JET-DETERMINATION OF SYMMETRIES OF PARABOLIC GEOMETRIES
BORIS KRUGLIKOV AND DENNIS THE

ABSTRACT. We establish 2-jet determinacy for the symmetry algebra of the underlying structure of
any (complex or real) parabolic geometry. At non-flat points, we prove that the symmetry algebra is
in fact 1-jet determined. Moreover, we prove 1-jet determinacy at any point for a variety of non-flat
parabolic geometries — in particular torsion-free, parabolic contact, and several other classes.

1. INTRODUCTION

A classical problem in geometry is to determine when the local properties of an automorphism
(or infinitesimally, a symmetry) constrain the geometry globally.

Definition 1.1. A vector field X on a manifold M is k-jet determined at x € M ifjf(X) # 0, i.e.
in any local coordinate system centred at x, the k-th order Taylor polynomials at x of the coefficients
of X (in the coordinate basis) are not all identically zero. If S < X(M) is a linear subspace, then
S is k-jet determined if {X € S|j¥(X) = 0} is trivial for any x € M.

For many geometric structures, their automorphisms are uniquely determined by a finite jet at a
given point. For example, an affine transformation, i.e. a transformation ¢ : M — M that preserves
geodesics of a given linear connection V on a (connected) manifold M together with the affine
parametrization, is completely determined by the value ¢(z) and the differential d,¢ at any given
point x € M. Consequently, the same is true for isometries of Riemannian, pseudo-Riemannian
and sub-Riemannian structures (in the latter case the claim is based on the Pontryagin maximum
principle). In other words, automorphisms of these geometries are determined by the 1-jet jto.

In complex analysis, an analogous statement is H. Cartan’s uniqueness theorem [10] claiming that
biholomorphic automorphisms of a bounded domain in C" are uniquely determined by their 1-jets
at any point x inside the domain. On the boundary, the situation is more complicated. Indeed,
local automorphisms of Levi-flat real hypersurfaces are not determined by any finite jet. On the
contrary, by the classical results of E. Cartan, Tanaka, Chern and Moser [9, 33], [11] a germ of a local
biholomorphism in C" sending a germ of a real analytic Levi-nondegenerate hypersurface to itself
is uniquely determined by its 2-jet at a point. (The corresponding problem for Levi-degenerate
hypersurfaces is much more complicated [12].) For a non-degenerate quadric hypersurface, there
exist automorphisms that are strictly 2-jet and not 1-jet determined. However, in the general Levi-
nondegenerate case the 2-jet is redundant. Namely, if a strictly pseudoconvex partially integrable
real-analytic hypersurface is not spherical, then its automorphisms are everywhere 1-jet determined
by the Webster—Schoen theorem [34], 32] (see also [26]). In the case the Levi form of the hypersurface
has arbitrary signature, this statement is the context of Beloshapka—Loboda theorem [II, 27].

In projective differential geometry, a projective structure (M,[V]) is an equivalence class of
torsion-free affine connections that share the same set of unparametrized geodesics. Any projective
symmetry is determined by its 2-jet. If (M,[V]) is not isomorphic near z € M to RP" with its
standard projective structure, then any projective symmetry is 1-jet determined at x. This was
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proved by Nagano—Ochiai [30] in the case where M is compact and [V] is Riemannian metrizable.
The proof in the general case is due to Cap-Melnick [6].

In conformal differential geometry, analogous results have been proven by Frances [15], Frances—
Melnick [16], and Cap-Melnick [6]. Namely, if a conformal Killing vector field vanishes to higher-
order at a point, then the conformal structure is flat on an open set containing the point in its
closure. In this way, they established a local version of the Obata—Ferrand theorem.

We note that Levi-nondegenerate hypersurface-type CR-geometry, projective differential geom-
etry and conformal geometry are particular instances (of underlying structures) of the so-called
parabolic geometries [§]. For all such geometries, there is a homogeneous model (G — G/P,wg)
called the flat model, where G is a semisimple Lie group, P < G is a parabolic subgroup, and
wg is the left-invariant Maurer—Cartan form on G. General (regular, normal) parabolic geometries
(G 5 M,w) of type (G, P) (or “G/P geometries”) are curvature deformations of the homogeneous
model, and there is an equivalence of categories with underlying geometric structures (see [8] for
more details). In particular, there is a 1-1 correspondence between symmetries X € X(M) of the
underlying geometric structure and symmetries ¢ € inf(G,w) < X(G)” of the Cartan geometry
(G —> M,w). We will assume throughout that M is a connected manifold.

A parabolic subgroup P < G induces a (P-invariant) filtration g = g~” o ... © ¢” (with v > 1),
where p = g° and p, = g' is its nilradical. Fix v € G and z = 7(u) € M. If the symmetry X has
a fixed point at x, then w,(§) € p is called its z’sotropyﬂ If w,(&) € p,, then the fixed point x is of
higher-order. In [5], Cap and Melnick initiated the program of studying higher-order fixed points
of automorphisms of parabolic geometries, and they created a new technique through which they
and subsequently Melnick-Neusser [29] obtained several new results in the field. Many of these
results concern |1|-graded geometries (also known as generalized conformal or AHS-structures) and
parabolic contact geometries, but the results for more general parabolic geometries have not been
easily accessible. Indeed, in [25] we observed that some parabolic geometries can admit symmetries
with higher order fixed points without being flat anywhere. More precisely, we introduced a (non-
flat) submaximally symmetric path geometry [25, eqn (5.6a)] with a symmetry [25, see S in eqn
(5.6b)] having isotropy in p,. This example eliminates the hope for a bold general claim that the
existence of a higher order fixed point could imply flatness of the geometry.

In this paper we attack the problem of jet-determination for symmetries of parabolic geometries.
We show that this is related to non-existence of symmetries with isotropy in the top-slot g”. First
of all, we apply the prolongation-rigidity results of [25] and exploit the fundamental derivative [§] to
obtain the following resultﬂ (that, in an equivalent formulation for |1|-graded parabolic geometries,
was already obtained in [29] via a different approach).

Theorem 1.2. The symmetry algebra S of the underlying structure of any (real or complex) regular,
normal parabolic geometry of type (G, P) is everywhere 2-jet determined. Moreover, if G is simple,
then S is 1-jet determined at any non-flat point.

Here, x € M is a non-flat point if kKy(z) # 0, where Ky is the harmonic curvature, which is
the fundamental obstruction to flatness of the geometry. (We have ky = 0 if and only if the full
curvature satisfies kK = 0.) The question whether this can be extended to a point = where Ky
vanishes, but some finite jet of it does not, constitutes a more delicate problem that we study next.

We advance in this problem by combining the techniques of [5] with the observation (explained
in the next sections) that the only symmetries with isotropy in the top-slot g” are those that are
2-jet and not 1-jet determined. For such symmetries the criterion of [5] (see Section below)
becomes much more tractable. (This criterion is sufficient but not necessary to conclude local

'In [5], the isotropy is identified with an element of T:¥ M, but we will not use this identification.
2General 2-jet determinacy of symmetry algebras of parabolic geometries was known earlier — see Remark
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flatness of the geometry in the presence of higher order fixed points. One of the purposes of [29)]
was to develop stronger techniques to conclude flatness.) This allows us to reduce the question of
1-jet determination to a purely algebraic problem in Lie algebras and representation theory. We
then develop an analogue of Kostant’s orthogonal cascade of roots [21] to reduce the problem to a
purely combinatorial one. This leads to the following results formulated in the analytic setting for
simplicity.

Theorem 1.3. Let G be simple (with gc simple if g is real). Consider an analytic (real or complex)
reqular, normal parabolic geometry (G — M,w) of type (G, P) with M connected. Suppose it is not
flat, i.e. Ky is nonzero in at least one point. Then the symmetry algebra S < X(M) of the underlying
geometric structure on M is everywhere 1-jet determined in either of the following cases

(i) The geometry is torsion-free.
(i1) The top-slot g” contains only one nonzero P-orbit.

We note that since p, acts trivially on g”, then the P-orbits on g” are determined by the orbits
for the reductive part G, < P.

Theorem 1.4. Let G be simple (with gc simple if g is real). Suppose that (G, P) is not (Ay, P s.1),
2<s< g or (By, Py) with £ =5 odd. If an analytic regular, normal parabolic geometry (G > M, w)
of type (G, P) (with M connected) admits £ € inf(G,w) with isotropy w, (&) lying in the open P-orbit
in the top-slot g”. (In particular, X = 7,(§) has vanishing 1-jet at x = w(u) € M.) Then the
geometry is flat.

The analyticity assumption can be relaxed to smooth with changing flatness to local flatness,
see the formulation in Section [6.4] and The simplicity assumption on G is crucial: a direct
product of a flat (G, P) geometry and a general (G', P') geometry yields an example of non-flat
(G xG', P x P') geometry having a symmetry that is 2-jet and not 1-jet determined. However, when
g is real, the assumption that g¢ is simple is unnecessary and taken here only for simplification of
the arguments. (For instance our proof works for c-projective structures already treated in [29].)

The structure of the paper is as follows. In Section [2 we discuss the setup of parabolic ge-
ometries, and prove 2-jet determination of symmetries for all flat models. In Section [3| we use
the fundamental derivative and adjoint tractors to prove a fundamental property (Theorem of
Tanaka prolongation that strengthens our earlier key result [25] Thm. 2.4.6]. This is then applied
in Section [4] to prove our first main result on 1-jet determination.

In Section [5, we show that g” is a sub-cominuscule representation and introduce the top-slot
orthogonal cascade, which yields natural representatives for the Gy-orbits in P(g”). These tools
allow us to effectively control the ingredients of a rigidity criterion from [5] and to prove 1-jet
determinacy of symmetries for a wide range of non-flat parabolic geometries. This constitutes a
smooth version of our second main result in Section [] (the analytic version follows).

In Section [7], we briefly discuss relations of our results to other investigations of symmetries for
geometric structures, and outline further applications. In Appendix [A] we summarize the crucial
ingredients from representation theory associated to parabolic geometries that facilitates the reading
of our paper. In Appendix [B] we classify all Yamaguchi-nonrigid torsion-free parabolic geometries,
a result that is used in Theorem [6.5 but is of independent interest.

Conventions: We write A, By, Cy, D,;, Gy, Fy, B, E, Eg for the complex simple Lie algebras, or
any complex Lie groups having these as their Lie algebras. We use the Bourbaki ordering of simple
roots. If h < g is the Cartan subalgebra, the symmetric pairing (-, on h* will be normalized so

3For complex Yamaguchi-nonrigid geometries: (i) torsion-free geometries are classified in Appendix (ii) (G, P)
with P(g”) a single P-orbit are classified in Proposition m
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that all short simple roots «; satisfy {«;, ;) = 2.
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2. PARABOLIC GEOMETRIES: THE FLAT MODEL

2.1. Generalities on parabolic geometries. Let GG be a real or complex semisimple Lie group,
P < G a parabolic subgroup, and p < g the corresponding Lie algebras. There is a canonical P-
invariant filtration g = g™ > ... 5 g” (v > 1) with p = g° and p, = g' its nilradical. The filtration
is preserved by the Lie bracket, i.e. [gi, o’ K= g't, and iterated brackets of g~' generate all of g.
For convenience, we will fix a Lie algebra Z-grading (henceforth, a “|v|-grading”) g =g_,®...Dg,
satisfying gi = (—szl. gj, so that p = g-o, and g_; generates all of g_. (In particular, note that
g” = g,.) Such a grading always exists and arises from a grading element Z € 3(gy). (The specific
choice of grading will not affect any of the arguments to follow.) Non-degeneracy of the Killing form
B on g induces isomorphisms (g/p)* =~ p, as P-modules and (g,)* =~ g_, (for i # 0) as Gy-modules,
where Gy < P is the reductive part. (For more details, see [§].)

A parabolic geometry (G > M,w) of type (G, P) consists of a P-principal bundle G — M
endowed with a Cartan connection w: TG — g, i.e.

(1) w, : T,G — g is a linear isomorphism for each u € G;
(2) w is P-equivariant, so Ryw = Adpq ow for p € P, where R, denotes the right action on G;
(3) w reproduces the fundamental vertical vector fields (4 for A € p, so w({,) = A.

