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A B S T R A C T

Climate change negatively impacts reindeer grazing in Fennoscandia, with the encroachment of Empetrum nigrum 
(crowberry) being a significant, yet largely unrecognized problem. Crowberry encroachment affects the neigh-
boring palatable vegetation negatively, homogenizing the pasture and decreasing ecosystem biodiversity. Cur-
rent husbandry management aims are based on sustainable use of the pasture land, yet pasture quality is not 
considered a central indicator. To prevent overgrazing, reindeer numbers are limited, but as the animals avoid 
crowberry, this invasive species exacerbates the Norwegian reindeer husbandry’s pasture crisis. Herders there-
fore intervene with two adaptive strategies, supplementary feeding and/or crowberry control. We develop a 
general three-species bioeconomic model with five variants to understand the economic impact of an invasive 
species on herbivore husbandry, and the net benefits of the two adaptive measures at the steady state. Our 
analytical results show that the native invasive encroachment causes a decrease in not only the nutrient-high 
grazing land but also the optimal herbivore herd and slaughter volume. Supplementary feeding is imple-
mented to increase the herd size, yet the measure further depletes the grazing pasture, making this practice 
unsustainable. Instead, controlling crowberry protects both the grazing pasture and reindeer herd size. Applying 
this to the Norwegian reindeer husbandry case, we find crowberry control more cost-effective and less stressful 
for the pasture land than supplementary feeding. Government subsidies are shown to be essential for restoring 
herd sizes to the status quo.

1. Introduction

Tundra and boreal biomes are greatly impacted by climate change 
(Ims et al., 2013). Climate change also links to shifts in existing Arctic 
vegetation communities, such as the encroachment of the native Empe-
trum nigrum (crowberry) (Bråthen et al., 2007; González et al., 2019; 
Kaarlejärvi et al., 2012). Although E. nigrum’s berries are food sources 
for a number of wild animals (Pulliainen, 1972; Stenset et al., 2016), 
through allelopathy its leaves interfere chemically with other organisms 
to the extent that ecosystem process rates decline (Tybirk et al., 2000). 
Hence, crowberry encroachment reduces pasture quality (Bråthen et al., 
2018; Tuomi et al., 2024). Besides, in the face of increasing land-use, 
Arctic grazing land has been decreasing (SSB, 2020). Reindeer (Rangi-
fer tarandus), a dominant herbivore in Fennoscandia, an area covering 
the Scandinavian and Kola peninsulas, as well as mainland Finland and 
Karelia, is impacted by loss of grazing pasture (Vistnes and Nellemann, 
2008). In this work we ask to what extent reindeer are impacted by the 

encroachment of Empetrum nigrum, and what adaptations to the impacts 
can be implemented.

The Sami people commenced reindeer herding around the fifteen 
hundreds and over time it has become central to the identity of this 
ethnic minority (Riseth, 2007). Reindeer husbandry is special compared 
to other livestock husbandries in a Fennoscandian setting, as reindeers 
are only semi-herded. While most other livestock is raised in domestic 
settings of closed farmland, the Sami people let reindeer graze freely in 
the wild pasture. Reindeer husbandry in Norway operates under aus-
pices of the Directorate of Agriculture and Food (Landbruks-og matde-
partementet). The total reindeer stock size is regulated by the Norwegian 
government (Norwegian Government, 2021). To avoid tragedy of the 
commons, the husbandry is regulated with the goal of sustainable 
grazing pasture, in which the number of reindeer per land area is the 
target determined such that pasture collapse is prevented (Ministry of 
Local Government and Modernisation, 2023). However, only pasture 
quantity (km2 area) is taken as the indicator for pasture sustainability, 
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not pasture quality; the share of nutrient-rich versus nutrient-poor 
plants on the grazing pasture, which can critically affect the herd size 
(Tuomi et al., 2024). Currently, the husbandry faces many issues, such as 
declining pasture due to loss of land to wind turbines (Skarin et al., 
2018), tourism, housing (Risvoll and Hovelsrud, 2016), and especially 
climate change. Climate change induced effects are occurring in the 
Arctic, both in winter and summer pastures (Horstkotte et al., 2020), but 
ongoing changes in the pastures themselves and the consequences to 
reindeer husbandry have received limited attention (Tuomi et al., 2024).

E. nigrum encroachment can have indirect effects on the husbandry 
through the decline in grazing pasture quality. For instance, E. nigrum 
leaves are nutrient poor, have low palatability, and contain allelopathic 
substances which inhibit the establishment of other primary producers, 
potentially reducing the abundance of other palatable species 
comprising the biodiverse grazing pasture (González et al., 2015; Nils-
son et al., 2000; Pilsbacher et al., 2020). Hence, though a native species, 
E. nigrum possesses properties more familiar in invasive species, and can 
be considered a native invader (Carey et al., 2012; Valéry et al., 2009). 
Loss of grazing pasture for semi-domestic reindeer by crowberry may in 
the short-run place economic strain on reindeer herders, and could in the 
long-run alter local lifestyles, and even further threaten Sami identity 
(Tuomi et al., 2024). As the minority indigenous identity is actively 
protected in the Nordic countries, maintaining reindeer herders’ way of 
life in the face of these challenges is therefore called for, making it vital 
to understand the impact of E. nigrum on grazing pasture of 
semi-domesticated reindeer.

When facing climate change consequences, two strategies are usually 
suggested – mitigation and adaptation (IPCC, 2014). The former refers 
to human behaviour that reduces climate change, while we focus on the 
latter which involves practices allowing adaptation to the changing 
situation. To adapt to the climate change induced pasture lock phe-
nomenon, i.e. rain-on-snow events which freeze the snow, locking the 
underlying pasture from herbivores (Hansen et al., 2019), Norwegian 
and Swedish reindeer herders have started adopting supplementary 
feeding to sustain the reindeer herd size. This practice has been con-
ducted in recent decades in Finland, as an adaptive behavioural response 
to limited grazing land there, but also due to climate change conse-
quences in recent years (Horstkotte et al., 2020). The practice is not 
considered a sustainable solution for multiple reasons, from its impact in 
altering the natural migration behaviour of reindeer, to the 
socio-economic challenges of the practice (Horstkotte et al., 2020). For 
example, the herders are forced to handle challenging weather condi-
tions to feed their herds, requiring more human effort, and greater 
financial burden (NORUT, 2018).

Another potential adaptive approach is to control crowberry via 
burning, plucking or plowing, methods which have also been used in 
relation to encroaching shrubs in sheep husbandry (Hare et al., 2020). 
Though cutting and/or burning practices for Empetrum nigrum (crow-
berry) are under testing (Tuomi et al., 2024), the same methods have 
been adopted for the heath of Calluna vulgaris (ling or heather), and have 
proved their effectiveness in removing this dwarf shrub to allow estab-
lishment of other more nutrient-rich plants (Calvo et al., 2020; Måren 
et al., 2010). Burning is also applied as one of several controls of the 
spread of Red Cedar in the Great Plains in North America (Jeffries et al., 
2023; Ortmann et al., 1998).

The effect of crowberry on reindeer husbandry, though indirect, can 
to a large extent be captured by bioeconomic models. These models are 
the combination of biological and economic sub-models with the pur-
pose of suggesting optimal management behaviour given economic and 
biological influences (Brown, 2000). The feedback loops between eco-
nomic behaviour and biological interactions are embedded, thus 

shedding light on the optimal strategies for the benefit of society as a 
whole (Din et al., 2021; Koen-Alonso, 2007). We develop a bioeconomic 
model following the classic prey-predator approach, with some exten-
sions including plant-herbivore relationships, to assess the behaviour of 
herders facing imminent native invasive species encroachment. We 
choose to maximise the objective function in a static perspective mainly 
due to attainability of analytical solutions, and tractable comparisons 
between the models developed.

After shaping the general model, and assessing the analytical solu-
tions, we tailor it to the case study of E. nigrum and reindeer husbandry 
in northern Norway. There exists empirical data from large scale 
ecosystem pasture surveys along with experiments that provide a 
number of relevant parameter values for our models (Bråthen et al., 
2007; Bråthen and Lortie, 2015; Murguzur et al., 2019). The paper has 
four major contributions: 1) developing a three-species bioeconomic 
model of invasive and non-invasive plant-herbivore interactions 
modelling pasture loss due to native invasive species encroachment, 2) 
testing analytically the ecological and economic effects on the hus-
bandry from management actions including feeding the herbivore and 
burning the native invader, 3) applying the model to the case of Nor-
wegian reindeer herding, and 4) proposing a comprehensive approach to 
sustainable development of land use for the grazing pasture of Norwe-
gian reindeer husbandry.

