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Abstract

If F is an elliptic curve, then the Galois group of the extension gener-
ated by the n-torsion points acts on these points. We prove a quadratic
reciprocity law involving this group action. This law is an extension of
the usual quadratic reciprocity law.
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1 Introduction and notation

The quadratic reciprocity law is a well known theorem in number theory. It
asserts that if p, ¢ are two different odd prime numbers, then

(£)-r ()

where the Legendre symbol (%) is 1 if p is a square modulo ¢, and —1 other-

wise. It was first conjectured by Euler in 1782, and the first (incomplete) proof
was given by Legendre [3] in 1788. In 1801, Gauss gave a complete proof by
induction [2]. Since then, more than 220 different proofs have been published,
among them at least 17 since year 2000.

We shall present in this article yet another proof of this law. To achieve
this, we will study the cyclotomic character § on the Galois group of the field
extension generated by n-torsion points of an elliptic curve. We will prove that
the image of this morphism is included in the kernel of the Jacobi symbol modulo



n if and only if (—1)%171 is a square in the base field. Then taking an elliptic
curve over a finite field with p elements, and n = ¢ gives us the usual quadratic
reciprocity law.

Let K be a field of characteristic x # 2,3 and let E be an elliptic curve
defined over K by a Weierstrass equation

E:y2:x3+a4x+a6.

Let n be an odd integer, relatively prime to x. The subgroup E[n] of n-torsion
points on E defined over an algebraic closure K of K generates a Galois extension
L = K(E[n]) € K of K. The aim of this paper is to show the following quadratic
reciprocity law (theorem 2):

n—1
2

Im(0) C Ker(J,) © (—1) 2 nis asquare in K

where J,, is the Jacobi symbol modulo n. This reciprocity law is an extension
of the usual quadratic reciprocity law (corollary 4).
We refer to [4, 5] for the theory of elliptic curves, and we will use its notation.
When studying torsion on elliptic curves, it is natural to look at division
polynomials 1/,,. They have the property that a point P = (z,y) € E(K) is n-
torsion if and only if ¥, (x,y) = 0. They are defined recursively in the following
way:

Y1 =1

P2 =2y

s = 3z + 6asz? + 1206z — ai

Py =2y (a:ﬁ + 5a4x? + 20agz> — 5alz? — dagasx — Sag — ai)
Pomi1 = bmi2P, — Ym1Pm 4y (m = 2)

2ytom = VYm (wm+2wz~b—1 - 1bm—2w72n+1) (m > 3)

The interested reader will find an explanation of the recursive equations in [7].
Replacing y? by 2% + a4x + ag, the polynomials 1,41 and w;; are in K|z],
and actually in Z[ay, ag, z]. Those are the polynomials we will consider in the

sequel, and we denote them by Jm Note that the property of $2m+1 remains
the same, while the zeroes of ng are just the z-coordinates of points of 2m
torsion that are not 2-torsion. The leading coefficient of v, is equal to m if m
is odd, or 7 if m is even.

If(aq, -+ ,as) is a s-tuple, we denote it by («;). By («;)’, we mean the
(s — 1)-tuple (@1, ,as—1). Finally, if («;) and (8;) are two s-tuples, then
5((e), (81)) = #:{i] i # B}

In the sequel, n is an odd integer relatively prime to x. We prove the
quadratic reciprocity law itself by looking at the action of Gal(L,K) on E|n].
More precisely, we show that there is a non-canonical group homorphism from
Gal(LL,K) into GL2(Z/nZ), and if M, is the image of o € Gal(L,K), then the
signature of the action of o on E[n] coincides with the Jacobi symbol of the



determinant of M,. This enables us to describe the extension K(+/3,), where
0p, 18 the discriminant of ,,.

As a corollary, we find the usual quadratic reciprocity law by considering
elliptic curves over finite fields.

2 Relation between the discriminants of the el-
liptic curve and of the division polynomial

We will need several lemmas and propositions in order to prove theorem 1. We
prove first that the discriminant of the division polynomial is a cusp form of the
desired weight and without zeroes on the upper half plane. As a consequence,
it has to be a constant multiplum of a power of the discriminant of the curve.
It thus just remains to compute this constant. Throughout this section, the
positive integer [ is fixed.

