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“The first law of thermodynamics says that work is indestructable. We who
use computers know better”
—Unknown

“Det er jo allmennkunnskap blandt matematikere!”
—Vidar Guddingsmo



Abstract

For high accuracy applications of integral operators in higher dimensions the
complexity of operation and storage usually grows exponentially with dimen-
sions. One method that has proven successful for handling these difficulties
are the separation of the integral kernels as linear combinations of products of
one-dimensional kernels, commonly referred to as separation of variables. In
this thesis we optimize the existing separable forms of the Poisson and com-
plex Helmholtz kernels used in the program package MRCPP. We then find a
new separable representation of the (non-complex) Helmholtz kernel.
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1

Introduction

MRChem [1] is a numerical real-space code for molecular electronic structure
calculations within the self-consistent field (SCF) approximations of quantum
chemistry. The code is built upon the MultiResolution Computation Program
Package (MRCPP), which is a general purpose numerical mathematics library
based on multiresolution analysis and the multiwavelet basis which provide
low-scaling algorithms as well as rigorous error control in numerical compu-
tations.

The work in this thesis contributes to the separable operator representations
required in the MRCPP library, where we optimize the already existing sepa-
rable representations of the Poisson and complex Helmholtz integral kernels,
and suggest a new separable representation of the (non-complex) Helmholtz
kernel.



2 CHAPTER 1 / INTRODUCTION
1.1 The Kohn-Sham equations

In the Kohn-Sham [2] formulation of Density Functional Theory [3], the
many-particle wave function of quantum mechanics is replaced by a set of
one-particle orbitals ¢/; interacting through the Kohn-Sham effective potential
Verf. The orbitals are obtained as solutions to a set of coupled eigenvalue
equations

(572 + Verr30) s00) = e (1)

where the eigenvalues €; < 0 are often referred to as orbital energies. For a
closed-shell (spin unpolarized) molecule we assume double occupancy, and the
N electrons of the system are assigned to the N /2 orbitals of lowest energy.
From this the electronic charge distribution p is given by the Kohn-Sham
orbitals as

N/2

px) =2 [l (1.2)
i
The effective potential is a collection of the three terms

Veff(x) = Vaue(®) + Ver(x) + V(%) (1.3)

The nuclear potential V,,,. accounts for the electrostatic attraction between

the electrons and the nuclei, given by the classical expression

Nnuc

Vnuc(x) = -
I=1

(1.4)

|x — xql

where Z; and x; are the charges and positions of the nuclei. The electronic
potential V,; is the classical repulsion between the electrons, and is related to

the electronic charge distribution through the Poisson equation
—VzVel(x) = 41 p(x) (1.5)

Finally, the exchange-correlation (XC) potential V,, is the term that accounts

for all non-classical quantum effects. In principle, the exact XC potential
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would make the Kohn-Sham equations (1.1) equivalent to the many-particle
Schrodinger equation, and the Kohn-Sham electronic density would be the
exact (non-relativistic) density. However, the exact form of the XC potential
is not known, but a large number of approximate XC energy functionals
are available, with variable level of complexity and both with and without

empirical parameters [4].

1.2 Multiwavelets

Alpert’s[5] construction of the multiwavelet basis set can be understood by
the following argument. Starting with a small set of polynomials {qﬁi}fzo of
order < k on the unit interval, we attempt to represent a given function. If
this basis turns out to give a poor representation we increase the order k of
the basis, and as the order goes to infinity we reach a complete basis for the
interval, and thus an exact representation of the function. In multiresolution
analysis instead we keep a fixed finite order of the polynomials. Now, if this
turns out to give a poor representation of the function, we split the interval
into two subintervals, and double the number of basis functions by dilating
and translating the original basis into the two subintervals. This process is
continued recursively until we have an accurate representation of the function.
An adaptive representation of a function can be obtained if we are satisfied
with the function representation in one of the subintervals, but not the other.
In this case we continue the refinement only where it is necessary, based on
some local accuracy requirement, which ensures that the computational effort

is focussed in regions where the function is rapidly changing.

As shown by Alpert, this construction fits into the theory of wavelets, which
means that the basis has several desireable properties, like efficient represen-
tation of smooth functions, rigorous error control and sparse representations

of certain kinds of integral operators.

A potential problem with this basis set construction is the discontinuities that
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arise at the boundaries between different boxes. These lead to high-frequency
numerical noise that increase when differential operators are applied. For
instance, if we apply the one-dimensinal Laplacian to a function with numerical

noise of order € and frequency k
V2(f(x) + €e**) = V2 f(x) — k2ee'*™ (1.6)

we see how the differential operators enhances the numerical noise by a factor
k2, leading to large numerical errors for high frequencies. On the other hand,

let us consider the inverse Laplacian in one dimension

V2(f(x) + ee’*™) = V2 f(x) - %eikx (1.7)

In this case the inverse operator dampens the numerical noise, so that very
high accuracy can be maintained. This means that we should seek integral
formulations of the Kohn-Sham (1.1) and Poisson (1.5) equations, which can

be done if we have the corresponding integral kernels.

For the Poisson equation (1.5), it is simply a matter of inverting the differential

operator

~V2V,i(x) = 47p(x) (1.8)
Ver(x) = 47 P[p](x) (1.9)

while the Kohn-Sham equations (1.1) must first be reorganized

(—%Vz + Veff(x)) Yi(x) = (%) (1.10)
(—V2 — 2€) Yi(x) = —2Verr(x) (1.11)

— (V= 1) (%) = =2V p(x) (1.12)

Yi(x) = —2H;"' [Verpthi] (%) (1.13)

where H! is the complex Helmholtz operator and y; = v/—2¢; are real num-
bers, assuming negative orbital energies. However, in certain applications this

assumption does not hold. For instance, when computing electric properties
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as a molecule’s response to an external electric field perturbation, we need to

invert the following operator

(V2 = 2(¢; + w)) g(x) = f(x) (1.14)

where  is the frequency of the perturbing field. For low frequencies we can
still use the complex Helmholtz operator as defined above, but whenever the
orbital energy and the frequency add up to a positive number, we are dealing
with the (non-complex) Helmholtz equation

—(V*+47) () = f(x) (1.15)
g(x) = H" [f] (%) (1.16)

This means that we need representations of the Poisson (P), Helmholtz (H*)
and complex Helmholtz (H.) integral kernels in the multiwavelet basis. In
most cases the matrix representation of such integral operators will be dense,
leading to slow algorithms. However, by the non-standard (NS) form of mul-
tiresolution operators presented by Beylkin [6], these kinds of integral op-
erators will have sparse representations in the multiwavelets basis, yielding
fast algorithms that scales linearly with the system size. Unfortunately, the
straightforward generalization of the NS form to multiple dimensions is too
expensive both in application and storage. This again is solved by writing
the integral kernels as linear combinations of products of one-dimensional
kernels:

M d
K(xy) ~ Rooy) 2 )| | Koo p) (1.17)
k=1 p=1

By this the storage requirements for the integral operator in a polynomial
basis of order k is reduced from

O((k + 1*) - oM(k + 1)?) (1.18)
while the complexity of applying the operator goes from

O((k + 1)*%) = o(dM(k + 1)*1) (1.19)
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In (1.17) an exact equality is often not necessary as floating point arithmetic
has finite precision. We will seek to bound the pointwise error e(x) where

K(X’ Y) - K(X’ Y)
K(x,y)

The number of terms M = M, in equation (1.17) is called the separation rank

e(x) = sup

y

< € (1.20)

of K and will depend on €. In order to get efficient algorithms for operator

applications, M should be as small as possible.
In this thesis we are concerned with two main problems:

1. Reduce the separation rank of the already existing separable represen-

tation of the Poisson and complex Helmholtz kernels.
2. Find a separable representation of the (non-complex) Helmholtz kernel.
The rest of the thesis is divided into 5 chapters:

* In chapter 2 we derive the complexity of directly applying an operator
in multirsolution analysis (MRA) and how the complexity is reduced for
separable operators.

* In chapter 3 we derive the analytic expressons for the Poisson, complex
Helmholtz and Helmholtz kernels.