2. Bioeconomic model

2.1. Earlier models

Bioeconomic modelling of reindeer husbandry has expanded upon 
pure ecological models (see Gaare and Skogland (1980) referenced in 
Danell and Petersson (1994) for early biological reindeer models) in 
order to understand the interactions between the herd and its sur-
rounding environment, and supply knowledge for better management 
and herder decision-making. An age-sex structured continuous-time 
bioeconomic model of lichen and reindeer was developed by Moxnes 
(1993), focusing on the role of lichen in winter grazing. Later works of 
Moxnes et al. (2001), Tahvonen et al. (2014), and Pekkarinen et al. 
(2015, 2017, 2021, 2022a, 2022b) scrutinize the bioeconomic impact of 
the pasture on reindeer herds, but focus on lichens and supplementary 
feeding, rather than the overall diet of reindeer which to a large extent, 
at least seasonally, involves vascular plants. Economic and ecological 
impacts of supplementary feeding on Finnish reindeer husbandry were 
for the first time studied in the works of Pekkarinen et al. (ibid). Their 
models depict in much detail the consumer-resource relationship be-
tween reindeer and its food sources, with emphasis on different opti-
mized choices based on changes in discount rates, supplementary 
feeding cost, and governmental subsidies. Another herbivore-carnivore 
model for reindeer was constructed by Johannesen et al. (2019), in 
which they addressed food competition between individual reindeer 
together with other mortality reasons, such as predation and natural 
causes. Their model also incorporated age-sex structure as in previous 
models, but used total number of grazing animals as a proxy for food 
scarcity of reindeer.

Several gaps can be identified in the existing bioeconomic modelling 
literature of reindeer husbandry. First, though the existing literature 
does focus on reindeer diet, the importance of pasture quality and 
quantity has not been studied in detail. The works of Pekkarinen et al. 
(2015, 2017, 2021, 2022a, 2022b) scrutinize the bioeconomic impact of 
the pasture on reindeer herds, but focus on lichens and supplementary 
feeding, rather than the overall diet of reindeer which to a large extent 
involves vascular plants. Vascular plants are more protein-rich than 
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lichens and are also essential to reindeer (Storeheier et al., 2002). The 
existing literature mainly acknowledges reindeer feeding either by 
embedding their food source into the logistic growth function 
(Johannesen et al., 2019; Johannesen and Skonhoft, 2011) or by 
choosing lichen as a representative entity (Pekkarinen et al. (2015, 
2017, 2021; 2022a; 2022b)), thereby neglecting the critical role of 
biodiversity in grazing pasture. Reindeers only consume lichen heavily 
in winter and graze on many other palatable plants for the rest of the 
year (Storeheier et al., 2002; Villrein, 2019). Besides, a diverse diet 
seems to be better choice for reindeer than a pure lichen diet (Aagnes 
et al., 1996; Olsen et al., 1997). Second, none of the existing models in 
the literature address environmentally induced shifts in Arctic vegeta-
tion communities, especially the case of invasive or native invasive 
species, and how this alteration will impact the grazing pasture of 
reindeer husbandry.

Though ecological and bioeconomic models of invasive alien species 
have been developed, the literature of invasive native species1 has not 
been much studied. There exist a number of bioeconomic models 
investigating invasive species management (for example Carrasco et al., 
2010; Finnoff et al., 2008; Kotani et al., 2011), but only two studies of 
optimal harvesting of invasive species following a prey-predator 
approach were found (Gupta et al., 2012; McDermott et al., 2013). 
Gupta et al. (2012) model the logistic growth of two competing species, 
though not via the feed from any other species in the habitat. While the 
work of Gupta et al. (2012) is theoretical, McDermott et al. (2013) is an 
applied study with a two-species model including interspecies compe-
tition and harvest of one of the invasive species. They model not only the 
population dynamics of both species but also introduction and eradi-
cation policies for the invasive one. Neither of these papers relate to the 
problem of a native invasive species, where there is no introduction 
phase to the local ecosystem. Furthermore, the modelled species do not 
have explicit food sources, ignoring species interactions.

Acknowledging the above-mentioned gaps, we build a three-species 
model in which reindeer is the herbivore that depends directly or indi-
rectly on two plant types, one palatable vegetation and one unpalatable 
and native invasive species, namely crowberry. Ecological differential 
equations are coupled with human behaviour related to supplementary 
feeding and crowberry treatment. The effect of crowberry encroachment 
is modelled via its allelopathic impact, which diminishes intrinsic 
growth rates and carrying capacities of other palatable vegetation, 
hence indirectly influencing the reindeer stock. We first apply a basic 
static bioeconomic reindeer model consisting of two species, one rep-
resenting grazing pasture and the other representing reindeer 
(Johannesen, 2014). From that, we develop three model variants to 
illustrate the differences between when there is no native invasive 
species encroachment (baseline model), and when an invasive species 
exists and impacts negatively on the grazing pasture (encroachment 
model). The last comprehensive model introduces two adaptative 
measures, one is the native invasive species treatment effort and the 
other is the reindeer feeding effort, to investigate the static optimal ef-
forts to increase the reindeer herding profit.

Our model is simpler than most resource-based and consumer- 
resource models, (Moxnes et al., 2001; Pekkarinen et al., 2015; van 
Opheusden et al., 2015), as well as viable control models (De Lara and 

Doyen, 2008), as in choosing the simple prey-predator approach allows 
attainment of analytical solutions, and general results. Furthermore, 
these more complex models require greater data availability than what 
is currently the case for crowberry. Therefore, the age-sex structure and 
several other factors typically included in the three aforementioned 
model types are omitted from this analysis.

2.2. A three-species bioeconomic reindeer model

2.2.1. Baseline model
We use the reindeer grazing/herding model of Johannesen (2014) in 

our baseline model, a model that is also relevant for other grazing her-
bivores, such as free-ranging sheep. Grazing land consists of biodiverse 
communities of palatable plants with variable nutritional value in 
summer and winter. However, for simplicity we treat these communities 
as a basket of species and thus assume that the pasture is homogenous 
year-round with only one representative palatable species, and reindeer 
graze on this pasture as their only natural food source. Let V and R 
denote the palatable aboveground high-quality vegetation biomass and 
herbivore population, respectively, MV is the carrying capacity of 
palatable vegetation, αV is its intrinsic growth rate, and g is the herbivore 
grazing rate on vegetation. This gives the equation of change of palat-
able vegetation stock (subscripts referring to time are in the following 
ignored for ease of exposition): 

V̇ = αVV
(

1 −
V

MV

)

− gVR (1) 

The first part of the differential equation (1) refers to the vegetation 
biomass growth while the second part refers to the vegetation amount 
grazed by herbivores. Of the different Holling functional response types 
for herbivore grazing rate, we choose the Holling type 1 with linear 
functional grazing rate to simplify the model. The dynamics of the 
herbivore population through time can be described as: 

Ṙ = egVR − S (2) 

As the consumed vegetation biomass is transformed into herbivore 
numbers, we denote e as the biomass conversion rate. The first part of 
equation (2) refers to the growth of the herbivore population, and the 
second part to the slaughtered number of reindeer, S. Here we ignore 
explicit wildlife predation of reindeer and assume that the reindeer 
population is controlled only by slaughter.

The economic sub-model takes the form of a profit function, which 
includes costs and revenues from herding. As the food source of the herd 
is a commons, in order to maximise the social welfare function, a social 
planner is required. Assuming the unit price and cost factors are con-
stant, the profit of herders, or the social welfare function, is: 

πB = pS − c1R (3) 

with subscript B denoting the baseline model, p being the firsthand 
price of one slaughtered herbivore and c1 the unit cost of maintaining 
one reindeer in the stock (including costs for transportation, equipment, 
administration, etc.).

