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Abstract. The paper deals with a homogenization problem for a nonlocal linear operator with
a kernel of convolution type in a medium with a periodic structure. We consider the natural diffusive
scaling of this operator and study the limit behavior of the rescaled operators as the scaling parameter
tends to 0. More precisely we show that in the topology of resolvent convergence the family of rescaled
operators converges to a second order elliptic operator with constant coefficients. We also prove the
convergence of the corresponding semigroups both in L2 space and the space of continuous functions
and show that for the related family of Markov processes the invariance principle holds.
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1. Introduction. Recently there has been an increasing interest in the integral
operators with a kernel of convolution type. These operators appear in many appli-
cations, such as models of population dynamics and the continuous contact model,
where they describe the evolution of the density of a population; see, for instance,
[4, 5, 8, 11, 12] for the details. In these papers only the case of spatially homogeneous
dispersal kernel has been investigated. We focus in this paper on the spatially inhomo-
geneous dispersal kernel depending both on the displacement y —x and on the starting
and the ending positions z,y € R%. We also mention here that the convolution-type
nonlocal operators describe the evolution of jump Markov processes (see, for instance,
[5]). If we compare convolution-type operators with the second order elliptic differen-
tial operators being the generators of diffusion process we can observe that some of
the properties of these two classes of operators are quite similar while the others are
rather distinct.

In this connection it is interesting to understand which homogenization results
obtained for elliptic differential operators with rapidly oscillating coefficients (see, for
instance, [6, 10]) remain valid for nonlocal convolution-type operators and which are
not. In this paper we study a homogenization problem for convolution-type operators
in a periodic medium.

We consider an integral convolution-type operator of the form

(1) (Lu)(x) = A(x) /Rd a(z — y)u(y)(uly) — u(z))dy.

Here A\(z) and p(y) are bounded positive periodic functions characterizing the prop-
erties of the medium, and a(z) is the jump kernel being a positive integrable function
such that a(—z) = a(z). The detailed assumptions are given in the next section.
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We then make a diffusive scaling of this operator

2) @) == (2) [ a(T (L) ) - ule)is

9 9 9

where ¢ is a positive scaling factor. Our goal is to study the homogenization problem
for operators L¢, that is, to characterize the limit behavior of L¢ as ¢ — 0.

Homogenization theory of differential operators is a well-developed field, and there
is a vast literature on this topic; we mention here the monographs [2] and [10]. In con-
trast with differential operators, the homogenization theory for nonlocal operators is
not so well-developed. In the existing mathematical literature there are several works
devoted to homogenization of integro-differential equations with Levy-type operators,
where an essential progress has been achieved. In particular, in [1] the periodic ho-
mogenization problem for equations with the Levy operator has been considered in the
framework of viscosity solutions; the work [15] deals with homogenization of nonlinear
equations with Levy-type operators.

In [9] jump-diffusions with periodic coefficients driven by stable Lévy processes
with stability index o > 1 were considered. It was shown that the limit process is an
a-stable Lévy process with an averaged jump-measure.

The paper [13] deals with scaling limits of the solutions to stochastic differential
equations with stationary coefficients driven by Poisson random measures and Brown-
ian motions. The annealed convergence theorem is proved, in which the limit exhibits
a diffusive or superdiffusive behavior, depending on the integrability properties of the
Poisson random measure. It is important in this paper that the diffusion coefficient
does not degenerate.

In the recent work [14] the homogenization problem for a Feller diffusion process
with jumps generated by an integro-differential operator has been studied under the
assumptions that the corresponding generator has rapidly periodically oscillating dif-
fusion and jump coefficients, and under additional regularity conditions. It should
be noted that the generators considered in [14] have a nonzero diffusion part which
improves the compactness properties of the corresponding resolvent.

In contrast with the abovementioned papers we consider here the homogenization
problem for integral operators with an integrable kernel that oscillates both in = and
y variables.

The goal of the present work is to prove a homogenization result for the operators
L&. More precisely, we are going to show that the family L° converges to a second order
divergence form elliptic operator with constant coefficient in the so-called G-topology,
that is, for any m > 0 the family of operators (—L¢ + m)~! converges strongly in
L?(R?) to the operator (—L° +m)~!, where L = ©% az?;mj with a positive definite
constant matrix ©.

As a consequence of this convergence we obtain the convergence of the corre-
sponding semigroups.

