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PERIODIC HOMOGENIZATION OF NONLOCAL OPERATORS
WITH A CONVOLUTION-TYPE KERNEL∗

A. PIATNITSKI† AND E. ZHIZHINA‡

Abstract. The paper deals with a homogenization problem for a nonlocal linear operator with
a kernel of convolution type in a medium with a periodic structure. We consider the natural diffusive
scaling of this operator and study the limit behavior of the rescaled operators as the scaling parameter
tends to 0. More precisely we show that in the topology of resolvent convergence the family of rescaled
operators converges to a second order elliptic operator with constant coefficients. We also prove the
convergence of the corresponding semigroups both in L2 space and the space of continuous functions
and show that for the related family of Markov processes the invariance principle holds.
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1. Introduction. Recently there has been an increasing interest in the integral
operators with a kernel of convolution type. These operators appear in many appli-
cations, such as models of population dynamics and the continuous contact model,
where they describe the evolution of the density of a population; see, for instance,
[4, 5, 8, 11, 12] for the details. In these papers only the case of spatially homogeneous
dispersal kernel has been investigated. We focus in this paper on the spatially inhomo-
geneous dispersal kernel depending both on the displacement y−x and on the starting
and the ending positions x, y ∈ R

d. We also mention here that the convolution-type
nonlocal operators describe the evolution of jump Markov processes (see, for instance,
[5]). If we compare convolution-type operators with the second order elliptic differen-
tial operators being the generators of diffusion process we can observe that some of
the properties of these two classes of operators are quite similar while the others are
rather distinct.

In this connection it is interesting to understand which homogenization results
obtained for elliptic differential operators with rapidly oscillating coefficients (see, for
instance, [6, 10]) remain valid for nonlocal convolution-type operators and which are
not. In this paper we study a homogenization problem for convolution-type operators
in a periodic medium.

We consider an integral convolution-type operator of the form

(1) (Lu)(x) = λ(x)

∫
Rd

a(x − y)μ(y)(u(y)− u(x))dy.

Here λ(x) and μ(y) are bounded positive periodic functions characterizing the prop-
erties of the medium, and a(z) is the jump kernel being a positive integrable function
such that a(−z) = a(z). The detailed assumptions are given in the next section.
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HOMOGENIZATION OF NONLOCAL OPERATORS 65

We then make a diffusive scaling of this operator

(2) (Lεu)(x) = ε−d−2λ
(x
ε

)∫
Rd

a
(x− y

ε

)
μ
(y
ε

)
(u(y)− u(x))dy,

where ε is a positive scaling factor. Our goal is to study the homogenization problem
for operators Lε, that is, to characterize the limit behavior of Lε as ε→ 0.

Homogenization theory of differential operators is a well-developed field, and there
is a vast literature on this topic; we mention here the monographs [2] and [10]. In con-
trast with differential operators, the homogenization theory for nonlocal operators is
not so well-developed. In the existing mathematical literature there are several works
devoted to homogenization of integro-differential equations with Levy-type operators,
where an essential progress has been achieved. In particular, in [1] the periodic ho-
mogenization problem for equations with the Levy operator has been considered in the
framework of viscosity solutions; the work [15] deals with homogenization of nonlinear
equations with Levy-type operators.

In [9] jump-diffusions with periodic coefficients driven by stable Lévy processes
with stability index α > 1 were considered. It was shown that the limit process is an
α-stable Lévy process with an averaged jump-measure.

The paper [13] deals with scaling limits of the solutions to stochastic differential
equations with stationary coefficients driven by Poisson random measures and Brown-
ian motions. The annealed convergence theorem is proved, in which the limit exhibits
a diffusive or superdiffusive behavior, depending on the integrability properties of the
Poisson random measure. It is important in this paper that the diffusion coefficient
does not degenerate.

In the recent work [14] the homogenization problem for a Feller diffusion process
with jumps generated by an integro-differential operator has been studied under the
assumptions that the corresponding generator has rapidly periodically oscillating dif-
fusion and jump coefficients, and under additional regularity conditions. It should
be noted that the generators considered in [14] have a nonzero diffusion part which
improves the compactness properties of the corresponding resolvent.

In contrast with the abovementioned papers we consider here the homogenization
problem for integral operators with an integrable kernel that oscillates both in x and
y variables.

The goal of the present work is to prove a homogenization result for the operators
Lε. More precisely, we are going to show that the family Lε converges to a second order
divergence form elliptic operator with constant coefficient in the so-called G-topology,
that is, for any m > 0 the family of operators (−Lε + m)−1 converges strongly in

L2(Rd) to the operator (−L0 +m)−1, where L0 = Θij ∂2

∂xi∂xj with a positive definite
constant matrix Θ.

As a consequence of this convergence we obtain the convergence of the corre-
sponding semigroups.

Under additional regularity assumptions on the functions a(x), λ(x), and μ(x)
the operators L and Lε act in the space C0(R

d), where C0(R
d) stands for the Banach

space of continuous functions vanishing at infinity with the norm ‖f‖ = sup |f(x)|.
Also these operators generate Markov processes with trajectories in the space of cádlág
functions with values in R

d; we denote this space by DRd [0,∞). Our second aim is to
show that under the mentioned conditions the homogenization result is also valid in
the space C0(R

d) and that under the diffusive scaling the invariance principle holds
for the family of rescaled processes.
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66 A. PIATNITSKI AND E. ZHIZHINA

The methods used in the paper rely on asymptotic expansion techniques and
constructing first and second order periodic correctors. Notice that, in contrast with
the case of differential operators, in our case the kernel of integral operator in the
auxiliary cell problem differs from the kernel in the original problem. This is an
interesting feature of the studied nonlocal operators.

Another crucial feature of the nonlocal operators considered here is the noncom-
pactness of their resolvent. In this connection we cannot use the techniques based
on the compactness of the family of solutions. Instead we construct an ansatz that
approximates the solution in L2 and C0 norms. In order to justify the solvability of
the cell problem we use the fact that the corresponding auxiliary periodic operator can
be represented as the sum of a bounded coercive operator and a compact operator.

The paper is organized as follows. In section 2 we provide the detailed setting of
the problem and formulate our main results.