This has symmetries inf(G,w) = {¢ € X(G)" | Lew = 0}. The curvature 2-form K = dw + 1[w,w] is
horizontal, with curvature function x : G — A*(g/p)* ® g = A’ p, ® g. The geometry is

o reqular if k(g',g’) g™ for i, < 0, i.e. x has positive homogeneity.
e normal if 0k = 0, where 0 is the (P-equivariant) Kostant codifferential, which is (negative)
the Lie algebra homology differential acting on chains on p, with values in g.

There is an equivalence of categories between regular, normal parabolic geometries and underlying
geometric structures [g].

The fundamental invariant for regular, normal parabolic geometries is harmonic curvature kg,
which is the P-equivariant function obtained by quotienting x by im(ﬁ*). Equivalently, ky is a

section of the natural vector bundle V = G xp V, where V = ker(s*)) is a completely reducible
P-representation, i.e. p, acts trivially.

Since g is a module for g_, we have the Lie algebra cohomology differential ¢ on the space of
cochains on g_ with values in g, and the Kostant Laplacian []:= 00" + 0*0. Both are gy-equivariant.

There is an algebraic Hodge decomposition [20] and g,-module identification of V given by
ker(6™)
/\ 0 ®g= 1m (0" )@ker(DS@im(a), V=
—_————

ker(0)

ker(0*)
im(0*)

ker(0)

(0 H*(g_,g).

>~ ker([J) =~

Since the geometry is regular, then ry is valued in the subspace H2(g_,g) < H*(g_,g) on which
the grading element Z acts with positive eigenvalues.
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2.2. The flat model. Let us first consider the flat case k = 0. This is the homogeneous model
(G — G/P,wg), where wg denotes the left-invariant Maurer—Cartan form on G.

Lemma 2.1. I[f0<i<v and 0 # X € g,;, then 0 # [X,g_;_1] < g_1. If no simple ideal of g is
contained in gy, i.e. the action of G on G/P is almost effective, this also holds for i = 0.

Proof. We may assume that g is simple. The Killing form B is ad-invariant, so B(adx(v),w) =
—B(v,adx(w)) for ve g_;_; and w e g;. If 0 # adyx(w) € g;,1, then choose v ¢ ady (w)* (by non-
degeneracy of B). So it suffices to show that 0 # [X, g,] < g,41. For ¢ = 0, see [8, Prop.3.1.2(5)].
Fixing 0 < i < v, assume that Z; := {Y € g;|[Y,8:] = 0} is nontrivial. Since g, is bracket-
generating in g, then [Z;,g,] = 0. Thus, Z; < 3(g,) is abelian. Since g, consists of grading-
preserving derivations of g, it preserves Z;. Hence, ady (Z;) :== 2,2, adg(ZZ-) =37 adgf(Z,-) is a
proper ideal in g, which contradicts g being simple. O

Given X € g, let X = «(X) € X(G/P) be the projection of the corresponding right-invariant
vector field on G. On G/ P, the symmetry algebra of the differential geometric structure underlying
the flat model is S = {X = «(X) | X € g}.

Proposition 2.2. Let G be a real or complex semisimple Lie group and P < G a parabolic subgroup
with no simple ideal of g contained in p. Let S < X(G/P) be the projection of the right-invariant
vector fields on G. Then S is everywhere 2-jet (and not 1-jet) determined. At the origin o€ G/P,

p={XegliX)=0}, ¢ ={Xeg|i(X) =0}
Proof. Tt suffices to consider o. Since P is the stabilizer of 0 in G, then X € p if and only if X|, = 0.
Now let 0 # X € g < p (i > 0 maximal) with j,(X) = 0. Write X = " , X;, with X; € g;.
Assuming 0 < ¢ < v, pick Y € g_; ; as in Lemma [2.1] so that 0 # [X;, Y] € g_1, so [X — X;,Y] € p.
Since Y|, # 0 and jo(X) = 0, then 0 = [X, Y]], = [X;,Y]|, # 0. Thus, {X € g|j.(X) =0} < g,.
If X eg,, then [X,g_] < p,so[X,Y][,=0forany Y eg_.
(i) In coordinates (z') centred at o, take a basis {Y;} of g_ with Y; = 0 + Y}, where Yj|, = 0.
(In general, Y; ¢ S.) Since X[, = 0, then 0 = [Y;,X]]|, = [0,:,X]|,, s0 Je(X) = 0.
(ii) By [8, Prop.3.1.2], 3Y e g_; with 0 # [X,Y] € g,_; < p. Thus, j2([X,Y]) # 0 (see above).
Since Y|, # 0, then Y = 0 1 in some coordinates (z') centered at 0. If X = Xié’xi, then
[Y.X] = %ffaxi. Now, jo([X,Y]) # 0 implies X (0) # 0 for some i, j, i.e. j2(X) # 0.

o7 ozt

O

Example 2.3. For the n-dimensional flat conformal structure [g], where g = (dz')? + ... + (dz™)?,
any conformal Killing vector field X = X'0 i has components

X' =s"+m' o) + X' + 1wt — Erlxjxj.
Those with trivial s', mij, A are 2-jet and not 1-jet determined at the origin. These are the inversion
symmetries.

Example 2.4. The Hilbert-Cartan equation z' = (y”)2 corresponds to the well-known flat model
for Go/ P, geometries. More precisely, on a 5-manifold with coordinates (x,y,p,q,z), consider the
Pfaffian system I = span{du — pdx, dp — qdz, dz — q2d:17}, or equivalently the distribution D =
span{d,, 0, + pd, + qd, + ¢*0,} whose (weak) derived flag has growth vector (2,3,5). We have
g=03D..Dg; and dim(g;) = 2. We can confirm Proposition in Maple using:
> restart: with(DifferentialGeometry): with(GroupActions):
DGsetup([x,y,p,q,z] ,M);
dist:=evalDG([D_q,D_x+p*D_y+q*D_p+q~2*D_z]) :
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sym:=InfinitesimalSymmetriesO0fGeometricObjectFields([dist],output="1list"):
iso:=IsotropyFiltration(sym, [x=0,y=0,p=0,q9=1,2z=0]):
map (nops, [sym,iso[1],is0[2]1]);

The final command gives output [14, 9, 2], which confirms that dim({X € g| j,(X) = 0}) = 2.
Remark 2.5. By [23] (see formulae (9), (10) and those in between) if X € g; (i = 0) in the graded
Tanaka algebra g_, ®...® g, ® ... gives X that is k-jet determined, where k£ > 0 is the minimal

order with jf(X) # 0, then % +1 < k < i+ 1. This gives another perspective on why X is not 1-jet
determined when X € g,.

3. ADJOINT TRACTORS AND TANAKA PROLONGATION

3.1. Formulation of the main result. Let S = inf(G,w) = {£ € X(G )P|£§w = 0} be the
infinitesimal symmetry algebra. The filtration on g corresponding to p induces a (P-invariant)

filtration on TG via T°G = w™'(g'). A choice of € M induces a filtration on S via
(3.1) Sx) ={€eS|&eTiG Vuen t(z)}

It was shown in [7] that:

~

(1) w, : T,G — g is a linear injection when restricted to {¢, |{ € S}.
(2) the Lie bracket on S is mapped to the bracket on f(u) := w,(S) given by:

(X, Vi) = [X, Y], — (X, Y).

(3) by regularity, f(u) is a filtered Lie algebraf] upon restriction of the canonical filtration on g,
while its associated graded algebra s(u) = gr(f(u)) is a graded subalgebra of g.

(4) so(u) < anng (kg (u)).
Let us recall the Tanaka prolongation algebra [25]:

Definition 3.1. Let g be a Z-graded semisimple Lie algebra, and ay < gy a subalgebra. Define the
graded subalgebra a < g by: (i) acy = g<o; (1) ap, = {X € g, |[X,9_1] < ap_} for k> 0. We will
denote a = @, a5, by pr’(g_, aq). (In particular, pr (g ,00) = 9.) When ¢ is an element of some
go-representation, we will also use the notation a® := pr¥(g_, ann(¢)).

Remark 3.2. If g_ is generated by g_;, then a; = {X € 9| ad];fl(X) C ag} (see [25, Lemma 2.1.4]).

We say that © = m(u) is a regular point if dim(s;(u)) is locally constant for each i. (By P-
equivariancy of the function w(¢) : G — g, dim(s;(u)) is constant along fibres of G > M.) At
such points, we proved in [25 Prop. 2.4.3] a fundamental relationship between s;(u) (for i > 0) and
so(u). Namely, [s;,1(u),g_1] € s;(u), which yields the inclusions

(3.2) s(u) < pri(g_, so(u)) < a™™.
The set of regular points is open and dense in M, so for non-flat geometries there exists u € G such
that = 7(u) is a regular point and ky(u) # 0. Since kg (u) € H>(g_,g), then implies that
$0 := max{dim(a®) |0 # ¢ € H2(g_,g)} is a universal upper bound for dim(S) = dim(s(u)) among
all non-flat (regular, normal) geometries of type (G, P).

Our goal now is to remove the regular point assumption, thereby strengthening [25, Thm. 2.4.6]:

Theorem 3.3. Let (G — M,w) be a regular, normal parabolic geometry of type (G, P) with S =
inf(G,w) and harmonic curvature kg . Given any u € G, s(u) = gr(w,(S)) S g satisfies:
(3.3) s(u) < a™ .

“While f(u) < g is a linear subspace, it is in general not a Lie subalgebra.
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~

Hence, dim(S) < U for non-flat (regular, normal) geometries follows. The proof of Theorem
is given in Section but we first discuss some key properties of the fundamental derivative.

3.2. The fundamental derivative. The adjoint tractor bundle is the associated bundle AM =
G xp g, where P acts on g via restriction of the adjoint action. Since TM = G xp (g/p), there is
a natural surjective bundle map II : AM — TM. Curvature manifests as an AM-valued 2-form
k€ Q°(M; AM). There are two bracket operations associated with AM:
(1) an algebraic bracket {-,-} : AM x AM — AM, which is a bundle map making each fibre
A, M into a Lie algebra isomorphic to g.
(2) a Lie bracket [-,-] on I'(AM) induced via the isomorphism T'(AM) = %(G)”. (See [8,
Prop.1.5.7]; in particular, any symmetry & € inf(G,w) corresponds to some s € T'(AM).)
Given a representation p : P — GL(E), consider the natural vector bundle EM = G xp E. The
fundamental derivative D : I'(AM) x I'(EM) — I'(EM), (r,0) — D, is defined as follows: Given
that r € I'(AM) corresponds to a P-invariant vector field £ € X(G) and o € I'(EM) corresponds
to a P-equivariant function ¢ : G — E, then D, o corresponds to £ - ¢. In particular, the canonical
P-invariant filtration on g induces a filtration of {A"M} of AM, and for any r € I'(AM), we have

(3.4) D, :T(A'M) - T(A'M).

Notation: Let a,b € I'(EM), which we often identify with P-equivariant functions a,b: G —
E. Fix u € G. Writing a = b will mean a(u) = b(u). (This property depends only on x = 7(u).)

The following facts will be useful for the proof of Theorem [3.3]

Lemma 3.4 (Properties of the fundamental derivative). Fiz w € G and r,t € T'(AM). Then
(D.1) D, is tensorial inr, i.e. Dy, = fD, for fe C*(M).
(D'?) D[r,t] = [Dert]'
(D.3) D, is a derivation of the algebraic bracket {-,-}.
(D.4) [r,t] = Dyt — Dyr — w(IL(r), I1(2)) + {r, t}.
(D.5) If r(u) € p, then D,t = {t,r}.
(D.6) If r(u) € p, then Dyr = [t,r].
(D.7) Let V = G xp V, where V = I:E((j*)) (Note ky € T'(V).) If r(u) € p and ¢ € T'(V), then
(D)) (u) = —r(u) - (u). Thus, if r(u) € g', then Db = 0 by complete reducibility of V.
(D.8) Suppose that s € T'(AM) is a symmetry. Then Dt = [s,t], Dy =0, Dyky = 0.
Proof. (D.1)-(D.5), (D.7) are proved in [8, Sec. 1.5.8], while (D.6) follows from (D.4) and (D.5).
Finally, (D.8) follows from [§, Lemma 1.5.12]. O

ns - t1), with ¢; € [(AM), define

DJ = Dtn"'Dtla [J] = [tnv[tnflf"[t%tl]"']]7 {J} = {tnv{tnfla'"{t27t1}"'}}-
Write s € J if and only if s = t; for some j, and let K < J if and only if K = (¢, ,...,t, ), where

1<r <..<r,<mn,ie K isan ordered subset of J. Similarly, we abuse notation so that J\K
makes sense as an ordered set in the obvious way.

