Journal of Functional Analysis 287 (2024) 110565

journal homepage: www.elsevier.com/locate/jfa

Contents lists available at ScienceDirect =

Journal of Functional Analysis

JOURNAL OF

Regular Article

A conservative stochastic Dirac-Klein-Gordon

system

L))

Check for
updates

Evgueni Dinvay **, Sigmund Selberg "

# Department of Chemistry, UiT The Arctic University of Norway, PO Boz 6050

Langnes, N-9037 Tromsg, Norway

Y Department of Mathematics, University of Bergen, PO Box 7808, 5020 Bergen,

Norway

ARTICLE INFO

ABSTRACT

Article history:

Received 30 May 2023
Accepted 19 June 2024
Available online 4 July 2024
Communicated by Jan Maas

MSC:
35Q53
35Q60
60H15

Keywords:

Dirac equation
Klein-Gordon equation
Yukawa interaction
Multiplicative noise

Considered herein is a particular nonlinear dispersive
stochastic system consisting of Dirac and Klein-Gordon
equations. They are coupled by nonlinear terms due to the
Yukawa interaction. We consider a case of homogeneous
multiplicative noise that seems to be very natural from the
perspective of the least action formalism. We are able to show
existence and uniqueness of a corresponding Cauchy problem
in Bourgain spaces. Moreover, the regarded model implies
charge conservation, known for the deterministic analogue of
the system, and this is used to prove a global existence result
for suitable initial data.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

Contents

1. Introduction ..............
2.  Preliminaries . .............
2.1. Random variables. ... ..
2.2,  Stopping times . . ... ...

* Corresponding author.

E-mail addresses: Evgueni.Dinvay@uit.no (E. Dinvay), Sigmund.Selberg@uib.no (S. Selberg).

https://doi.org/10.1016/j.jfa.2024.110565

0022-1236/© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jfa.2024.110565
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2024.110565&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:Evgueni.Dinvay@uit.no
mailto:Sigmund.Selberg@uib.no
https://doi.org/10.1016/j.jfa.2024.110565
http://creativecommons.org/licenses/by/4.0/

2 E. Dinvay, S. Selberg / Journal of Functional Analysis 287 (2024) 110565

2.3.  Stochastic integrals . . . . . . . . ... 10

2.4.  Function spaces . . ... ... ... ... 12

2.5.  Cutoffs and a modified Bourgain norm . ... ........ ... ... . ... . .. ... 17

3. Main results . . . ... 19
4. Bounds for Hilbert-Schmidt operators . . . . ... ... ... .. 24
5.  Bilinear bounds . . .. ... 27
6.  Abstract well-posedness for dispersive PDE systems with noise .. ............... ... 32
6.1. Notation and definitions . ... ... .. ... .. .. e 32

6.2. Imitial value problem . . . . . . . .. 33

6.3. Existence and uniqueness . ... ... .. ... 36

6.4. Properties of ML . . . . . .. ... 39

6.5. Propertiesof Noand L . ... ... .. 42

6.6.  Existence for the truncated problem . .. ... ... ... . ... ... . . ... . ... 43

6.7. Extension . ... ... 46

6.8.  UnIQUENESS . . . . . ot it e e 47

6.9. Regularisation and It&’s formula . . . ... ... ... 49

6.10. Proof of Theorem 1 . .. . . . . 53

7. Charge conservation . . ... ... ... ... ... 54
8. Global existence . . . . . . . 58
9. Bourgain isometry . . ... .. ... 62
10. A modified Bourgain norm . . ... ... ... 67
11.  Cutoff estimates in H? and X*b . . . . . ... ... 70
11.1.  Preliminary estimates . . . . . . ... . .. 71

11.2.  Cutoff estimate, version I . . .. ... ... ... 75

11.3.  Cutoff estimate, version I1 . . . . . . . ... e s

11.4. Difference estimate, version I . . . . . ... ... L s

11.5. Difference estimate, version I1 . . . . . . . . ... .. . . . 80

11.6.  Sobolev—Slobodeckij norm on H(0,T) . . . . oo v ii i 81

Data availability . . . . . . . . 81
Acknowledgments . . .. ... 82
References . . . . . . 82

1. Introduction

Consideration is given to the following Dirac-Klein-Gordon equations, one-dimensional
in the space variable, containing homogeneous multiplicative noise of the Stratonovich

type,

(=i — 100y + MPB) ) = §fY + f1éy,

1.1
(07 — 02+ m?) ¢ = ™ By + péo, (1)

with initial data

(0,2, w) = Yo(x,w), #(0,2,w) = ¢p(z,w), 09(0,2,w) = ¢1(z,w). (1.2)

The unknowns are random processes ¥(t, z,w) € C? and ¢(t,2,w) € R, for t > 0, z € R
and w in a probability space (2, F,P). Here m, M > 0 are constants and the 2 x 2 Dirac
matrices «, 3 satisfy a = o, f = 8%, o® = 82 = I and a3 + Ba = 0. For simplicity we
choose the particular representation
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a((l) 01), ﬂ(? 3)

Let W be the cylindrical Wiener process defined by a complete orthonormal sequence
{ex}ren in L2(R,R) and a sequence {Bj}ren of independent real-valued Brownian
motions on (2, F, {F;}i>0,P), where F; is an associated filtration of 7. We assume that
the noise is of the form

&=

where the £ are convolution operators

Rjf(z) = /ej(;g —y)f(y)dy (1.3)

R

with real-valued kernels £; € H? (R). Here o; > 0 will be chosen depending on the
Sobolev regularity of the initial data.

Interpreting the stochastic integrals in the Stratonovich sense, we can then write (1.1)
as

dip = (—ady — iMB) dt +idfy dt + ifY &Ry o dW,
do = pdt, (1.4)
dp = (92 —m2)pdt + * B dt + ¢pRy o AW,

where ¢ = 0¢/0t and Y8y, ¢Ra are understood as compositions of the convolution
operators R;, Ry with the multiplication operators given by v, ¢. Thus

(6f) () = $(z) / b (e — ) f(y)dy

R

and similarly for ¢R5. Depending on the regularity of the initial data, the Sobolev regular-
ity o; of the kernel £; will be chosen so that the above compositions are Hilbert-Schmidt
operators from L?(R,R) into suitable Sobolev spaces.

By introducing noise in the Stratonovich sense we respect two of the key physical
properties of the original deterministic Dirac-Klein-Gordon system: the principle of least
action and the conservation of the charge, [ |¢(t, 2))? de.

From an analysis perspective it is more convenient to work with the It6 stochastic
integral. The It6 form of the above system is

dyp = (—ady —iIMB)Y dt + i¢Sy dt — Mg,y dt + ifpRy dW,

do = ¢ dt, (1.5)
dp = (0% — m2)pdt + " Bip dt + ¢Ry AW,



4 E. Dinvay, S. Selberg / Journal of Functional Analysis 287 (2024) 110565

where Mg, = (1/2) ||31Hiz. To see this, write (1.4) in the abstract form
dX = AXdt + N (X)dt + M(X) o dW,

where

P —al, —iMpB 0 0 18P R
X=|9o], A_< 0 0 1), M(X)_< 0 )
1) 0 92 -m? 0 R

Then, at least formally, the corresponding It form is (see e.g. [19])
1
dX = AXdt + (N(X) +3 ZMk (Mk(X))> dt + M(X)dw,
k

where My (X) = M(X)ey and we calculate

(iRierB)? —(Rier)*y
- (F) - ()

and note that for all z € R,

> (en@)* =) (& er)ie = l[tllZs
k

k

by Parseval’s identity. Formally, this verifies the conversion from (1.4) to (1.5).
Our aim is to prove existence and uniqueness for (1.5) with initial data (¢, ¢, $)(0) =

(1o, ¢0, @1) in the spaces

Yo € L? (0, H® (R,C?)), ¢ € L* (Q, H"(R,R)), ¢1 € L? (Q,H'(R,R)),
(1.6)
for a certain range of Sobolev indices s, r € R. In particular, using the charge conservation
we will prove global existence when s = 0 and 1/4 < r < 1/2, under the additional
assumption that 1y € L? (Q, L2(R)) for a sufficiently large p > 4, depending on 7.
Assuming for the moment that m > 0, then by a rescaling we may take m = 1.
Applying the linear transformation (1, ¢, ¢) — (Y4, 1h_, ¢4, ¢_) given by

1 1.
w-(iﬁj), b=0s+o-.  ox=3(o£(Da)Nid),

1/2
where D, = —i0, and () = (1 + HQ) , the Cauchy problem (1.5), (1.6) then trans-

forms to
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—idipy + Dythy dt = —Mp_ dt + ¢pp_ dt + p_ Ry AW + iMg, by dt,
—idip_ — Dytp_ dt = —Mup, dt + ¢tpy dt + 1y Ry dW + iMg, v dt,

—idpy + (Dy) ¢rdt =+ (D, ) ' Re (ﬁw,)dw%(DwrwﬁgdW,

6 —(De)g-dt = (Du) 7 Re (B0 ) di — 3 (Da) ™" 68z dIV,
with

$e(0) = fi € L2 (QH*(R,C)),  6£(0) = gs € L* (% H'(R,C)), g7 =g-.
(1.8)
Here (D, )71 ¢ Ry is understood as a composition of operators. We remark that ¢ = ¢_.
Thus ¢ = ¢4 + ¢, and it suffices to solve for ¥y, _ and ¢, .

The deterministic Dirac-Klein-Gordon system has been extensively studied in space
dimensions d < 3. For d = 1, the first global existence result was obtained in [9], for
o € H'(R). This was improved to the charge class, that is, ¥y € L?(R), in [6], by
using space-time estimates of null form type. Both these results rely on the conservation
of charge, of course. The complete null structure of the system, in dimensions d < 3,
was determined in [11], and this opened the way for improvements in the low-regularity
local well-posedness theory by using Bourgain’s Fourier restriction norm spaces, see
[11,29,30,25,26] and the references therein. Global existence in space dimension d = 2
was proved in [20], and for d = 3 in [3,8] for small data. Global existence below the
charge in space dimension d = 1 has been proved in [7].

The optimal low-regularity result for the deterministic case in space dimension d =1
was obtained in [26]; it states that the problem is locally well posed for s > —1/2 and
|s] <r < s+ 1, and that this range is optimal since some form of ill-posedness holds
outside it. In the present work we are primarily interested in getting a global result
for s = 0 in the presence of noise, and not so much in reaching the lowest possible
regularity. Therefore, we restrict attention to the range s > —1/4, which corresponds to
the results in [30,25,29] for the deterministic case. In those papers, the local existence
proof is based on contraction in Bourgain spaces X, and that is also the approach
we follow. However, the presence of noise introduces some further technical issues that
have to be dealt with, including the fact that one has to work with b < 1/2 (instead of
b > 1/2 in the deterministic case), and that one has to introduce cutoffs to deal with
the lack of uniform bounds with respect to the probabilistic variable w. In order to deal
with these issues and obtain local well-posedness of the stochastic extension (1.1), we
adopt techniques developed in [15] and based on analysis in Bourgain spaces. To prove
global existence we take advantage of the charge conservation, [|4(t)|/,. = const., and
that is why we need a Stratonovich noise, similar to one regarded in [14] with a nonlinear
Schrodinger equation. We work in Bourgain spaces of low time regularity (b < 1/2) and
so we need to extend product estimates proved in [29,30]. Once these have been obtained,
the local existence and uniqueness for (1.7) follows from an abstract framework for well-
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posedness of nonlinear dispersive PDE systems with homogeneous multiplicative noise,
presented in Section 6.

As mentioned, we are motivated by ideas that were introduced in [14] and [15] to
analyse the nonlinear Schrodinger equation (NLS) and the Korteweg-de Vries equation
with multiplicative noise. They employ the truncation argument, and so do we. Another
approach worth mentioning is the rescaling method developed in [1,2] for stochastic
NLS, which was also used in study of scattering [23]. With this approach, the stochastic
NLS is transformed to an equation with random coefficients. This allows for pointwise
estimations with respect to probability space, which in turn helps to avoid the use of
cutoff estimates and provides a more general result on L? theory of stochastic NLS
compared to [14]. This approach relies on a generalisation of Strichartz estimates for a
perturbed Schrédinger operator [27].

In the classical field theory one can determine the equations of motion by the principle
of least action. As we restrict ourselves to the one dimensional space, the action is
an integral functional S = [ Ldtdz, where the Lagrangian density, depending on the
field and time, is defined by the physical system under consideration. The deterministic
analogue of Equations (1.1) is related to a particular choice of the density L(1), ¢,t), as
explained in [5,32]. We recall very briefly the corresponding physical background and
show how the noise can be naturally introduced here. In particle physics, the Yukawa
interaction [32] explains how forces between nucleons are mediated by massive particles
called mesons. Mathematically, this is described by the action integral S(¢, ¢) defined
by the Lagrangian density

E(’l/i, ¢) = L:Dirac (1/)) + Lmeson(¢) + EYukawa("/}a ¢)

Here 1 is a spinor field (the fermion field) and ¢ is a real scalar field (the meson field)
whose free-field dynamics are determined by the Lagrangians

Lpirac(V) = ™ (10 + i0dy — M), Limeson(¢) = %(3@)2 _ %(5:1:(;5)2 _ %m2¢2,

corresponding to the free Dirac and Klein-Gordon equations. Here m, M > 0 are masses

and ¢* denotes the complex conjugate transpose of ¥. The interaction is determined by
the Yukawa coupling term

L:Yukawa(wv ¢) = ¢1/}*/81/)

The corresponding system of Euler-Lagrange equations is the deterministic Dirac-Klein-
Gordon system. We introduce the noise by adding

.. . i 1
Enoise(wv d)ax?t) = Ill)?;saec('lpa {Eﬂf) + L:E?cl:gn(¢vxvt) = 1/1 ﬁd}fl + §¢2£2~
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One can think about L3¢ as stochastic fluctuations of the initial Dirac potential

Mp* 3. Similarly, £795¢  represents a noisy extension of the potential m2?¢?/2 in the

meson

Klein-Gordon model. Thus using the new Lagrangian density

‘C('(/Jv (ba z, t) = ['Dirac(w) + Emeson(¢) + ﬁYukawa(¢7 (Z)) + Enoise(¢a ¢7 €, t)

one arrives at a stochastic variational principle leading to the system (1.1). Note that
the Stratonovich calculus obeys normal differentiation rules, and so the derivation of the
Euler-Lagrange equations works out as in the deterministic case.

The paper is devoted to an analysis of existence and uniqueness of a mild solution to
the Cauchy problem for (1.7) complemented with the initial data (1.8). It is organised
as follows. In the next section we introduce some preliminary notions that will be used
throughout the paper. Section 3 provides the mild formulation of the Cauchy problem and
the statement of the main existence theorems. Section 4 is devoted to an analysis of the
stochastic integrals we are dealing with. Then in Section 5 we prove bilinear estimates
necessary for treating nonlinear terms. In Section 6 we prove the local existence and
uniqueness in an abstract setting. As a result we obtain a local mild solution to (1.7),
(1.8). Section 7 is devoted to the proof of charge conservation. Finally, in Section 8 we
prove existence of a global solution. Proofs of some very technical results are left for the
last three sections, where we prove in general terms the so-called cutoff estimates. The
idea of making use of a Slobodeckij norm for this comes from [15]. However, it turns out
that the treatment should be more delicate than the argument given in [15].

2. Preliminaries

First, we fix some general notational conventions.

As usual, the symbol C' will denote various positive constants, and its meaning can
change from one instance to the next.

The characteristic function of a set E will be denoted 1g. If E is determined by some
property P, say E = {x: P(x)}, we will often use the convenient notation 1p(,) for
lg(z). If E is a subset of a set X, and f is a function defined on E, then by a slight
abuse of notation we shall denote by 1gf the extension of f by zero outside E. We call
this the trivial extension (of f).

We will adhere to the following convention regarding restrictions of g-algebras. Sup-
pose that M is a o-algebra and that E € M. Let M|g be the g-algebra on E consisting
of all sets AN E, where A € M. Then if f: E — H is M|g-measurable, we will sim-
ply say that it is M-measurable. This is of course equivalent to saying that the trivial
extension is M-measurable.

We use the notation a A b = min(a, b) for real numbers a and b.
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2.1. Random wvariables

We fix a filtered probability space (2, F,{F;}+>0,P) admitting an independent se-
quence { By } yen of one-dimensional Brownian motions. We write E(X) = [, X (w) dP(w)
for X € L'(Q).

A stochastic process X (t), defined on a time interval I = [S,T] or I =[S, 00), where
S > 0, and taking values in a separable Hilbert space H, is said to be H-adapted (or just
adapted if it is clear from the context which Hilbert space is meant) if X (t) is (Fz, By )-
measurable for all ¢ € I. In other words, (X (t),h)y is Fi-measurable for all h € H.
Here By denotes the Borel o-algebra of H.

A process Y (t) is a modification of X (t) if for each ¢t € I we have X(t) = Y (¢) a.s.
We assume that Fy contains all sets in F with measure zero, so that any modification
of an adapted process is itself adapted. Moreover, the filtration is supposed to be right-
soi Fs = F¢ for any t > 0.

The process X (t) is progressively measurable if for each ¢ € I the map (s,w) —

continuous, i.e. [

X(s,w), from [S,t] xQ into H, is (B[Sﬂf] ® Fi, BH)—measurable. Progressive measurability
implies adaptedness (see [16, Proposition 2.34]), and the converse holds if the process
has continuous paths (see [24, Proposition 1.13] or Lemma 2 below).

If Z is some Banach space of functions from [S, T| into H, we define

L*(, Z) = {u € L*(Q, Z): u is progressively measurable} . (2.1)

2.2. Stopping times

A stopping time is a random variable 7: Q — [0, co] such that for all ¢ > 0, the set
{r <t} ={w € Q: 7(w) <t} is Fr-measurable. Then also {7 < t}, {r >t} and {7 > t}
have this property, of course. Note that any constant 7 > 0 is a stopping time.

