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Abstract

In this thesis we consider the equivalence problem for symplectic and conformal
symplectic group actions on submanifolds and functions. We solve the equiv-
alence problem for general submanifolds by means of computing differential
invariants and describing all the invariants of the associated group action by
appealing to the Lie-Tresse theorem.
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Introduction

Consider the problem of determining whether two submanifolds N;, N, € M
are equivalent up to some transformation (change of coordinates). That is,
does there exist some diffeomorphism F : M — M such that N; = F*N.
Locally, this is always the case as manifolds of the same dimension are all
locally Euclidean and we consider general diffeomorphisms F € Diff(M). The
problem at hand in this thesis will be to restrict to a subgroup of Diff(M)
that preserves some additional structure on M and then consider the same
problem. In other words, can we transform one submanifold to the other
by some restricted change of coordinates? An example of such a question is
in Euclidean geometry where one looks to congruence of curves. Curves in
Euclidean geometry are distinguished by the square of their curvature. A curve
in the plane y : R — R? has curvature given by

144

oY
1+ y)»)*?

for which k2 will distinguish plane curves. Meaning if two curves have different
square curvature, there exists no Euclidean transformation (isometry) mapping
them onto each other. In this thesis we consider the same problem but the
transformations will be different and the submanifolds will not only be curves,
but higher dimensional submanifolds as well.

Another problem of finding transformations related to submanifolds is the
change of coordinates for functions f, or their level curves {f = ¢} (which
can be considered submanifolds). Given two functions f,g : M — R is there
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some restricted change of coordinates F : M — M, such that f = F*g? This
question can be rephrased as a question regarding foliations by hypersurfaces.
Is it possible to transform one foliation into the other foliation by a change of
coordinates that is subjected to some extra conditions?

The problems introduced are called equivalence problems, which is a standard
question in geometry. Can one geometric object be transformed into another by
some change of coordinates? We’'ll try to answer this question in this thesis for
symplectic and conformal symplectic transformations. The key to answer the
question of equivalence is by invariants, where an invariant is an object which
is unaffected by a change of coordinates. Then if two geometric objects have
different invariants they can’t be equivalent. This will be the approach, namely
to compute and understand the invariants of the transformations given.



Prerequisites

We'll start with a brief introduction to jet spaces, prolongations of vector fields
and some notions regarding differential invariants. Most of the theorems
regarding differential invariants are also summarized in this chapter. Section
2.1 gives a discussion of jet spaces, which is the setting for most of our work.
Section 2.2 introduces prolongation of group actions and vector fields, while
section 2.3 and 2.4 introduces differential invariants and the main theorems.
In section 2.5 we discuss counting of differential invariants and how to apply
our main results.

2.1 Jet Spaces

The discussion of jet spaces is split in two cases. The first being jets of functions
and the other being jets of submanifolds. We’ll restrict to scalar functions of
several variables, which will suffice for our goal. For more details regarding jet
spaces, see [Olvgs],[Olvoo], [KLo8], or [KVL86].

2.1.1 Jets of Functions
Let M be an n-dimensional smooth manifold. Denote C*°(M) the set of all

smooth functions f : M — R. This forms a commutative unital algebra under
addition and multiplication of functions. Consider functions f € C*(M) for
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which f(a) = 0 for some a € M. These functions forms an ideal, denoted p,.
The set of functions that vanish at a up to order k also forms an ideal, denoted
11X Doing this allows the construct

JEM = C=(M)/pukt, (2.1)

which is called jet space of order k at a € M. Elements of ]§M are equivalence
classes of functions that vanish up to order k at the point a. We say f ~ g
if f and g are tangent up to order k. This defines the jet space of functions,
denoted J*M, as the following J*M = || aeM ]ZjM, giving a smooth manifold
of dimension dim J*M = n + (" k) For every k and 0 < [ < k there is
a natural projection sy . J*M — J'M defined by Tk, 1( f f]l In
particular, J*M is a bundle over J'M for any | < k. We make the convention
of writing M = J~'M, so that J*M is also a bundle over M with the projection
7([f1%) = a. This can be summarized as the following tower of jets

M=J7 M & pom S v S B Ry L
where 71} ,, © k] = T, m, for k > 1 > m > —1. Let the local coordinates on M
be x!,...,x™ and introduce the local coordinates
X ([f15) =d',
w1 = 2L o
on J¥M where ¢ = (i1, ..., i;) is a multi-index of length 0 < |o| < k. We'll

also write u instead of ug.

2.1.2 Jets of Submanifolds

Let M be a smooth manifold of dimension n + m and consider submanifolds
N C M of dimension n. Two submanifolds N7, No € M are considered
equivalent if they are tangent up to order k at some point a € N; N N,. This
defines an equivalence relation on the set of all submanifolds. We’ll denote this
equivalence class as [N ]Z for submanifolds that are tangent up to order k at the
point a € M and refer to the class [N ]’; as the k-jet of N at the point a. Denote
]c’f (M, n) as the set of all k-jets at the point a of dimension n. Doing this we can
define J*(M,n) = [1,em JX(M, n) as the space of all k-jets of submanifolds.
This comes equipped with the structure of a smooth manifold of dimension
dim J*(M,n) = n+ m(’” ). The jet space J*(M, n) carries a natural projection
map 7z ; defined by mx ;([N]%) = [N] for k > [ > 0, making 7z ; smooth
bundles. As before, this gives a tower structure of bundles

Tk, k+1

JO(M,n) & i (M, n) <2 JE(M,n) <52
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similar to the situation for jets of functions. Given N C M there is a natural
embedding jx : N < J*(M, n) defined by ji(N) = [N]X for a € N. In many
cases we discuss J*M and J*(M, n) at the same time, when this occurs we’ll
use the notation J* instead when there is no difference between the two cases.
The tower structure associated with the jet bundles allows the construction of
the inverse limit of the jet bundles, J* = @ J*, which is needed later.

2.2 Prolongation

In this section we’ll discuss prolongation, mainly of vector fields, but also
prolongation of group actions. Prolongations allow us to extend group actions
and vector fields on M to J¥.

2.2.1 Prolongation of Group Actions

Recall that a Lie group action is a Lie group homomorphism ® : G — Diff(M),
where M is a smooth manifold and Diff(M) denotes the set of diffeomorphisms
of M, which forms a group under composition. Given any g € G, we then view
g as a diffeomorphism of M. This action is written as g - p forg € G and p € M.
Any g € G s called a point transformation since it takes points p € M and sends
them to g - p € M. Given g € G, then @, is taken as a diffeomorphism of M,
then the idea of prolongation is to construct a diffeomorphism @;k) D Jk— gk
called the k-th order prolongation. The prolongation of ® in local coordinates
can be expressed as

q);k)([N]];) = [%(N)]ég(p), (2.2)

where N is a submanifold N € M while for functions f : M — R the action
is by the pullback g - f = g*f.

The bundle J* comes equipped with an additional structure called the Cartan
distribution. The map j* : N — J*(M,n) takes submanifolds of M into
JK(M, n), in particular consider the tangent space of this submanifold at the
point a; € J¥(M, n), define

L(ag+1) = Ta J*(N) € Ta, J“(M, n). (23)
This does not depend on the choice of N but it is dependent on a4, = [N ]’;”

since we need information about higher jets to describe the tangent space.
Define the Cartan distribution as

Cr(ax) = span{L(ax+1) | axs1 € 7y i (ax)} € TJ*,
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that is, all tangent spaces to prolonged functions/submanifolds. The Cartan
distribution can be described as

Cr = (D). 8y, | 10| = k), (2.4)

with Di’j) = Opi + 2|7 <k ul 11,9, j-A local diffeomorphism of J* that preserves
the Cartan distribution is called a Lie transformation and in fact the prolon-

. (k) . . . ) )
gations @, are Lie transformations. If we consider jet spaces of single variable
functions, in particular J'M, then J'M is an odd-dimensional manifold and
the Cartan distribution reduces the following contact structure

C1 = (DY) = 0. +udy,. 0u). (2.5)

A contact structure on an n-dimensional manifold is a codimension 1 dis-
tribution IT € TM that is completely non-integrable. In particular J'M is a
contact manifold. In many cases it is desirable to work with the annihilator of
C; instead. The annihilator is

Ann C; = (0w = du — uidxi>, (2.6)
where we call  a contact form. A diffeomorphism ¢ : J'M — J'M that
preserves the contact structure, that is, ¢* @ = Aw, is called a contact transfor-

mation. The next theorem gives a description of transformations that preserve
structures in jet spaces.

Theorem 2.2.1. (Lie-Bdcklund). Suppose M is an n-dimensional manifold. Let
J* denote the k-th jet bundle of M. Then any Lie transformation of J* is the
prolongation of

(a) m > 2; local point transformation, &, : M — M,

(b) m = 1; local contact transformation ¢ : J' — JI.
where m indicates the number of dependent variables.
The Lie-Backlund theorem then classifies all diffeomorphisms for jets of func-
tions due to the restriction of only considering one dependent variable.
2.2.2 Prolongation of Vector Fields
Let M be a smooth manifold of dimension n and X € D(J°) be a vector field,

given as
X =ad,i + b;jOy,,
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in local coordinates, with x’ independent and u ;i dependent. We'd like to "lift"
the vector field X to a vector field on J¥, denoted as X®). This is called the k-th
prolongation of X. The bundle J* comes naturally equipped with the Cartan
distribution, so the prolongation has to preserve the Cartan distribution, that
is

LyxCr =0 mod Ck. (2.7)

Due to the Lie-Backlund theorem every vector field that preserves the Cartan
distribution is the prolongation of either a point transformation on M or a
contact transformation on J'. Due to this we have two cases to consider when
dealing with the prolongation of vector fields. The prolongation of vector
fields can be computed explicitly by the requirement of preserving the Cartan
distribution. In local coordinates:

X(k) — ai@3(£+1) + Z Z)a(qu)aula (2.8)
lo|<k
where ¢ = (¢},...,¢™)and ¢/ = b/ — aiu{. The function ¢ is the generating

function for the prolongation for m > 2. The case of contact transformations
takes the form

k k
X{ = =0,(NDE + D7 Do(£)du, (2.9)
lo|<k
for f = —a'u; whenm = 1.

2.3 Differential Invariants

In this section we’ll state some definitions, techniques for computation and the-
orems related to our main topic of differential invariants. Differential invariants
were introduced by Sophus Lie in [Lie8o] to study local transformation groups
and they provide useful information regarding the equivalence problem.

2.3.1 Definitions

Definition 2.3.1. Let G be a Lie group acting on a smooth manifold M. Denote
the action as g - p forg € G and p € M. A function I : M — R is called an
invariant if

I(g-p) = I(p) (2.10)

for all g € G. If [ is an invariant of the k-th prolonged group action we call I a
differential invariant of order k.
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If I and J are differential invariants of the same order, then so are I + J and
I]. In particular, the set of all differential invariants forms a commutative
algebra over R. Denote the algebra of k-th order differential invariants by ‘Ay.
A differential invariant of order k is also a differential invariant of order k + 1,
so A C Apy1. We can then consider the set of all differential invariants of
arbitrary order, defined and denoted as A = h'_r)nﬂk C C*(J*). This gives a
filtration of ‘A as

A C A1 C...C A C A1 C ...

which we’d like to describe. In classical invariant theory the invariant functions
separate the orbits of the group action under some regularity assumptions, see
[Olvgg]. This fact will be the main tool to solve the equivalence problem, so
understanding differential invariants is essential. Our goal in this thesis is then
to find necessary and sufficient conditions to completely describe the orbits
of the group action and find all necessary invariants. In classical invariant
theory for reductive group actions there exists a finite generating set for the
algebra of invariants, the semisimple case is due to Hilbert, (see [Hilg3]), and
the general reductive case is due to Mumford, (see [MFKo4]). If Iy, Iy, .. ., I,
are differential invariants then for any smooth function H depending on p
variables we have that H(Iy, I, . . ., I,) is also a differential invariant whenever
the composition is defined. Because of this some invariants are not necessary.
In particular, we would like to have an independent set of generators. For
independent invariants we use the following definition.