Under additional regularity assumptions on the functions a(z), A(z), and wu(x)
the operators L and L¢ act in the space Cy(R?), where Cy(R?) stands for the Banach
space of continuous functions vanishing at infinity with the norm || f|| = sup |f(x)|.
Also these operators generate Markov processes with trajectories in the space of cadlag
functions with values in R?; we denote this space by Dga[0,00). Our second aim is to
show that under the mentioned conditions the homogenization result is also valid in
the space Cp(RY) and that under the diffusive scaling the invariance principle holds
for the family of rescaled processes.
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The methods used in the paper rely on asymptotic expansion techniques and
constructing first and second order periodic correctors. Notice that, in contrast with
the case of differential operators, in our case the kernel of integral operator in the
auxiliary cell problem differs from the kernel in the original problem. This is an
interesting feature of the studied nonlocal operators.

Another crucial feature of the nonlocal operators considered here is the noncom-
pactness of their resolvent. In this connection we cannot use the techniques based
on the compactness of the family of solutions. Instead we construct an ansatz that
approximates the solution in L? and Cy norms. In order to justify the solvability of
the cell problem we use the fact that the corresponding auxiliary periodic operator can
be represented as the sum of a bounded coercive operator and a compact operator.

The paper is organized as follows. In section 2 we provide the detailed setting of
the problem and formulate our main results.

Then in section 3 we introduce a number of auxiliary periodic problems, define
correctors, and prove some technical statements.

Section 4 is devoted to the proof of the homogenization result both in the space
L?(R9) (Theorem 1) and in the space Co(R?) (Theorem 2).

Section 5 deals with the convergence of the corresponding semigroups. We also
prove in this section the invariance principle (Theorem 3).

2. Problem setup and main results. In this section we provide all the con-
ditions on the coefficients of operator L and then formulate our main results.
For the function a(z) we assume that

3) a(z) € L'(R?) N Lo (R), a(2) 2 0; a(—2) = a(2),
and
4) llallLr(ray = /Rd a(z)dz = a; > 0; /Rd |z%a(2) dz < occ.

Functions A(z), u(z) are periodic and bounded from above and from below:
(5) 0<ar < Ax), pl) <ay < oco.
In what follows we identify periodic functions with functions defined on the torus

T¢ = RY/Z?. The operator L is a bounded (not necessary symmetric) operator in
L?*(R%). Indeed, letting

(Lu)(@) = Na) [ ale = sl dy

we have for any u € C$°(R?)
I = [, [, [ 2@ it - D)) dedyda
<at [ [ [ ale—nlulas = 2)u(o)] ddys
=aj /]Rd a(y) dy /]Rd a(z) dz/Rd lu(z + )| |u(z + 2)|dz

4
< a%%”“”%?(n@)'
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Therefore, L™ can be extended to a bounded operator acting from L?(R?) to L%(R?).
This implies the boundedness of L. We denote the space of bounded operators from
L?(RY) to L?(RY) by L(L?(RY), L*(R%)).

Let us consider the family of operators

(©) ) = 5z [ a(FE)AE)n(L) () = uta))an

9 9 9

Since for any € > 0 the bounded operator L is symmetric and nonpositive in the
space L?(R%, v.) with v.(x) = %, then by the spectral theorem

1
—IF -1 <
[[(m ) HL2(Rd7u5) =

for any m > 0. Under our assumption (5) we have

N2 @y < M 1Z2@an,) < %20 f1Z2@e

with
0 <y <rvelz) <79 < o0

Therefore, for any m > 0 the operators (L —m)~! are bounded in L?(R%) uniformly
in e.

We are interested in the limit behavior of the operators L¢ as ¢ — 0. Since the
norm of Lf in L?(R?) tends to infinity, the limit operator, if it exists, need not be
bounded. We are going to show that the operators L® converge in the topology of
resolvent convergence. Let us fix an arbitrary m > 0 and define u® as the solution of
the equation

(7) (LF —m)u® = f, ie., u®=(LF—m)'f,
with f € L2(R%). Denote by L° the following operator in L?(R%):

9%u

0, — @i
® Lu=6 0x'0xI

=0 -VVu, D(L°) = H*R?)

with a symmetric positive definite matrix © = {©%}, i j = 1,...,d, expressed (in
(38)) in terms of a corrector s solving in turn the cell problem (24). Here and in what
follows we assume the summation over repeated indices; © - VVu stands for ©% affa“m =
Notice that L° is a nonpositive self-adjoint operator in L?(R%), and therefore for any

m > 0 the operator (L% — m)~! is bounded. Let ug(x) be a solution of the equation

(9) ©-VVuy —mug = f, ie., ug=(L°—m)'f,

with the same right-hand side f as in (7).
Our main results read as follows.

THEOREM 1. Let functions a(x), A(z), and u(x) satisfy conditions (3)—(5). Then
for each m > 0 the family of resolvents (L€ —m) ™1 converges strongly to the resolvent
(L° —m)~1, as e — 0, that is, for any f € L?>(RY) it holds that

(10) II(LF — m)*lf - (LO - m)71f||L2(Rd) —0, as e—0.