2.1 The discriminant is a cusp form

Lemma 1. Let 7 € H and (a,b) € N7_\{(0,0)}. Then

-1
©ab ( ) =1%01-pa(T).

T

Proof. We have

1 1 1
banl) = Tt D [(_ i ]
l

2 2
( 1 ) (m,n) € 22 _m_nT) (m+n7—)
(m, ) # (0,0)
so that
—1 7—2 7_2 7_2
w(2) - L
T (Mzib) (m,;e 22 (%fb —mT +n) (m7 —n)
(m,n) # (0,0)
729 —b,0(T)
= T’piba(7),

the last equality coming from the periodicity of p in the elements of the defining
lattice. O O

Corollary 1. Let 7 € H. Then

o <__1> - TQ#D(#D—l)(;l(T)
T



Proof. We know that the definition of §;(7) is independent of the choice of
representatives (a, b) for the z-coordinates of points of I-torsion and of the order
on this set. In this case, we choose

D ={(a,0),a e N;_, }U{(a,b),a e N;_1,b e NT_, }
2 2
if [ is odd, and

l
D ={(a;b)aeNi_,,b€{0,5}}U{(a,b),a € Ny, b€ N1 }
2 2

if 1 is even, with any order (for example (a,b) < (¢/,V') & al +b < d'l + V).
Obviously, when (a,b) runs over D, then (I — b,a) runs over another set of
representatives for the z-coordinates of points of [-torsion. O

Lemma 2. Let 7 € H and (a,b) € N7_\{(0,0)}. Then
Pab(T+1) = Payb,(7)-

Proof. From the g-expansion of p, we can deduce a r-expansion of g, , where
2imwT 2i7
r=e¢ 1 and {§ =eT . Namely, we have:

1 . ( ) Z ranrbCla N 1 ) Z rin
792 Pab\T) = T mabran2 19 PN
(2im)? nez (L—riTo() 12 n>1 (1—rlm)

But, under the transformation 7 — 7 4 1, we have r — r(; and thus

1 T’anrbCln-i—bCa 1 Tlncln
L) = Y AR P o
2 ¥a, b ) 2 i 2
(2im) aon (1 — pinbglnthea) 12 =1 (1 —ringim)
In+b a+b In
D I e R DE e
nez, (1 —rintbit?) 2= @ =)
1
= W@wb,b(ﬂ

Corollary 2. Let 7 € H. Then
51(7’ + 1) = 51(7‘).

Proof. We choose the same D as in the previous corollary. Then when (a, b) runs
over D, (a + b,b) runs over another set of representatives for the z-coordinates
of the points of I-torsion.We have therefore

s(r+1) = C 11 (Pap(T +1) = pary (1 + 1))

(a, b), (a’,b') € D
(a,b) < (a’,b)

= C [] (©atv,5(T) = Parvr (7))
(a,b), (a’,b") € D
(a,b) < (a’,b")

= 0(7).



Proposition 1. The function

& : H — Py(C)
T — 0(7)
is a cusp form of weight 2k = 2#D(#D — 1) for SLy(Z). It has a unique zero
1m 100.
Proof. The r-expansion of g (7) shows that it is a meromorphic function on
H. Actually, this is a holomorphic function since the only poles of the function
p are at the points of the lattice, and we always evaluate the functions outside
of these points. Since §; is a combination of finite sums and products of these
functions, it is also a meromorphic function on H. The corollaries 1 and 2 show
that 6; is then a modular function of weight 2k. Using the r-expansion of g

again, we see that 0;(ico) = 0 so that J; is a cusp form. Finally, we have for
7 € H and (a,b), (a/,b') € N?_\{(0,0)},

0a.b(T) = o v (T) & (a,b) = £(a’,V')  mod L.
This shows that §; has no zeroes on H. O O
Corollary 3. There exists a constant k; (depending on 1) such that
6 = ki AF/S,

Proof. We know ([5], cor. 1.3.8) that

Lordi(8) + 2ord, (0) + ordise(B) + 3 ord, () = &

20rzl 30rpl Or'd;co (0] OrTl_6'

T € X(1)
T # i, p, 100

We also know that the only possible zero or pole of §; is at 700 so that

k
OI‘dioo ((Sl) = g

The function A*/¢ is also a cusp form of weight 2k with the same zeroes and
poles, so that they have to differ by a multiplicative constant. [l O

We shall now make this constant explicit.