Then in section 3 we introduce a number of auxiliary periodic problems, define
correctors, and prove some technical statements.

Section 4 is devoted to the proof of the homogenization result both in the space
L2(Rd) (Theorem 1) and in the space C0(R

d) (Theorem 2).
Section 5 deals with the convergence of the corresponding semigroups. We also

prove in this section the invariance principle (Theorem 3).

2. Problem setup and main results. In this section we provide all the con-
ditions on the coefficients of operator L and then formulate our main results.

For the function a(z) we assume that

(3) a(z) ∈ L1(Rd) ∩ L2
loc(R

d), a(z) ≥ 0; a(−z) = a(z),

and

(4) ‖a‖L1(Rd) =

∫
Rd

a(z) dz = a1 > 0;

∫
Rd

|z|2a(z) dz <∞.

Functions λ(x), μ(x) are periodic and bounded from above and from below:

(5) 0 < α1 ≤ λ(x), μ(x) ≤ α2 <∞.

In what follows we identify periodic functions with functions defined on the torus
T
d = R

d/Zd. The operator L is a bounded (not necessary symmetric) operator in
L2(Rd). Indeed, letting

(L−u)(x) = λ(x)

∫
Rd

a(x− y)μ(y)u(y) dy,

we have for any u ∈ C∞
0 (Rd)

‖(L−u)‖2L2(Rd) =

∫
Rd

∫
Rd

∫
Rd

λ2(x)a(x − y)μ(y)u(y)a(x− z)μ(z)u(z) dzdydx

≤ α4
2

∫
Rd

∫
Rd

∫
Rd

a(x− y)|u(y)|a(x− z)|u(z)| dzdydx

= α4
2

∫
Rd

a(y) dy

∫
Rd

a(z) dz

∫
Rd

|u(x+ y)| |u(x+ z)|dx

≤ a21α
4
2‖u‖2L2(R2).
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HOMOGENIZATION OF NONLOCAL OPERATORS 67

Therefore, L− can be extended to a bounded operator acting from L2(Rd) to L2(Rd).
This implies the boundedness of L. We denote the space of bounded operators from
L2(Rd) to L2(Rd) by L(L2(Rd), L2(Rd)).

Let us consider the family of operators

(6) (Lεu)(x) =
1

εd+2

∫
Rd

a
(x− y

ε

)
λ
(x
ε

)
μ
(y
ε

)(
u(y)− u(x)

)
dy.

Since for any ε > 0 the bounded operator Lε is symmetric and nonpositive in the

space L2(Rd, νε) with νε(x) =
μ( x

ε )

λ( x
ε )
, then by the spectral theorem

‖(m− Lε)−1‖L2(Rd,νε) ≤
1

m

for any m > 0. Under our assumption (5) we have

γ1‖f‖2L2(Rd) ≤ ‖f‖2L2(Rd,νε)
≤ γ2‖f‖2L2(Rd)

with
0 < γ1 ≤ νε(x) ≤ γ2 <∞.

Therefore, for any m > 0 the operators (Lε −m)−1 are bounded in L2(Rd) uniformly
in ε.

We are interested in the limit behavior of the operators Lε as ε → 0. Since the
norm of Lε in L2(Rd) tends to infinity, the limit operator, if it exists, need not be
bounded. We are going to show that the operators Lε converge in the topology of
resolvent convergence. Let us fix an arbitrary m > 0 and define uε as the solution of
the equation

(7) (Lε −m)uε = f, i.e., uε = (Lε −m)−1f,

with f ∈ L2(Rd). Denote by L0 the following operator in L2(Rd):

(8) L0u = Θij ∂2u

∂xi∂xj
= Θ · ∇∇u, D(L0) = H2(Rd)

with a symmetric positive definite matrix Θ = {Θij}, i, j = 1, . . . , d, expressed (in
(38)) in terms of a corrector κ1 solving in turn the cell problem (24). Here and in what

follows we assume the summation over repeated indices; Θ·∇∇u stands for Θij ∂2u
∂xi∂xj .

Notice that L0 is a nonpositive self-adjoint operator in L2(Rd), and therefore for any
m > 0 the operator (L0 −m)−1 is bounded. Let u0(x) be a solution of the equation

(9) Θ · ∇∇u0 −mu0 = f, i.e., u0 = (L0 −m)−1f,

with the same right-hand side f as in (7).
Our main results read as follows.

Theorem 1. Let functions a(x), λ(x), and μ(x) satisfy conditions (3)–(5). Then
for each m > 0 the family of resolvents (Lε−m)−1 converges strongly to the resolvent
(L0 −m)−1, as ε→ 0, that is, for any f ∈ L2(Rd) it holds that

(10) ‖(Lε −m)−1f − (L0 −m)−1f‖L2(Rd) → 0, as ε→ 0.

The analogous result holds in the space C0(R
d) under natural additional assump-

tions on the operator L.
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68 A. PIATNITSKI AND E. ZHIZHINA

Theorem 2. Suppose the function a(x) satisfies the following conditions:

(11) a(x) ∈ C(Rd), a(x) = a(−x), a(x) ≥ 0, a(x) ≤ K

1 + |x|d+δ
with δ > 2.

Assume furthermore that λ(x), μ(x) are continuous and periodic functions satisfying
bounds (5). Then for each m > 0 the family of resolvents (Lε − m)−1 converges
strongly in C0(R

d) to the resolvent (L0−m)−1, as ε→ 0, that is, for any f ∈ C0(R
d)

it holds that

(12) ‖(Lε −m)−1f − (L0 −m)−1f‖C0(Rd) → 0, as ε→ 0.

Consider the Markov semigroup T (t) generated by the operator L defined in (1)
and the corresponding Markov jump process X . The family of semigroups T ε(t) is
generated by the operators Lε given by (6). It is obtained by diffusion scaling of the
semigroup T (t), and we denote the corresponding rescaled Markov jump processes
by Xε. We show that the processes Xε converges in the path space to a Brownian
motion B(2Θ) with covariance matrix 2Θ, where matrix Θ is defined in (38).