The analogous result holds in the space Co(R?) under natural additional assump-
tions on the operator L.
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THEOREM 2. Suppose the function a(x) satisfies the following conditions:

(1) a(@) € CRY), a(x) = a(~z), a(z) >0, a(x) < TZM

with 0 > 2.
Assume furthermore that A\(x), u(x) are continuous and periodic functions satisfying
bounds (5). Then for each m > 0 the family of resolvents (L — m)~1 converges
strongly in Co(R?) to the resolvent (L° —m)~!, ase — 0, that is, for any f € Co(RY)
it holds that

(12) |(LE —m)~ f — (Lo—m)—lfHCO(Rd) -0, as €¢—0.

Consider the Markov semigroup T'(t) generated by the operator L defined in (1)
and the corresponding Markov jump process X. The family of semigroups T¢(t) is
generated by the operators L¢ given by (6). It is obtained by diffusion scaling of the
semigroup T'(t), and we denote the corresponding rescaled Markov jump processes
by X.. We show that the processes X, converges in the path space to a Brownian
motion B(?®) with covariance matrix 20, where matrix © is defined in (38).

THEOREM 3 (invariance principle). Let X, be a Markov process corresponding
to the semigroup T¢(t) with an initial distribution v, and Xo be a Markov process
corresponding to the semigroup TO(t) with the same initial distribution. Then the
Markov processes X. and Xo have sample paths in Dgra[0,00), and X, = Xy in
DRd [0,00)

3. Correctors and auxiliary cell problem. In this section we introduce a
number of auxiliary functions and quantities that will be used in the further anal-
ysis. We are going to approximate the solution u® of problem (7) using an ansatz
constructed in terms of the solution ug of the limit problem (9). To this end we
consider auxiliary periodic problems, whose solutions (so-called correctors) are used
in the construction of this ansatz and define the coefficients of effective operator L°
in (9). We first deal with functions from the Schwartz space S(R?).

LEMMA 4. Assume that u € S(RY). Then there exist functions »; € (L*(T?))¢

and s € (L? (’]I‘d))d2 (a vector function e and a matric function ) and a positive
definite matrix © such that for the function w® defined by

Slp) — zy. 2, ().
(13) w®(z) = u(z) + €31 (E) Vau(z) + e (6) VVu(z)
we have
(14) Lfw® =0 -VVu+¢., where lim [|¢c|p2@e) = 0.
e—0

Proof. After substituting w® defined in (13) for u in (6) we get

0= 2 [ oI (2) 5t (2
-VVuly) —u(z) — e (g) - Vu(x)

- Ez%g(g) . VVu(x)}dy.
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After change of variables ==¥ = z we get
(15)
(L7w®)(x)
1 x x x
2 Rdz a(Z)/\(g)U(g - Z) {u(x —ez)+em (g - z) -Vu(x —ez)

+ 255 (g - z) - VVu(x —ez) — u(x)

—5%1(6) Vu(r) — & %2(6) VVu(z )}

Using the following identity based on the integral form of the remainder term in the
Taylor expansion

/—ux—i— x)t)dt:u(x)—i—/o Vu(z + (y —2)t) - (y — x) dt,

1
u(y) = u(z) + Vu(zr) - (y — x) + /0 VVu(z + (y —2)t)(y — ) - (y — 2)(1 - 1) di,

which is valid for any z,y € R?, we can rearrange (15) as follows:

(L7w)(x)
1 T T 9 !
== Rddz a(z )/\(g)u(g - z){(u(x) —ez-Vu(x) +¢ /0 VVu(x — ezt)
x
-z®z(1—t)dt+5%1(g —z)
: (Vu(ac) —eVVu(z) z
1
+e? / VVVu(x —ezt)z @ z(1 —t) dt)
0
2, (L _.). —ez) — _ z
+ € %2(8 z) VVu(zr —ez) — u(x) 8%1(6)
i _ 2
Vu(z) —¢ %2(5) VVu(z )}
where
z®z={z" zj}‘ VVu(-)z = 8?u ()27
=17 Ozt O
and o
. =T ik
VVVu()z ® z axiaxjaxk( )20 2%,
Collecting power-like terms in the last relation we obtain
(16)
(L7w)(x)

(@ [ (e (E ) (2 n(E )
Qv [ {Leoszon(l-2)ra(l ) ()

a(@)u(Z—2) dz+ 6.(x)
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with
1
6:0) = 5 | dzaN (2 (% - 2)
1 &2
X {52/ VVu(x —ezt) - 2@z (1 —t) dt — =VVu(z) - 2® 2
an : i

1
+ &% (f - z) . / VVVu(x —ezt)z @ z(1 —t) dt
€ 0

1
_ (). _
€ %2(6 z) /OVVVu(x azt)zdt}.

