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1 Introduction

Let R, := [0, 00). Denote 9t the set of all measurable functions on R,, 2t* C 91 the subset
of all non-negative functions and 9t C 9M* (M" C IM*) is the cone of all non-increasing
(non-decreasing) functions. Also denote by ¥ C 91 the set of all continuous functions
onR,.If0<p <ooandveM" we define

I? = {fef)ﬁ: ”f”L’J = (fo [f(x)|pv(x)dx>ﬁ < oo},

LY = {f €M ||fllgee := esss(;lpv(x)[f(x)| < oo}.

Let w € M* and k(x, y) > 0 is a Borel function on [0, 00)? satisfying Oinarov’s condition:

k(x,y) = 0 if x < y, and there is a constant D > 1 independent of x > z > y > 0 such that

%(k(x, 2) + k(z,9)) < k(x,y) < D(k(x,2) + k(z,9)). (1.1)

The mapping properties between weighted L? spaces of Hardy type operators involved
are very well studied. See e.g. the books [1, 2] and [3] and the references therein. We also
mention the following examples of articles in this area: [4—8] and [9]. Recently, it has been
discovered that it is of great interest to study also some corresponding supremum op-
erators instead of the usual such Hardy type (arithmetic mean) operators. The interest
comes both from purely mathematical point of view but also from various applications
where such kernels many times are the unit impulse answers to the problem at hand and
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the best constants means the operator norms of the corresponding transfer of the energy
of the ‘signals’ measured in weighted L? spaces.
We consider supremum operators of the form

(Tf)(x) = esssupk(y, )w()f (), f € M,

y>x
(S/)x) = esssupk(y, )w(y)f (), f €M,
y=x
(Tf)x) = ess supk(x, Ywf (), fe m,
<y=<x

(Zf)x) = ess supk(x, y)w()f (), feMm'.

=y=x

Let 0 < p,r < 0o and u,v € 9M*. The paper is devoted to the necessary and sufficient
conditions for the inequalities

IZflle, < Crlifllz,  f €M7, (1.2)
If1lzr, < Cslifllg,  f € MY, (1.3)
17 e, < CzIIfllz,  f €M, (1.4)
17 F e, < Colf Nl s f €T, (1.5)

where the constants Cy and others are taken as the least possible.

This problem was first studied for the inequality (1.3) in [10], Theorem 3.2, in a case
when k(x,y) = 1, w € €. This result was extended in [11] for the case k(x,y) satisfying (1.1)
with a discrete form of a criterion for 0 < r < p < co. With different supremum operators
some similar problems were studied in [12—22]. This area is currently developing inten-
sively and finds many interesting applications.

Section 2 is devoted to preliminaries. The border cases 0 <r < p =00,0 < p <r =00 and
r = p = oo are solved in Section 3. In Section 4 we characterize the case k(x,y) = 1, which
is essentially used in Section 5 with the main results of the paper.

We use signs := and =: for determining new quantities and Z for the set of all integers.
For positive functionals F and G we write F < G, if F < ¢G with some positive constant c,
which depends only on irrelevant parameters. F ~ G means F < G < For F = ¢G. xg de-
notes the characteristic function (indicator) of a set E. Uncertainties of the form 0 - oo, %2
and % are taken to be zero. J stands for the end of a proof.

2 Preliminaries
We denote

V(t):= /Otv, V.(t) := /;OOV.

Let 0 < p,r < 0o0. By [11], Lemma 2.1, and the monotone convergence theorem the inequal-
ity (1.2) is equivalent to

14

(/00 [ess sup(k(y, x)w(y))p /y h];u(x) dx) ' < C’} /00 hV,, hen . (2.1)
0 0 0

yz=x
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If

T, h(x) := ess sup(k(y, x)w(y))” /y h,
0

yzx

then (2.1) is equivalent to
Tyl j < Clhly, e,

Analogously, if

Sph(x) := esssup k(y x w()/) p/ooh,
¥

y=x

o0
Tyh(x) := esssup(k p/ h,
y

0<y<x

Syh(x) = ess sup(k(x,y)w(y)) f

0<y<x

then (1.3), (1.4), and (1.5) are equivalent to
IISphIIL;, < CgllhIIL%/, heMr,
||§h|| : <t ||h||L1 heMmt,
and

17kl g < Collllyy, b o0,

respectively.

