)
F,m) = lim ———— = sup
p—o pq peZ, pq
From Remark 4.1, the function Fg[p](n) coincides with the polynomial Gg[p](n) =

Eldl=q %e(d;g[p])nd in Equation 10 for all n € Z%. It then necessarily follows that, for all
ne Zi_,FA(n) = G,(n) where G4(n) € R[n,, ..., ng] is the polynomial

Gz (m) d; A
Gun) = lim —2— =} <lim o Ap) “’])> n?
4=

p—© p1 p—ooo p1 E
@) (11)
Gz (n e(d;: A d
— sup [p] _ 2 sup ( [p]) n®
p€Z+ pq |d|=q p€Z+ pq d'
(see, e.g., [11, Lemma 3.2]). So, the result of the theorem follows. O

Below we have an example of a family of algebras with decomposable grading.
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Example 5.6. Let G be a complex semisimple group and let B C G be a Borel subgroup with a
character lattice M. Denote by A the Cox ring of G/B, that is,

A= @@ H%G/B,L),

LePic(G/B)

with a product induced by the natural maps:
H°(G/B,L,) ® H(G/B,L,) - H°(G/B,L, ® L,).

The Cox ring A is naturally an algebra graded by the Picard group Pic(G/B) of the flag variety
G/B. By Borel’s theorem, Pic(G/B) is isomorphic to M, for a character A € M, we will denote by
L, € Pic(G/B) the corresponding line bundle. Moreover, by Borel-Weil theorem, one has

V; ifAisadominant weight

H%(G/B,L,) = {

0 otherwise.

Therefore, the Cox ring A of G /B is given by

A= @Pv,,

AEANT

where A" is the positive Weyl chamber, that is, the direct sum is over dominant weights.

The product maps [A]; ® [A], — [Al;4, can be described in the following way. The tensor
product [A]; ® [A], =V, ® V,, decomposes into a direct sum of irreducible representations of
G with V. appearing with multiplicity one. Then the multiplication map [A]; ® [A], = [Al 4,
is the projection on V., in the above decomposition. In particular, we have

[A]Z”iwi = [A]nla)l T [A]nsws’

where (n,, ..., n,) € NS and wy, ..., are fundamental weights of G. Therefore, the Cox ring A has
decomposable grading, and by Theorem 5.5, the volume function F4 is a polynomial.

Finally, the global Newton-Okounkov body of A has a nice description. By [20], there exists a
valuation v on A such that for any dominant weight 1, the Newton-Okounkov body A(A®)) is the
string polytope St;. Therefore, the global Newton-Okounkov body A(A) is the weighted string
cone, which is, in particular, a polyhedral cone ([1, 26]).

Note that, in general, string polytopes St; provide only piecewise linear family of polytopes
on the positive Weyl chamber. So, a priory by Proposition 4.14, the function F, is only piece-
wise polynomial with respect to some fan decomposition of the positive Weyl chamber. However,
using virtual polytopes, one can construct a linear family of virtual string polytopes that makes the
polynomiality of F , evident. See [19, Section 10] for more details.

With Theorem 5.5 in hand, we are now able to define the mixed multiplicities of A.

Definition 5.7. Assume Setup 5.2 and let G 4(n) be as in Theorem 5.5. Write

G = Y %e(d;A)nd.
ldl=g ™"
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Foreachd = (d;, ...,d,;) € N® with |d| = g, we define the nonnegative real number e(d; A) > 0 to
be the mixed multiplicity of type d of A.

The next straightforward corollary shows that the mixed multiplicities e(d; A) of A can be
expressed as a limit that depends on the multiplicities e(d; K[ p)) of the standard multigraded alge-
bras E[ p]- It can be seen as an extension into a multigraded setting of the Fujita approximation
theorem for graded algebras given in [21, Theorem 2.35].

Corollary 5.8. Assume Setup 5.2. Then, the following equalities hold:

e(d; A e(d; A
p—oo pq p€Z+ pq
Proof. 1t follows directly from Equation 11. O

Finally, we provide a complete characterization for the positivity of the mixed multiplicities of
a multigraded algebra of almost integral type with decomposable grading. This result is a direct
consequence of Corollary 5.8 and the general criterion of [5].

