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Chapter 1

Introduction

In this thesis we investigate equivalence classes of 2 dimensional solvable Lie

Algebras acting on the plane.

Definition 1. Let g be a solvable Lie algebra over R, dimg = 2 and g, g] #
0. Let p: g — D(R?) be a representation of this algebra into the Lie algebra
of vector fields on R? such that kerg = 0. We say that two representations
p1, p2 are locally equivalent at a point a, if there exist a local diffeomorphism
¢ : R? — R? where ¢(a) = a, such that py = ¢, o py.

Representatives of equivalences classes are called normal forms

Sophus Lie in [5] described finite dimensional Lie algebras acting on the
plane. From this classification one can extract (See below Theorem |[3) the
normal form of the locally transitive action of the 2-dimensional solvable Lie
algebra on the plane. Singular, or non-transitive actions of Lie algebras(and
Lie groups) is still "Terra incognita”. Mainly, they concern to actions of
Lie algebras and groups with fixed point. Thus, for actions of compact Lie

groups, we have the following result

Theorem 1 (E.Cartan). Let G be a compact Lie group, which acts on the

1



2 CHAPTER 1. INTRODUCTION

manifold M in such a way that g(a) = a for all g € G. Then there exists

local coordinates such that the action will be linear.

R. Hermann [2] proved that actions of semi-simple Lie algebras in a
neighborhood of a fixed point can be linearized on the formal level. Later
S.Sternberg and V. Guillem [7] proved that this result can not be extended
to the analytical case.

For non semi-simple Lie algebras there is the classical S. Sternberg theorem

on linearization [6]:

Definition 2. Let \; be the eigenvalues of the linear part of X; at zero, i.e.
the matrix ||g—f;(0)|| We say our system has resonance ,if there exist an

etgenvalue \; such that:
)\i = Z mij)\j
J

Where m;; are non-negative integers and . mi; > 2.

Theorem 2 (Sternberg). Let X be a vector field, of the form:
X = ZXZ‘(Il, Ce ,ZﬁZ)aml

Where X;(0) = 0 for alli. If the vector field X has no resonances then there

are local coordinates in which X has the linear form

For several Lie algebras V. Lychagin proposed in [3], [4] some spectral
sequences which give formal classifiaction, and formal normal forms in a

neighborhood of a singular orbit.



In this thesis we analyze in details the case of 2 dimensional non-abelian
solvable algebras.

We pick a X, Y in the Lie algebra such that

[X,Y] =X
g= <X7Y>

Let O(a) denote the g-orbit of the point a € R?, and by O)(a) denote the
orbit of the derived subalgebra g(!). We split our consideration into three

cases:

1. dimO(a) = 2.

This is the classical case where the action is transitive.

2. dim O(a) = 1.

In this case we will call the action weak singular.

3. dim O(a) = 0.

In this case we will call the action singular.

Throughout this thesis we pick coordinates in such a way that the point
under consideration is at the origin.

Chapters 2,3, and 4 contain detailed description of the normal forms of g-
actions. In the last chapter 5 we find differential invariant algebras for these
actions, which then apply to find ordinary differential equations solveable by

quadratures.
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Chapter 2

Transitive Action

Let g be a 2-dimensional non-abelian Lie algebra over R, and let X,Y be a

basis in g such that
(X,Y]=X

We will use the same notations X, Y for the images p(X) and p(Y).
Assume that the action is transitive at the point a € R?, or in other words,
assume that the vectors X, Yy € TyR? are linear independent.

The following result is due to Sophus Lie [5]

Theorem 3 (Sophus Lie). Let the solvable non-abelian Lie algebra g, dim g =
2, act transitively in a neighborhood of O C R%. Then there are local coor-

dinates (x,y) such that

X:az7

Y =20, + 0,.
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Proof. First choose coordinates such X = 0,. Let

Y = a(z,y)0, + B(x,y)0,.

In these coordinates, the commutator relation gives

a0y + B0, = 0.

Therefore there is a local diffeomorphism © : (z,y) — (x, f(y)) such that

0.(Y) =20, + 0,



Chapter 3

Weak singular action

In this chapter we investigate the case when dimO(a) = 1. Let OW(a)

denote the g(M-orbit of the point a. We split our classification into two cases:
1. The orbit of the derived subalgebra is singular i.e. OW(a) = 1,
2. The orbit of the derived subalgebra is a curve i.e. OM(a) = 0.

Since dim O(a) = 1, on of the vectors X,,Y, € T,R? is nonzero. Therefore
we can choose coordinates (z,) in a neighborhood of a € R?, such that the
corresponding vector field equals to 0,.

We need the following lemma which describes the local behavior of vector

fields on the line R.

Lemma 1. Let X = b(x)0, be a vector field on R, such that X (0) = 0. Then
there exists a local diffeomorphism ¢ : R — R, ¢(0) = 0, such that ¢.(X)

has one of the following forms

o \z0,,
if b(x) has a zero of order 1 at 0.

7



8 CHAPTER 3. WEAK SINGULAR ACTION

o %0, if b(x),

has a zero of order k at 0 where k is even.

o +2F0,
if b(x), has a zero of orderk at 0 where k is odd.

e b(x)0,,
if b(x), is a flat at 0.