Page 30f 18

(2.2)

For the border cases 0 < p < r=00,0 < r < p =00, and r = p = 0o we have the following

four groups of inequalities:

esssup[u (x)] Tyh(x) < CI;p/ hV., heMt,
0

x>0

(/O [ess supk(y,x)w(y)f(y)]ru(x) dx); < Crlflie, femt,
y2x

ess sup u(x) [ess sup k(y, x)w(y)f(y)] <Crllflize, fe€ m’,
yzx

x>0

for the operator T;

esssup[u(x)]"Sph(x) < C§ / hv, heMt,

x>0

(/0 [ess sup k(y,x)w(y)f(y)]ru(x) dx) ' < Cs/llfllze, f€ mY,

yzx

ess sup u(x) [ess sup k(y, x)w(y)f(y)] < Csollfllze, f€ N,

x>0 y>x

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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for the operator S;

esssup[u(x)|" Zph(x) < C7, / hv, heMt, (2.12)
x>0
( /0 [eosssup k(z, y)w(y)f(y)]ru(x) dx) < Colfle femt, (2.13)
<y=x
ess sup (x) [ess sup k(x, y)w(y)f(y)] < Copolflizer femt, (2.14)
x>0 0<y<x

for the operator .7, and

ess sup[u(x)]p%h(x) < Cf;,,p /00 hV,, heMm, (2.15)
x>0 0
( /0 [eosssup k(z, y)w(y)f(y)]ru(x) dx) < Corlfle, femt, (2.16)
<y=x
ess sup u(x) [ess sup k(x,y)w(y)f(y)] <Cyowllflize, fe om?t, (2.17)
x>0 0<y<x

for the operator .. We characterize the inequalities (2.6)-(2.17) in the next section.
To deal with the inequalities (2.1)-(2.5) we study first the case k(x,y) =1 and then a gen-
eral case.

3 Border cases of summation parameters
For a measurable function v € 9t* we define monotone envelopes (see [23], Section 2) as
follows:

¥ (x) := esssup v(y),

y=x

v (x) := esssup v(y).

0<y<x

Theorem 3.1 For the best possible constants of the inequalities (2.6)-(2.8) we have

k )
Crp~ ilzlg ul (x) es;;:]p %, (3.1)
o ([ T2 ).
_ k(y, x)w(y)
Croo = esszs(:lp u(x) [es;s:p 10 ) j| (3.3)

Proof Observe that if k(x, y) satisfies (1.1), then [k(x, y)]? satisfies (1.1) too with a constant
D, >1.1fx <t, then

Tyh(t) = ess sup k(y t)w(y / h
y
<D,ess sup(k(y,x)w(y))p/ h
y=t 0

<D,ess sup(k(y, x)w(y))p /y h=D,T,h(x).
0

y=x



Persson et al. Journal of Inequalities and Applications (2016) 2016:237 Page 50f 18

Hence,

Tyh(x) ~ sup T,h(t) := p(x) € M.

t=zx

It implies (see [11], Proposition 3.1)

ess sup[u(x)]p T,h(x) ~ ess sup[u(x)]p<p(x)

x>0 x>0

=ess sup[u(x)]p sup ¢(t) = sup (p(t)[uT(t)]p

x>0 t>0

~ sup[uT(x)]p Tyh(x),

x>0

and (2.6) is equivalent to

sup[u' ()" Hohllzze

x>0

oo
, S, /0 WV, heM, (3.4)

where

y
Hoh() = Xm0 ) / h
0
Thus,

.~ suplul ()| H || 1 .
e x>g[ @Fl Al ~ 15 o

Since by a well-known theorem ([24], Theorem 1.1)

(k(y, x)w(y))?

H,| 1 =esssup ————
” x”LV*_)L(O/S(»,x)w(-))p yzxp V*(j/) ’

we obtain (3.1).
Now, (2.7) is equivalent to the inequality

(/Ooo[ess sup k(y,x)w(y)f(y)]ru(x) dx) ' < CT"Hf”Lfi , femh. (3.5)

yzx

The lower bound of (3.2) follows from (3.5) with f = V% and the upper bound from the
Fll o0

- 1
estimate f(y) < - (;) .