In the following we study different reindeer management approaches 
and their impacts. We choose a static analysis, for several reasons, the 
first being mathematical convenience and the provision of comparable 
analytical results. Furthermore, the static equilibrium implies a discount 
rate equal to zero, which can be justified from an inter-generational 
indigenous people perspective, in this case the Sami, where arguments 
have been given for discount rates being closer to zero (Stoeckl et al., 
2021; Tait, 2023; Trosper, 2002). Another reasoning for a static scrutiny 
is that crowberry can form long-lasting states in which the native 
invader dominates large parts of the ecosystem, causing a steady state of 

1 In this study, we adopt a broad definition of invasive species that encom-
passes both native and non-native organisms exerting significant ecological 
impacts on local ecosystems. This aligns with recent shifts in the scientific 
community’s understanding, as exemplified by the International Platform on 
Biodiversity and Ecosystem Services (IPBES) definition of invasive species in 
their latest report, moving away from the exclusive association to alien origins 
(IPBES et al., 2023). We emphasize that invasive species can originate from 
within the local ecosystem, encroaching upon and competing with other native 
species, often exacerbated by environmental changes such as climate shifts 
(Carey et al., 2012; Mooney and Cleland, 2001; Valéry et al., 2009).
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Empetrum-dominant heath (Tybirk et al., 2000). 

Proposition 1. The reindeer stock at the maximum sustainable yield 
(MSY) level, RB,MSY, increases with increasing vegetation intrinsic 
growth rate αV and decreases with increasing herbivore grazing rate g.

Proof: The static equilibrium is defined by setting equations (1) and 
(2) equal to zero, giving V =

(αV − gR)MV
αV 

and S = egMVR −
eg2MV

αV
R2. Max-

imising S for R, we obtain the herbivore MSY stock size: 

RB,MSY =
αV

2g 

satisfying Proposition 1. Intuitively, at MSY, increased vegetation 
intrinsic growth rate will increase RB,MSY while increased grazing rate 
gives the opposite effect, due to the decrease in the equilibrium vege-
tation stock. Substituting Rbase,MSY into the ecological equilibrium of 

vegetation, we have VB,MSY =

(

αV − g αV
2g

)

MV

αV
= MV

2 , which then gives the 
maximum sustainable slaughter volume SB,MSY = egVB,MSYRB,MSY = eMVαV

4 .

Proposition 2. In the baseline scenario, the herbivore stock size and 
slaughter numbers at the maximum economic yield (MEY) level are 
smaller than for MSY, while the opposite is the case for vegetation stock.

Proof: Now focusing on the MEY of the husbandry, substituting the 
slaughter at equilibrium into the profit function, equation (3) becomes: 

πB = p
(

egMVR −
eg2MV

αV
R2
)

− c1R (4) 

Maximising equation (4) with regard to R, we obtain the equilibrium 
stocks: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

VB,MEY =
1
2

(
c1

peg
+ MV

)

RB,MEY =
αV

2g

(

1 −
c1

pegMV

)

SB,MEY =
eMVαV

4

(

1 −
c1

2

p2e2g2MV
2

)

For RB,MEY and SB,MEY to be ecologically feasible, we need 

egMV >
c1

p (5) 

which can be interpreted in such a way that the price-adjusted main-
tenance unit cost needs to be smaller than the marginal maximum 
growth of reindeer (as the marginal growth of reindeer is ∂egVR

∂R = egV and 
V ≤ MV).

Comparing maximum sustainable and maximum economic yields of 
the system, RB,MEY < RB,MSY and SB,MEY < SB,MSY, while VB,MEY > VB,MSY. 
Proposition 2 results as the manager gains revenue from slaughtering 
reindeer, but the maintenance cost of the stock decreases the economic 
optimal reindeer stock and slaughter volume relative to that of MSY, 
leading to larger optimal vegetation biomass. The commercially relevant 
reindeer stock at MEY being smaller than that at MSY (RB,MEY < RB,MSY), 
is the opposite of the conclusion in the existing literature related to e.g. 
fisheries (Anderson et al., 2010; Clark, 2010; Narayanakumar, 2017). 
The reason being that we operate with a cost function that is linear in the 
stock itself, not relative to the harvest effort as in other studies. None-
theless, the habitat stock at MEY level is larger than that at MSY 
(VB,MEY > VB,MSY), implying that to achieve the optimal slaughter yield, 
the herbivore herd at the MEY level needs to be smaller than that at the 
MSY. This is compensated for by the habitat stock being larger than its 

maximum sustainable yield level.

2.2.2. Encroachment model
In this model we expand the growth function for the native invader 

as its encroachment can cause great pressure on the grazing land. 
Allelopathy has mainly been modelled in three ways in the literature, 
either as incorporated in the logistic growth function of other species (Li 
and Feng, 2010; McDermott et al., 2013), non-linearly included in the 
differential equations (Gupta et al., 2012; Solé et al., 2005) or inserted 
linearly as inter-specific competition (Gupta et al., 2012). We choose the 
simplest form of competition – linear interaction – for our model, to 
better understand the interactions of the species. The negative effect of 
this invasion is modelled as a decrease in growth of the palatable 
vegetation stock, transforming equation (1) into 

V̇ = αVV
(

1 −
V

MV

)

− gVR − φVK (6) 

where K denotes the biomass of the native invasive species and φ is 
the positive allelopathy coefficient. The growth dynamics of K is 
described by 

K̇ = αKK
(

1 −
K

MK

)

(7) 

with αK being the intrinsic growth rate and MK the carrying capacity 
of the population. V and K are measured in biomass, which is also the 
unit of the carrying capacities.2

Proposition 3. The allelopathic coefficient imposes a negative impact on 
the vegetation and reindeer stocks at MSY, and also reduces the maximum 
sustainable slaughter volume.

Proof: Setting equations (2), (6) and (7) equal to zero, we obtain the 

static equilibria K = MK, V = MV

(

1 −
g

αV
R −

φ
αV

MK

)

, and S = egMVR
(

1 −

g
αV

R − φ
αV

MK

)

. K = 0 is also an equilibrium (corner) solution, but we are only 

concerned with the equilibria where the native invasive species exists and 
impacts other stocks. Maximising the equilibrium slaughter, i.e. securing 
MSY, gives: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

VE,MSY =
MV

2

(

1 −
MKφ
αV

)

RE,MSY =
αV − MKφ

2g

KE,MSY =
MK

2

SE,MSY =
eMVαV

4

(

1 −
MKφ
αV

)2 

with subscript E denoting the encroachment model and bold parts representing 
the difference between the MSY results of the encroachment model and that of 
the baseline scenario. Comparing to the baseline scenario, we have a decline 
in slaughter when 
(

1 −
φMK

αV

)2

< 1 ↔ − 1 < 1 −
φMK

αV
< 1 ↔ φ <

2αV

MK
(8) 

3If condition (8) does not hold, then we have a reverse situation where the 

2 Crowberry encroachment may compete with the palatable vegetation 
through allelopathic impact, but niche complementarity (Loreau et al., 2022) of 
crowberry and palatable vegetation species allows for non-overlapping utili-
zation of different resources within each their niches, enabling potentially 
greater total mass of vegetation and crowberry per area than the carrying ca-
pacity of either (Begon and Townsend, 2021).

3 as all parameters are positive reals, hence φMK
αV

> 0.
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native invader actually affects positively the MSY of the vegetation stock and 
slaughter volume. However, for this to be the case, we have 

φ>
2αV

MK
↔ φMK > 2αV ↔ 2αV − φMK < 0 

which leads to an ecologically unfeasible result as RE,MSY < 0 and 
VE,MSY < 0. Thus, the inequality condition (8) holds, making VE,MSY <

VB,MSY, RE,MSY < RB,MSY and SE,MSY < SB,MSY.
The profit or social welfare function of the encroachment model becomes 

πE = p
[

egMV

(

1 −
g

αV
R −

φ
αV

MK

)

R
]

− c1R (9) 

Intuitively, the native invader’s carrying capacity MK impacts negatively 
on the social welfare function, while the situation is the opposite regarding 
vegetation’s carrying capacity. Besides, the allelopathic impact on the 
objective function is adjusted by the vegetation intrinsic growth rate αV, with 
higher αV dampening the allelopathic impact of crowberry on the pasture. 
This is also in line with literature on species competition (Gupta et al., 2012; 
Li and Feng, 2010; Solé et al., 2005). The optimal analytical solutions are 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

VE,MEY =
1
2

(
c1

peg
+ MV

(

1 −
φMK

αV

))

RE,MEY =
αV

2g

(

1 −
c1

pegMV
−

φMK

αV

)

KE,MEY = MK

SE,MEY =
eMVαV

4

[(

1 −
φMK

αV

)2

− 1 + 1 −

(
c1

pegMV

)2
]

with the bold parts marking the differences between the baseline and 
encroachment models. Encroached by the native invader, the optimal vege-
tation and reindeer stocks will decrease by φMVMK

2αV 
and φMK

2g respectively. 
Regarding the optimal slaughter volume, SE,MEY < SB,MEY when the inequality 
condition (8) is satisfied. Relationships between the stocks at MSY and MEY 
levels are similar to the baseline model. See Appendix A for the comparative 
statics of the baseline and controlling models.