* In chatper 4 we write the Poisson and complex Helmholtz kernels in
terms of integrals with superexponentially decaying integrands. We then
propose an algorithm designed to find the optimal quadrature range for
integrating integrands that decay superexponentially. We then compare
our results for the quadrature range of the schemes used in MRChem

for the Poisson and compelx Helmholtz kernel.

* In chapter 5 we begin with look at how Beylkin did fast convolutions
with the Helmholtz kernel. We then suggest a new separable form of
the Helmholtz Kernel.
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 In chapter 6 we finish the thesis with a short discussion of our results,
we then suggest some future work.






2

Operator projection in MRA

In this chapter do we derive the complexity of direcly applyting an operator
in multiresolution analysis (MRA) and how the complexity is reduced for

separable operators.

We begin by defining a one-dimensional orthonormal MRA, then expand it
to multiple dimensions as a tensor product. We then give an introduction to
function and operator projection onto an orthonormal MRA basis.

2.1 Orthonormal multiresolution analysis (MRA)

A multiresolution analysis of L2([0, 1]) is an infinite nested sequence of sub-

spaces
VWcVlc..cVc..cL*[o1]) (2.1)

with the following properties:
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U2, is dense in L*([0, 1])

=

N

f) eV = f(2x)er”+1,VneN

w

eV &= f(x-2T")eV!¥VneN, 0<1<2" -1

4. There exists a function vector ® in L2([0, 1]) of length k + 1 such that

the vector components ¢; forms a basis for Vk0

This means that if ® spans a basis in V°, containing a finite number of functions
(k + 1).! By property 2 and 3 a basis for V/! can be constructed from the basis
@ of V?

2"-1 k

LE 22N - 1) = ) ZH“") ) (2.2)

m=0 j=0

where H™ are the filter matrices that describe the transformation between
basis functions in the different spaces V. The MRA is called orthonormal
if

<¢1 ) ¢Zm> = 5i,j51,m (2.3)

This orthonormality condition implies that the basis functions ¢?, are orthonor-
mal both within one function vector and through all possible translations on
one scale, but not through different scales. Henceforth when MRA is mentioned

its orthonormality is implied.

In figure 2.1, we see an illustration of how the line [0, 1] is refined into finer
scales. In the figure the grid refinement is uniform, however this is not a

requirement.

1. The number k is often referred to as the order of the basis.
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Figure 2.1: One-dimensional uniform grid refinement

2.1.1 MRA by tensor products

Now we expand the MRA into multiple dimensions and define the space Vk”’d

in terms of a tensor product

d
vt E Qv (2.4)

where the spaces V" are defined as multiresolution spaces. The basis for this
d-dimensional space is given as tensor products of the one-dimensional basis

functions
d
n def n
(Dj’] = | | ‘lsjp,lp(xp) (2.5)
p=1

with0 <[, <kand 0 <[, <2"-1.

The number of basis functions on each hypercube 1 = (I, Iy, ..., Iy) is (k + 1)¢,
while the number of such hypercubes on scale n becomes 2™, which means
the number of basis functions are growing exponentially with the number of

dimensions.

In figure 2.2 we see an example of an adaptive grid refinement in three
dimensions. This means that basis functions are only projected deeper in

places where higher accuracy is required.
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Figure 2.2: Three-dimensional adaptive grid refinement
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2.2 Function representation

The multi-dimensional function representation is obtained by projecting f(x)

onto the multi-dimensional basis <I>J311 (2.5) that span the space an’d
o~ fre =) > s en ) (2.6)
1 j

where the sums are over all possible translation vectors 1 = (I, Io, ..., I, ..., ;)
for 0 < [, < 2" — 1, and all possible basis function combinations j =
nf

(1»J25 ++-s Jp» - Ja) for 0 < j, < k. The expansion coefficients s,

' are ob-
Jil

tained by the integral

sjr,lif = f f(x)CIDj’f1 dx (2.7)

The accuracy of f"(x) is determined by the scale n of which the projection is
performed, as well as the order k of the basis.

2.3 Operator representation

In this section we describe how to project and apply an integral operator
(kernel) in an MRA basis. First by directly projecting the full 2d-dimensional
operator, then we project an operator that can be separated into d two-
dimensional contributions. Then we discuss the complexity of these operations

and compare the efficiency.

2.3.1 Direct application of multi-dimensional integral operators

An integral operator T in d dimensions is defined by its kernel K(x,y),

Tf10 = [ Keey)f@)ay @9)
We expand the kernel K(x,y) in the 2d-dimensional MRA basis
K(x,y) ~ K"(x,y) = Z Z [Tlrrln]ij CIDzI(X)CI)JTfm(y) (2.9)

Lm ij
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where the expansion coefficients are given by equation (2.7):

[l = [ [ Kocypon00f, ) axay (2.10)

Inserting (2.9) into (2.8) then yields

[TF]"(x) = f Z Z[Tl’:n]ijq)zl(x)q);m(y) f(y)dy (2.11)

Lm ij

= Z Z[ﬁ’ﬁl]ijq’ﬁ(x) f o () f(y)dy (2.12)

ILm ij

where we recognize the rightmost integral as the expansion coefficients sjn;ﬁ

from (2.7). Then the operation [T f]*(x) in d dimensions is found to be

[TA"0 = D" > [ Ji@p(0s)d (2.13)

Lm ij
Let us now consider the complexity of this operation. The summation over 1
and m amounts to a prefactor C(l, m) dependent on the scale of refinement
and dimension. For a uniform grid refinement this factor would be 2" for each
summation index, e.i. 22dn jpy total, where n is refinement level. However, it has
been shown that this prefactor can be significantly reduced for appropriately
chosen basis sets (multiwavelets in combination with non-standard form of
operators) [6], so we omit it in the discussion of complexity here. We see that
the number of operations of applying an operator to a function f in an MRA
basis is determined by the summation };;, where we sum over all possible
combinations of j = (j1, j2, ..., jp, ---ja) for 0 < j, < kandi = (i, i, ..., ip, ...ig)

for 0 < i, < k, yielding a complexity of

O((k +1)*%) (2.14)

We see that the complexity of applying an operator grows with a power d. This
is an example of something commonly dubbed as the curse of dimensionality,
meaning the operations needed to perform an algorithm increases with a

power per dimension.
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2.3.2 Separable kernels projected onto an MRA basis

Above we saw how the number of operations needed to apply an integral
operator was increased with a power d for each dimension. Here we discuss
the complexity of applying operators that can be written in terms of a separable

product.

We begin by defining a separable approximation to the kernel
M d
Kxy) ~ Rooy) = > | [ KyGepr ) (2.15)
k=1 p=1

where K(x, y) is an appropriately? accurate representation of K(x, y). K (xp, Yp)
is the operator kernel in the p-th coordinate, and M is the so-called separation

rank of the kernel K. An exact equality is often not necessary as floating point

arithmetic has finite precision. We will take a closer look at such approxima-
tions in chapter 4.

The advantage of a separable representation of the operator is that convolu-
tions can be applied separately in each direction for functions represented in
a tensor product basis. In the following we discuss this in detail.