Theorem 3 (invariance principle). Let Xε be a Markov process corresponding
to the semigroup T ε(t) with an initial distribution ν, and X0 be a Markov process
corresponding to the semigroup T 0(t) with the same initial distribution. Then the
Markov processes Xε and X0 have sample paths in DRd [0,∞), and Xε ⇒ X0 in
DRd [0,∞).

3. Correctors and auxiliary cell problem. In this section we introduce a
number of auxiliary functions and quantities that will be used in the further anal-
ysis. We are going to approximate the solution uε of problem (7) using an ansatz
constructed in terms of the solution u0 of the limit problem (9). To this end we
consider auxiliary periodic problems, whose solutions (so-called correctors) are used
in the construction of this ansatz and define the coefficients of effective operator L0

in (9). We first deal with functions from the Schwartz space S(Rd).

Lemma 4. Assume that u ∈ S(Rd). Then there exist functions κ1 ∈ (L2(Td))d

and κ2 ∈ (L2(Td))d
2

(a vector function κ1 and a matrix function κ2) and a positive
definite matrix Θ such that for the function wε defined by

(13) wε(x) = u(x) + εκ1

(x
ε

)
· ∇u(x) + ε2κ2

(x
ε

)
· ∇∇u(x)

we have

(14) Lεwε = Θ · ∇∇u+ φε, where lim
ε→0

‖φε‖L2(Rd) = 0.

Proof. After substituting wε defined in (13) for u in (6) we get

(Lεwε)(x) =
1

εd+2

∫
Rd

a
(x− y

ε

)
λ
(x
ε

)
μ
(y
ε

){
u(y) + εκ1

(y
ε

)
· ∇u(y) + ε2κ2

(y
ε

)

· ∇∇u(y)− u(x)− εκ1

(x
ε

)
· ∇u(x)

− ε2κ2

(x
ε

)
· ∇∇u(x)

}
dy.
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HOMOGENIZATION OF NONLOCAL OPERATORS 69

After change of variables x−y
ε = z we get

(15)
(Lεwε)(x)

=
1

ε2

∫
R

dz a(z)λ
(x
ε

)
μ
(x
ε
− z

){
u(x− εz) + εκ1

(x
ε
− z

)
· ∇u(x− εz)

+ ε2κ2

(x
ε
− z

)
· ∇∇u(x− εz)− u(x)

− εκ1

(x
ε

)
· ∇u(x) − ε2κ2

(x
ε

)
· ∇∇u(x)

}
.

Using the following identity based on the integral form of the remainder term in the
Taylor expansion

u(y) = u(x) +

∫ 1

0

∂

∂t
u(x+ (y − x)t) dt = u(x) +

∫ 1

0

∇u(x+ (y − x)t) · (y − x) dt,

u(y) = u(x) +∇u(x) · (y − x) +

∫ 1

0

∇∇u(x+ (y − x)t)(y − x) · (y − x)(1 − t) dt,

which is valid for any x, y ∈ R
d, we can rearrange (15) as follows:

(Lεwε)(x)

=
1

ε2

∫
Rd

dz a(z)λ
(x
ε

)
μ
(x
ε
− z

){
(u(x)− εz · ∇u(x) + ε2

∫ 1

0

∇∇u(x − εzt)

· z ⊗ z (1− t) dt+ εκ1

(x
ε
− z

)

·
(
∇u(x)− ε∇∇u(x) z

+ ε2
∫ 1

0

∇∇∇u(x− εzt)z ⊗ z(1− t) dt

)

+ ε2κ2

(x
ε
− z

)
· ∇∇u(x− εz)− u(x)− εκ1

(x
ε

)

· ∇u(x)− ε2κ2

(x
ε

)
· ∇∇u(x)

}
,

where

z ⊗ z = {zizj}∣∣d
i,j=1

, ∇∇u(·)z =
∂2u

∂xi∂xj
(·)zj

and

∇∇∇u(·)z ⊗ z =
∂3u

∂xi∂xj∂xk
(·)zjzk.

Collecting power-like terms in the last relation we obtain
(16)

(Lεwε)(x)

=
1

ε
λ
(x
ε

)
∇u(x) ·

∫
Rd

{
− z + κ1

(x
ε
− z

)
− κ1

(x
ε

)}
a(z)μ

(x
ε
− z

)
dz

+ λ
(x
ε

)
∇∇u(x) ·

∫
Rd

{
1

2
z ⊗ z − z ⊗ κ1

(x
ε
− z

)
+ κ2

(x
ε
− z

)
− κ2

(x
ε

)}

a(z)μ
(x
ε
−z

)
dz + φε(x)

D
ow

nl
oa

de
d 

02
/2

1/
18

 to
 1

58
.3

9.
85

.1
01

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

70 A. PIATNITSKI AND E. ZHIZHINA

with

(17)

φε(x) =
1

ε2

∫
Rd

dz a(z)λ
(x
ε

)
μ
(x
ε
− z

)

×
{
ε2
∫ 1

0

∇∇u(x− εzt) · z ⊗ z (1− t) dt− ε2

2
∇∇u(x) · z ⊗ z

+ ε3κ1

(x
ε
− z

)
·
∫ 1

0

∇∇∇u(x− εzt)z ⊗ z(1− t) dt

− ε3κ2

(x
ε
− z

)
·
∫ 1

0

∇∇∇u(x− εzt)z dt

}
.

Next we prove that ‖φε‖L2(Rd)
is vanishing as ε→ 0.

Proposition 5. Let u ∈ S(Rd), and assume that λ, μ are periodic functions
satisfying bounds (5), and all the components of κ1 and κ2 are elements of L2(Td).
Then

(18) ‖φε(x)‖L2(Rd)
→ 0, as ε→ 0.

Proof. The first term on the right-hand side in (17) (the term of order ε0) reads
(19)

φ(1)ε (x)

=
1

ε2

∫
Rd

dz a(z)λ
(x
ε

)
μ
(x
ε
− z

)
ε2

∫ 1

0

(
∇∇u(x− εzt)−∇∇u(x)

)
· z ⊗ z(1− t) dt

=

∫
|z|≤R

dz a(z)λ
(x
ε

)
μ
(x
ε
− z

)∫ 1

0

(
∇∇u(x− εzt)−∇∇u(x)

)
· z ⊗ z(1− t) dt

+

∫
|z|>R

dz a(z)λ
(x
ε

)
μ
(x
ε
− z

)∫ 1

0

(
∇∇u(x− εzt)−∇∇u(x)

)
· z ⊗ z(1− t) dt

:= φ(1,≤R)
ε (x) + φ(1,>R)

ε (x).