2.2 Computation of the constant k;

We will compute d;, the term of lowest degree of the r-expansion of §;, and
compare it to the term of lowest degree of A¥/6. The latter one is known to be
(27r)2qu/6. Let us denote fq p,4/,p» the term of lowest degree of the r-expansion
of pa.b — Pa’,pr- We will then have

_ 2
dy = H fa,b,a’,b"

(a,b)<(a’,b")



We have

oo In+ba In+b' r~a’
! 2 (pa,b(T) — Pa’ b (’7’)) = Z < r Cl o r Cl 2)

. a\2 ’ ~al
(2im) =\ (1 —rintbcr) (1 — plntb oty

pln—br—a In—b' ~—a’
+Z < “ - : “ _a,)2>

1 — pin— bC ) (1 _ Tln—b’Cl

and since

plnkb rinEbEC L O (PnE) ifin b #£0
_ +a )
(1- rlnibglia)Q 0 CC,i“)Q +0O(1) otherwise,
looking carefully at the terms of lowest degree, we find that

Lemma 3. Keeping the same notation,

S Y
(1_<§1{1)2 (1_4_1(1,/)2 Zfb — b — O
iy f0=0b<l
S N i
(2im)2 (G“—G)rb fo<b=1b <L
¢t ifO<b<l
(GG —a)rt r=v=y

To ease the computation, we introduce the following notation:

— 2
Ga,b = H fa,b,a’,b’

(a’b")>(a,b)

H Ga,b-

(a,b)eD

so that

We have to distinguish two cases, namely [ odd and [ even. As we are just
interested in the case [ odd in the sequel, this is the case we will develop. We
will mention the result when [ is even, without proof. The interested reader
may find it on [6]. From now on, [ is odd.

Recall that in this case, we choose the set D to be

D= {(a,O) aENL J} {(a,b),aElel, bGNI J}

We first compute the g, 5, and we distinguish two cases, namely b = 0 and b > 0.



In the first case, we have

—1

!
gﬂqo - H f(),o a’,0 H H f(l. 0,0’ b/
a’'=a+1 b'=1a'=0
= 9 =1
2 a o =Lt o
. C] Cl . :
= H (2im)* [ a2 — H (2im)* —
a'=a+1 (1-¢) (1 - ¢ ) bl o =0 (1-¢)
217 -2-4 3 a'—a 2 a'+a 2
C P 1 (1-¢=)" (1)
- w27 =244 Ol -
(1 - Cl) a'=a+1 (1 _ Cl )
and in the latter
2
ga,b == H f(?ba/b H Hf{)ba/b/
a'=a+l =b+1a'=
-1 g
- H (2271—) (Cl - ) H H 2271— §2a 2b
@t =b+la'=
20 +21—4bl—4—4a | bi> —2b°14bl—2b—2ab = N2
a’=a+1

We now compute the product of all the g, 5 when (a,b) runs through D. We
then get:

-1

di _ I1.Z 1900Hb 190b
rlk/6 (27)2F rik/6 (27)"

;N2 2
l*Tl 90-942 FTI (1 _ra —a) (1 _ ra +(L)
_ G ! !

o H . C(1)212—2—4a H
l

a=1 (1 a’=a+1 (1 - Clal)
7l 1 — 2
I IT (¢~ )

=1a=0a’"=a+1

After a little bit of combinatorics, we find that

-1
2

ﬁ _ﬁ (1-¢) =T[a -

a=1
while
=1 11 =1
2 2 2
(1_ afa) :H(l C)ll?zz
a=1a'=a+1 a=1



Let us now look at the quantity

(1_ a+a)2

Given a1 < ¢ < Z’Tl, how many couples (a,a’) in the product are such that
a+a =cora+a =1-—c? It actually depends on the parity of c: if ¢ is even,
then there exists respectively § — 1 and § such couples, while if ¢ is odd, then
the numbers are both equal to <