Let

[T1(x) = f K(x,y)f(y)dy (216)

be an integral operator. We approximate this by

M d
77100 = . [ [ [R50 s )y (217
k=1 p=1

Next, we project f(y) onto the MRA basis, then insert f"(y) into equation

2. Piecewise relative error, specified by the user depending on the accuracy sought in the

final result.
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(2.17)
M d
ir100= 3 [ [T X3 iatmar e
k=1 p:l
M
= 2,2, 2.5 f HKE(XP’ Yp)Pfm(y)dy  (2.19)
k=1 m j p=1
Writing out the basis (I)jrfm(y) = ¢} "o @) - " n o) " md(yd) and

rearranging the integrals, this takes the form

[T 100 = ZZZ 2

k=1 m

fo(x1,y1)¢]’~’l’m1(y1)dy1

f K5 (x2, Y2)@), m,(y2) dys ... (2.20)
[ K51 )

- f Ky (xa, Y95, m,(Ya) dyd)

Now we take a closer look at the factor

f K, (xp, Yp)$j m,, (Up) Ay (2.21)

and then project K (xp, yp) onto the MRA basis, we get
Ky " tp) = D Qe i) ) (2.22)
LU it

where the expansion coefficients [ 7] T "]+ are given by equation (2.10). Inserting

(2.22) into equation (2.21) yields

f Z Z[ 70 i 9L 0) Py 1 (Yp)B] m, (Up) Ay (2.23)

LU i

_ZZ T Jir i (ep) f bp 1 Up) P}, m, (Up) dyp (2.24)

Ll ii
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By the MRA orthonormality condition (2.3)

[ 8208, )ty = 80,80, (229

we have

fK (tp Yp)5, m, (Up) dyp = ZZ i 1 (xp) (2.26)

Lmy Ljp

Using this, we again look at equation (2.20) for [T f](x), which simpifies
to

2"-1

M k d
SDIDIDIDIDIEHA [ E RS I CEY)
k=1 [=1 i=0 m j p=1
Now let us consider the complexity of this operation. Again, the summation
over [ and m amounts to a prefactor that we omit in the following discussion.
We see that the summation }; is to be taken over all possible basis function
combinations j = (j1, j2, ... jp» --.ja) for 0 < j, < k. Giving rise to (k + 1)4
operations. Then all of this is summed by Z _o and M «—1> adding to the
complexity by a factor (k + 1) and M, respectively, and the product szl adds

on a factor d.

Thus, the final number of operations adds up to
O(dM(k + 1)%*1) (2.28)

Clearly, this is not a cure of the curse of dimensionality, however, it makes
computations in three dimensions much more manageable. We see that for a
sufficiently small separation rank M, the complexity from applying the integral

operator is greatly reduced from that of the direct approach.






3

Analytic representations of
the free space Poisson,
complex Helmholtz and

Helmholtz kernel

In this chapter we derive analytic expressions to the free space Poisson, complex
Helmholtz and Helmholtz kernels. We follow the apprach by [7] to find the
fundamental solutions to the Lapace equation (homogenous Poisson equation),
expanding it to yield the fundamental solutions for the complex and non-
complex Helmholtz equation. We then require the fundamental solution to
have a specific behaviour at boundary, namely zero at infinity. Hence, the
fundamental solutions are then the free-space integral kernels of the Poisson,

complex Helmholtz and Helmholtz equation.

19
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3.1 Green'’s identity

For u,v € C?(Q) we have Green’s identity [7]

d d
vazudx:quZde+f (v—u—u—v) ds (3.1)
Q Q F:Te) dn dn
d

where In indicates differentiation in the direction of the exterior normal to
0Q.

For v = 1 this identity takes the form

d
f V24 dx = f s (3.2)
Q oq dn

It is easy to see that this also holds true for V2 + ¢, where c is some constant.

Thus Green’s (3.1) identity can be extended to the in general form

d d
fv.ﬁ'udx:fu.ﬁvdx+f v—u—u—v ds (3.3)
Q O o0 dn dn

and

d
f.[’udx:f —udS (3.4)
Q a0 dn

where £/ = V2 + ¢.

3.2 Free-space kernels

We begin with considering the problem
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L'u(x) =0 (3.5)
u(x) = 0 on OQ (3.6)

where u(x) is of class C? in Q and

L =V? Laplace Operator (3.7)
L= V2 - P Complex Helmholtz Operator (3.8)
L=V + 12 Helmholtz Operator (3.9)

y is a constant greater than zero.

For the Laplace, complex Helmholtz and Helmholtz operators this equation
is perserved under rotations about a point y, see Appendix B. This makes
it plausible that there exist special solutions v(x) of (3.5) that are invariant
under rotations about y, that is have the same value at all points x at the same

distance from y. Such solutions would be of the form

v(x) = K(r) (3.10)
where

r=1x-yl (3.11)

we are then lead to the ordinary differential equation

L'K(r)=0 (3.12)
K(r)y=0asr — oo (3.13)
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or written out explicitly for each case

2
K7 (r) + ;Ki(r) =0 (3.14)
2
Kly(r) + ;KéH(r) — 1?Keg(r) =0 (3.15)
2
Kp(r) + ;Kfi(r) + 1*Kyu(r) =0 (3.16)

A solution of (3.14) and its derivative is found to be,

C
Ki(r) = - (3.17)

—Ki(r) = —r—z (3.18)

and we recognize equations (3.15) - (3.16) as the special form of the Bessel
differential discussed in Appendix A, where we found (A.27) and (A.18) to
be a solution to (3.15) and (3.16), respectively. For the complex Helmholtz
equation we get

eEHT
Kep,(r)=C . (3.19)

d_, 1\ e

aKcHi(r) =-C (7 F y) - (3.20)

We see that K.y, does not vanish at infinity, condition (3.13). This permits us
to only consider K.y , and to drop the + notation. For the Helmholtz equation,

we get
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eJ_ri,ur
Ky (r)=C (3.21)
d 1 eii,ur
aK;{i(r) =-C (; + l/l) " (3.22)

Now if we insert this into the identity (3.3), and because of the singularity
at r = 0 we cut out from Q a ball B(y, p) contained in Q with center y,
radius p, and boundary S(y, p). The remaining region Q, = Q - B(y, p). Since
L'v=L'K = 0in Q, we have

d d d d
L'udx = f (v—u — u—v) ds + f (v—u — u—v) dS (3.23)
Q, 90 \ dn dn S(y,p) \ dn dn

Here on S(y, p) the exterior normal to our region €, points towards y. Conse-

quently
v = K(p) (3-24)
dov
— =K .
I (p) (3.25)
hence,
du du
v—dS = K(p) —dS = —K(p) L'udx (3.26)
\fS(y,p) dn Sty.p) A B(y.p)

the last step in (3.26) is carried out by using (3.4)

d
f u—v dS = -K'(p) udS (3.27)
S(y.p) dn S5(y.p)
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Noting both u and £'u is continuous at y, we consider what happens when p
goes to zero. We begin with considering the right hand side of (3.26) for each
of the cases, where we use that the integral of a continuous function over an
infinitely small surface is equal to the function value in the point, times the

area of the surface, and we get

lim C f L'u dxl =0
P20 L P JB(y.p)
[ e_/lp
lim l—K(p) L'u dxl =< lim [-C— L'u dx] =0 (3.28)
p—0 B(y.p) p=0 1 P JB(y.p)
eTikp
lim |-C L'u dx] =0
p=0 | P JB(y.p)

and for (3.27) we use how the integral of a continuous function over an infinitely
small volume is equal to the function value at the point, times the area, and

we get

lim [ — u dsl = u(y)4nC
P=OLP” Isy.p)

1 —pp
lim [—K’(p) udsl =< 1lim |C (— + y) e_f udSl = u(y)4nC
p—0 S(y,p) PO AP P Jsy.p)

[ 1\ e*iHr
lim |C (iiy + —) f udS] = u(y)4nC
p S(y.p)

p=0 [ p
(3.29)
We have now found that equation (3.23) becomes
d d
f vL'udx = f (v—u - u—v) dS — 4xCu(y) (3.30)
Q o0 dn dn

as p goes to zero.
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Now if we choose C = 4%[, then K(r) takes the form

1

Ki(r) = — (3.31)
4mr
e Hr

Keu(r) = (3.32)
4mr
eiiyr

Ky, (r) = (3.33)
4rr

Next write the corresponding dependence on x and y as
v =K(x,y) =K(r) = K(x-yl) (3-34)
Then (3.30) becomes

u(y) = fQ K(x,y)(=£)u dx + fa ) (K(x,wdjff)—u(x)

dK(x,y) ds
dny X

(3.35)

fory € Q, where the subscript x in Sy and dny indicates the variable of

integration and differentiation, respectively.