Lemma 3.5. Let t;,r e I'(AM), and I = (t,,....t;,r). Then D; = Z Dis1Dpa-
reAcl
Proof. The n = 1 case follows from (D.2). Suppose it holds for n — 1. Let J = I\{t, }. Then

Dy=D, D; = 2 D, DigDpp = Z Dy, isnDrps + Z DigDy Dpp = Z DiyyDpa-

reBcJ reBcJ reBcJ reAcl

We use the following notation: Given the ordered n-tuple J = (¢

O
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3.3. Adjoint tractors and harmonic curvature.

Theorem 3.6. Let (G — M,w) be a reqular, normal parabolic geometry of type (G, P). Fizu € G.
Let s € T(AM) be a symmetry with s(u) € g° < p. Let i; € Z, and t; € I'(A™" M) such that
i—iy— .. — 4, =0 and I = (t,,...,t;,s). Then:

(3.5) {I}(u) - kg (u) = 0.

This fundamental property implies Theorem as a corollary: If X € s,(u) with £ > 0 and
Yy, ... Y, € g_q, take asymmetry s € ['(AM) and ¢4, ..., 1), € F(A_lM) with s(u) = X and ¢ ( ) = Y;.
Then (3.5)) implies that ady, o ... o ady, (X) annihilates g (u). By Remark E X ea” (u)

The n = 0 case of Theoremis true since 5y(u) < anng (kg (uw)) and py - kg (u) = O For n=1,
i>1; = 1. Since D,y = 0, then (D.2) implies

J

O_DtlD Ky =D Dt ’%H—I_D[tls]

By (D.7), Dy(D, ky) = 0 since s(u) € g' < p,. By (D.8) and (D.5), [t1,s] = —Dyt; = — {ty,s}.
At u, this lies in p. By (D.7), (Dy, gkm)(u) = {t1,s}(u) - kg(u), so (3.5) holds for n = 1. (For

|1|-graded geometries, the proof finishes here.) The general case will proceed by induction on n.
However, we first introduce some notation and prove a technical lemma.

Notation: Fix ¢ = 0, n > 1, and s(u) € g, i > 0. Denote
q+1

Prg =span{ady, o..cady (s(u)) € g?| X,,.., Xy €9, k<n}+g
Write a Z b if a(u) — b(u) € Pr.q- Note that P7 » < P, , if n' <n,qd =q,so0

(36) ané(]b@agb fOl"nlén,q/>q,
Lemma 3.7. With notations as in Thearem let q=i—iy—...—i, = 0. Then [I] = (=1)"{I}.

Proof. For k <n and J;, = (t},...,t1,s), let v, = [J;], w, = {J}. We use induction on n to prove:

Claim 1,. For 1 <k <mn, [I|Z D, -+ D, v;_;.
Claim 2,. v, = (—1)"w,.

n = 1: Claim 1, is vacuous, while for Claim 2, [¢;,s] = —D,t; = — {t;, s} was shown above.
Induction hypothesis: Claims 1, 2, hold for all n < n.

Proof of Claim 1,: Use decreasing induction on k. For the base case k = n, use (D.4):
Up = [tn7 Un—l] = Dtnvn—l - Dvn_ltn - K<H(tn)a H<Un—l)) + {tn’vn—l} = Dtnvn—l'

n—1,,

The last equality follows from Claim 2,,_;: Since Ln =q+1i, >0, then v,_,; (=1)" "w,_, Eg™.

ThUS Up— 1é‘p+7 (Un 1) = 0 and by (D 5) D - {tnavn 1}
Now suppose that the result holds for k& + 1 n We will show that it holds for k.
Dtn T Dtkﬂvk = Dtn T Dthrl[tkv ’kal]
=Dy - Dy, (Dyvp_y — Dyt — 6(T(t), D(vp—1)) + {te, vp—1})
(3.7) = 1-1I-1II1+1V
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Given an ordered subset B = (¢, ,....t, ) < (t,,...,t;11), consider Dgv,_y. Let ni=m+k—1<
nand ¢ :=q+ Z;L:k = > ip, = q+1, >q. By Claim 1, and 2/, we have

A A

(38) Dka:—l ”qu [trmv T [tmv Uk—l]v o ] néq (_1>n {B U wk—l} € gq <Py
For the second term of (3.7), we have by Lemma :
II=D, D, D, ty= > Dipw, Dt
AI_IB:(tn ..... tk‘+1)
At u, given B < (t,,...,t;11) and ¢’ as above, we have [B 1 vj_,] = (—1)”/{3 U wy_1}. Now
use (D.5) on Dig ., ,1Dati. At u, both {{B Lwy_},t,} and {P, 7 Dt} lie in g? =™ by ([3.4). If
B # (ty, ... tes1), these terms lie in g*" = P; , since ¢ — i), > ¢. Hence, we obtain:

= (e, (=" b, {t1s - (i wia} )} )

For the third term of (3.7), we use the Leibniz rule D, (k(t,t5)) = (D,k)(t1,ts) + £(D,t,ty) +
k(t1, D,ty). Given B as above, (3.8) implies I1(D;, ---Dtr1 vp_1) = 0. Since & is horizontal, then
Dyk and its further iterates are horizontal. Hence, IIl = D, --- Dy, (k(IL(t;), II(v;_y))) = 0.

For the fourth term of (3.7)), use (D.3), (3.8)), and (3.6]) to obtain
IV = Z {Daty, Dpvp_1} = Z(*1)|B|+k_1{DAtka {B U w_1}}

g (_1)n_l{tk> {tna s {thrl? wk:fl}}} <1f A # @a then {B = wkfl} é‘gq—‘rl)'

S
)

Thus, IV = I, and we conclude Dy --- Dy vy

D, --- Dy, Dy vy, proving the claim.

n

Proof of Claim 2,,: We have:
/]

S
»Q

Dy -+ Dyty,s] (by Claim 1,)
=-D, - D, Dty = =Dy 1,40+ (by Lemma 3.5
(=1)"{t1,{tn, ... {ts, s}...}} (by Claim 2,_; and (D.5))
= (=D"({tr, 6} {tnn, - Ate, sho 3y + {tn, {6 {ta, - {te, s} )
L (—1)™{ty, {t1, {tu_s, - {t2,5}}..}} (by the definition of P;)

n.q

D)™t At (s} = (— 1)

s
»Q

I

3

Il

3
Q

O

We now return to proving Theorem [3.6] Assuming the induction hypothesis, we will prove
it for general n. By Lemma , we have 0 = Dy = X, ac; DiaDparg. Fixing any such

— =y Lemmaimplies [4] < (—1)"I{A}.

e If A+ 1, then n’ <nand ¢ > g > 0. By the induction hypothesis, 0 = {A} - k. Moreover,
P < Py, so these terms also annihilate x5 (u). (So by (D.7), we ignore such terms.)

o If A=1 thenn =nand ¢ =q > 0. We have P, , < p and by the induction hypothesis,
Ppy - kg(u) = 0. (In the definition of P, ,, we had the strict inequality & < n. For each
X, € g, take the (P-equivariant) w-constant vector field w™"'(X;) which induces a section
t;e (A9 M).) Again by (D.7), the P}, terms can be ignored.

A=(t, ,..,t.,8), let n =mandq =i— iy,
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Finally, we have
0=Diky = D[I]K'H = (_1)RD{1}/‘5H = (—1>n_1‘{[} "KRy-
This finishes the proof of Theorem [3.6 and hence of Theorem

3.4. The symmetry algebra is 2-jet determined. Recall that ¥(G)" =~ I'(AM) via sending
n € X(G)" to the P-equivariant function w(n) from G to g and this corresponds to a section of AM.
The following statement generalizes Proposition [2.2]

Theorem 3.8. Let G be a semisimple Lie group, P a parabolic subgroup, g = g~ > ... D g"
the P-invariant filtration with p = g°. Assume that no simple ideal of g is contained in p. Let
(G 5 M,w) be a regular, normal geometry of type (G, P). Let 0 # £ € inf(G,w) and X = m,(£).
FizueG, z=m(u), and w,(€) € g\g'"'. Then

(a) i<0:9(X)#0

(b) 0<i<wv:jyX) =0 and j,(X) # 0.

(c)i=uv:jiX)=0 and j2(X) # 0.
Consequently, the symmetry algebra S = w,(inf(G,w)) is 2-jet determined.

Proof. Part (a) is clear, so suppose i = 0. Then jo(X) = 0 is clear. Let s € I'(AM) correspond to
the symmetry £. By (D.8) in Lemma [3.4] Dt = [s,t] for t € T(AM), so [t,s](u) = {s,t}(u). Let
A=w,(§). Asin we introduce a grading g =g_, @® ... ® g, with gi = C—szi g;.

Suppose 0 < i < v. By Lemma 2.1, 3B € g_;_; with 0 # [A, B] € g~ "\p. Pick t € T(A™"'M)
with t(u) = B # 0. Then [¢,s](u) = {s,t}(u) = [A, B] # 0. Hence, the projection Y € X(M) of
the vector field corresponding to t satisfies [X,Y]|, # 0 and Y|, # 0, so j»(X) # 0. Thus, (b) is
proved.

Suppose i = v. Given any t € I'(AM), let B :=t(u). Then [t, s](u) = {s,t}(u) = [A, B] € p, and
s0 [X,Y]|, = 0. Since t (hence Y) was arbitrary, then j;(X) = 0. We will now prove j2(X) # 0. By
I8, Prop.3.1.2], 3B € g_; with 0 # [A, B] € g" "\g” and choose any t; € ['(A™'M) with ¢, (u) = B.
By Lemma , 3C € g_, with 0 # [C,[B, A]] € g~ "\p. Choose any t, € T'(AM) with t,(u) = C.
Note that [t;, s](u) = {s,t;}(u) € p. Using (D.4), (D.5), (D.2) from Lemma [3.4] we have at u:

[t27 [th S]] = Dtg[th 5] - D[tl,s]tZ - ’{(H(t2)7 H([tla S])) + {t27 [t17 S]} = Dt2 [tlv S] = _DtQDstl
= — DsDt2t1 — D[t278]t1 = — DsDt2t1 + {{S, tQ}, tl}

By " ‘thtl € F(AilM)u S0 (DsDtQtl)(u) = _{S7Dt2t1}(u) € gil = p AlSO, {{S>t2}7t1}(u) =
[[A, C], B] = [[A, B],C] since [C,B] = 0. Thus, 0 # {{s,t5},;}(u) € g~ '\p. Hence, Y; € X(M)
corresponding to ¢; satisty [Yy, [Yq, X]]|, # 0, with [Y,X]|, = 0 and Y,|, # 0, so j2(X) # 0. O

Remark 3.9. The result that symmetries are 2-jet determined in the |1]-graded case is classical —
see for instance |19, Sec. 1.8]; it also follows from [3, Cor. 2.3] since the infinitesimal symmetry
equation is an instance of a first BGG operator associated to the adjoint tractor bundle. In the
higher-graded case, the result apparently has not been explicitly stated anywhere, but K. Neusser
[31] related the prolongations of BGG operators to weighted jets of solutions, and using these tools
one can similarly derive general 2-jet determinacy for symmetries. Our proof of Theorem is
completely independent of these developments.