Next we prove that ||¢e is vanishing as ¢ — 0.

||L2(Rd)

PROPOSITION 5. Let u € S(R?), and assume that A\, are periodic functions
satisfying bounds (5), and all the components of »1 and »a are elements of L*(T9).
Then

(18) |‘¢5(x)||L2(Rd) — 0, as € — 0.

Proof. The first term on the right-hand side in (17) (the term of order £°) reads
(19)

¢t (x)
1 x T 1
=3 Rddz a(z)/\(g)u(g - 2)52/0 (VVu(x —ezt) — VVu(x)) 2®@z(1—t)dt
1
x x
= d M= )u(= - VVu(z —ezt) — VV : 1—t)dt
[ e E(E =) [ (TFuta— ) 95ute) 051
1
x x
d M)z - —ezt) — - 1—t)dt
+/Z>R z a(2) (s)u(s Z)/o (VVU(:C ezt) VVu(x)) 2 ® 2( )
— ¢§1,§R)($) +¢§1,>R)($).
Then
1685 2 g
1
< a3 sup HVVu(x—szt)—VVu(a:)HLz(Rd)dz/ | 2|2 a(z)/ (1—t)dtdz
|z|<R R4 0
2
_ % B _ )
=5 IflungHVVu(x ezt) VVu(x)HLQ(Rd)dz /Rd |2|* a(z) dz
and

1687 gy < 203V V(o) oy [ e ¢
z|>

If we take R = R(e) = \/ig, then both
||¢§1)SR(E))HL2(RL1) —+0 and ||¢§1)>R(6))HL2(RL1) — 0, as € — 0.
This yields

(20) 168 oggay = 0, as & = 0.
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For the second term on the right-hand side of (17)

¢ (z) = €/Rd dz a(z)/\(g)u(g - z)%l (E - z) : /01 VVVu(z —ezt)z @z (1 —t)dt

€

we have

162 @) 2

21
@) <Za2 sup
2 z,q€RY

|22 a(z) dz.

L2(R4)4? Jpa

1 (g - z) VVVu(z — ez + q)‘

We estimate now sup, gcpa [|501(% —2) VVVu(z — €2+ q)|| 12 (gayaz. Takingy =z —ez
and considering the fact that the function s is periodic we get

sup %1(g) VVVu(y+q)‘ %1( ) VVVU(Z/+Q)‘

geR4

= sup
L2(Rd)d2 geeTe

L2(Rd)d2

Let us show that this quantity admits a uniform in € upper bound. Indeed, denoting
Ii(¢) = ek + eT?, k € Z¢ with T = [0, 1]¢, we have

; AVAV; H
qesns ”1(5) Y F DY gy
d
< sup Z / y [(’911- Oy Opmu(y + qﬂ2 dy
geeT?; 27 l m=1kezd Ik ()

Z Z max [8Ij31131mu(y—|—q)}2/ zf(g) dy

d
jlm=1kezd y€l,(e), g€eT I (e)

= s llfL2payye €° Z ST max (8,00, 0mmuly +q)]”

y€lk(e), geeT?

j,lym=1keczd
d
— lsallfzaeras Y 1905001 Oemull 7o zay,
7,l,m=1

as € — 0. Here we have used the fact that for a functions ¢ € S(R9)

g max Yy +q) — /Rdw(x) dr, —0.

—a YED: (), q€eT

Thus from estimate (21) it follows that H¢§2)|\L2(Rd) —0,ase — 0.
Similarly for the third term on the right-hand side of (17) we have

(22) 1168 (@)l r2me)
1
/Rd dz a(z)/\(g)u(g - Z)%g (g - z) -/0 VVVu(x —ezt) z dt

=¢
L2(R4)
2 ) Yy
< ec(d)as </Rd |z| a(z) dz) ;euﬂgl %2(5) VVVu(y + q)H(LQ(Rd))d <eCs
for all sufficiently small €, since as above we have for all ¢, j,[,m,n
|4 (£) 02100 0umuty + q)\ oy~ 18 Ny 192001 Bm
as € — 0, uniformly in ¢ € R%. 0
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Our next step of the proof deals with constructing the correctors 7 and s5. De-
note { = £ a variable on the period: £ € T? = [0,1]%, and then A(£), p1(€), 21 (€), 22(€)
are functions on T¢ and (16) can be understood as equations for the functions
31(8), 72(€), € € T? on the torus.

We collect all the terms of the order e ! in (16) and equate them to 0. This yields
the following equation for the vector function s (¢) = {54 (€)}, € € T4, i =1,...,d,
as unknown function:

(23) Ad(—zi+%i(f—z)—%i(§)) a()u(€ —2)dz=0 YVi=1,...,d.