Since both u(x) and K(x,y) vanish at 9Q (see equation (3.6)), the last term

in equation (3.35) vanish, giving us



CHAPTER 3 / ANALYTIC REPRESENTATIONS OF THE FREE SPACE POISSON, COMPLEX
26 HELMHOLTZ AND HELMHOLTZ KERNEL

u(y) = fQ K(x,y)(— £ )u dx (3.36)

now defining the operator £

LE-r (3-37)

equation (3.36) takes the form

u(y) = f K(x,y)Lu dx (3.38)
Q

We look at (3.38) for a test function ¢ € C;°(2) then by integration by parts
we find

o(y) = f K(x,y) L) dx = f (LK y)$dx  (3.39)

meaning LK(x,y) defines a distribution for which

LK[$] = ¢(y) (3.40)

or put in other words £K(x, y) defines the Dirac delta function with singularity
aty.

def

LK(x,y) = 6y(x) (3.41)
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3.3 Fundamental solution to the Poisson, complex

Helmholtz and Helmholtz equation

The problem we need the fundamental solution for in this thesis is the inho-
mogeneous Laplace equation (henceforth referred to as the Poisson equation),
complex Helmhotz and the Helmholtz equation. In this section will we see

how K(x,y) is a fundamental solution to these equations.

Consider

Lu(x) = p(x) (3.42)
u(x) = 0 on 0Q (3.43)

Here we check if
uy) = [ Kxy)piodx (3.4

is a solution to the system (3.42) - (3.43).

We do this by applying the operator .Ly taken with respect to y on (3.44).

Lyu(y) = Ly f K(x,y)p(x) dx (3.45)
= f LyK(|x —yl)p(x) dx (3.46)
- [ akly - xppeax (3.47)

= f Sy(x)p(x) dx = u(y) (3.48)
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which implies (3.44) is a solution. Thus K(x,y) as found in (3.31), (3.32)
and (3.33) is fundamental solutions to the Poisson, complex Helmholtz and

Helmholtz equation.

3.3.1 Sommerfeld radiation condition

We still have the + notation for the fundamental solution of the Helmholtz
equation. We get a unique solution by applying the Sommerfeld radiation
condition [8]. Which in short states that sources of energy cannot be sinks
absorbing energy. It is given symbolically as

dK
lim r( (r) - i,uK(r)) =0 (3.49)
r—co dr
imposing this on Kg,
dK 1 1\ .
lim r ( e _ i,lJKH+) = lim — (iy — iy - —) e =0 (3.50)
r—00 dr r—oo 477 r
and

dK 1 1 - ]
lim r( dfi — iyKH) = lim — (—Ziy — ;) e = _ZL# (3.51)

r— o0 r—oo 441 T

from this we see that K does not satisfy the Sommerfeld condition, excluding
it as a fundamental solution. Now since K is the only solution of interest,

we drop the + notation.

3.4 Summary

Now let us write P = Ky, H: = K.z and H* = Ky. Then set Q = R®. We then

have the free space kernels
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1

P(r) = yy— (3.52)
e Hr

H{(r) = . (3.53)
eiyr

H¥(r) = e (3.54)

These will in the rest of the thesis be used to measure the accuracy of our
approixmations to the free-space Poisson, complex Helmholtz and Helmholtz
kernels.






4

Separable representations of
the Poisson and complex
Helmholtz kernels

In chapter 2 did we see how the complexity of applying an operator kernel
K(x,y) in d dimensions went from O((k +1)*%) to O(dM(k +1)**1), where k is
the polynomial order of the basis, d is the dimension and M is the separation

rank of the operator.

We begin the chapter by writing the free space Poisson and complex Helmholtz
kernels in terms of integrals with separable superexponentially decaying inte-
grands. The advantages of these forms are that the integrand dies superexpo-
nentially at both ends of the quadrature range so the equispaced quadrature
range converges geometrically, and the required resolution is only weakly

dependent on r.

31
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We will then propose an algorithm designed to find the optimal quadrature
range for integrating integrands that decay superexponentially. We then com-
pare our results for the quadrature range of the schemes used in MRChem

[9] for the Poisson and complex Helmholtz kernel.

4.1 Separable form of the Poisson kernel

In this section we go through the steps involved in expressing the three-
dimensional Poisson kernel in terms of an integral over a superexponentially
decaying Gaussian integrand. This form was first presented in [11] and was

later used in [9], where its effective and accurate nature is displayed.

We begin by considering the problem
~V2P(x) = 8y(x) (4.1)
P(x) =0 on 0Q (4.2)
Next, on taking the Fourier transform of (4.1) we get
K*P(k) = 1 (4.3)
where
3 1/2
Ikl = (Z k?) (4.4)
i=1

Now if we divide the equation by k? we see that P(k) can be written in terms

of the integral

A 1 0 2
Pk)= — = e X74r .
(k) @ fo (4.5)
x2
Taking the inverse Fourier transform of (4.5) using T‘l[e_kizf] = %,

find that the Poisson kernel can be written in terms of the integral

2
1 ® e A
P(x) = f(; 0 dr (4.6)

8%3/2 +
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where r = ( l.3=1(xi — yi)z)l/z. Following this we write P(r) = P(x). Now if
1

5,2» the integral takes the form

we choose 7 =

B 1 0 4242
P(r)—mﬁ e dt (4.7)

We are now at the starting point of the derivation in [11, 9]. We continue with

the substitution ¢ = log(1 + e¢*) — u and notice the limits

uh_)ngo log(1+e%)—u= uh_)ngo log(exp[log(1 + €*) — u]) (4.8)
= uh_)ngo log(l + e_”) =0 (4.9)

and
uE)IIlOO log(1+e%) —u =00 (4.10)

Equation (4.7) then takes the form

1 00 e—4r2(log(1+e“)—u)2
Finally, we substitute u = — sinh(w), obtaining the form

1 o0 COSh(W) —4r2(log(1+e~$0(w)) 4 sinh(w))2
Pir) = w312 f—oo 11 e smh(w)© ( ) v )

yielding superexponential decay of the integrand as w goes to plus and minus

infinity
2r2

e 22w

232 e’ "¢ forw — o (4.13)
T

ezrz 1 -w

YT e V2% forw — —o0 (4.14)
T

4.2 Separable form of the complex Helmholtz kernel

In this section we go through the steps involved in expressing the complex

Helmholtz kernel in the Gaussian form found in [10]. Starting from the
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differential form
—(V? = i%) He(x) = 6y(x) (4.15)
H.(x) = 0 on 0Q (4.16)
we take the Fourier transform of eq. (4.15)
(k% + p*) He(k) = 1 (4.17)
where
3 1/2
k| = (Z k?) (4.18)
i=1

If we further divide equation (4.17) by k2 + % we see that H,(k) can be written

in terms of the integral

A ]. 0 2 2
HEk) = —— = e~ (H)r 4 1
C( ) k2 +IJ2 ﬁ (4 9)
Now taking the inverse Fourier transform of (4.19) using T‘l[e_kizf] = %,
we find
r2
. N
((x) = 8732 ). = T (4.20)
where r = (32, (x; — yi)z)l/ ?. Following this we write H.(r) = H.(x).
r2
H 1 0 o= KT d
o(r) = 82 )y 12 T (4.21)
Now if we choose 7 = ﬁ the integral takes the form
1 ® —rztz—ﬁ
Hc(r) = m jO:r e 42 dt (4.22)
Finally, we get the form presented in [10] through the substitution t =
2w
e

]_ &0 w 2 —2ZwW
53/2 f e T Y gy (4.23)
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Yielding superexponential decay of the integrand as w goes to plus and minus
infinity
2731267 for w — 0o (4.24)

llz —2w
2732~ T Y for w — —c0 (4.25)

4.3 Truncation error of integrals with

superexponentially decaying integrands

Frediani [9] and Harrison [10] evaluates the integrals (4.12) and (4.44) by an
equispaced quadrature rule?!

f_mf(w) dw~ h i f(wg) (4.26)

k:—oo

which in turn is truncated as

00 M
B fw)xh . flw) (4.27)
k=1

k:—OO

In this section we present a method that gives crude estimates to the residues
R due to the truncation of the infinite sum (4.27)

Consider the integral

foof(w) dw (4.28)

where f(w) is a superexponentially decaying integrand. We evaluate this

integral by the sum
o0 M
Ry fw) Ry flw) (4.29)
k=—0c0 k=1

1. An equispaced quadrature means a constant step-size between each point evaluated,

Wiyl = W; + h.
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To estimate the truncation errors

Rupper =h Z f(Wk) (4.30)
k=M+1
0
Riower = h Z f(Wk) (4.31)
k=—c0
we consider the ratios
f(WM+1)
Vupper = 7~ (4.32)
i f(wats2)
_ flwoo)

Viower = f(W—l) (4.33)

Since f(w) decays superexponentially, these ratios will decrease exponentially
as w increases and decreases, respectively. Then by the sum for an infinite

geometric series can we find an upper bound to the truncation error as

hf(wars1)

Rypper < 5upper = f—+ (4.34)
1 — vupper
hf(w-1)

Riower < 5lower = ‘f— (4.35)
1- Viower

Since the ratios v decay exponentially this is a rather crude estimate for the
upper bound. However, as we will see, these estimates prove effective when
we attempt to determine w; and wy, in the discretization of the integrals for
the Poisson (4.12) and complex Helmholtz (4.44) kernels.