Proof. See for example, [1]. O

3.1 Non singular orbit of the derived subal-
gebra

In this section we assume, that dim O™ (a) = 1, or that X, # 0. Then we can
choose local coordinates (z,y) in such a way that X = d,, in a neighborhood

of the point a € R%. Then
Y = a0, + B0,

in these coordinates, and the commutator relation [X,Y] = X gives the

system of differential equations on the functions « and :
a, =1 [, =0.
Therefore, we can assume that in these coordinates:
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Note that transformations of the form

(z,y) = (2,Y(y)),

do not change the form of X, and in Y they act on the vector field b(y)d,.

Therefore, applying lemma [1| we get the theorem:

Theorem 4. Let g act in such a way, thatdim O(a) = 1dim OW(a) = 1.
then there are local coordinates (x,y) at a neighborhood of the point a € R,
such that

X =0,.

And the vector field Y has one of the following forms:

1. 20, + Ayd,,
2. 20, +y"0,,
3. xz0, £y%0,,

4. x0, +b(y)0y,

where p, q are natural numbers, p > 2,q > 3, and b(y) is a flat function at

the point 0.

3.2 Singular orbit of the derived subalgebra

Consider now the case, when dim O(a) = 1, and dim OW(a) = 0 i.e. the
case when Y, # 0, but X, = 0.

Then there are local coordinates (z,y) such that Y = 0,. The commutator
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relation [X,Y] = X can be rewritten for the functions «, 5, when
X = a(z,y)0; + B(z,y)0,,
as the following system of differential equations:
ay = —a [, =—0.
Solving these equations we get
X =€ (a(y)dz + B(y)0y)

Where a(0) = 3(0) = 0.
Again we apply lemma [I| on the vector field 5(y) and arrive at the theorem:

Theorem 5. Let dim O(a) = 1 and dim OW(a) = 0. Then there are local

coordinates (z,y) in a neighborhood of the point a € R?, such that
Y =0,

and the vector field X has one of the following forms:

L. e “(a(y)d, + \yd,),
2. e "(ay)0, +y"0y),
3. e (a(y)o. £y10,),
4. e (aly)0z + B(y)9y).

Where a(y) is an arbitrary function,a(0) = 0, A # 0 p, ¢ are natural numbers

p>2,q>3 and B is a flat function at 0.



Chapter 4

Singular action

In this chapter we investigate the case when O(a) = a, or when X, =Y, = 0.

The general procedure divided on the three steps:

1. Find restrictions on the linear term of a representation from the com-

mutator relation [X,Y] = X.

2. The commutator relation gives us a differential equation on the coef-
ficients of the vector fields X, Y, which we investigate formally, under

the condition that the vector field Y has no resonances.

3. Investigate when the formal solution can be extended to a smooth so-

lution.

Let A, B be the linear parts of X,Y at the point a respectively i.e. A =
1" B =[Y]! the 1-st jets of adX and adY at a.

a’

[X]
The commutator relations [X, Y] = X of the vector fields, gives the following
commutation relation of opertors [A, B] = A.

We assume that B # 0 and split our investigation into the two cases:

1. The representation of X has a non-vanishing first jet at a i.e.A # 0.

11



12 CHAPTER 4. SINGULAR ACTION

2. The representation of X has vanishing first jet at a i.e. A =0.

4.1 The vector field X has a non-vanishing

first jet

We need the following version of the Lie Theorem on representations of solv-

able Lie algebras.

Proposition 1. Let A = [X]. #£0, B =[Y]! # 0. Then there is a basis of
T.R?, such that

Where A € R
Proof. Since B is a real operator, we have three possibilities for B:

1. Eigenvectors of the operator B form a basis of T,R2.
2. The operator B has complex eigenvalues.

3. The operator B has one real eigenvalue.

Consider the first case.

Choose a basis eq, e5 that are eigenvectors for the operator B i.e.
B61 = )\161 BGQ = )\262.

The commutator relation [A, B] = A acting on e; gives us:

[A, 3]61 = )\1A€1 — BA@l = Ael,
BAel — A()\l - 1)61.
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For e, we have:

[A, B]eg = )\2A€2 — BASQ = Aeg,
BA€2 = A(>\2 - 1)62.

Therefore, if Ae; and Aes are non-zero vectors, they are eigenvectors for the
operator B, with eigenvalues (A\; — 1) and (Ay — 1) respectively.
This implies that A\; = Ay — 1 and Ay = A\; — 1. This is a contradiction and
the condition that A # 0, show that either Ae; = 0, or Aey; = 0.

Let us say that Ae; = 0. The commutator relation shows that tr(A) = 0.
Therefore Aey = e; and

A1 — A =1.

Consider the second case.

Then the complexification B® of the operator B has the eigenvector basis

e, € T°**. Then we have that
Bf(e)=Xe B%(e)=)e

Then, similarly to the case above, we get that Ae = € and Ae = 0, but

A€ = Ae = e. This contradiction shows that the eigenvalues of B are real.

Finally, Assume that the operator B has a Jordan matrix and let B act

on e; and ey in the following way:

B€1 = )\61, B€2 = )\62 + €.
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The commutator relation [A, B] = A acting on e; gives that
BAe, = ABe; — Aeq,
= (A —1)Aey,
and

BA€2 = AB€2 — A€2 = A(>\62 + 61) — A€2,
= ()\ - 1)1462.

But A—1 # X and one of the vectors Ae; or Aes is nonzero. This contradiction

proves the proposition O

Remark. Operator B has two eigenvalues i and o, where \y — Ay = £1.
In the previous proposition we let X denote the eigenvalue of the vector which

does not belong to ker A
From this we get the corollary:

Corrolary 1. There are local coordinates (z,y) in the neighborhood of the

point a € R”, in which the vector fields X and Y have the following form:

X =20y + a(z,y)0, + B(x,y)0,
Y = (A= 1)z0, + \yd, + a(x,y)0, + B(:I:, Y)0y,

where functions «, &, B, 6 have zeros of second order at 0 i.e.

and
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4.1.1 Resonance conditions

In this section, we investigate the resonance conditions for the vector field

Y, in order to apply the S.Sternber linearization theorem.