In the next three lemmas we establish some facts about stopping times. We only
consider strictly positive stopping times.
Lemma 1. Let 7: Q — (0, 00| be a stopping time. Then the set

E ={(s,w) €[0,00) x Q2:0< s <7(w)}
belongs to the product o-algebra B )y @ F. For any T > 0, the set
Er=ENn(0,T] x Q)

belongs to By r) @ Fr.

Proof. Let A, be the set of numbers i7°/2",i = 0,...,2". Then Er = {J, cny Usea, [0, 2] %
{t <7}, and of course £ = {Jycn En. O
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As a consequence of this lemma, if u is a random variable defined on E (so it is defined
up to the time 7), then it makes sense to ask whether u is Bjg o) ® F-measurable. That
is, whether the trivial extension of u has this property. Similarly, one can ask whether
u restricted to Ey is By ® Fi-measurable for all ¢ > 0, which amounts to progressive
measurability of the trivial extension. The next lemma gives sufficient conditions for this
to hold.

Lemma 2. Let 7: Q — (0,00] be a stopping time, and let E and Ey, for t > 0, be as
in Lemma 1. Let u: E — H, where H is a separable Hilbert space. Assume that u has
continuous paths, in the sense that

t — u(t,w) is continuous on [0,7(w)), for each w, (2.2)

and assume that u is adapted, in the sense that, for each t > 0 such that {t < 7} is
non-empty, we have

w— u(t,w), defined for w € {t < 7}, is Fi-measurable. (2.3)

Then u|p, is Bj,g ® Fi-measurable for all t > 0. In other words, the trivial extension of
u 18 progressively measurable.

Proof. Let U = 1gu be the trivial extension of u to [0,00) x Q. Then (2.3) says that
U(t) is adapted for every ¢ > 0. Now fix ¢t > 0. For n € N let ¢; = it/2" for i = 0,...,2",
and define

-
Un(s,w) = U(0,w)Lgoy(s) + D _U(ti,w)le,_,e0(s)  (0<s<tweQ).
=1

Then U, is By, @ Fi-measurable by the adaptedness of U, and (2.2) implies that U,
converges pointwise to U in E; (and therefore in [0,¢] x Q). O

Lemma 3. Let 7: Q — (0,00] be a stopping time. Suppose that f(t,w) > 0 is defined for
weQand 0 <t <7(w), and that for each w,

t— f(t,w) is continuous on [0,7(w)), and f(0,w) =0, (2.4)
and moreover that, for each t > 0 such that {t < 7} is non-empty,

w i f(t,w), defined for w € {t < 1}, is F-measurable. (2.5)
For R > 0 define 7g: Q@ — (0,00] by

Tr(w) =sup{t € [0,7(w)): f(s,w) < R for 0 < s <t}.
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Then TR is a stopping time. Moreover, for each w,

Rli_r}n()C Tr(W) = 7(W), (2.6)
0<t<7tp(w)andt<7(w) = f(t,w) <R (2.7)

and
Tr(w) < 7(w) = f(tr(w),w) = R. (2.8)

Proof. Let t > 0. Note that, since 7 < 7,
{rr >ty ={m>t}n{r>t}.

Using (2.4), and the compactness of the interval [0, t], we write

mstnesn=1 N <{f(s,~)<R—%}ﬂ{T>t}),

n=1seQnN[0,t)

which is evidently JFi;-measurable. Indeed, for any w belonging to the set on the right
hand side there exists n € N such that for any s € Q N[0,¢) we have f(s,w) < R—1/n.
Since t < 7(w), the continuity now implies f(s,w) < R — 1/n for any s € [0,t], hence
f(s,w) < R for s in some larger interval [0, ¢ + 0]. This implies 7r(w) > ¢ and w belongs
to the set on the left hand side. Conversely, if w belongs to the set on the left hand side,
then f(s,w) < R for any s € [0, t]. Hence there exists n € N such that f(s,w) < R—1/n
for any s € [0,¢], and in particular, for any s € Q N[0,¢). Therefore w belongs to the set
on the right hand side as well.

If 0 < a < 7(w), then taking R > supy<s<, f(s,w) gives Tr(w) > a, proving (2.6).
Finally, the properties (2.7) and (2.8) are immediate from the definition of 7, and this
concludes the proof of the lemma. 0O

2.8. Stochastic integrals

In this section, let K and H be separable Hilbert spaces, with orthonormal bases {ey }
and {f;}, respectively.

We denote by L(K, H) the space of bounded linear operators from K into H, with
the operator norm, and by Lo(K, H) the class of Hilbert-Schmidt operators

Lo(K, H) = {T € L(K,H): t2(T"T) < oo},

which is a separable Hilbert space with the norm and inner product

1/2
||T||£2(K7H) = tr(T*T)l/z = (Z |T6k|§{> ) <SvT>£2(K,H) = tI‘(T*S)
k
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One can think of Hilbert-Schmidt operators as infinite-dimensional matrices. Indeed,
defining

Tj = (Tex, fi )u

then T +— {T}} is an isometry from Lo(K, H) onto [*(N x N).
For later use we note the fact that if S € L(H, H'), where H' is a Hilbert space, and
T € Lo(K, H) then the composition ST belongs to Lo(K, H') and

||ST||L2(K,H’) < HSHL‘(H,H/) ||T||£2(K,H)' (2.9)

Consider now the cylindrical Wiener process

W(t) = i Bk(t)ek,

k=1

where the sum is formal. Given T" > 0, the H-valued It0 integral of an adapted process
FeL*([0,T] x Q,Ly(K, H))

is a natural generalisation of the n-dimensional It6 integral. It can be defined by

n—00
7,k=1

T T

/F(t) dW(t) = lim / jk(t) dBy(t) | f5

0 0
where the integrals on the right hand side are ordinary Itd integrals and Fj, =
(Fey, fj)n are the matrix entries of F. The sum converges in L?(%; H) and the It6
isometry holds:

T 2 T
[rayave| | =2 | [1FOL,um ). (2:10)
0 H 0

Moreover, the H-valued random variable I (¢, w) fo (s,w) dW (s,w) is adapted and we
can assume that it has continuous paths, since it has a modification with this property.
Further, I is a martingale, so by Doob’s maximal inequality (see, e.g., [17]),

t 2 T 2

E ozltlgT /F(s)dW(s) <A4E O/F(s)dW(s) ) . (2.11)
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2.4. Function spaces

Let d € N. First, H*® (Rd) denotes the usual Sobolev space with norm

1/2

LﬂqunQ/<€Vﬂf@Ha% 7 (2.12)

1/2
where (&) = (1 + ¢ \2> and the Fourier transform is defined by

ﬂozfﬂoz/eﬁqux (€ e RY).

Rd

Then the inverse transform is given by F~'g(z) = (2m) ¢ [p. € g(€) d&, the Plancherel
id/cEtiteradS IFfllzmay = @m)72 | f]|2ga)> and we have fg = (2m)~*f * § and
fxg=fgfor f,ge L?*(R?).

We recall the Sobolev product law (see Theorem 2.2 in [13])

HfQHqu(]Rd) < Ol fll e (R4) ||.9HH53(]R‘1) ) (2.13)

which holds for all Schwartz functions f and g on R? if and only if 51, s, s3 € R satisfy
d . : -
s1+ S22+ 53 > 3 and n;m(si +5s;) >0, which are not both equalities.  (2.14)
]

For d =1 and 0 < b < 1 we will make use of the norm equivalence (see [28, Lemma
3.15))

1/2
1 0oy ~ (1o + 1Mo my) - (2.15)
Here || f[|gs () denotes the Slobodeckij seminorm on an open set 2 C R,

)~ S0
ey = [ [ dra

Q Q

On any finite time interval I = (S,T) there is a similar norm equivalence (see [21,
Theorem 4.1])

1/2
W lzsy ~1 (0G0 + 10 03ry) (2.16)
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but with the caveat that the constants depend on the interval. The norm on the left hand
side is the restriction norm, defined as the infimum of [|g|| ;. ) taken over g € H*(R)
with g = f on I.

Second, given a function h € C' (R4 R), we denote by Xh(g) (R x R%) the Bourgain
space with norm

1/2
Jullz = (R/ J@m et ara) @

where u = F; ;)u is the Space—time Fourier transform. The restriction to a time-slab
(S,T) x R? is denoted Xh(g)(S7 T), and is equipped with the norm

flu| . s (5T = = inf {HU”XE(Z) su(t) = v(t) for t € (S, T)} . (2.18)

The symbol 7+ h(§) in (2.17) is associated to the linear PDE —idu + h(Dy)u = 0
with the group

whose action on f(z) is given by F, {She)(t)f} (€) = e‘ith(f)f(g). Here we recall that
D, = —idy, so that D/J;”(f) = £ (). Note that we can also write (2.17) as

Jully;, = [ (€

We now mention some well-known properties of Bourgain norms; we refer to [18] and

it F u(t, g)‘ L e (2.19)

H}(R)

[31] for more details. First, we note the obvious conjugation property

(2.20)

[l x5y = lullxe

NG 5,T)

ni-o(

valid also on the whole line R, of course. By L? duality and Plancherel’s theorem it is
clear that

||u||X2,b = (2m)?H! sup //u(t,x)v(t,x) dt dx (2.21)
lloll
and

(2m)i+1 //u(t,x) ) dtda| < Julp oll g (2.22)

h(€)
d R
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Now let 0(t) be any smooth, compactly supported function. From (2.19) it is clear that
16(2)She) (t)fHX;,(!;) = 1101l oy 1/l prs (may  for b€ R. (2.23)

Moreover, for b > 1/2,

t

e(t)/sh(g) (t—t)F(t")dt <Gy (||9HHb(R) + ||t9(t)||Hf(R)) ||F||X;Lv(b51 (2:24)

s,b
0 Xnie)

which by (2.19) reduces to the inequality

t

1
0 t)/f(t') at' < Gy (||9||Hb(R) + Hte(t)HH;f(]R)> £ ro-1 ) for b> 5. (2.25)

0 H}(R)

The latter can be proved by using Fourier inversion on f as follows, cf. [18]. Assuming
f € S(R) and using Plancherel’s theorem we can rewrite the integral of f as

/f(t/) dt’ = % /J?(T)]: (ﬂ(o,t)) (r)dr = % /f(r)% (ei” - 1) dr.
0 R R

Note that the right hand side here is well defined for any f € H*~'(R) with b > 1/2, as
we shall see below. It serves as a definition for the left hand side. We need to calculate
the L2-norm of

t

1 7 A .
0= W'F (o [rwrar | o =5 [T )= 8) dr
0 R
At first we split this integral into integrals over |7| < 1 and |r| > 1. On the second

domain we can just bound |7| > (7)/2 and then return to the integration over the whole
line R. On the first domain we use the fundamental theorem of calculus for the difference
in brackets

S

(B —7) ) = / Fi(t0(8) (= pr) d.

Hence
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In the first integral we can bound (A)* < (A — pu7)?+1 < (A — p7)?, 0 up to a constant
its L2-norm gives rise to the term

1 1
166y [ |Fr)| dr S 1006y [ |FCr) 70"~ dr S 180 iy 11
—1 -1

by Minkowski’s integral inequality. Now noticing (A)’ < (A —7)" + (7)° the second
integral can be split, up to a constant, into the following three integrals

[ | &8 oo ar+ [ ] S
R R

< ‘é\()\—’r)‘ dr

+ [ FO| @O = )| dr = Jy + Jo + Js.
R/‘ ‘ ’ ‘ 1 2+ J3

Here J3 is a convolution, hence

s < ] [

< o 160 o 11 g

Lt L2

where the L'-norm was estimated by Holder. Similarly,

1302 + 2l e < 2[00 (0 L [Fo@ | <2107 1000 1 -1

that finishes the proof of (2.25).

From (2.23) and (2.24), one immediately obtains the corresponding restriction norm
inequalities on any time interval (0,7"), by choosing a bump function ¢ such that 6(t) = 1
for |¢| < 1. If T € (0,1], we apply (2.23) and (2.24) with 6(t), while if T > 1 we apply
them with 6(t/T) instead of 6(t), and use the fact that [|6(¢/T)l|» < VT 0] spmasxce0
and [[t0(t/T)| zp < T3/2 ||t9(t)||Hznax(b,0) for T' > 1. This gives

Snie) () f || o <Gy (1 + \/T) 1/l szegay for b€ R and T >0 (2.26)

nie (01

and

t
[ Swott= 0 ar < (14 T2) [Pl o,
0 X2 (0,T) (2.27)

h(&)

forb>%andT>0,
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where Cj, depends on b but not on 7.
Further, one has (see Lemma 2.11 in [31])

[l oo 0.0 < Copr TV 70 |Jul]

1 1
for —— <b<b <-and0<T <1 (2.28)
h(€) 2 2

,b!
(0,7) Xrio(0,T)

and

1
b>5 = X34 (0,T) = C([0,T), H*)  with
(2.29)

sup |u(®)|l 7= (may < Cb l[uell .0

0<t<T rie) (1)

where the last inequality follows by applying the Sobolev embedding H°(R) <
L*®(R), for b > 1/2, to the function t + e**&7(t,€) staying in Hu(t)||§{s(Rd) =
J (€)% ‘e“h(f)a(t,f)|2 d¢, and recalling first (2.19), then (2.18).

We will also need the trivial fact that

b2>20 = XZ’(Z)(O,T) < L*([0,T],H*) with ||U||L2([0,T],Hs) < Hu||X;'(Z)(O,T)'
(2.30)

b ) is well-defined when b > 0, as in

In particular, this implies that the space L2 (Q, XZ(&)

(2.1).

Finally, we recall that for —1/2 < b < 1/2 the restriction norm on H®(S,T) is equiv-
alent to the H®(R)-norm of the trivial extension. More precisely, for all ¢ € H°(R) we
have

1

N (2.31)

1
10 o s,y < HE(S’T)(’bHHb(R) < Gollollogsry for 5 < b<

where we emphasise that Cj is independent of (S, T"). Similarly, for all u € X Z’(Z) (RxR9),

1 1
HUHXZ’(Z)(S,T) < HH(S’T)HHX;SJ(Z) <Gy Hu||XZ,(§)(S’T) for -5 < b< 3 (2.32)

Here (g 7)(t) is the characteristic function of the interval (S,7'). Note that the left
inequalities in (2.31) and (2.32) hold trivially by the definition the restriction norm; for
a proof of the right inequalities, by an argument relying on the Slobodeckij seminorm,
see Lemma 4 in [7] (alternatively one can use the Fourier transform, applying the ideas
used to prove Lemma 3.2 in [10]).

Combining (2.31) and (2.32) with (2.19), we get the restriction norm equivalence

lull xse (s7) ~ (/@28

with constants depending on b but not on (S, 7). With an additional effort one can get

ith(&) 2 Yz 1 1
¢ Fru(t, d for —— <b < -, 2.
e u( OHH,?(S,T) §> or 5 <b< 3 (2.33)

a stronger result.
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Lemma 4 (Bourgain isometry). For any s,b € R, interval (S,T) and h € C (Rd,R) we
have the following

”uHXi(Z)(ST) </<§> °

We find the proof of this lemma instructive and not completely straightforward, so we

1/2
d . 2.34
mng) (2.34)

zth(g)f u(t 5)‘

put it in a separate section 9. Moreover, we could not find it presented anywhere else.
As a matter of fact, even the weaker result (2.33) would serve all our needs below. So
Lemma 4 together with its proof given in Section 9 can be regarded as a complementary
material.

Another immediate consequence of (2.32) is that functions on adjacent time intervals
can be glued together.

Lemma 5. Let —1/2 < b < 1/2. Then there exists a constant Cy such that if u €
XZ’(Z)(to,tl) and v € XZ’(Z) (t1,t2), where to < t1 < ta, then the glued function

[u, v](t) = {u(t) ty<t<t

v(t) t <t<ty

belongs to XZ’(Z)(tO,tg) and

sl oty < o (Il oty + 0z et -

Proof. This follows from (2.32) and the triangle inequality since 1, +,) = L(¢o,6,) +1(¢, 22)
a.e. 0O

2.5. Cutoffs and a modified Bourgain norm
As usual with a multiplicative noise, we have to truncate the nonlinearity in order

to prove existence by iteration. In the corresponding cutoffs we will use, for technical
reasons, not the restriction norm (2.18) but an equivalent norm, defined by

T T T
1 2 |U (¢, U(r, &)
IIuHX,s(g)(ST) / W/'U(t’m dt+// t_r|1+2b drdt | de,
S S S

Rd

(2.35)
where U (t,£) = (€)%e™&) Fou(t, €). It is thoroughly studied below in Sections 10 and 11.
Here it is crucial that the norm equivalence is uniform with respect to the time interval
to which we restrict. To be precise, for any Tp > 0 and b € (0,1/2) there exists a constant
C'r,.» such that (see Lemma 21)
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—1
City Il sy < Nlle simy < Crros Nl s (2.36)

forallueXs’ )(8,T) with 0 < § <T < T.

The idea of exp101t1ng the Slobodeckij seminorm, the double integral over (S,T) in
(2.35), comes from [15]. However, we point out that the factor 1/(T — S)?* in front
of the L?-norm turns out to be important to claim the uniform equivalence (2.36);
see Remark 6 in Section 11 for a further discussion of this. Moreover, the necessity of
this factor becomes clear when one calculates these norms on a concrete element, say
u(t) = Sp(e)(t)f, where f € H* (R?). In fact, by (2.34) it follows immediately that

Hsh(ﬁ)(t)fo;v(b&)(o,T) = ||1HHb(0,T) [l s
forall T > 0 and b € R, and it is easy to see that
1
11 oo,y ~ TH?70 for 0< b < 5and 0<T <1, (2.37)

Indeed, recalling (2.31), we can calculate the equivalent norm

T
2 ity 2% 2 TP 2
Promli - @t (Par=7 [|ZsnZ| (1) dn
0 R

which is comparable to 7% + T~ ~ T1=20 (for 0 < T < 1 and 0 < b < 1/2) as one can
see by splitting the last integration into || < T and || > T. On the other hand, it is
easily seen from (2.35), with U(¢,€) = (£)*f(&), that

1wy Ol 0 =T 11l

For the modified restriction norm (2.35) we have the following key estimates, proved
in Section 11.