4.4 Numerical experiments with the Poisson kernel

In this section we approximate the Poisson kernel in the arear € [rin, Fmax | for
a given error bound ¢;. Using the estimates for the truncation error displayed
in 4.3 we develop algorithms designed to find an optimal separation rank
M (algorithms 1 and 2), by the equispaced quadrature used in [9]. We then
compare our results with the well established algorithm used in MRChem
(algorithms 3 and 4).
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4.4.1 New algorithms for limits of integration

We aim to approximate the Poisson kernel in the area r € [rpin, Fmax]- We

begin by rescaling into the area r’ € [r(’), 1] where ry = 22 and reintroduce

- >
"max

the Poisson kernel in its integral form

’ 1 ®  cosh(w) —4r"(log(1+e~ ")) +sinh(w))?
P = o | et T (a3

where the integrand takes the asymptotic forms

2r"?

e 22w

Py eV "¢ forw — oo (4.37)
62r’2 o Lgmw
27372 2 forw —» —o0 (4.38)

To determine the upper limit of integration wy;, we see that the superexponen-
tial decay in (4.37) is the least prominent for the smallest value of ', namely
rl
0
r’? 2r"?

2
e~ o 22w e 2 2w
w—rje > w-r’“e

m = 57302 e (4.39)

so to select the upper limit wy for all ¥’ € [r, 1], we do it for ¥’ = r} and
it will hold for all #’. To compute it we start with some guess for the value
wyy, then increase it until we have a sufficiently small estimate §yper of the

residue (4.35). We determine 5upper empirically as

4
i,es for e, < 107
5upper = 77:20
10
——¢, for € > 107°
7T},

(4.40)

The procedure is displayed in the following algorithm.
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Algorithm 1 Determination of upper limit of integration for (4.11)

as discussed in this thesis
procedure UpperLimit(ry, 5, h)

Wi = Re(log(_lfT%((S)) /2)/2
i=0

while

exp(—r2e2 ot +DM) 4 (1,1 (i+1)h))
a exp(—réez<w0+(i+2)h>+(w0+(i+2)h))

exp(—rge2<W0+(”1)h)+(w0+(i+1)h))
i=i+1

>+ do

end while

Wy = Wy + ih

return wy,
end procedure

Similarly for wy we look at the integrand (4.38) and note that this has its

largest value for r’ = 1

2 2r2
e _W_%efw e

e > —w—Le™
25r3/2 = o3/2

e " 2 (4.41)

so to select the lower limit wy for all ¥’ € [rg, 1] it is sufficient to find it for
r’ = 1 and it will hold for all ’. To compute this we start with some guess
for the value wy, then decrease it until we have a sufficiently small estimate

O1ower Of the residue (4.34). This is empirically determined to be

Slower = €s (4.42)

The procedure is displayed in the following algorithm.
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Algorithm 2 Determination of lower limit of integration for (4.11)

as discussed in this thesis
procedure LowerLimit(rg, §, h)

Wo = Wy
i=0
while wy > 0 do
i=i+1
wo = wg — ih

end while
exp(—(wo—(i+1)h)— e (wo=(i+Dh))
exp(—~(wo—(i+2)h)- e~ (Wo~(i+2)h))
exp((—(wo—(i+1)h)-§ e~ (o=(I+Dh))
i=i+1

while >+ do

end while

Wo = Wg — ih

return wy
end procedure

4.4.2 MRChem scheme for limits of integration

In the following algorithms we present the schemes for determining the lower
and upper limits of integration as it is implemented in the MRChem program.
The plan for creating this algorithm has been lost in time. The methods is
presented here for benchmark reasons only. And are displayed in the following

algorithms.
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Algorithm 3 Determination of upper limit of integration for (4.11)
as implemented in MRChem

procedure UpperLimit(e,ro)
T=1
while VTe T /ry > €, do
T=1.1T
end while
wy = log(T/r2)/2
return wy,

end procedure

Algorithm 4 Determination of lower limit of integration for (4.11)

as implemented in MRChem

procedure LowerLimit(€s)
T=1
while 2Te™ T > ¢ do
T=1.1T
end while
wo = —log(2T)
return wy

end procedure

Remark. It may be noted that the same separation rank is found if the ending

condition for the lower limit is set as "integrand less than ", and the upper limit

1 n
’
4rr

is set as "integrand is less than € . In algorithms 1 and 2 respectfully.

4.4.3 Results

For the numerical experimentation shown here. The area we are trying to find
accurate representations are set to |X| € [Fmin, 'max]- We fix set ryae = V3.
This choice is motivated by the fact that we require expansions to be valid

within the three-dimensional interval [0, 1], thus the longest possible distance
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between two points are V/3. For the experiments shown here we use the step-
size h presented in [10].

- 1
0.2 -0.47logyo(e)

(4.43)

In Table 4.1 and in Figure 4.1 we see that there is not much to be gained from
the new implementation of the Poisson kernel. The reason for this is simply
that the original algorithm is already well optimized.

In Figures 4.2 and 4.3 we see examples of the relative pointwise error e,
for the MRChem scheme and the new scheme presented here. When it comes
to the spikes we see in Figures 4.2 and 4.3 for large r, where the error is not
within the requested bounds, has been shown in the supplementary material

of [9] not to influence the final precision of the result2.

In Figure 4.4 do we outline the reason for the slight reduction in separation
rank. While the old scheme overshoots a bit on the minimum threshold, we

hit it perfectly.

Ymin €;s Moiq Mye  dif ference
1x1074 1x10°% 47 44 3
1x107* 1x107% 62 60 2
1x1074 1x10712 94 91 3
1x107° 1x107% 61 58 3
1x107° 1x107% 81 78 3
1x107° 1x10712 121 119 2

Table 4.1: Separation rank for MRChem scheme (M,;4) and thesis scheme (M,¢4,),
for the Poisson kernel. With corresponding difference My;q — Myew

2. Convolutions with the kernel
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rrmr\=1 0'? . . . "minl=10—4

20 30 40 50 60 70 80

Fnin=10"" , rinin=10"°

L091OES

40 60 80 100 120

Figure 4.1: The log;, of € versus separation rank for old (green dashed) and new
(blue) approximation. For rp,;, = 1073,107%,107°,107°.
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Figure 4.2: Old and new approximation: Plot of relative error (P(r) — P(r))/P(r)
Versus . Fmin = 1074, rmax = V3 and €, = 10712 Error bound €, in red
and minimum threshold r,,;, displayed in purple. With separation ranks
My1qg = 94 and M., = 91.
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Figure 4.3: Old and new approximation: Plot of relative error (P(r) — P(r))/P(r)
Versus r. min = 107%  rmax = V3 and €, = 107°. Error bound e in
red minimum threshold r,,;, displayed in purple. With separation ranks
My1q = 61 and M,,.,, = 58.
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Figure 4.4: Zoomed in comparison of overshooting by old scheme (green dashed)
and new scheme (blue) near the minimum threshold 7. Fmin = 107°,

Fmax = V3 and e, = 107°

Remark. Something of note, the equispaced quadrature used for these integrals
are often in the literature referred to as trapezoidal quadrature. This often leads
to a misunderstanding in the implementation of these kernels. As opposed to the
equispaced quadrature where each discretization point is weighed by the step-
size h, a trapezoidal rule weigh the first and last term in the series by half. For
carefully chosen first and last terms as presented in this work, such a trapeziodal

rule will result in missing the threshold mark.