Definition 2.3.2. The k-th order differential invariants Iy, I, . . ., I,, are called
independent invariants if they are independent as functions on J¥ in the
usual sense.

In our situation A is not finitely generated in the usual sense since by prolon-
gation new independent invariants are obtained (more on this later). Because
of this there is an infinite amount of independent differential invariants on
J%. The algebra (A is however, finitely generated in the sense of the Lie-Tresse
theorem (discussed below). The problem at hand is how to find the differential
invariants and to determine necessary and sufficient conditions for these to
generate the whole algebra of differential invariants.

2.3.2 Finding Differential Invariants

The homomorphism ® : G < Diff(M) allows us to consider g € G as a diffeo-
morphism of M. The condition for being an invariant can then be rephrased as
the pullback g*I = I. For G, a connected Lie group, we can use the exponential
map to write g(t) = exp(Xt) for some X € Lie(G) = ¢. This corresponds to a
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one-parameter subgroup associated to G, which is the flow associated to the
vector field X. Rewrite g*I = I and taking a derivative gives

4 exp(Xt)'I = LxI =0, forall X €g. (2.11)
dtlt=0
This gives an equation to actually solve for invariants, given some Lie algebra
g. Choose a basis for the Lie algebra g, then solve Eq. (2.11) on the chosen
basis. This is sufficient due to the linearity of the Lie derivative. Vector field
prolongation is a Lie algebra homomorphism (see [Olvoo] Thm 2.39. p. 115) so
this gives a criterion to find differential invariants of order k. We have

Lyl =0, forallX €g, (2.12)

where XK) denotes the k-th order prolongation of X. Using Eq. (2.12) we can
compute differential invariants by solving a linear PDE system on the unknown
function I depending on the variables on J*. This is our first approach to
finding differential invariants, but as we shall see in the next chapter it is not
sufficient for computing them in numerous cases due to computation time and
complexity of the equations needed to be solved.

Let A C C*(J*) denote the algebra of differential invariantsand V : A — A
be a derivation of A. Derivations of ‘A forms a module over A and a Lie
subalgebra of 9D (J*) under the usual Lie bracket. Denote this A-module by
M S DJ™).

Definition 2.3.3. A derivation V € M is called an invariant derivation if it
is G-invariant. That is, for all g € G we have g£k+1)V = Vgik) for all k starting
from the order of the coefficients of V.

As above, for G a connected Lie group, we can use the infinitesimal approach
by writing g = d/dt exp(tX)|;=o. This yields

LywV=[x®,V]=0, forallX eg. (2.13)

Linearity allows us to check (2.13) by choosing a basis for the Lie algebra g
and letting the commutator act on the local coordinate functions. Invariant
derivations play an important role in the statement of the Lie-Tresse theorem,
acting as part of the generating set for A.

Lemma 2.3.4. If I is a differential invariant of order k and V is an invariant
derivation, then V(I) is a differential invariant of order k + 1.

Proof. LetV be an invariant derivation, and consider the following commutative
diagram:
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o) 2% oo ()

lv lv

o) 2 o)

An invariant derivation acting on a function I, increases the jet order of the
function, while the Lie derivative preserves the jet order. The restriction of the
diagram to some k gives the commutative diagram:

co(ky X0y oo ghy
Iv s

L (k1
Coo(]k+1) i’ Coo(Jk+1)-

A function I, is a differential invariant, if Ly« I = 0. Take I to be a differential
invariant of order k, then by commutativity of the diagram

V(Lxw]) = Lywn(V()).

Because Ly I = 0, it follows by commutativity that L@+ (V(I)) =0. W

According to Lemma 2.3.4 it is possible to obtain new invariants from any given
set of invariants by applying invariant derivations. Any given set of invariants
can produce new differential invariants of any order by repeated application of
invariant derivations. Therefore, the algebra of differential invariants can’t be
finitely generated in the usual sense, unless all the new differential invariants
obtained can be expressed by the previous invariants. This is not the case since
the new invariants are of higher order. Another way to construct differential
invariants by using invariant derivations is provided by the next proposition.

Proposition 2.3.5. If V is an invariant derivation and [ is a differential invari-
ant, both of order k. Then IV is also an invariant derivation, in particular if
Vi,...,V; are linearly independent invariant derivations, then V = I'V; is
also an invariant derivation if and only if I’ are all differential invariants.

In particular, we can compute all Lie brackets of our invariant derivations and
write the results in terms of our original invariant derivations. The coefficients
forming the linear combinations are then differential invariants by Proposition

2.3.5.
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2.4 The Lie-Tresse Theorem

In this section we’ll state the Lie-Tresse theorem, but for the purposes of the
computations and hypothesis of the theorem it is necessary to restrict the
attention to a class of simpler Lie groups and actions. We’ll assume that the
Lie group is algebraic, that is, it is given by algebraic equations as a subset
G C GL(n), for some n € N. We’ll also make some restrictions of the action of
G on M. Let G denote the prolongation of the group G to J* and denote
ng) = {p € GM | p(a) = a} the stabilizer of a € M. This forms a subgroup of
G®) which also acts on J*. Now we can describe algebraic actions of G on M.

Definition 2.4.1. The action of G on M is called an algebraic action if the
stabilizer Gflk) is an algebraic group that acts algebraically on J, !f for any a € M.

Remark. Here ng) acting algebraically on J* means that the action is described
by algebraic equations, meaning either polynomial or rational equations.

The prolongation of an algebraic action is again algebraic (see [KL16]). In
particular we only need to check that Gg) acts algebraically on J!. The algebra
of differential invariants A is not finitely generated in the usual sense, but in
the sense of the Lie-Tresse theorem which we are now ready to state.

Theorem 2.4.2. (Kruglikov-Lychagin). Let G be an algebraic Lie group acting
on a smooth manifold M. Denote ‘A as the algebra of differential invariants.
If the action of G on M is both algebraic and transitive, there exists a finite
number of differential invariants Iy, I, . . ., I, and a finite number of invariant
derivations Vi, Vs, ..., V, such that, any I € A is a polynomial of the form
VI, with1l < i < p, ] = (j1,....jr), and all the coefficients are rational
functions of I;. Further, on generic points the differential invariants separate
the regular orbits.

This is the main tool to be used in understanding the algebra of differential
invariants, which in turn sheds light on the equivalence problem. The idea of a
finiteness theorem was introduced by Lie in [Lie8o], then Tresse demonstrated
and argued for it in [Treg3] and some partial proofs for a micro-local version
are done in [Ovs82],[Kum74] and [KLo6]. For more details and a complete
proof of the global version can be found in [KL16]. The theorem doesn’t state
how many of each are sufficient. This is the topic for the next section.
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2.5 Generators and Differential Syzygies

According to the Lie-Tresse theorem, there exists a finite number of differential
invariants and invariant derivations to generate the whole algebra of differential
invariants. The goal of this section is to answer the following two questions in
the case of Lie group actions:

(1) How many differential invariants are necessary?

(2) How many invariant derivations do we need?

2.5.1 Counting Invariants and Invariant Derivations

Recall that we’re considering a Lie group action G — Diff(M) so any g € G
gives a diffeomorphism of M. On the other hand we’d like to consider the
infinitesimal approach, that given a Lie algebra g, we can construct a Lie algebra
action. A Lie algebra action is a Lie algebra homomorphism g < D(M). In
particular, given any X € ¢ as abstract data for some Lie algebra, we can
construct a corresponding vector field on M by:

X = 4 (exp(tX)-p), forpe M, (2.14)
dt =0

called the infinitesimal generator of the group action. Here X is a vector field
on M. We'll typically call X € g a vector field on M using this identification
and we’ll do so from now on.

Given a Lie algebra action ¢ : ¢ < D(M) on the manifold M, which takes
X € g to ¢(X) € D(M). As with group actions, we’ll abuse the notation
and just write X and treat it as a vector field on M. This action induces a
local Lie group action by the exponential map. Then understanding the orbits,
O, ={g9-p | g € G}, of the action is closely related to the number of invariants
for the action. Under a Lie group action the orbits are submanifolds of M.
If the corresponding group acting is connected, so are the orbits. This will
always be the case for us since our actions are defined by the Lie algebra, which
gets mapped to an open neighborhood around unity in the corresponding Lie
group. Differential invariants are constant on the orbits of the action. In our
case the action will be given in terms of the Lie algebra, which determines a
distribution on M of rank dim g. Due to this, Frobenius’ theorem sheds light
on the structure of the orbits. Recall that a distribution IT is called integrable
if there exists some submanifold N € M such that IT = TN. A distribution is
called involutive if X, Y € IT implies [X, Y] € II.
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Theorem 2.5.1. (Frobenius). Let M be a manifold of dimension nand IT € TM
be a distribution of rank r < n everywhere. If II is involutive, then there
exists integrable submanifolds corresponding to II, moreover there exists local
coordinates such that IT = (d,1, . .., 0r) for which x™™ = ¢,1,...,x" = ¢,
are integral submanifolds of II.

Due to the Frobenius’ Theorem we can deduce some restrictions on the number
of independent differential invariants. The orbits of the group action are integral
submanifolds for the Lie algebra g viewed as a distribution on J k_In fact, take
a basis for g at p € M, say (X1|p, X2|p, ..., X;|p). Then these vector fields span
the tangent space of the orbit at p in M. This also applies to the prolongation
of g. Due to this the dimension of the orbits in J* are equal to the dimension
of gtk |p-* The action of the associated group is transitive if g, = TM]|, for
every p € M. This gives the dimension of the orbits of the action on J k. To
compute it, it is sufficient to compute the rank of g¢*) in J¥. Let s; denote the
maximal generic orbit dimension of the action of g'®) on ]k. As noted above,
this is s = dim ¢*) lpr €TJ k |p forpi € J k. We'll only consider the discussion
micro-locally, that is in some neighborhood px € U C J ¥ to avoid singularities
in the orbits. Then s; can be computed as the rank of the Jacobian matrix of the
vector fields XY(), e ,Xﬁk), having the coefficients as entries. In accordance
with the Lie-Tresse theorem a transitive action is needed on the base space M.
This simple check of the rank for the vector fields takes care of this requirement.
The next theorem is a consequence of the Frobenius’ theorem.

Theorem 2.5.2. Let G be a Lie group acting freely on the n-dimensional
manifold M with s-dimensional orbits. Then at any point p € M there exists
local independent invariants I, . . ., I,,_s defined in a neighborhood of p.

Proof. The proof uses the Frobenius’ Theorem and can be found in [Olvoo],
see theorem 2.17. p. 86. |

In particular, for a free action the orbits have the same dimension, so we can
determine the number of independent invariants in an open neighborhood
U C J*, that is micro-locally. Let i; be the number of invariants of order k,
then by Theorem 2.5.2, we have

i = dim]k — Sk (2.15)

number of differential invariants of order k. This count includes all invariants
of any order less than or equal to k (recall that any invariant of order k — 1
is also an invariant of order k). Let ji denote the number of independent

1. This is true if the action is free.
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differential invariants of order k that are not of order less than k. This is simply
Jk = ix — ix_1, or alternatively

Jk = dim]k — Sk — (dim]k_1 - Sk_1). (2.16)

If r is the dimension of g and at some step [ in the prolongation the orbit
dimension is s; = r, then for all k > [ it must be the case that s = r. The
reason being that the rank of g as a distribution can’t increase beyond the
dimension of g as a Lie algebra. We call r the stable orbit dimension and [ the
order of stabilization. This gives a very simple way of counting the number
of independent differential invariants.