Proposition 1. Let Ty > 0 and b € (0,1/2). Let : R — R be a smooth, compactly
supported function and set Og(x) = 0(x/R) for R > 0. Let n € N, and for 1 <i<mn
let s; € R, h; € C(RL,R) and u;,v; € XZ“(Q(O To). Then for T € (0,Tp], R > 0 and
1 <5 < n we have the estimates

HR (Z ”Uz”XSL( )(0 t)) (t)

< CVR,

Sj,b
X3 (6 (0.T)

2 2
O (Z ||ui|g;ﬁ;)(0,t)> us(6) = 0 (Z ||vz-||)~(;3,é)<o,t)> (8

Sj,b
Xy (0T)

CZHUZ =i i)
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where C' depends only on b, Ty and 6.

The modified norm (2.35) can be formulated also for functions ¢(t) depending only on
the time variable ¢, and this gives cutoff estimates for functions in H®(0,7),0 < b < 1/2.
See Section 11.6.

3. Main results

We consider the mild form of (1.7), which reads
¢ ¢
Valt) = Sxelt)fi M [ Suelt = owxl0)do+i [ Seelt = o) (6vz) (o) do
0 0

i / Sie(t — o) (o)1 AW (0) — My, / Seelt —o)ba(o)do (3.1)
0 0

and

t

6+ = Sie) (D9 +1 [ Sige)(t = 0) (D2) ™ Re () (0) dor
0

+ %/sﬂﬂ(pa) (D) ' (o) R dW (0), (3.2)
0

where ¢ = ¢, + ¢, = 2Re . We will look for solutions
b € XEOT), ¢y € X5y (0,T), (3.3)

where b < 1/2 is taken sufficiently close to 1/2, depending on s and r. Note that by the
conjugation property (2.20) we have

by € X, (0,7). (3.4)

It will be convenient to define
HE*") = H*(R,C) x H*(R,C) x H"(R,C) (3.5)
and

s,8,T s,b s,b b
X5902(0,T) = X3¢0, T) x X7(0,T) x X'/, (0,T), (3.6)
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with the product norms.
We now state our main results.

Theorem 1 (Local existence). Assume that s,r € R satisfy

1
5>—Z, Is|] <r <s+1, 0<r<1+2s.

Assume further that the kernels ¥;, defining the convolution operators &;, have the reg-
ularity

¢, e HFI(R,R), &, € H>O=D(R R).

Then for any b < 1/2 sufficiently close to 1/2, the following holds. Assume that

(f+, [ 94) € L2, H(S’S’T)) is Fo-measurable.
Then there exists a stopping time 7: Q — (0,00] and a random process

(V1,0 04)() eHED for0 <t <7
such that for 0 <t <7, (3.1) and (3.2) hold,
(Wi, ¥, o )(): {t <7} = HET) s Fi-measurable

and

(s, 04) € C ([0.8), HO7 ) n X200, 1),

Moreover, the solution is maximal in the sense that
T< 00 = lim;up||(w+,1l)7,¢+)|IX<S,5,,->,b(07t) = 00,
t T

and it is unique in the sense that if (Vy,¥_, &) is a solution with the same initial data,
and satisfying the same assumptions but with a stopping time 7', then almost surely

(s, 63)(8) = (U, U_, L) () for 0 < ¢ < min(r, 7).

Further, if s > 0, then the charge is almost surely conserved:

/ (0 (e ) + - (. 2)?) da = / Wo(@)? dz for0<t<T,
R

R

where o = (f+, f-).
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This theorem is a consequence of the abstract well-posedness theory presented in
Section 6. The existence follows from Theorem 3 and the uniqueness from Theorem 4.
The necessary assumptions stated in Section 6 are verified here on account of the bounds
stated in Lemmas 6, 7, 8 and 9 below; see Section 6.10 for the details. The charge
conservation is proved in Section 7.

Using the charge conservation, we will then deduce the following global result.

Theorem 2 (Global existence). Let s = 0 and 1/4 < r < 1/2. Let max(r,1 —2r) < b <
1/2. Given initial data as in Theorem 1, we impose the additional condition fy,f_ €
LP (Q,Lz), where

2b+2r —1
> g2
p—max( ’ b+2r—1>

Then the solution in Theorem 1 extends globally in time. That is, T = 0.

The proof is given in Section 8.

Although the local result will, as mentioned, be deduced from the abstract framework
expounded in some detail in Section 6, we find it worthwhile to present here a broad
outline of the key ideas behind the proof.

Existence for a short time interval (0,T") will be proved by iteration in

L? (Q,X(S’S’T)’b(O,T)) nL2 (Q,C([O,T},H<S>S~”)) , (3.7)

and the first thing to notice is that we cannot expect the stochastic integrals to be in
this space unless b is strictly less than 1/2, the reason being that the paths of any one-
dimensional Brownian motion belong to H®(0,T) if and only if b < 1/2, as shown in
[4].

For b < 1/2 the stochastic integrals can indeed be controlled in (3.7), provided that
we know that the linear operators

e Mi(f)=fR and g~ Ma(g) = (D,) ' gfe (3.8)

map H*(R) and H"(R), respectively, into Hilbert-Schmidt operators from L?(R,R) into
H*(R) and H"(R), respectively. Thus, we need the following.

Lemma 6. Let s, be as in Theorem 1. Assume that & € HII(R,R) and & €

H™axOr=1)(R R). Then there exists a constant C such that the linear operators M,
and My defined by (3.8) satisfy

”Ml(f)HﬁQ(LQ,HS) <Clflgs and ||M2(9)HL2(L2,H") < Cllgllg-

for all f € H*(R) and g € H"(R).
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The proof of this lemma is given in Section 4, and in Section 6 we show how it is
applied to control the stochastic integrals.

Now let us turn our attention to the deterministic terms in (3.1) and (3.2). Here there
is a difference from the purely deterministic case, where one works with b > 1/2, see
e.g. [29]. Since now we are forced to take b < 1/2, the required bilinear estimates are
a bit tighter. We will prove the following bilinear bounds, extending those obtained in
[29,30] to the case where b is less than, but close to, 1/2.

Lemma 7. Assume that s, € R satisfy
1
s>—7,  slsr<s+l 0<r<1+42s

Then for any b < 1/2 sufficiently close to 1/2, there exists a constant C such that

190l xen < C ol g Wl (39
s—b < b s,b .
[6lecs < Cllollgr 1llxee (3.10)
NN, !
er‘/} ngzﬁ’ <C ”7’Z}||Xi§ K% ngga (3.11)

for all Schwartz functions 1, ¢' and ¢ on Ry x Ry. In particular, in the case s =0 and
1/4 < r < 1/2, relevant for Theorem 2, the above estimates hold for all b > 1/4.

This lemma is proved in Section 5. The method of proof does not differ significantly
from that used in [29,30] for the case b > 1/2. Also, we remark that studying bilinear
space-time estimates in Bourgain norms with b < 1/2 is nothing new. For example,
general product estimates for wave-type spaces were studied in [12,13].

With b as in the last lemma, and choosing 0 < e < 1/2 — b, set

B=-b+1-—c¢.

Then B > 1/2, so we can apply (2.27) and (2.28) to control the deterministic in-
tegrals in X(5*7):5(0,T). And then, crucially, by (2.29) they are also controlled in
C ([0, T); H*™)) (and of course also in X(**7):5(0,T), since b < B). For example,

t
[ et =600 do < Cllbsi sz 0 m by (2.27)
0

x35(0,1)
< OT* 39—l s 0m) by (2.28)

<CT* ||¢+HX:<!)§>(O’T) wanxi»é’(og*) by Lemma 7,

and similarly for the other bilinear terms, and also for the linear ones, for which we use
the following.
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Lemma 8. Let s € R and b > 0. Then

lullxe oo < V2Rl oy ey < el xes

for all Schwartz functions u on Ry x R, and any choice of g,h € C(R,R).

Proof. This is obvious from the definitions (2.17) and (2.12), and Plancherel’s theo-
rem. O

The bounds are pointwise in w, and for the iteration in the space (3.7) one must now
take the L?(2) norm of them. So for example, one needs to control

2 2
E (1642, o 6= = Y120

where 1y_ and W_ represent different iterates. The only reasonable way to estimate this,
seems to be

2 2
(sgp ||¢+||Xifg>(o,:r)> E (HT/)— - ‘I’—||Xj~§(o,T)> )

so one needs to control the norms of the iterates uniformly in w. Here, a further difference
from the deterministic case becomes apparent, since there one usually chooses R > 0 and
considers initial data whose norm is at most R. Then for 7" > 0 small enough depending
on R, the Bourgain norms in the iteration are all bounded by R times some constant.
This will not work in the stochastic case, since a bound in the space (3.7) does not imply
a pointwise bound in w. Instead, as is usual in stochastic problems with multiplicative
noise, one must truncate the equations. Following the approach in [15], for a given R > 0
we consider a truncated version of (3.1), (3.2) where in the deterministic integrals, each
unknown is multiplied by the cutoff

2 2 2
0(t) = 0n (10420 + 10 Imt0. + 164122, o)) (3.12)

where 6: R — R is any smooth, compactly supported cutoff function with (t) = 1 for
t € [0,1], and we define Or(z) = 8(x/R). So for example, the integral term

/ Seelt — o) (b4 ) (o) do,
0

considered above, is replaced by

[ s:ctt =) (00,00-) (0)do
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and similarly for the other bilinear terms. For technical reasons, inside the cutoffs we
do not use the Bourgain restriction norm as defined in (2.17), (2.18), but rather the
equivalent norm (2.36), discussed in detail in Section 10.

With the truncation, and making use of Proposition 1, the bilinear terms can be
controlled in the space (3.7), and by iteration one can prove existence up to a small time
T > 0 depending only on R. Repeating this argument one obtains existence on a time
interval of any size. Letting R tend to oo, this implies the existence of a maximal solution
of the original, non-truncated problem. The uniqueness requires a separate argument.
The details are shown in Section 6 in an abstract framework. As mentioned, the necessary
assumptions in Section 6 are verified on account of the bounds in Lemmas 6, 7 and 8, as
well as Lemma 9 below. The details are discussed in Section 6.10.

The following estimates show that the deterministic integrals make sense as Bochner
integrals if the regularity is sufficiently high, and that this fails if s < 0.

Lemma 9. Assume that

1 1
5> 0, s<r<s+1, §<r<§—|—25.

Then there exists a constant C' such that

1fallge < CUF e Iglles and ([ fallgrs < C I F 1l gl are

for all Schwartz functions f and g on R. Moreover, if s <0, the above estimates cannot
both hold, for any r € R and C > 0.

Proof. This follows from the Sobolev product law (2.13), (2.14). O
Remark 1. The case mm = 0 in (1.1) does not bring anything new to our analysis. Indeed,

if m = 0 then we can add ¢ to both sides of the second line in (1.1), which gives rise to
Equation (3.2) with an additional linear term

on the right hand side. It can be treated by Lemma 8 and (2.24)—(2.29).
4. Bounds for Hilbert-Schmidt operators

Our main aim in this section is to prove Lemma 6.

To this end, we require the following lemma. It corresponds to Lemma 2.6 in [15], but
we remove an additional assumption made there, namely that the convolution kernel £
isin L' N L2.
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Lemma 10. Let ¢ € L? (Rd,R), v e L? (RdﬂC) and let R be the convolution operator
defined by

/f(x) = / ¥z — )/ (v)dy. (4.1)

Rd

Then for any orthonormal basis {e;};en of L* (R%,R) we have

Z|.7:vﬁej @i /’ (E—n)t 7) d77<oo

for a.e. € € RY.

Proof. Set fj(z) = ej(—x). Then {f;} is also an orthonormal basis of L?*(R%), and

fj(f) = ¢;(&), by the assumption that e; is real valued.
Since

~ 2 ~
[ [ [t = wtn| dean = 10132 1813 = 22 ol e

Rd R4

it follows that

1 R 2
| Fell7. = @) / ’U(f - 77){3(77)‘ dn < oo forae. £€R?
d

where F¢(z) = F~1 {77 — 0(€ — 77)%(77)} Applying Parseval’s identity we have, for a.e. &,

<F5’fj >L2
2
< 0.

0o 2

IIFslle—ZI Fe, /)1 Z

=3 | g [ €=t ()

To finish the proof we only have to notice that vfe; belongs to L? (the operator & maps
L? into L, by Hélder’s inequality) and has Fourier transform

1 - — 1 ~ ~ ~
F(e8e))(€) = g [ T = mErs ) dn = oo [t~ nmem an
We claim that this equality holds in L?(R?), hence for a.e. £&. To prove the claim, ap-
proximate the L? functions v, € and e; by Schwartz functions, for which the equality
clearly holds, and then pass to the limit using the fact that (27)~%/2F is an isometry on
L2, and the bound
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H [t = an

<l [ [fones )] dn < 1912 B2 1651
Lg

where we applied Minkowski’s integral inequality and Hoélder’s inequality. 0O

Remark 2. Integrating both sides of the equality in Lemma 10, one recovers the well-
known fact that v& is a Hilbert-Schmidt operator on L*(R), and [[vf]|z, 2 12) =

[oll g2 [1#] 22

Corollary 1. Let s € R. Assume that £ € H'*l (Rd,R). Then the convolution operator R
defined by (4.1) satisfies

18Il 2,22 ey < C lollgge 1l g1 for allv € S (R),

where the constant depends only on s. Thus the map v — vR extends to a bounded linear
map from H* (Rd) into Lo (L2 (Rd) , H? (]Rd)).

Proof. Integrating both sides of the equality in Lemma 10 with respect to (& )>* d¢ one
obtains

1 IOURIPINT I
I8y = oy | [ [o6 =¥ (€)% dean

Rd Rd

Applying the inequality
(€)° < C(&—n) (m* forallg,neR?, s €R, (4.2)
the claimed bound follows immediately. O
With this corollary in hand, we can now prove Lemma 6.

Proof of Lemma 6. The bound on M;(f) = ff; is immediate from Corollary 1. For
Ms(g) = (D, )71 gRo we write

IM2(9) 2, 2,17y = 982l £y 12, 11
and use again the corollary; if 0 <7 < 1, we bound by

l98all gy pe 12y < C el e llgll =

while if » > 1 we bound by

C el g llgll g -

This concludes the proof of the lemma. O
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5. Bilinear bounds

In this section we prove Lemma 7, and we prove some additional null form bound,
stated in two lemmas at the end of the section, that will be needed in the proof of global
existence. Throughout this section the space dimension is d = 1.

We first note the following basic product law for Bourgain norms.

Lemma 11. Let sq, s2,83 € R and by, by, b3 > 0, and assume that
o 51+ 82+83>1/2, and
. min#j(si + Sj) >0, and
e the two preceding inequalities are not both equalities, and
e b1+ by + b3 > 1/2.
Then there is a constant C such that the bound

ol gepion < Cllullgzazs ol oo (5.1

holds for all Schwartz functions u and v on Ry X R, and any choice of hy, ho,hg €
CR,R).

Proof. By Plancherel’s theorem and L? duality, (5.1) can be reformulated as

/ F(7, ) Fa(r = M€ = n) fa(Aym) dAdn dr de

L™ (e—n) ()™ (r 4 b (@) (r = A+ ha(€ = )™ Ot o))
3

<CTLIAl e

where the f; are non-negative. By symmetry, it suffices to consider the region where
(X + hz(n)) is the minimum among (7 4+ h1(§) ), (7 — A+ h2(§ —n) ) and (A + hs(n) ),
and then the left side is bounded by

J1(m, &) fo(T — A, §—n) f3(A\, n) dhdndr d§

A=) ()™ (A ha(n)) P

where we used the assumption by, by, b3 > 0. This shows that it is enough to prove
—s1,0 < s s . .
vl sy < C o 1ol gspysomvos 5:2)

But by the assumptions on s1, s2, s3 we can apply the product law (2.13) to get

[u@oO o1 < Cosi 5,5 10O o2 (0@ s
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for all t. Taking now the L? norm with respect to t of both sides, and using (2.29) to
bound

fg]g ||v(t)||H53 < Chy s b5 ||U||Xigv(g+b2+b3 )

we then obtain (5.2), and this concludes the proof. 0O

Now we apply the above lemma to obtain estimates of the form
vl cormtn < Cllullyazea [l ogos - (5.3)

But here we can gain some regularity compared to the generic case, due to the opposite
signs in the dispersion relations on the right hand side; the symbols 7 + & and 7 — &
correspond to transport equations with propagation in transverse directions. Thus, (5.3)
is a null form estimate.

Let us denote by bmin, bmed; bmax the minimum, median and maximum, respectively,
of the three numbers by, ba, bs. We then have the following result.