2.2.3. Comprehensive model
The comprehensive model depicts the situation where the herders 

exert two types of effort to sustain the herbivore herd and adapt to 
crowberry encroachment. One way to compensate for the lost grazing 
pasture is to provide supplementary feeding for the herbivores. The 
herbivore stock now grows via two different sources of food, one natural 

from the available grazing pasture and one artificial from the herders. 
This converts equation (2) into 

Ṙ = egVR + βFR − S (10) 

where F is the feeding effort the herder exerts to adapt to the native 
invasive encroachment, and β is the feeding coefficient.4 Assuming that 
the manager will control the native invader by burning and/or cutting, 
equation (7) transforms into 

K̇ = αKK
(

1 −
K

MK

)

− εTK (11) 

where the variable T is the treatment effort and ε is the coefficient. 
The reason for incorporating the treatment effort is due to the herders 
only being able to control their treatment effort, not the exact eradi-
cated quantity of invasive species (Jardine and Sanchirico, 2018; 
Kotani et al., 2011). See appendix B and C for detailed analyses of the 
two feeding and controlling models, which take into account each 
individual adaptive measure, respectively. With subscript C denoting 
the comprehensive scenario, we have the following propositions: 

Proposition 4. Both adaptive measures - feeding and treatment - will 
increase the herbivore stock at the MSY level, RC,MSY, compared to the 
encroachment scenario. Changes in the vegetation, VC,MSY, and the 
slaughter volume, SC,MSY, at the MSY level, may be positive or nega-
tive, depending on the magnitude of the impacts of the two measures. 
The treatment measure decreases the crowberry stock at MSY, KC,MSY.

Proof: The MSY outputs of the comprehensive model take into ac-
count both adaptive measures, which thus read   

The terms in square brackets are the impacts of supplementary 
feeding while those in curly brackets are the effects of controlling 
treatment on four variables at the MSY level. It is clear that the herbivore 
stock at MSY will increase due to the combination of both adaptive 
measures, while the changes in the vegetation at MSY and the maximum 

VC,MSY =
MV

2

(

1 −
MKφ
αV

)

−

[
βF
2eg

]

+

{
MVMKφεT

2αVαK

}

RC,MSY =
αV − MKφ

2g
+

[
αVβF

2eg2MV

]

+

{
MKφεT
2αKg

}

KC,MSY =
MK{(αK − εT)}

2

SC,MSY =
eMVαV

4

(

1 −
MKφ
αV

)2

−

[
αVe
MV

(
βF
2eg

)2
]

+

{
eMVMKφεT[2αVαK + MKφ(εT − 2αK)]

4αVα2
K

}

4 Given a domestic setting, supplementary feeding can offset the nutritional 
intake from the pasture due to saturization of energy intake of the domesticated 
animals. However, the indigenous Sami in different Fennoscandian countries 
adopt this practice in various ways. While the husbandry in Finland now con-
siders supplementary feeding a normal and common practice (Pekkarinen et al., 
2022), Norwegian herders largely only feed the herd when facing harsh winter 
conditions, such as locked pasture because of rain-on-snow events (Helle and 
Jaakkola, 2008; Horstkotte et al., 2020; Turunen et al., 2016). Furthermore, 
Norwegian herders apply a greater degree of free-range grazing than Finnish 
herders. The animals have established their migration behaviour which is 
heavily dependent on heterogeneity and biodiversity of the summer and winter 
pastures. Therefore, we assume in this paper that the feeding only takes place 
under harsh winter conditions and thus does not affect reindeer’s energy intake 
from the pasture.
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slaughter yield will depend on the differences in magnitude of impact 
between the two measures.

Proposition 5. The larger the plant species’ carrying capacities, reindeer 
grazing and biomass conversion rates, allelopathy and treatment coefficients, 
the less treatment is needed to increase the vegetation at MSY level compared 
to the encroachment scenario. Larger plant intrinsic growth rates and reindeer 
feeding coefficient works in the opposite direction.

Proof: In order for proposition 5 to hold, we need the inequality condi-
tion of 

−
βF
2eg

+
MVMKφεT

2αVαK
> 0 ↔

T
F
>

βαVαK

egMVMKφε (12) 

Higher intrinsic growth rate of both plants, αV and αK, or feeding 
coefficient β will decrease the possibility of vegetation’s MSY to increase 
in the comprehensive scenario. On the contrary, higher herbivore pre-
dation rate g and biomass conversion rate e, the carrying capacities of 
both plants, MV and MK, or the allelopathic coefficient φ together with 
controlling coefficient ε will support the inequality condition (12) . No 
simple conclusion can be derived similarly for the maximum slaughter, 
SC,MSY.

The comprehensive social welfare function is πC = pS − c1R −

c2F2 − c3T2, which becomes 

πC=p
[

egMVR
(

1−
g

αV
R−

φ
αV

MK

(

1−
ε

αK
T
))

+βFR
]

− c1R − c2F2 − c3T2

(13) 

where c2 and c3 are the effort unit costs of reindeer feeding and crowberry 
treatment respectively. We propose that the feeding cost function is quadratic, 
reflecting the increasing marginal costs associated with labor, which consti-
tutes a significant portion of the feeding expenses (Horstkotte et al., 2020; 
NIBIO, 2020). Similarly, the labor-intensive tasks of managing invasive or 
pest species suggests that cost exhibits a convex relation to effort (Jardine and 
Sanchirico, 2018; Kotani et al., 2011). The social planner maximizes with 
regard to R, T, and F, and we obtain the optimal solutions (see appendix D). 
Since the analytical optimal solutions of the comprehensive scenario are 
rather complex, we apply the data from the case of Norwegian reindeer 
husbandry to scrutinize the best management option.

3. Data for the models

We study Norwegian reindeer husbandry under the impact of 
E. nigrum as an applied case for the 20 herding districts5 in which 
crowberry treatment is currently being tested (Fig. 1). Data for model 
parameters are either sourced, estimated, or calibrated (Table 1). In his 
bioeconomic reindeer model, Moxnes (1993) set the vegetation intrinsic 
growth rate to 0.7; while in another bioeconomic model this parameter 
was set equal to 0.5 (Skonhoft et al., 2010), and we therefore choose our 
value as 0.6. We calculated the carrying capacity of vegetation and 
crowberry based on a study of vegetation biomass and species richness 
in northern Norway, using 1.2 kg biomass per square meter to determine 
the carrying capacity as this is the highest level of species richness 
(Bråthen and Lortie, 2015). The grazing land of the 20 herding districts 
is approximately 14,000 km2, making the carrying capacities of both 
plant species equal to 1, 68 x 1010 kilogram biomass.

We tuned the conversion rate e and grazing rate g to fit with the total 
reindeer population of the studied area of around 78,000 reindeers 
(Norwegian Government, 2021). Given the growth function of V, the 

marginal grazing coefficient of one reindeer is ∂gVR
∂R = gV, which 

demonstrates the amount of biomass (here in kilograms) grazed by one 
reindeer per year. A reindeer can consume from one tonne to maximum 
ten tonnes of biomass per year (Bakka et al., 2021; White and Trudell, 
1980). We choose g = 9 x 10− 7 such that, with magnitude of V being 
1010, the marginal grazing rate of one reindeer gV can logically fit with 
the literature on reindeer diet and the current Norwegian reindeer herd 
size (Bakka et al., 2021; Norwegian Government, 2021; White and 
Trudell, 1980). Similarly, the biomass conversion rate e = 2.8x10− 5 is 
chosen to fit with the growth of the herd and the magnitude of R. 
Moreover, our choice of these two parameters also results in an 
acceptable optimal slaughter volume which accounts for approximately 
40% of the total reindeer herd in the baseline model. This mimics the 
slaughter rate of many other Norwegian herding districts, especially 
those in eastern Finnmark county where reindeer husbandry is the main 
industry (Norwegian Government, 2021). These two parameters are also 
in line with other numerical models of plant-herbivore dynamics (Feng 
and DeAngelis, 2018).