4. SYMMETRIES ARE 1-JET DETERMINED AT NON-FLAT POINTS

4.1. Prolongation height. Given a parabolic subalgebra p — g, we have an associated |v|-grading
g=90_,P..3Dg, corresponding to the eigenspaces of the grading element Z. We refer to v > 1 as
the depth of the gradation. Given an element ¢ in a gy-representation, the height of the gradation
on a’ = pr¥(g_, ann(¢)) < g is the maximal 7 = #(¢) > 0 such that 0 # a? c g,.
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Theorem 4.1. Let g be a real or complexr simple Lie algebra, and p < g a pambolic subalgebra.
Let 0# ¢ e H(g_,g), and a® = pr®(g_, ann(¢)). Then 0 < 0(¢) < v, i.e. af =

Given ¢ € H J2r (g_,9), decompose ¢ = Y. ¢;, where each ¢; lies in some gy-irreducible component
of H2(g_,g). Then ann(¢) = [, ann(¢;) and a® < (), a®. Thus, it suffices to consider 0 # ¢ € U,
where U < Hi (g_,9) is go-irrep. If g is real, then under complexification, the height can only
increase (since the number of irreps may increase). Thus, it suffices to consider the complex simple
case, except when the complexification g¢ is not simple. This occurs if and only if g is the underlying
real Lie algebra of a complex simple Lie algebra. This case will be treated separately.

First consider the complex simple case. This follows immediately from [25, Theorem 3.6.1], but
since this relied on the detailed classifications of [25, Section 3.4], we instead give a simpler and
uniform proof here. Let A be the highest weight of g. (See Appendix [Alfor various notations below.)
By Kostant’s theorem, each irreducible gy-submodule U, = H 2(9,, g) has lowest weight p = —w- A,
where w € WP(2). We have U, < H7(g_,g) if and only if Z(u) > 0. By [25, Lemma 3.1.1], if
0# ¢eU,, then dim(a,,) dlm( °) for any 0 < r < v, where ¢, is a lowest weight vector in U,,.

Thus, it suffices to study the height of a¢°, and structural properties thereof were established in [25,
Section 3.2]. Given £ = rank(g), let I, = {7 |g_,, ¢ »} < {1,...,£} and define

Iw:{j61p|<”7a}/>:0}’ Jw:{]¢lp|<ﬂvajv>7é0}
In terms of the dual basis {Z;} to the simple roots {o;}, let Zg = >, < Z, for any subset S < {1, ..., £}.

The grading element is Z = Z; . Then [25, Thm. 3.2.6] describes each a? (r > 0) as a sum of root
spaces corresponding to the roots

(4.1) Aaf) = {a e A(g,) | Z;, (a) =7, Z; (o) = 0}, r > 0.

With the above simplifications, let o € A(a}’). By (4.1), 7 = Z; () and Zp 1, (o) = 0. Since

< Aand [, © I, then v = Z; (a) < Z[w()\) Z]p()\) = v. Thus, 7 = v only if I, = I,. We will
show that this is impossible. Write w = o0, € W¥(2), so j € I, and k # j (by properties (P.1),
(P.2) in Appendix . Let A =Y, m\;, sor; =\, o) = 0. By (A.1]), we have

ooy =—=r; +2(r; +1) + (rp, + 1)(cry — 2c4j) =75 + 2 — (1, + L)y = 2,

since ¢;; = {ay, o ) < 0. Thus, j ¢ I, and consequently, I, < I, and 7 < v.

Now consider real g such that g¢ is semisimple In [24, Sec.2], we developed analogous tools to
study this case. Given any (real) go-irrep U ¢ H3 (g ,8), there exists a ge-weight p such that the

complexification of U is either W, W or W, ® W (if W, #£ WM) For the real Lie algebra a?,
we proved in [24] Prop.1] that if gbo € W is extremal then for £ > 0 and any 0 # ¢ € W, we have:

(i) if W, = W,: dim(a}) < dim(a %);

(i) if W, & W,: dim(a ¢+¢) < dim(af? ™),
For (i), a % will be a real Lie algebra underlying a complex one and we can use the complex case
above to obtain the claimed result. For (ii), we consider the complexification gc = g x g (where we

regard g as complex on the right-hand side). Then dimR(afO+¢°) is bounded above by 2 dim¢( %),
where a%0 g. Again, use the complex case above to obtain the claimed result. This completes the

proof of Theorem

4.2. General 1-jet determinacy.

Theorem 4.2. Let G be a real or complex simple Lie group, and P < G a parabolic subgroup.
Then the symmetry algebra S = 7, (inf(G,w)) of the underlying structure of any regular, normal
geometry (G > M,w) of type (G, P) is 1-jet determined at any non-flat point x € M.
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Proof. Fix x € M, uw e n'(z) with sy (u) # 0. Since s(u) < a”H(“)‘(T.heorem and af#™ =
(Theorem , then s, (u) = 0. Let 0 # £ € inf(G,w) with w, (&) € g'\g'"" projecting to s;(u) (with
i <v). Let X = m,(€). By Theorem 3.8 j2(X) # 0 if i < 0, while j1(X) # 0if 0 <7 < v. O

Example 4.3. In [25, Prop. 5.3.2], we gave the following (homogeneous) submazimally symmetric
model for systems of 2nd order ODE in'm > 2 dependent variables (or SL(m+2,R)/P; 5 geometry):
F=..=&, =0, i, o=
Given any point symmetry X on the space J'(R,R™) = R™"'(t,zy,...,x,,), we prolong it to a
symmetry XY on the space J* (R,R™) = R*™ Y (t, 2y, ..., s 1y - - s D) (which is identified with

M). All symmetries XY gre 1-jet determined, including the symmetry

rolon,
—t0t+t2x 4+ a:l p——egS —S+Z —tp;)0p, + xlplo

This latter symmetry has wsotropy in p, at 0 € M, even though the geometry is nowhere flat.

5. SUB-COMINUSCULE REPRESENTATIONS

Let G be a complex simple Lie group and g = g_, ®...@g, the grading associated to a parabolic
subgroup P < G. In this section, we study the Gy-module structure of the top slot g,. We will show
that g, is a sub-cominuscule representation and give an effective method for constructing explicit
G-orbit representatives.

5.1. g, is sub-cominuscule. A fundamental weight A; of g is cominuscule if the highest root
A = >, ma; of g has m; = 1. Any such weight corresponds to a minuscule variety X =~ G/P
P(U), which is a Hermitian symmetric space (so p = p; induces a |1|-grading on g) in its minimal
homogeneous embedding, i.e. U has highest weight A\; and X is the G-orbit of the highest weight
line in U (the unique closed orbit). All irreducible minuscule varieties are given by

(51) Aﬁ/Pka Bé/Pb CE/Pb DZ/PM DZ/PZJ EG/PGJ E7/P7
in their minimal homogeneous embeddings, e.g. A,/P, =~ Gr(k, £ + 1) — P(A"C™).

Definition 5.1. Let V' be an irreducible R-module, where R is a complex reductive Lie group, and
let V < P(V) denote the unique closed R-orbit. If the only R-orbit closures in P(V') are the secant
varieties V =: Sec; (V) < Secy(V) < ... < Sec,,(V) = P(V), then V is sub-cominuscule and V is a
sub-cominuscule variety. (The R-orbits are V and Sec;(V)\ Sec;,_; (V) for 2 <i<m.)

Note that it suffices to consider only the effective part of the R-action on P(V'). In particular, by
Schur’s lemma, all central elements in R act as scalars on V', so these can be ignored.

From the marked Dynkin diagram (g, p), a simple recipe (see Appendix|A]) yields the g5’-module
structure on g;, where g;° denotes the semisimple part of g,. For (irreducible) minuscule varieties
G/P, it was observed in [28 Sec.3.3] (see Remark 3.5) that the only Gy-orbit closures in P(g;)
are the secant varieties (and that this is a characterizing property of minuscule varieties). Table
gives the list of sub-cominuscule representations. Not all sub-cominuscule varieties are themselves
minuscule (since not all embeddings are minimal), but each has an associated |1|-grading.

Consider now the general case. Let D(g,p, \) be D(g, p) with coefficients r; of the highest weight
A = >, 1A of g inscribed over the nodes. There is a simple Dynkin diagram recipe (see Appendix
to obtain the effective part of the gg’-module structure on the top-slot g,: Remove crosses from
D(g,p, A), then remove any connected components with only zero coefficients. This gives a diagram

T(gi", \).

Proposition 5.2. The top-slot g, is a sub-cominuscule Gy-module.
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| G/P | Gy | Sub-cominuscule variety V < P(g;) | #Gy-orbits in P(g,) |

APy | Ay x Ay | Seg(PF T x PF) - P(CFRCTF) | min(k, €+ 1 — k)
B,/P B, ‘ W3, pA2

Diépi Di—i quadrics 82@4 o, P 2

Cy/P, A, P! — P(S*CH) ¢

D/ Py Ay Gr(2,0) — IP)(/\2 (CE) l%J

EG/P6 D5 85:D5/P5HP15 2

E./P; E QP’ = Ez/P; — P 3

TABLE 1. Complete list of sub-cominuscule varieties / modules

Proof. Starting with the highest weight of g (Table , we consider any non-trivial collection of
crosses on the Dynkin diagram ©(g). Applying the recipe above, we easily obtain for T°(gs®, \)

only those possibilities in the third column of Table For example, for G = Eg and almost all

choices of p & g, we obtain T%(g5®, \) =~ >0 o—o . The only exception is Eg/P;, for which

the (effective) top-slot structure agrees with that for Dg/P;. Both are sub-cominuscule. O

5.2. The top-slot orthogonal cascade. If A = > . r;\;, we refer to I, = {i|r; # 0} as the contact
nodes and denote these by ® on the Dynkin diagram ®(g). (This is the same as the set of nodes
connected to —A in the extended Dynkin diagram of g.) Removing all ® yields a diagram ©,(g)
with corresponding semisimple subalgebra g(A\) < g and A(g(\)) = {a € A(g) |{\,a) = 0}. Note
that ©,(g) is connected (i.e. g(\) is simple) if and only if g # By, D,. For g = B, or D,, there are
two connected components in D,(g).

Remark 5.3. If G # A, then g admits a contact gradation g = ¢_o@c_; Dcg@c; Dy with respect to
some grading element Z.. Here, g(\) = ¢°, c_ isomorphic to a Heisenberg Lie algebra, and ¢ = ¢5,
is the parabolic subalgebra of g, obtained from ®(g) by replacing all ® by crosses.

Proposition 5.4. Let 5 € A(g(\)) be mazimal. Expressed in terms of the weights of g, we have
the decomposition 5 = X\ — X\, where \ = Zi¢1c r;\; 18 a dominant integral weight.

Proof. For Ay (£ = 3), A= a;+ ...+, = M+ and B = A—ay;—ay = A+ A+ A1 —Ap = A— A,
For C, ({ =22), A =20 + ...+ 20y_; +a, =2 ; and f =\ — 20y = =2\ +2)y = A — \.

Suppose g is not type A or C. Let j be the unique contact node, so A = X;. We must have
f = A+ b\;, where b € Z. In particular, (3,0 ) = (A + b, o) ) = b(\,f ) = b.

Since (8, \;) = 0, then Z;(8) = 0, so f —a; ¢ A (since 3 € A"). While 3 is maximal in A(g()\)),
it is not maximal in A(g), so 8+ a; € A. The a;-string through 5 is 3,8 + a;, ..., 8 — ba;, so
b=—1or —2. If b= —2, then A = 3 + 20 (since A is the unique root with Z;-grading +2). Thus,
N af)={B+2a;,af)=>b+4=2,s0g=C,, a contradiction. Hence, b = —1. O

Given a € A, define h, € h by a = B(h,, ), where B is the Killing form. For g(\), take:

eh=hng\) = span{h,, (A, ;) = 0} = span{h,, |i¢ I} to be the Cartan subalgebra.

 ; = qyfg, i ¢ I. to be the simple roots.

o\ = Ailgs @ ¢ I to be the fundamental weights.
Using Proposition and the known highest weights for simple Lie algebras (Table [5)), we can
immediately write any maximal § € A(g())) in terms of the fundamental weights of g. The
following is similar to Kostant’s cascade of orthogonal roots [21], but is restricted to the top part
of the grading.
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Definition 5.5. The top-slot orthogonal cascade (TSOC) is an ordered sequence {fy, s, ...} <
A(g,), where B, = X is the highest root of g, and

(5.2) B; = max{a € A(g,) |a € {f, °-~7ijl}J_}7 J=2.