4.5 Numerical experiments with complex Helmholtz

kernel

In this section we approximate the complex Helmholtz kernel in the area r €
[7imin> Fmax ] for a given error bound €. Using the estimates for the truncation
error displayed in 4.3 we develop algorithms designed to find an optimal
separation rank M (algorithms 5 and 6), by the equispaced quadrature used
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in [10]. We then compare our results with the well established algorithm used
in MRChem (algorithm 7).
4.5.1 New algorithms for limits of integration

We aim to approximate the complex Helmholtz kernel in the area r €

[7min» Ymax]- We begin by rescaling into the area r’ € [r(’), 1] where ry = Tmn

"max

and reintroduce the complex Helmholtz kernel in its integral form

0 _ 2 2w_£ —2w
H(r') = 302 f e T ™ dw (4.44)
where the integrand takes the asymptotic form
3/2 —r2e2v 4w
21 “e forw — oo (4.45)
2 w

2732 T for w = —co (4.46)

with the rescaled p' = prmax.

To determine the upper limit of integration wy;, we see that the superexponen-
tial decay in (4.45) is the least prominent for the smallest value of ', namely
ro

72 2w
0 €

_ 12 ,2w
27[3/26 r, e

> 2732 (4.47)
So to select the upper limit wy for all 7’ € [, 1] we do it for r’ = r} and it
will hold for all r’. To compute it we start with some guess for the value wy,,
then increase it until we have a sufficiently small estimate J,pe, of the residue
(4.34). This is empirically determined to be

e Mo

é = ¢,——10* 48
upper s4”r(,) (4.48)

The procedure is displayed in the following algorithm.
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Algorithm 5 Determination of upper limit of integration for (4.44)
as discussed in this thesis
procedure UpperLimit(y, d, h)
Wyt = Re(log(‘le%‘”) /2)/2
i=0
while

exp(—rgez(‘”0+(i+1)h)+(w0+(i+1)h))
1 exp(—rg22(W0+(i+2)h)+(w0+(i+2)h))

exp(—rgez(WOJr(Hl)h)+(w0+(i+1)h))
i=i+1

>+ do

end while
wWrp = wy + ih
return wy,

end procedure

Similarly for wy we look at the integrand (4.46) and note that this is indepen-

dent of r

2 72
€ _THT 2w,

27372 e 4 (4.49)

so we just need to select wy such that this is small enough. We compute it
by a using wy, as a starting guess, then integrate down with the step-size h,3
until we have a sufficiently small estimate ;e Of the residue (4.35). This is

empirically determined to be

5lower = € (4.50)

The procedure is displayed in the following algorithm.

3. The reason for this odd way of iterating is simply that it will force the separation rank

down.
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Algorithm 6 Determination of lower limit of integration for (4.44)

as discussed in this thesis
procedure LowerLimit(rg, d, h, wyr)

Wo = Wy
i=0

2 .
exp(— ”Te‘z(WO_(”l)h)+(w0—(i+1)h))

while 2 : > +8 do
exp(JlTe—2<WO—<z+z>h>+(W0,(,.+2)h))
(1- exp(@eZ(WO‘(”l)h)+<Wo—(i+1>h))
i=i+1
end while

Wo = Wg — ih
return wy,,;, = wo
end procedure

4.5.2 MRChem for limits of integration

The upper and lower limits is for the complex Helmholtz kernel [10] are found

to be
cul )
wy = ——— (4.51)
2
log ﬁ)
wp = ————L (4.52)
0 5 .
(4.53)
where T = —2.5log(e;) is an empirically determined parameter. The proce-

dure is displayed in the following algorithm.
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Algorithm 7 Determination of upper and lower limit of integration for (4.44)

as implemented in MRChem

procedure UpperLimit (ry, €)
T = —2.51og(e;)
Whmin = —0.51og %
Wmax = 0.5 log%
return wy,;, and wy,,y

end procedure

4.5.3 Results

For the numerical experimentation shown here. The area we are trying to find
accurate representations are set to |X| € [Fmin, Fmax]. We fix set rpayx = V3.
This choice is motivated by the fact that we require expansions to be valid
within the three-dimensional interval [0, 1]2, thus the longest possible distance
between two points are V3. For the experiments shown here we use the step-

size h presented in [10].

1

h =
0.2 — 0.47 log;,(€s)

(4.54)

In Table 4.2 and in Figures 4.5-4.6 we see that in this case there is more to be

gained from new implementation of the complex Helmholtz kernel.

In Figures 4.7 and 4.8 we see examples of the relative pointwise error ec_,,
for the MRChem scheme and the new scheme presented here. In Figure 4.3
do we see how for large values of i does the approximation run outside our
requested bounds. In the supplementary material of [9] is it shown how this

does not influence the final precision of the result.

In Figure 4.9 do we outline the reason for the slight reduction in separation
rank. While the old scheme overshoots a bit on the minimum threshold, we
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hit it perfectly.
T'min €s U Moiq Mpew  dif ference
1x10~% 1x10°°% 100 28 24 4
1x10™* 1x107° 0.1 49 44 5
1x10™% 1x10°% 100 38 33 5
1x1074 1x10°8 0.1 65 59 6
1x1074 1x 10712 100 57 51 6
1x1074 1x 10712 0.1 98 90 8
1x10°° 1x10°® 100 42 38 4
1x10°° 1x10°° 0.1 63 58 5
1x10°° 1x10°% 100 56 51 5
1x10°° 1x1078 0.1 83 77 6
1x10°° 1x1072 100 84 78 6
1x107° 1x10712 0.1 124 118 6

Table 4.2: Separation rank for MRChem scheme (M,;4) and thesis scheme M., for
the complex Helmholtz kernel. With corresponding difference My;g—M;evy
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Figure 4.5: The log;, of €; versus separation rank for old (green dashed) and new
(blue) approximation. For p = 0.1 1y, = 1073,107%,107°,107°.
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Figure 4.6: Complex Helmholtz: log;, of €5 versus separation rank for old (green

dashed) and new (blue) approximation. For y = 100 and 7, =

1073,107%,107%,107°.
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Figure 4.7: Old and new approximation: Plot of relative error (H(r) — H.(r))/H(r)
VersusT. min = 1074, Fmax = V3, = 0.1 and €, = 1072, Error bound e
in red and minimum threshold r,,;,, displayed in purple. With separation
ranks My;4 = 98 and M., = 90
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Old approximation
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Figure 4.8: Old and new approximation: Plot of relative error (H(r) — Ho(r))/Hc(r)
VErsusT. Fmin = 1078, ey = V3, 4 =100and e = 107°. Error bound in
red and minimum threshold (r,,;,) displayed in purple. With separation
ranks M,;4 = 42 and M,.,, = 38



4.5 / NUMERICAL EXPERIMENTS WITH COMPLEX HELMHOLTZ KERNEL 55

2.x107® a
[ 1
1
L 1
' i
-6 H
. 1 . X 10 I : l‘\ ,I\‘ l'\ I“ 'r‘ I“ lr\ I“
o ARl AR VIt AR
o 1 1\ 1 1
= [ I T B S [ 1 ! 1 !
o8| [V A | I L - R A
o u o 'l ll H 'l ‘l HEN N ‘l N '|
2 0
= [ T R 1 IR ! A
© Yol HIER AN AR AR AR
o I N AR R AR R
oY I (VAR RV FERY VARV VARV VARV ¥
1 x 10—6 v Y L (U Y \ ‘w
—2)(10_6 . 1 . . 1 P . 1 . . \A
1.x107 2.x107  5.x107 1.x10°2.x10°® 5.x107°®

r

Figure 4.9: Zoomed in comparison of overshooting by old scheme (green dashed)
and new scheme (blue) near the minimum threshold ry,;ip. Fmin = 107°,
Fmax = V3, = 100 and €, = 107°.