Then

‖φ(1,≤R)
ε ‖

L2(Rd)

≤ α2
2 sup
|z|≤R

‖∇∇u(x− εzt)−∇∇u(x)‖
L2(Rd)d2

∫
Rd

|z|2 a(z)
∫ 1

0

(1− t) dt dz

=
α2
2

2
sup
|z|≤R

‖∇∇u(x− εzt)−∇∇u(x)‖
L2(Rd)d2

∫
Rd

|z|2 a(z) dz

and

‖φ(1,>R)
ε ‖

L2(Rd)
≤ 2α2

2‖∇∇u(x)‖
L2(Rd)d2

∫
|z|>R

|z|2 a(z) dz.

If we take R = R(ε) = 1√
ε
, then both

‖φ(1,≤R(ε))
ε ‖

L2(Rd)
→ 0 and ‖φ(1,>R(ε))

ε ‖
L2(Rd)

→ 0, as ε→ 0.

This yields

(20) ‖φ(1)ε ‖
L2(Rd)

→ 0, as ε→ 0.
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For the second term on the right-hand side of (17)

φ(2)ε (x) = ε

∫
Rd

dz a(z)λ
(x
ε

)
μ
(x
ε
− z

)
κ1

(x
ε
− z

)
·
∫ 1

0

∇∇∇u(x− εzt)z ⊗ z (1− t) dt

we have

(21)

‖φ(2)ε (x)‖
L2(Rd)

≤ ε

2
α2
2 sup

z,q∈Rd

∥∥∥κ1

(x
ε
− z

)
∇∇∇u(x− εz + q)

∥∥∥
L2(Rd)d2

∫
Rd

|z|2 a(z) dz.

We estimate now supz,q∈Rd ‖κ1(
x
ε − z)∇∇∇u(x− εz+ q)‖L2(Rd)d2 . Taking y = x− εz

and considering the fact that the function κ1 is periodic we get

sup
q∈Rd

∥∥∥κ1

(y
ε

)
∇∇∇u(y + q)

∥∥∥
L2(Rd)d2

= sup
q∈εTd

∥∥∥κ1

(y
ε

)
∇∇∇u(y + q)

∥∥∥
L2(Rd)d2

.

Let us show that this quantity admits a uniform in ε upper bound. Indeed, denoting
Ik(ε) = εk + εTd, k ∈ Z

d with T = [0, 1]d, we have

sup
q∈εTd

∥∥∥κ1

(y
ε

)
∇∇∇u(y + q)

∥∥∥2

(L2(Rd))d2

≤ sup
q∈εTd

d∑
i,j,l,m=1

∑
k∈Zd

∫
Ik(ε)

[
κ
i
1

(y
ε

)]2 [
∂xj∂xl∂xmu(y + q)

]2
dy

≤
d∑

j,l,m=1

∑
k∈Zd

max
y∈Ik(ε), q∈εTd

[
∂xj∂xl∂xmu(y + q)

]2 ∫
Ik(ε)

κ
2
1

(y
ε

)
dy

= ‖κ1‖2(L2(Td))d ε
d

d∑
j,l,m=1

∑
k∈Zd

max
y∈Ik(ε), q∈εTd

[
∂xj∂xl∂xmu(y + q)

]2

−→ ‖κ1‖2(L2(Td))d

d∑
j,l,m=1

‖∂xj∂xl∂xmu‖2L2(Rd),

as ε→ 0. Here we have used the fact that for a functions ψ ∈ S(Rd)

εd
∑
k∈Zd

max
y∈Ik(ε), q∈εTd

ψ(y + q) →
∫
Rd

ψ(x) dx, ε→ 0.

Thus from estimate (21) it follows that ‖φ(2)ε ‖
L2(Rd)

→ 0, as ε→ 0.

Similarly for the third term on the right-hand side of (17) we have

‖φ(3)ε (x)‖L2(Rd)(22)

= ε

∥∥∥∥
∫
Rd

dz a(z)λ
(x
ε

)
μ
(x
ε
− z

)
κ2

(x
ε
− z

)
·
∫ 1

0

∇∇∇u(x − εzt) z dt

∥∥∥∥
L2(Rd)

≤ εc(d)α2
2

(∫
Rd

|z| a(z) dz
)

sup
q∈Rd

∥∥∥κ2

(y
ε

)
∇∇∇u(y + q)

∥∥∥
(L2(Rd))d

≤ εC3

for all sufficiently small ε, since as above we have for all i, j, l,m, n∥∥∥κin
2

(y
ε

)
∂xj∂xl∂xmu(y + q)

∥∥∥2
L2(Rd)

→ ‖κin
2 ‖2L2(Td)‖∂xj∂xl∂xmu‖2L2(Rd),

as ε→ 0, uniformly in q ∈ R
d.

D
ow

nl
oa

de
d 

02
/2

1/
18

 to
 1

58
.3

9.
85

.1
01

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

72 A. PIATNITSKI AND E. ZHIZHINA

Our next step of the proof deals with constructing the correctors κ1 and κ2. De-
note ξ = x

ε a variable on the period: ξ ∈ T
d = [0, 1]d, and then λ(ξ), μ(ξ),κ1(ξ),κ2(ξ)

are functions on T
d and (16) can be understood as equations for the functions

κ1(ξ),κ2(ξ), ξ ∈ T
d on the torus.

We collect all the terms of the order ε−1 in (16) and equate them to 0. This yields
the following equation for the vector function κ1(ξ) = {κi

1(ξ)}, ξ ∈ T
d, i = 1, . . . , d,

as unknown function:

(23)

∫
Rd

(
− zi + κ

i
1(ξ − z)− κ

i
1(ξ)

)
a(z)μ(ξ − z) dz = 0 ∀ i = 1, . . . , d.