Example 5.6 (Cy/P, ;). Here v = 2. Using Proposition[5.4 and Table[5, we obtain the TSOC:

(5.3) Bi=2X\, By=-2\_ +2)\, (2<j<(—1).

In root notation, [3; = u u 1,1 <i</{—1. Note that f, = —=2X,_;+2X, =0---01 ¢ A(g,).
-1 i

By Lemma [5.§[(ii) below, there is a unique maximal root in (5.2) at each step. Now our main
result in this section is:

Theorem 5.7. Let G be a complex simple Lie group, P < G a parabolic subgroup, and g =
9., D...0g, the associated grading. Representative elements of the Gy-orbits in P(g,) are given in
terms of the TSOC {8, B, B3, ...} = A(g,) as the projectivization of the elements

(5.4) €ss s T €6y €5 T E5 T Epy o
for any fixed choice of corresponding root vectors.

The proof will follow from two lemmas. Given a parabolic subalgebra p < g, apply the following
recipe: Remowve all contact nodes of g from D(g,p), then remove all cross-free connected components.
This gives a diagram D3 (g, p) corresponding to an ideal [,(\) < g()). (All other ideals of g()) lie in
go- We will be interested in those that intersect g, non-trivially.) Let p(A) = [,(A) n p and denote
by L,(A), P(A) the connected subgroups of G' corresponding to [,(A), p(A).

Lemma 5.8. A(g(\) nA(g,) # & if and only if & # T0(g§’, \) # o0 - o—o . In this case,

(i) 1, does not contain any contact node(s) of g.

(ii) D3(g.p) # & and contains a single connected component. (Hence, 1,(\) is simple and
max A(g(\)) = max A(l,(A)) € A(g,) is well-defined and unique.)

Proof. Note that ‘Zo(ggs, A) = J if and only if /, contains all contact nodes of g. In this case, g, is
1-dimensional and so A(g(\)) n A(g,) = &. So let us suppose T(g;*, \) # & below.

For 5 € A(g,), we have A + 3 ¢ A always, so the orthogonality condition (A, 8) = 0 is equivalent
to A — B ¢ A(gg), i.e. the S-string through A is trivial. This statement depends only on (the
effective part of) the gi’-module structure on g,, which is sub-cominuscule. Similarly, T°(g&®, \)
only depends on the same restricted structure. Thus, in proving the first statement, we may without

loss of generality suppose that G/P is irreducible minuscule, so v = 1.

Suppose T°(gi*, \) = >0 o——o . Given that v = 1, we must have G/P =~ A,/P, and

A= a; + ..+ aq. Any 8 € A(g;) is of the form f = a5 + ... + «, for some 1 ; k </, so
A—pBeAfor A+ B, ie (\B)#0. Thus, A(g(\) nA(g;) = &. Now suppose & # T(gs*, \) %

1 0 0 0

o——o ---o——o . Table[2[gives A and 8 € A(g,) such that A — 8 ¢ A and hence (\, ) = 0. Thus,
A(g(A) nA(gy) # & and hence the first statement is proven.

For the proof of (i) and (ii), consider again the case of general v. Suppose (i) is false. When

G # A,, the contact node is unique, so T(g5’, \) = @&. When G = A,, T(gi’, \) = o0 oo

is forced. For (ii), take § € A(g(\)) n A(g,). Then S must be an integer linear combination of
simple roots from a single connected component of ©,(g,p). If this component is cross-free, then
B € A(gy), a contradiction, so D3 (g,p) # &. If D3(g,p) has two connected components (each with
crosses), then Z(f) < Z(\). This proves (ii). O
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A in root

G/P | Range notation B = max A([,())) L,(\)/P(X)
AP [1<k<€] I11---11 011 -- 110 A, 5/Pp
B,/P,| (=2 | 122...222 100 - - 000 A/P
DJP,| =4 | 122...211 100 - - 000 A, /P,
/P, | =3 | 222...221 022221 Co/Pr
=3 -5
DB, | ¢=4 |1%22.-2211|{ 00192--- 2211, (=5, | Dy »/Ps s
0001, (=4
Ey/Ps - 122321 101111 As/P,
E./P; - 9234321 0112221 Dg/P,

TABLE 2. Maximal root orthogonal to the highest root: |1|-graded case

Lemma 5.9. We have A(g(\)) n A(g,) # & if and only if P(g,) contains at least two Gy-orbits.
In this case, if € A(g(\)) is the highest root, then

(i) B lies in the W-orbit of X, where W, is the Weyl group of Gy. Thus, [eg] € V := Gyle,].
(ii) [ex] and [ey + eg] lie in different Go-orbits, namely V and Secy(V)\V respectively, and these
have different dimensions.

Proof. As in Lemma [5.8] it suffices to verify the claims in the irreducible minuscule case.
1 0 0 0

By Lemma if A(g(\) nA(g,) = &, then (g8’ \) = & or (g%, \) = o—o .
In both cases, there is a single Gy-orbit in P(g;). Now suppose A(g(\)) n A(g;) # &. We will
prove (i) and (ii), from which the first claim follows. For B,/P, and D,/P;, (i) is immediate since
oy = min A(g;) is go-extremal. For other cases, we give w € W), such that 5 = w(\):

I

AP, (10); Cy/P: (1); Dy/Py: (2132); Eg/Ps: (243542); E;/P;: (13425431).

Now consider (ii). We have V = Gyle,| = Gy°/Q < P(g,), where @ is a parabolic subgroup of Gg’.
Letting [ = gy°, @ induces a |1]-grading [ = [_; @ [, ® [} with q = [5,. Since [_; is abelian, then

exp(z) - ey = (id + ad,)(ey) = ey + [z, ey], Veel_.

Assuming [ey + es] € Gyle,], we must have [x,e,] € gz for some z € [_;. Hence, 3y € A(l_;) such
that A+~ =, s0 A — € A(l}). Clearly A + 5 ¢ A, and (A, ) = 0 by assumption, so the -string
through A is trivial. Hence, A — 5 ¢ A, a contradiction. This proves (ii). O

Given (g,p, ), we apply Lemma to construct the TSOC iteratively. The parabolic in G
stabilizing [e,] yields a contact grading (see Remark [5.3)). Its intersection with G§’ is a parabolic
subgroup that yields a secondary grading,

0, =0,0P80,1 @02 AeA@2), 8 =801 P 80,0® o1

(Note that gy, = 0 since A is the unique root with contact grading +2.) Let 8 = max A([,()\))
A(g,0). We now apply Lemma [5.8to ([,(A),p(A),5). (Note that [,(X) = g% and p(A) = (9270)>0
By Lemma [5.9(ii), [e) + eg] lies in Secy(V)\V.

Similarly, the parabolic in L,(A) yields stabilizing [es] yields a contact grading. Its intersection
with G is a parabolic subgroup that yields a tertiary grading,

)

0,0 = 00,00D 8001 P02 B€A(Gu02), 00 = 800-1D 000D Fo0,1-
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The third element of the TSOC will be v € A(g, ) and by Lemma [5.9(i), [e,] € V. Note
[80.-1-€x] © @15 [80.-1,€5) = 0, and [go o —1,€5] < g,01- Similar to the proof of Lemma |5.9(ii),

6)\+€/3+6V¢G0‘(6>\+66)+G0'€)\.

Thus, [e)+ez+e,] lies in Sec(V)\ Secy(V). Continuing in a similar fashion, the sequence ([5.4)) yields
representative elements in successive secant varieties of V (and by definition of sub-cominuscule,

these are all the orbits). This finishes the proof of Theorem

Let us summarize: Provided that & # T’(ggs,A) * o0 oo holds, we proceed to

construct the TSOC iteratively (by removing  from D (g) and using Proposition [5.4).
Example 5.10 (E;/P;).

Dynkin diagram | o ~ ~ %
sequence i

(g5, \) o o )

TSOC in

weight notation

Br =N\ Bo = —A1 + Xg B3 = —X¢ +2A;

5.3. The H-sequence for the TSOC. By the Jacobson—Morozov theorem, any nilpotent element
E in g can be included into a standard sl,-triple {E, H, F'} with commutation relations
(5.5) |[H,E]=2E, |[H,F|=-2F, |[E F]=H.
For any a € A, define H, € h by «(H) = B(H,H,), where B is the Killing form of g. We
have the standard relation {a, 8) = B(H,, Hs) = a(Hs) = B(H,). Letting a € A" and defining
h, = ﬁHa, we can choose root vectors e_, € g_,, and e, € g, such that {e,, h,,e_,} is a standard
sly-triple [18] p.143]. We have a(hg) = (o, 8").

Now let p < g be a parabolic subalgebra. We will identify the semisimple element H for each
element F of the sequence ([5.4) associated to the TSOC.

Lemma 5.11. Suppose that {5, ..., 5} < A(g,) is the TSOC. For any 1 < j < m, we have the
standard sly-triple {E;, H;,F;} given by

E. = ep T ... T eg,
H. :h51 +...—|—h5j

F] 26_/3 ++6_/3
Proof. For 1 < a # b < j, B, + By ¢ A since both are in the top-slot. Since (S, ;) = 0, then
Ba - ﬁb ¢ A S0 [E]7 F]] - Hj' AISOa [hﬁaaeﬁb] ﬁb(hﬂa)eﬁb - <Bbaﬁa >eﬁb - 0 S0 [ 'E ]] and
similarly, [HJ, F;] = —2F;. O

Definition 5.12. We refer to {H;}}L; as the H-sequence for the TSOC {p, ..., B,,} < Alg,).

Let {Z;} < b be the dual basis to the simple roots {o;} < h*. Given a = }, r;\;, we have
ha = Zz tizia S0 ti = Qi(ha) = <ai7 Oév> = Zj 7nj<)‘j7 CL’»@ = Z] ]<>‘]7 av><a Zl> Thus

(5.6) a=Yrh = h Z %’Z;
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By Lemma the TSOC is contained in a single W,-orbit, so (f;, 8;) = (A, A) for 1 < j < m,
where A is the highest weight of g.

Normalize (-, -) so that all short simple roots «; satisfy {«;, ;) = 2. Hence, from the extended
Dynkin diagram, we see that (A, ) is 2 in type ADE, 4 in type BCF, and 6 in type G.

It is straightforward to verify that H, = 3, ., Z;, where A = 33, r;A; and I. = {i|r; # 0}.

Example 5.13 (Cy/P,_1). Recall from (5.3)) that f; = 2y, B; = =2X\;_1 +2)\; (2<j<{(-1).
Since o, ...,ap_y are short, then (.6) implies H; = >37_, hg, =Z; for1<j< /(-1

B { N1, € odd:
| =

Example 5.14 (Bz/Pe). /81 = )\2, ﬁ] = —)\Qj_Q + >\2J (1 < j < l%J), BLZ 2A£ 6 even

2

gives the TSOC. Since oy is the only short root, the H-sequence is H; = Zy; for 1 < j < [g]
In fact, the construction of the H-sequence is even simpler:

Corollary 5.15. Let {H;}7"; be the H-sequence for the TSOC {py, ..., 3.} < Al(g,). Then H; is
obtained from the j-th step of the Dynkin diagram sequence for the TSOC by forming its highest
weight, regarding it as a weight of g (see discussion preceding Definition , and using . In
particular, H; = > . 1,7, has t;; € Z,.

Proof. By Proposition , a cascade of cancellations occurs when forming the sum f; +... + 3, and
this sum corresponds to the highest weight at the j-th step of the Dynkin diagram sequence. [

5.4. Top-slot orbits for Yamaguchi-nonrigid geometries. A regular, normal parabolic geom-
etry of type (G, P) is Yamaguchi-rigid if H>(g_,g) = 0. In this case, k5 = 0 and the geometry
is flat. Yamaguchi [35], [36] identified all non-rigid geometries (which we refer to as Yamaguchi-
nonrigid) when G is complex simple. The further requirement that the top-slot P(g,) contain more
than one G-orbit is restrictive:

Proposition 5.16. Let G be a complex simple Lie group, P < G a parabolic subgroup, and g =
g_, D...@g, the associated grading. Suppose that:

(1) regular, normal parabolic geometries of type (G, P) are Yamaguchi-nonrigid, and
(2) there are at least two Gy-orbits in the top-slot P(g,).