The proof of (3.3) is the same. g

Analogously, we can prove the following.

Theorem 3.2 For the best possible constants of the inequalities (2.9)-(2.17) we have

k(y,
Cs,p ~ sup u' (x) ess sup M

) 3.6
x>0 y>x VI/P ()/) ( )



Persson et al. Journal of Inequalities and Applications (2016) 2016:237 Page 6 of 18

([ k(m)w(y)]r ) :
Csy = ( /0 [esys sup =5 ux)dx | (3.7)
Cso0 = esizs(glp u(x) |:esyszs;1p m;fiz;)}m} (3.8)
~ k(x, y)w(y)
Cop~ 5213 ut(x) eos;s:xp VinG) (3.9)
N k@ y)wy) T '
Cq,= (/0 [egiysip o) } u(x) dx) , (3.10)
C 7 00 = esssup u(x) |:ess sup M], (3.11)
x>0 0<y=<x VT ()’)
k(y, x)w(y)
Corp e sup u' (%) ess sup % (312)
([ kG, 2w) T '
oo (] Lo ™0 ] o) =
C.» 00 = esssup u(x) |:ess sup M} (3.14)
x>0 0<y<x V¢()/)

4 The case k(x,y) =1
Let u,vo, wg € M* be weights. We suppose for simplicity that 0 < fot u<oo, forallt>0,
Js¥ u = 00 and define the functions o : [0;00) — [0;00), o~ : [0;00) — [0; 00), by

o(x)::inf{y>0:/yu22/xu},
0 0
¥y 1 r*
a‘](x)::inf{y>0:/ uz—/ u}
0 2 Jo

Leto2:=0(0). For 0 <c<d < oo and k € 9" we put

Hch(x) = X[c,oo)(x)/ h’
0

X

Hah(x) := Xiea)(%) / ) h,

a~1(c)
[ee]
HIWG) = Hao@) [
X
o(d)
H h(%) := Xje.a)(%) / h.
We need the following partial cases of [21], Theorems 2.1 and 2.3 (see also [19, 20]).

Theorem 4.1 Let 0 <r < oco. Then:
(a) Forvalidity of the inequality

1
00 y 7
(/ |:esssupw0(y)/ h] u(x)dx) < C()”h”L},o’ heMmt, (4.1)
0 0

yzx
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it is necessary and sufficient that the inequality

(/ u(x)[wé(x)]r</ h) dx)r §A0||h||L%0, heM,
0 0

holds and the constant

t (1
SuP:>0(f0 u)r ||Ht||L50ﬁL%r r>=1,

T = Lr
(fo. #@)(fg W 1 Hig1 (0| Ll%_)L% dx)7, 0<r<l,

is finite. Moreover, Cy = Ay + A;.
(b) For validity of the inequality

p 1
(/ |:ess sup wo(y)/ h] u(x) dx) < C1||hIIL$O, h e M, (4.2)
0 y

yzx

it is necessary and sufficient that the inequality

N
(/ u(x)[esssup wo(y)]’(/ h) dx) <Bollhll,y , hed,
0 o2 Yo

x<y<o2(x) (x)

holds and the constant

t (1
B Supt>0(fo u)r ”HEKHL%O_)L%; r>1,
1:= 00 X\ T = 1-r
(fo u(x)(fo u)l—r ||H*G_1(x),<7(x)]|L‘1,;—>L% dx) ro, O<r< 1,

is finite. Moreover, C; ~ By + B;.
Using Theorem 4.1 we characterize (1.2) and (1.3) with k(x,y) = 1.