Proposition 2.5.3. Let [ be the order of stabilization for the action. Then for all
k > [ there exists jr = dim J¥ — dim J*~! independent differential invariants
of order k.

A more detailed exposition on the dimension count can be found in [Olvgs].

Remark. Although this is done micro-locally it holds in fact globally, whenever
the hypothesis of Theorem 2.4.2 holds, see [KL16].

This answers the first question of this section. The second question is answered
in the next theorem.

Theorem 2.5.4. Let G be a Lie group acting on a manifold M under the
assumptions of Theorem 2.4.2. Then there exists a finite number V{,V,,...,V,
of invariant derivations, where n = dim M.

Proof. See [KL16] Theorem 21. p. 1391. |

Remark. The discussion in [KL16] focuses on differential equations embedded
as submanifolds in J*. The results holds for our cases when the differential
equation is taken to be empty.

In our setup the groups acting are finite-dimensional Lie groups, so it is always
the case that the algebra is infinite.

2.5.2 Differential Syzygies

To close off the chapter we give a brief discussion of differential syzygies.
If A is the algebra of differential invariants, then by Theorem 2.4.2 it is
finitely generated by I1,...,I, Vq,...,V,, for some s,n > 1. A differen-

tial syzygy is a relation among these generators. That is, an expression
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of the form F(Vy(I;),...,V;,(Ii,)) = 0, where F is a function taking a
finite amount of arguments and Ji,...,J, are multi-indices. Write A =
(h,....Ls,Vi,....Vy | F(Vy,(I3),. ...V}, (I;,))) to express the generators
for the algebra and the differential syzygies. If no differential syzygies exist
the algebra is said to be freely generated by I, ..., I, Vq,..., V,, written as
A={(L,...,I;,Vq,...,V,). Considering the algebra of differential invariants
as being finitely generated by I; and V;, then the set of differential syzygies
forms a module over this space, a so called D-module. This module of differ-
ential syzygies is also finitely generated. For more on differential syzygies, a
proof of finiteness and D-modules see [KL16].






Computation of Differential
Invariants

In this chapter the theory introduced in Chapter 2 is put to use by doing some
actual computations. The approach is to try and use Eq. (2.12) to find invariants
and Eq. (2.13) to determine invariant derivations and then appeal to the Lie-
Tresse theorem and the dimension count to describe the whole algebra of
differential invariants. However, as we’ll see, this is problematic in some cases.
All computations were done in Maple 2018.

Convention: All differential invariants are denoted by I with a subscript. The
subscript consists of a number and a letter. The number reflects the order
of the invariant, while the letter is arbitrary and only there to distinguish
invariants of the same order. If no letter is given there is only 1 invariant on
the corresponding jet space.

The dimension formulas for the jet spaces are stated here again for easy
reference. Have
n+ k)

K (3.1)

for jets of functions with dim M = n. While for jets of submanifolds of dimension
n the formula is
n+ k)

dim]kM:n+(

(3.2)

dim J*(M,n) = n + m( P

17
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fordimM =n+ m.

3.1 Review of Symplectic and Contact Geometry

To start off, we review some notions from symplectic and contact geometry.
The discussion is brief, but more details can be found in [KLRo7].

3.1.1 Symplectic Geometry

Recall that a symplectic manifold is a smooth even-dimensional manifold,
equipped with a nondegenerate closed 2-form w. Let M = R?", viewed as
a symplectic manifold with local coordinates (x!,...,x", yl, ..., y"). Take
o = Y;dx" Ady' as the standard symplectic structure. Locally every symplec-
tic manifold takes this form. Consider transformations ¢ € Diff(M), such that
¢*w = . That is, symmetries of the symplectic form (also called symplecto-
morphisms). This forms an infinite-dimensional group of symmetries with the
group operation being composition of maps. Instead of working on the group
level we can pass to the infinitesimal setting to obtain linear equations through
the Lie derivative

Lxow=— t_OqoZiw =0, (3.3)

where ¢; is the associated flow of X. Therefore, we may look to vector fields
X € D(M), such that Lxw = 0. This forms an infinite-dimensional Lie algebra
of vector fields, called Hamiltonian vector fields. Denote it by §. For our purposes
we’d like to consider finite-dimensional subalgebras of this Lie algebra. The
infinite-dimensional Lie algebra corresponding to the Hamiltonian vectors
fields are generated by smooth functions f € C*(M). In fact we have a Lie
algebra isomorphism, h ~ C*(M), given in local coordinates as

fe Xr = —ayi(f)axi + c')xi(f)é‘yi, (3.4)

for the case M = R2". The induced Lie bracket on the algebra of smooth
functions is called the Poisson bracket, and is typically denoted as {f,g}. It
is defined by {f, g} = h, where the functions correspond to the Lie bracket
for [Xf,Xg] = X}, where Xr, Xg, Xp, are all Hamiltonian vector fields. In local

coordinates
0 (0f 89  Of g

To obtain a finite-dimensional subalgebra, consider ™, that is the space of
homogeneous forms of degree n. Take f € P® to be a quadratic form on
M. Differentiating a quadratic form gives a linear function and multiplying
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two linear functions gives a quadratic form, thus { f, g} is another quadratic
form. In particular, the space of quadratic forms is closed under the Poisson
bracket. This gives a finite-dimensional Poisson subalgebra P? C C®(M).
By Eq. (3.4) we get an isomorphic Lie algebra of Hamiltonian vector fields
generated by quadratic forms, which we’ll denote as g. Then we’ve obtained a
finite-dimensional subalgebra of h with dimension dimg = n(2n + 1), which
is the same dimension as the space of quadratic forms on M = R?"*. The Lie
algebra g consists of linear Hamiltonian vector fields, so it is the standard
representation of the Lie algebra sp(2n; R).

3.1.2 Contact Geometry

Let M be a smooth odd-dimensional manifold, then M is a contact manifold if
M is equipped with a contact structure. A contact structure is a codimension
1 maximally non-integrable distribution IT C TM. An equivalent formulation
is that M is equipped with a 1-form «, for which IT = ker « is a codimension
1 distribution such that da|; is nondegenerate. Let M = R2"*! with local
coordinates x!,...,x", u, p1,. .. ,Pn,then o = du —pidxi is a contact structure
on M. Locally, all contact manifolds take this form. Now, consider symmetries
of a, that is, transformations ¢ € Diff(M), such that p*a = Aa, for some
A € C®(M). * This gives an infinite-dimensional group as in the symplectic
case. Converting the problem to the infinitesimal version yields

Lxa ¢;a =0, mod (a). (3.6)

~ dtl=0
where ¢; is the flow associated to X. This forms a Lie algebra of infinitesimal
symmetries generated by a function f € C*(M), and can be written in local
coordinates as

Xp = =0p,(f)Dyi + fOu + Dyi(f)0p,, (3.7)

where D, = 0,i+2; ujo 11, d, - The vector field Xy is called a contact vector
field. The Lie algebra of infinitesimal symmetries is then isomorphic as a Lie
algebra with C* (M), with the induced Lie bracket coming from [Xr, X] = X},.
The bracket, given as [f,g] = h is called the Lagrange bracket. In local
coordinates it takes the form

_N(9f 99 _ 09 0f\ v, (0f 39 _999f) (.09 _ of
[f’g]_;(axi(?pi ax 9p; +;pl dudp: oudp;) \Vou au)

As in the symplectic case we want to consider finite-dimensional subalgebras.
Consider the subspace P? C C*(M) as before, however this can’t be closed

1. This is an annihilator to a distribution, so we have to preserve a up to scale.
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under the Lagrange bracket. For example, take f = x? and g = u?, then
[£,9] = 2x?u — 2xu?, which is of degree 3. To keep the degree fixed, we can
avoid this issue by taking u to have weight 2. That is, take f to be a quadratic
form in the variables x’, p; and of first order in u, but of weight 2. This gives
a subalgebra that is closed under the Lagrange bracket, so the map f +— X¢
gives an isomorphism of Lie algebras. The Lie algebra of vector fields ¢ is a Lie

algebra of dimension dimg = (2"22_1) +1=n2n+1)+1.

3.2 Symplectic Computations in 2 Dimensions

Now we’re in a position to start doing some actual computations, and we start
with the symplectic case. Let M = R?, taken as a symplectic manifold with
o = dx A dy as the symplectic structure. Take (x2, xy, y*) as a basis for the
space of quadratic forms. The corresponding Hamiltonian vector fields are
then:

X1 = 2x0y,
X3 = —x0x + ydy,
Xg = —2y0x,

generated by x2, xy and y? respectively. Computing the nonzero Lie brackets
yields the following structure relations

[X1, X2] = 2X4,
[X1,X3] = 4Xo,
[X2, X3] = 2X3.

Let ¢ = (X7, X5, X3) denote this Lie algebra, then the Levi Decomposition in
this case shows that the radical part is 0, therefore ¢ is semisimple and by
construction the Lie algebra is $p(2; IR) which is isomorphic to sI(2; R).

3.2.1 Differential Invariants, Part 1.1: Curves

Let the Lie algebra g be defined as above. Induce an action on M = R2,
this action induces an action on the curves in M. The induced action on the
curves in M induce an action on the corresponding jet spaces associated to
the curves. Let x, y be local coordinates on J°(M, 1), where x is taken to be
independent and y dependent, meaning the curves will be represented as
y = y(x). To describe the algebra of differential invariants under the action
of g = (X1, X5, X3) on J°(M, 1), we'll apply the Lie-Tresse theorem, but firstly
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we have to check if the algebraic criteria of the problem holds. Recall that we
require the group and all its prolongations to act algebraically on M and the
action on the base M has to be transitive. Prolongation of an algebraic action
is algebraic, so the only check needed is G itself and the first prolongation
acting on J'(M, 1). The Lie group associated to the Lie algebra sI(2;R) is
G = SL(2;R) C GL(2;R).2 This is an algebraic group, being described by
linear equations and the condition that ad — bc = 1 all of which are algebraic
equations. Take g € G, then g corresponds to matrix with entries a, b, ¢, d such
that ad — bc = 1. The action ® : G X M — M can then be supplied with some
g € G to obtain a diffeomorphism of M. That is ®(g,p) = ®4(p) € Diff(M).
The action on J°(M, 1) can then be written explicitly as

Qy(x,y) = (ax + by, cx + dy) = (LCI Z) (z),

The first prolongation is then

dy, +
d>(gl)(x, Y,y1) = (ax + by, cx + dy, bzll " 2) .

To check that the stabilizer of CID(gl) at a generic point p acts algebraically on
J1(M, 1), take a generic point 0 # p € J°(M, 1). The group acts transitively on
J°(M, 1) \ {0}, so the point p can be taken to be p = (1,0) as a representative
for a generic orbit. Thus, we can compute the stabilizer of p = (1, 0) to check
the criterion for the action being algebraic. The criteria for being the stabilizer
of p = (1,0) becomes ®4(1,0) = (a, c), which givesa=1,c=0and d = 1 by
the condition that ad — bc = 1. The stabilizer of p, denoted @, is then of the

form .
1
Dgp = (O 1) ’

where b is arbitrary. Then the prolongation of @, takes the form

(1) Y1
o =|x+by,vy, .
g:p ( .Y byl + 1)
The action of the stabilizer on J*(M, 1) consists of rational equations, so the
action is algebraic and the Lie-Tresse theorem applies if we restrict to JO(M, 1)\
0.

The Lie algebra ¢ acts almost transitively on J°(M, 1) (the action is transitive
on J°(M, 1) \ 0), so there are no differential invariants of order 0 on generic
orbits. Prolonging the action to J'(M, 1) the Lie algebra g(!) has rank 3 on

2. Exponentiating the Lie algebra gives a neighborhood around unity in the corresponding
group. By doing finite products between elements obtained from the Lie algebra we can
generate all of SL(2; R).
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generic points, which is equal to the dimension of J*(M, 1), meaning there
are no differential invariants of order 1. By Proposition 2.5.3 we have reached
the stable orbit dimension, which is 3, so for k > 2 the orbits have dimension
s = 3. The order of stabilization is then 1, so by Theorem 2.5.2 the number of
independent differential invariants of order k is jr = dim J¥ — dim J*~! = 1
for k > 2.