Following the notation of [5], for an N*-graded algebra T and for each subset § = {j, ..., ji .} C
{1,..., s} denote by T g, the Nk-graded k-algebra given by

Ty = @ I[Tli.uy C T

i,20,..,i;>0
ij=0if j£3F

We obtain a full characterization for the positivity of the mixed multiplicities e(d, A) of A in terms
of the dimensions dim(Ag;)).

Theorem 5.9. Assume Setup 5.2. Let d = (d;, ... ,d;) € N* such that |d| = q. Then, e(d, A) > 0 if
and only if for each § = {j;, ..., ji.} € {1, ..., s}, the inequality

holds.

Proof. For each p > 1, [5, Theorem B] characterizes the positivity of the mixed multiplicities of

the standard N®-graded algebra A“[ p]> hamely:

e(d;glpj) >0 < d; +--+d; < dim ((‘leJ) ) —k foreach § = {jj,...,jx} € {1,..,s}

&)

Since A is an algebra with decomposable grading, by Theorem 2.5, we can choose p big enough
such that

dim (A(S)) = dim ((Z[P])(S))

forall § = {j;, ..., jx} C {1, ..., s}. Therefore, the result follows from Corollary 5.8. O
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6 | APPLICATION TO GRADED FAMILIES OF IDEALS

In this section, we apply the results of Section 5 to the case of graded families of ideals and we
recover some results from [7, 8, 11]. We also obtain a characterization for the positivity of mixed
multiplicities of certain graded families of ideals. First, we recall the notion of mixed multiplic-
ities introduced by Bhattacharya in [2] for the case of ideals, and extended for (not necessarily
Noetherian) graded families of ideals in [8].

Let k be a field and R be a finitely generated positively graded k-domain. We denote the
graded irrelevant ideal of Rby m = [R], = @:’:1 [R],, C R. Assume that R has positive dimension
d = dim(R) > 0.

Remark 6.1. LetI,Jy,...,J, be nonzero homogeneous ideals in R such that I is m-primary. Then,
forny > 0andn = (ny, ..., ny) > 0, the Bhattacharya function dimk(I”OJ;l1 S /I"O“J;l1 e JP)
coincides with a polynomial of total degree d — 1 whose homogeneous term in degree d — 1 can
be written as

B ( ) = eI 110 d9) g g g,
(I;Jl _____ JS) I’lo,l’ll,...,nS .= d |d '...d ) nO nl (LTI
(dg,d)=(dg,dy ,...ds)ENS 0°1° s
do+d|=d—1

v

Using standard techniques (see [7, proof of Lemma 4.2]), one may show that for each n, € N and
n = (n,...,n;) € N%, the limit

o dimy (7 T e T T
lim
n—o0o nd

exists and coincides with the following polynomial:

G ( ) 1= g 1155 75) dot1 d, .
R A (dy + D)ldy! -+ dy! 0 gt
(dg,d)eNs+1,dy+|d|=d—1 * 0 1 s

The numbers e, q)(I | Jy,...,J5) are nonnegative integers called the mixed multiplicities of
Jis ..., Jg with respect to I.

A sequence of ideals | = {I,},,cy is a graded family if I, = R and I,I; C I ; for every i, j € N.
The graded family is Noetherian if the corresponding Rees algebra R[lt] = @, I,,t" C R[¢] is
Noetherian. The graded family is m-primary when each I, is m-primary, and it is a filtration
whenlI, ,; C I, foreveryn € N. ForahomogeneousidealJ C R, we denote maxdeg(J) : = max{j |
[/ ®g R/m]; # 0}, that is, the maximum degree of a minimal set of homogeneous generators
of J.

Throughout this section, we assume the following setup.

Setup 6.2. Letk be a field and R be a finitely generated positively graded k-domain. Letl = {I,,},cy
be a (not necessarily Noetherian) graded family of m-primary homogeneous ideals in R. Let
J) =), }hens - J(8) = {T(5),.}nen be (not necessarily Noetherian) graded families of nonzero
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homogeneous ideals in R. We assume that there exists § € N satisfying
maxdeg(J(i),) < Bn forall 1<i<s and neN. (12)

Remark 6.3. The condition Equation (12) is automatically satisfied in the case of m-primary
graded families of ideals. Similar assumptions to the one in Equation (12) have been considered
in previous works regarding limits of graded families of ideals [10, Theorem 6.1], [7, 8].