Lemma 12. Suppose s1, 2,53 € R and by,bs,b3 > 0. Then the following conditions are
sufficient for the null form estimate (5.3) to hold for all Schwartz functions u and v on
Rt X Rx

o min (52 + 53 + buin, 51 + 52,51 + 53) > 0, and
o the two preceding inequalities are not both equalities, and
b bmed + bmax > 1/2

e Sq + S92 + S3 + bmin > 1/27 and

Proof. We reformulate (5.3) as

/ Si(1,8) fa(r = A € — n) fs(A, m) dA dn drdg
(&)«

3
C i 2,
E ) (T () (A E—m) A EwnL

R4

where the f; are non-negative. By the triangle inequality,

2l <t +&l+Im = A+ (E=nl+ A —nl,
206 =l <|r=&[+r = A+ (=)l + A=l

implying
min ((1),(§=n)) < Cmax ((7+(&)), (1 =A+(E=n)),(A=n)),

since (7 £ |¢]) is comparable to (7 £ (£)). Thus, we can reduce (5.3) to estimates
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||uv||X;<sé,>731 <cC ||uHXi2£+bmin=Bz ||UHXj3£vBB )

vl < Cllull e oa 0] gt

where Bi, By, B3 > 0 and B + By + B3 = bped + bmax- Applying Lemma 11 we therefore
obtain the claimed result. 0O

We are now ready to prove Lemma 7.

Proof of Lemma 7. We start with (3.11), which reads
NN /
HQ/“/’ ngév}*b <C ”d’“xj_f [l HXi’g :
By (2.20), [[¢]| =2 = ||EHX§7 so we can remove the conjugation on 1. Now we apply
+€ +

Lemma 12 with s =1 — 7, s5 = s3 = s and b; = by = b3 = b, and conclude that (3.11)
holds if

1 1
b>Z, 2s+b>0, 1—r+s>0, 1fr+25+b>§. (5.4)
It remains to consider (3.9) (the proof of (3.10) is similar). We have to show

1901l s o < Clillpe,  Mllxes -

By (2.21),

6t cze = ) S / T dt da,

where by (2.22),

(272 l/¢¢¢uﬁdx S -

Thus we have reduced to obtaining a bound
DY o —rs < O[] 5o b
||1/) w||Xi<’§>b = Hil) ”XHwa”)Lé7

Applying Lemma 12 with s; = r, s = —s, s3 = s and by = by = b3 = b, we conclude
that (3.9) holds if

1 1
b>7, r+b>5, r—520, r+s20. (5.5)
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If we take b = 1/2 — ¢ with § > 0 sufficiently small, then both (5.4) and (5.5) are satisfied
if

1
s>—1, ls| <r<s+1, 0<r<1+2s,

proving the main part of Lemma 7. In the special case s = 0, r € (1/4,1/2), mentioned
at the end of Lemma 7, it is clear that (5.4) and (5.5) hold for any b > 1/4. O

We conclude this section with some additional null form estimates, given in the next
two lemmas.

Lemma 13. Let 1 < p < 2. Then for all Schwartz functions u and v on Ry x R, the
following bound holds true

1—-1/p fl1<p<2,

1/2+¢ ifp=2. (5:6)

luvllzy, < Cllullxoy ollxop  where b={

Here € > 0 is arbitrarily small; C' depends on p, and on € if p = 2.

Proof. In null coordinates (s,y) = (t + x,t — ) on R?, the desired inequality reads

b
Juwwllyy, < C||(D)" 4

<Dy>bv‘

. 2
Lz, L3y

But by Holder’s inequality, letting ¢ € [2, 0] be defined by 1/p =1/2+ 1/q,

lwvll e, < lullpazey 1ollzg) < lullzz e 10llzzeg) »

where we used Minkowski’s integral inequality in the last step. The desired inequality now
follows by applying the Sobolev embedding H?(R) — L9(R), which holds for b = 1/2+¢
ifg=o0,and forb=1/2—-1/qif2<g<oo. O

Lemma 14. Let r > 0 and h € C(R,R). Then for all Schwartz functions v and v on
R; x R, we have the estimate

1/2—r f0<r<1/2,
||'U/U||th(2,)fr <C ||uHX9r§b ”UHXO_’g , where b=1<¢ ifr=1/2, (5.7)
0 if r>1/2.

Here ¢ > 0 is arbitrarily small; C depends on r, and on € if r = 1/2, but not on h.
Proof. Define p =p(r) € [1,2) by (i) 1/p=r+1/2if0<r <1/2, (i) 1/p=1—cif

r=1/2,and (iii) p = 1 if r > 1/2. Here we can take any 0 < ¢ < 1/2. Then the Sobolev
embedding
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LP(R) — H"(R) (5.8)

holds. Setting F(t,&) = (£)7" e ©un(t, £), we then have

vl = 1@ O], < € 1F@ON ], < C]IFEol,

LY

= C || lluvll =~ < C ||uv||L§I )

where we applied (5.8) twice, to get the first and third inequalities, and we used
Minkowski’s integral inequality to get the second inequality. The proof can now be con-
cluded by appealing to Lemma 13; we are in the case 1 < p < 2, so (5.6) holds with
b=1-1/p. O

As a consequence we get the following result used later in Section 8.

Corollary 2. Let
1 1
0<r<b<§, O<pu<l, i—r:ub.
Then for any h € C(R,R) and T > 0 we have the estimates

1—
H(bwuxivgb(oj) <C ”¢”XZ’(Z)(O’T) Hw”;%é’(O,T) ||¢|‘L2&O,T)XR) 5
where C' depends on r,b but neither on h nor on T.

Proof. Firstly, by (2.32) we can substitute the restriction norm with the norm of trivial
extension

16%]x0 0.7 < 10y @Lory ¥l g0

and without loss of generality we will write simply ¢, 1) while meaning in fact the trivial
extensions (o719, 1(o,7). Secondly, we apply Lemma 14 via duality (2.21), (2.22) as
follows. Given an arbitrary test function with ||u] Xy = 1 consider the integral

(2m)° < 18l xre

h(&)

/ pYudtde

W“Hx;@;r <G HQZ)HX,?(’;) H¢HX$§1/2*" ”uHXi’g/?*T
< Crllgllxzs I9llxopn

where C). comes exactly from the previous lemma. Here we have used the conjugation
property (2.20) and obvious embeddings of Bourgain spaces. Appealing to the interpo-
lation argument one obtains
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1— — 1—
e o e O P Y Py g

Now taking the supremum of the above integral over test functions and recalling that
¢, stand for the trivial extensions 1o 7)¢, 1(0,7)% one obtains the needed statement

1— 14+p Iz 1—p
||¢¢Hxiﬂg”(oj) < (271') #Crcb ||¢HX,TL‘(’2)(O,T) Hw”X%gm’T) ||¢||L2((07T)><]R)

by (2.21) and (2.32). Finally, the interpolation used above is justified as

|£ (|

R RGO

pare 17T Ol 270
by Holder’s inequality with f(7,£) = ‘QZJ\(T :I:S,f)‘ and the Bourgain norm definition
(2.17). O
6. Abstract well-posedness for dispersive PDE systems with noise
Let W (t) be a cylindrical Wiener process, as in Section 2.
6.1. Notation and definitions
Let d,n € N. Given s = (s1,...,8,) € R", define
H® (RY) = H*' (RY) x -+ x H*" (RY)
with the product norm
1/2 h
1€le ey = (1113es oy o+ Ualfn ) for £= |
fn
Given hy,...,h, € C(R% R), define the Fourier multiplier h(D,) and the group S(t) by

hi(Dz) f1 Shie)(®) f1
h(D,)f = : ) SH)f = : ,
hn(Dac)fn Shn(é)(t)fn

where the latter is then an isometry of HS. Further, given b € R, we define

X*P (R x RY) = X008 (R xRY) x - x Xpmd ) (R x RY)

with the product norm. The restriction to (S,7) x R¢ is denoted X%°(S,T).
The following space will play a key role.
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Definition 1. For 0 < .S < T let, with notation as in (2.1),
Z0(8,T) =L? (Q,X%(S,T) N C([S,T],H®))
with norm
1all zen sy = all 2@ x=00s,m)) T 10l L20,0(8,77,19)) -
Note that this space is complete.
Remark 3. From the embedding
[l p2s, .m0 < llxsnsry 020, (6.1)

we infer that Z5°(S,T) — L2 ([S,T] x Q,H®) for b > 0.

By Lemma 5, we see immediately that the Z-space has the following gluing property.

Lemma 15. Let 0 < S < S and —1/2 < b < 1/2. Given u € Z%°(0,5) and v €
7Z34(S, "), define [u,v] by

[u, v|(t) = {u(t) foro=t= S,
v(t) forS<t<S.

Then
||[U7V]||xw(o,3/) <G (Hu||xw(o,3) + ||V||xw(s,5/)) )
where Cy, depends only on b. Moreover, if u(S) = v(S), then [u,v] € Z5°(0,5").
6.2. Initial value problem
Now consider the Cauchy problem for a system of dispersive nonlinear stochastic PDE,
—idu(t)+h(D)u(t) dt = [N(u(t)) + L(u(t))] dt+M(u(t)) dW(t), u(0) = ug, (6.2)
where the unknown is a random variable u(t) taking values in H® for a given s € R",
ug: Q — H® is Fg-measurable, (6.3)

and the operators
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acting only in the space variable x, are assumed to have the following properties:
M: H® — £L5(K,H®) is linear, with a bound  [M(f)||z, s ms) < C [|fllgs - (6.4)

Further,

and
s,b s,b - . . 1 ’ 1
N: X%% —» X5% ig locally Lipschitz, for some —5 <V <0<b< 2 (6.6)
with the bound, for some constants p € N and C' > 0,
IN(W) = N()[Ixerr < C 1+ [ullxen + [[VlIxs)" ™" 1= Ve - (6.7)

These estimates of course imply the corresponding ones with time restriction to any slab
(S,T) x RY. Finally, we assume that with the same b, b’ as above,

L: X3 — X5 s linear, with a bound  [|L(u)]|xes < C [ufxe.s - (6.8)

We emphasise that for the examples we have in mind, N may fail to map H® into
itself, hence the deterministic integral in (6.12) below may not make sense as a Bochner
integral in H®. However, one expects that this obstruction disappears at sufficiently high
regularity. We therefore add the assumption

there exists s’ € R™, with s, > s;, such that N and L map H®' continuously into H' .
(6.9)
This will be used to establish measurability properties, and to regularise (6.2).

Remark 4. The reason for separating the linear part L from the nonlinear part N is that
this allows us to avoid truncating the linear terms; see (6.16). This is not essential for
the arguments used to prove existence and uniqueness in this section, but is used in the
proof of conservation of charge in Section 7.

Remark 5. It is easy to construct operators satisfying (6.4). Taking K = L? (R4, R), we
consider

Mi(f) => (D)7 f;Rij,
j=1

where o, ; are real numbers and 8&; ; are of the form (4.1) with kernels ¢ ;. Then by
Corollary 1,
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n
|52(L2,H8r07:,j) < CZ ||fjHHSj HEZQJ’”H\S]“
j=1

n
||Mi(f)||£2(L2,H3i) < Z ||fj§1',j
j=1

provided that s; — o ; < s; and & ; € HISI(RY R) for all 1 <i,j < n.
Let us now define precisely what we mean by a solution of (6.2).

Definition 2. Let 7: Q — (0, 00] be a stopping time. By a solution of (6.2), (6.3) up to
time 7, we mean a random variable

u(t,w) e H® for 0 <t < 7(w)
such that
u(t): {t <7} - H® is Fi-measurable, (6.10)

and such that, almost surely,

uecC(0,t,H)NX5(0,t) for0O<t<rT (6.11)
and
u(t) = S(t)u0+i/S(t—s) [N(u(s)) + L(u(s))] ds—|—i/S(t—s)M(u(s)) dW(s) (6.12)
0 0

for 0 < ¢ < 7. So in particular, u(0) = ug almost surely.

Some remarks are in order. First, by the assumptions on N, the first integral in
(6.12) is well defined pointwise in w, and belongs to C ([0, T],H®) and X%*(0,T) for
any 0 < T < 7(w), as we show in Section 6.5. We emphasise, however, that it may not
make sense as an HS-valued Bochner integral, but only when interpreted in the Bourgain
space, where dispersive effects are taken into account.

Second, to see that the stochastic integral exists, define

f) = ulkeroy for0O<t<r,  f(0)=0. (6.13)

By Lemmas 23 and 24, proved in Section 10, f satisfies the hypotheses of Lemma 3,
hence

Tr(w) =sup {t € [0,7(w)): f(s,w) < R for 0 < s <t} (6.14)
is a stopping time for each R > 0, and limpg_,o Tr(w) = 7(w). Now consider the process

Li<rp(yul(t,w),
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that is, the trivial extension beyond the time 7. It is progressively measurable by
Lemma 2, so by (6.1) it belongs to L? ([0,T] x Q,H®) for all T > 0, and is HS-adapted,
hence

[ tecons)8(t = )M (u(s) W (s

exists in L2(2, H®) for all t > 0, by the assumption (6.4). Thus the It6 integral appearing
in (6.12) is well defined by the localisation procedure.

6.3. Existence and uniqueness

We now formulate the main existence and uniqueness results that will be proved.

Theorem 3 (Mazimal local existence). Let s € R™ and —1/2 <V <0 < b < 1/2. Assume
that (6.4)—(6.9) hold and that ug € L?(Q, H®) is Fo-measurable. Then the problem (6.2),
(6.3) has a solution u(t) in the sense of Definition 2, with a stopping time 7: Q — (0, 00].
The solution is mazimal in the sense that, almost surely,

T <oo = limsup [[uxss() = . (6.15)
t T ’

The proof is given at the end of this subsection.

Theorem 4 (Uniqueness). Let s € R™ and —1/2 <V < 0 < b < 1/2. Assume that
(6.4)~(6.9) hold and thatuy € L?(2, HS) is Fy-measurable. Suppose u and v are solutions
of (6.2), (6.3), as in Definition 2, up to stopping times T and 7', respectively, and with
the same initial datum ug. Then almost surely

u(t) =v(t) for0<t<min(r,7).

This is proved in Section 6.8. For the proof, we must be able to compare the two
solutions on slabs [0,7] x Q. For this reason, we require also the following extension
theorem.

Theorem 5 (Extension). Let s € R™ and —1/2 < b < 0 < b < 1/2. Assume that
(6.4)~(6.9) hold and that ug € L?(2, H®) is Fo-measurable. Suppose u is a solution of
(6.2), (6.3), as in Definition 2, with stopping time 7. Define the conditional stopping
times Tr as in (6.13), (6.14). Then for any R > 0 and T > 0 the equation

U(t) = S(t)ug +1 / S(t — s) [N(u(s)) + L(u ds+z/S (t —s)M(U(s))dW (s)
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has a unique solution U € Z%*(0,T) such that, almost surely, U(t) = u(t) for 0 <t <
min(T, 7r).

This is proved in Section 6.7.
Now let us return to the existence result, Theorem 3. To prove it, we consider a
truncated version of (6.12), depending on a parameter R > 0,

t t

u(t) = S(t)ug + 14 / S(t —s)N (O)(s)u(s)) ds + i/S(t —s)L (u(s)) ds
0 0

+i/S(t7 s)M (u(s)) dW(s), (6.16)

0

where we use the notation

O(1) = O (Z |ui||§7;fzg)(o,t)> . (6.17)

i=1

Here 0: R — R is a smooth and compactly supported function with 6(z) = 1 for |z| < 1,
and we write Or(z) = 6(x/R). Inside the cutoffs we use the norm (2.35).
We shall prove the following global result for the truncated problem.

Theorem 6 (Global existence with truncation). Let R > 0, s € R™ and —1/2 < V' <
0 < b<1/2. Assume that (6.4)—(6.9) are satisfied. Assume that ug € L?(Q, H®) is Fo-
measurable. Then the truncated problem (6.16) has a unique global solution u' such that
u? € 78%(0,T) for each T > 0. Moreover, for each T > 0 we have

b

<CrRrp

Zs’b(O,T) |u0||L2 (Q’Hs) 5 (618)
and if UR € Z%%(0,T) is the solution with Fo-measurable data Uy € L?(Q, H®), then

[l - 0"

Z3:5(0,T) < CT,RJ) ||u0 - UOHL2(97H3) . (619)

Granting this last result for the moment, we can prove the local result, Theorem 3.
Define

2
Xs:0(0,t)

Jr(t) = [[u]

for t > 0, fr(0) =0.

By Lemmas 23 and 24, proved in Section 10, this function satisfies the hypotheses of
Lemma 3, hence

Tr(w) =sup {t € [0,00): fr(s,w) < R for 0 < s <t},
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R

is a stopping time. Up to this time, u™ is a solution of the non-truncated problem (6.12),

and we let R — oo to get a maximal solution. To this end, we use the following.

Lemma 16. Let u” be as in Theorem 6, and define the stopping time Tr as above. Then

u?(t) =u (t) for 0 <t < min(rg, 7r/) (6.20)
and
R<R = 1p<7R. (6.21)
Moreover,
R< R and Tpr < 00 = T < TR'. (6.22)

Proof. First, (6.20) follows from Theorem 4 (proved in Section 6.8, and independently
of Theorem 6 and the present lemma).

Now let us prove (6.22) (which of course implies (6.21)). Suppose that R < R’ and
TR < 00. To get a contradiction, assume that 7r < 7. Then by (6.20), fr(t) = fr/(t)
for 0 < t < 7p/. But by (2.8), fr(tr’) = R’. Thus fr(tr’) = R’ > R, contradicting
(2.7). Hence we must have 7p < 7g/. O

In view of the last lemma, setting

T = SUpP TR,
R

which is a stopping time, we can consistently define u(t) for t € [0, 7) by setting u(t) =
u®(t) for t € [0, 7). By (2.8) we have

2
TR <00 =— HURHisyb(o,m) =R,

and by the estimate (10.4) in Lemma 21, this implies

TR<00 = ||u CR, (6.23)

2
RHXSJ’(O,TR) 2

where C' > 0 depends only on b. Then (6.15) follows. Thus we have shown that Theorem 3
is a consequence of Theorem 6 (and of Theorem 4, which is used to prove the above
lemma).

The remainder of this section is devoted to the proof of Theorems 6, 5 and 4, in that
order. We also prove a regularisation result for the truncated system, in Section 6.9.
Finally, in Section 6.10 we show how the existence and uniqueness parts of Theorem 1
follow from the abstract results.