Here κ1(q), q ∈ R
d, is the periodic extension of κ1(ξ), ξ ∈ T

d. Notice that (23) is a
system of uncoupled equations. After change of variables q = ξ− z ∈ R

d, (23) can be
written in the vector form as

(24)

∫
Rd

a(ξ − q)μ(q)(κ1(q)− κ1(ξ)) dq =

∫
Rd

a(ξ − q)(ξ − q)μ(q) dq

or

(25) Aκ1 = h

with the operator A in (L2(Td))d defined by

(26) (Aϕ̄)(ξ) =

∫
Rd

a(ξ− q)μ(q)(ϕ̄(q)− ϕ̄(ξ)) dq =

∫
Td

â(ξ− η)μ(η)(ϕ̄(η)− ϕ̄(ξ)) dη

and

(27) â(η) =
∑
k∈Zd

a(η + k), η ∈ T
d.

Observe that the vector function

(28) h(ξ) =

∫
Rd

a(ξ − q)μ(q)(ξ − q) dq ∈ (L2(Td))d,

because the function h(ξ) is bounded for all ξ ∈ T
d:

∣∣∣∣
∫
Rd

a(ξ − q)(ξ − q)μ(q) dq

∣∣∣∣ ≤ α2

∫
Rd

a(z)|z| dz <∞.

In (25) the operator A applies componentwise. In what follows, abusing slightly the
notation, we use the same notation A for the scalar operator in L2(Td) acting on each
component in (25).

Let us denote

Kϕ(ξ) =

∫
Rd

a(ξ − q)μ(q)ϕ(q) dq, ϕ ∈ L2(Td).

Proposition 6. The operator

(29) Kϕ(ξ) =

∫
Rd

a(ξ − q)μ(q)ϕ(q) dq =

∫
Td

â(ξ − η)μ(η)ϕ(η) dη, ϕ ∈ L2(Td),

is a compact operator in L2(Td).
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Proof. First we prove that K is the bounded operator in L2(Td). The set of
bounded functions B(Td) ⊂ L2(Td) is dense in L2(Td). Let ϕ ∈ B(Td), and then the
integral ∣∣∣∣

∫
Rd

a(ξ − q)μ(q)ϕ(q) dq

∣∣∣∣ ≤ α2 a1 max |ϕ(q)|

is bounded. Using Fubini’s theorem and denoting w(q) = μ(q)ϕ(q) we get

(30)

‖Kϕ‖2L2(Td) =

∫
Td

∫
Rd

a(q − ξ)w(q) dq

∫
Rd

a(q′ − ξ)w(q′) dq′ dξ

=

∫
Rd

∫
Rd

a(z)a(z′)
(∫

Td

w(ξ + z)w(ξ + z′)dξ
)
dz dz′

≤ ‖w‖2L2(Td)

(∫
Rd

a(z)dz

)2

≤ α2
2‖a‖2L1(Rd)‖ϕ‖2L2(Td).

Consequently the operator K can be expanded on L2(Td), and we have

‖Kϕ‖L2(Td) ≤ α2‖a‖L1(Rd)‖ϕ‖L2(Td), ϕ ∈ L2(Td),

or

(31) ‖K‖L(L2(Td),L2(Td)) ≤ α2‖a‖L1(Rd).

To prove the compactness of K we consider approximations of K by the following
compact operators:

(KNϕ)(ξ) =

∫
Rd

aN (ξ − q)μ(q)ϕ(q) dq with aN (z) = a(z) · χ[−N,N ]d(z).

Since a− aN ∈ L1(Rd), using (31) we get

‖K −KN‖L2(Td) ≤ α2‖a− aN‖L1(Rd).

Consequently, ‖K−KN‖L(L2(Td),L2(Td)) → 0, asN → ∞, andK is a compact operator
as the limit of the compact operators KN .

The operator

(32) Gϕ(ξ) = ϕ(ξ)

∫
Rd

a(ξ − q)μ(q) dq = ϕ(ξ)

∫
Td

â(ξ − η)μ(η) dη, ϕ ∈ L2(Td),

is the operator of multiplication by the function G(ξ) =
∫
Rd a(ξ − q)μ(q) dq. Observe

that
0 < g0 ≤ G(ξ) ≤ g2 <∞.

Thus, the operator A in (26) can be written as A = K − G, where G and K were
defined in (32) and (29). Therefore −A is the sum of a positive invertible operator G
and a compact operator −K, and the Fredholm theorem applies to (25). It is easy to
see that Ker A∗ = {μ(ξ)}, and then the solvability condition for (25) takes the form

(33)

∫
Td

h(ξ)μ(ξ) dξ = 0.

The validity of condition (33) for the function h defined in (28) immediately follows
from Proposition 7.
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Proposition 7. For any periodic functions μ(y), λ(y), y ∈ R
d we have if

a(x− y) = a(y − x), and then

(34)

∫
Rd

∫
Td

a(x− y)μ(y)λ(x) dx dy =

∫
Rd

∫
Td

a(x− y)μ(x)λ(y) dx dy;

if b(x− y) = −b(y − x), then

(35)

∫
Rd

∫
Td

b(x− y)μ(y)λ(x) dx dy = −
∫
Rd

∫
Td

b(x− y)μ(x)λ(y) dx dy.

Proof. Using periodicity of μ and λ we get for any z ∈ R
d

∫
Td

μ(z + x)λ(x) dx =

∫
Td

μ(u)λ(u − z) du.

Consequently, we have

∫
Rd

∫
Td

a(y − x)μ(y)λ(x) dx dy =

∫
Rd

∫
Td

a(z)μ(z + x)λ(x) dx dz

=

∫
Rd

∫
Td

a(x− y)μ(x)λ(y) dx dy.

Recalling now the relation a(x− y) = a(y − x) yields (34).
Similarly using that b(x− y) = −b(y − x) we get

∫
Rd

∫
Td

b(x− y)μ(y)λ(x) dx dy = −
∫
Rd

∫
Td

b(y − x)μ(y)λ(x) dx dy

= −
∫
Rd

∫
Td

b(z)μ(z + x)λ(x) dx dz

= −
∫
Rd

∫
Td

b(x− y)μ(x)λ(y) dx dy.

Proposition 7 is now proved.

Thus, the solution κ1(ξ) of (25) exists and is unique up to a constant vector. In
order to fix the choice of this vector we assume that the average of each component
of κ1(ξ) over the period is equal to 0.