Here 5¢1(q), q € R%, is the periodic extension of » (€), ¢ € TY. Notice that (23) is a
system of uncoupled equations. After change of variables ¢ = ¢ — z € R?, (23) can be
written in the vector form as

(24) /Rd a(§ — q)u(q)(sa(q) — 1 (§)) dg = /Rd a(§ —q)(§ — q)ulq) dq

(25) A%l =h

with the operator A in (L2(T9))? defined by

(26) (Ap)(&) = /Rd a(§ —q)u(q)(p(q) —p(§)) dg = /w a(§ —n)p(n)(en) —@(§)) dn

and
(27) a(n) =Y aln+k), neT™
kezd
Observe that the vector function
(28) ) = | alé —aula)(¢ —a) da € (LT

because the function h(¢) is bounded for all ¢ € T

‘/ a(§ = q)(§ — q)u(q) dq‘ < az/ a(z)|z| dz < oc.

R4 Rd

In (25) the operator A applies componentwise. In what follows, abusing slightly the
notation, we use the same notation A for the scalar operator in L?(T%) acting on each

component in (25).
Let us denote

Kp(§) = /Rd a(§ — q)u(q)»(q) dg, @ € L*(T%).

PRropoOSITION 6. The operator
29) Ko(€) = [ o€~ aul@ele) do= [ atc—mutmptn) dn. ¢ e 121,

is a compact operator in L%(T4).
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Proof. First we prove that K is the bounded operator in L?(T9). The set of
bounded functions B(T9¢) c L2(T9) is dense in L?(T?). Let ¢ € B(T?), and then the
integral

< az a; max|p(q)|

| ate = an@et) do

is bounded. Using Fubini’s theorem and denoting w(q) = u(q)e(q) we get

1Kol = [ [ ata=€uta) da [ ala' = ula') du’ de

(30) = [ [ at@rat) ([ wte + opue+ ae ) dz a
Rd JRd Td
2
< lulscre [ a2)as) < alalisallolrer
Consequently the operator K can be expanded on L2(T%), and we have

K¢l 2(rey < azllal|piwe |l 2y, @ € LA(T?),

or

(31) 1K | 2ez2(rey, L2 (1)) < azllallLrgey-

To prove the compactness of K we consider approximations of K by the following
compact operators:

(Kne)©) = [ (e~ u@ela) o with ax(2) = a(z) Xy mslz).
Since a — ay € L'(R?), using (31) we get
||K — KNHLz('JI‘d) S aQHa — aNHLl(Rd).
Consequently, || K —Kn||z(z2(ray,22(re)) — 0, as N — 00, and K is a compact operator
as the limit of the compact operators K. a
The operator
32) Gol©) = 9(©) | al€=amla) da=(©) [ at€—nntn) dn. ¢ e 1T,

is the operator of multiplication by the function G(£) = [p. a(§ — q)u(q) dg. Observe
that

0<go<G(§) < g2 < 0.
Thus, the operator A in (26) can be written as A = K — G, where G and K were
defined in (32) and (29). Therefore —A is the sum of a positive invertible operator G
and a compact operator —K, and the Fredholm theorem applies to (25). It is easy to
see that Ker A* = {u(€)}, and then the solvability condition for (25) takes the form

(33) [ meute) ac = o

The validity of condition (33) for the function h defined in (28) immediately follows
from Proposition 7.
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PROPOSITION 7. For any periodic functions u(y), Ay), y € RY we have if
a(x —y) = aly — x), and then

(34) /R/T a(z -y da:dy—/Rd/Td a(z — Y)p()\y) do dy;

if b(x —y) = —b(y — ), then
/ o~ i@ do dy = [ [ b= @A) do dy
Rd JTd Rd JTd
Proof. Using periodicity of 1 and A we get for any z € R?

/Td w(z + x)A\(x) dx :/ p(u)A(u — 2) du.

Td

Consequently, we have

/ / Y— ) dxdy—/ / w(z + z)\(x) dr dz
Rd JTd Rd JTd
// a(z — y)u(z)\(y) dz dy.
Re JTd

Recalling now the relation a(z — y) = a(y — ) yields (34).
Similarly using that b(x — y) = —b(y — x) we get

/ bz — )uy)A() dz dy = — / by — D)u(y)A(x) de dy
Re JTd Re JTd
—/ b(z)u(z + 2)A(x) dx dz
Rd JTd
- / bz — y)u(@)A\(y) d dy.
Rd JTd

Proposition 7 is now proved. a

Thus, the solution s (£) of (25) exists and is unique up to a constant vector. In
order to fix the choice of this vector we assume that the average of each component
of 511(€) over the period is equal to 0.