Theorem 4.2 Let 0 < p,r < 00 and k(x,y) = 1. Then, for the best possible constants of the
inequalities (1.2) and (1.3) the following equivalences hold:

CT%JZ{O"'JZ{I) CS%%0 +<@1: (4'3)

where

~ I

t>0

oy = (/OO([V*(x)]1 /00 u[w¢]r> ” u(x)[wl(x)]rdx)m, 0<r<p,
0 x

£\ |
mzsup</ u) supwi(y)l, r=p,
>0 \Jo =t [V, ()P

r _r_

4 (/m ()(fx )"( [w(y)]")”"d)y 0
= u(x u ess su x , <r<p,
' 0 0 o1 (x)sysrt)f () Vi) d

2y = sup[V*(t)]_’l’ (/00 u[wi]r> , r>p,
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1
7

By = sup[V(az(t))]_}’ (/.Otu(x)[ €ss sup w(y)]rdx> , r>p,

>0 x<y<o?(x)

P = (/000<[V(02(z))]_1 /OZ u(x)[ esssup W(y)]rdx)ﬁ

x<y<o2(x)

p-r

X u(z)[ ess sup w(y)]rdz) " , O<r<p,

2=y<0(z)
,@lzsup</ u) esssup ———, r=p,
>0 0 y=>t [V(y)]I_’

e ([T ([ )7 ) )" o
= u\x u €SS su X y <r<p.
S\ 0 e V0) b

Proof Since (1.2) < (2.2) and (1.3) < (2.3), the proof follows by applying Theorem 4.1
with 7 replaced by 157, wo =wF, vp = Vi in (4.1) and vy = V in (4.2). Thus, Cr ~ o] + &,

where 7] is the best constant in the inequality

( /0 N u(x)[wi(x)]’< /0 xh)ﬁ dx) " < [ Ay, hemt, (4.4)

and

t P
Supt>0(f() l/l) r ”HtllLb 1% r>p,
* wP

r = p-r
(fooo M(x)(f: u)pfr ”H[G’l(x),a(x)] ”Z}/ —>L:§, dx) T, O<r <p.

[A4] =
If k(x,y) > 0 is a measurable kernel on R, x R, and

Kf (x) := /0 k(x, y)f (v) dy,

then by well-known results ([25], Chapter XI, Section 1.5, Theorem 4, see also [24], The-
orem 1.1)

1K1 q = €88 s(}lp”k(-,s) HM, 1<g<oo. (4.5)
5>

If k(x,y) = w(x) X0, (¥)u(y) and 0 < g < 1, then ([26], Theorem 3.3)

q_ 1-q
q

KN e = (/Ooo [eos;s;}) u(y)] e (/xoo wq> o [w(x)]q dx) . (4.6)

Applying (4.5) and (4.6) to (4.4) we find that &% ~ .o7;. Again, applying (4.5), when

k(,9) = W ()Xo (x)’%g)
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we obtain

1Hellpy, o —esssup”k 9 oo = esssup -

esssup w(x)

5>0 Vi(s) {x>t)N{x>s)
_ ] »
= igg V.6 [W (max(t,s))]
_ max( wp er [W¢(5)1P> o @Y
Ossgt Vi(s) ’ sz? Vi(s) s>t Val(s) '

Similarly, using the monotonicity of V,, we find

1

1H o100 ll1

1, 1% = ess sup ess sup w(y)
wi

s>02(x) V*(S) {o~1(x)<y<o@®)}N{y=s}

1

= sup sup  esssup w¥(y)
o~ l(x)<s<o(x) +(s) o7l(x)<y=<o(x) s<y=<o(x)
WP
= esssup )
o~ 1(x)<y<o(x) V (y)

and the estimate @4 ~ 2/ follows.

For the second part we observe that Cs ~ %, + %;, where %, is the least constant in

the inequality
[o¢] r o0 f, g »
(/ u(x)[ ess sup w(y)] (/ h) dx) < [%’6] Wil , hedm, (4.7)
0 x<y<o2(x) o2(x) v
and
(s w)¥ | H; >
[%}i]p _ sup,o(fo #) 7 |1} ||L{,—>L§;,r rzp,

r =g p-r
(f()oo u(x)(f: u)pir”H[’.:J"l(x),a(x)]'fb—)Lﬁ dx) ) 0< r<p.

By a change of variables we see that (4.7) is equivalent to

< / Oou(x)[ ess sup w(y)]r( / N h)i azx)7 <[Z il , ke, (4.8)
0 x o2

x<y<o2(x)

where V,2(y) := V(02(t)). By the same argument as above it follows that %, ~ %, and
B~ B. O

Analogously, we obtain the sharp estimates for the best constants in (1.4) and (1.5).