21. When c is even,
+a'\?
aT+a
[T (1-a)

I a-¢* I a-¢9°

ata’'==c [l a+a’'=c ata'=l—c
cye—2 —c\¢ c\¢
= (1-¢) (—Q ) (1-¢)
_a-gr
- c2 )

l

while the same computation shows that when c is odd,
2c—2
a+a’ 2_ (1_<{) ¢
H 1-¢ i S—
CC —C
ata’'==c [I] l
Computing the product of all these quantities when 1 < ¢ < Tl shows that

-1

( _ a+a’)2 _ p() T2, (1 —¢p)2e?

HE||

I

1(12-1) ’
Cl 24
where
Ty 1 (mod 4)
1 = mo
(1) = Cl(z+1)2 .

G if | =3 (mod 4)
If we gather everything in our original formula, we obtain

-1
2\ 2
2k !
(2m)* (1) (H1<a<a<% (¢ =¢) ) JI/6
(1— 1)(L+1)(l+2) -1 1

l (1 _ C] )2l2 -3
(-1)= @en* <z> ti/6
(I—D)(I+1)(1+2) 1— )

¢ 5 ILA -

d =

z(z 1)

H



Finally

—~
—_
|
L
]
~—
]
I
—~
—_
|
L
]
~—
—~
|
X
IS]
~—
—~
—_
|
9
]
~—

a=1 a=1 a=1
o 2o
= (D7 ¢F JJa-¢
a=1
-1 12
= =D ¢t
and putting everything together, we get
(=)= @n)** pr= ke (—1)= (2m)* u(l)cl”_l)l(é+l)2 rth/6
d = (lfl)(l+116)2(2l*1)l(l+1)g2173) - 1550 '

l

Considering the two cases [ = 1 (mod 4) and | = 3 (mod 4), it is then easy to
see that

=Da+1?
p)g =
and thus " Y
— — L= —41 2
d = (—1)'F S o S
Theorem 1. Keeping the same notation, we have
-1 2_ 1442
5 (-1) 2 =2 A= if  is odd
= 1 12 4_442 ) .
(-1)27! 160 =" A—5  if is even

Proof. This is a direct consequence of the above computations, corollary 3 and
the fact that
disc(A\P) = A\29e(P)=2gisc(P)

(| O

3 Main result

0
V., is obtained from T,, by identifying v with —v. There are obvious actions of
GLy(Z/nZ) on T,, and V,, that we denote by 7 and T respectively. Let o and &
be the signature on Sym(V,,) and Sym(T,,) respectively.

Let n be an Odd integel“ SuCh that (n, d) = 1 Let T’n, = (Z/nZ)Q \ { |:O:|} and

Proposition 2. With the previous notation, we have:

VM € GLy(Z/nZ), o o 7(M) = 5 o 7(M) = (detﬁbM)>

where (—) 1s the Jacobi symbol.



Proof. Since GLy(Z/nZ) is generated by S = {0 _1], T = [1 1] and for

1 0 0 1
d 0] . . .
0 10’ it suffices to show the equalities for these matrices.

Moreover, if we write n = [[;~, p{"*, then (Z/nZ)" is generated by m elements
d; such that d; = 1 (mod p;) if i # j, and d; is a generator of (Z/p"Z)". It
is then sufficient to show the equalities for d = d;, and since the argument will
be similar for all 4, one may assume without loss of generality that i = m, and
that d = d,,.

It is a well known fact that a permutation on a finite set has signature
(—1)97° where ¢ is the set’s cardinality, while o is the number of orbits.

Let M € GLo(Z/nZ). If <t > is the orbit of ¢ € T,, under the action of M,
let

de (Z/nZ)*, Ug = [

Q={<t>| —te<t> tel,}
and
D ={<t>| —tg<t> teTl,}

Let w; = #8Q; for i« = 1,2. Obvioulsy, ws is even. The obvious map from the
orbits of M acting on T, onto the orbits of M acting on V,, is 1 —1 on €1, while
itis2—1on Q9. Then

o(r(M)) = (1) D) = (1

while .
a(F(M)) = (-1~
The first equality in the proposition holds if we = 0 (mod 4).
If M = S, then it is easy to see that w; = "24’1, we = 0, and since det(M) =
1, the proposition holds in this case.