5

Approximation of the

Helmholtz kernel

The goal with this chapter is to find a separable approximation to the free space
Helmholtz kernel. We begin by following the approach used in chapter 4, where
we found separable representations to the free space Poisson and complex
Helmholtz kernels. Then we see where this approach fails in generating
separable representations for the Helmholtz kernel. We then outline the
approach by Beylkin [12] for fast convolutions with the Helmholtz kernel.
This approach is inspired by the work of Ewald in [13]. Here Beylkin finds
a way where parts of the free space Helmholtz kernel can be expressed in
a separable form. However, convolutions with the remaining parts of the
kernel has to be done by multiplications (of singular functions) in the Fourier
domain. This can be done effectively and accurately by following the grid
constructions described in [14, 15, 16]. In addition to this, these methods

require an efficient implementation of the Non-Uniform Fast Fourier Transform

57
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(NUFFT) [17, 18, 19].

Finally, we propose a new separable representation of the free space Helmholtz

kernel, inspired by the work of Ewald in his doctoral thesis from 1912 [20].

Let us consider the problem

(V2 4 @) HX) = 8,(x) (5.
H(x) = 0 on Q (5.2)

Next, we take the Fourier transform of (5.1)
(K - 1?)G(k) = 1 (5.3)

where

d
k| = (Z k?) (5.4)

G(k) = (5.5)

. . 0 _(1.2_,2
We see that we can no longer use the trick where we write kz# = fo e~ (—p?)r dr,

_uZ -
as the integral does not converge when k? < ;2. So we need to come up with
some other plan to find a suitable representation of the Helmholtz kernel. We

will begin with discussing the approach by Beylkin [12].

5.1 Beylkin's approach

In [12] Beylkin shows how the Helmholtz kernel can be written in terms of

the regularization

1 1
= 1i k .
Glx) P (2r)d f k|? — (4 — id)? d (5:6)
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Next, let us define

A 1
Gk, ) = ———= .
(k,A) = —— TESTAE (5.7)
where x = |k|. We split this into its real and imaginary part
1 K—HU K+ u
Re(G(k, A .8
e(Gl, ) = ((K ,u)2+)tz+(lc+y)2+/12) (5:8)
and
1 A A
Im(G(x, A .
O s e IS
(5.10)
On taking the limit, we get
o0 . o0 1
f lim Re(G(k,A))dx = PVK=uf ———dk (5.11)
o A-—0* o K°—p
and
f lim Im(G(k, 1)) dk = f i (0(x — p) — 6(x + p)) dx (5.12)
0 A—0* 0 2K
“r
= f —06(x — p)dk (5.13)
o 2K
so we have
1 ik S(K| - p) _;
G(x) = PV|k|=uf — dk+i— f (Il = 1) ik g
(27)? K|* — 2 2(2m)¢ K|
(5.14)
Now we take a closer look at the imaginary part of G(x) in (5.14)
n S(|k| - #) —ixk
Im(G = xk dk .
mow) = 32 [ 2 515)

By the convolution theorem, (see e.g. [21]), convolutions in real space can be
done as multiplications in Fourier space

f flx )5(|k|L| M ek g (5.16)

Im(@) = 100 = 5o
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which corresponds to an integral over a sphere.

Now let us take a closer look at the real part of G(k, 1)

N 1
G(k, A) = m (5.17)
We split this into two parts, a singular and an oscillatory part (as seen from

real space)

1 A .
K2 — 112 = sing(K) + Foscit (k) (5.18)
where
. 1 = =@ (&P=p?)/p?
Fs; = J
sing(K) K2 — 12 (5.19)
and
R e_QZ(KZ_'uZ)/IJ2
Foscill(K) = W (5.20)
using the following parameters
log 57!
o = bzg_ 1 (5.21)

with b > 1. The purpose of these parameters will become clear shortly. Let us
first invert ﬁsing. We do this by using

_ o=@ (x—p) i log & 25’ :
. e2 7 =2 f YTt te  d-2) gy (5.22)
K2 —p oo
x4 6—23/

. . _ _1.2,2s’ -t -s’
then we use the inverse Fourier transform F ~1[e7%i¢" | = %, and
substitute s’ = —s. ﬁsmg is then found to be

1 o0 _r2£+uze—2s
Fsing(r) = Sd1d2 e 4 + (d - 2)5 ds (5.23)
2 /A /2 —log &
g

M

Fsing can then be written as a sum of Gaussians. We now have a separable

representation of the singular part of the Helmholtz kernel.
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Similarly as for the imaginary part of the operator, we do the convolution with
the oscillatory part of the real part as multiplications in Fourier space

[ oscill * f](x) = (2 )dPVk—pfﬁoscill(k)f(k)eix.k dk (5.24)

. log 57!
And since a? = (;7%—_1,

by

Eycinr is less than & this can again be approximated

[ oscill * f](X) ~ PVk I f ﬁoscill(k)f(k)eix'k dk (5.25)
(2 ) k| <by:

The principal value is avoided in [12] by approximating Eyein in the region
|x — y| = min{ud,d} following the constructions in [15]. The integral is
then transformed into spherical coordinates, where the angular quadrature
points can be generated by following [14], and the grid points in radial
direction is found by following [22]. The function f(x) is transformed into the
quadrature points in Fourier space by the non-uniform fast Fourier transform,
see [17, 18, 19].

5.2 Separated representation of the Helmholtz

kernel

In [20] Ewald shows how the Helmholtz kernel can be written in terms of the

integral

1 2.2
HX(r) = YT fr‘ e s t2 dt (5.26)

where I' is an appropriately chosen contour. Later in [13] Ewald follows an
approach similar to the one displayed in the previous section where instead of
integrating along a contour in complex space, the integral is done in real space
and the parameter p is expanded to u + iA. However, for those approaches
the separability of the Helmholtz kernel is lost, but (5.26) inspires us to look
for contours in the complex plane that yields fast convergent approximations
to the Helmholtz kernel.
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Inspired by this we found the integral

1 P yiet)+ 2 i f}/ P2
e Ari-0® dt — e a2 dt  (5.27)
25r3/2 L 25r3/2 0

where y > 0 which we in principle can select freely.

HA(r) =

As an argument to show that these integrals compose the Helmholtz kernel can
be done by the following argument: By using [23] we find that the integrals

in (5.27) can be expressed in terms of error functions

1 0 —rz(yi—t)2+ l;iz _
57372 fo e Ayi-n® dt = (5.28)
—ipr )
687” ll — el (1 + erf(z% + iry)) + i erfi (ry + zz'u—y)l (5.29)
and
1 Vop 2
_ 2 =
532 L e 42 dt (5.30)
—ipr )
egﬂr —i + ie"Merfc (2/17 + iry) + erfi (ry + 12%)] (5.31)
where erf(z) and erfi(z) = —i erf(iz) are the error function and the imaginary

error function (see e.g. [24]).

Now if we insert this into (5.27) we get

—ipr )
¢ { ll — gl2Hr (1 + erf(i + iry)) + i erfi (ry + li)] - (5.32)
2y 2y

8nr

i|—i+ e erfe (z'u—y + iry) + erfi (ry + 12'117) } (5.33)
If we do the cancellations this simplifies to
—ipr )
£ —e2T |1 + erf L + iry | + erfc L +iry (5.34)
8xr 2y 2y

We simplify this further by factoring out the exponential function inside the
parenthesis and use erf(z) + erfc(z) = % fooo e~ dr = 1. We then end up
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with

1 e #r

4T r

(5.35)

which is the analytic form of the free space Helmholtz kernel.