Suppose for simplicity that 0 < ftoo u<ooforallt>0, f0°° u = oo and define the functions
¢ :[0;00) — [0;00), £71:[0; 00) — [0;00), by

c<x):=sup{y>0/m %/ }
;’1(x)::sup{y>0f u> 2/oou}
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Let £2:=¢(¢). For 0 <c<d < oo and h € 9 we put
Hah(x) = X0.0/%) / I
Hah(x) = X ) / i
HHE) = Yo ) /0 h
AL = rea ) [ o
e

We need the following partial cases of [21], Theorems 3.1 and 3.2.

Theorem 4.3 Let 0 <r < co. Then:
(a) For validity of the inequality

p 1
(/ |:esssupw0(y)/ h] u(x)dx) <Glhlp, hedM,
0 L osy=x y "

it is necessary and sufficient that the inequality

(/Ooou(x)[wg(x)]r</ooh>rdx)r EDOHh”L},O’ heMmt,

holds and the constant

oo 1
Sup»o(ft W ANy s rgs r>1,
1:= .

(f() fx ] ’”%{ “L(x),¢ x)]”Ll —L32 dx)Tr 0<r<l,

is finite. Moreover, Cy & Dg + D.
(b) For validity of the inequality

o0 y ¥
(/ |:ess sup wo () h:| u(x) dx) < C3||h||L$0, heMm,
0 0

0<y<x

it is necessary and sufficient that the inequality

~ =

00 r :2(%) r
(/ u(x)[ ess sup wo(y)] (/ h) dx) <Eolhll , heM,
0 - 0 "o

2(x)<y=x

holds and the constant

00 1
SuP»o(ft ”)’”%*”Ll L) r>1,

1-r

1:: o0 o a=r
UoT w0 17 0 ]||L1 L T, 0<r<l,

is finite. Moreover, C3 ~ Eg + Ej.

Page 10 of 18
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Using Theorem 4.3 we characterize (1.4) and (1.5) with k(x, ) = 1.

Theorem 4.4 Let 0 < p,r < 00 and k(x,y) = 1. Then for the best possible constants of the
inequalities (1.4) and (1.5) the following equivalences hold:

Co =D+ D, Cy =&+ 8,

where

Do = sup[V(t)]_'l’ (‘/.Otu[wT]r) ;, r=p,

t>0

P = (/OO<[V(JC)]1 fxM[WT]r>wu(x)[wT(x)]rdx> W, 0<r<p,
0 0
@1=Sup</oou>r sup WT()’)I, rzp,
S 0<y<t [V (y)]7

r r p-r
S ~ WO\ \F
D = (/ u(x) (f u) ( ess sup ) dx) , O<r<p,
0 x = V)

& = sup[V*(f’Z(t))]_ll’ (/oou(x)[ ess sup w(y)]rdx);, r>p,
t ¢

>0 “2(x)<y<x

&o = (/0m<[v*(§_2(2))]_1 /Zoo M(x)[t_ezs(i)silizxw()’)]rdx)ﬁ

p-r

X u(z)[ ess sup w(y)]rdz) g , O<r<p,

;2 (2)<y=<z

1

& :sup(/ u) ess sup w0) ™ r'zp,
>0 \J¢t 0<y<t [V*(y)]i

00 0\ 5 P\ 77 b7a
éﬁ:(/ u(x)(/ u)p ( ess sup Wiyl )p dx)p , O<r<p.
0 x wsyzcw Ve0)

5 Main results
To deal with the kernel transformation we need the following extension of Theorem 4.1
following from [21], Theorems 4.1 and 4.3.