Then G/P # A,/ P, is either |1|-graded or in the following list:
] G/P \ Range \ #orbits \ H-sequence for TSOC \
AZ/PQ,S 3<S<£—1 2 H1=21—|—ZZ, H2:ZQ+ZE71

Ay/Pogir| 3<s<|}] s Hi=2Z;+Z,,; (1<j<s)
Bi/ Dy (>4 5] Hy=2, (I<j<ls))
C,/ P, (>3 ) H, = Z,, H, = Z,
CZ/PQ,K (=3 2 H, =27Z,, Hy =7,
C,/P, (>3 (-1 | H,=2z, Q<j<t-1)

Proof. Aside from parabolic contact geometries (whose top slot is trivial) and |1|-graded geometries,

Yamaguchi’s non-rigid list contains only those in [25, Table 8]. Of the latter, we can automatically

exclude any (G, P) where I, contains a contact node of G. (The top-slot contains just a single orbit.)

This yields the above list together with (By, Ps), (B3, P13), (Dy, P3), (Dy, Py y), (G2, Py), which are
1 0 0 0

all extraneous by Lemma since T(gi’, ) = o—o - o— . O
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6. APPLICATION: RIGIDITY RESULTS FOR PARABOLIC GEOMETRIES

6.1. Higher-order vanishing of symmetries. Given any regular, normal parabolic geometry
(G 5 M,w) of type (G, P), let 0 # € € inf(G,w). Fix x € M and any v € 7 '(z). If X = m,(¢)
vanishes at z, then 0 # F := w,(£) € p. If moreover E € p, then the symmetry X vanishes to
higher order. The existence of such symmetries is often a strong restriction on the given geometry.

By Jacobson—Morozov, we can complete E to a standard sly-triple {E, H, F'} satisfying .
Consider the following criteria due to Cap and Melnick [5]:

(CM.1) the element H belongs to gy;
(CM.2) H has non-positive spectrum as an endomorphism of g_, the generalized eigenspace for
eigenvalues with real part zero is Cy (E) = {X € g_ [[X, E] = 0}, and adp|- 5 = 0;
g

(CM.3) H acts semisimply on H2 (g_,g) and all its eigenvalues are non-negative.

We refer to [5], Cor. 2.14] (see also [0, Prop.2.2]) for the following:

Theorem 6.1. Suppose that a symmetry X # 0 vanishes at x € M to higher order and conditions
(CM.1-3) hold. With notations as above, denote v = m,(w, " (F)) € T,M. Suppose that kz(x) = 0.
Then there exists a distinguished curve 7y : (—¢,+¢) — M, v(0) = x, 7'(0) = v, which is preserved
by the flow of X and on which it acts by projective transformations. Denoting v, = ~v((0,+¢€)) ¢ M
there exists a neighborhood U of v.., U 3 x, on which the geometry is flat.

The curve 7 is the projection of the flow of the vector field w™'(F) through the point w.
By Theorem , the hypothesis k() = 0 is fulfilled if G is simple, X # 0 and j3(X) = 0.

6.2. 2-jet determined symmetries. Fix x € M and any u € 7 ' (). Let ¢ € inf(G,w) be such
that 0 # E := w,(£) € g, (top-slot). Since the choice of u € 7 '(x) is irrelevant, it suffices to
consider G-orbit representatives 0 # F € g,. In terms of the TSOC {f,..., .} < A(g,), these
representatives are given by Eq, ..., E,, (see Theorem and Lemma .

Take the corresponding H-sequence H; = hg + ... + hgj, 1 < 7 < m. Each lies in h < g, so

(CM.1) is satisfied. If o € A(g, ), then [Hj,e_,] = 37 —a(hg )e_q = — ( g=1<a,/3;>) e .. But
B; + a¢ A (since f5; are in the top-slot) and the a-string through 3;, namely §; + na, —p < n <0,
satisfies p = (B;,@”) = 0 (hence, (o, 3;") = 0). Thus, H; has non-positive spectrum on g_. Since
{a,B;) = 0, then e_,, lies in the zero eigenspace for H; if and only if a € {f;, ..., Bj}l. This gives
precisely Cy (H;) and ad(H;) restricted here is zero. Thus, (CM.2) are satisfied for H;.

Since the H-sequence is contained in b, then H; acts semisimply on H?(g_,g). All go-weights of

H?2(g_,g) are obtained from the lowest weight by adding roots in A*(g,). By Corollary m H;
has non-negative integral coefficients when expressed as a linear combination of the Z;, so a(H;) > 0
for any a € A (gy). Thus, (CM.3) reduces to verifying that:

(CM.3): For any lowest go-weight p of H2 (g_, g), we have p(H;) = 0.

Corollary 6.2. Given any regular, normal parabolic geometry (G > M,w) of type (G, P), let
¢einf(G,w). Firxe M, uen () and suppose that 0 # E := w(&,) € g,,, so E is in the Gy-orbit
of some element E; associated to the H-sequence for the TSOC (see Lemma . If (CM.3’) holds,

then the geometry is flat on an open set U = M with x € U.
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Example 6.3 (C,/P,_, and B,/P,).

go-lowest weight

G/P Range | #orb | H-sequence for the TSOC | we WP -\ in root motation
Co/Piy | £=23 | L—1] Hy=Z, (1<j<(-1) | ({—-1,0) [—2,...—2,1,0]
(=3 (21) [1,2,-1]
. -1,-2,...,-2,-1,1], £=4;

The listed w € W* parametrize irreducible components of H:(g_, ). For Cy/P,_;, (CM.3’) holds
forH,_y. When ¢ = 3, for geometries with kg concentrated in the (21)-component, then H, is also

valid. For B,/ Py, H% satisfies (CM.3’) when £ > 4 is even. When { = 3, H, satisfies (CM.3’).

6.3. |1|-graded geometries.

19

Theorem 6.4. Let (G > M,w) be a (real or complex) normal |1|-graded parabolic geometry of type

(G, P) with G simple. If g is real, we further assume that g¢ is simple. Suppose there exists a

symmetry 0 # £ € inf(G,w) such that at some u € G, w,(§) belongs to the open Gy-orbit in g,.

(In particular, X = m.(&§) has vanishing 1-jet at v = n(u) € M.) Then the geometry is flat on a

netghbourhood U < M with U 3 x.

Proof. In the complex case, the result follows from Table [} If m is the number of Gy-orbits in
P(g,), then H,,(x) = 0, where p = —w - A\. For example, for C,/P,, p = [—-2,...,—2,—1,1] (in root
notation), m = ¢ and H, = 2Z, satisfies H,(u) = +2. Thus, (CM.3’) is satisfied.

In the real case, if £ € g, lies in the open orbit, then its complexification also lies in the open

orbit. Hence, the validity of (CM.3’) follows from that of the complex case.
» P go-lowest weight
G/P Range #orb H-sequence for the TSOC wewWwW -\ in oot notation
_ (3, 1], =2
AP | £=2 1 Hy =27, +Z, (12) { [2,0,~1,..., 1], £>3
A,/P, (>3 2 Hi =2, + 2, Hy =7, + Z, ; (21) [1,2,-1,....,—1]
[-1,2,1], l=3;
(23) { [-1,1,0,—1,..,—1], £>4
AZ/Pk: 3<k<[g] k' H]:Z]+Z€+17] (1<]<k) (k,k—l) —(Of1++()é,g)+205k+06k,1
(k,k+1) | —(aq + ... +ap) + 20 + 0 q
B,/P, (=2 2 H, = Zy, Hy =27 (12) [3. 1], £=3
el = L= s 0 ! [2,0,-2,...,-2], £=>3
—4
—
D@/Pl f 2 4 2 Hl = ZQ, H2 = 221 (12) [270, —2, ey _2, —1, _1]
/P | 1>3 ¢ :j fé(l <isti-1), (6,0 1) [-2,..,—2,—1,1]
=24,
Hy =2, (1<j<l5l-1),
D,/P, (=5 L5] Zy1+7Zy, (odd; (4,0—2) [-1,-2,...,—2,—1,—1,1]
Hie =
lz] 2Z,, ¢ even
Eg/Ps - 2 Hi =2y, Hy=27, +Z4 (65) [-1,-2,-2,-3,-1,1]
E?/P’? — 3 Hl = Zl» H2 = Zﬁv H3 = 227 (76) [_27 _27 -3, _47 —3, _]-7 1]

TABLE 3. Data associated with |1|-graded geometries (with G simple)

0

We note that the claim of Theorem was established (using a different approach) in [29]
Prop. 4.1]. This follows from observing that their hypotheses are in fact equivalent to ours — see the
discussion in §7.3] Moreover, [29, Cor. 4.2] elaborates the classical cases in Table[3] The exceptional
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cases Fg/Py and E,/P; admit two real forms each corresponding to F1, F1V for Eg and EV, EVII
for E; in terms of Table B.4 of [§]. (The Bourbaki simple root ordering was not followed there.)

For projective geometry (A,/P;), there is only a single orbit. For conformal geometry (B,/P; and
D,/P;) in any signature, the openness condition can be omitted since H; () = 0.

C-projective geometry is a real geometry with type SL(¢ 4+ 1,C)g/P, where P is the stabilizer
of a complex line. (Here, g¢ is not simple.) The complexification is of type A,/P, x Ay/P. (Use
primes to denote the second factor.) There is only a single Gy-orbit in P(g,) = CP'. In (g1)c, we
can use the representative element Hy = Zy +Z,+Z,»+ Z,. There are three irreducible components
of HY(g_,g). (See ] and see [24, Table 1] for the (minus) lowest weights expressed in weight
notation.) Evaluating H; on all lowest weights, we verify (CM.3’).

Let us also note that in [29] Prop. 4.5], the authors treat the case when the isotropy lies in the
minimal Gy-orbit (using different techniques).

6.4. Non-Yamaguchi-rigid, torsion-free parabolic geometries.

Theorem 6.5. Let (G > M,w) be any Yamaguchi-nonrigid, torsion-free (regular, normal) parabolic
geometry of type (G, P), where G is simple. Let 0 # £ € inf(G,w) with X = 7,(§) having vanishing

1-jet at some x € M. Then the geometry is flat on an open set U < M with x € U.

Proof. The classification of Yamaguchi-nonrigid, torsion-free geometries is given in Appendix [Bl We
give the corresponding data in Table The following |1|-graded geometries were excluded since
they are given in Table 3} A,/P, (¢ = 2), A,/P, ({ = 3): (21)-branch, B,/P, (¢ = 2), D,/P; ({ > 4).
In all cases, all elements of the H-sequence for the TSOC act with a non-negative eigenvalue on the

lowest weight of H> (g_, g). O
G | Range | P | v | #orb | H-sequence for the TSOC | w e WF go-lowest weight
—w - A in root notation
Ay | =2 | Py |2 1 H =7Z,+7, — (12) [3,1]
(=3 | Py 2 1 — (21) 1,2,-1,-1,...,—1,—1]
(=23 | Py|2] 1 —~ (10) [1,-1,-1,...,—1,-1,1]
B, =2 | P, |3 1 H, =7, — (12) [3,1]
(=3 | P; |2 1 — (32) [-1,0,3]
C, | t=21P [2] 1 H, = Z, - (12) [3,0]
(=231 P |2 1 — (12) [2,-1,-2,-2,...,—2,—2, —1]
(=23 | P |2 2 Hy, = 7, (21) [1,2,-2,...,—2,—2, —1]
(=23 | Py|4 1 — (21) 1,2,-2,...,—2,—2,—1]
G, - P |3 1 H, =7, — (12) [4,0]

TABLE 4. Data associated with Yamaguchi-nonrigid, torsion-free, non-|1|-graded par-
abolic geometries

6.5. General geometries.

Theorem 6.6. Let G be a real or complex simple Lie group, P < G a parabolic subgroup, and

g=9_,D..Dg, the associated grading. In the real case, require that gc be simple. Suppose that:
(i) (G 5 M,w) is a regular, normal parabolic geometry of type (G, P), except for:

l
Ay/Ps i1, 2< 5 < 3 W= (s +1,5s); By/P;, (=5 o0dd, w=({{—1),

i.e. require the component of Ky corresponding to the indicated w € W¥(2) to be trivial.
(i1) there exists 0 # & € inf(G,w) such that at some v € G, w,(§) lies in the open Gy-orbit of g,,.
(In particular, the 1-jet of X = m,(£) vanishes at x = w(u) € M.)
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Then the geometry is flat on an open neighbourhood U < M with U 3 .