Theorem 6. Let A — 1 and A be the eigenvalues of the linear part of the
operator B = [Y]!, and let

)\¢Q[O,1]U{1+%|neN}U{—%\qu}

Then there are local coordinates (z,y) in a neighborhood of the point a € R?,
such that
Y =(\—1)zd, + \yo,

Proof. The result will follow form the Sternber linearization theorem. We
show that the conditions on A are exactly conditions under which the operator
B has no resonances. Thus, we analyse the resonance conditions for B.
Assume that

ml)\ + mg(/\ — 1) = )\,

Where my, my € Z, and my + my > 2.

From this equation we get that

A= 2
mi + mo — 1
Therefore, A should be a ration number. Let us put A\ = 2, where p,q € Z

q’

are coprime, and ¢ > 0.
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Then,

mo = kp7

my+mo — 1 =kq,

for some k € Z.

Therefore the resonance conditions on A are equivalent to the inequalities:

The relations kg > 1 and ¢ > 0 imply that & > 0, and therefore p > 0.

Therefore we analyst the final inequality

k(g —p) = —1.
We have the following cases:

k(g—p)=-1=k=1qg-p=-1

k(g—p) > 0= q>np.

This lead us to the following resonance set for A:

e When k=1, A=2=22—141 4nd
q q q

owheanp,thenOS)\:gSl.

We now consider the second resonance condition
nl)\—i—ng()\—l) :)\—1,

Where ny,ny € Z, and ny +ng > 2.
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From this equation we get that

\ = TLQ—l

Tll—f—’I'LQ—]_'

And the resonance conditions can be written as

ng = lpa

ny +ng —1=lgq,

for some [ € Z.

Finally, the resonance conditions are equivalent to the following system of

inequalities
ne=Ip+12>0,
n=1(qg—p) =0,
nit+ng=Ilg+1>2.

Alternatively

lg>1, lp>—-1, I(g—p)>0.

Conditions, Iq > 1 and ¢ > 0 gives that [ > 0, and therefore

They give the following cases:

° lp:—l,orlzl,p:—l,then)\:g:—%.

° lpZO,orlZO,qZp,thenOg)\:§§1.

Therefore, the resonance values of A for the second resonance condition, are
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rational number from the interval [0, 1], or A = —%, where g > 2.
The union of all these set, will give us all resonant values of \. Discarding

this, Sternberg’s linearization conditions proves the theorem. O]

4.1.2 Formal Solution

From now on we assume that the conditions in Theorem|[6|hold, and therefore
there are coordinates (x,y) in a neighborhood such that the vector field Y is

linear.

Lemma 2. In the coordinates (x,vy), the vector field X has the following

form.

X = ky*0, + 20,

2

where q is a natural number, k € R and A\ = 51

Proof. Let
X = a(z, )0, + B(z,y)9,
where function a has a 2nd order zero at the point, and 8, =1, 8, = 0, and
Y = (A —1)xz0, + \yo,.

Then the commutator relation relation [X,Y] = X gives the system of dif-

ferential equation:

Y(a) = (A—2)a, (4.1.1)
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The formal series for function o and 3 will have the form:
a = Z CLiinyj
]
f=x+ Z by,
kl

where i, j,k,l € Z, and i+ j > 2,k + 1 > 2.
From (4.1.1)) we get the following linear system of equations

(A= 1Dk + N —A+1=0)by =0.

Assume that a;; # 0 and by # 0, some pairs (4, j) and (k,1). Then we get

the equations on \:

iA=1) +jA—A+2=0,
kA—1)+ AN —A+1=0.

Solving these equations gives

| — 2 E—1
A=l _'7% : (4.1.2)
qg nu+j—-1 k+1-1
and we should discard the solutions which gives a resonant .
Consider the equation of k,[. Here we have that
k=1 ] l
Ck+l-1 0 k+l-1
Therefore, A € Q[0,1] if £ > 1, and A = —ﬁ, when k£ = 0. Thus, we have

no nontrivial solutions for non-resonant \.
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Consider the equation of 7, j.

We have
_i=2 ] J+1
i+ j-1 0 i1
Therefore A € Q[0, 1] if i > 2.

For the case i = 1, we have

and for the case i =0

2
A= j>2.

_j——l’ >
Therefore, the only non-resonant A\, correspond to the case i = 0, j = 2¢ and

/\:—%Wherequ. O

X = ky*0, + 20,

14 2q 2
Y = Oy + ———0,.
1 og 0 T T Y

This lemma shows that on the formal level, we can transform vector fields

X and Y to the following form:

X = k:y2q8$ + :an,

14 2q 2
Y — By + ———yd,.
1270 T T2 gqY%

Thus we have proved the following theorem:

Theorem 7. Let the eigenvalues A, X — 1 be non-resonant. Then there are



4.2. THE VECTOR FIELD X HAS NO FIRST JET 21

local coordinates (z,y) in a neighborhood of the point a € R?, such that co-jets

of X and'Y have the canonical form:

1.
X =20y, Y =(A—1)x0,+ \yo,.
2.
14 2q 2
X = 24 Y = ——y0,.
20, + Yy~ 10, T 2qx8x +t1o 2qy8y
Where q € N.

Remark. Assume that k # 0. We can then take a diffeomorphism of the

form

o(x,y) — (tz, ty),

where t # 0. This diffeomorphism preserves the vector field Y and will act

on X in the following way:

k 2
¢*(X) = thily q _{_:L'([)w

By choosing t = kzﬁ, we can assume that k = 1.