To extend the discussions of Remark 6.1, we need to study the following function:

13)

- dim, (1(1),1”1 e TS /T Dy, - J(s),ms>
F(I];J](l) J](S))(no,n) = lim

""" n—oo nd

forallny €N, and n = (ny,...,ny) € Ni_. For a vector n = (n,, ..., ng) € N%, we abbreviate J,, =
J(l)n1 J(s)ns. By [7, Lemma 3.9], there exists ¢ > (3 such that

mc(n0+|n|) n Jn — mc(n0+|n|) n InOJn

for all ny € Nand n = (ny, ..., n;) € N°. Then, we have the equality

.....

4)

n—oo

— lim dim, <1nnann/(mC"("o+ln|)+1 n InnOJ,m>> /nt
forall ny € Nand n = (ny, ..., n;) € N®. We consider the multi-Rees algebras

RLIA), .., 0) = P L Jutg’t™  and  RR,ID),...06) = @ Tar’t,

nygeEN,neNs noEeEN,neNs

where t" = tln U...t/s and R is the trivial filtration of identity ideals, that is, R = {R,},c With
R,, = R. We have the corresponding N**!-graded subalgebras

c(ng+Inf)

A= @ | D [Ld] 5" ¢ ROIW.. 56D

nyEN,neENS k=0

and

c(ng+n))

B:= P P Dl |’ © RR,ID), ..., Js)).

nyEN,neENS k=0

Notice that both A and B are of almost integral type and have decomposable gradings. Since
dim(A) = dim(B) = d + s + 1, we can rewrite Equation (14) in terms of the volume functions of
A and B (see Equation 9), that is

F(H;J](l) J](S))(no, n) = FB(no, n) - FA(no, n). (15)

.....
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Therefore, as a simple consequence of Theorem 5.5, we obtain the following result, which extends
Remark 6.1 and allows us to define mixed multiplicities for graded families of ideals.

Theorem 6.4. Assume Setup 6.2. Then, there exists a homogeneous polynomial
G:001),....0(s)) (o> M) € R[ng, ny, ..., ng] of degree d with nonnegative real coefficients such that

.....
..........

.....

Gt I (1)t (5),) (M0 )

pd

forall nyez,,nez,

,,,,,

where G(Ip;,(l)p ..... ](s)p)(no, n) is the corresponding polynomial of the ideals I,,J(1),, ..., J(s), (as in
Remark 6.1).

Proof. By using the equality Equation (15), the result follows by applying Theorem 5.5 to the Ns*1-
graded algebras of almost integral type A and B that have decomposable grading. I

As a consequence of Theorem 6.4, we have the following definition.

.....

edg.a)(0 | I(D), ..., I(s)) dytl_d

G (ny,n) = n
0;(0),...,d(s)) o> 1d,1 - d.) 0
(do.d)ENS* dy+|d|=d—1 (dO + 1).d1. ds‘

The numbers e(do,d)(ﬂ | J(1), ..., J(s)) are nonnegative integers called the mixed multiplicities of
J(), ..., J(s) with respect to 1.

The following result recovers the “Volume = Multiplicity formula” for the mixed multiplicities
of graded families of ideals (see [7, 8]).

Corollary 6.6. Assume Setup 6.2. Then, the following equalities hold:

ey dIp 1 Ty, e, J(8)))
e(do,d)(l] | J(2), ..., I(s)) = I}I_I)I;o 0 p pdp 2

Proof. 1t follows from Theorem 6.4 and Remark 6.1. O

6.1 | Positivity for graded families of equally generated ideals

Here, we restrict to the following graded families of ideals and we provide a criterion for the
positivity of their mixed multiplicities.
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Setup 6.7. Assume Setup 6.2. Let M be the filtration M : = {m"}, . For each 1 < i < s, assume
that there is an integer h; > 1 such that the ideal J(i),, is generated in degree nh; for all n € N,
that is,

10, = ([J(i)n]nhi> for all n € N.