At the next step we obtain the limit operator L0. To this end we find the matrix
function κ2(ξ) = {κij

2 (ξ)}, κij
2 ∈ L2(Td), such that the second term on the right-hand

side of (16) takes the form

(36)

d∑
i,j=1

Θij ∂2u(x)

∂xi∂xj

with a constant matrix Θ = {Θij}. This leads to the following equation for the
functions κij

2 (ξ) for any i, j = 1, . . . , d:

(37) (Aκij
2 )(ξ) =

Θij

λ(ξ)
−
∫
Rd

a(z)μ(ξ − z)

(
1

2
zizj − ziκj

1(ξ − z)

)
dz,
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where the operator A is defined in (26). The matrix Θ is then determined from the
following solvability condition for (37):

(38)

Θij

∫
Td

μ(ξ)

λ(ξ)
dξ = Θ̃ij =

∫
Td

∫
Rd

1

2
(ξ − q)i(ξ − q)ja(ξ − q)μ(q)μ(ξ) dq dξ

−
∫
Td

∫
Rd

a(ξ − q)μ(q)μ(ξ)(ξ − q)iκj
1(q) dq dξ

for any i, j. Although the matrix Θ need not be symmetric, only its symmetric part
matters in (36). Abusing slightly the notation we identify matrix Θ with its symmetric
part.

Proposition 8. The integrals on the right-hand side of (38) converge. Moreover,
the symmetric part of the matrix Θ = {Θij} defined in (38) is positive definite.

Proof. The first statement of the Proposition immediately follows from the exis-

tence of the second moment of the function a(z). Since the integral
∫
Td

μ(ξ)
λ(ξ) dξ equals

a positive constant, it is sufficient to prove that the symmetric part of the right-
hand side of (38) is positive definite. To this end we consider the following integrals,
symmetric for all i, j,

(39) Iij =

∫
Td

∫
Rd

a(ξ − q)μ(q)μ(ξ)
(
(ξ − q) + (κ1(ξ)− κ1(q))

)i
(
(ξ − q) + (κ1(ξ)− κ1(q))

)j
dqdξ,

and prove that the symmetric part of the right-hand side of (38) is equal to I:

(40)

Iij = Θ̃ij + Θ̃ji =

∫
Td

∫
Rd

(ξ − q)i(ξ − q)ja(ξ − q)μ(q)μ(ξ) dq dξ

−
∫
Td

∫
Rd

a(ξ − q)μ(q)μ(ξ)(ξ − q)iκj
1(q) dq dξ

−
∫
Td

∫
Rd

a(ξ − q)μ(q)μ(ξ)(ξ − q)jκi
1(q) dq dξ.

Using (35) we have

∫
Td

∫
Rd

(ξ − q)ia(ξ − q)μ(q)μ(ξ)κj
1(ξ) dq dξ

= −
∫
Td

∫
Rd

(ξ − q)ia(ξ − q)μ(q)μ(ξ)κj
1(q) dqdξ.

Consequently,

(41)

∫
Td

∫
Rd

a(ξ − q)μ(q)μ(ξ)(ξ − q)i(κ1(ξ) − κ1(q))
j dq dξ

= −2

∫
Td

∫
Rd

(ξ − q)ia(ξ − q)μ(q)μ(ξ)κj
1(q) dqdξ.
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Further, combining (24) on κ1 with (34)–(35), we get

∫
Td

∫
Rd

a(ξ − q)μ(q)μ(ξ)(κ1(ξ)− κ1(q))
i
κ
j
1(ξ) dq dξ

=

∫
Td

μ(ξ)κj
1(ξ)

∫
Rd

a(ξ − q)μ(q)(κ1(ξ)− κ1(q))
i dq dξ

= −
∫
Td

∫
Rd

a(ξ − q)(ξ − q)iμ(q)μ(ξ)κj
1(ξ) dq dξ

=

∫
Td

∫
Rd

a(ξ − q)(ξ − q)iμ(q)μ(ξ)κj
1(q) dq dξ

and

−
∫
Td

∫
Rd

a(ξ − q)μ(ξ)μ(q)(κ1(ξ)− κ1(q))
i
κ
j
1(q) dq dξ

= −
∫
Td

∫
Rd

a(ξ − q)μ(q)μ(ξ)(κ1(q)− κ1(ξ))
i
κ
j
1(ξ) dq dξ

=

∫
Td

∫
Rd

a(ξ − q)μ(q)μ(ξ)(κ1(ξ)− κ1(q))
i
κ
j
1(ξ) dq dξ

=

∫
Td

∫
Rd

a(ξ − q)(ξ − q)iμ(q)μ(ξ)κj
1(q) dq dξ.

Thus
∫
Td

∫
Rd

a(ξ − q)μ(ξ)μ(q)(κ1(ξ)− κ1(q))
i(κ1(ξ)− κ1(q))

j dq dξ

=

∫
Td

∫
Rd

a(ξ − q)μ(ξ)μ(q)
(
(ξ − q)iκj

1(q) + (ξ − q)jκi
1(q)

)
dq dξ,

which together with (39) and (41) implies (40).
The structure of (39) implies that (Iv, v) ≥ 0 for all v ∈ R

d, and moreover
(Iv, v) > 0 since κ1(q) is the periodic function while q is the linear function, and
consequently [((ξ − q) + (κ1(ξ)− κ1(q))) · v]2 cannot be identically 0 if v �= 0.

Thus equality (14) follows from (15)–(16), (23), and (37). Lemma 4 is proved.

Under a natural additional assumption on the operator L the statement similar
to that of Lemma 4 holds in the space C0(R

d).