In preparation for the proofs, we discuss in the next two subsections some key conse-
quences of the assumptions made on the operators M and N.
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6.4. Properties of M

Assume that u € L? ([0, 7] x Q, H®) is H%-adapted. Then by (6.4),

[ 180t = SIMO6DI2, ey s | = / V() o e
0 (6.24)

<CE / u(e) e s |
0

so for 0 <t < T the Itd integral

t

/ S(t — s)M(u(s)) dW (s)

0

is well defined in L? (2, H®), is HS-adapted and pathwise continuous, and by the It6
isometry,

2

/ (t — )M s))dW(s) _E /||M N2 cme ds | (6.25)
0

By the maximal inequality (2.11),

t 2

2| s | [8(-sMue)awes)| | <as / (), ey s

0<t<T
HS

(6.26)

Moreover, the stochastic integral belongs to L2 ((27 Xs’b(O, T)), as we now show.

Lemma 17. Let T > 0. Assume that M satisfies (6.4), and that 0 <b < 1/2. Then

t 2

E / S(t — s)M(u(s)) AV (s) < CE / IM(u()I, (pey ds | (6:27)
0 Xs:b(0,T)

for all H®-adapted u € L* ([0, T] x Q,H®). Here the constant C' depends on b, but not
onT.
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Proof. Set
I(t) = AS/S(—S)M(u(s))dW(s) = /ASS(—S)M(u(s))dW(s),
0 0
where the operator
(D)™ fr
f— A°f = :
(D) fn

is an isometry of H® onto L2 = L? (R%,C™). Thus I(¢) € L? (©, L2) and the left side of

(6.27) equals
E (‘R/ .|

2
d 6.28
oo % (6.28)

where
() = FI(t) = / FASS(—s)M(u(s)) dW (s) € L* (2, L?)

and F: L2 — Lg is the Fourier transform in z. Using repeatedly (2.9), we see that

[ FAZS(—s)M(u(s))]| ) S (2m) 2 | ASS(—s)M(u(s))ll £, ¢, 12

LQ(K,Lg
< [IS(=s)M(u(s))ll 2, 1=y = M)l £, (1, p1ey - (6:29)

Thus the It isometry gives, for 0 <t < T,

B ([feol,) < ce { /M, o, s
0

Integrating this over 0 < ¢ < T and using Tonelli’s theorem gives

T ) T
/ / / [{(t..0)| drdedP(w) < OTE / M), (xze) s |
0

Q Rd 0

implying that
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T
/ (t, & w dt<oo
0

for a.e. (&, w). So extending T(t) by zero outside the interval (0,T), its Fourier transform
with respect to t is well defined:

I(r,&w) = [ eIt & w) dt,

St~

and

~ 2 "
Tt ¢ ‘ <
H( H®(0,T) _Z/

J=1R

dr. (6.30)

Now we calculate
T T t

I, &) = [ e ™I, Odt = [ e FA3S(—s)M(u(s)) dW (s) | dt
/ [~/

T

T
- / / =it dt | FASS(—s)M(u(s)) dW (s),
0

S

where we used the stochastic Fubini’s theorem (see [17]). This is justified on account of
the bound (6.29). Combining that bound with

T

/e’i”dt <c(r) ",

S

where C' is independent of s and T', we obtain

H /e‘i” dt | FA®S(—s)M(u(s)) <c(r)! IM(u(s)ll 2, (5 115 »

La(K,L2)

hence by Itd’s isometry

B (|

2
) Lg) /HM ||£2 (kcms) 45
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for 1 < j < n. Multiplying both sides by <7'>2b7 integrating in 7, and using Tonelli’s
theorem and (6.28) and (6.30), we conclude that the left side of (6.27) equals

£ (R/d H/I\(t’g)Hf{b(o,T) ) = C;R/<T>2bE (‘R[‘T](T,f)’z d¢ | dr
n / 2b 2 /||M Hb(KHs) ds | ,
R

completing the proof of the lemma. O

<C

Jj=1

Combining (6.26), the last lemma and the embedding (2.28), we obtain the following
key fact.

Corollary 3. Let 0 < S < T < S+1. Assume that M satisfies (6.4), and that 0 < b < 1/2.
Then we have the bound

t

/ S(t — s)M(u(s)) dW (s) <O =8 |[ull ppoxer(sry — (6:31)
S Z8:5(8,T)

for allu € Z5°(S,T), where the constant C depends on b, but not on T or S.

Proof. Extend u by zero outside S < ¢t < T. Then u belongs to L? ([0, 7] x 2, H®) (see
Remark 3), and applying (6.26), (6.24) and Lemma 17 we get

t

[ 8t st aws) < Ol s e
s Z%:6(8,T)

Applying now (2.28), we obtain (6.31). O
6.5. Properties of N and L
Recalling that —1/2 < ¥’ < 0, choose 0 < & < b’ 4+ 1/2 and set
B:=V+4+1-¢c> %

Let 0 < S < T < S+ 1 and assume that u,v € X*°(S,T). Applying (2.29), (2.27),
(2.28) and the assumption (6.7) we get
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/ S(t — 5) [N(u(s)) - N(v(s))] ds|| <C
o

< CIN(u) = N(V)llxe.5-1(5,7) < C(T = 8)7 IN(u) = N(V)llxe (5,7)

sup
S<t<T

/ S(t — 5) [N(u(s)) — N(v(s))] ds
S

XsB(8,T)

€ p—l
< C(T = 8)° (1+ Nllxmssry + Vllxessry) 18— Vlies(s,m
(6.32)

and (taking v = 0 and using the assumption (6.5))

L / S(t— s)N(u(s))ds belongs to C([S, T], H"). (6.33)
S

Note that in (6.32) the constants C' depend only on b, " and B. Moreover, we claim that

u e XS, T)NC([S,T),H®) is H%-adapted

t (6.34)
= t+— /S(t — 5)N(u(s)) ds is H%-adapted.
S

To see this, let s’ be as in (6.9) and use mollification in the z-variable to obtain a sequence
u,, such that

e u, XS, T)NC(S,T],H),
e u,, is Hsl—adapted7
e u, — uin XS, T)NC([S,T],H®) as m — oc.

Then by the assumption (6.9), N(u,,) € C([S, T],HS,) is adapted, and therefore pro-
gressively measurable, hence the Hs -valued integral

t

L,(t) = /S(t — 5)N(up(s)) ds

S

exists and is adapted. Moreover, by (6.32), I,,, converges, as m — oo, in C([S, T], HS) to
the integral appearing in (6.34), thereby proving that the latter is adapted. Finally, we
note that (6.32)—(6.34) of course also hold for L, but then with p =1 in (6.32).

6.6. Ezistence for the truncated problem

We now prove Theorem 6. To simplify the notation, instead of u® we simply write u.
Note that (6.16), with the cutoff given by (6.17), is equivalent to
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u(t) = S(t — S)u(S) —l—i/S(t — s)N (O%(s)u(s)) ds +z’/S(t —s)L(u(s)) ds
s S

+i / S(t — s)M (u(s)) dW(s) (6.35)
3

for 0 < S <t < T. By Proposition 1, for u,v € Z%%(0,T) we have, for S € [0, T],

OB () e 0.5) < CVE, (6.36)
0% t)u(t) — @Yz(t)v(t)nxsab(o,S) <Clu- VHXS”’(O,S) (6.37)

where the constant depends on b and T'. By Lemma 24, the cutoffs ©%(¢) and ©%(t) are
adapted.

Now fix a target time T' > 0, and divide [0,7] into N subintervals of length § =
T/N, where N will be chosen large enough depending on R and T. On each subinterval
[0,6], [4,20],... we prove existence by a contraction argument in the Z-space.

Proceeding inductively, let us assume that for some 0 < 57 < N we have proved
existence up to time S = j§, so u € Z5°(0,5) (for S = 0 this just means that uy €
L?(Q,H®)). Set S" = S + 4. Then for t € [S,S’] we must solve

t t

v(t) = S(t - S)u(S) +i / S(t - )N (65 (0)v(0)) do +i / S(t - 0)L(v(0)) do

S S

+i/S(t—0)M(v(U))dW(o)7 (6.38)
S

where [u, v] is defined as in Lemma 15. If we can show that (6.38) has a unique solution
v € 75%(S,5"), then by Lemma 15 we have [u,v] € Z%%(0,5’). Renaming the latter
function u, we have then extended the solution to [0,.5’], and by induction this proves
Theorem 6.

To solve (6.38) on [S, 5] =[S, S + 6], we set up a contraction argument in Z%°(S,S")
for the operator

T(v)(t) = r.h.s.(6.38) =: Tp(t) + T1(v)(t) + Ta(v)(t) + T3(v)(t), for S<t< S
So now let v,w € Z%°(S,S’). We will prove that
T(v) € Z2%%(8,5) (6.39)

and
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1
IFV) = FW)l 25,5 = 5 1V = Wl zons,s0) (6.40)
provided that S’ —S = § > 0 is taken sufficiently small, depending on R and T. Thus T

is a contraction on Z5°(S,S’), so it has a unique fixed point v in that space.
We now prove (6.39) and (6.40) for each of the terms constituting <.

6.6.1. The term %

By the induction hypothesis, u(S) belongs to L? (22, H%) and is Fs-measurable, hence
the same is true of Ty(¢) = S(t — S)u(S) for t > S. By (2.26) and (2.29),

b, 1St = S)u(S)llgs < CIS(E = S)ulS)lxs1 (5,9 < C ()l
€[8,s’

implying To € Z%1(S, S’). This verifies (6.39) for the term .

6.6.2. The term T,
Applying (6.32) on [S,S’] to the difference

T2 (v) —i / St —0) [N (65(0)v(0)) ~ N (6} (0)w(0))] do
S
yields

sup [[T1(v)(t) = T (W) (D)= < CIT1(V) = FTa(W)l|xe.m5,57)

tels,s’]
fu,v] fu,w] e
B T
< >(+ I ™ I
[u,v] . [u,w]
HGR V= Ok w‘xw(s,s’)'
But by (6.36),
€ 0 £
X:b(S,5") X=:(0,5")

where C depends on T and b. The same holds with w instead of v. Similarly, (6.37) gives

H@B;"v]v — @Eg’wlw’

H@[uv] u,v] — @[“w][ ,W]‘

Xs:5(8,8) Xs:5(0,8)

< Cu,v] - [qu]HXS‘b(O,S’) <Clv- W||xab(s,s') , (6.41)

where we used Lemma 15 in the last step. Taking the L?(Q)-norm we therefore obtain
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p—1
IT1(v) = T1(W) | gans.5y < C(S = 8)° (1+VR)  [[v =Wl 2 xmt(5.5) -
(5.5") (2.X20(5.5"))

where C depends on T and b. Taking w = 0, the bounds above also imply that T;(v)
belongs to Z%°(S,S’), by (6.33) and (6.34).

6.6.3. The term Ty
The arguments used for T; apply also here, but simplify since we take p = 1 and there
is no cutoff.

6.6.4. The term T3

By Remark 3, v € L2 ([S, S’] x Q, H®). Extending v by zero outside [S, S’], the con-
siderations in Section 6.4, and in particular (6.26), (6.24) and Lemma 17, show that
T3(v) belongs to Z%%(S, S”). Moreover, by Corollary 3 and the linearity of M we have

[Ts(v) — I2("")“2&1)(3,5/) <C(S - S)b v — W”L?(Q,Xs»b(S,S”)) )

which proves (6.40) for the term T3, if § = S’ — S is small enough. This concludes the
proof of (6.39) and (6.40).

6.6.5. The bounds (6.18) and (6.19)
Taking w = 0, the above bounds show that the fixed point v satisfies

||Vst,b(s,s/) <C ||U(S)||L2(Q,Hs) )

where C is an absolute constant. By induction it follows that the solution u € Z5°(0,T)
satisfies

||uHZs>b(o7T) <cV ||u0HL2(Q7HS) )

where N = T'/§ depends on T and R. This proves (6.18), and the same argument gives
(6.19) (let the w above be the fixed point corresponding to the solution U with data
U()).

This concludes the proof of Theorem 6.

6.7. Extension

Here we prove Theorem 5.

Assume that 0 < S < T and that we have found U, with the desired properties, on
[0, S] (for S = 0 this just means that ug € L?(Q, H®)). Set S’ = S + 6, where ¢ > 0 will
be chosen sufficiently small, depending on 7" and R. For t € [S,S’] we must then solve
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tATR t
V(t) = S(t—=S)U(S)+i / S(t—o) [N(u(s)) + L(u(s))] ds+i/S(t—s)M(V(s)) dW (s).
SATR S
(6.42)
The solution V should be in Z%%(S, S), it should satisfy, almost surely,

V(t)=u(t) for S<t< S A7pg, (6.43)

and it should be the only solution with these properties.
For V € 7%%(S,S") define

®(V)(t) =St —S)U(S) +1 / S(t — s) [N(u(s)) + L(u(s))] ds

SATR

+i/S(t—s)M([u,V](s))dW(s),
S

where

u(t) for0<t<S A7g
V() for S"Ap<t<S.

[u, V](t) = {

Now observe that, almost surely,
S<t< S ATR = ®(V)(t) =u(t), (6.44)

since for such ¢ we have [u, V](s) = u(s) for S < s <, and by (6.12),

u(t) = S(t—S)u(s) +i/S(t —5) [N(u(s)) + L(u(s))] ds+i/S(t —s)M(u(s)) dW (s),
s s

which equals ®(V)(¢) since S <t < 7 and u(S) = U(S).

So if V is a fixed point of ®, then by (6.44) we have, almost surely, [u, V] = V on
[S,5'], hence V satisfies (6.42) and (6.43). Conversely, if V satisfies (6.42) and (6.43), it
is clearly a fixed point. Thus it only remains to prove that ® has a unique fixed point
in Z%(S,S’). But this follows as in the proof of Theorem 6, if § = S’ — S > 0 is small
enough. This concludes the proof of Theorem 5.

6.8. Uniqueness

Here we prove Theorem 4.
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Fix R > 0 and T > 0 and define the conditional stopping time 75 as in (6.13), (6.14).
Similarly define 75 for v. It is enough to prove that, almost surely, u(t) = v(t) for
0 <t <min(T, u), where p = min(7g, 7g).

Note that if p}% is the conditional stopping time defined by the pair (p,u), then
p% = p. Similarly, u% = p. Therefore, by Theorem 5 there exist U,V € Z%%(0,T) such
that, almost surely, U(t) = u(¢) and V(¢) = v(¢t) for 0 < ¢t < min(7T, ), and

U(t) = S(t)ug + 14 / S(t—s) [N(U(s)) + L(U(s))] ds +i/S(t —$)M(U(s)) dW (s),
0

V(t) =S(t)ug + 14 / S(t—s) [N(V(s)) + L(V(s))] ds + ’L/S (t—s)M(V(s))dW (s),
0 0

for0<t<T.

Then it is enough to prove that, almost surely, U(t) = V(¢) for 0 < ¢ < T. We know
this holds for ¢ = 0. As in the proof of Theorem 6 we now cut [0, 7] into short intervals
of length § and proceed inductively. Assume that 0 < .S < T and that we have proved
that, almost surely, U(¢t) = V(¢) for t € [0, S]. Then we prove that this is true also on
[S,S’], where S" = S + 4.

To this end, write

U(t) — V(£) = Ay () + Ag(t) + As(t) for S<t<T,

where

0=i [ 8(t-9)NU) - N(V(s)) ds,
SAp
Bolt) =i [ S(t5) IL(U() - L(V()] ds
SAp
Baft) =1 [ S(t = 5) [M(U(s)) = M(V(5))] W (s).
S

We are going to first estimate A;(t) pointwise in w, and then take the L? norm with
respect to w. So for the pointwise estimate we may restrict to w at which U(¢) = u(t)
and V(t) = v(t) for 0 < ¢ < min(7, ). We may also assume S < pu, as otherwise the
integral Ay (t) vanishes. Write

i / S(t — ) [N(1,2,U(s)) — N(1,<,, V(s))] ds.
S
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Let 0 < § < 1. Observe that

||]lt§uUHxs,b(s,sr) <C ||uHXs,b(0,M) <cC ||u||5(s,b(o’#) < CVR,

since p < 7. Here C' depends on T and b. The same holds for V| since pu < TI/%. Thus
by (6.32) we get the bound, pointwise a.e. in w,

p—1
1At lxengssn < C (14 VR) 60 = Viigesssn

which we then square and integrate with respect to w. The same estimate holds for Ao,
but with p = 1. Finally, we bound Ajs. By Corollary 3,

E (|8sles(s,59) < C8VE (I1U = V(s -
Combining the above bounds, we obtain
E (U = Vllkes(s,s) < CO+RPT82™EDE (U= Vs ) -
where C depends on T and b. So for § > 0 small enough,
E (U~ Vieiss)) =0
hence, almost surely, U(t) = V(t) for S <t < S’. This concludes the proof of Theorem 4.

6.9. Regularisation and Ité’s formula

For p1 > 1 let P, be the Fourier multiplier with symbol 6,,(€), that is, for f € S'(R4),

Ri© =0 (%) fo).

We assume that suppd C [—2,2], hence ﬁﬂ\f is supported in [—2pu,2u], so P, f(x) is
smooth. We also assume that |¢| < 1. Then P, is bounded, with operator norm < 1,
on H® and X*? for any s,b. Moreover, , maps H?° into HY for arbitrarily large N.
Finally, we assume that ¢ = 1 on [—1, 1], so that P, converges strongly to the identity
operator in H® and X*? as u — oo.