Jet Level | ji
0 0
1 0
k>2 1

The dimension of J2(M, 1) is 4, so there should be one invariant. To compute
it, prolong the vector fields in accordance with Eq. (2.9) and solve Eq. (2.12)
with I = I(x,y,y1,y1,1),

L, oI(x,y,y1,91,1) = 0.

The solution is then the first invariant

Y11

= —————.
27 (xr - y)°

(3.8)
The dimension count then guarantees this is the only invariant needed. To
understand the whole algebra of differential invariants, which shall be de-
noted by A the Lie-Tresse theorem is applied. According to the Lie-Tresse
theorem there should exist invariant derivations and differential invariants
which together suffice to generate the whole algebra of differential invariants.
In accordance with the dimension count there should be only 1 functionally
independent invariant of order 2 which is already computed. By prolongation
we’ll obtain one new invariant for every k > 2. Computing all of them is of
course ineffective and will not give a complete description of the all invariants
since there are infinitely many of them. To avoid this the attempt is to find
invariant derivations instead. By Theorem 2.5.4 only one invariant derivation
should suffice since the algebra of invariants is infinite due to the group acting
being finite-dimensional. To find an invariant derivation solve Eq. (2.13) with
V = Q(x,y, y1)Dx. This gives

Q(x,y,y1) = (3.9)

Xy -y’

where C is some nonzero constant. Taking V as simple as possible by letting
C = 1. The resulting invariant derivation is then

1
XYy1—Y

V= D,. (3.10)
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By Lemma 2.3.4 it is possible to obtain differential invariants of higher order
by applying invariant derivations. Thus, I3 = V(I), is a differential invariant of
order 3. By the dimension count there should be one functionally independent
differential invariant of order 3, which is the one obtained. In general there
is one functionally independent differential invariant of order k, and it is
computed as I = V¥72(I,). In accordance with the Lie-Tresse theorem, the
algebra of differential invariants is generated by I, and V with no differential
syzygies between the generators. Thus, the algebra A = (I, V) is free on I,
and V. To summarize:

Differential Invariants | Invariant Derivations

I, = U1,1 V = 1
2~ Gyi-y)p® Ty O

Later when discussing curves in dimension 4 we develop another, more geo-
metric way to obtaining everything needed to understand the algebra of curves
in R2. See section 3.4.1 for the geometric method.

3.2.2 Differential Invariants, Part 1.2: Functions

Take M = R? with local coordinates x,y as a symplectic manifold with the
symplectic form w = dx A dy. Let J°M be the jet space of R-valued functions
on M with local coordinates x, y, u. Take ¢ = (X7, X2, X3) as defined above,
and induce an action on M = R? which is prolonged trivially to J°M. In this
case x and y are independent and u is considered dependent. To understand
the algebra of differential invariants we want to apply the Lie-Tresse theorem,
but to do this we need to verify the algebraic conditions. Firstly, the group is
the same as in the last computation, so the group is algebraic. The action in
this case is the same, but the prolongation is different. Given g € G the action
®:GXM— Mis

y(x,y) = (ax + by, cx + dy) = (‘Cl Z) (7;)

for ad — bc = 1. On J°M the action is prolonged trivially, so that
q)(gO)(x9 y,u) = (ax + by, cx + dy, u).

As above the stabilizer of a generic point, say p = (1,0) is

1 b
q)g;P = (0 1)'
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The prolongation of the stabilizer is then
¢(1):(x+b u,uy, —buy + us)
g:p y,y,u,uy, 1 2) -

This is an algebraic action, being defined by polynomials, so the hypothesis for
the Lie-Tresse theorem holds and we can proceed as before.

Before computing the differential invariants we investigate the number of
differential invariants for each k. On M \ {0} the action is transitive so there
are no invariants. On J°M we have dim J°M = 3, but the rank of g(o) is 2, so
there is one invariant on J°M, namely I, = u by construction. In accordance
with our notation, we have iy = 1 and j, = 1. On J'M the orbit dimension is
3, so there are j; = i; — ig independent first order differential invariants. In
this case i; = dim J'M — s; = 2. In particular, j; = i; — ip = 1, so there is
one differential invariant of order 1. At this stage the stable orbit dimension
has been reached, so for k > 2, there is jr = dimJ* — dim J*! = k + 1
independent invariants of order k.

Jet Level | ji
0 1
1 1
k>2 k+1

To compute differential invariants of order k the approach is to solve Eq.
(2.12)

LXl(k)I =0, fori=1,2,3,

where I € C*®(J*M). Doing this for k = 0, 1, 2 gives the following differential
invariants

Ih = u,
I = xu; + yuy,
IZa = xzul,l + 2xyu1,2 + yzug,g,
XupU1,1 — Yuiuz 2 + (Yug — XU1)uy,2,

_ 5,2 2
IZC = Ujuz 2 — 2u1u2u1,2 + UsUy,1-

Ly

To determine the whole algebra of differential invariants it is necessary to
determine some invariant derivations. Due to Theorem 2.5.4, there shall be 2 of
them. Take an invariant derivationas V = 3, ; Q'D,.: where Q' are functions
on 1-jets. Solve

[x®) V] =o,

on the local coordinates. In this case n = 2 so a general invariant derivation
takes the form V = Q(x, y,u, u1, u2)Dx + R(x,y, u, uy, u)Dy. Plugging this
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into Eq. (2.13) and solving for Q and R gives

Q(x,y, u, uq, up) = —F1(u, xuy + yuz)uy + Fo(u, xu; + yus)x,
R(x,y,u, u1, up) = F1(u, xu1 + yug)uy + Fo(u, xuy + yuy)y.

Choose F; and F, as simple as possible, say either O or 1. This gives the two
necessary invariant derivations

Vi =xDx +yDy,
Vz = —uZZ)x + uli)y.

Let A denote the algebra of differential invariants. Then using the differential
invariants and invariant derivations we can construct a generating set for ‘A.
The invariant I can be used to get higher order invariants. Applying V4, V,
to Iy would yield two new first order invariants, but there should be only one
independent invariant, therefore there must be some differential syzygy. The
differential syzygy is easy in this case, since V5(Ip) = 0, while I; = V;(Iy). Then
everything is obtained on J'M. On J?M the invariants L., I, and I, are all
independent which is verified by the rank of the following matrix:

2 2
aulleZa aul,ZIZa aug,QIZa X zxy y
aul’lle aul’zIZb auZ,ZIZb =|Xuzx —Xxu+ yup —yup |,

2 2
aul’llzc (9141’2126 6u2’2120 uz —2u1u2 u1

which is 3 on generic points, so these are functionally independent. However,
the invariants I, and Iy, can be expressed using I and V; and V; as

Lq = Vi(I) - Vi(lp),
Iy = =V2(V1)(Io).

In particular, I, and I, are not needed as generators for the algebra of dif-
ferential invariants. On the level of 2-jets we only get two new differential
invariant by applying V; and V,, hence I,. is necessary since 3 is needed.
Applying derivations again yields six invariants on 3-jets, but only 4 are neces-
sary and independent by the dimension count. Therefore, there shall be some
differential syzygies, and in fact, there are two of them. The first differential
syzygy comes from the commutator, [Vy, V,]. This is due to Proposition 2.3.5
which also gives a way to obtain it. The commutator yields another invariant
derivation, which should be expressible through the ones we already have, that
is, it should exists coefficients ¢, ¢ such that

[Vi,Va] =1 Vi + ¢V

Also by Proposition 2.3.5, the coefficients are invariant. Apply this to the coordi-
nates x, y gives a linear system which can be solved by standard methods.

[V1, Va](x) = c1Vi(x) + c2Va(x),
[V1, Val(y) = c1Vi(y) + c2Va(y).
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The coefficients c; and ¢y, being invariants themselves can be expressed by the
invariants we have computed. To find the relations between these coefficients
and the invariants we have is discussed below. This gives the first differential
Syzygy

L[V1, V2] = 14V + (Iq — 1)V.

This differential syzygy gives that V,(I5,) and V;(Iy) are functionally depen-
dent since V,(I»,) and V1(I5,) come from Iy by applying V; and V5, that is
they are of the form V4(V1(Iy)) and V1(V2(Iy)). The second differential syzygy
is harder to obtain and comes from a relation between the remaining 5 third
order invariants.

Any function on J* correspond to a differential operator (possibly nonlinear)
and the behavior can be understood by looking at the top terms in derivatives.
The symbol operator accomplishes this. The map o} : C*(J*M) — SKTM
is called the symbol, defined by C*(J*M) > F da, FlF(a,), where F(ay) =
ker(dmy -1 : Tak]kM — Takfljk_lM) ~ SKT*M. The result after applying
the symbol to a function on J¥M is symmetric polynomial in the basis dy., dy
(in this case since M = R? with coordinates x, y). As an example, take the
invariant I,, then

09(lhg) = O'2(X2ul’1 + 2xyuy 2 + yzug,z) = xzaﬁ + 2xYy0x 0y + yzaj.

In this case the highest order terms are linear, so the coefficients of each term can
be computed by differentiation with respect to the jet variables u 1, uy 2, tg 2.
If the invariant I, included lower order terms, say we compute o5(l, + I7),
then the answer is the same since lower order terms are automatically 0.

Write the invariants of the form3
a1 Vi(laa) + a2Va(lag) + a3Va(lop) + a4 Vi(Iae) + asVa(lae),

for some arbitrary coefficients «;. Then compute the symbol for this combina-
tion and set it to 0. Setting the symbol to 0 implies that the highest order (in
this case 3) terms vanish, so that the remainder in the original expression is
of order 2. The symbol is computed by differentiation with respect to the jet
coordinates if the expressions are linear in the highest order. If not, they must
be linearized first. Computing this gives the coefficients for the symbol which
is a cubic form in the basis d, d,. To make this cubic form 0 we require all the
coefficients to vanish. Setting this system of equations to 0 allows us to solve
for all a;’s.

o3(a1Vi(laa) + @2 Va(lag) + a3Va(lop)) + a4 Vi(lag) + a5Va(lae)) = 0.

3. V1(Iyp) is thrown away due to the syzygy relating it to Va(lag)
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In this case a7 = a5 = a5 = 0 and a3 = a4. Take @3 = 1 and we obtain a
relation

Valop) + Vi(laa) = plx, y, u, ur, ug, u,1, U1,2, Uz, 2).
All 3-jets have been eliminated and what remains is nonlinear in the 2-jets,
so the same method will not work if applied again. To remedy this, take the
invariants on 2-jets, that is I»,, Iop, I, and solve them for u; 1, u; 2, us 2 and
substitute into . Now the 2-jets have been eliminated from the problem. Do
the same for I; and u7, uy and so on. This gives the last syzygy after substituting
back Ir,, Irp, Ir.. The differential syzygy turns out to be:

(VZ(IZb) + Vl(IZa))Il - (312a - I].)IZC - 313[, =0.
Define the following
R1 = Va(lo),
Rz = [[V1, V2] = Lp V1 = (I2q — [1) V2,
Rs = (Va(lap) + Vi)l — (312a — I1)ae — 315,
where I1, I5,, I, are defined by the relations to I and V4, V, as above. Then, the

algebra of differential invariants is generated as A = (I, Iz¢, V1, V2 | R1, Ra, R3).
In summary:

Differential Invariants Derivations
Iy=u Vi =xDx +yDy
Vo= —-usD, + M1Dy

L = xu; + yuy
Ly = x%u1 1+ 2 + 42
2a = X"U11 XYUi,2 T Y U2 2
Ly = (yug — xuy)uy 2
+XUgUy,1 — YUl 2

— 2 2
I, = Uil 2 — 2u1u2u1,2 + Usu1,1
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3.3 Contact Computations in 3 Dimensions

Taking M = R3, then the space of quadratic forms has a basis (xz, pz, u, xp),
with u having weight 2. This gives the following vector fields:

X; = x%0, + 2x0p,

Xo = —2p0y — p*0,

X3 = 2ud, + 2pd,,

X4 = —x0x + po,,

corresponding to x2, p?, 2u, xp, respectively. 4+ This results in the following
nonzero commutator relations:

[X1, X2] = 4X4,
[X1,X3] = 2X1,
[X1, X4] = 2X;,
[X2, X3] = =2Xa,
[X2, X4] = —2X5

Let ¢ = (X7,X5,X3,X4) denote this Lie algebra. The Levi decomposition
of g gives that (X3 — X) is the radical and (X1, X5, X4) is semisimple. The
semisimple part is $I(2; R) by checking the signature of the Killing form. The
whole Lie algebra corresponds to g =~ sI(2; R) @ R =~ gI(2;R). In particular,
X3 — X4 corresponds to the center of ¢l(2; R) and (X7, X5, X4) is the usual
sI(2; R).