At the next step we obtain the limit operator LY. To this end we find the matrix
function 50 (&) = {367 (€)}, » € L?(T?), such that the second term on the right-hand
side of (16) takes the form

d
o 0%u(x)
ij
(36) ijzzl © 0xtoxI

with a constant matrix © = {@ij }. This leads to the following equation for the
functions s (§) for any i,j =1,...,d:

Gk

37 (A0 = 3

- /R a(z)p(€ - 2) (%zzf — 2 (€ - z)) dz,
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where the operator A is defined in (26). The matrix © is then determined from the
following solvability condition for (37):

i [ 1O L g Lo Vit — Vale —
RS CEa [, L 566 = a6 = apats = amtane) da ae

~ [ [ ot~ omtamere - o) da de

for any 4,j. Although the matrix © need not be symmetric, only its symmetric part
matters in (36). Abusing slightly the notation we identify matrix © with its symmetric
part.

PROPOSITION 8. The integrals on the right-hand side of (38) converge. Moreover,
the symmetric part of the matriz © = {©%} defined in (38) is positive definite.

Proof. The first statement of the Proposition immediately follows from the exis-
tence of the second moment of the function a(z). Since the integral [, % d¢ equals
a positive constant, it is sufficient to prove that the symmetric part of the right-
hand side of (38) is positive definite. To this end we consider the following integrals,
symmetric for all 4, j,

) 19 = [ [ a6 =@ (€~ )+ (al6) = a (@)’
((€ = a) + G (&) = 0 (0))) dad,

and prove that the symmetric part of the right-hand side of (38) is equal to I:

=67 +& = [ [ (€=~ 0ol — Do) do de
(10) ~ [ ] ate = amtn(e)e ~ a)'elta) da a
- [, ] ate = am@n(©) o)’ (o) da e

Using (35) we have

/Td /Rd (& — q)'a(€ — q)ulq)u(€)5d (€) dg dE

T /w /Rd (€ = a)'al€ — @)ula)u(€) 7] (q) dgdé.

Consequently,

/Td /Rd a(€ — u@)pE)(€ = a)' (a(&) — s (q)) dg dé
(41) |

=2 [ ] (€= a'alé - o)) dade.
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Further, combining (24) on 71 with (34)—(35), we get
/ / — @)p(@)(&) (321(§) — 21(9))"54] (€) dg d&
Td JRA
—/ ()5 (€) / a(& — Q) ulq) (e (€) — 31(q))t dq dé
T /qr /R a(€ = q)(€ — @)’ () p(€)54 (€) dq dé
= /Td /Rd a(é — q)(€ — @)’ () (€)54 (q) dq dé

and
~ [, ] ot~ onlnta)oa (©) — () ) da de
- /T /R a(é — q)u(@)p(€) (> (q) — 51(€)) 54 () dq dE
= [ [ ole~ amtan(©6a(©) - (0 A (6) da de
= / / a(€ = q)(€ — 0’ n(@)n(€)> (q) dg d&.
Td JRA
Thus

/ﬂ‘d /Rd a(€ — Q)p(€)ulq) (a1 (€) — 71(0))' (51 (€) — 5 (q))’ dg dE
:/ / a(&—q)u(f)u(q)((g_q)i%{(q) n (€—Q)j%i(q)) dq de.
Td JRd

which together with (39) and (41) implies (40).

The structure of (39) implies that (Iv,v) > 0 for all v € R% and moreover
(Iv,v) > 0 since 37 (q) is the periodic function while ¢ is the linear function, and
consequently [((£ — q) + (321 (€) — 321(q))) - v]? cannot be identically 0 if v # 0. 0

Thus equality (14) follows from (15)—(16), (23), and (37). Lemma 4 is proved. O

Under a natural additional assumption on the operator L the statement similar
to that of Lemma 4 holds in the space Cp(R?).

LEMMA 9. Let conditions (11) be fulfilled, and assume that A(z), p(x) are contin-
uous, periodic functions satisfying bounds (5). Then there exist periodic continuous
functions 311 and s (a vector function s and a matriz function ) and a positive
definite matriz © such that for any function u € S(R?) and the function w® defined

by

Sl — 2. (L) .
(42) w®(z) = u(x) + 30 (6) Vu(z) + ¢ %2(;3) VVu(zx)
we have
(43) Lfw® =0 -VVu+¢., where lim ||¢c||cyma) = 0.
e—0
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Proof. First we have to check that w® € Cy (R%). To this end it suffices to show
that st s € C(T9), where 5, s are solutions of (25), (37), respectively. We recall
that the equation on s reads

(44) [ e = mutn)a(n) — sa(€)) dn = hee),
’]I‘(J/
where the function & € C(T?) was defined by (27), and
(45) h(§) = » b(& —mu(n) dn € (C(TY))Y, b)) =Y aln+k) k.
kezd

As was shown above, see (33), [, h(§)u(€) d§ = 0, and consequently the solvability
condition holds, and there exists a solution s, € (L?(T%))? of (44). We will show now
that s} € C(T4) for alli =1,...,d.