Growth rate and nutritional content of plants have been shown to be 
strongly correlated, implying that palatable plants, producing nutrition- 
rich leaves that are advantageous for herbivores, grow faster than un-
palatable ones which form nutrition-low leaves for energy conservation 
purposes (Freschet et al., 2010; Wright et al., 2004). As the difference in 
nutritional content between crowberry and the palatable vegetation is 
approximately a multiple of four (Murguzur et al., 2019), we set crow-
berry’s intrinsic growth rate αK to 0.15. This parameter choice is also 
based on the fact that this species is proven to have a very slow growth 
(Hortipedia, 2022; Zverev et al., 2008). The allelopathic impact φ is 
given a lower value than that found in ecological research on allelopathy 
(Li et al., 2006) because this is the parameter for the allelopathic impact 
of one stock on another, not of one individual plant on others.

Value of maintenance cost c1 per reindeer (including transportation, 
materials, administration costs, etc.) is estimated from the national data 
on reindeer husbandry in 2020 (Norwegian Government, 2021), by 
dividing the total cost (excluding labour costs) by the total number of 
reindeer in 2020. Unit price per reindeer p was calculated by dividing 
the total revenue by the total number of slaughtered reindeer. Economic 
compensation for reindeer lost due to predation and accidents (traffic, 
etc.) and governmental subsidies are not included.

Regarding the feeding cost, we assume, in the worst case the herder 
has to feed the reindeer for three months in the winter. Given an average 
reindeer consumes 0.65 kg of dry feed per day (NIBIO, 2020), it will 
require 4500 tonnes dry feed to feed the total 78,000 reindeers of 20 
districts annually. The average price of dry feed is 6 NOK per kilogram 
(data gained through discourses with herders on fieldwork), which 
makes the feeding unit cost c2 equal to 6 million NOK per thousand 
tonnes. The price per kilogram dry feed used is similar to that found in a 
study of supplemental feeding in reindeer husbandry in Finland, where 
the price of dry feed was 0.4 Euro or about 4.2 NOK per kilogram in 2015 
(Pekkarinen et al., 2015). There exists no reference to cost of effort for 
crowberry treatment c3 in Norway as the measure is still under testing 
(Tuomi et al., 2024). We choose the number of 2000 NOK for c3 as it 
reflects the labour cost for a 7-h fieldwork day.

The parameters ε and β reflect the efficiency of the effort in the 
controlling and feeding methods, or how vulnerable crowberry is to the 
treatment and how susceptible reindeer is to supplementary feeding. 
This is similar to how the catchability coefficient is interpreted in fishery 
economics (Arreguín-Sánchez, 1996). As the practice of crowberry 
treatment is currently at the trial stage, and feeding has only emerged in 
Norway in recent years, data is lacking related to these adaptations, and 
we therefore apply calibrated values. Since the annual quota for the 
reindeer population in Norway is managed by the government, our 
applied results are achieved by the maximization of profit from the 
perspective of the social planner. Likewise, the adaptive strategies are 
assumed to be secured by social planner policies. We set both ε and β to 
be equal to compare the effects of both the adaptive measures on the 

5 Name of 20 districts: Orda, Fala, Nuorta-Sievju, Joahkonjarga, Seakkesn-
jarga, Aborassa, Favrrosorda, Lagesduottar, Marrenj-Skuohtanj, Lahtin-Vuorji- 
Njeaidan, Spalca, Gearretnjarga, Oarje-Sievju, Cuokcavuotna, Silvvetnjarga, 
Beahcegeailli, Cohkolat, Spierttanjarga, Spierttagaisa, Boalotnj-Jahkenj-Ravdol.
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reindeer husbandry.

4. Results

The baseline model (Table 2) reflects the actual size of the reindeer 
stock, in the studied area in recent years, of roughly 78,000 reindeers, 
and the average slaughter rate of 40% of the herd size (Norwegian 
Government, 2021). Notice that the baseline model reflects and implies, 
to a large extent, the current management strategy of the husbandry, 
which focuses on pasture quantity, not quality. The total net benefit 
found here includes labour cost. These net benefits do not cover the total 
labour identified in the Norwegian reindeer industry, pointing to the 
need for substantial subsidies from the state (Norwegian Government, 
2021). Numerical results indicate that E. nigrum (encroachment model) 
not only decreases the optimal vegetation stock around 10% but also 
drastically more than halves the optimal reindeer stock, while the 
optimal slaughter volume is reduced by 60%. The results show that the 
reindeer husbandry may lose 84% of profits due to the invasion of 
crowberry on grazing pasture, underlining the potential seriousness of 
the native invasive species and, explicitly, the important role of pasture 
quality in deciding the optimal herd size.

Additionally, we include two more models in this section – separate 
feeding and controlling models – to compare their impacts on the 
maximized herding profit separately (see Table 3). Mathematical details 
for each model can be found in appendix B and C, respectively. On the 
one hand, facing the loss of grazing pasture, the herders may optimally 
feed reindeer intensively, especially in the winter. This feeding effort 
assists the recovery of the optimal reindeer stock and slaughter volume 

Fig. 1. Geographical map of the 20 chosen herding districts.

Table 1 
Ecological and economic parameter values.

Parameters Unit Value Source

αV 0.6 May 1975; Moxnes (1993); Skonhoft 
et al. (2010)

αK 0.15
Murguzur et al. (2019)

MV kg 1.68 x 
1010

Calculated from Bråthen and Lortie 
(2015)

MK kg 1.68 x 
1010

Calculated from Bråthen and Lortie 
(2015)

c1 NOK/ 
reindeer

1220 Calculated from Regjeringen (2021)

c2 NOK/1000 
tonne dry 
feed

6,000,000 Provided by herders

c3 NOK/labour 
days

2000 Calibrated

p NOK/ 
reindeer

3760 Calculated from Regjeringen (2021)

e 2.8 x 10− 5 Calculated from Regjeringen (2021)
g 9 x 10− 7

Bakka et al., (2021); White and 
Trudell (1980)

φ 5 x 10− 12 Calculated from Bråthen and Lortie 
(2015); Bråthen & Ravolainen, 2015; 

González et al. (2015); Pilsbacher 
et al. (2020); Tuomi et al., 2022

ε 2 x 10− 3 Calibrated
β 2 x 10− 3 Calibrated
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by 0.1%. However, due to the expansion of the reindeer stock and the 
uncontrolled situation of crowberry encroachment, the optimal vege-
tation stock shrinks slightly. Total supplementary feeding cost is only 
2298 NOK, thus the net benefit increases only 2296 NOK, making this 
adaptive measure insufficient to support the husbandry under crowberry 
encroachment. On the other hand, optimally depressing E. nigrum 
encroachment with treatment (controlling model), without the feeding 
effort, helps to increase the vegetation stock by roughly 2%. This is, 
however, sufficient to increase the optimal reindeer stock by 35% and 
the optimal slaughter volume by almost 38%, via the 24% decrease in 
the E. nigrum stock. Hence the control assists a 35% increase in profit, 
leading to the result of 3.1 million NOK, despite the treatment costs 
requiring an additional 1.1 million NOK. Combining both adaptive be-
haviours, reindeer feeding and crowberry treatment, in the compre-
hensive model, comparing to the encroachment model, results in 
optimal vegetation stock growth of 2% while the reindeer stock in-
creases 37%, leading to a nearly 40% recovery of the slaughter volume. 
E. nigrum thus is controlled, decreasing 25%. The total adaptation effort 
costs the herders 1.1 million NOK, and the solution provides a net 
benefit of 3.2 million NOK.

As reindeer husbandry is important for the cultural identity of the 
Sami people, the social planner may want to bring the optimal reindeer 
stock back to the status quo found in the baseline model. We therefore 
estimate what the cost of adaptive effort would have to be in order to 
attain this goal (Table 3). We decrease the unit costs of the two effort 
types in the feeding and the controlling models until the reindeer stock 
returns to the status quo level (approximately 78,000 reindeers). 
Regarding only supplementary feeding measures, the unit feeding cost 
c2 needs to shrink to 10,000 NOK/thousand tonne dry feed, which is an 
unrealistically low number. In total, bringing back the herd in the 
studied area will cost 8.3 million NOK for dry feed. The supplementary 
feeding strategy will, however, pull the optimal vegetation stock down 
an additional 8% compared to the encroachment model. Regarding the 
controlling model, the unit controlling cost c3 must decline to 880 NOK/ 
labour day. This will thus incentivize increased optimal effort to control 
E. nigrum by four-fold, which eventually will cost 8.2 million NOK. In 
both models, returning back to the status quo naturally results in higher 
net benefit compared to the non-status-quo results, due to the lower 
effort costs, but the required total effort cost exceeds the total benefit 
gained from herding. Nonetheless, we have not accounted for the sub-
sidies in slaughtering, compensation for loss of reindeers by natural or 
other mortality, or additional subsidies related to climate change 
impacts.