Lemma 9. Let conditions (11) be fulfilled, and assume that λ(x), μ(x) are contin-
uous, periodic functions satisfying bounds (5). Then there exist periodic continuous
functions κ1 and κ2 (a vector function κ1 and a matrix function κ2) and a positive
definite matrix Θ such that for any function u ∈ S(Rd) and the function wε defined
by

(42) wε(x) = u(x) + εκ1

(x
ε

)
· ∇u(x) + ε2κ2

(x
ε

)
· ∇∇u(x)

we have

(43) Lεwε = Θ · ∇∇u+ φε, where lim
ε→0

‖φε‖C0(Rd) = 0.
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Proof. First we have to check that wε ∈ C0(R
d). To this end it suffices to show

that κi
1, κ

ij
2 ∈ C(Td), where κ1, κ2 are solutions of (25), (37), respectively. We recall

that the equation on κ1 reads

(44)

∫
Td

â(ξ − η)μ(η)(κ1(η)− κ1(ξ)) dη = h(ξ),

where the function â ∈ C(Td) was defined by (27), and

(45) h(ξ) =

∫
Td

b̂(ξ − η)μ(η) dη ∈ (C(Td))d, b̂(η) =
∑
k∈Zd

a(η + k) k.

As was shown above, see (33),
∫
Td h(ξ)μ(ξ) dξ = 0, and consequently the solvability

condition holds, and there exists a solution κ1 ∈ (L2(Td))d of (44). We will show now
that κi

1 ∈ C(Td) for all i = 1, . . . , d.
Let us rewrite (44) for each i as

(46) (P − E)κi
1 = gi, gi(ξ) =

hi(ξ)

q(ξ)
, q(ξ) =

∫
Td

â(ξ − η)μ(η) dη > 0

with
(47)

(Pϕ)(ξ) =

∫
Td

p(ξ, η)ϕ(η) dη, p(ξ, η) =
â(ξ − η)μ(η)

q(ξ)
,

∫
Td

p(ξ, η) dη = 1 ∀ ξ.

Then P is a compact positive operator, such that Pn is a positivity improving opera-
tor in C(Td) for some n ∈ N (i.e., if ϕ ≥ 0, then Pnϕ > 0), and by the Krein–Rutman
theorem there exists the maximal eigenvalue λ0 = 1 corresponding to the eigenfunc-
tion ϕ0(η) ≡ 1, and other eigenvalues of P are less than 1 by the absolute value.
Consequently, C(Td) = {1} ⊕ H1 with

H1 =

{
ψ ∈ C(Td) :

∫
Td

μ(η)q(η)ψ(η) dη = 0

}
.

One can easily check that H1 is an invariant subspace for P . Using Neumann decom-
position for the operator P1 −E with P1 = P |H1 we can see that the operator P −E
is an invertable operator on H1 mapping H1 on itself. Thus,

κ1 = −(E − P1)
−1g ∈ C(Td).

Similarly, we get κ
ij
2 ∈ C(Td) for all i, j = 1, . . . , d, for the solutions of (37). Thus

wε ∈ C0(R
d).

The convergence

‖Lεwε − L0u‖C0(Rd) = ‖φε‖C0(Rd) → 0 as ε→ 0

can now be justified in exactly the same way as in Lemma 4.

4. Proof of Theorems 1 and 2.

Proof of Theorem 1. We consider first the case when f ∈ S(Rd) and prove that
a solution uε of problem (7) converges to a solution u0 of problem (9) in the space
L2(Rd):

(48) ‖uε − u0‖L2(Rd) → 0, as ε→ 0.
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Let us consider a perturbation vε of the function u0 defined by the ansatz (13):

(49) vε(x) = u0(x) + εκ1

(x
ε

)
· ∇u0(x) + ε2κ2

(x
ε

)
· ∇∇u0(x)

with periodic vector function κ1(x) ∈ (L2(Td))d and periodic matrix function κ2(x) ∈
(L2(Td))d

2

, that have been defined by (25) and (37). Since L0 is an elliptic operator
with constant coefficients and f ∈ S(Rd), u0 ∈ S(Rd) and vε ∈ L2(Rd) is correctly
defined.

Lemma 10. Let uε and vε be defined by (7) and (9), (49), respectively. If κ1 and
κ2 are the solutions of (25) and (37), then for all f ∈ S(Rd)

‖vε − uε‖L2(Rd) → 0

as ε→ 0.

Proof. We have from (14) that

Lεvε = Θ ∇∇u0 + φε,

where ‖φε‖L2(Rd) → 0 as ε→ 0. Then

(Lε −m)vε +m(vε − u0) = Θ ∇∇u0 −mu0 + φε = f + φε.

Since ‖vε − u0‖L2(Rd) → 0 due to representation (49), we get

(50) (Lε −m)vε = f + φ̃ε with ‖φ̃ε‖L2(Rd) → 0.

For the operator (Lε −m)−1 we have

‖(Lε −m)−1‖L(L2(Rd),L2(Rd)) ≤ C

with C being independent of ε. Then using (50) we obtain

uε = (Lε −m)−1f = (Lε −m)−1
(
(Lε −m)vε − φ̃ε

)
= vε − (Lε −m)−1φ̃ε

and
‖vε − uε‖L2(Rd) = ‖(Lε −m)−1φ̃ε‖L2(Rd) → 0.

This completes the proof of the lemma.

Corollary 11.

‖uε − u0‖L2(Rd) → 0 as ε→ 0,

i.e., (48) holds for any f ∈ S(Rd).

We complete now the proof of Theorem 1. For any f ∈ L2(Rd) there exists
fδ ∈ S(Rd) such that ‖f − fδ‖L2(Rd) < δ. Since the operator (Lε −m)−1 is bounded
uniformly in ε,

(51) ‖uεδ − uε‖L2(Rd) ≤ C1δ

and

(52) ‖u0,δ − u0‖L2(Rd) ≤ C1δ,
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where

uε = (Lε −m)−1f, u0 = (L0 −m)−1f, uεδ = (Lε −m)−1fδ, u0,δ = (L0 −m)−1fδ.

Since ‖uεδ − u0,δ‖L2(Rd) → 0 by Corollary 11, (51)–(52) imply that

lim
ε→0

‖uε − u0‖L2(Rd) ≤ 2C1δ

with an arbitrary small δ > 0. This implies that ‖uε − u0‖L2(Rd) → 0, as ε→ 0. This
completes the proof.

Proof of Theorem 2. For any f ∈ S(Rd), the convergence of uε to u0 relies on the
statement of Lemma 9. Since Lε satisfy the positive maximum principle, the operators
(Lε−m)−1 are bounded in C0(R

d) for any m > 0 uniformly in ε. The remaining part
of the proof of Theorem 2 follows the line of the proof of Theorem 1.