Let us rewrite (44) for each i as

) (P-By =g F©=" 0@ = [ ale—nutn) do>o
with
(47)
_ —al§—=n)un) B
(Pe)(§) = /po(ﬁ,n)@(n) dn, p(&n) = 0 /po(f,n) dn=1VE&.

Then P is a compact positive operator, such that P” is a positivity improving opera-
tor in C(T9) for some n € N (i.e., if ¢ > 0, then P"¢p > 0), and by the Krein-Rutman
theorem there exists the maximal eigenvalue Ay = 1 corresponding to the eigenfunc-
tion o(n) = 1, and other eigenvalues of P are less than 1 by the absolute value.
Consequently, C(T%) = {1} @ H; with

= {vecms [ umanvm a=of.

One can easily check that H; is an invariant subspace for P. Using Neumann decom-
position for the operator P, — E with P; = P|3, we can see that the operator P — FE
is an invertable operator on H; mapping #H; on itself. Thus,

s =—(E—P) 'g € C(TY).

Similarly, we get %;j € C(T?) for all 4,5 = 1,...,d, for the solutions of (37). Thus
we € Cy (Rd)
The convergence

| LFw® — LOUHCO(Rd) = |¢ellcomay = 0 as e =0

can now be justified in exactly the same way as in Lemma 4. d
4. Proof of Theorems 1 and 2.

Proof of Theorem 1. We consider first the case when f € S(RY) and prove that
a solution u® of problem (7) converges to a solution ug of problem (9) in the space
L?(R9):

(48) HUE — u0||L2(Rd) — 0, as € — 0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/21/18 to 158.39.85.101. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

78 A. PIATNITSKI AND E. ZHIZHINA
Let us consider a perturbation v° of the function ug defined by the ansatz (13):
(49) v (2) = ug(@) + 501 (g) Vug(z) + e (g) - VVuo(z)

with periodic vector function s (z) € (L?(T%))? and periodic matrix function s (z) €
(L? (’]I‘d))d2, that have been defined by (25) and (37). Since LY is an elliptic operator
with constant coefficients and f € S(R?), ug € S(R?) and v¢ € L*(R?) is correctly
defined.

LEMMA 10. Let u® and v® be defined by (7) and (9), (49), respectively. If 31 and
39 are the solutions of (25) and (37), then for all f € S(R?)

[v® = ullp2ray = 0

as e — 0.
Proof. We have from (14) that

Lfv® = © VVug + ¢,
where ||¢c || f2(ray — 0 as € — 0. Then
(L5 =m)v® + m(v® —ug) = O VVug — mug + ¢ = f + ¢.
Since [|v® — uol| 2(ray — 0 due to representation (49), we get

(50) (LF —m)v® = f+ ¢ with [|§e||p2ray — 0.

1

For the operator (L® —m)~" we have

(L5 — m)71|‘L(L2(Rd),L2(Rd)) <C

with C' being independent of e. Then using (50) we obtain

F = (L= m) T = (= m) T (L =t e ) = v — (L5 —m) U

u
and .

[v° — u®|| 2 ey = [|(L° — m)_lébsHL?(Rd) — 0.
This completes the proof of the lemma. d

COROLLARY 11.
lu® —uollL2(ray = 0 as € =0,

i.e., (48) holds for any f € S(RY).

We complete now the proof of Theorem 1. For any f € L2?(RY) there exists
f5 € S(R?) such that [|f — fs||z2(re) < 0. Since the operator (L¢ —m)~! is bounded
uniformly in €,

(51) lus — vl L2may < C16
and
(52) lluo,6 — uollp2(may < C16,
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where
ut = (L5 =m)7'f, wo = (L0 —m) " f, u§ = (L7 —m)" fs, wos = (L% —m)" fs.
Since [|u§ — 10,6/l 2(ray — 0 by Corollary 11, (51)-(52) imply that

g1_1>1(1) HUE - U0||L2(Rd) < 201(5

with an arbitrary small § > 0. This implies that ||u® — uo|| 2(gay — 0, as € — 0. This
completes the proof. a

Proof of Theorem 2. For any f € S(R?), the convergence of u® to ug relies on the
statement of Lemma 9. Since L° satisfy the positive maximum principle, the operators
(Lf —m)~! are bounded in Cy(R?) for any m > 0 uniformly in e. The remaining part
of the proof of Theorem 2 follows the line of the proof of Theorem 1. d

5. Convergence of semigroups. In this section we consider the semigroups
T<(t) generated by the operators L€ defined in (6) and show that the approximating
sequence in the form of ansatz (13) or (42) can be used to prove the convergence of
the semigroups.