Table 4 shows the sensitivity analysis with percentage changes in the 
optimal variables of the comprehensive model when the parameters 
increase by 10%. Studying the signs in the sensitivity analysis, all signs 
of the optimal variables in relation to a 10% increase in parameters are 
as expected. In general, optimal vegetation stock VMEY is shown to be 
robust, while other optimal variables are more sensitive in relation to 
vegetation intrinsic growth rate αV and carrying capacity MV , price p, 
maintenance cost c1, biomass conversion coefficient e and grazing rate g. 
As αV , MV , p, and c1 are all obtained from actual data, the model is 
sensitive in relation to only two parameters, e and g.

5. Discussion

Via the results, the feedback loops between ecological factors and 

Table 2 
Applied results of five models.

Baseline model Encroachment model Feeding model Controlling model Comprehensive model Unit

V∗ 14.84 13.662 13.661 13.94 13.95 Million tonne biomass
R∗ 77,863 31,196 31,227 42,157 42,213 Reindeer
K∗ 16.8 16.8 12.86 12.85 Million tonne biomass
S∗ 29,114 10,740 10,751 14,807 14,828 Reindeer
F∗ 0.02 0.03 Thousand tonne dry feed
T∗ 23.5 23.6 Labour days
Total effort cost 2298 1,103,310 1,110,460 NOK
Total net benefit 14.48 2.32 2.32 3.1 3.2 Million NOK

Table 3 
Applying subsidies in the two adaptive models to bring the reindeer herd size 
back to status quo.

Feeding 
model

Controlling 
model

Unit

V∗ 12.52 14.8 Million tonne biomass
R∗ 76,478 76,257 Reindeer
K∗ 16.8 0.58 Million tonne biomass
S∗ 28,529 28,436 Reindeer
F∗ 28.8 Thousand tonne dry 

feed
T∗ 96.6 Labour days
Unit effort cost 10,000 880 NOK
Total effort cost 8.3 8.2 Million NOK
Total net 

benefit
5.7 5.7 Million NOK

Table 4 
Sensitivity analysis of a 10% increase in parameter values on optimal variables in the comprehensive model (unit: %). (Sensitive results are in bold).

Parameters Notations Comprehensive model

ΔVMEY ΔRMEY ΔSMEY ΔKMEY ΔFMEY ΔTMEY

Intrinsic growth rates αV 0.8 21.1 22 − 3.1 21.1 10
αK − 0,4 − 5.8 − 6.2 6.8 − 5.8 ¡14.3

Carrying capacity MV 7.5 18.8 19.4 ¡13.4 18.8 19.9
MK − 0.6 − 8.2 − 8.8 9.7 − 8.2 1

Costs and price c1 3 ¡18.9 ¡18.3 25.2 ¡18.9 ¡18.9
c2 0.0004 − 0.01 − 0.01 0.004 − 9.1 − 0.01
c3 − 0.2 − 3.1 − 3.3 3.7 − 3.1 ¡12
p − 2.2 18.8 16.8 ¡13.4 18.9 18.9

Biomass conversion coefficient e − 2.2 18.8 14.4 ¡20.4 18.8 18.9
Grazing coefficient g − 2.7 15.6 19.7 ¡22.9 18.6 14.4
Allelopathy coefficient φ − 0.6 − 8.2 − 8.8 − 0.3 − 8.2 1
Treatment coefficient ε 0.6 8 8.6 − 9.4 8 18.8
Feeding coefficient β − 0.001 0.03 0.03 − 0.009 10 0.03
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economic behaviour are identified. We first develop the baseline model 
comprising of only two species, reindeer and vegetation, and fit to the 
approximate actual herd size in recent years. The baseline model re-
flects, to a large extent, the current reindeer management strategy of the 
government, which only focuses in keeping the herd size based on 
pasture quantity, not pasture quality. E. nigrum is then introduced in the 
encroachment model with its allelopathic interaction with vegetation, 
curbing not only the availability of the optimal palatable vegetation but 
also of the optimal reindeer population and slaughter volume, thus 
leading to a substantial loss in net benefit. Our encroachment model now 
incorporates the issue of pasture quality in the ecosystem, supporting 
the argument that the lower quality of the pasture land, given the 
grazing area is unchanged, leads to a smaller optimal herd size. This 
indicates the critical importance of the inclusion of pasture quality in the 
government’s sustainable development strategy for reindeer husbandry, 
which is currently largely ignored (Tuomi et al., 2024).

Facing environmental change induced consequences through crow-
berry encroachment, we study two adaptive strategy choices, either 
feeding reindeer in a supplementary fashion or controlling the native 
invasive species via treatment. While the feeding strategy increases the 
optimal reindeer stock, it simultaneously depresses further the palatable 
vegetation population, the latter result not occurring in the controlling 
model. Combining two effort types in the comprehensive model results 
in higher net benefit than in the two separate effort models. Interest-
ingly, the required effort levels for both strategies in the comprehensive 
model are larger than the effort levels in either the feeding or the con-
trolling model. One explanation is that as the feeding strategy increases 
the reindeer herd, there is a need to control more crowberry so that the 
pasture can be maintained in order to sustain this larger herd.

Our results point to necessary intervention to ensure high biodiver-
sity and pasture quality for reindeer husbandry, which in this case in-
volves controlling crowberry encroachment. This outcome is also in line 
with the current development strategy of the government for reindeer 
husbandry, emphasizing the importance of access to different types of 
pasture land under climate change consequences (Ministry of Local 
Government and Modernisation, 2023). Due to the large study area 
involved, effectively controlling crowberry in Norway requires a sub-
stantial and long-term initiative which would involve subsidies from the 
government. Furthermore, as has been underlined elsewhere, there may 
be challenges in ensuring broad stakeholder acceptance for burning, 
which may require more than purely monetary efforts (Jeffries et al., 
2023).

Our analysis, additionally, provides the crowberry control effort 
required to sustain the status quo of reindeer husbandry. To bring the 
reindeer stock back up to the pre-encroachment, status quo level, 
governmental subsidies are essential for both adaptive strategies, 
potentially allowing the cost per unit effort to decline. This is the case 
since net benefit estimated here is net labour cost, and the results reflect 
the fact that reindeer herding is a subsidized industry in Norway, i.e. to 
cover labour costs and a normal return on investment requires subsidi-
zation. In 2020, the Norwegian government increased the annual sub-
sidy to herders due to climate issues in reindeer husbandry by 20 million 
NOK, to cover solely increased feed cost, and not labour and other costs 
connected to feeding (County Governor, 2020). Given our calibrated 
treatment cost, the treatment not only costs slightly less in total to keep 
the status quo – with the same net benefit – but also provides a larger 
vegetation stock. Indeed, management decisions impact greatly on 
biodiversity of the pasture (Sabatier et al., 2015), and by controlling the 
native invader, unfavourable vegetation homogeneity can be avoided, 
embracing plant biodiversity which begets pasture function as bio-
diveristy underlies ecosystem stability (Tilman et al., 2011).

The model is generally robust. Optimal variables do not show great 
sensitivity to changes in the less well-known parameters, except for the 
grazing rate g and biomass conversion rate e. Moreover, our sensitivity 
analysis also shows that the model is less robust to only a few more 
trustworthily estimated parameters, mainly the vegetation carrying ca-

pacity, maintenance cost and price per reindeer. We suspect the high 
level of sensitivity to changes in vegetation carrying capacity is due to 
the pasture being modelled to be impacted by both reindeer and crow-
berry. The vegetation stock is the link between reindeer and E. nigrum, 
thus a slight increase in vegetation carrying capacity can cause large 
changes in the system. This further emphasizes how the pasture is vital 
to many species in the ecosystem as well as being vulnerable to crow-
berry encroachment in practice. Although there is no direct impact from 
E. nigrum on reindeer in our models, increasing unit price per reindeer or 
vegetation carrying capacity may indirectly help to decrease the crow-
berry population, through an increase in the optimal reindeer stock and 
slaughter volume. This is reflected in some experimental ecological 
studies where E. nigrum is believed to be vulnerable to heavy trampling 
by reindeer (Egelkraut et al., 2020; Hylgaard and Liddle, 1981); though 
the cause-effect relationship remains controversial, as some herders 
believe that reindeers usually leave the E. nigrum-dominant heath 
instead of trampling the species to find other food sources (Iversen et al., 
2014).