4.2 The vector field X has no first jet

In this section we start to investigate the case, when A = [X]! = 0, but

B =[Y]! # 0. Then for the operator B we the following options
e Operator B is diagonalizable and has real eigenvalues i, \s.
e Operator B has complex eigenvalues A, \.

e Operator B has eigenvalue A with multiplicity 2.
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We now treat all these cases separately and use the same methods as applied

in the previous chapter.

4.2.1 Operator B is a Jordan form

Let us choose local coordinates (z,y) in such a way, that the operator B

takes the Jordan form
A1l

0 A

B—

in the basis 9, d, of T,R2.

The resonance conditions for vector field Y has the form:
)\(ml + mo — 1) =0.

Since mq + ms > 2, we have resonance when A = 0 only.
Assuming A\ # 0, we can apply the Sternberg theorem to vector field Y and

get the following representations of vector fields X and Y:

X = a(z,y)0: + B(z,y)0,,
Y = M0, + y9,) + x0,.

Here «, 8 have second order zeroes at 0.
The commutator relation [X,Y] = X gives us the following system of equa-

tions for functions «, 3:

Y(a) = (A= 1a, (4.2.1)
YB)=OA-1)p+a.
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Consider first formal solutions of the system.

Let

o= E a;;z'y’
ij

k, I

B = g bux"y’,
Kl

be the formal series with ¢ +7 > 2 and k + 1 > 2.

It is easy to check that:
Y (z'y’) = Ni + j)a'y? + jattlyi 7t
Therefore ,

Y(a)— (A= 1)a = Z Ai+j—Da; +ai;+ (5 + 1D)ai—1 j11] z'y,
i+5>2
and

Y(B)=(A=1DB—a= Y [Ak+1— Db+ bu + ( + Dbror a1 — ] ¥y

k41>2

Thus, the system of differential equation (4.2.1]), on the formal level, is equiv-

alent to the following system of linear equations for coefficients a;;, by:

(A +7 — 1)+ Dai; + (J + 1)ai-1 41 = 0, (4.2.2)

AE+1—=1)+1)b + (I 4+ D)bg—1 141 — a = 0, (4.2.3)

where i, j, k, | are natural numbers such that ¢ +j > 2 and k+1 > 2.
Let i +j =n+ 1, where n > 1 is fixed.
Then the first part of the system (4.2.2)) gives the following linear system for
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vector ||a;;|],i4+7=n+1:
(n)\ + 1)@2‘3‘ + (] + 1)@,'_1 j+1 = 0. (424)

Therefore, if nA # 0 we will only have a trivial solution of (4.2.4). Then
taking a;; = 0, we get only a trivial solution for by;.

Now let A be a rational number of the form

1
A= ——,
n
where n > 1.
Then equation (4.2.4]) has solution
Q5 = 0,

where 7 > 1 and a;( is arbitrary.
Thus we have a non-trivial solution for a. If « is trivial, investigation of /3
will be analogous to this case.

Assume « non trivial.

We have that j = 0 and ¢ is arbitrary. Equations for 0; ;, where i + j =
n + 1, take the form
(J+ Dbi-1j41 = ai;.

Therefore,

bi—1j+1 =0,

if 7 # 2 and by, is arbitrary.
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Thus, we have found the solutions

o = klyn—i-l 6 — k’gl’ny + kgl’n+1,

in the case when nA +1 = 0.

Summarizing we get the following theorem.

Theorem 8. Let [X|. =0, and B = [Y]} has nonzero eigenvalues of mul-
tiplicity 2 and corresponds to the Jordan form. Then oco-jets of X and 'Y at
the point a € R? has the following form

1.
Y = X0, + y0,) + 20,
X =0,
if nA+1+#0, for alln € N.
2.

Y = M0, +y09,) + 20,

X = k"0, + (kiz"y + kox" )0,
where ki, ko, k3 € R and n\+1=0n € N.
Remark. Take a diffeomorphism of the form:
¢ (z,y) — (o, ty).

This will preserve the normal form of Y and in the normal form for X it
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will transform the coefficients in the following way:
(kl, kz) — (tnkl, tnkg)

Therefore, for odd n, we have the following options for (ki,ks):
1. (k1, ko) = (1,0),
2. (k1,ke) =(0,1),
3. (k1, ko) = (1, k),

where k # 0.

If n is even we get the following list
1. (k1, ko) = (£1,0),
2. (k1,ke) = (0,£1),
3. (k1, ko) = (£1, k),

Where k # 0 .

4.2.2 Operator B has complex eigenvalues

The resonance conditions for the vector field Y, will then be:

R(A)(mq +me —1) =0,

S(\)(my — ms — 1) = 0.

From this we see immediately that we have resonance, iff £(\) = 0.

Consider the action of operator B on the complexification of 7, R?, and choose
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coordinates x,y such that the vectors

are eigenvectors for B.

In these coordinates the vector fields X and Y have the form

X = a(z,?)@z + O{(Z,z)&z,

Y = A\20, + \Z0=.