5.1. Convergence of semigroups in LZ(R?). Since for any ¢ > 0 the bounded
operator defined in (6) is symmetric and nonpositive in L?(R%, v.), where v(y) = %
and v.(z) = v(%), by the Hille-Yosida theorem it is the generator of a strongly contin-
uous contraction semigroup 7¢(¢) in L2(R?,v.). Denote T°(t) a strongly continuous
contraction semigroup in L?(R?) generated by LO.

LEMMA 12. For each f € L?(R?) there holds T¢(t)f — T°(t)f, t > 0. Moreover,
this convergence is uniform on bounded time intervals.

Proof. The space S(R9) is a core for the operator L°. By the approximation
theorem [7, Chapter 1, Theorem 6.1] it is sufficient to show that for any u € S(R?)
there exists w® € L?(R?,v.) such that

(53) lw® —ull 2@, ) — 0
and

(54) ILFw® — Lol 2(ga by — O
ase — 0.

Notice that under our assumption (5) the bounds hold:
0 <y <rvelx) <79 < oo
Therefore, the convergence (53)—(54) is equivalent to
(55) w® = ullpe@ay =0, [|L°w® — Lou|| z2(gay — 0.
For w® we take the function defined by (13):
w® () = u(x) + e (g) - Vu(z) + %5 (g) - VVu(z).

Then the first convergence in (55) easily follows from the definition of w®, while the
second one is a consequence of Lemma 4. Now the desired statements follow from [7,
Theorem 6.1, Chapter 1]. d
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COROLLARY 13. The convergence of semigroups implies the convergence of solu-
tions of the corresponding evolution equations.
Let u® be the solution of the heat equation

ous
ot

= Lfuf, uf(x,0)=¢(zx), ¢ € L*RY),

and u® be the solution of

Then for each t >0
[[us(-,2) —UO(',t)HLz(Rd) —0 as € —=0.

5.2. Markov semigroup in Co(R?). Recall that in the space Cp(R?) functions
a(x), Mx), and p(x) satisfy conditions of Theorem 2.

LEMMA 14. The semigroup T'(t) generated by the operator (1) is a Feller semi-
group, i.e., it is a strongly continuous, positivity preserving, contraction and conser-
vative semigroup in Co(R?).

For each probability measure v in R? there exists a Markov jump process X cor-
responding to the semigroup T(t) with the initial distribution v and with a cadlag
modification, i.e., with sample paths in Dgal0,00) (right-continuous functions with
finite left-hand limits).

Proof. Since L is bounded and satisfies the positive maximum principle, the first
statement of Lemma follows from the Hille-Yosida theorem. In addition we can
rewrite L as follows:

66 (LN =36) [ ()~ f@pen) s [ ) dy =1
with
Na) = Aaata), ala) = [ ale =ty >0, play) =

This representation implies that L is a generator of jump Markov process with T'(¢)1 =
1.

The proof of the second statement follows from general results concerning Feller
semigroups; see, e.g., [3, 7]. d

sample paths in Dga|0, c0)

Let us consider the family of strongly continuous contraction semigroups T°(t)
generated by the operators L¢ defined in (6) and the family of corresponding Markov
processes X.. We denote by T°(¢) the semigroup in Cy(R?) generated by the operator
LY given by (8). First we prove the result about convergence of the semigroups.

LEMMA 15. For each f € Co(R?) it holds that

(57) lim T5(t)f = T°(t)f, t>0.

e—0

Moreover, this convergence is uniform on bounded time intervals.
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Proof. Following the same reasoning as in the proof of Lemma 12 we again take
S(R9) as a core for L in Cy(R?), and for any u € S(R?) consider the approximation
sequence w® given by (42). Then the convergence w® — u in the norm of the Banach
space Cp(R?) is due to representation (42). The convergence

| LFw® — LOUHCO(Rd) = |¢cllcomray = 0 as € =0

follows from Lemma 9.
Thus we can apply the approximation theorem from [7] in the same way as in
Lemma 12 and obtain convergence (57). O

We proceed with the proof of the main result of this section that states the
invariance principle for the family of processes Xk.

Proof of Theorem 3. The fact that X, has a modification in Dga[0, c0) has been
justified in Lemma 14. The limit process X is a diffusion process that has contin-
uous trajectories. The convergence in distributions X, = Xy in the paths space
Dral0, 00) follows from Lemma 15, which gives the convergence of finite-dimensional
distributions, and [7, Theorem 2.5, Chapter 4].
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