The corresponding group G is a subgroup of GL(2; R), and in fact a subgroup of
the connected component of GL(2; R) that contains the identity. Doing multipli-
cation between the elements in the neighborhood of the identity generates the
whole connected component of GL(2; R) having positive determinant. Denote
this subgroup of GL(2; R) as GL,(2; R). The action of the group G = GL,(2; R)
is not the standard representation of G as the action is on R®. However, the
action on x and p is the standard representation of GL(2; R). To determine the
action ® : G X M — M on the u coordinate we require that for any g € G
we have ® o = Aa, where a = du — pdx is the standard contact structure
on R3. Write the action as Oy (x,u,p) = (ax + bp, f(x,u,p), cx + dp) where
g € GL(2; R) is a matrix having entries a, b, ¢, d for which ad — bc # 0. Then
solve @;a = Aa. From this we obtain the PDE system

fx(x,u,p) = =Ap + acx + adp,
fu(x, u’p) =4,
fp(x,u,p) = bex + bdp.

4. 2u is just for convenience.
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Eliminate A and solve the PDE system. This determines the action of G =
GL,(2;R) on u, so the complete action on R? is
X ax + bp)(ex +d
@@Jqumwwxw—mwu+éﬁ+( pg p)
for ad—bc # 0. The action obtained is algebraic, given by polynomial equations

hence by taking the Zariski closure the equations extends to the whole group
G = GL(2; R).

,ex+dp). (3.11)

3.3.1 Differential Invariants, Part 2.1: Curves

Take M = R3 and let ¢ = (X1, X2, X3, X4) be the Lie algebra as described
above with coordinates x — t,u +— x and p — y. Induce an action of g on
M and in turn on J°(M, 1) = R3, where J°(M, 1) has local coordinates ¢, x, y,
with t being the independent variable and x,y considered dependent. The
setup is then a Lie group acting on R3, which induces an action on the curves
in R3 which gives a corresponding action on the jets of these curves, that is
JK(M, 1). As before, to understand the whole algebra of differential invariants
it is necessary to find a complete generating set consisting of differential
invariants and invariant derivations, which for a transitive algebraic action will
then suffice to generate everything by the Lie-Tresse theorem. The group acting
is GL(2; R) which is defined through polynomial equations, so it is algebraic,
thus the only verification needed is the algebraic nature of the stabilizer on
JY(M, 1). The action ® : G X M — M is defined in Eq. (3.11), so in the new
coordinates, it reads

N (at + by)(ct + dy)
2

t
Q,4(t,x,y) = (at + by, (ad — bc) (x - yE) ,ct + dy) ,
provided ad — bc # 0, where g corresponds to a 2 X 2 invertible matrix having
a,b,c,d as entries. To compute the stabilizer, choose a generic point. In this
case the point p = (1,1,0) is a generic point. Computing the stabilizer of p
gives

yty , (t+by)y

OJPRE t+b,(x——)+ ,
9P ( Yy 5 5 y

where b is arbitrary. The prolongation of ®., is then

t t+b b
o — ;4 by, (x _ y_) + (t + y)y, ’ Yy + x1, 1 ’
g:p 2 2 by +1 "by; +1

for b arbitrary. The action consists of rational functions on the coordinates, so
the action is algebraic, allowing the use of the Lie-Tresse theorem.

The action of g on J 0(M ,1) = R3 is transitive on generic points (the action has
open dense orbits) since the rank of g on J°(M, 1) is 3. Prolonging the action



30 CHAPTER 3 / COMPUTATION OF DIFFERENTIAL INVARIANTS

to J1(M, 1) gives that dim J*(M, 1) = 5, while the rank of gV is 4, meaning
there is one invariant of order 1, so i; = j; = 1. To compute it, solve Eq. (2.12)
with I = I(t, x, y, x1, y1). This gives

_nt-y
y—xl'

I

Due to Proposition 2.5.3 the prolongation has reached the stable orbit dimen-
sion, so for k > 2, the number of invariants become jr = dim ]k(M, 1) -
dim J*" (M, 1) = 2.

Jet Level | ji
0 0
1 1
k 2

Solving Eq. (2.12) on second jets gives two differential invariants

_ Y1 (ty - 2x)?
(y —x1)3
((ty1,1 —x11 +y1) y— ¢ (y1x1 —yaxs1 + y%)) (ty — 2x)
(y — x1)* (a1t — y) ’

2a

Ly =

which is all that is needed. Using Eq. (2.13) gives the necessary invariant
derivation
_ly—2x
y—x1
In this case only one invariant derivation is necessary by Theorem 2.5.4. Ap-
plying V to I, and I;, gives two new invariants on J3(M, 1) which is exactly
the number needed. This generates everything, so the algebra of differential
invariants is freely generated as A = (1, Ir4, V). In this case I, is expressible
by I; and V hence it is not needed as a generator. In summary:

\% D;.

Differential Invariants Invariant Derivations
_ Ny _ 5%
L = = V= — Dy

I — y1,1(ty—2x)2
2a (y_x1)3

((tyr1—x11+y1)y—t(y1.1x1-y1x1,1+y3) ) (ty—2x)
(y=x1)*(y1t-y)

Ly =

3.3.2 Differential Invariants, Part 2.2: Surfaces

Let M = R3 and induce an action of the Lie algebra g. In this case, we consider
jets of submanifolds of dimension 2, that is, surfaces in R3. The action of g
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on M induces an action on the surfaces and therefore also their jets. Let the
local coordinates on J°(M, 1) be t, s, x, where x is considered the dependent
variable.

To check that the action is algebraic, take a generic point, say p = (1, 1,0).
Then compute the stabilizer. This was done in the previous computation. The
prolongation of the stabilizer in this case is different, it is

xt b+ bx)x x X
(D(I.L: t+bx,(s——)+( ) , X, ! , 2 ,
9 2 2 bxxy + bx; + 17 bxxy + bx; + 1

where b is arbitrary. This defines an algebraic action on J'(M, 2) since all
entries consists of rational functions. Having verified this we can move on to
the computations as the Lie-Tresse theorem is guaranteed to hold on generic
points.

Letting g act on J°(M, 2) gives no invariants, since the rank of g is 3 at generic
points. On J*(M, 2) the rank of ) is 4, while dim J'(M, 1) = 5, so there is
one invariant. Solving Eq. (2.12) with I = I(t, s, x, x1, X2) gives

L= (=xx9 — x1)t + x
t xXo(—tx + 2s)

so iy = j; = 1. The prolongation of the algebra has reached its stable orbit
dimension of 4, and in accordance with Proposition 2.5.3, it follows that j, =
dim J¥ —dim J*~! = k+1, for k > 2. Then on second jets the expected number
of new independent invariants of order 2 is jo = 3. In general we have:

Jet Level | ji
0 0
1 1
k>2 k+1

Again, solving Eq. (2.12) on the level of second jets gives

—xgst - tzxgxl,l + 2tx1,2 (X1 — X) X3 — X9, (X1t — x)?

IZa = B
3
(25 — tx) x5
I —xg’xt - txlxg -t (xxl,z + x1,1) X9 + (xxz,z + xl,z) (x1t - x)
b= s
2 xg (txxo + x1t — x)
; (XZ.X'2’2 + (x% + 2x1,2) X + X9x1 + xl,l) (2s — tx)
2c = .

x2 (£xX5 + X1t — x)*

The Jacobian of these has rank 3, hence all of them are independent. However,
some of them can be express using invariant derivations and differential invari-
ants of lower order. The invariants I, and I, are not needed as generators
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since these are obtainable through I; and V4, V,. The invariant derivations are
computed to be

1 X
X2 X2

-t
v, =D, + E ) g
X2

S

On 2-jets we have 3 independent second order invariants and by applying
invariant derivations gives a total of 6 invariants of order 3. The dimension
count gives that there are only 4 independent third order differential invariants,
so there should be some differential syzygies. In fact, there are two of them.
The first one comes from the commutator of V; and V, and the second is a
relation among the third order invariants. To compute them the same method
as before is used, which is discussed in detail in section 3.2.2. Skipping the
details the differential syzygies are computed to be

L[V, V2] = (I = La) Vi + Li(Iop + 1)V, =0,
Villaq) + hVa(lop) + (It + Ly + 1)Iog + (2 + 1)[; = 0.

To shorten things, denote Ry = I[V1,Vy] = (I; — Irg) V1 + (I, + 1)V5 and
Ry = Vl(IZa) + I]VZ(Izb) + (Il + Iy + 1)12a + (ZIzb + 1)11 Then the algebra
of differential invariants is generated as A = (I, ¢, V1, Vo | R1, R2).

Differential Invariants Invariants Derivations
_ (xxo—x))t+x — 1 x
L= xo(—tx+2s) V= xZDt + XZDS

V, =D, + £,

—xgst—tzxzle, 1+22x1, (301 t—x) X2 —x2,2(x1 t-x)?

L, =

2a (2s—tx)x3

I ) = —xgxt—txlxzz—t(xx1,2+x1,13xz+(xxz,z+x1,2)(x1t—x)
2 xzz(txxz+x1t—x)

I = (x2x2,2+(x22+2x1,2)x+x2x1+x1,1)(25—tx)

2c —

xo(Exx2+x1 z‘—x)2

3.3.3 Differential Invariants, Part 2.3: Functions

Let M = R® with local coordinates x, u, p and take the contact vector fields
generated by x2, pz, 2u, xp as above. Prolong the vector fields trivially to J oM =
R3(x,u, p) X R(y), leaving the fiber coordinate y fixed. Firstly, to check that
the action is algebraic is the same procedure as the previous computations, so
the details are omitted. The action on J°M is

Dy(x,u, p,y) = |ax + by, (ad — be)(u + %) + (ax + bp)z(cx +dp)

,ex +dp,y| .
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for some g € G. Clearly, I = y is an invariant of order 0. Prolonging the
vector fields to J'M yields that ¢V has rank 4, so that s; = 4. The dimension
of J*M is dim J'M = 7, so i; = 3. This gives that j; = i; — ip = 2. In this
case s1 = 4, which is the dimension of g, so the action has reached the stable
orbit dimension. By Proposition 2.5.3 the number of independent differential
invariants of order k is jx = dim J* —dim J&=1 = (" +]k<_1) for k > 2. Computing
this gives ji = %(k +2)(k +1).

Jet Level | jk
0 1
1 2
k>2 s(k+2)(k+1)

On the level of 1-jets the PDE system is able to be solved by Eq. (2.12) using
Maple, which gives

Ila = (px - 2u)y29
Lip = (xy2 + y3)p + xy;.