Proof. 1t suffices to consider Yamaguchi-nonrigid geometries. Let m be the number of Gy-orbits in
P(g,). Since w, (&) lies in the open orbit, we need to verify that H,,(x¢) = 0 for 4 = —w - A when
w = (jk) € WP(2) and Z(p) > 0. All such w are in [25, Tables 9-13]. From (A.1)), we have

H, (1) = —H,,(A) + (r; + 1 — ¢ (g, + 1))H, (o) + (7 + 1) H,, (y).

e m > 1: The [1|-graded cases are complete, so it remains to consider the (G, P) and H,, in
the table in Proposition [5.16, Aside from the listed exceptions, we verify H,, (1) = 0 directly.
e m = 1: From Section 5.3, H, = },,.; Z; and hence H,(\) = 2. If j € I (contact node), then
r; = 1 and Hy () = 0 (since ¢;; < 0). This is the case for all parabolic contact geometries.
Similarly, if k is a contact node, then Hy(u) = 0.
Suppose that neither j nor k is a contact node, so H;(u) < 0. However, a quick scan
through [25] Tables 12-13] yields no such (G, P) satisfying m = 1.

Thus, H,,(x) = 0 has been verified, and the result follows. O

In particular, geometries with precisely one Gy-orbit in P(g, ) satisfy the hypotheses of Theorem
These include projective structures (A,/P;), 2nd order ODE (systems) (A,/P;2), (2,3,5)-
distributions (G5/P;), (3, 6)-distributions (Bs/P;), parabolic contact structures, and many torsion-
free geometries from Theorem —see Table[dl The case of parabolic contact structures essentially
follows from [5].

7. DISCUSSION AND OUTLOOK

Let us discuss some results and conjectures, related to the subject of this paper.

7.1. Non-flat points. For parabolic geometries, the local vanishing of the full curvature x is
equivalent to the local vanishing of the harmonic curvature k5. Fixing a point z € M, the vanishing
of k at x implies the vanishing of k5 at x, but the converse is not true. Consequently, it is natural
to ask whether our notion of a non-flat point z, defined to mean r(z) # 0, used in the hypothesis
of Theorem can be weakened to mean r(x) # 0 instead. Indeed, the statement

(7.1) 0£XeS, jIX=0 = k@) =0

follows from [29, Thm.1.1] for irreducible (|1|-graded) parabolic geometries. We conjecture that
holds for any parabolic geometry of type (G, P) with G simple.

While x makes sense for any Cartan geometry, xy may not having meaning. The study of the
validity of outside the parabolic setting would also be worthwhile.

7.2. Higher order fixed points. Example (coming from [25]) exhibits an instance of a non-
flat geometry with a higher-order fixed point. Nevertheless, the prolongation-rigidity results of [25]
imply that if 0 # ¢ € H>(g_,g) (in particular, if ¢ = ry(u) # 0), then the Tanaka prolongation
algebra a? (see Section will often have trivial positive part. For such geometries, we anticipate
that the existence of a higher-order fixed point (not necessarily only those whose isotropy is in the
top-slot) would imply rigidity results, i.e. vanishing of x on U with U 3 . A similar combination
of the techniques developed here together with those of Cap-Melnick and Melnick-Neusser should
prove useful in this study.

5The exceptions admitting non-trivial positive prolongation are classified in [25, Table 4], and A,/P; 5 geometry
from Example appears in this list.
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7.3. Isolation of critical points. Another important aspect considered in [5] is the isolation of
higher order fixed points of an automorphism (critical points of a symmetry). While the rigidity cri-
terion considered in was only sufficient (for 1-jet determinacy of symmetries at a critical point),
their criterion for such a critical point being smoothly isolated is both necessary and sufficient. Our
results allow us to efficiently assess this criterion for symmetries with vanishing 1-jet.

If £ =w,(&) € p is the isotropy of the symmetry X = 7,(§) at z € M, then by [5 Proposition
2.5] the dimension of the set of critical points of the same isotropy type is equal to the dimension
of the centralizer Cy (F) = {X € g_|[X,E] = 0}. In particular, the fixed point = is smoothly
isolated if and only if Cj (E) = 0. The space C; (E) for Gy-conjugacy classes of elements in g, was
described in In particular, if §y, ..., B,, is the TSOC, consider E; = eg, + ... + €5, as in Lemma

m. Then X € C; (E;) if and only if X is a sum of root vectors e_,, with v € A(g,) n{fy, ...,ﬁj}L.
(Since §; € g, then ; + a ¢ A. Thus, from root strings, 3; — a ¢ A if and only if (5;,a) = 0.)
Hence, Cy (E;) # 0 for j < m, but C; (E,,) can be either zero (as in C;/P,_;, see Example [5.13)) or
nonzero (as in Cy/FP,_; 4, for example). When j = m, Lemma indicates that o ¢ A(g,).

For |1]-graded geometries, this forces o € A(g,) and Cy (E,,,) = 0. Hence, smooth isolation of the
fixed point is equivalent to having isotropy in the open G-orbit of g;. In view of this, our Theorem
and [29, Prop. 4.1] become equivalent.

7.4. Linearization of symmetries at fixed points. For several geometries all symmetries are
proved linearizable around fixed points, provided the geometry is not locally flat (clearly 1-jet
determinacy is a necessary condition for linearization). This always happens by Bochner’s technique
in the case the action of the transformation group is proper, see [2] and the recent survey [17].

This also happens, due to Obata—Ferrand theorem and its local versions, for Riemannian, Lorent-
zian and partially for general pseudo-Riemannian conformal structures, see [15] [16]. Namely, if the
structure [g] is not locally conformally flat near x € M and a conformal symmetry X vanishes at x,
then (in the general pseudo-Riemannian case, under the additional assumption that the generated
local group acts semisimply) this vector field is linearizable.

Similarly, for an analytic Levi-nondegenerate hypersurface-type CR-structure that is non-spherical
at z, a holomorphic field X vanishing at z is necessarily linearizable by Ezhov’s theorem [I3]. There
are even stronger statements that the whole stability group is linearizable in the pseudoconvex [20],
Lorentzian [13] and some other cases (but this does not hold for all Levi-signatures [14]).

Supported by these and some other examples, one might expect that for a non-flat parabolic
geometry of type (G, P) (with G simple), any symmetry X could be proved linearizable around
each fixed point x. This is however not true — our Example yields a counterexample:

Proposition 7.1. The symmetry s for the submaximally symmetric path geometry given in
Example [f.5 is 1-jet determined, yet it is not linearizable around the fized point 0.

Proof. We consider the case n = 2 for simplicity of exposition (no restriction of generality). Then
M = R5(X)) X = (t,$1,$27p17p2)7 and

SW = 120, + tx10,, + (321 + t2)0, + (21 — tp1)0y, + (w2 + STip1 — 192)0,,.

At 0, the linear part is the vector field {ga) = 2,0, + ¥50,,. To conjugate SW to 40 consider a
coordinate transformation W(x) = x + ¢(x) + ..., where ¢, is the quadratic part and we do not
indicate the higher order terms. The inverse transformation has the form U™ (x) = x — ¢o(x) + . . .,
and it is straightforward to check that whatever ¢, is, the term ¢* in the d,-component of SM is not
affected in the pushforward \IJ*S(I). Consequently the field SW is not even formally linearizable. [

7.5. Dimension of the stability group. Here we discuss applications of jet-determination to the
description of admissible dimensions of stability groups (or infinitesimally, isotropy algebras), which
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is closely related to the problem of classifying geometric structures with large symmetry [25, [17].
Below we will consider only real parabolic geometries of type (G, P) with G© = SL(3, C).

E. Cartan [9] proved that for a Levi-nondegenerate analytic hypersurface M 3 < C?, the stability
group at a non-umbilic point is finite and has at most two elements. Beloshapka [I] strengthened
this by proving that at any non-spherical point, the stability group has dimension either 0 or 1.

The split-form counterpart to CR-geometry in dimension 3 is the geometry of scalar 2nd order
ODE y" = F(z,y,%') modulo point transformations, studied by S. Lie, R. Liouville, A. Tresse and
E. Cartan (see the survey [22]). This is the underlying structure for an SL(3,R) /Py 5 geometry.
Flatness of this geometry is equivalent to point trivializability of the ODE. Symmetries are vector
fields on M® = J'(R,R) (with coordinates x = (z,v,p)) prolonged from J°(R,R) = R* (with
coordinates (z,y)) that preserve the pair of line fields (0, + pd, + F(z,y,p)0,) and {J,).

Example 7.2. For the examples below, 0 is not a regular point in the sense of [25].

ODE \ Symmetry algebra | Isotropy dimension at 0

y" = (zy) —y)° x0,, + 0, ©0, — Y0, — 2p0,, Y0, — pzﬁp 2 (not linearizable)
y' =) Oy Oy, 310, + 2y0,; — po, 1 (linearizable)

Notice y0, —p28p s not linearizable. This gives an even simpler example for the discussion of .

Theorem 7.3. Suppose that the ODE y" = F(x,y,y') is not point trivializable on any open domain.
Then the dimension of the isotropy algebra at any point X can be either 0 or 1 or 2.

Proof. For G/P = SL(3,R)/P; 5, we have a contact gradation on g, while p = g, ® g; @ g, has
dimensions (2,2, 1). Let (G — M, w) correspond to the ODE geometry on M. From the discussion in
Section , fixingu e 7" (x), we can regard the isotropy algebra as a graded subalgebra ¢ = 554 < p.

By the jet-determination result Theorem we have Eng, = 0, so € = go®g,. Since [g;, g1 = 9o,
then € N g; is at most 1-dimensional.

Assume dim(€ n gg) = 2. Then the grading element Z € ¢. We shall deduce that the geometry is
locally flat around point x. Since s, (in particular, Z) annihilates xp(x), we must have xkp(x) = 0.
Let Z € X(M) be the symmetry corresponding to Z. This vector field has a critical point at x with
the spectrum of its linear part {—1, —1,—2}. Thus, x is an asymptotically stable sink for Z. Now
kg is constant along the flow of Z that has the attractor at x. Hence, by continuity xy vanishes in
a neighborhood of x, which contradicts the assumption. Thus, dim(¢ N gq) < 1.

Thus, dim € € {0,1,2}. All values are realized as follows from Example . O

Remark 7.4. The same arguments allow one to reprove Beloshapka’s result [I] without appealing
to the Chern—Moser normal form.

Recall that y" = F(z,y,%) is the (unparametrized) geodesic equation of a projective connection
[V], i.e. an SL(3,R)/P, geometry, if and only if F(z,y,p) is cubic in p. (See also [25] (5.10)].)

Example 7.5. Let (z°,2') = (x,y) and V, W00 = g0y with T'gy = Ty

ODE \ Non-vanishing Ty, for V \ Projective symmetry algebra
Y =2 T}, =37

"o I N\3 11 ) 11 Y, _
y = (zy y)2 1 Fgo; 3 fyg’ I — y13 2 20y, 0y — YOy, YOy

Vi /
Yy = (l‘y - y) Fll = -, P000: —2[Ey, F00 =Y xa@ﬁ max — any

" /
y = xyy Loo = 2y x0; — 2y0,

In each of these cases, the projective symmetry algebra agrees with the isotropy algebra at 0. (Again,
0 is not a reqular point.) Since 3 is the well-known submazimal symmetry dimension, we conclude
that 3 is the mazimal isotropy algebra dimension for non-flat 2-dimensional projective structures.
Moreover, isotropy algebras of dimension 0, 1, 2, or 3 are all realizable.
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Using the same ideas, further results on dimensions of the isotropy algebras for other geometries
can be obtained, but this lies outside the scope of this paper.