5.3 Numerical experiments

From Equation (5.27) we see that the entire real part of the integral is con-
tained in the first term. Then from the second term we see that if we select y
sufficiently small compared to y, this term can be neglected and the most signif-
icant contribution is contained within this integral. Thus we will approximate
the Helmholtz by

O o 2 e
H¥(r) ~ f e VTG (5.36)
0

271-3/2

Here we have some simple numerical experiments to illustrate how the kernel
can be approximated accurately with an equispaced quadrature rule. The
area we are trying to find accurate representations are set to r € [10™4, V/3].
The choice of V3 is motivated by the fact that we require expansions to be
valid within the three-dimensional interval [0, 1]3, thus the longest possible
distance between two points are V3. For the experiments here we select the

step-size h in a similar manner as we did in chapter 4

- 1
"~ 0.2 - 0.471og;0(8)

(5.37)

only here the integrands can for some r and p oscillate, introducing numerical
difficulties. We circumvent this by selecting Jy less than the required error
bound. This does increase the separation rank, but this is the price to pay for
a separable representations of the Helmholtz kernel. Since y only has to be
chosen such that the last term in (5.27) is small enough, it can be selected to

yield integrands that are relatively easy to integrate.
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Since we need to evaluate the integrand over a finite area we look for mappings
for t such that the integrand decays fast asymptotically. The most useful

—Sinh(W)) + sinh(w). In Figures 5.1 - 5.2

mapping we found was t = log(l +e
we see examples of how the absolute relative error is bound in the area
re10™4, V3. The error is easily controlled for small values of r. But we need

a small step-size to keep the error bound for large values of r.

A case of interest is when p gets small, which is displayed in Figure 5.3. As the
real part of the integrand will get closer to the integrand of the Poisson kernel
do we expect it to accurately be represented there, as can also be seen from
the figure. However, if p is small, the neglected term in (5.27) grow large, and
we lose our accurate representation of the imaginary part. One fix to this is
to reduce y, but for this mapping the integrand gets too singular. A possible
solution is to map the argument in (5.36) to t = e, this however yields a
high separation rank, typically around O(100). An alternative but maybe more
viable approach would be to find a quadrature where the right hand side of
the integral in (5.27) is accurately represented. Unfortunately we did not find

any good candidates during the work of this thesis.
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Figure 5.1: Plot of relative error ‘H”(r)—ﬁ“(r)’/lH“(r)l Versus r. Tmin
10 Fnax = V3, 1 = 4,y = 0.7, &, = 107* and § = 107°. wy = —4,
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Figure 5.2: Plot of relative error |H”(r)—Hl‘(r)|/|H”(r)| versus r. rmin =
1074 Fmax = V3, 4 =10,y = 1,6 = 107* and §y = 1071, wy = —4,
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107, Fiax = V3, 1= 0.1,y = 0.4, ¢, = 107 and &y = 107™*. wy = —4,
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displayed in purple.



Discussion

The purpose with this thesis was to investigate the possibility of reducing the
separation rank for the separable representations of the Poisson and complex
Helmholtz kernels, and look for a feasible separable representation of the

(non-complex) Helmholtz kernel.

In both of these cases we succeeded, we found an easy method that proved
successful in finding near optimal separation ranks for the Poisson and complex

Helmholtz kernels.

In the second case we found a separable representation, that also, with some
careful parameter choices and mappings can give us a separable representation
of the Helmholtz kernel with a relatively small separation rank. However, for
some cases the separation rank can be large (for instance for the imaginary
part when p is small). This means that for a large enough separation rank we
risk the complexity of applying the separable version of the operator exceeds
the complexity of directly applying it. But one must also remember that

the storage requirement of separable integral kernels are much smaller than
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kernels that has not been separated. Meaning operators that may not have
been possible to efficiently store in a computer, can be stored efficiently, then

by this reduce the computation time.

6.1 Future work

For the Poisson and complex Helmholtz kernels, there is not much to be done

further, we are pretty much at an optimal configuration.

For the Helmholtz kernel, one can look for more optimal quadratures in the

evaluation of the integrand as p varies. Especially find an accurate method to

1 Vo 2
f e T dr (6.1)
0

2ﬂ—3/2

evaluate the integral

accurately with a small separation rank, to achieve this the paper in reference

[22] may prove helpful.



A

Bessel Functions

Bessel functions y = y,(x) are solutions of the Bessel differential equa-
tion

d?y 1dy K2
dx2+xdx+( xz)y (A1)
or equivalently
4%y dy 2 _ 2\, _
x@+xa+(x —K)y—O (A.2)

where x is a constant.

Special types of Bessel functions are what are called Bessel functions of the
first kind y = Ji(x), Bessel functions of the second kind y = Y,(x) (also called
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Neumann functions and often written y = Ni(x)), and Bessel functions of the
third kind y = HY(x) = Je(x) + iYe(x) and y = H®x(x) = Jo(x) — iY(x)

(also called Hankel’s functions). For more information see [25, 26]

A.1 Transformed Bessel differential equation
Following Bowman [27] we seek an equation satisfied by

y = x“y(Bx¥) (A.3)

where @, f and y are constants. If we put

n== £=px (A.4)
X

then (A.3) gives n = Ji(¢), hence

2
§zj—§’§+§j—g+<§2—xz>n=o As)
and since
d (,dn) _ ,d’n . dp
e () - o "o

then (A.5) can be written

fi ({fd—n) +(E -k =0 (A7)
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by the chain rule

dn _dnd
dé  dxdf
where
de 1 (ﬁ)"l _x
d¢  yp\p 3
therefore
dp _xdp
dé ydé
then

follows immediately. Next using the product rule we find

dn d _ 1 dy «
X— =x—yx " = —_ - —
dx dxy

again using the product rule we find

xa xdx

d { dn 1 d%y 20{—1dy+oc2
Cx%2dx2 xe 1 dx x“
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(A.9)

(A.10)

(A.11)

(A.12)

(A.13)
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hence the equation satisfied by y is

1 (1 dy 2a-1dy a2 2 — k2
L2 -2 1:2/ 1 y Y ﬁ y=0 (A14)
Y4 \x% = dx X% dx x“ x“
or
d%y 2a—1dy 2,2,2 a? — k%y?
— 2y 2 7 ly=0 A.
dx2  «x (ﬁ x? Y (A15)
with corresponding general solutions
= x% [AJ(Bx") + BY,(px")] (A.16)
(A.17)
A case of particular interest to us is when o = —5, k=3 y=1land ff = +p
where p is a positive real constant, then (A.15) reveal 1tself as
d2y+2dy+ 2y=0 (A.18)
a2 T xax HYT '
the corresponding general solution (A.16) then takes the form
Y= X7z [A]l (£pux) + BY1(+,ux)] (A.19)

using [23] we find

J

N=

(tp) = 4 /isin(/fx) (A.20)
HTT x2
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2
Y1 (2 =,/—C°S(f’ *) (A.21)
2 KT x2

with this we select A’ = iA, ,u%r =B /%’ and with Euler’s identity [28] a

solution to (A.18) is

and

eii,ux
(A.22)

yr(x) = A’

A equally relevant case for us is when o = —%, K = %, y =1and f = +ip

where p is a positive real constant and i is the imaginary unit. Now (A.15)

transforms into

dy 2dy
-7 _ =0 A.
dx?  xdx / (8.23)
with corresponding solutions
(A.24)

y=x? [AJ1 (2ipx) + BY) (i)

using [23] and selecting A in a similar way as we did in the previous case we

and
h(+
_ 4cosh(xpx) (A.26)
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X

This combined with the identity cosh(x) + sinh(x) = €3 + €56~ = ¥

equation (A.24) takes the form

ethHx

yi(x)=A
X

(A.27)



Rotational invariance of the
homogenous Laplace,
complex Helmholtz and

Helmholtz equations

The content here is from [29], and expanded to be valied for the complex

Helmholtz and Helmholtz equation.

An equation is rotationally invariant if the equation does not change under
rotations around some point. Here we show how Rotational invariance of
Lu = 0, that is, if A is an orthogonal n X n where the matrix elements are

denoted a;;.
We define
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v(x) = u(Ax)

n

Dyv(x) = ) Deu(Ax)ag,
k=1
n

Dijo(x) = Y > Duu(Ax)ajay,

I=1 k=1

(B.1)

(B.2)

(B.3)

Since A is orthogonal, then AAT = I where I is the n X n identity matrix, and

T denotes the transpose. Thus for all k,[ = 1,...,n

(V2 + c)o(x) = Z Dyju(Ax)agia;j + cu(Ax)

n

kiu(Ax) (Z akiali) cu(Ax)

I
S

i=1

Diqu(Ax) (Z (skz) cu(Ax)

i=1
That is

(V2 + c)o(x) = (V2 + ¢)u(Ax) = 0

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

thus The homogenous Laplace, complex Helmholtz and Helmholtz equation

are rotationally invariant.
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