It is also possible to obtain all invariant derivations on the level of 1-jets. These
are computed to be

V1 =xDx +2uD, +pD,
Vy = (px — 2u)D,
V3 = (xy2 + y3)(px — 2u) Dy — xy1(px — 2u)D,, — y1(px — 2u)D,

By applying V1, V, and V3 to I we obtain 3 differential invariants of order 1,
but only 2 of them are independent, meaning there must be some differential
syzygy. In this case it is easy to find, due to V3(Ip) = 0. Set Ry = V3(Ip). This
concludes to story of J'M. Moving on to J>M there are j, = 6 independent
second order differential invariants by the dimension count. However, finding
these is the issue to due computation time in solving the corresponding PDE
system. Therefore, a new approach is needed which we now discuss.

The Method of Moving Frames

The approach to finding the invariants needed is called the method of moving
frames. A more detailed description of the method can be found in [Olvgg].
Let G be an r-dimensional Lie group acting freely and regularly on the n-
dimensional manifold M. Let the action ® : G X M — M be described by
Py(a) = ®(g,a) = (P1(g, a), P2(g, a), . . ., Pn(g, a)), for a € M. Under these
hypothesis the method of moving frames can be applied and begins by solving
the normalization equations:

®1(g,a) = c1, Da(g,a) =co, ..., D,(g,a) =c;.
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If a group element g € G is written in terms of local coordinates g = (g1, - . . , gr)
on G, then the normalization equations can be solved for these local coordi-
nates in terms of the coordinates on M. Having solved for the parameters
91,92, - - - » gr, the next step is to substitute them into a group element. This
givesamap { : M — G, called a moving frame. Having eliminated the param-
eters of the Lie group, the first r coordinates of M was used, then the remaining
(n — r) coordinates can be used to construct a complete set of invariants for
the group action. That is, the set

®r1(Y(a), a), . ... Pn(Y(a). a)

forms a complete set of independent invariants for the group action.

To apply the method we first prolong the action to J' M. Here the action is free
and regular on generic orbits, so the method can be applied. Let CI><91) be the
first prolongation of the action defined above. The normalization equations
can be taken to be 5

X = (@) (x), U= (@) w), P= @) (), Y1 = (@) ).

This makes it possible to solve for a, b, ¢, d, for a generic choice of X, U, P, Y1,
which gives a moving frame ¢ : J'M — G. To obtain the necessary second
order invariants, define T(a) = CID(gz)(l//(a), a). Then the set

{T"(y1.1). T*(y1,2). T (y1,3), T* (y2,2), T"(y2,3), T"(y3,3)},

forms an independent set of second order invariants. The normalization pa-
rameters X, U, P, Y1 has to be chosen in such a way that the normalization
equations has a solution. Here the coefficients are arbitrary, but can be treated
as constants and the coefficients of these will be invariants. What remains is
how to choose the invariants when the coefficients are arbitrary and this can be
done by elimination. The first step is to choose an invariant, but we already have
a total of 6 second order invariants which are obtained by applying invariant
derivations to I, and I;. This set has rank 5, so there is one missing. To find
it we go through the invariants obtained by the method of moving frames and
check the independence, if we find one that is independent, we are done. ¢ The
invariants found are summarized in the table below. On 2-jets there are a total
of 6 independent differential invariants and by applying invariant derivations
we get a total of 18 third order differential invariants, but by our dimension
count, there are only 10 independent third order differential invariants, so

5. We can’t take the equation Y = (Q(l))(y), since y is an invariant, meaning the equation is
independent of the parameters of the group.

6. Alternatively, one can pick a generic point and solve the normalization equations with
X, U, P, Y1 chosen to be this point. The invariants become longer if this is done, unless
one finds a magic point that simplifies everything.
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there must be some differential syzygies. There is always a differential syzygy
between the invariant derivations due to Proposition 2.3.5 by computing the
commutators between all invariant derivations. In this case [V, V5] = 0, which
gives the first differential syzygy. The other differential syzygies can be found
by following the method discussed previously for functions on R?, see section
3.2.2. All the differential syzygies coming from the commutators are

R2 = [V1, V2]

Rz = (Iig + [1p)[V1, V3] + e(V1 + Va) = (o + I25) V3

R4 = (Iig + [p)[V2, V3] = (I1p (g + I1p) = I2e) V1 + (la(T1g + I1p) + I2¢) V2
— (Ip + Irg — 2(lhg + 1)) V3

The remaining differential syzygies is found by the symbol method discussed
earlier and reducing the lower order remainder by eliminating jet variables in
favor for the invariants.

Rs = (g + 11p)(V3(I2p) — Vi(lae)) — (Ioc — L2e)lop + Lalze — Iocloa
Re = (Iia + 1p)(Va(lze) — Vi(laf)) = 312, — (I3, + ialip + 3he)lae + 3Ly (Iaa + Iop)
R7 = (ha + p)(=Va(lze) + Va(lp)) = I}, = 4haly, = (5I, + 2Lo)I,
— (2B, + (2I¢ = 3he)ha + 4L )Ly + 3L I3, + 4hfl, + 315,
+ 3l — 3L (Iop + Ing)
The differential syzygies are these expressions set to 0. Then the algebra of

differential invariants is generated as
‘ﬂ = <I0512f’V17V2,V3 | Ri = 0,1 =1... 7>.

Differential Invariants
IO = y

Ila =ysp + 2uy2 +y1x
Ly = Y28

Lq = p*ys 3 + (4yz,3u + 2xy1,3 + y3)p + 4u’ys o
+(4xy1,2 + 4y2)u + x(xy11 + Y1)

Ly = (px — 2u)(y2,3p + 2y2.2u + Xy1,2 + 2y2)

Le = —(px = 2u)(y1,201 — Y1,192)x> + (2,30 + 2y2,2u + Y2 + Y1,3)Y1
—pYoy1,3 — 2Uy2y1,2 — Y3y1,1)X + (pys 3 + 2y2 3U)y;
~y3(py1,3 + 2y1,2u))

Lg = (px — 2u)(—2ys + (px — 2u)y2.2)

Le = —(px = 2u)(p(y1y2,2 — Y2y1,2)x* + (y2,3y1 — y% = Y3y1,2)p
+(=2y2,2u — Y2)y1 + 2uyay1,2)x — pyay3 — 2u(y2,3y1 — Y3y1,2))

Ly = p*x*yTys 2 — 20°x%y1yayn 2 + pPxtysyLa + 2p°x%yiya s
~p*x°y1y5 = 2p*xy1yay1 3 — 207 y1ysyna + 207X Yaysyrn
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—4pux’yiys o + 8puxy1yayn 2 — 4pux’ysyr1 + p*x’yiys s
—p*x*y1yays — 20°x*Y1ysyn,3 + px’Ysy11 — 8puxyiys 3
+4pux2y1y§ + 8pux2y1y2y1, 3+ 8pux2y1y3y1, 2 — 8pux2y2y3y1,1
+4u2x2yfy2,2 - 8u2x2y1y2y1,2 + 4u2x2y§y1,1 - 4puxyfy3,3
+4puxy1y2ys + 8puxy1ysyi,3z — 4puxy§y1,1 + 8u2xy%y2,3
—4u2xy1y§ - 8u2xy1y2y1,3 - 8u2xy1y3y1,2 + 8u2xy2y3y1,1
+4uy2ys 3 — 4uPy1yays — 8uPy1ysys + 4uPyiy1a

where f = px — 2u.

Invariant Derivations

Vi =xDyx +2uDy, + pDy,

vV, = ,BDu,

Vs = (xy2 + y3)BDx — xy1Du — y18D,.
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3.4 Symplectic Computations in 4 Dimensions

In 4-dimensions we take M = R* with local coordinates x?, x2, yl, y2 and the
symplectic form as

o =dx' Ady* +dx* A dy?.
Our vector fields are symmetries of w, which are computed in terms of Eq. (3.4)
for some function f € C*(M). To get a finite-dimensional Lie algebra to work
with, take f to be quadratic in the base coordinates. This gives the following
Hamiltonian vector fields

X1 = 2x1(9y1 Xe = —x26x1 + ylﬁyz

X9 = —xlaxl + y16y1 X7 = —y26x1 - ylaxz

X3 = x26y1 + xlayz Xg = 2x2(9y2

X4 = —xlaxz + y20y1 Xg = —xzaxz + y26y2

X5 = —2y16x1 X]() = —2y28xz.
Denote this Lie algebrabyg = (X1, ..., X10). The Lie algebra is 10-dimensional,
semisimple and non-compact, and it corresponds to the Lie algebra g =~ sp(4; R).
The Lie group corresponding to this Lie algebra is Sp(4; R) obtained by finite

products of elements in a neighborhood of unity. The group can be expressed
as a 4 X 4 matrix of the form
A B
(5

for which X shall satisfy X7 QX = Q, where Q is the standard matrix rep-
resentation for the symplectic form in the coordinates xt, x2, yl, yz. In these
coordinates the matrix takes the form

0 I
2= (5 3)
where I denotes the 2 X 2 identity matrix. This gives a restriction on A, B, C, D
and they have to satisfy

—cTa+ATc =0,
-CTB+A'D =1,
-DTA+BICc=-I
-D'B+B'D =0.

This gives a parametrization of Sp(4; R) in terms of 10 parameters. The group
is algebraic being described by polynomial equations and the action of Sp(4; R)
on M = R*is the standard representation. To check that the action is algebraic,
pick a generic point, say p = (1,0, 0, 0) and compute the stabilizer of this point
by the procedure as introduced before. The method is the same so the details
are omitted in this cases.
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3.4.1 Differential Invariants, Part 3.1: Curves

Take the Lie algebra ¢ as defined above. Let g act on M = R* having local
coordinates ¢, x, y, z. The action on M induces an action on submanifolds of
dimension 1, that is unparameterized curves in M. This induces an action on
all the corresponding jet spaces JX(M,1). Take the coordinates t, x, Y,z on
J°(M, 1) and consider t as independent and x, y, z as dependent. In this setup,
computing the necessary invariants by solving Eq. (2.12) is problematic due
to the complexity of the associated PDE system, due to Maple being unable
to find the necessary invariants to completely describe the whole algebra of
differential invariants. The method of moving frames is another issue, due
to the group having 10 parameters and the normalization equations being
polynomial equations. The approach to circumvent all this is by finding the
invariants and derivations by a more geometric approach.

Firstly, let’s count the number of invariants. The algebra has dimension dimg =
10, while dim J°(M, 1) = 4, so no invariants here as the action is transitive
on M \ {0}. Likewise, dim J1(M, 1) = 7 and the rank of g'!) is 7, hence no
invariants. The second jet space J2(M, 1) has dimension 10, but the algebra has
rank 9, so there is one invariant. In our notation, set iy = j, = 1. On ]3(M, 1)
the dimension is 13, so there are 3 differential invariants, so i3 = 3, but only 2
of them are of order 3, as j3 = i3 — iy = 2. For J3(M, 1), the algebra has rank of
10, hence the stable orbit dimension has been reached, so for k > 4, there are
Jjx = 3 new independent differential invariants. The conclusion is that j, = 3.
To generate everything a complete independent set of invariants is needed
on the level of 4-jets. By applying invariant derivations one obtains 3 new
invariants which gives everything on the next level of jets. Then the Lie-Tresse
theorem will guarantee that this generates everything. In summary:

Jet Level | ji
0 0
1 0
2 1
3 2
k>4 3

Now to discuss the approach. The setup is G = Sp(4; R) acting on M = R%,
which induces an action on unparametrized curves in M, which induces an
action on k-jets of curves. On J°(M, 1) the group preserves the symplectic form
® = dt ANdy +dx A dz, but the group is also linear, so the vector space structure
of J°(M, 1) is preserved as well. In particular, the origin is preserved, so we can
form a vector from the origin to any point p = (¢,x,y,z) € J°(M, 1). Denote
the corresponding vector by vy = (t, x, y, z).