Now consider the following frequency-truncated version of (6.16):

u(t) = P, | S(t)ug —i—i/S(t —s)N (O%(s)P,u(s)) ds —|—i/S(t —s)L(P,u(s)) ds
0 0

—H'/S(t—s)M (Pyu(s)) dW(s) |, (6.45)
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and let us write ufj = P,ug. By the dominated convergence theorem,
uf — wollp2(q ey — 0 as p— oo (6.46)
To prove that the solutions of the regularised problem converge, we need the fact that

lim (1~ P,)M(f)

=00

[P (6.47)

for all f € H®. For any orthonormal basis {e;} of K we have, for each component M;(f),

(1= POME) 2, e ey = D (= P)Mi(E)esll.,
J

= / (1= 0,(6)? I ()2 (€7 de,

The dominated convergence theorem therefore implies (6.47).
We shall prove the following.

Theorem 7 (Regularised global existence). Let R > 0, s € R™ and —1/2 <V < 0 <
b < 1/2. Assume that (6.4)—(6.9) are satisfied. Assume that ug € L?(Q,HS) is Fo-
measurable. Then for all p > 1 and T > 0 the regularised problem (6.45) has a unique
solution u* € Z%(0,T), with initial value uly, and Fyu* is supported in [—2pu,2pu).
Moreover,

(| 00,7y < Oy 100l p2(0 110 » (6.48)

where the constant is independent of . Finally, letting u be as in Theorem 6 (where it
is denoted u'?), we have

MIL)rI;o Hu“ - u||Z5’b(O,T) = O (649)

Before proving the above theorem, let us remark that the main reason for regularising
is that we can then apply It6’s formula, as formulated in Theorem 2.10 in [17]; it does
not apply directly to the problem (6.16), since the deterministic integral may not make
sense as a Bochner integral in HS. But in the frequency-truncated problem (6.45), the
corresponding integral makes sense even in the more regular space H*', by the assumption
(6.9) and the fact that P, maps H® into H*'. Then [17, Theorem 2.10] can be applied
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(after applying S(—t) on both sides of (6.45), and passing P, inside the integrals). Passing
to the limit g — oo, one can then hope to get Itd’s formula also for (6.16). Indeed, this
works out in a case of particular interest to us here, namely the conservation of charge
for the stochastic Dirac-Klein-Gordon system. The details of this are shown in Section 7.

We now prove Theorem 7. The existence and uniqueness works by a fixed point
argument as in the proof of Theorem 6, up to some obvious modifications, since P,
is bounded on all the spaces involved. From (6.45) it is obvious that F,u* is supported
in [—2u,2u]. So it remains to prove (6.49). As in the proof of Theorem 6 we cut [0, 7]
into short intervals of length §, where 6 > 0 is chosen sufficiently small depending on R
and T (but not on p). Suppose that we have proved (6.49) on [0, S] for some 0 < S < T}
if S =0, we appeal to (6.46). Now we must prove (6.49) on [S, S’] with S’ = S + 4. To
this end, write

uh(t) —u(t) = AY(t) + AL () + A (t) + Af(t) fort > S,

where

AL(t) =i [ S(t = s) [PM (P,u"(s)) — M (u(s))] dW (s).

First, by (2.26) and the induction hypothesis,
||Alf||zs,b(s,5f) < Clu*(5) - U(S)”Lz‘(sz,Hs) — 0 as p— oo, (6.50)
Second, write
AL () = AL (1) + A% 5 (),

where

85,1 (0) = P, [ 8(t =) [N (OF ()P (s)) = N (BR(s)u(s)] ds.
0

Bo(t) =P, ~ 1) [ S(t ~ N (@R (s)u(s) d.
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Estimating as in the proof of Theorem 6, we get

|as, | C(1+R)"= 6°

m
P,O% u" — @%u‘

<
Z3:b(8,8") — L2(Q,X=:5(S,8"))

<C(1+R)= s (HpH (O3 v — O}ul ]

L2(Q,Xs:0(S5,8%)) (651)

+ (1= P)ORU 2o xe0 (5.5 )

p—1
<C(+R)> (55 0" —ull L2 (g xs0(5,5) T P, S)> ,

where

p(p, ) = |lu* — u”LZ(Q,Xva(O’S)) + (1= PM)UHL2(Q’XS~I)(0’T)) —0 asp— oo, (6.52)

by the induction hypothesis and the dominated convergence theorem. Write A’;J =
(1—P,)v, where v € L? (2, X55(0,T)), by the proof of Theorem 6. Then by (2.29) and
dominated convergence,

m
1452

Ze0(5,5) = ClI( =PVl xss0r)y =0 asp— oo (6.53)

The estimates for Ay apply also to Az (with p =1).
Finally, we split

Aff(t) = AZ,I(t) + Ai2(t) + Aia‘@%

where

AfL ) =i

)

S(t — s)P,M (P, [u* — u (s)) dW(s),

A B B

Ay (1) =i

)

S(t = s) PuM ([P, — 1u(s)) dW(s),

AL (6) =i [ S(t—s) (P, —1)M (u(s)) dW(s).

Then as the proof of Theorem 6, and using the boundedness of P,,

1454

Zs:(8,87) S Céb ||u,u - u“Lz(Q7xsvb(S,S’)) . (654)

By the dominated convergence theorem,
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14|

Zs:5(8,8") S C ||(1 - PM)uHLQ(Q,Xwa(O,T)) — 0 as M — OQ. (655)

By (6.26) and Lemma 17,

1A% 5]

T
2
Jevs.sn < CE /||(1 — POM(s)I, ey ds | =0 as p— 00, (6.56)
0

using (6.47) and the dominated convergence theorem.
Combining (6.50)—(6.56), we conclude that

1
0" =l za0 (599 < B 0" =l (5,91 +0(1)  as p— oo,

for 6 = 5" — S small enough. Together with the induction hypothesis this implies (6.49)
on the interval [0,.5’], and by induction we then obtain the convergence on the whole
interval [0, 7. This completes the proof of Theorem 7.

6.10. Proof of Theorem 1

For the convenience of the reader, we now show exactly how the abstract framework
applies to prove our first main result, Theorem 1, except for the charge conservation,
which is proved in the next section.

Taking d = 1 and n = 3, we can cast the stochastic DKG system (3.1), (3.2) in the
form (6.12), with

w.,. f+ +£ S+E(t)f+
u= <¢—> ) U = (f—) ) h(é) = < _£ ) ) S(t)llo = ( Sff(t)f* > )
O+ g+ +(&) Siey()g+

i —iMvp_ — Mg,y
N(u) = i1¢1/)+ - ; (—iM¢+ - Mﬁﬂ/’) ;
i(Dy)” Re(¢1-) 0
wW_Ky
M(u) = iy ,

(i/2) (D) " ¢Ro

where ¢ stands for ¢, + ¢4. Let s,7 € R and 0 < b < 1/2 be as in Lemma 7, and set
Y = —b. Corresponding to s = (s,s,7) we then define the spaces H(**7) and X(s:57):
as in (3.5) and (3.6). Define the Wiener process W (t) using K = L*(R,R) with an
orthonormal basis {e;};jen. Assume that the convolution kernels satisfy & € H Isl(R, R)
and £, € H™2x(Or=1)(R R).

The boundedness (6.4) of M is now a consequence of Lemma 6. Concerning N, the
property (6.5) is obvious, (6.6), (6.7) follow from Lemma 7, and (6.9) holds by Lemma 9,
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if we take s’ = (¢, s',7’) with s’ = ' > max(r,s,1/2). For L, the bound in (6.8) holds
by Lemma 8, and the bound in (6.9) is trivial.

So with the above set-up, Theorem 1, with the exception of the charge conservation
(considered below), follows from Theorems 3 and 4.

7. Charge conservation

Let s =0 and 0 < r < 1/2. We now prove the statement in Theorem 1 about charge
conservation of the local solution (¢4,1_,¢), almost surely for 0 < ¢ < 7. Let R > 0.
As explained in Section 6, the solution equals, up to the conditional stopping time 7g,
the solution (wf, YT ¢F) of the R-truncated problem, obtained in Theorem 6 via the
set-up in Section 6.10. Since TR — T as R — oo, it clearly suffices to prove the charge
conservation for (%, 2, o).

In the remainder of this section we fix R > 0, and to simplify the notation we drop
the superscript R on the solution. Thus, (¥4, ¥_, ¢) denotes the global solution of the
truncated versions of (3.1), (3.2):

Pi(t) = Sig(t)fi —iM / Si,g(t — S)’(/J:F (s)ds+1i / Sig(t - S)(@QS@’L/}:F)(S) ds

i / See(t — 8)ba ()81 AW (s) — Mg, / Seelt— s)wu(s)ds, (T.1)

and

t

64(0) = 5106 O+ +1 [ Sier(t = 5)(D2) ™ Re (67:00-) (5)ds

+ % /S+<E>(t — 5) <Dw >_1 ¢(8)ﬁ2 dW(S) (72)

Here ¢ = 2Re ¢4 and ©(t) is defined as in (3.12), with s = 0. We assume that 6 is even,
so that P, f is real-valued if f is.

Set ¢ = (Y4, ¢¥_) and ¥g = (f4, f—). We will prove that the charge is almost surely
conserved:

[b(t)]|%s = |[ebo]%2  for t > 0.

To this end, we want to apply Itd’s formula with the functional #: L?(R) — R given by
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2
H(u) = / ()P da.
R

However, as discussed in Section 6.9, it is necessary to first regularise the problem. So for
© > 1 we consider the solution (wi,d)f ,¢"), obtained in Theorem 7, of the frequency-
truncated equations

t t
W (1) = Sie(t)Pufs — iM / Sie(t — s)P2YL(s)ds + i / Sue(t— )Py (OPu¢" - OP ) (s) ds
0 0

+i/Si5(t —8)P, (P,ﬂ/)g‘:(s)) f1dW (s) — Mg, /Sig(t — s)Pﬁz/)i(s) ds,
’ ’ (7.3)

and

t

d)'i(t) = S+<5)(t)Pug+ + Z'/S+<§>(t —8){D, >_1 P, Re (@PME . @P/ﬂﬁl_t) (s)ds
0
t

+ %/S+<s>(t—s) (Dy) ' Pu(Pug”)(s)Re dW (s), (7.4)

where ¢* = 2Re ¢/;. Set ¢ = (¢!, 9" ). Then by Theorem 7 we have

te[0,T]

E<sup (||w“<t)—w<t)|iz+||¢>*‘<t)—¢(t>||?p)> =0 asp—roo  (T5)

for any T > 0. Moreover, the spatial Fourier transform of (¢, 4", ¢") is supported in
(=2, 241].

Notice that H(yH") = H(¢4) + H(¢") and that the first and second derivatives of
the functional H are given by the linear form H'(u) = 2Re(:, u) > and the bilinear form
H'(u) = 2Re(-, ) 2.

In terms of Xy (t) = Sye(—t)y'(t) we can rewrite (7.3) as

t t

X4 (t) = X+(0) +/\Il(s) ds+/<I>(s) dW (s),

0 0

where

U(t) = —iM Sye(—t)Poph (t) + iSse(—t) Pu(O P! - O P ) (8) — Mg, Se(—t) Py (1)
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and

D(t) = iSee(—t) Py (Puh(t) £

Applying now Itd’s formula, as stated in [17, Theorem 2.10], we get

H(X4(t) — H(X+(0))

t t

/”H (X1 (s )ds+/7-t’(Xi(s))<I>(s) dW(s)Jr/%trH”(Xi(s))(@(s),@(s)) ds.

0 0

Using the fact that the group Si¢(¢) is unitary on L?*(R), the above works out to be
H(PL () — H(PL(0))

t
= /2Re<7iMP3wi(s) +iP,(OP,¢" - OP, 44 )(s) — Mg, P* (5)),. ds
0

t

+ /2Re<iPu (Putpi(s)) Ruv i (s) ) . dW (s)
0

oo

+ / > Re (iPu (Bl () fae iPu (P () ey ) 1, ds

0 J=1
=1 +I1L+111..

Since M, Mg, € R, P,¢" and © are real-valued, and P, is hermitian, it is clear that

t

I+1_ = —MﬁIZRe/«PM Y (8), Pul(s) ) o + (Butt (s), P (s) ) 1. ) ds.

0

Thus

t

t
L+ 1 = —2Mg, / | Pt (s)|2. ds = — / [P (s)) a2, ds,
0

0

where L5 = L2(L?, L?) and the last equality holds by Remark 2, since 2Mg, = ||E1||iQ.
Next we notice that

:_22/1m< Pt (s))Raej, Paplt(s)) . dB;(s).

310
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Thus 11, + II_ = 0, since R;¢; is a real-valued function. Finally we notice that

t
111s = [ [P s) 2, ds
0
hence
t
IIT, + 111 = / 1Pu (Pt () 8 |7, ds,
0

where the operator inside the norm is regarded as a composition of three operators (first
apply R1, then multiplication by P,y* and finally P,).
Summing the contributions, we arrive at

t

H 0) = K@ 0) = [ (IPUBa (DR, ~ [P () R1[2,) ds. (70)

0

and letting p — oo we get the charge conservation for v,

H(p(t)) — H((0)) =0 forall ¢ > 0.

Indeed, let T > 0. By (7.5) we know that for some sequence pu; — oo as k — 0o, we
have, almost surely,

sup ||[YH*(t) — ()2 = 0 as k — oo.
te[0,T]

Thus, along p = pg, the left hand side of (7.6) converges to H(y(¢)) — H(¢(0)) for
0 <t <T. Moreover, the right hand side converges to zero by the dominated convergence
theorem. Indeed, for p large enough we have the bounds, uniformly in s € [0, 7],

[P (Pt () Rall o, < N(Bup" ()Rl o, < M) g2 1l 2 < (N19()ll g2 + 1) ([l 2
and
0 < [[(Put" () Rill 2y — 1P (Pt () Rall 2, < C (1)l 2 + 1) [(1 = Pu)(Pup”(s))&all ., »

so it only remains to check that [|(1 — P,)(P.¢"(s)) R, tends to zero along pu = puk as
k — co. But

(1= Pu) (Pt (s))Rall, < (1= Bu)(s)Rall, + 1(1 = Pu)(Putp™(s) — v(s)Rall,
<A = Bop(s)Rallz, + 1(Pu(s) — ()Rl »
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since |1 — P,|| < 1. Now the first term (1 — P,)¢(s)&1|lz, — 0 by (6.47), and the last
term equals

[1Puh*(s) = ()l 2 [0l 2 < (197 () = ()l 2 1eall L2 + (B = Do)l 2 [[Eall 2

that tends to zero along p = uy as k — oco. This concludes the proof of charge conserva-
tion.

8. Global existence

This section is devoted to the proof of Theorem 2. So we suppose now
1 1
s=0, 1< <3 max(r,1 —2r) <b < 1/2. (8.1)

Fix some Lebesgue exponent

2b+2r — 1
p>max<4 +ar )

Tbh4+2r—1

and assume fi € LP (Q,LQ), as well as gy € L2(Q, H").

Consider the local solution (14, %_, ¢4) from Theorem 1, existing up to the stopping
time 7. For R > 1 let (¢, ¢, ¢%) be the solution of the truncated problem (7.1),
(7.2), obtained in Theorem 6; it equals (¢4, 1%_, ¢4) up to the stopping time 7g, which
increases to 7 as R — oo. As proved in the last section, we have almost surely the
conservation of charge,

[B@O| 2 + ([0 = lldoll2. for all ¢ > 0. (8.2)
And by (6.23) we have

r <00 = 6oz + 1 oz +195lxes o = OVE forall B

&) (07R) =

(8.3)

where C' depends only on b.

We now claim that for all R,T > 1 we have bounds
2
1950 2z, 0im) S CO) (losllagaimny + ol zo)) (8.4)
and

leizHLl (QJ{?EQ’(O’T)) S c <T7 ||g+HL2(Q,HT) ’ ||w0||LP(Q,L2)) ’ (85)

which are uniform in R. That is, the right hand sides do not depend on R. Note that by
Hélder’s inequality, (8.4) implies the L'(£2)-bound
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||¢f||L1<Q’Xi’E’E)(O’T)) <C(T) (H9+||L2(Q,Hv-) + ||1/)0Hi4(Q,L2)> : (8.6)

Granting the above claim for the moment, then we can almost surely exclude the
scenario 7 < o0, as follows. Since {7 < oo} = |J7_,{7 < T}, it suffices to check that
P ({r <T})=0forall T > 0. But (8.3) implies that

||w-1§||L1 (QyX_?_’sb(O,T)) + Hw1j||L1 (Q,XS’Q(O,T)) + ||¢§HL1 (Q,X:_’f£>(0,T)> Z C\/E]P) ({7_ < T})

forall R> 1. So if P ({r < T}) > 0, then letting R — oo we get a contradiction to (8.6)
and (8.5).

It remains to prove the claim. Fix R,T > 1. We first prove (8.4). Here we follow the
proof of the bound (6.18) in Theorem 6, but with one crucial difference: to ensure that
the bounds are uniform in R, we have to avoid using the cutoff bound (6.36) at any
point.

We cut [0,7] into small subintervals [0, d], [0,24d] etc. Fix now a subinterval [S,S"],
S’ = S+ 4. Recall that ¢F satisfies (7.2), which we rewrite as

PR (t) = Si(ey(t — 9)PT(S) + Ds(t) + Vs(t)

where
t
Bs(0) =i [ Sigeyt—5) (D) Re (00T 007) (5) ds,
S
O(t) = 0r (Hﬁ“i?g;(o,t) + Hw}*%H;O_’g(O,t) + H¢f||§?;gé>(o,t)>
and
t
Ws(t) = 5 [ Sie)(t =) (D) 0795 A (s)
S
Write

165 55 = 168 s.50) + 10 oy
As in the proof of Theorem 6 we obtain (using Corollary 3)

sl 55,1y < C8° H‘ﬁ”z(s,s') :

So taking § small enough, depending on b, we get, using also (2.26) and (2.29),

||¢§Hz(s,5') <C (Hd’f(s)np(ﬂ,m) + ||(I)S||L2(Q,X’"’1 (S’S’))) ’

+(&)
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By (2.27), and using |©] < 1, we get, almost surely,

I@silxs, (5.5 < O [[0FwE| < OV ol

LE((8,8"),H"—1)

where we used the Sobolev product law (2.13), (2.14), and the conservation of charge
(8.2). So we conclude that on each subinterval [S, S'] = [nd, (n 4 1)d] we have

H(beZ(né,(n-&-l)é) <C <H¢f(“5)HL2(Q,H7~) +V6 ||¢0Hi4(97L2)) )
For n = 0, ¢%(nd) = g4, while for n > 1,
163 (0| 20,20y < N6 2(n-1)5.m0)

It follows that

15 2n5.(ns1y8) S €™ lgtllzaamny + (€ +C2 4+ C" ) Vool Gs () forn=0,...,T/6.