Our focus is on characterizing the positivity of the mixed multiplicities e(do,d)(M | J(1), ..., I(s)).
We define the following N*1-graded k-algebra

Ti= @ I, I, [mI),, ), (16)

ng,...,gEN

Since each ideal J (i)ni is generated in degree n;h;, by Nakayama’s lemma, we get the isomorphism

T

IR

D [m"O]nO[J(l)nl]nlhl [J(S)ns]nshs C RO, I, .., I(s)).

ng,...,ngEN

As a consequence, we obtain that T is a k-domain of almost integral type with decom-
posable grading, and so, by Theorem 5.5 and Definition 5.7, we can consider its mixed
multiplicities e(d,,d;T) for d, € N,d € N°. We have that dim(T) = dim(R) + s. The following
proposition shows that the mixed multiplicities of T coincide with the mixed multiplicities ey g

M [ 3D, ..., J(s))-
Proposition 6.8. Foreachd, € N, d € N*with d, + |d| = d — 1, we have the equality
edy.yM | JQ1), ..., J(s)) = e(dy,d;T).

Proof. For each p > 1, we define the following standard N**!-graded algebra

= @ [K[Te Tl 1710 ]

) (ng,nq p,...,ngp)
1QsH 5ees g ENSH 0Py TP

(i.e., the regrading of the algebra generated by the graded parts [T]e(), [T] pegs s [T] pes)' Notice that
the polynomial G, of CP (see Remark 4.1) equals the polynomial B,,,. (DT (5)) corresponding
to the ideals m and J(l)p, ,](s)p (see Remark 6.1), that is,

.....

Hence, e(d,,d; CP) = e(do,d)(m [Ty, e, T(8)p)-
Since the following polynomials are equal:

GCP(pnO’ n) = GT[p](nO’ n)a

by comparing the coefficients, we obtain e(d,, d; T[p]) = p%e(d,, d; CP) (recall that T[p] denotes
the regrading of the algebra generated by the graded parts [T'] peg> [T] pes s [T] pes). Similarly, we
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have the equality of polynomials

G(m;](l)p J(S)P)(pn()’ n) = G(mP;J(l)p ](s)p)(no, n) (see Remark 61),

..........

which implies ey q)(mP | J(1), ..., J(8),) = pPtley ay(m | J(1)p, ..., J(5)p).
By combining the above equalities with Corollary 5.8 and Corollary 6.6, we get

Ceyy(mP (), ., J(8),)
lim 7
p—)OO p

ety M | J(D), ., I(5))

e a(m Iy, ., T(5)))
lim
p—oo pd—l—d0

. e(dy,d;CP)
= lim ————
p—oo pd—l—do

d,,d; T,
. e(do. d: T} )
p—oo pd—l

= e(dy,d;T).

Therefore, the result follows. [l

The analytic spread of an ideal I C R is given by #(I) := dim(R(I)/mR(I)), where R(I)
denotes the Rees algebra of I. When the ideal I = (f,..., f,) C R is generated by homoge-
neous elements of the same degree, one has that R(I)/mR() = k[f,...,f.] and so £(I) =
dim(k[f,, ..., f.]). The following positivity criterion extends the result of [5, Theorem 4.4]. It
characterizes the positivity of the mixed multiplicities e(do’d)(M | J(2), ..., J(s)).
Theorem 6.9. Assume Setup 6.7. Letd, € N, d € N® such thatd, + |d| = d — 1. Then,

e(do’d)(M | J), ..., J](S)) >0
ifand only if forall p > 0 and § = {ji, ..., ji} € {1, ..., s} the inequality
djl + ot djk < ?/ﬂ(-](jl)p "'](jk)p) -1

holds.

Proof. By using Proposition 6.8 and Corollary 5.8, to show e g 4)(M | J(1), ..., J(s)) > 0, itis enough
to show that for p > 0, one has

e(do,d)(m I J(jl)p’ ’J(jk)p) = E(do,d; T[p]) > 0.

For any p > 0, [5, Theorem 4.4] implies that the inequality e(do,d)(m | J(jl)p,...,J(jk)p) >0
is equivalent to the condition of having dj1 + - +djk < f(](jl)p ~~J(jk)p)— 1 for all § =
{j1s i} € {1, ..., s}. So, the result follows. O
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6.2 | Positivity for mixed volumes of convex bodies

In this subsection, by exploiting the known close relation between mixed multiplicities and mixed
volumes (see [7, 33]), we provide a positivity criteria for mixed volumes. Following the notation
of [7], we use the setup below.