Next, on the level of 1-jets J*(M, 1), which is the space of 1-jets of unparametrized
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curves. Take some unparameterized curve and pick a parameterization ¢ =
c(t) = (x(t),y(t), z(t)), then the tangent vector at any point of this curve can
be computed as w; = Dtl = 0 + x10x + Y10, + z10;, but this is not a
canonical choice of a tangent vector due to it coming from a specific choice
of a parameterization. Any tangent vector has the form v; = fw;, for some
constant 5. The question is how to determine the tangent vector canonically,
i.e. to make v; invariant. The fact that « is invariant gives a way to fix
B. The condition w(vg, v1) = 1 allows to solve for f by normalization, giving
B = 1/(ty1+xz1—x1z—y). Then v, is obtained as vy = P(0;+x10x+y10y+210;).
This yields the first and only needed invariant derivation by to Theorem 2.5.4,
o)
1

B (tyy + xz1 — x12 — 1)

Ds.

The approach going forward is in some sense the same. There is some freedom
associated to a parameterization of a given curve. Therefore, fixing this freedom
in a canonical way using the symplectic form gives vectors that are invariant.
The vectors that are left untouched in the process can then be evaluated using
the symplectic form to obtain differential invariants.

Using the parameterization ¢ = ¢(t) from above, the first normalization is
associated to the change of parameterization and the effect it has on the
tangent vector. If ¢ = ¢(r) is another parameterization, then the relation
between the tangent vectors are

dc drdc

dt  dtdr’
by the chain rule. This can be written as wy = kjv1, for d7/dt = ky. The vector
w1 is not canonical, but rather convenient. The vector w; is associated with the
specific choice of parameterization we made at the start. The parameterization
¢ = c(t) is not canonical, but simple, and easy to compute with. Having the
simple parameterization allows to compute all derivatives of ¢(t), which we’ll
need. The chain rule then relates it to the other parameterization ¢(7). Doing
this will give some parameters, which can be fixed in a natural way by the
symplectic form. This is the process of normalization, which will suffice to get
everything. The relation wy; = kjv; is the same as above, only f = 1/k1, so the
solution to finding v, is already done.
Look to J2(M, 1), then the change of parameterization on 2-jets becomes

- ar) T arar

d?c  d%c (dr\*> dcd?*c
dt2  dr2

Denote vy = d2c/dr?, wy = d?c/dt* and d?7/dt? = k,. The equation be-
comes
Wy = ’Uzk% + ’Ulkz.
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Using the parameterization for ¢(t) it is a simple computation to get wo, namely

wy = (0,x1,1,Y1,1, 21,1)- It is then possible to solve for v as
wy — U1k
2
k3

Uy =

Then k; can be fixed by w(vg, v3) = 0. 7 This uniquely determines vy, which
can now be used to find the first differential invariant. In fact, I, = w(v1,v3)
is a differential invariant of order 2. In coordinates

X121,1 — 21X1,1 t Y11

(ty; + xz1 — zx1 — y)®

I = w(vy,02) = (3.12)
This gives the only second order invariant needed by our counting. There are
2 independent third order invariants by our dimension count. The first can be
obtained by V(I,), but to find the second one the normalization method must
be applied. To find the missing invariants, apply the normalization approach
on 3-jets. The change of parameterization is

d3c dSC(dT)3+ d?c dr d?t dc&

B~ dod \dr

+——.
dr? dt dt?>  dr dt?
Again, rewrite it in more a simpler form as

w3 = ngf + 3k1k202 + kgvl.

The unknown here is k3, since the vector ws is easily computed to be w3y =
(0,x1,1,1,Y1.1,1, 21,1,1)- Then k3 can be determined by normalization. That is,
ks can be fixed by w(vg, v3) = 0, where

W3 — 3k1k27)2 — k3’01

K

U3 =

This uniquely determines v3, which allows the computation of two differential
invariants. These are

w(v1,v3),

@(vg, v3).

IBa

Iy

The actual invariants can be found in the Appendix. This gives the missing
third order differential invariants. To get everything however, it requires an-
other invariant on the level of 4-jets. The method is the same, the chain rule
gives

d*c B dtc (dl’)4+ d3c (dz’)2 d*t  d*c | drd®r 3 (dzl')2 de d*r

art ~at\ar) "Pac \ar) a2 T a2 \Tarae T \a2) | T ar art

7. The equation is affine in vg so it can be normalized to give 0. Previously it was a scaling
so 0 couldn’t be used.
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which can be written as
_ 4 2 2
Wy = ’U4k1 + 603k1k2 + vy (4k1k3 + 3k2) + ’Ulk4.

Find k4 by w(vg,v4) = 0. This uniquely determines vy, so the invariants of
order 4 are then found by

I4(1 = C()(U], 04),
Lyp = w(v2, v4),
I4C = a)(’Ug, ’04).

These are independent, but I, and I, can be expressed by the invariants of
order 3 and the invariant derivation. The invariants I3, and I3; are indepen-
dent, but I3, can be expressed through V(I), so it is not needed. This gives the
necessary invariants to generate the whole algebra of differential invariants.
The algebra is freely generated as A = (I, I3p, [4. V).

Remark. The method described here can be applied to the case of curves in
2-dimensions. This gives a geometric description of the invariants. The results
are summarized in the Appendix.

3.4.2 Differential Invariants, Part 3.2: Surfaces

Take M = R* and look to submanifolds of dimension 2, so J%(M,2) =
R*(t, s, x, y) where t, s are considered independent and x, y taken as depen-
dent. Let the Lie algebra g = sp(4; R) be as above and induce an action on M.
As for curves the cases of surfaces also suffers from the complexity issue, in
that Maple is unable to obtain all necessary invariants. The approach to finding
differential invariants is therefore done geometrically.

Letting g act on J°(M, 2) yields no invariants as the algebra has rank 4 on
generic points, which is the dimension of J°(M,2), so in accordance with
Theorem 2.5.2, there are no invariants and the action is transitive on J°(M, 2) \
{0}. Prolonging to J'(M, 2) the dimension is dim J'(M, 2) = 8 and the rank
of the algebra is 8, so no invariants at this stage. On J?(M, 2) the dimension
is 14, while the algebra has rank 10. This is the stable orbit dimension, so the
order of stabilization is 2. Hence, for k > 3, there must be j; = dim J*(M, 2) —
dim J*~1(M, 2) = 2k + 2 independent differential invariants of order k. On the
level of 2-jets there are 4 independent differential invariants and by Theorem
2.5.4 there should be 2 invariant derivations. Applying invariant derivations to
the differential invariants gives a total of 8 possible invariants. According to
our counting there should be j; = 8 invariants, so we expect this to generate
everything.
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Jet Level | ji

0 0
1 0
2 4

k>3 2k + 2

Having done the counting we can proceed with the geometric approach. The Lie
group acting on M coming from the Lie algebra is the linear group G = Sp(4; R).
Let it act on J°(M, 2), which is the space of unparameterized surfaces in M.
This space can be identified with M itself and carries the symplectic form
@ = dt Adx + ds A dy, which is invariant under the group. Consider a point
p € J°(M,2) as p = (t,s,x,y). The origin is fixed by the group so we can
constructa vector vy = (t, s, X, y), as before. Take p to be a point on some surface
3, described by ¥ = {f = 0,9 = 0} with f = x — &(t,s) and g = y — (¢, s).
Then the tangent space to X at p is spanned by the following vector fields

T,5 = (DY, DM = (3, + x10x + Y10y, 5 + X205 + 420,).

Equivalently, T,> = Ann(d, f, d,g), where d,, f = dx—&dt—&xds = dx—xdt—
x2ds and similarly for d,g = dy—n1dt—n2ds = dy—y,dt —y.ds. The restriction
of w to T, has rank 2 on generic 1-jets, so T,¥ is a symplectic subspace
of dimension 2. Then the orthogonal complement, denoted and defined as
T,2+° = {w € T,M | w(v,w) = 0, for v € T,3}, is also a symplectic vector
space with the restriction of w as a symplectic form. Therefore, on generic 1-jets
there is a canonical splitting as T,M = T,X & T,%+“.8 Using these two planes
we can decompose vy as vg = v(|)| + vy, where v(|)| € T,X and vy € T,X*+.
° There exists natural projections 71, 2 for which 7; : T,M — T,> and
7y : T,M — T3+, such that v(|)| = mi(vo) and vy = m(vg). At this step,
there is T,,> with a vector vg and a symplectic form w|r, 3, this is everything

coming from the 1-jets and our setup.

Moving on to 2-jets there is more structure on the tangent space. Take the
defining functions f and g and change them by defining F = af + fg and
G =y f + dg, where a, B,y, § are arbitrary functions that satisfy ad — fy # 0
at p. Have F(p) = G(p) = 0 since f(p) = g(p) = 0, for p € X. The surface
> can then be described equivalently as ¥ = {F = 0,G = 0}. The tangent
space can be described as the annihilator of the differentials to the defining
functions. The change of defining functions results in the following change in

8. Note that the vectors are not orthogonal in the usual sense. There is no metric here to
define a notion of angle or even length.

9. The notation is borrowed from Riemannian geometry by analogy, even though the meaning
here is not the same.
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the differentials

dpF = a(p)dyf + B(p)dpg,
4,G = Y(p)dpf +5(p)dyg.

Restricting to T, gives d,F = 0 and d,G = 0. Therefore, the tangent space is
still the same. Apply the symmetric differential to dF and dG and restrict to
T,%. This gives

dyF = a(p)dy f + B(p)dzg,
dyG = y(p)dy f + 5(p)dyg.

This gives a 2-dimensional space of quadratic forms associated to the tangent
space T,>. The quadratic forms df) f and d]%g form a basis for the space of
quadratic forms on T, %, but this is not a canonical basis. The goal going forward
is to find a canonical basis Q1, Q- € (df, f |Tp2, d§g|7p2>. Firstly, the quadratic
form Q; is not well defined, being dependent on two arbitrary functions. To
fix one of the parameters set Ql(vé',vg) = 0. This condition ensures that
Qs has a Lorentzian signature or is degenerate, and in the generic case it is
non-degenerate. The vector v(|)| is a null-like vector in the sense of Lorentzian
geometry. Now, Q- is well-defined up to scale. A Lorentzian metric on the plane
has two independent null-like vectors and this second null-like vector will be
the second invariant derivation. Take a vector wll € T,3. At this stage this

vector is undefined, but the condition a)(v(l)l, wll) = 1 assures that the vector is

linearly independent from v(|)| and defined up to the change wl — wll + kvg
for some constant k. The vector can be used to determine Q; uniquely. The
first requirement is that w!l should be a null-like vector with respect to Q1.
That is, Q1(w!, wll) = 0. This makes it possible to determine w! uniquely, due
to O1(wl, wl) = 0 implying that any scaling of Q; is also 0 on wll. The vector
wll is not a scalar multiple of vg so the last condition QO (vg, wl) = 1 makes it
possible to determine Q7 uniquely.

The quadratic form Q;, corresponds to a 1-form, o7 € Ann(T,X). The 1-form oy
is not uniquely defined, having two parameters, but the condition Q1 = d,0;
uniquely determines o7, since knowing the coefficients of either oy or Q,
determines the other due to the coefficients being the same. Finally, our first
differential invariant is then found to be

by = O-I(U(J)_ .