Relating to the real-world situation, our models reflect the re-
lationships between ecological variables and economic decisions as ex-
pected. It can be inferred from the optimal results, that if supplementary 
feeding is encouraged in coming years, reindeer grazing pasture can be 
further depressed. Since we do not know the exact shape of the con-
trolling effort, the actual cost is highly uncertain. Therefore, experience 
and actual data of controlling effort cost and how this effort produces 
stock changes are needed to provide a clearer understanding of the 
second adaptive measure.

In our applied model we focus on the reindeer herding values, and 
exclude potential non-use values, though implicitly some cultural values 
are inherent in the current subsidization of reindeer herding (Norwegian 
Government, 2023). Other non-use values could potentially be E. nigrum 
providing a source of carbon sequestration (Ylanne et al., 2015), or 
alternative values from regulating and supporting ecosystem services of 
the pasture to other wild herbivores. Besides, there are several different 
options of treatment for E. nigrum, such as physical (plucking, plowing), 
ecological (burning) or even chemical (pesticides). Future studies could 
compare the efficiency of these different treatments with their corre-
sponding costs to further assist the social planner in selecting and 
potentially promoting the best option. Another untouched aspect in our 
study includes cultural values related to social status and insurance of 
the herd size (Johannesen and Skonhoft, 2011). Furthermore, 
out-of-equilibrium trajectories, and stability of the system could be 
studied using optimal control theory, something we did not apply in this 
paper, given our focus on the analytical and comparable solutions, the 
pasture’s steady state dominated by crowberry, and management 
decision-making. Applying optimal control theory could provide better 
insights into how to control the resources dynamically with discounted 
social welfare, leading to optimized outcomes following real-world 
ecological and economic variations.

Our paper provides four main contributions to the literature on 
bioeconomic reindeer modelling. First, we develop a simple bio-
economic application of the Norwegian grazing pasture and reindeer 
husbandry, which can be applied to other semi-domesticated husbandry 
cases, providing analytical solutions for the system’s steady states. 
Second, we measure the ecological and economic impacts of two 
adaptive measures – reindeer feeding and invasive control – on reindeer, 
vegetation, and crowberry stocks. Third, we calculate the required effort 
of each measure and potential governmental subsidies to bring the stock 
back to the status-quo level, in the face of encroachment by the native 
invader. Fourth, we propose the critical importance of the grazing 
pasture quality, particularly plant heterogeneity, in sustainable devel-
opment of Norwegian reindeer husbandry, which can be achieved by 
effectively managing crowberry.

In conclusion, E. nigrum encroachment with its allelopathic effect can 
be expected to have significant negative impact on the pastures of 
reindeer husbandry. Facing this environmental change, application of 
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two adaptive strategies can be considered – either feeding reindeer or 
controlling crowberry, or both. One needs to bear in mind that not only 
reindeer graze the wild pasture but also other domestic herbivores such 
as sheep and wild herbivores such as moose, hares and small rodents, 
emphasizing the importance of high-quality pasture. Therefore, con-
trolling E. nigrum could be considered one possible sustainable adaptive 
strategy for meeting the broader consequences of climate change in 
Fennoscandia.
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Appendix 

Appendix A. Comparative statics of the baseline and encroachment models

Proposition A.1.: Inequality conditions (5) and (8) have to hold so that the optimal MEY solutions in the encroachment scenario are feasible and 
smaller than those of the baseline scenario, illustrating the negative consequences of the native invader. These two conditions also decide the sign in 
changes of the optimal solutions with regards to changes in each parameter.

Proof: Analytical results for comparative statics of the optimal stocks of both baseline and encroaching models are reported in table A.1. Regarding 
the baseline model, given all parameters are positive real numbers, the signs of changes in stocks with regard to each parameter are apparent and 
reasonable, except inequality conditions required for identifying the signs of ∂RB,MEY

∂αV
, ∂RB,MEY

∂g , and ∂SB,MEY
∂αV

. As vegetation is assumed to be the only source of 

growth for the herbivore in our model, we expect ∂RB,MEY
∂αV

=
egMVp− c1
2eg2MVp > 0 and ∂SB,MEY

∂αV
= eMV

4

(

1 − c1
2

p2e2g2MV
2

)

> 0, which then requires pegMV − c1 > 0 ↔ c1
p <

egMV , which is exactly the inequality condition (5). The sign of the function ∂RB,MEY
∂g =

αV

(
2c1

eMV p− g

)

2g3 depends on the term in the parenthesis. Similar to the 

herbivore maximum economic yield, we expect ∂RB,MEY
∂g < 0, which then requires 

2c1

eMVp
− g < 0 ↔

c1

p
<

egMV

2 (A.1) 

Regarding the encroachment model, the functions’ signs are mostly clear and similar to the baseline model. Inequality conditions are required to 
determine the signs of some functions, such as of ∂VE,MEY

∂MV 
and ∂RE,MEY

∂g . We expect ∂VE,MEY
∂MV

= αV − MKφ
2αV

> 0, which then requires that αV − MKφ > 0 or MKφ
αV

< 1, 

which is satisfied by the inequality condition (8). This provides negative signs for other functions, such as ∂SE,MEY
∂MK

< 0 and ∂SE,MEY
∂φ < 0. Following the 

baseline model, we also expect that ∂RE,MEY
∂g < 0, which then requires c1

p <
egMV

2
(αV − MKφ)

αV
, which is also satisfied when the inequality condition (8) holds. 

More conditions are required for the comparative statics of SE,MEY , but as they are very complex, we assess their signs via the sensitivity analysis from 
our numerical application.

Table A.1 
Comparative statics of the optimal stocks of the baseline and encroaching models showing the change in equilibrium solutions for a unit change of each parameter 
(expressions in bold are differences between the two models)

Parameters Baseline model Encroachment model

VB,MEY RB,MEY SB,MEY VE,MEY RE,MEY SE,MEY KE,MEY

αV 0 egMVp − c1

2eg2MVp
eMV

4

(

1 −

c1
2

p2e2g2MV
2

)

MVMKφ
2αV2

egMVp − c1

2eg2MVp
eMV

4

(

1 −
c1

2

p2e2g2MV
2 −

(
MKφ

αV

)2
)

MV 1
2

αVc1

2eg2MV
2p αV

(

e2 +
c1

2

g2MV
2p2

)

4e

1
2

(
αV − MKφ

αV

) αVc1

2eg2MV
2p αV

(

e2 +
c1

2

g2MV
2p2

)

− 2e2MKφ +
e2MK

2φ2

αV

4e
MK

−
MVφ
2αV

−
φ
2g −

eMVφ(αV − MKφ)
2αV

1

c1 1
2egp

−
αV

2eg2MVp −
αVc1

2eg2MVp2
1

2egp
−

αV

2eg2MVp −
αVc1

2eg2MVp2

(continued on next page)
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Table A.1 (continued )

Parameters Baseline model Encroachment model

VB,MEY RB,MEY SB,MEY VE,MEY RE,MEY SE,MEY KE,MEY

p −
c1

2egp2

αVc1

2eg2MVp2
αVc1

2

2eg2MVp3
−

c1

2egp2
αVc1

2eg2MVp2
αVc1

2

2eg2MVp3

e −
c1

2e2gp

αVc1

2e2g2MVp αV

(

MV
2 +

c1
2

e2g2p2

)

4MV

−
c1

2e2gp
αVc1

2e2g2MVp αV

(

MV
2 +

c1
2

e2g2p2

)

− 2MV
2MKφ +

MV
2MK

2φ2

αV

4MV
g −

c1

2eg2p

αV

(

− g +
2c1

eMVp

)

2g3

αVc1
2

2eg3MVp2
−

c1

2eg2p αV

(

− g +
2c1

eMVp

)

+ gMKφ

2g3

αVc1
2

2eg3MVp2

φ
−

MVMK

2αV
−

MK

2g −
eMVMK(αV − MKφ)

2αV

Appendix B. Feeding model

The set of equations for static equilibrium are determined by setting equations (6), (7) and (12) equal to zero. The equilibrium results are similar to 
that of the encroachment model above except S = egMVR −

eg2MVR2

αV
+ βFR −

egMVMKRφ
αV

. The native invader is unchanged compared to the encroachment 
model, while the MSY expressions of vegetation and herbivore stocks, as well as slaughter now read as 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Vfeed,MSY =
MV

2

(

1 −
MKφ
αV

)

−
βF
2eg

Rfeed,MSY =
αV − MKφ

2g
+

αVβF
2eg2MV

Sfeed,MSY =
eMVαV

4

(

1 −
MKφ
αV

)2

−
αVe
MV

(
βF
2eg

)2 

with subscript feed denoting the feeding model and the bold parts describing the effects of the feeding. Feeding decreases the vegetation stock and 
slaughter at MSY level, but increases the herbivore stock. The decrease of vegetation stock due to supplementary feeding is an important finding as 
existing studies regarding supplementary feeding in reindeer husbandry emphasize the negative impact of this practice on reindeer health and the 
indigenous traditional lifestyle in the long-run (Horstkotte et al., 2020; Pekkarinen et al., 2017; Turunen et al., 2016), without acknowledging how this 
adaptive measure can impact negatively on the grazing pasture.