Setup 6.10. Let K =(K,,...,K;) be a sequence of convex bodies in R‘; . Let k be a
field, R be the polynomial ring R = k[x;,...,X441], and m = (x;,...,Xg41)- Let m; : R+ —
RY, (e, &gy g41) = (@, -, ag) be the projection into the first d factors. Let 7 : R9+! — R the
linear map 7 : R — R, (ay, ..., 0y, @g1) P &y + -+ + g+ ay,,. For 1 <i < s, choose h; €N
a positive integer such that K; C 7;(7~!(h;) N Rigl). The corresponding homogenization of K;
(with respect to h;) is defined as the convex body

K; := (K;xR)n7w (k) c R

>0

Let Ci, be the corresponding cone Cy, := Cone(K;). Consider the semigroup Sk, C N4+ given
by

(s8]
Sk, 1= Cg NN (U n_l(khi))
k=1

We consider the (not necessarily Noetherian) graded family of monomial ideals
J@) = O, }en, where J(Q), := (xm | m € Sy, and |m| = nhi) CR.
Let M be the filtration M : = {m"}, .

As a direct consequence of our previous developments, we recover a classical criterion for the
positivity of mixed volumes (see [31, Theorem 5.1.8]).

Theorem 6.11. Assume Setup 6.10. Let d € N° such that |d| = d. Then, MV ;(K4) > 0 if and only
if foreach § = {jy, ..., jx} € {1, ..., s} the inequality

k
d; +--+d;, < dimg <ZK,>
i=1
holds.

Proof. From [7, Theorem 5.4], we have that MV;(Kq) = e q)(M | J(1), ..., J(s)). Hence, Theo-
rem 6.9 implies that MV;(Ky) > 0 if and only if for all p > 0 and J = {j;, ..., ji} C {1, ..., s}, the
inequality

dj1 + .+ djk < f(](]l)p J(.]k)p) -1
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holds. For each ideal J(j;), -+ J(ji),, there corresponds the convex body

K(J(jl)p ---J(jk)p) = <conv{m e NI+ | xm ¢ [J(jl)p "'](jk)p]phj1+...+phjk }) c RiO'

Notice that f(](jl)p ---J(jk)p) —-1= dimR(K(J(jl)p ---J(jk)p)). For p> 0, one obtains the
equality dimR(K(](jl)p ---J(jk)p)) = dim[R(Zi.{:1 Kji)’ as the convex bodies K(J(jl)p ---J(jk)p)
approximate the Minkowski sum Zf.;l K;. Therefore, the proof of the theorem is complete. []

7 | MULTIGRADED LINEAR SERIES

In this section, we apply our main results from the previous sections to the case of multigraded
linear series. Here, we extend the results of [25] on the multigraded linear series. Our main
improvement is the fact that we deal with valuations with leaves of bounded dimension instead
of restricting to valuations with only one-dimensional leaves. Furthermore, with the family of
multigraded linear series with decomposable grading, we provide an interesting family for which
the volume function is a polynomial.

Following the notation of [17], we say that X is a variety over a field k if X is a reduced and
irreducible separated scheme of finite type over k.

Throughout this section, the following setup is used.

Setup 7.1. Let k be a field and X be a proper variety over k. Let Dy, ..., D, be a sequence of Cartier
divisors on X.

We consider the section ring of the divisors Dy, ..., D,, which given by

S(D,,...Dy) := @ HX, 00D, + - +nDy)).

(ny,....n5)ENS

Notice that S(D;, ..., Dy) is by construction an N*-graded k-algebra. To simplify notation, for any
n = (ny,...,ng) € N*, we denote the divisor n,D; + --- + n,D; by

nD = nD; + - +n.D;.

The following basic result shows that the section ring of D, ..., D, is an N¥-graded algebra of almost
integral type (in the sense of Definition 4.2). For the single graded case, see [21, Theorem 3.7].

Proposition 7.2. S(Dy, ..., D) is an N*-graded algebra of almost integral type.

Proof. First, by Chow’s lemma (see, e.g. [15, Theorem 13.100] or [17, Exercise 11.4.10]), there exists
a proper birational morphism 7 : X’ — X where X’ is a normal projective variety over k. Since
foralln € N*, we have HO(X, ©(nD)) < H(X’, 7*©(nD)), it suffices to assume that X is a normal
projective variety over k, and we do so.

We can find a very ample divisor H on X such that D; < H, and so, ©(nD) C O(|n|H) for all
n € N (see, e.g., [24, Example 1.2.10] and [21, Theorem 3.9]). From the fact that the section ring
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S(H) = @, ,H(X,0(nH)) is of integral type (see [17, Exercise I1.5.14]), we obtain that
S(D,,...,D,) is an NS-graded algebra of almost integral type. I

Here, we study multigraded linear series as defined below.