Summing over the subintervals now yields (8.4).
With (8.4) in hand, we now prove (8.5). The field ¢ satisfies (7.1), which we write
here as

4
PE(t) = Sxe(t) fx + Z ;4 (1)

with

W1 (t) = < [ Saelt — 5)0i(s) ds,
0
Vau(t) = ~M, [ Seclt = 5)ul(s)ds
0
Vo (t) =1 [ Sielt - 9UHK AW (),
0

Uya(t) =i / Sic(t — 3) (O6ROUT) (s) ds.
0

In the estimates for these terms, we use the bounds (2.26) and (2.27) on a time interval
[0, T] with T > 1, hence the factors v/T and T°%/? come up. By (2.26),

HSﬁ:f(t)fﬁ:”Ll (QyXi’g((LT)) S C\/T ||w0HL1(Q,L2) S C\/T H¢O||L2(Q,L2) ‘ (87)
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By (2.27) and the charge conservation (8.2),

H\IJHEHL1 (Q,Xi’é’(O,T)) < OMT*? ||¢§HL1 (Q,Xi’g(O,T)) =CMT*? |W§HL1(Q,L2((0,T)xR))

< OMT? Yol 20,2y »

(8.8)
and similarly for ¥ . Applying Lemma 17 with the operator M;(f) = fR;, which by
Remark 2 satisfies ||M1(f)lz, 2, r2) = [ fllp2 |1l 2, we get

R
||‘1’3,i||L1(Q,Xi,§(0’T)) < ||‘I’3,i||L2(Q,X1,g(O,T)) < C 9%l 12 .20 xmy)
< Cﬁ||¢0”L2(Q,L2) -

(8.9)

By (2.27) with the time regularity 1 — b > 1/2 on the left hand side,

[Py, ﬂ:HXO vo,1) = cT*? |‘9¢R9¢§fo’ ~(0,T) °

Note that (8.1) implies 1/2 —r < b/2 < b. So if one defines p by

1
i—r:ub,

then 0 < p < 1/2, and we find ourselves in the assumption of Corollary 2. Therefore,
one can bound the norm on the right hand side as

’|@¢R@¢§HXO ~°(0,T) =C H9¢+Hx’ (e)(0.T) H@dﬁFEHXO 2(0,T) ‘|®¢§’|L2((0T YxR)
where the last norm

H@w:?HLZ((O,T)XR) < ‘/TWOHL2

by charge conservation and the bound |©| < 1. The first two norms are estimated as
H9¢f“X”’5>(OT) <C(T HQSEHX”) ,(0,7) Hew¥||X“(0T) <c(r HW;HX“OT)’

where we used (6.37) (with v = 0) to dispose of the cutoff in front of ¢ and ¢4 (this is
why there appears a constant C(7T') depending on T'). Combining the above estimates,
we have

1—p
||‘I’4,i||xi=g(o,:r) <C(T) HQSEHXQ@(O,T) (ﬁ ||¢0||L2> ||7/’§Hg(%g(o,T) )

Now write

1 1o, . l—p  2+2r—1
- T = = .
I S 5 N R T P
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Then by Holder’s inequality,

) < o(T)yT M2 Hd) )

ol

||\I/4,:|:||L1(Q x9 E(O T) ) ||1/J0HL<1 Q,L2)

L2 Q X“’ 6 (0.1) L1 Q,X2£(0, T))

(8.10)
Note that ¢ < p, so that we can replace L? by LP in the last estimate.
So finally, combining (8.7)—(8.10), making use of (8.4), and setting

) = [, sz * 1950 o0y
we deduce that for all 7> 1 holds
F(T) < CT |[dholl g2, 12y + CTVATTE 172 |lho || by 2 LA

where A(T') stands for the expression on the right hand side of (8.4). Recalling that
0 < < 1/2, we conclude that

F(T) < CT 1+ CDAT)) (14 9ol oz ) (1+ VFD)

for all T > 1. By the next lemma, we then get (8.5), and this concludes the proof of
global existence.

Lemma 18. If a,b € [0, 00) satisfy
b<a(1+Vh), (8.11)
then
b< 1+ 4a”.

Proof. To get a contradiction, assume that b > 1 + 4a?. Then b > 1, so (8.11) implies
b < a2v/b, hence b < 4a?, contradicting our assumption. 0O

9. Bourgain isometry

This section is devoted to the proof of Lemma 4. We start with a very general result
related to Bochner spaces. It may be difficult to find it in the existing literature, so we
provide here a complete proof.

Lemma 19. Let p be a o-finite complete measure on Y and G be a separable Banach
space. Consider a closed subspace Gg in G with the quotient projection my : G — G/Gy.
The trivial case Go = G is excluded, of course. Then there exists a unique linear operator
® making the following diagram commutative:
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LP(Y, 115 G) —L— LP(Y, 11;G) /LP(Y, i Go)
@ -l (9.1)

 feos (g (£(9)) l -
L;U(Y, M3 G/GO) o

v=¢p1!

where P is the quotient projection and p € [1,00). Moreover, ® is invertible and ||®|| =
et =1.

Proof. We split the proof in several steps starting with the implied correctness of the

diagram (9.1).

(1)
(2)

Clearly, LP(Y, u; Go) is a closed subspace in LP(Y, u; G). Hence P is well defined as
the corresponding quotient projection, in particular, || P|| = 1.

For any f € LP(Y, u; G) the value 7(f) is the composition Y ENyEJLN G/Gy. Here
G and G/Gy are endowed with the Borel o-algebras, whereas f is measurable and

7o is continuous. Therefore 7(f) is measurable. Moreover, 7 is linear with |7 <1
Indeed,

177 = [ 1707 )12, / £ dia) = 17
Y

An important claim implied in the statement is surjectivity of w. Let h €
LP(Y, 11; G/Gy). We need to find an f € LP(Y, u; G) such that 7 f = h. A direct point-
wise construction may not necessarily lead even to a measurable function f on Y. So
we approximate h by a sequence h,,n € N, of simple functions in LP(Y, u; G/Gp).
Then for any y € Y and n € N there is f,(y) € G such that mo(f(y)) = hn(y) and
frn is simple. Note that f,, may not converge anywhere. Let us choose a subsequence
in {h,}, while keeping the same notation, such that

oo

Z 1hnt1 = hnll Lo (v, e o) < 00
n=1
Making use of the fact that p is o-finite, that is Y = U Y}, with disjoint Y3 having

1(Yy) < oo, we can introduce a measurable function X Y — (0, 00) taking at most
countably many values (in fact we need below that it is constant on each Yj) and
normalized by [ xdu = 1. Pointwisely, we have

o1 (y) — hn(y)Hg/Go =inf{|[Fllg : F'— (fasr1(y) = fa(y)) € Go} .

Now let {Y,"} be the partition associated with h,. Then for each n € N we can
approximate the infimum on the finest partition {Yl:i'll Ay N Yk} of Y as follows
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har) — b )1, + 02 > |E )

where F,,(y) — (fn+1(y) — fn(y)) € Gy and F), is constant on each Yl:j:ll NY;"NYs.
One sets Fy = f1 and so wFy = hy, in particular. Integrating the above inequality
one obtains the estimate

1
th+1 - hn||Lp(y7M;G/GO) + 2_n > ”FnHLp(Y,H;@ )

implying

ZIIF [FRICEIES Zth+1 hall Lo (v, /o) +1 < 00-

Thus Y7, F,, converges in LP(Y, u; G) to an F satisfying 7F = h. Indeed,

N
(ZF> Z n+1*hn)+h1:hN+14)h as N — oo.

n=1

Therefore 7 is surjective.

Finally, we can define the linear mappings ® and ¥ in the diagram (9.1). Indeed, by
the previous step for any h € LP(Y, u; G/Gp) there is an fp, € LP(Y, p; G) such that
7fn = h. We set ®(h) = Pf,. If we have two elements such that wf} = 7f? = h
then

/ 170 /i (v) = 7o/ W)l g e, W) = 17 fi = 7l v ey = O
Y

Hence for a.e. y the difference fi(y) — fZ(y) € Go and so f} — f? € LP(Y, u; Go)
implying the equality Pfi = PfZ in LP(Y,u;G)/LP(Y, u; Go). Thus @ is a well
defined linear operator.

Similarly, for any h € LP(Y, u; G)/LP(Y, u; Go) there is obviously an f, € LP(Y, 1; G)
such that Pf, = h. We can set ¥(h) = mfy. If we have two elements satisfying
Pfl = Pf? = h then their difference f} — f? € LP(Y, u; Go). Hence for a.e. y the
difference f}(y) — f?(y) € Gy and so

(Wfﬁ - 7Tf/%) (y) = mo (fﬁ(y) - fﬁ(y)) =0 in G/Go

implying the equality 7 f} = 7 f? in LP(Y, u; G/Gy). Thus ¥ is well defined as well.
Clearly, so defined ® and ¥ are the only linear operators making the diagram (9.1)
commutative. Moreover, it is straightforward to check that the compositions U
and ®¥ are identities in the spaces LP(Y, u; G/Go) and LP(Y, u; G)/LP(Y, 1; Go),
respectively. Therefore ¥ = @1,
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(6) In this step we prove the bound ||¥] < 1 which in turn will automatically imply
that @ is bounded as well and ||®|| > 1. Let h € LP(Y, u; G)/LP(Y, p1; Go) then by
steps 2, 4 we have

”\IJhHLP(Y,;L;G/GO) = H7TthLp(y,,L;G/GO) < Hfh”Lp(y,Mc)-

In other words, [[Wh[1n (v, ,.c/co) < 1f Lo (v, for every f belonging to the preim-
age P~'{h}. Therefore passing to infimum over this preimage one recovers the
quotient norm of h, so that (WAl 1,y .c/Go) < 10l 1o (via) /Lo (v, Gy Which proves
the claim ||¥|| < 1 due to the arbitrary choice of h.

(7) In order to complete the proof of the lemma it is only left to get the bound
||®|| < 1. Here we need to be careful again about measurability of pointwise quotient
norm approximations. So we will check that the bound |®h| 1.y, .0/ 10y ce) <
17l Lo (v, Gy BOlds for every simple h. It is enough since ® is already known to
be bounded, by the previous step.

Similarly to the previous step, from the identity ||P|| = 1 one deduces

”q)h”LP(Y,M;G)/LP(Y,M;GO) < ||f||LP(Y7M;G) ’ f € ’/Til{h}' (92)

Let ¢ > 0 and function x be as in step 3. Then

gemng {h(y)}

HhHILj/P(Y,;L;G/Go) +te= / ( inf ||g||:lC)1Y + EX(Z/)) d/‘j’(y)v
Y

and so there exists g. : Y — G such that

inf lglle +ex(y) = lgeWG . molg:(y)) = h(y)
gem, {h(y)}

and it takes at most countably many values, its partition being the finest one for A
and x. In particular, g. € LP(Y, 4; G) and mw(g.) = h, which because of (9.2) implies

H(I)h‘liP(Y,u;G)/LP(Y7u;Go) S ”gsHi‘"(Y,u;G) S ”h”iP(Y,u;G/Go) e

Passing to the limit one obtains [[®hll 1.y ey /e v uce) < 1Moy uara,), com-
pleting the proof. O

We formulate the following simple lemma, that can be either found in [22] or easily
proved with the help of an argument similar to one used in step 6 of the previous proof.

Lemma 20. Consider nontrivial closed subspaces Eg, Fy in normed spaces E, F, respec-
tively. Let T : E — F be a linear bounded operator satisfying T (Eg) C Fy. Then there
exists a unique linear T making the following diagram commutative:
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< |I71I-

Moreover,

We take E = X}i(%)vy = Redu(¢) = (£)*d¢,G = H(R) and F =

L? (R9, (£)?*d¢; H(R)). We introduce 7 as the isometric extension of e?(€) 7, defined
on the Schwartz space S (R%1) with the property (2.19), so that

lulyen = / ()2 [ Tu(€) o) de. (9.4)

(€3]

Now let us consider an interval I = (S,7) and the closed subspaces
Go={ueH'R):u=0o0nl}, Ey= {uGXh(g)' u=0on I X Rd}. It is known that
Hb(I) = H*(R)/Go and Xfl(l;) (I) = h(g)/EO endowed with the quotient norms, of

course. We claim that there exists a unique invertible isometry T making the following
diagram commutative

T:e“h(g)]—"‘r

s, _ S J¢. ™ SAE-
Xy —————— L* (R, (§)>d§; H'(R)) —————— L (R, (¢)*dg; H*(I))
7—71:]_—5 1, —ith(¢) . I
Py l P2 l R

Xilo (D) =2 L2 (RY, (§)**dg; H'(R)) /L7 (RY, (€)% dg; Go) ¢

(9.5)
This commutative diagram makes a complete sense of and proves the identity (2.34). In
other words, the term e***(¢) F, staying in (2.34) should be understood as the composition
&~ 1T having operator norm equal to unity, namely,

ol eom = ([ €7

In order to appeal to the previous two lemmas, and to prove the claim, one needs only
to show the inclusions

" 2 1/2
-1
o Tu(f)HHb(SyT) dg) . (9.6)

T(Eo) C L? (R, (€)**d¢; Go), T ' (L* (R, (€)*d€; Go)) C Eo.

Moreover, it is enough to check these on the smooth functions, namely, that the following
hold

T (Eo({ev: 6 € S (RY) v € SR)}) © L? (RY, (€)*d&; Go) ,
“({ovi e sRY) v eS®RNGo}) € Bo.
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This is obvious and so (9.5) is commutative. Therefore (9.4), (9.6) and (2.19), (2.34) are
fully justified.

10. A modified Bourgain norm

In preparation for the proof of the cutoff estimates, we now investigate more closely
the modified Bourgain norm defined in (2.35), and derive some of its key properties.
Fix s € R, b€ (0,1/2) and h € C(R? R). Write the norm (2.17) as

1/2
el o = / 0O 4|
d
where the transform u(t, z) — U(t, &) is defined by

U(t, &) = (€)™ Oa(t,¢).

By (2.15), the above norm is equivalent to, with constants depending only on b, the norm

1/2

lull g = (R/ (I3 @) + IO my) de

Inserting here the characteristic function 1g 1)(t) of a time interval (S, T"), we compute

T 1/2
1 1
H]l(S,T)uH)?s,b = ([K/ (S/|U(tv 5)‘2 (1 + b(t — S)2° + b(T — t)2b> dt + U, 5)”%5(51)) d§> .

(10.1)
By (2.32), (2.34) the latter is equivalent to, with constants depending only on b, the

restriction norm
1/2

e / U s d | (10.2)

The advantage of the norm (10.1) is that it has an explicit expression; there are no
restriction norms involved. It is still a bit tricky to work with, however. We will use
instead the simpler, modified norm

T T 1/2
Ut
ol 2o 52y = (m/ ((T S)Qb/wm P [ [ ILLO-UGOF drdt) dg) |
s S

(10.3)
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which is the same as (2.35), and turns out to be equivalent to the two previous norms.
In fact, we have the following.

Lemma 21. Let Ty > 0 and 0 < b < 1/2. Consider an interval (S,T) with length at
most Ty. Then the norms defined on X*°(S,T) by (10.1), (10.2) and (10.3) are pairwise
equivalent, with constants depending only on b and Tj.

Moreover, for all T > 0 we have the estimate

ol xeooury 2 C el g oy s (10.4)
where C' > 0 depends only on b.

Proof. By translation invariance we may consider the interval (0,7"), where 0 < T < Tj.
By (2.32) we already know that (10.1) and (10.2) are equivalent, uniformly in T (of
any size). The equivalence of (10.1) and (10.3) reduces to proving the equivalence of the
following norms on H®(0,T):

B 1/2
/\cb ( bt2b+ﬁ> dt+//|¢ ~ H% d dt
00
and
T T T 1/2
Nr(¢) = T—2b/\¢(t)|2 dt+// o(t) = " Mb d dt
0 00
First, since 0 < ¢t < T implies T~2% < t=2% it is clear that
Np(p) < bY2Mrp(¢) for all T > 0. (10.5)

It remains to show
Mr(¢) < CNp(9).

We claim that this holds for T' = Tj. Granting this for the moment, it follows that the
inequality holds also for 0 < T' < Ty, since setting g(s) = ¢ (sT/Tp) and rescaling yields

T

Mr()? < (—

1—2b T\ 12
) M, (9)° < C* (—) Nro(9)® = C2Nip (62
TO TO

It remains to prove the claim, namely Mz, (g) < CNr,(g) for g 6 H%(0,Tp), with C
depending on Tj and b. But on the one hand, (2.15) implies Mz, (g) = H]l 0 To)QHHb



E. Dinvay, S. Selberg / Journal of Functional Analysis 287 (2024) 110565 69

On the other hand, Nz, (9) ~v1 |19/l ge(0.7,) by (2.16). By (2.31) it now follows that

M, (g) ~b,1, N1, (g)
Finally, (10.4) is immediate from (10.5). This completes the proof of the lemma. O

Before proceeding with the proof of the cutoff estimates, we mention some properties
of the modified Bourgain norm (10.3).