Here « is a complex function of second order at 0.
Viewing the commutator relation [X,Y]| = X as a differential equation on

the function o we get the following equation:
Y(a) = (A= 1o (4.2.5)
Now we expand « through the formal series
o= Z aklzkil,
kl

where k +{ > 2.
Then the equation (4.2.5)) takes the form

Z (k’)\ + ZX)(lklezl = ()\ - 1) Z aklzkzl.

k+1>2 k+1>2
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Therefore,

(k’)\ + ZX — ()\ - 1)akl) = 0,

and we get nontrivial solution iff
EA+IA—(A=1)=0 (4.2.6)

for some natural numbers k., [, k41 > 2.
Let A = Ao + A1, where \g = RA, A\; = QA # 0. Taking the real and
imaginary parts of equation (4.2.6)), we get the system

KXo+ o +1=0, (4.2.7)

kA — 1IN — A1 = 0.
Since we consider the complex case, \; # 0, we have that
E=1+1.
Putting this relation into the first equation of the system (4.2.6)), we get

20 +1=0.

Summarizing, we get the following result;

Theorem 9. Let [X]! = 0, and B = [Y]! have compler eigenvalues (A, \)
where F(A) # 0, R(A) # 0. Then oo- jets of X and Y can be written in one

of the following normal forms:
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Y = A\20, + \z0s,
X =0,

If 2IR(N) + 1 #0, for alll > 1.

Y = \20, + \z0=,

X =a(2,2)0, + a(z,Z)05,

where

a(z,%) = az|z|,

a € C/0, and 2IR(N) +1 =0.

Remark. A diffeomorphism

¢:(z,y) — (tz,ty)

29

will preserve the normal form for vector field Y, and acts on X in the fol-

lowing way:

a — alt)?.

Therefore, in the normal form 2., we can take a parameter t, so that

la| = 1.
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4.2.3 Operator B has real eigenvalues and is diagonal-

izeable

Let (A1, A2) be eigenvalues of operator B, and assume that this pair is not
resonant. Then due to Sternberg linearization theorem, we can choose local

coordinates (z,y) in a neighborhood of the point a € R? in such a way that:

X = oz(:l:,y)&p + ﬁ(xay)aw
Y = Mz, + Aayd,.

Where oo and 3 are functions of second order.
Viewing the commutator relation [X,Y] = X as a differential equation, we

get the following system of equations:

Y(a) = (A — a, (4.2.8)
Y(8) = (A —1)8, (4.2.9)

on the functions a and f.

Writing the formal series

_§ gy
o = i LY,

i+j>2

B= Y buz"y,

k+1>2
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Of these equation we get the following system of linear equation on coeffi-

cients a;j, by

(kAL + 1Ay — Ay + Dby = 0, (4.2.11)

where i +7 >2and k+1 > 2.

Define the following sets

X1 ={0 )i — DA+ jro = —1, wherei+ j > 2},
Yo ={(k,D|kN + (I — 1)\y = —1, where k+1 > 2}.

Then the following result holds:

Theorem 10. Let [X]) = 0 and operator B = [Y]} has is diagonalizable with
real ergenvalues which are not resonant.

Then there is a local system coordinates (x,y) in a neighborhood of the point
a € R?, such that oo jet of X and Y at the point have the following normal

forms;

Y = )\11]837 + /\any,
X=(> ay@'y)oe+( D bury)o,
(

(1,5)€X1 klex,
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4.2.3.1 The function o has a non-vanishing second jet

In this section we investigate the case when the function « in the represen-

tation:

X = oz(x,y)ax + 5(%9)8247
Y = \Nz20, + )\QZ/aya

has non trivial second jet.

Theorem 11. Let the linear terms of Y be diagonalizable in, and let the
function o have a nontrivial 2nd jet. Then there exists local coordinates

(x,y) such that co-jets of X and'Y are one of the 6 following forms:

Y = —20, — y0,,

and X has one of the forms

(2% + krzy + koy?) Oy + (ks + kazy + ksy?) 0,

X
X = (ka® + zy + koy?) O, + (k32® + kazy + ksy?) O,
X

(k1x2 + koxy + y2) 0 + (k3$2 + kaxy + ks?ﬁ) 0y

Where k; are arbitrary real numbers.
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Y = —Iam + %yay,

X = 220, + kxyd,,

where k is an arbitrary real number and v1 € Q- —Qy, Q7 = {—ql¢ >
2bU{—gle =2}

2
Y = ——20, — y0,,
n

and X has one of the forms

X = a2yd, + (k‘y2 + 2™)0,,

X = xyd, + ky*0,,

where k 1s an arbitrary number and n > 3 is a odd number.

Y = yx0, — y0,,

X = xyd, + ky*0,,
where k is an arbitrary real number and v5 € Q- — Q5 , Qy = {—ql¢ >

2} U {~2lg > 3}.

1+n
2

1
Y = —E(aré?x + y0y),



34 CHAPTER 4. SINGULAR ACTION

and X has one of the forms

X = 4?0, + 2™yo,,

X = y28x,

Where n 1s an even number.

1
Y = . 1(3x8x + (n+1)yd,),

and X has one of the following forms

X = £4%0, + 20,

X = y2ax7

where k is an arbitrary real number and n € N — (N3. N3 = {k|k =

3p—1,p>2} and n > 2.

Proof. Given that:

X = CK(Q?, y)ar + ﬁ(xa y)aya
Y = Mz0, + \ay0,.

We expand the functions « and  through the formal series

y
o= E a;;T'y’,

itj=2

B= Y burty.

i+k>2
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In order to find all the possibilities for normal forms we will split our inves-

tigation into 3 cases
1. t=2and j =0,
2.1 =7 =1,

3.1=0and j = 2.