APPENDIX A. DYNKIN DIAGRAM RECIPES AND KOSTANT’S THEOREM

Let g be a complex semisimple Lie algebra with Borel subalgebra b, Cartan subalgebra b, simple
roots {o,;} < h*, dual basis {Z;} < b, coroots ;" = @3%0, and fundamental weights {\;} < h*. Let
{(-,-) be the symmetric bilinear form on h* induced from the Killing form B on g. Let:

e ©(g) be the corresponding Dynkin diagram.

e Given a parabolic subalgebra b < p & g with corresponding index set 1, let (g, p) be the
marked diagram obtained by putting crosses on D(g) corresponding to I,.

e Given a weight u € b, inscribe the coefficient r; = {u, ;") on the i-th node of D(g)
or D(g,p). Denote this by ©(g, ) or D(g,p, ) respectively. Its support consists of all
connected components containing at least one nonzero coefficient over a node. This will be
denoted by using 0 as a superscript on the previous diagram.

Let g=g_,® ... Dg, be the grading induced by Z = Zidp Z,.

(R.1) Structure of g,: Removing crossed nodes from (g, p) yields D(gy”) and dim(3(go)) = |1,|-

(R.2) g_, as a gy’-module: Fix a crossed node i. For any adjacent uncrossed node j, inscribe
the multiplicity of the bond between ¢ and j if the bond is directed from 7 to j. Otherwise,
inscribe a 1. Do this for each crossed node 7 to get the decomposition of g_; into irreducibles.

(R.3) g, as a gy’-module: Since (g_;)* = g;, we apply the duality involutionﬂ to the gg° irreps
in g_; to obtain the g;’-decomposition for g;.

Now suppose that g is simple and A its highest weight, given below.

Af B[ C[ DZ
“ ({=1) (¢ =3) (0 =2) (0= 4) Gy | Fy Eg E; Ey
A )\1 + )\E )\2 2)\1 )\2 )\2 /\1 )\2 )\1 )\8
A 1n root
; 11---11 12...2 2.--21 | 12---211 | 32 | 2342 | 122321 | 2234321 | 23465432
notation

TABLE 5. Highest roots in terms of fundamental weights and simple roots

(R.4) Top-slot g, as a gi°-module: Remove crosses from D(g, p, \) to get the diagram T(gy*, \).
(R.5) Effective part of the gi’-action on g,: Restrict to the support °(g&*, \) of T(gi’, \).

1 0

Example A.1 (Dg/P; 4). ~ o——o . Here, v =3 and g;° = Ay x A} x Ay, but

Ay x A, acts trivially on g,. The effective part is given by the Ay-action with the above weight.

The extended Dynkin diagram ZN)(g) augments ©(g) by a single node corresponding to —\ and
corresponding bonds. Refer to the node(s) adjacent to —\ as the contact node(s). Equivalently, if
A = 27N, these are nodes j for which r; # 0. (See Table ) Mark these on D(g, \) with a ®.

(R.6) Simple roots orthogonal to A: All nodes in ©(g) other than those marked with ®.

6The duality involution is trivial except in the following cases: A, for £ > 2, D, for £ odd, or Es. In these cases,
it is the unique non-trivial automorphism of the Dynkin diagram.
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(R.7) The subalgebra g(\) < g: Remove all ® from D(g,\) to obtain a diagram D,(g,p).
(Equivalently, if ¢ < g is the parabolic subalgebra corresponding to crossing all ®, then g(\)
is the semisimple part of q.)

(R.8) The ideal [,(A) < g(A\): From D,(g,p), remove all cross-free connected components to
obtain (g, p) corresponding to an ideal [,(A) = g(A). (All other ideals of g(A) lie in g,.)
Let p(A) = [,(A) np.

Using Lemma we obtain the following recipe (see also Example [5.10)):

(R.9) Top-slot orthogonal cascade:

(a) Start with ©(g,p, A), where g is simple, p & g is parabolic, and A = max A(g).

e Termination condition: T°(gi¥, \) = & or T(gi%, \) =~ S

Remove all . Remove all connected components without crosses. Result: D(I,(A), p())).
Now iterate using D (I,(A),p(A), i) for the new D(g,p, A), where p = max A(I,(N)).

(b) For each diagram of the sequence produced in (a), write the highest root (use Table [3]).
Write the corresponding root in the initial g by putting a zero coefficient for all nodes
that carried a ® in the previous steps.

By Kostant’s version of the Bott-Borel-Weil theorem [8, 20], the gy-irreps U, = H (g_,g) are
parametrized by the length two elements w € W¥(2) of the Hasse diagram W, which is a distin-
guished subset of the Weyl group W of g. Let o; denote the simple reflections in W, defined by
oi(a) = a —{a, o ). Then all w e W¥(2) are of the form w = (jk) := 0, o 0, where

(P.1) j eI, (ie. a crossed node), and
(P.2) j # k with either k € I, or k is adjacent to j in the Dynkin diagram of g.

The submodule U, ¢ H 2(9_, g) has lowest go-weight 1 = —w - A, where - denotes the affine action
of W. By [8, Prop. 3.2.14 (1)], w-0 = —a; — 0;(ay). If X =33, mA; (so 7, = (A, )) then
(A.1) p=—-w-A=-wA) —w-0=—0;(A—r05) + a; + 0;(cy)

where c¢;; = (ay, o ) are entries of the Cartan matrix.

Using the natural gy-module isomorphism between H?(g_, g) and ker(() A’ g* ® g, where [
is the Kostant Laplacian, Kostant identified the following lowest go-weight vector for U_,,.y:

(A.2) a,

i A eaj(ozk) ® Cw(=A)>

where e, denotes a root vector corresponding to the root v € A. Since A € A, then w(—\) € A.

APPENDIX B. CLASSIFICATION OF YAMAGUCHI-NONRIGID, TORSION-FREE PARABOLIC
GEOMETRIES

For any regular, normal parabolic geometry of type (G, P), the harmonic curvature ry takes
values in H2(g_,g). The geometry is Yamaguchi-rigid if H>(g_,g) = 0. All such geometries are
automatically flat. In the non-rigid case, the geometry is torsion-free if the curvature x takes values
in the P-submodule /\2 pL®pc /\2 p,. ®g. We will prove the following classification result.
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Theorem B.1. Let G be a complex simple Lie group. All Yamaguchi-nonrigid, torsion-free (regular,
normal) parabolic geometries of type (G, P) are given by:

G Range P we WP Description of some real forms

Ay =22 P (12)  projective structures
(=3 P (21) (2,0 —1)-Segré structures
(=2 P, (21) torsion-free second order ODE system in (¢ — 1)-dep. vars
(=3 P, (1) integrable Legendrian contact structures
B, (=2 P (12)  odd-dimensional conformal structures
B, — Py, (12)  scalar 3rd order ODE with vanishing Wiinschman invariant
By - Py (32)  (3,6)-distributions
C, (=22 P (12)  contact projective structure
(>3 P, (21)  split quaternionic contact structure
(=3 P, (21) contact path geometry
D, (=>4 P (12)  even-dimensional conformal structures
Gy — P (12)  (2,3,5)-distributions

Let A be the highest weight of g. From (A.2)), if the geometry is torsion-free, then xy takes values
in the direct sum of those U_,,., € H?(g_, g), where w € W(2) and the grading element Z satisfy

(B.1) Z(w(—\)) = 0.

The component of x of lowest homogeneity is harmonic (see [8, Thm. 3.1.12] for a precise statement),
so if (B.1)) holds, then the geometry is torsion-free. The following appeared in [25, Lemma 4.3.2].

Lemma B.2. Let g be complex simple. If w e W¥(2), and w(—\) € A", then G/P is one of Ay/P;,
Az/P1,27 Bz/Pl; or BQ/P1,2'

Thus, it suffices to study the case Z(w(—\)) = 0. The rank 2 cases are easily settled by hand:
B,/P, = C,/P; and G,/P,; are the only cases with Z(w(—\)) = 0. So let ¢ := rank(G) > 3.

Since A = Y} 7.\, is a dominant integral weight, then 7, := (A, o, ) € Z. (Indeed r, € {0,1,2}
always.) Hence, for w = (jk) € W*(2),

w(A) = 0;0,(A) = 0j(A = rpo) = X =105 — Q= ;) = X — (1) — 1pCr;) 0 — TR0y
Since j € I,, then Z(a;) = 1, so Z(w(—\)) = 0 if and only if
(B.2) Z(\) = 1; — rpcp + mpZ(oy,).
Since I, # &, then Z(X\) > |I,| > 1, so r; = 1y = 0 is impossible. Thus, 7; > 1 or r, > 1. If r, > 1,
node a will be referred to as a contact node. An important property is:

(P.3) If g is not of type A, there is a unique contact node a and we have Z,(\) = 2. If g is of type

C, then r, = 2, and otherwise r, = 1.

Using (P.1), (P.2) (from Appendix [A]), and (P.3), we extract the implications of (B.2).

(1) |r; = 1| (j is a contact node)

e Type A: Since A = A\; + ), then we may assume j = 1,sor; = 1 and Z;(\) = 1.
—Ifr, > 1, then k =0 >3, 1, =1, ¢; =0, and k € I,. Thus, implies
Z(\) = 2. Since A = oy + ... + ay with j,k € I,, then G/P = A,/P,,.
— Otherwise, if r,, = 0, then implies Z(\) = 1, so G/P = A,/P;.
e Other types: We must have r, = 0, so implies Z(\) = r;.
— Type C: Since A = 2\ = 205 + ... + 2041 + ap, then j = 1, r; = 2, and
Z(\) = Z;(\) = 2. Thus, G/P = C,/P;.
— Not type A,C: r; = 1, so Z(A\) = 1 forces |I,| = 1. However, since j is the contact
node, then Z;(\) = 2, so Z(\) = r; is impossible.
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(2) |r; =0and r, = 1| (kis a contact node)
e Type A: We may assume k =1, so r, = 1 and implies Z(\) = Z(oy,) — cx;-
— ¢; = 0: Then I, o {j,k}, s0 2 < Z(\) = Z(oy,) < 1, a contradiction.
—¢; #0: 2=jel,and ¢; = —1. If k ¢ I, then Z(ay) = 0 and G/P = A,/P,. If
ke I,, then Z(oy,) = 1 and G/P = Ay/P; 5.
e Type C: k=1, 17, =2, and implies Z(\) = 2Z(ay) — 2¢y;.
—J # 2 ¢; = 0,801 < Z(\) = 2Z(oyy) implies 1 € I, and Z(\) = 2. Since
A =2031 a;) + oy, then I, = {1}. But j € I,, so j = k = 1, a contradiction.
—Jj =2 ¢ =—1,80Z(\) =2+2Z(ay). If 1 ¢ I, then G/P = C,/P,. If 1 € I,
then G/P = C,/P, ,.
e Not type A,C: By (P.3), . = 1 and Z,(\) = 2, so implies Z(\) = —ci; + Z(oy,).
— keI, Since j € I,, Z;(N) = 1,50 3 < Z;(\) + Z,(\) < Z(A) = 1 —¢;;. Since
¢ = rank(G) = 3, then G must be doubly-laced with ¢;; = —2 and Z(\) = 3.
+ Type B: r, = 1 and ¢;; = —2 implies £ = 2 and j = £ = 3. But then
Z(\) = Zy(N) + Z5(A\) = 4 (since A = a; + 245 + 2a3), a contradiction.
+ Type F: r;, =150 k =1, but then ¢;; # —2, a contradiction.
— k ¢ I,: Here, implies Z(\) = —c;; with & the unique contact node.
« Type Bik=2and A = a; +2(30_, o). If ¢y = —1, then Z(\) = Z;()\) = 1,
so G/P is B,/P,. Otherwise, if ¢;; = —2, then G/P = Bs/P;.
* Type D: k=2and A = a; + Q(ij ;) + oy + oy 80 G/P=D,/P,.
+ Type E: Z(A\) = —¢4; = 1, s0 G # Eg. For Eg, k = 2 and j = 1, but then
¢gj = 0. For k7, k=1 and j =7, but then ¢;; = 0. Both are contradictions.
« Type F: k=1,80 j =2, and 3 = Z,(\) < Z(\) = 1, a contradiction.
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