If M =T, then forr € Z, M" [Zﬂ = {x —;ry} , and once again, w; = 0. This

(wi+%2) _ (_1)w1+w72.

shows also that if y # 0, the length [ of the orbit of Lﬂ is the smallest positive
integer r such that ry = 0. If we write y = y' [\, pf’i with (y',n) = 1, then
m m
ry =0 @erii =0inZ/nZ < 3INEN, r= )\Hp?'ﬁﬁi
i=1 i=1
and therefore [ = H;’ilp?i_ﬁi. Given y # 0, there are exactly n points of the
(2

form B], and each of them lie in an orbit of length [];", p® P This gives

17, p7 such orbits. Given a m-tuple (3;), there are exactly ¢([Tr, p2~ ")
elements y that are of the form y = y' [[~; pf’i with (y',n) = 1. If we add to
this the n — 1 fixed points coming from y = 0, we get

(ai) m m
wp=n-—1+ Z <Hpii(b<Hp;“_ﬁi>>.
i=1

(B3)=(0) =1
(Bi)#(ai)

10



If 6((aw), (B:)) > 2, then a factor (p; — 1)(p; — 1) appears in ¢(H§":‘1p?"_ﬁi),
which makes the corresponding term congruent to 0 modulo 4. We just need to
consider terms with 0((a;), (8;)) = 1, which gives, modulo 4,

m arp—1 m
we = n—l—i—z Z pr‘ prEp(prt —Py

k=1 B=0 \ i=1

i#k
m arp—1 m

= n—1+3 > | ITo | o2 (on — Do~

k=1 B,=0 i=1

i#k

“ n
n—1+ZakZ)—k(pk—1)

k=1
i n
= n—1+ 200, —
kz:; Pk
pr=3 (mod 4)
i n
= n—1+2 —

PR =3 (mod 4)
ap=1 (mod 2)

Let B = {k| pr =3 (mod 4), a =1 (mod 2)} and e = #E. Then

n= 2t = 3° (mod 4 and——3elmod4
I )and 2= 371 (smod 4)

This sums up to
we =3°—1+2e3°"1 =0 (mod 4)

independently on the parity of e, and the first equality is proved. Since det(M) =
1, once again, the proposition holds for M = T.

If M = Uy, then for r € Z, M" [z] = [dyx} Then if t = B],

—te<t>=y=0and Ir,d"x = —x.

Write z = x' H:ilpz with (2/,n) = 1. Then d'z = —z & d" = —1 in
Z/(IT%, p;"*~"")Z. The choice of d implies v; = ; for i < m. Thus
LY TTT L i
—te<t>&t= {“’m 1% 1P }

for (z/,n) =1 and 0 < 7y, < auy. If ¢ is of this kind then the length of the
orbit < ¢ > is equal to the order of d in Z/(p%m~7")Z, that is ¢(p%m~7). On
the other hand, there are exactly ¢(p%m~7m) many x of that kind, which means

11



that for every 0 < 7, < aum,, there is exactly one orbit of length ¢(p&m—7m) in
Q1. We have thus proved that w1 = Q-
Now, if z = /T~ p}*, (2/,n) = 1, the same argument shows that the

length of the orbit generated by B] is ¢([T:2, pi"~ 7). But, this is equal to

@(pSm—7m) by the choice of d = d,,,. Given an m- tuple (7:), there are exactly
ST~ pi"~ ") many z of the form z =2 [[,p", (z/,n) = 1. In order to
find wo, we have to be careful to eliminate all the m-tuples (aa,...,¥m—1,%m)

which give an orbit in €7, and not to forget the fixed points of the form B]
This gives, modulo 4:

(ai Olz Yi
o = noten 3 CHSBCD g,
(v)=(0) ¢( )
(77)#((3‘7)
(0‘7)
= n—14+n Z ¢<Hpa1 7')—#w1
(v4)=(0)
(77)#((3‘7)

n—1—a,+n Z azm:(b<

()'=(0)  Ym=0
(i)' # (i)’

H

(n—1)(am+1)+n(ay, +1)

I
M?
<
3
=5
S
2
N————

(%) =(0)
(vi) ’#(ou)’

(n = D(am +1) + n(am + 1) Z Z o(p ak %

PL=3 (mod 4)

m—1 ap—1
(n—1D(am+1) +nlam+1) > 2 pp
=0

k=1
pr=3 (mod 4)

(n—1)(om + 1) +nlam, + 1) i (3% —1)

k=1
pr=3 (mod 4)

m—1

(n—1(am+1)+nlam+1) > 2
pk.EfSk(:rde 4)
ar=1 (mod 2)

12



If o, = 0 (mod 2), then obviously, wy =0 (mod 4). If not, then let

e = F#{k m, pr =3 (mod 4), ag, =1 (mod 2)}

m—1, pr =3 (mod 4), a =1 (mod 2)}.

Then
we = (3° = 1)(otm + 1) + 2e3%(v, + 1) =0 (mod 4)
idependently on the parity of e. This shows once again the first equality. Since

d generates (Z/p,7Z)", it can not be a square there, and (pTdn) = —1. We also

have that (pi,) =1 for ¢ < m. Then,

and the proposition holds in this case too. O

We can now prove our quadratic reciprocity law. Let F be an elliptic curve
defined over a field K and n > 3 be an odd integer prime to the characteristic of
K. Let §,, be the discriminant of the n-th division polynomial ,,. Let IL be the
extension of K generated by E[n]. This is a Galois extension of K with Galois
group G. This group acts canonically on E[n]. If < P,@Q > is a basis of F[n],
then we have a natural embedding

vpq: G — GLy(Z/nZ).

We also have
det : GLy(Z/nZ) — (Z/nZ)" .

The morphism 6 = det o pp o is independent of P and Q. Let H = Im(6),
and S C (Z/nZ)" be the kernel of the Jacobi symbol J,, = (<). We have the
following quadratic reciprocity law:

Theorem 2. The following assertions are equivalent:
HCS,
On 18 a square in K,
(=1)"=" n is a square in K.

Proof. Let w € L be a square root of ,,. It is given by
w=+]](@(P)—a(P))

where P, P’ in E[n]\{0} run over ordered pairs modulo the action of {£Id}.
Let A € G. Then X induces a permutation on {z(P)| P € E[n]}, and thus

13



Mw) = £w. By proposition 2, we have, for < P,Q > any basis of E[n],

Mw)=w & ToT(ppo(N)=1

() (=)

& 0\ €S

Then we have

dpisasquarein Ko weK&VAed, 0(\)eS< HCS.

n— n2— nt—an?
From theorem 1, we know that 4,, = (—1)T1 = A" 2. This is a

square if and only if (—1)"Z n is a square. For a detail proof of [1], see [6] O

4 The standard quadratic reciprocity law

As a corollary, we can prove the usual quadratic reciprocity law:

Corollary 4. Let p,q be two odd primes. Then

()= (=5) =0 (1)

Proof. Let E be any elliptic curve defined over F,. Take n = ¢q. As we are
dealing with finite fields, the Galois group G is generated by the Frobenius
endomorphism Fr. Let < P,Q > be any basis of E[q], and write ppq(Fr) =

a

Z} . Since < P, Q > is a basis of E|[g], the root of unity ¢, = e,(P, Q), where

eq is the Weil pairing, is primitive. By the properties of the Weil pairing, we
have:

Fr(eq(P,Q)) = Fr(¢,) = Cf;
eq(Er(P), Fr(Q)) = eq(aP + bQ, cP + dQ)
€q(P, Q)adfbc — C{?EtOWP,Q(Fr).

By the primitivity of (4, we have then
6(Fr) =p (mod gq).

This gives us
H=<0(Fr)>=<p>.
By the previous theorem, p is a square in Z/qZ if and only if (—1)%1q is a

square in IF),.
O

14
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