4.2.3.1.1 Case 1 Given that i =2,5 =0. From (4.2.10) we find that

)\1 - —1,

if |l #1. [ =1 is a special case, and will be investigated later. We now get

the following resonance conditions

k—1
-1

mq — Mo = —1.

Where my, ms are non negative and m; +msy > 2. We always have a solution

of this equation by setting m; =1 — 1 and my = k except for two cases

e k=0,l=2,
e k=21=0
Both these cases give that A\; = Ay = —1 which does not have any resonances.

Therefore we have the normal form

X = k’lx2&r + (kz&?Q + k3y2)8y,

Y = —20, — y0,.
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Where k; # 0, ko and k3 are arbitrary.

We now investigate the case where [ = 1.
From (4.2.11) we get that £k = 1 and A, is arbitrary. We now investigate the

resonance conditions

—m1 + )\ng = —1,

—nNg + Aoy = .

If either of these equations are satisfied, we must discard this value for As.

We solve the equation for Ay to get the expressions

—1
>\2:m1 )
ma
n1
Ay = )
2 7’L2—1

Where m; +my > 2 and ny + no > 2. We see immediately that, for any
non-negative rational we may find my, ms or ny, ny that satisfy this equation.
However if we fix m; = 0 we find that \s = —% where ¢ > 2 gives resonance.
Also if fixing ny = 0 gives us that if Ay is a negative integer less than or equal
to -2, gives us resonance. Discarding these cases we arrive at the normal

forms:

X = k2%0, + koxyo,,

Y = —20, + vy0,.

Where v € Q7 — Qy, where Q = {—qlg > 2} U{—{]¢ > 2}
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4.2.3.1.2 Case 2 Given that i = j = 1 we find from (4.2.10)) that

Ao = —1,
-2

A= k

The case when k = 0 is a special case and will be investigated later. We note

that A\, is either a non negative rational or it is equal to

Where ¢ > 2 We write the resonance conditions, and solve them for A\; and

arrive to the equations

ma
Al = ,
! m1—1

ng — 1
A= 2.

ny

If either of these equations can be satisfied for fixed values of [ and k, A\, Ay
will be resonant.

We see immediately that if A\; is a non-negative rational number it will be
resonant, so this case must be discarded.

The case when ny = 0 will give that

When ¢ > 2 will be resonant. Looking back at our possibilities for A;, we

find that the only the case where

2
)\1:——
n
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where n is odd and n # 1, will remain.
This shows us that [ = 0 and £ is an odd number greater than 1. We then

arrive at the normal form

X = kizy0, + ko2 0y,

2
Y = — =20, — yd,.
n

where n is a odd number larger than 1.

When [ = 1 we have a special case where A\ = Ay = —1 which does not

have resonance, and the vector fields are of the form

X = .Z‘y(k?lal« + /{32831),
Y = —20, — y0,.

Where £y and ko are arbitrary reals.

We now treat the case when k£ = 0. From (4.2.11) we get that A\; may
be arbitrary and [ = 2. The restriction on A; will be analogous to the case

when ¢ =2 j =0 and [ = 1. We arrive at the vector fields

X = kixyo, + k2y28y,

Y = y20, — y0,.

Where v € Q™ — Q5 , where QQ; is the same as in the earlier case.
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4.2.3.1.3 Case 3 We have that ¢ = 0 and j = 2, we find from (4.2.10))
that \; = 29 + 1. From this (4.2.11]) gives us that

1+k

We note that this must always be negative and solve the resonance conditions
for A\y. We have resonance if one of the following equalities hold.
1— mq

T 2my tmy — 2
n

A2

A2

:1—2n1—n2‘

We rewrite these equations to find some solutions

A e ) F 3 =1 (42.13)
Ao = (m—1)+1 (4.2.14)

2(ng — 1)+ (ng+2)— 1

We look (4.2.12)) and find resonances by the following equalities:

m1:2—}—k" n1:1+k,

m2:l—3, ngzl—Q

This shows us that this method will always find n; and ny that give us

resonance given [ and k, expect for the cases
1.l=2and k=0,
2. k>1landl =1,

3.l=0andk > 2.
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All the trivial cases for m; and msy will be contained within our possibilities
for ny and ns.
However we may have other solutions to these cases where this approach does

not work, and they must therefore be investigated in detail.

Case 1 We have that | = 2 and £ = 0 and look to (4.2.12)) to see that
A1 = Ay = —1. When the eigenvalues are equal, we will never have resonance.

We therefore arrive at the representations

X = @/2(]{1833 + kgay),

Y = —20, — y0,.

Where k; and ko are arbitrary reals.

4.2.3.1.3.1 Case 2 Recall that l =1 and k£ > 1. We begin by looking

to (4.2.12) to see that
1+k

Ny = ——
2 2%

We now investigate which values of k£ that have resonance.

First we investigate for m; msy by looking to the equation:

1+k_ m1—1
2k N 2m1+m2—2'

Where k£ > 1, my,ms € N and my; + moy > 2.

Solving this equation gives us:
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Due to our restrictions on mq, ms and k this equation will never have a
solution.

Now we investigate n; and ns

1+k_ s

2k _2n1+n2—1'

Where ny,n, € N and nq + ny > 2. Solving this we arrive to the equation
2n1 4+ (ng —1)(1+ k) =0.