Theorem 5.1 Let 0 < r < 00, u, vy, wo € M+ and ko(x,y) satisfies Oinarov’s condition (1.1).
Then:
(a) Forvalidity of the inequality

(/m[ess sup ko (y, x)wo () /y h]ru(x) dx) ’ <GCollhlly , heM, (5.1)
0 0 0

yzx

it is necessary and sufficient that the inequalities

(/oou(x)[esssupko(y,x)wo(y)]r(/xh)rdx); <Aollhllp, he m,
0 0 0

y=x
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(b

and

(/Oou(x)[ko(oz(x),x)]r(esssupwo(y) yh)rdx>; <Akl , hed,
0 0 0

yz02(x)
hold and the constant
t 1
su u)r|H, , r>1,
) pt>0(f0 ) ” t”L% ﬁL%(»)ko(-,t) -
2 - 0 X\ e Lr
(fo M(x)(fo M) 1-r ”H[o‘l(x),az(x)] ||L11,0~>L°O a dx) r, r< 1;
wo (ko (0~ (x))

is finite. Moreover, Co = Ag + Aj + Ay.
For validity of the inequality

=

Page 12 of 18

(fm[ess supko(y,x)wo(y)/ooh}ru(x) dx)r <GCilhally , hedM, (5.2)
0 y 0

yzx

it is necessary and sufficient that the inequalities

(/:Ou(x)[ ess sup ko(y,x)wo(y)]r(/a:O h)rdx>i < Bo||h||L£0, heMmt,

x5y503(x) (%)

and

1
r

(/Oou(x)[ko(Uz(x)»x)]r(eSSSUPWO(y)/ooh)rdx> <Billhlly , heM,
0 y 0

y=02(x)

hold and the constant

t 1
suP»o(fO u)r ||H;<||L},0ﬁ]d3%(_)k0(wt), r>1,

U2 o) ([ ) ™5 | HE = a0, r<l,

-1 2 | { [}
o e =L Okt

B2 =

is finite. Moreover, Cy = By + B; + B,.

Using Theorem 5.1 we obtain the characterization of (1.2) and (1.3) for 0 < p,7 < oc.
Denote

Wi (x) := ess sup k(y, x)w(y), Wi(x):= esssup k(y,x)w(y),

yzx x<y<od(x)

W, (W)(x) := esssup w(y),
x<y<o?(x)

ko (%) = k(0?(x),x), g () :=g(c* (),

oo(x) := inf{y>0:fyu[ka]r szxu[ka]r}’
0 0

oyt (%) := inf{y>0:/oyu[ka]r2 L /Oxu[ka]r}.

N |
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Theorem 5.2 Let 0 < p,r < 0o. Then, for the best possible constants of the inequalities (1.2)
and (1.3) the following equivalences hold:

CT ~ A() + ALO + Al,l + Az, CS ~ B() + BLO + Bl,l + Bz, (53)

where

Ao:SUP[V*(t)]_;( / u[Wk]f)r, r>p,

t>0

r

AF(/O ([vwc)]‘1 / u[wk]’>”’u(x>[wk(x)]’dx)”’, 0<rep,

1
(/ u[kgwiz]r> , r=p,
t

r

Al,o:</0 ([(v*),,z(x)]‘1 / u[kawiz]’) i

p-r

X u(x)[ka (x)wiz(x)]rdx) g , O<r<p,

t 1
Al,l = sup (/ u[kg]r> ess sup L(y)l’ r Zp;
0 A0 =t (V)2 ()]?

Am:(fo u(x)[ka(x)]r(/o u[ka]’)lﬂ

) AV
X esssup  ———— dx , O<r<p,
o'W =y=ao(a) (Vido2 ()

1

Y k(y, t

Azzsup</ u> esssupw, r>p
0 \Jo =t [Vi(y)]e

([ )

k(y, o 1 (x))]2 \ 7+ a
X < ess sup Wk, o @)] )p dx) ! , O<r<p,
1@ <y=02(x) Vi)

S

Aqo = stug[(\/*)az(t)]_

~li=

1

Bo = sup[V,s (0)] 7 ( / u[%r) " re=p

t>0

4

p—

Bo = (/ ([Vas(z)]lf M[%]’)WM(Z)[%(Z)]rdz) , O<r<p,
0 0

= ‘

By,o = sup[ V3 (crg(t))]_zl? </ u[kawao(waa)]r> oy >p,
t>0 0

_r_
p-r

Bio- ( / ([voz (020)]" / ulky ) [woq (wgs>]f)

p-r
pr

x u(2)[ ks (z)w,,o(was)(z)]rdz> , O<r<p,
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1
¢ 7
By, = Sup(/ u[k{,]’> ess sup #o30) r=>p,
0

t>0 y=>t (y ]}v

B1,1=< /0 u(x) [ ks (%)] ( ulk,] )

x( ess sup Wos ()] ) dx>w, O<r<p,

o5 (%) <y<o0(x) V 3()