5. Convergence of semigroups. In this section we consider the semigroups
T ε(t) generated by the operators Lε defined in (6) and show that the approximating
sequence in the form of ansatz (13) or (42) can be used to prove the convergence of
the semigroups.

5.1. Convergence of semigroups in L2(Rd). Since for any ε > 0 the bounded

operator defined in (6) is symmetric and nonpositive in L2(Rd, νε), where ν(y) =
μ(y)
λ(y)

and νε(x) = ν(xε ), by the Hille–Yosida theorem it is the generator of a strongly contin-
uous contraction semigroup T ε(t) in L2(Rd, νε). Denote T 0(t) a strongly continuous
contraction semigroup in L2(Rd) generated by L0.

Lemma 12. For each f ∈ L2(Rd) there holds T ε(t)f → T 0(t)f, t ≥ 0. Moreover,
this convergence is uniform on bounded time intervals.

Proof. The space S(Rd) is a core for the operator L0. By the approximation
theorem [7, Chapter 1, Theorem 6.1] it is sufficient to show that for any u ∈ S(Rd)
there exists wε ∈ L2(Rd, νε) such that

(53) ‖wε − u‖L2(Rd,νε) → 0

and

(54) ‖Lεwε − L0u‖L2(Rd,νε) → 0

as ε→ 0.
Notice that under our assumption (5) the bounds hold:

0 < γ1 ≤ νε(x) ≤ γ2 <∞.

Therefore, the convergence (53)–(54) is equivalent to

(55) ‖wε − u‖L2(Rd) → 0, ‖Lεwε − L0u‖L2(Rd) → 0.

For wε we take the function defined by (13):

wε(x) = u(x) + εκ1

(x
ε

)
· ∇u(x) + ε2κ2

(x
ε

)
· ∇∇u(x).

Then the first convergence in (55) easily follows from the definition of wε, while the
second one is a consequence of Lemma 4. Now the desired statements follow from [7,
Theorem 6.1, Chapter 1].
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Corollary 13. The convergence of semigroups implies the convergence of solu-
tions of the corresponding evolution equations.

Let uε be the solution of the heat equation

∂uε

∂t
= Lεuε, uε(x, 0) = φ(x), φ ∈ L2(Rd),

and u0 be the solution of

∂u0

∂t
= L0u0, u0(x, 0) = φ(x).

Then for each t > 0

‖uε(·, t)− u0(·, t)‖L2(Rd) → 0 as ε→ 0.

5.2. Markov semigroup in C0(R
d). Recall that in the space C0(R

d) functions
a(x), λ(x), and μ(x) satisfy conditions of Theorem 2.

Lemma 14. The semigroup T (t) generated by the operator (1) is a Feller semi-
group, i.e., it is a strongly continuous, positivity preserving, contraction and conser-
vative semigroup in C0(R

d).
For each probability measure ν in R

d there exists a Markov jump process X cor-
responding to the semigroup T (t) with the initial distribution ν and with a càdlàg
modification, i.e., with sample paths in DRd [0,∞) (right-continuous functions with
finite left-hand limits).

Proof. Since L is bounded and satisfies the positive maximum principle, the first
statement of Lemma follows from the Hille–Yosida theorem. In addition we can
rewrite L as follows:

(56) (Lf)(x) = λ̃(x)

∫
Rd

(f(y)− f(x))p(x, y) dy,

∫
Rd

p(x, y) dy = 1 ∀x

with

λ̃(x) = λ(x)q(x), q(x) =

∫
Rd

a(x− y)μ(y)dy > 0, p(x, y) =
a(x− y)μ(y)

q(x)
.

This representation implies that L is a generator of jump Markov process with T (t)1 =
1.

The proof of the second statement follows from general results concerning Feller
semigroups; see, e.g., [3, 7].

sample paths in DRd [0,∞)
Let us consider the family of strongly continuous contraction semigroups T ε(t)

generated by the operators Lε defined in (6) and the family of corresponding Markov
processes Xε. We denote by T 0(t) the semigroup in C0(R

d) generated by the operator
L0 given by (8). First we prove the result about convergence of the semigroups.

Lemma 15. For each f ∈ C0(R
d) it holds that

(57) lim
ε→0

T ε(t)f = T 0(t)f, t ≥ 0.

Moreover, this convergence is uniform on bounded time intervals.
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Proof. Following the same reasoning as in the proof of Lemma 12 we again take
S(Rd) as a core for L0 in C0(R

d), and for any u ∈ S(Rd) consider the approximation
sequence wε given by (42). Then the convergence wε → u in the norm of the Banach
space C0(R

d) is due to representation (42). The convergence

‖Lεwε − L0u‖C0(Rd) = ‖φε‖C0(Rd) → 0 as ε→ 0

follows from Lemma 9.
Thus we can apply the approximation theorem from [7] in the same way as in

Lemma 12 and obtain convergence (57).

We proceed with the proof of the main result of this section that states the
invariance principle for the family of processes Xε.

Proof of Theorem 3. The fact that Xε has a modification in DRd [0,∞) has been
justified in Lemma 14. The limit process X0 is a diffusion process that has contin-
uous trajectories. The convergence in distributions Xε ⇒ X0 in the paths space
DRd [0,∞) follows from Lemma 15, which gives the convergence of finite-dimensional
distributions, and [7, Theorem 2.5, Chapter 4].
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[14] N. Sandrić, Homogenization of Periodic Diffusion with Small Jumps, preprint,
arXiv:1510.06140v1, 2015.

[15] R. Schwab, Periodic homogenization for nonlinear integro-differential equations, SIAM J.
Math. Anal., 42 (2010), pp. 2652–2680.

D
ow

nl
oa

de
d 

02
/2

1/
18

 to
 1

58
.3

9.
85

.1
01

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p

http://dx.doi.org/10.1080/00036811.2016.1192138

	Introduction
	Problem setup and main results
	Correctors and auxiliary cell problem
	Proof of Theorems 1 and 2
	Convergence of semigroups
	Convergence of semigroups in L2(Rd)
	Markov semigroup in C0 (Rd)

	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