Due to our restrictions on ny, ny and k, the only possibility we have to satisfy

this equation is when ny = 0. This gives us that we will have resonance when:
k= 2711 — 1.

where n, > 2.

We then arrive at the vector fields

X = k1?0, + koa"yd,,

y = _%(xam I ChaD

y0y).

Where n € (Neven U {1})

Case 3 Recall that [ =0 and k£ > 2.We look to (4.2.12)) and see that

~ 1+k
2 2% — 1
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We now investigate which values of k that have resonance.

First we investigate for m; msy by looking to the equation:

2k—1  2my+my—2°

Where k£ > 2, mqy, me € N and m; + mo > 2.Solving this equation gives us

Due to our restriction on k, m; and ms, this equation will never have a
solution.

We now investigate nq, no

]_—f—k?_ ny
2k B 27114—712—1'

Where ny,ns € N and ny + ny > 2. Solving this we arrive to the equation
3711 + (k? + 1)(712 — 1) =0.

Due to our restriction on k, n; and ny we only have the possibility of ny = 0.

This shows that we have resonance when
k= 3711 — 1.
where ny > 2. We arrive at the vector fields

X = k1y28$ + k’QIEnéy,

Y = (320, + (n + 1)y0,).

2n—1
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Where n € N— ({1} UN3. N3) = {k|k =3n —1,n > 2}.

4.2.3.1.4 Superpositions Having found all these representation, we must
take a superposition whenever they have the same eigenvalues. Finally we
will argue when it is possible to remove arbitrary coefficients. We gather all

these results in the table below

Table 4.1: Normal forms

Case (A1, A2) Normal form of X restrictions
1 (—1,-1) | k12?0, + (ko + k3y?)0, none
2 (—1,7) k12?0, + koxyd, ve(Q —-Q;)
3 (—2,-1) kixy0, + kox™0, n > 3 odd
4 (—1,-1) 2y (k10; + k20,) none
5 (v,—-1) krxy0, + kay?0, 1e(Q -Q;)
6 (—=1,-1) y*(k10; + ko0, none
7 | (—1,-%) k19?0, + kaa"y0, n even or equal 1
8 | (25, ) k1y?0, + koa"0, neN-(N3U{1})
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4.2.3.1.4.1 X = A3 = —1. Here all 8 cases will have some solution.
We therefore take a superposition of every possibility to arrive at the normal

form

Y = —20, — y0,,

X = (k?ll‘Q + k’QIL‘y + k:3y2) 8;,; + (k‘4l‘2 + k5xy + k6y2) Oy.

Where k; are arbitrary reals.
If one of these constants are non-zero, it is possible to pick a diffeomorphism

that brings it to 1. We now investigate the intersections.

4.2.3.1.4.2 Case 2 With the exception of v = —1, there are no inter-
section of these eigenvalues with any of the other cases. Therefore we have

the normal form

Y = —20, + vy0,,

X = k12%0, + koxy0,.

Where £y and ko are arbitrary reals.
Since k1 # 0 we can take the diffeomorphism ¢ : x* — kyz, to remove the

constant k.

4.2.3.1.4.3 Case 3 Here we have an intersection with case 5 when
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2
Y = ——20, — y0,,
n

X = ka2y0, + (kay* + ksz™)0,.

Where n is an odd number greater than 1.

If we have that k3 # 0 we can take the diffeomorphism

¢ x — \/kiksz,

1y — kyy.

This maps both constants k; = k_13. The case when k3 = 0 will be

treated later.

4.2.3.1.4.4 Case 5 When v # —1 and v # —2, we have the normal

n?

form

Y = y20, — y0,,

X = kyxyo, + k:gyz(?y.
If we take the diffeomorphism ¢ : y — k;y we have that ky = 1.
4.2.3.1.4.5 Case 7 If n # 1 this does not intersect with any of the
other cases. We have that

X = klyQ&E + kox"y0y,

1 1
Y = —E(:)s&c + 5(1 +n)yo,).
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Where n is an even number and ky, ko arbitrary.
When ks # 0 we take a diffeomorphism which is a scales x and y in the way
¢:x—tr, y— sy. We now find values for s and ¢ such that the constants

k1 and ks be mapped to 1.

Since n is an even number we cannot remove the sign of k; and ks. Analo-

gously, if ky = 0 we cannot remove the sign of k;.

4.2.3.1.4.6 Case 8 If n # 2 this gives us a unique case, where the

normal form is

X = k1y28x —+ ]{Jg.fn&y,

Y =

51 (3x0; + (n+ 1)y0,).

If k3 # 0 we again remove the arbitrary constant by a diffeomorphism ¢ :

x — tx,y — sy and get the equation

kit
Fa
Sk’g

tn

Investigating this equation we find that we can remove the sign of k5 but not

k. If ko = 0 we can always set k1 = 1.
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4.3 Smooth classification

Assume that we take coordinates (x,y) in which vector field Y is linearizable
Y = /\1[)3(91; + )\any,

with the condition AjAg > 0.
Let then

X = a(z,y)0, + Bz, y)ayv

be a representation of X.

Theorem 12. Let
X = a(x,y)ax + 6(1[, y>ay>

and

X = CK(.CI;, y)@x + 5(57 y)alh

be two wvector fields such that the commutator relations [X,Y] = X and
[X,Y] = X hold for both.

Assume the co-jet of functions («, B) coincide:

ol = lal, Bl =81

Thena=a, 3= 03 ina neighborhood of the point a € R?