1

t

B, = sup(/ ) esssup ———— wh)kG, t) rzp
t>0 \Jo y=t V(y ]p

(o)

NN A= &
X ( ess sup WG)kY. o~ (@)] )p dx) ! , O<r<p.
o) =y=02(1) V()

Proof We start with the inequality (1.2). Since (1.2) < (2.1), then applying Theorem 5.1
we see that

Cr~Ay+Al+A),
where Aj and A] are the best constants in the inequalities

</oou(x)[esssupk(y,x)w(y)]r</xh)I;dx)7 <[aFlnly,, hemr,
0 y=x 0 *

, (5.4)

(/Dou(x)[k(az(x),x)]r(ess sup[w(y)]p /y h)p dx) ' < [Ai]thHL}/ , heM,
0 0 *

y>02(x)

and
Sup,o(fy )7 I Hellpy oo r>p,
[A’ ]P - Vi TEIWORCOP
21 7 00 x o\l L pr
(o u@(fg W7 [ Hip1m2mlly o dx)7, 0<r<p.
Vi T Ok oL a)P

Applying (4.5) and (4.6) we see that Aj =~ A and A}, ~ A,. By a change of variable we find
that (5.4) is equivalent to the inequality

14

(/00 u(x) [kg (x)]r (ess sup[w(,z (y)]p /y h) ’ dx) '
0 y=x 0

=[mfinly,, . hem, (5.5)

which is governed by Theorem 4.1. Arguing analogously to the proof of Theorem 4.2 we
see that

7 / i
A~ A+ A,
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where A ; is the best constant of the inequality

P

( / u(x)[kg(x)]r[wiz(x)]r( / h)pdx>y§[Aivo]p||h||L%v] , heam,
0 0 *lg2

and

Y
A1 = su / ulky]” H, ~ , I>Dp,
[ 1,1] t>(1))( o [ a] I t”L%V*]C,Z_)LW” =Zp

o2
o PN L =
AT = / u(x)| ks (x) r(/ u[kg]’) Hi 10050 171 o dx) ,
[A] (0 @k @] | o5t w100 >1|Lfv*102%u},2

for 0 < r < p. Again applying (4.5) and (4.6) we see that A} ; &~ A; o and A} ~ Ay;.
The proof for the inequality (1.3) is similar. O

Analogously, we obtain the sharp estimates for the best constants in (1.4) and (1.5). To
this end we need the following extension of Theorem 4.3 from [21], Theorems 5.1 and 5.2.

Theorem 5.3 Let 0 < r < 00, u,vo, wo € M* and ko(x,y) satisfy Oinarov’s condition (1.1).
Then:
(a) Forvalidity of the inequality

p 1
(/ |:ess supko(x,y)wo(y)/ hi| u(x) dx) < COHh”L},O’ he M,
0 y

0<y<x

it is necessary and sufficient that the inequalities

(/oou(x)[esssupko(x,y)wo(y)]r(/ooh) dx)r < A0||h||L£ , heMt,
0 X 0

0<y=<x

and

1
7

(/Oou(x)[ko (x,gz(x))]r( ess sup wo(y)/ooh)rdx)
0 0<y<¢~2(x) y

<Al hem,

hold and the constant

oo 1
SuPt>o(ft u)r ”%”Q L , r>1,
Ay = 0 Fwo (ko6 1
* %) (e} T = 1-r
(Jo w@([ ) 11090200001 oo dx)7, r<l,
Y0 g (ko (¢ 2 (),)

is finite. Moreover, Co = Ag + Aj + Ay.
(b) For validity of the inequality

0 y r
(/ |:esssupko(y,x)w0(y)/ h] u(x)dx) 5Cl||h”L$0r hem,
0 0

0<y<wx
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it is necessary and sufficient that the inequalities