Definition 7.3. A multigraded linear series associated to the divisors Dy, ..., D, is an NS-graded
k-subalgebra W of the section ring S(Dy, ..., Dy).

Let W C S(Dy, ..., Dg) be a multigraded linear series and suppose that [W]e,- #0 for all 1 <
i < s. By Proposition 7.2, it follows that W is an Nf-graded algebra of almost integral type. The
Kodaira-Itaka dimension of W is denoted and given by

k(W) := dim(W) —s,

where as before dim(W) denotes the Krull dimension of the N*-graded algebra W of almost inte-
gral type. This value was the correct asymptotic for the volume function of an N*-graded algebra
of almost integral type (see Equation 9). Additionally, notice that this agrees with the definition
used in [10, Section 7] for the case of singly graded linear series. Following Definition 4.5, let A(W)
be the global Newton-Okounkov body of W. As in Definition 4.10, consider the integers ind(W)
and ¢yy.

Our main result regarding multigraded linear series is the theorem below, and it follows rather
easily from our previous developments.

Theorem 7.4. Assume Setup 7.1. Let W C S(Dy, ..., D,) be a multigraded linear series and suppose
that [W]ei # 0forall1 < i < s. Then, the following statements hold.

(i) The volume function

iy 0 (W ]an)
Fwlm o= =y

of W is well defined for alln € Z°,.

(ii) There exists a unique continuous function that is homogeneous of degree k(W) and log-concave
and that extends the volume function Fy,(n) of part (i) to the positive orthant RS;O' This function
is given by

Vol (A0,

Fy : RS >R, Xt
W 0 W ind(W)

(iii) If W has a decomposable grading, then there exists a homogeneous polynomial Gy,(n) €
R[ny, ..., n,] of degree k(W) with nonnegative real coefficients such that

Fy(n) = Gy (n)

foralln € Z5,.
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Proof.

(i) The function is obtained as in Equation (9).
(ii) It follows from Corollary 4.11.
(iii) It follows from Theorem 5.5. O

For a closed subscheme Y C [F'>[km1 X = Xy [P’fs of a multiprojective space over k, we can con-
sider the multidegrees of Y. These fundamental invariants go back to the work of van der Waerden
[34]. If S is a standard N*-graded algebra that coincides with the multihomogeneous coordinate
ring of Y, then for each d € N* with |d| = dim(Y), one way of defining the multidegree of Y of
type d is by setting

deg(d;Y) := e(d;S).

The following theorem is an extension of [21, Theorem 3.3] to a multigraded setting. It expresses
the mixed multiplicities of a multigraded linear series with decomposable grading in terms of the
multidegrees of the image of the corresponding Kodaira rational maps.

Theorem 7.5. Assume Setup 7.1. Let W C S(Dy,...,D,) be a multigraded linear series with
decomposable grading and suppose that [W]e,- #0 for all 1 <i<s. For each p > 1, consider the
corresponding Kodaira rational map

. dimy (W] e, )—1 dimy ([W] e )-1
Twyp p = X > Py U X X Py :

Let Y[W](p ) be the closure of the image ofI'[[W](p s Then, foreachd = (d;, ... ,d;) € N*with |d| =
x(W), we have the following equalities:
. deg <d§ YWl ) deg <d; YWl )
e(d; W) = lim = sup
p—o© pK(W) pez, pK(W)

Proof. The result follows by applying Corollary 5.8 to the multigraded linear series W that has a
decomposable grading. 1

Finally, below we have an example where the section ring has a decomposable grading.

Example 7.6. Let C be a smooth projective algebraic curve of genus g over an algebraically closed
field k. Let Dy, ..., D, be divisors on C with deg(D;) > 2¢ + 1. Then, by [28, Theorem 6], the tensor
product map

H(X,O0(n,D))) ® - @ H'(X, O(n,Dy)) - H’(X,0(n,D; + - + nyDy))

is surjective. Hence, the multigraded linear series W = S(Dy, ..., D) has a decomposable grading
and by part (iii) of Theorem 7.4, the function Fy;, is a homogeneous polynomial of degree x(W).

Finally, we would like to remark that the conditions on C and Dy, ..., D, can be relaxed slightly
by considering generalizations of Mumford’s theorem, see [4, 13, 16] for details.
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