Proof. Assume o and & satisfy the differential equation

Y(a) = (A1 — 1a,

Y(@) = (A — 1)a.
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Therefore the difference

E=a—qQ,

which is a flat function at the point a € R?, also satisfies this equation.

Consider a trajectory

(2(t), y(t) = (eMz0,€™'yo) -

of the vector field Y, and let

be the restriction of the function e on this trajectory.

Then we have

¢ = (M —1),

and therefore

B(t) = X D(0) = (1) 6(0).

Since A\jA2 > 0 we can always approach the origin by letting ¢ — +o0.
We see that ¢ behaves as a power of x as we approach the origin, which

contradicts that e is flat. The case for S is analogous to this. O

Remark. If A\ \s < 0, the trajectories of the representation, never approach
the singularity. We see immediately that 2’ y=>2 ( or x=2y™ ) is an invariant
to this action. If we take a flat function f, we can always have a superposition

of a flat solution f(x*2y=*) as a flat solution to the commutator relation.



Chapter 5

Applications to differential

equations

In this section we apply the results of the previous sections to differential
equations. By letting these Lie algebras act on J°(x,y), the representation
of g will be the symmetry algebra of a family of second order differential
equations. Since our collection of normal forms is rather large, we only in-
vestigate some selected representations. We wish to restrict our investigation

to finding kth order differential equations of the form
Flz,y,y,...,y")=C.

In order to find the first order differential equations, we take the first prolon-

gations of X and Y, and find their basic invariant f; through the formula
XO(f) =YD (f) =0.

Finally we take the second prolongation of the vector fields and find the their

common invariance fs.

49
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We can now find any higher order invariance through the Tresse derivatives:

dfi—1
f‘ _ _dz
i dfi

dx

Where % is the total derivative of f.
In order to illustrate how this invariance is computed, we examine the transi-
tive case thoroughly, and list the results for some of the normal forms found

in the previous sections.

5.1 Transitive Action

Corrolary 2. The class of first order differential equations with a 2 dimen-

stonal symmetry algebra with a transitive action is
y'eV =C.
And the class of second order differential equations is
F(y'e’,y"e®) = C.
The class of k-th order differential equation is

F(f1,...,fk):C.

Where f1 = y'e¥, fo = y"e® and f} is given by

dfis—1
f _ _dz
R

dx
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Proof. From [2] we have that

X:am7

Y =20, + 0,.
Taking the first prolongation of these vector fields we get

XMW =X =9,

YW =20, + Oy — Y10y, -

The invariant of the vector field X is any arbitrary function of y,v;. The

vector field Y however will have invariance, satisfying the partial differential

equation
oh _ of
9, "o,
Which has solution
f1=11ev.

We now wish to find second order invariance
Y® =20, + Oy — Y10y, — 2Y20,,.
Solving the differential equation Y ?)(f,) = 0 gives us finally that.
fo = 2.

Any higher order invariance are Tresse derivatives of these functions, for



52 CHAPTER 5. APPLICATIONS TO DIFFERENTIAL EQUATIONS

example 3rd order invariance will be:

d
fy—= ;{:5 _ ey(2y22?J1 + y3)'
% Yi + Y2

5.2 Weak Singular Action

In this section we find the differential invariance of some of the vector fields

we found in 3]

Corrolary 3. The class of first order differential equations which have the

symmetry algebra

X = ama
Y =20, + kyo,,
18
)y =C.

And the second order differential equations is given by
F ((y/)kykflj (y//)ky27k) — C

Any higher order differential equations, are given by Tresse derivatives as

described in[2

Corrolary 4. The class of first order differential equations which have the
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symmetry algebra

X = ama
Y = x@z -+ y28y,
18
y 1
?6 v o= O

And the second order differential equations is given by
/ "y — 212
F<y_2€_;,(yy 3@))6—;‘;):0
Y )

Any higher order differential equations, are given by Tresse derivatives as

described in[2

Corrolary 5. The class of first order differential equations which have the

symmetry algebra

X =0y,
Y =20, £ y°0,.
Is given by
/
%ejFﬁ =C
Y

And the second order differential equations is given by

I 1 M — 3(1)2 n
F (y—gejF?yQ,Meﬂ?) =C.
y y

Any higher order differential equations, are given by Tresse derivatives as

described in[2
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5.3 Singular Action

Corrolary 6. The class of first order differential equations which have the

symmetry algebra

n+1
o 10+ Y0

X =420,

Y =

Is given by

—2xy +y n
( Y ) =G

And the second order differential equations is given by

(2 4y =2y g\ _c
N3 y 9 / y - .
y(v') Y

Any higher order differential equations, are given by Tresse derivatives as

described in[2

Corrolary 7. The class of first order differential equations which have the

symmetry algebra

1 n+1
Y =——20, — 9)
nx 2n Y%
X =420,
Is given by
. /
2 1Y -
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And the second order differential equations is given by

- 2(y’)3a: + y2y// n+1 72 —QIy, +y n+1 L) .
N3 y I / y - .
y(y') y

Any higher order differential equations, are given by Tresse derivatives as

described in[2

Remark. We can use these results to find higher order differential differen-

tial equations solvable by quadratures. Taking the differential equation
F(y® ykE=b =,

Where the derivative is the Tresse derivative.

If this differential equation has a known symmetry algebra and Y ®) are Tresse
derivatives of invariants of some other symmetry algebra. The differential
equation has a symmetry algebra of both the invariants corresponding to Y
and of F'. If this is of dimension equal to the order of the differential equation,

the Lie-Bianchi theorem will give us that it is solvable by quadratures.
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