( fo N u(x) [{isg)ssl;r;x/<o(x,y)wO(y)]r( /0

73

x) N\ ;
h) dx) <Bollhl,y,, hemm,
and

(/Oou(x)[ko(x,;“‘z(x))]r( esssup wo(y) yh)rdx); <Bilhlly, ke,
0 0

0<y=<¢~2(x) 0

hold and the constant

oo 1 %
B: supbo(ft u)r ”jﬁ ”L‘lfoﬁLifoo(.)ko(t,-) ’r r= 1’
2= 00 00\ I % = 1-r
(fo M(x)(fx M) I-r ”'%f{—l(x%{%x)] ||L11,(:—>LOC 2 dx) Ty r< 11
wo (ko (2= (x),1)

is finite. Moreover, Cy =~ B + B; + B,.

Using Theorem 5.3 we obtain the characterization of (1.4) and (1.5) for 0 < p,r < oc.
Denote

Wi (x) := ess sup k(x, y)w(y), Wi (x):= esssup k(x,y)w(y),

O=y=x {3 (x)<y=x

Q;(W)(x) := esssup w(y),

2 (x)<y=x

k(@)= k(6,0 2(®), g+ :=g(¢*O))
o) = sup{y> 0:/y°°u[k;]’ > %/xwu[k;]’},

&' ()= { o: [~ (k)" =2 ) (4 ]’}.
o (x):=supyy> /y ulk; /x ulk;

Theorem 5.4 Let 0 < p,r < 00. Then for the best possible constants of the inequalities (1.4)
and (1.5) the following equivalences hold:

Cg ~ ]D)o + DI,O + ]D)Ll + ]D)z, Cy ~ ]Eo + ]ELO + El,l + ]Ez, (56)

where

1
-

Dy :sup[V(t)]_ll’ (./o M[W,f]r> , r>p,

t>0

p-r

Do = (/ <[V(x)]_1/ ”[W;]r)lﬁu(x)[Wlf(x)]rdx>7, O<r<p,
0 0

-1 t r\"
Dy = sup[ V2 (t)] p(/ ”[chJ—Z] ) e
0

t>0

o= ([ (et [[antay)”
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p-r

pr

x u(x) [k (x)wg,2 (x)]rdx) , O<r<p,

1

oo T W, —

Dy, = sup (/ u[k{]’) ess sup L(y)l, r=p,
t>0 \J¢ O<y<t [V;—Z (y)]ﬁ

r

Dy, = ( fo u(x)[k;(x)]’( f u[k;]’)”"

W2 (P \77  \'7
X ess sup dx , O<r<p,
£t (®)<y<do() Ve (9)

1

© N k(z,

]D)zzsup(/ u) esssupw, r>p,
0 \J¢ o<yt [V(y)]?

([

2 P\ O\
x( ess sup M)p dx)p, O<r<p,
-1

(%) =<y=<¢2(x) V()

(/twu[%*]r)%, r=p,

r

S

Eo = stug[(V*);—s(t)]_

Fo = < / ([(m;s @ [ u[%*]’)’ﬁu(z)[%*(z)]’dz)W,

=

(/ M[k{]r[ggo(wg—Z)]r);,

Ei1o = stug[(v*);-z(;az(t))]‘

Fyo = ( [ ([(vg;z )@ [ u[k;r[sz;o(wcn]')

p-r
pr

X u(z)[k; (Z)]V[QCO(WC-z)]rdZ> , O<r<p,

1

00 H W

]El,l = Sup(/ u[ké_]") esssup {72(3])1, er,
>0 t O=<y<t [(‘/*)4_72 (y)];

1E1,1=(f0 u(x)[k;(x)]r(/ Lt[k{]r>p_r

[W(*Z ) - a
x| cesssup dx| , O<r<p,
5w <y=<¢o() (V)2 ()

1

© N k(t,

E, :sup(/ u) ess sup M, r>p,
>0 \Jt O<y<t [V*(y)]ﬁ

(o)

[w)k(5*(x), )17

r p-r
p-r pr
X ess sup —) dx) , O<r<p.
<z-1(x)<y<<2(x> Vi)
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