The herders take into account the cost of supplementary feeding, which alters the social welfare function (3) to: 

πfeed = pS − c1R – c2F2 (B.1) 

where c2 is the cost parameter of feeding. We choose a quadratic form for the supplementary feeding cost function for mathematical convenience, but 
it can also be justified based on the feeding circumstances. Herders only choose to feed in harsh winter conditions, where increasing effort may be 
expected to meet increasing costs, especially in relation to labour, which constitutes the largest part of the feeding cost. In a static setting, equation 
(B.1) thus equals 

πfeed = p
[

egMVR
(

1 −
g

αV
R −

φ
αV

MK

)

+ βFR
]

− c1R – c2F2 (B.2) 

Again, assuming a social planner that maximizes the herders’ profit with regard to R and F, we obtain the optimal results. Analytical optimal results 
are: 

Vfeed,MEY =
1
2

(
c1

peg
+MV

(

1 −
φMK

αV

))

−
αVc1β2 − αVegMVpβ2 + egMVMKpβ2φ

2αVegpβ2 − 8c2e2g3MV 

Rfeed,MEY =
αV

2g

(

1 −
c1

pegMV
−

φMK

αV

)

+
αVβ2(αV(egMVp − c1) − egMVMKpφ)

2eg2MV
(
4c2eg2MV − αVpβ2)

Kfeed,MEY =MK 

Sfeed,MEY =
eMVαV

4

[(

1 −
φMK

αV

)2

− 1+ 1 −

(
c1

pegMV

)2
]

+
β2(αV(c1 − egMVp) + egMVMKpφ)

(
αV

2(c1 + egMVp)β2 + 8c2e2g3MV
2MKφ − αVegMV

(
8c2eg2MV + MKpβ2φ

))

4eMV
(
− 4c2eg3MV + αVgpβ2)2 

Ffeed,MEY =
β(αV(c1 − egMVp) + egMVMKpφ)

− 4c2eg2MV + αVpβ2 
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Appendix C. Controlling model

If herders choose to avoid supplementary feeding effort and instead adopt controlling treatment, then the static equilibrium is calculated by setting 

equations (2), (6) and (11) equal to zero. Solving this set of equations gives the equilibrium K =
(αK − εT)MK

αK
, V = MV

αV

(

αV − gR − φMK +
φε
αK

TMK

)

, and S =

(

egMV −
egφMVMK

αV

)

R+
egφεMVMK

αVαK
TR −

eg2MV
αV

R2. The new stocks at the MSY level read 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Vctrl,MSY =
MV

2

(

1 −
MKφ
αV

)

+
MVMKφεT

2αVαK

Rctrl,MSY =
αV − MKφ

2g
+

MKφεT
2αKg

Kctrl,MSY =
MK(αK − εT)

2

Sctrl,MSY =
eMVαV

4

(

1 −
MKφ
αV

)2

+
eMVMKφεT[2αVαK + MKφ(εT − 2αK)]

4αVα2
K 

with subscript ctrl denoting the controlling scenario and the bold parts being the effects of the controlling effort on the variables at the MSY level 
compared to the encroachment model. Given all parameters are positive reals, the vegetation and reindeer stocks at MSY will increase due to the 
controlling of the native invader.

The cost of treatment can be captured in the social welfare function as 

πctrl = pS − c1R − c3T2 (C.1) 

where c3 is the cost parameter of treatment. We also formulate a quadratic function for treatment cost because in practice increasing treatment re-
quires access to more and more geographically distant places, thereby increasing costs (Epanchin-Niell, 2017; Kotani et al., 2011). Equation (C.1) then 
becomes 

πctrl = p
[

egMVR
(

1 −
g

αV
R −

φ
αV

MK

(

1 −
ε

αK
T
))]

− c1R − c3T2 (C2) 

Introducing crowberry treatment provides a positive impact on the profit function by a magnitude of pegMVR φ
αV

MK
ε

αK
T but also increases the total 

cost for the herders. Increasing both the controlling coefficient ε and effort T intuitively diminishes the negative impact of the native invader. Since 
equation (C.2) contains two control variables R and T, we maximise with regard to both variables. Optimal analytical results of the controlling model 
are: 

Vctrl,MEY =
1
2

(
c1

peg
+MV

(

1 −
φMK

αV

))

+
MVMK

2ε2φ2(αV(c1 − egMVp) + egMVMKpφ)
2αVg

(
eMVMK

2pε2φ2 − 4αVαK2c3
)

Rctrl,MEY =
αV

2g

(

1 −
c1

pegMV
−

φMK

αV

)

+
MK

2ε2φ2(αV(c1 − egMVp) + egMVMKpφ)
2g2
(
eMVMK

2pε2φ2 − 4αVαK
2c3
)

K ctrl,MEY =MK −
MK

2ε2φ(αV(egMVp − c1) − egMVMKpφ)
g
(
4αVαK

2c3 − eMVMK
2pε2φ2

)

Sctrl,MEY =
eMVαV

4

[(

1 −
φMK

αV

)2

− 1+ 1 −

(
c1

pegMV

)2
]

+
eMVMK

2ε2φ2(αV(c1 − egMVp) + egMVMKpφ)
(
8αV

2αK
2c3g + egMVMK

3pε2φ3 − αVMKφ(8αK
2c3g + MK(c1 + egMVp)ε2φ)

)

(
− 4αVg2

(
4αVαK

2c3 − eMVMK
2pε2φ2

)2
)

Tctrl,MEY =
αKMKεφ(αV(c1 − egMVp) + egMVMKpφ)

g
(
− 4αVαK

2c3 + eMVMK
2pε2φ2

)

Appendix D. Optimal analytical results of the comprehensive model:

The optimal solutions for the comprehensive model at are: 

VC,MEY =
MV
(
αV

2αK
2c3p2β2 + c2egMVMKpφ(2αK

2c3g + c1MKε2φ) − αVαK
2c3
(
2c1c2g + p

(
2c2eg2MV + MKpβ2φ

)))

p
(
− 4αVa22c3c2eg2MV + αV

2αK
2c3pβ2 + c2e2g2MV

2MK
2pε2φ2

)

RC,MEY =
2αVαK

2c3c2(αV(c1 − egMVp) + egMVMKpφ)
p
(
− 4αVαK

2c3c2eg2MV + αV
2αK

2c3pβ2 + c2e2g2MV
2MK

2pε2φ2
)
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KC,MEY =MK −
c2egMVMK

2ε2φ(αV(c1 − egMVp) + egMVMKpφ)
− 4αVαK

2c3c2eg2MV + αV
2αK

2c3pβ2 + c2e2g2MV
2MK

2pε2φ2 

SC,MEY =
2αVαK

2c3c2(αV(c1 − egMVp) + egMVMKpφ)
(
− 2αVαK

2c3c2eg2MV(c1 + egMVp) + αV
2αK

2c1c3pβ2 + c2e2g2MV
2MKpϕ(2αK

2c3g + c1MKε2φ)
)

p2
(
− 4αVαK

2c3c2eg2MV + αV
2αK

2c3pβ2 + c2e2g2MV
2MK

2pε2φ2
)2 

FC,MEY =
αVαK

2c3β(αV(c1 − egMVp) + egMVMKpφ)
− 4αVαK2c3c2eg2MV + αV2αK2c3pβ2 + c2e2g2MV

2MK
2pε2φ2 

TC,MEY =
αKc2egMVMKεφ(αV(egMVp − c1) − egMVMKpφ)

4αVαK2c3c2eg2MV − αV2αK2c3pβ2 − c2e2g2MV
2MK

2pε2φ2
.
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