Lemma 22. Let Ty >0 and 0 < b < 1/2. Then for all 0 < T < Ty and all u € X**(0,T)
we have the bounds

<C

||UH)7-<J>(T¢) < ||u||5{vs‘,,(0)T) for 0<r<t<T (10.6)

and

lllgngony < € (Iulgunop + Nl gungy) Jor 0Sr<t<T, (10.7)
where the constants only depend on b and Tj.

Proof. We apply Lemma 21. First, (10.6) follows via the equivalence of (10.3) with the
restriction norm (10.2), and the fact that the latter is increasing with respect to the
interval to which we restrict. Second, (10.7) follows via the equivalence of (10.3) with
the sharp cutoff norm (10.1), writing 1(o +) = 1(o,r) +1(r¢) (a.e.) and applying the triangle
inequality. O

Lemma 23. Let 0 < b < 1/2. Assume that u € Xs’b(O,T) and set
f(t) = HUHZ}s,b(O,t) for0<t<T.

Then f is continuous on (0,T]. Moreover, if we additionally assume that u €
C([0,T), H®), then

tlg%f(t) =0,

so f extends to a continuous function on [0,T].

Proof. For 0 <t < T,

t t

¢ 2
||U(’I“, g) - U(07 g)” 2
f(t) = t_zb/ [u(r)|[3. dr + // P e 4 do. (10.8)
0

al
00

Continuity follows from the dominated convergence theorem. It remains to prove
limy 0 f(t) = 0. For the second term in (10.8), this is clear by dominated convergence,
and the first term we bound by
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t
_ 2 _ 2
2 / la() . dr < 872 sup Ju(r)|l. |
0<r<t

which tends to zero as t \, 0 if w € C([0,T],H®). O

Lemma 24. Assume thatu € X**(0,T)NC([0,T), H®) is an H*-adapted random variable.
%

Then the continuous function f: [0,T] — [0,00) from Lemma 253 is adapted.

Proof. For both terms in (10.8), Fi-measurability follows by Tonelli’s theorem, since u(t)
is progressively measurable. 0O

11. Cutoff estimates in H? and X

Here we prove Proposition 1, which we restate below for convenience. Let 0 < b < 1/2.
Fix a smooth, compactly supported function 6: R — R, and write Og(x) = 6(x/R).

Via the transform u(t,z) — U(t, &) = (£)° e™M7q(t, ¢), and recalling Lemma 21, we
can identify X;’é)(S, T) with the space L?(R?, H?(S,T)) with norm (this corresponds
o (10.3))

T T T 1/2
U, (r, o)
Wlesry = 7= S) /\ (.l dt+// \t—r|1+25 dr dt
s s s 12
¢
If S =0, we simply write ||U||;-. This norm is associated to the inner product
T T T =
1 t )
(U,V)T:/ (sz /U(t OV, dt+// ) %H(zbf) 4G1) drdt) de.
R4 0 00
For a vector U = (Uy,...,U,) we write

n 1/2
U], = (Z mn%) :
=1

With this notation, and taking into account Lemma 21, we can now restate Proposi-
tion 1 as follows.

Proposition 2. Let Ty > 0. Then for oll T € (0,T5] and R > 0 we have the estimates
2
H9R (I\Ullt) UHT < CVR, (11.1)
2 2
_ < _
0w (101F) U =0x (IVIF) V| < CllU =V, (112

where the constant C depends only on b, Ty and 6.
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The remainder of this section is devoted to the proof of this result. For convenience,
and without loss of generality, we assume that |#| < 1 and @ is supported in [—2,2].
Throughout we assume that Ty > 0, b € (0,1/2) and that functions U,V etc. are in
L*(R%, H®(S,T)), and similarly for vectors U, V etc.

We note the bound, for all z,y € R,

0r(2) = Or(y)| < % 2 —yl. (11.3)

= Q

This holds with C' = ||0'[| ;.
We first prove some preliminary lemmas.

11.1. Preliminary estimates

Lemma 25. For all T € (0,Ty] and R > 0 we have the estimate

vV, W), ?
/ / (6P / v, H% I g arae < o vz IwIE, (L)

Rd 0

where C' depends only on b and Ty.
Proof. We write
(VW) = ult) +v(1),

where

e
N //t/ V(ZC)]gﬁ;C)—W(a,g)] do ds d¢.
Rd 0 O

The left side of (11.4) is therefore bounded by 2(I 4 J), where

I—//|Ut§| /'“ 1+2b ddtdf,
//|Ut§|/|” 1+2bddtdg

Rd 0O
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To estimate J we note that

s [0 ST

Rd r O

so by Cauchy-Schwarz,

v (t) <2///|v H%O' do ds d¢
xz///lw QWO 4y e

Re r O

where the last line is bounded by ||W||§« Thus

t

J<”W”?F2//T|U(t 2 |2/ 1+2b
R4 0 A
({R///W 5_0—1+2b<)‘ dodsd( | drdtd§, (11.5)

and Lemma 26 below yields the desired estimate J < C HU||2T ||VH2T ||WH§
In I we split the innermost integral as fg /2 + /. tt/2 and write I = I + I accordingly.

The term [; is easy to handle since ¢ — r ~ t. Applying Cauchy-Schwarz and (10.6) to
bound |u(t)| < [V, W], < C||[V |1 IW]|l;, we then simply estimate

b <CIVIE WG (R/ [1oor e | < cviwi ;.

where we used Lemma 21 in the last step.
It remains to consider Is. Writing

u(t) = -2 f(1),  where f(t):%

j 9(s) / V(s, )W (s, 0) d,

we expand
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p(t) = u(r) = (72 =72 f() + 2 F () — f ()

(P 2y () 4 G - %) / o(s) ds+% / o(s) ds

A=2b _ 1-2b r—t F1-2b
— e+ )+ [ g)ds

t
=: A1+ Aq + As.

Thus I» < 3(K; + K3 + K3), where

K; //|Ut§|/ 1+2bdrdtd§ (j=1,2,3).

t/2

For K3 we use once more the bound |u(r)| < C ||V, [|W]|; and get

t

T
Ko < CIVIE W [ [10aore? | [u—n2ar| dd

R< 0 /2
T

<CWIEIWIE [ [ 1060 e ded < VI WIE 1015
Rd O

The same bound is obtained for K7, since there t1720 — p1=20 ~ ¢=20(¢ — ¢,
For K3 we bound, by Cauchy-Schwarz,

t
(t—r)2 / 9()| ds < [Vl iy [Wlliry < CUVILR W

where the last inequality follows from (10.6). Thus

t

T
Ko < VI W [ [weores | [o-n* | aas

Rd O t/2

T
<O VI W / / U 2 dede < " V]2 W2 U2
Re 0

This completes the proof of the lemma. O
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The following lemma was used in the above proof.
Lemma 26. For all T € (0,Tp] and R > 0 we have the estimate

t

//T|U(t£2/ (t —r)1+2e (‘R///W s—al+(2TbC)‘ dodsd¢ | drdtd€
Rd 0

0

2 2
<CUlrIViz
with a constant C' depending only on b and Tj.

Proof. Here 0 < r < s <t < T and 0 < ¢ < s. Rearranging the order of the integrations,
we rewrite the integral as

/ / / (R/ /T U6 / (tdm dt d¢ IV(s(,So ;)Vli‘;;o'z dordsd¢
R4 O d s 0
///(R//th . — |V(s(,8<)_;)v1g;o|2 e

Rd 0

But by Lemma 21 and (10.6),

//|Ut§ gy 1t4E < C Uy < UG

Rd s
and the claimed inequality then follows. 0O
We will also need the following double mean value theorem.
Lemma 27. For all x,y, X, Y € R,
16(z) — 0(y) — 0(X) + 6(Y)]
<107l oo min (|2 = y[, [X = YV])max (lz — X[, [y = Y]) + 0] oo |2 —y = X + Y.
Proof. Fix z,y, X,Y. By symmetry we may assume |z — y| < |X — Y. Defining (t) =

y+tlx—y)and p(t) =Y + (X —Y), we write

bla) = 0y) = | [ ¢ (n(t)) dt | (o= 9) = D —)
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and

Then
O(x) —0(y) —0(X)+0(Y)=(L - L)(z—y)+Lxz-y—-X+Y).
Clearly, |I| < ||6/||;«, so it only remains to check that
1= Bl < 6") 5 (e = X1 + Iy = V).
But this is clear since

- / / 0" (o(t) + s [i(t) — p()]) ds | [w(t) — p(t)] dt

0

and
k() —p)| =y =Y +tlx—y—-X+Y)<(A-t)jy-Y[+tlz-X|. O

With these preliminary results in hand, we are now ready to start the proof of Propo-
sition 2. We split the argument into several steps.

11.2. Cutoff estimate, version I
Lemma 28. For all T € (0,Ty] and R > 0 we have the estimate
2 - 2
low (1012) V|| < ¢ (14 B IUIE) 1V (11.6)
with a constant C depending only on b and Ty.

Proof. Setting () = HR(||UHf), the square of the left side of (11.6) equals A + 2B,
where

T

A= / T / WOV (O dt de.

R4

. //O/W t—r)li‘zl e)r dr dt dg,
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and [1(t)| <1 implies A < ||VH§~ Clearly, B < 2(B; + Bz), where

B = ///w ﬂwg) )Igbofdrdtd&

Rd 0
By = //|Vt§ / ((> ;ﬁzz dr dt de,
Rd 0

where |¢(r)| < 1 implies By < H’UJH; In B, we estimate, using (11.3),

() —¢(r)] <

EJUIQ

[SIFESHE (11.7)

and obtain By < R™2 HU||;£ ||VH2T as a consequence of Lemma 25. O
Remark 6. The estimate (11.6), using the equivalent norm (10.1) instead of (10.3), is

claimed in [15], but there is a gap in the proof. To explain the problem, let us denote by
IU[lr the norm used in [15], that is, the norm given by (10.1):

10l = ||]1(0,T)UH)?SYE ,  where U(t,&) = (£)°e ith(§) g u(t, €).

Then by the triangle inequality we have, for 0 < r < ¢,
G = 101 < || Tepyules = 100y (11.8)

Combining (11.8) with the analogue of (11.7) for the norm || - ||; yields

C
[%(8) = ¢()l < L1060 10U, (11.9)

which is essentially what was used in [15], instead of (11.7). But it is easy to see that
(11.9) is not enough to prove the estimate for Bs. Indeed, take U and V both to be
the function 1o 7)(t)f(£), where 0 < T < 1 and |[f| ;- = 1. Then by (2.37) we have
U] oy ~ (¢ —7r)1/270 and ||U||, ~ t'/27?, so if we estimate By by using (11.9), then we
get

C T t
R—/tl Qb/t—r )40 dr dt.
0

0

But the right hand side equals +oo unless b < 1/4.
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11.3. Cutoff estimate, version I

As a corollary to Lemma 28, we obtain the following variation on that result, proving
the bound (11.1) in Proposition 2, as well as (11.2) in the case V = 0.

Lemma 29. For all T € (0,Ty] and R > 0 we have the estimates
lon (1017 V| < cvi (11.10)
t = T
| (1U17) U < VR, (11.11)
T
with a constant C depending only on b and Ty.
Proof. We first prove (11.10). Recall the assumption supp 8 C [—2,2]. So if HU||? > 2R

for all t € (0,T), then the left side of the inequality equals zero. It remains to consider
the case where ||U\|t2 < 2R for some t € (0,T). Define

Ty = sup {t €(0,7): |U|P? < 2R} .
Then
U7, < 2R, (11.12)

by the continuity of ||UJ|, with respect to ¢t > 0 (see Lemma 23). And if Ty < T, then
QR(HUH?) =0 for t € [Ty, T]. So (10.7) yields (if Ty = T, this holds trivially)

Jor (i) v = € e (o) v]

Ty
and by Lemma 28 the right hand side is dominated by
- 2
C (14 BT UI, ) Vil <3C Vi,

where we used (11.12). By (10.6), [[V||lz, < C|[V|lz, which proves (11.10). Taking now
V = U; and using the bound (11.12), we get (11.11). O

11.4. Difference estimate, version I

Lemma 30. For all T € (0,Ty] and R > 0 we have the estimates

0r (1) U—6r (IV[7) V] <C 1+%2+%24 U=V, (11.13)
T R R

where
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M =[Ol + [ VIiz
and the constant C' depends only on b and Tj

Proof. Setting ¢ (t) = HR(HUHtQ) and x(t) = GR(||V||5), we reduce to proving, for 1 <
Jj=mn,

1) = x®)Ujllp < rhes(11.13)

and
Ix®)(U; = Villr < CIU; = Villp-

The latter holds by (11.10), so we concentrate on the former, whose left hand side squared
equals A + 2B, where

/ Qb/lw () U, (1,6 dtd,

T t
() = x5 (¢, €) = [(r) = x(M)]U;(r, €|
B:/// J@—W“b : dr dt dg.
Rd 0 O
Using (11.3) we estimate
C 2
() = x(®) < 5|10 = IVIE] (11.14)
Writing
U1~ V17 =Y (Ui = Vi, Us e + (Vi Ui = Vi) (11.15)
=1
and applying Cauchy-Schwarz yields
2 2 2 2 2
(IO = V7)< eM? U=V} foro<t<T, (11.16)

implying A < CR™2M*||U — V|3, as desired.
It remains to bound the term B. Defining

k=% —-X

we write B < 2(By + Bs), where
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://T/tﬂ 2 |U; tf) )118;’5”2 dr dt de.
Rd 0 O
//|Ut£|/| 1+%daztdg

By (11.14) and (11.16), |x(r)|* < CR™2M?2|U — V||, so

By < CR2M*||U - V|3.
In By we write out

w(t) = k(r) = 0r(IUI7) = (V) — [HR(IIUIIf) —0r(IVII})

and apply Lemma 27 to get

where

(t _ 7’)1+2b

T t 2 22 2 22
I=//UN@W@Uﬁwwﬁf!(mm o) + (VI IVIE)

Rd O

and

2
T 2tnmunwu\wW+wﬁ)
J://|Uj )| / e dr dt dé.

R4 0O 0

By (11.16) and Lemma 25,
1< U=V,
which is acceptable. Finally, using (11.15) and Lemma 25,
J < CM*|[U - V|3,

and this concludes the proof of the lemma. O
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11.5. Difference estimate, version I1

We are now in a position to finish the proof of Proposition 2, by proving the bound
(11.2).

Lemma 31. For oll T € (0,7p] and R > 0 we have the estimate
2 2
0w (1017) U =0x (IVIF) V||, < CllU =V, (11.17)
where the constant C' depends only on b and Tj.

Proof. First, if ||U||f > 2R and ||V||f > 2R for all ¢t € [0,T], then the left side equals
Z€r0.

Second, consider the hybrid case where HUH? > 2R for all ¢ € [0,T], whereas ||V||f <
2R for some t € [0,7]. Then 93(||U||f) =0 for t € [0,T]. Defining Ty as in the proof of
Lemma 29, we find

Lhs.(11.17) = HeR (||V||3) VHT <C HaR (||V|\§) VHTV < CV2R,

by Lemma 29. So if [U — V||, > V'R, we are done. If, on the other hand, ||U — Vi, <
V'R, then by the triangle inequality, U, <1+ V2)V/R, since ||V||2TV < 2R. Then
(11.17) follows by applying Lemma 30 to

Jexivityv], = |entuipio - oa(ivityvy, -

The other hybrid case is symmetric, so we are only left with the case where ||UH,:2 < 2R
for some ¢ € [0,7] and HVHi < 2R for some s € [0, T]. Define Ty and Ty as in the proof
of Lemma 29, so ||U||2TU < 2R and HVH2TV < 2R. By symmetry we may assume Ty < Ty,
and then (10.7) yields

Lhs.(11.17) < C HaR(HUHf)U - eR(nvnf)VuTv .

If ||U||2TV < 8R, we now obtain (11.17) by Lemma 30. If, on the other hand, ||UH?FV >8R,
then ||[U — V||, > V2R, and using (10.7) we obtain

Lhs.(1117) < C (H9R<||U|?>U —oa(IVIDV, + H@RUIVH?)VH(TU,TV)) '

The first term on the right can be handled by Lemma 30, since HU||2TU < 2R and
||VH§«U <C ||V||§«V < C2R. For the second term, we get by (10.6) and Lemma 29,
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leravidv] < clos(VIEIV] <€ 1V, <O U= Vi, .

(Tu,Tv)

where we used ||U — V||, > V2R > ||V|| . This concludes the proof of the lemma. O
11.6. Sobolev-Slobodeckij norm on H(0,T)

All the properties discussed above in this section are valid for usual Sobolev norms,
for functions depending only on the time variable t. The proofs can be repeated di-
rectly without much of a difference. However, we can get also those properties easily by
considering

u(t) = ¢(t)Sne)(t) f
with ¢ € H*(S,T) and f € H*(R?). Indeed, from (2.34) and (2.35) it is clear that
lullxze sy = I0lsy 70 and Jullges sz = 1605 0 10

where

1
9052y = ${ﬂ m+//wi 16) = ), 4,

Normalising by taking || f|| ;s = 1, we then get from Lemma 21, for b € (0,1/2),
Cj_“gl,b ||¢||Hb(S,T) < H¢||ﬁb(s,T) < Crnyp ||¢||Hb(s,T) (0<S<T<Th), (11.18)
and Proposition 1 has the following analogue.

Proposition 3. Let Ty > 0 and b € (0,1/2). Letn € N and suppose that ¢;, ®; € H®(0,Tp)
for1<i<mn. Then for T € (0,Ty], R >0 and 1 < j < n we have the estimates

< CVR,

HY(0,T)

Or <Z |¢i||2ﬁb(0,t)> ?;(t)
1=1
on <Z||¢>Z|Hb(0 t)> 65(1) — n (Z @il 0, t)> )

< CZ H¢1 - q:'i”Hb(o,T) 5

HY(0,T) i=1

where C' depends only on b, Ty and 6.
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