The 1-form o7 satisfies o1(v!l) = 0 and ol(w”) = 0, since 07 € Ann(T,X).
Pick another 1-form oy in the same space. Then o, depends on two arbitrary
functions. To determine it uniquely we follow the method above, but in reverse,
in that we find o>, first. If we can determine the coefficient functions for o5, then
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Qo = d,0, is determined uniquely, having the same coefficients as o,. Take a
vector wh € T,X*“, which can be chosen to be independent from vy by the
condition that w(vy, w") = 1. This determines w* up to the transformation
wh = wt + lvy, for some constant . The condition o7(w*) = 0 will then fix
w uniquely.

To determine o uniquely can be done by the conditions that o*z(vé) =0and
o(wt) = 1. This gives another unique 1-form which is independent from .
This allows the computation of the corresponding quadratic form Q, = d, 0.
Finally, the remaining differential invariants are

IZb = QZ(U(L|7 ’U(|)|),
e = QZ(U(I)" W”)e
Ly = Qa(wll, whh.

The vectors vé' and wl are tangent vectors to ¥ so they correspond to the
invariant derivations V1, V5. A summary of the invariants can be found in the
Appendix. The algebra is generated by these invariants and the two invariant
derivations V1, V5 with some differential syzygies, which are omitted due to
complexity in the computation and the overall length of the expressions.

3.4.3 Differential Invariants, Part 3.3: Hypersurfaces

Let M = R* and consider submanifolds of dimension 3, that is hypersurfaces.
Take J°(M, 1) = R*(x,y, z,u) where x,y, z are considered independent and
u dependent. Induce a Lie algebra action of g = sp(4;R) on M, this in turn
induces an action of hypersurfaces in M, and therefore also all the associated
jet spaces, JX(M, 3). As is the cases above the computation time is a problem
for finding everything that is needed. Maple is able to compute some of the
invariants and derivations, but not all of them, thus a more geometric approach
is needed. Before going through the method we investigate the number of
invariants needed.

There are no invariants on J°(M, 3) since the algebra has rank 4, which is the
dimension of J°(M, 3). On J'(M, 3) the dimension is 7, but no invariants since
the rank of the Lie algebra is 7, so the action is transitive on generic points. The
orbit of stabilization is reached on J?(M, 3). The rank is 10 and dim J*(M, 3) =
13, hence we expect j, = 3 independent differential invariants. For k > 2,
the number of independent differential invariants is ji = %(k2 + 3k +2). In
particular, j3s = 10. The number of invariant derivations in this setup is 3, so this
generates a total number of 9 invariants by applying invariant derivations and
by Proposition 2.3.5, we get that [V, V;] = I ,ijk yields a maximum number of
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9 differential invariants of order 3. The total is then 18, which should suffice
to obtain 10 which are independent to generate everything.

Jet Level | ji

0 0
1 0
2 3

k>3 3(k* + 3k + 2)

The group corresponding to the Lie algebra is G = Sp(4; R), so it preserves the
symplectic form on M given in the local coordinates as w = dx A dz + dy A du.
The Lie group is a linear group so the vector space structure of R?* is also
preserved. Pick a point p € J°%(M,3) as p = (x,y,z, u), then we can form a
vector from the origin to this point, which we’ll denote by vy = (x,y, z, u).
Consider a parameterization of a hypersurface ¥~ = {u = u(x, y, z)}, given by
some function u(x, y, z). The tangent space is spanned by the vectors

TyS = (O + 18y, By + sy, 0, + u3d,) = (DL, D, D).

Now, consider the orthogonal complement to T,, 3. with respect to w as defined in
the previous computation. The basis for the tangent space of X is not canonical,
but the span, which is the tangent space itself is something geometric and
independent of coordinates. Using the basis chosen we can compute TPZL“’.
Let w = adx + bdy + cd, + dd, be some vector in J°(M, 3), then w € TPZ“" if
w(w, 1)53)) = w(w, Z)l(ll)) = w(w, 1)21)) = 0. Doing this defines w up to scale.
Write w in coordinates and denote it as wy. Then

w1 = —u30y + ay +u10, + U0y,

SO TPZ“" = (w1). The vector w; is only determined up to scale, so to fix
the scale, we use w to normalize it. Define v; = kjwi, and normalize by
w(vg, v1) = 1. Doing this gives k1 = 1/(xuy + yuy + zusz — u), so the canonical
vector v; becomes

1
U1 =

= (—u30x + 0y + u10, + us0y,). (3.13)
XUy +yugy +zus —u Y

This vector field is tangent to the hypersurface so it is horizontal, thus it can be
rewritten in terms of the total derivative, this yields the first invariant derivation
and the formula is:

—U3Z)x + .Z)y + uli)z

V= . (3.14)
XUy +yug +zus —u

Recall that the hypersurface is defined by u = u(x,y, z), so introduce q =
—u + u(x,y,z), then ¥ = {g = 0}. The tangent space can be described by the
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kernel of the following 1-form dq = —du + u1dx + uady + usdz, which is the
1-form corresponding to the tangent vector fields to the surface. In other words,
T,% = ker dq. What happens when we change the defining function q for ?
The hypersurface ¥ is defined by £ = {q = 0}, so what happens if we introduce
a nonzero factor f on X such that f|5 # 0? Thatis, £ = {fq = 0}. Due to f
being nonzero on X this defines the same hypersurface since the zero set is
the same. For convenience set ¢ = fg. What happens to the tangent space
T,> when we introduce a factor of f? The tangent space can be described
by T,> = kerdgq. For q’ we have dq’ = dfq + fdq, then if w’ € T,3, then
dq'(w’) = q(p)df(w’) + f(p)dg(w’) = 0, since g(p) = 0 on ¥ and dq on T,%
is 0. Therefore, the tangent space of {g = 0} and {q’ = 0} are the defined by
the same equation {dq = 0} = {dq’ = 0}.

Recall the second symmetric differential introduced during the discussion
of surfaces in 4-dimensions. The defining function for the hypersurface has
a corresponding symmetric differential. The relation between g and q’ is
computed as

d*q’ = d(d(fq) = d(qdf + fdq) = qd*f + 2dfdq + fd*q.

Restricting this quadratic form to X it simplifies to

dyq’ = 2dpfdpq + f(p)dzg,

since g is 0 on X. Restricting to the tangent space of %, where the quadratic
form is defined, gives

d2q’|sz = f(P)dzq|Tp2'

In particular, the quadratic form is defined on T, % up to scale, call this factor
ko. If we recall the first differential, the same scaling factor popped up, since
dpq’' = f(p)dyq,s0dyq’ = kadpq. This can be used to determine k;. Evaluating
dyq on T, % gives 0 by the definition of d,q. Thus, pick a natural vector not in
the tangent space. There are two candidates for such a vector, these being vy
and v;. The orthogonal complement of the tangent space is in fact a subspace
of the tangent space, so d,q(v1) = 0. The vector vy is not in the tangent space,
so it can be used to solve for k. Normalizing d,,q'(vo) = 1, gives kz = 1/dq(vo)
for generic 1-jets. Therefore, d2q’ = 1/dq(v)d?q. Then ¢ = —u+u(x, y, z) can
be used to actually compute the quadratic form. Doing this yields

0 2 uy 1dx? + 2uy 2dxdy + 2uy 3dxdz + Us ody? + 2uy 3dydz + U3 3dz?
= q = M

XUy +yug +zuz — U
The first invariant is then computed by

u2

1U3,3 — 2u1u3u1,3 + ugul,l + 2u1u253 - 2u3u1,2 + U 2
Ia = Q(vy,v1) = .

(xuq + yuy + zus — u)3
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On the tangent space T2 there is the invariant vector v; (the first invariant
derivation), the symmetric 2-form Q, the 2-form OJ|T,,2 which has rank 2, the
1-forms a = w(vp,-) and f = Q(v1,-). The 1-forms a and f turn out to be
independent. All of this gives a canonical splitting of the tangent space as
T,% = (v1) @11, where IT = ker(a). Clearly v, ¢ ker(a), since w(vp, v1) = 1 by
the normalization. Hence every vector in T, % can be expressed through v; and
I1. The dimension of the tangent space is 3, or more generally odd-dimensional,
SO a)|sz is degenerate. Using the splitting we can compute a)lsz in this basis,
which yields that the kernel of w is in fact (v1). In particular, the restriction
w|r is nondegenerate. Using all this information we’re able to construct two
more invariants and two more invariant derivations.

Take wo € IINker(f). The vector wy, is only defined up to scale. Take vy = k3w,
then normalize to determine k3 by Q(v,, v3) = 1. Then k?z, = 1/Q(wy, wy). The
second invariant derivation is then vy = wy/4/Q(w3, wo). 10 Take v3 € II such
that (v3) = (v;)*9, this guarantees that v, and v5 are independent. The next
step is to normalize, which is done by w(vy, v3) = 1, when setting v3 = kqws. 11
Then we get two differential invariants by I, = Q(v1,v3) and I, = Q(vs3, v3).
A calculation of the rank of the corresponding Jacobi matrix shows that they
are independent. The algebra of differential invariants is generated as A =
(Ia, Iy, Ire, V1, V2, V3 | R), here R represents the differential syzygies as
there shall be some of them. The vectors v1, v, and v3 are all tangent vectors,
hence theycan be written in terms of total derivatives.

Differential Invariants | Invariant Derivations
Lq = Q(v1,v1) Vi=1
Ly = Q(v1,v3) Ve =
Ie = Q(v3, v3) V3 =03

The actual formulas are found in the Appendix.

3.4.4 Differential Invariants, Part 3.4: Functions

Let M = R* be a symplectic manifold with local coordinates x!, x?, 4!, y? and
symplectic form o = dx! A dy! + dx? A dy?. Induce an action of g on M and
consider jets of functions f : M — R, and prolong it trivially to J°M with
u as the fiber coordinate. Once again, the approach here is geometric due to
difficulties for Maple in completely solving Eq. (2.12).

10. Technically the vector is only defined up to sign due to the appearance of the square root,
hence all that follows from it is also only defined up to sign. For the differential invariants
however, we can square them to get rid of this. To remove this ambiguity in the vector
itself one can multiply by a suitable power of some invariant to remove it.

11. One could alternatively normalize by Q(v1,v3) = 1, then the invariant is w(v2, v3).
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The action of ¢ is transitive on M \ {0}, so no invariants here. The rank of the
algebra on J°M is 4, but dim J°M = 5, so there is one invariant. The invariant
is trivially Iy = u by construction, nevertheless iy = jo = 1. Prolonging to J'M
the algebra has rank 8 and the dimension is dim J M =9, so j1 = 1. Continue
to J2M, the dimension becomes dim J?M = 19, and the algebra has rank 10.
Therefore, there are 9 invariants, but only 7 second order differential invariants,
so jo = 7. The stable orbit dimension has been reached, so for k > 3, there are
je = dim J*M — dim J*~ 1M = %(k3 + 6k? + 11k + 6) independent differential
invariants or order k for k > 3. To summmarize:

Jet Level | ji

0 1
1 1
2 7

k>3 2(k® + 6k* + 11k + 6)

To start of the geometric approach consider the base manifold M and look
for invariants. As before the symplectic form o = dx! A dy' + dx? A dy?
is an invariant 2-form and the first invariant derivation is also here, namely
Vi =xDa +x2D,2 + yli)yl + yZDyz, being the centralizer of the group
action. This is everything on M, while on J°M the function u is an invariant of
order 0 by construction. On J'M the invariant I; = V;(Iy) shows up, which is
computed to be

L = Vi(lp) = x'ug + x%uy + ylug + y2u4.

The function u is invariant, so du is an invariant 1-form. The second invariant
derivation is found as V5 = w~'du. On J2M there is Q = d?u, which is an
invariant quadratic form. Define A = ™! Q, giving an invariant endomorphism
of 75(TM) (the pullback bundle of TM by m : J2M — M). The remaining
invariant derivations are then V3 = AV, and V4 = A?V,. This is all the
invariant derivations needed by Theorem 2.5.4. At this stage we have the
following invariant objects on the level of 2-jets associated to J2M, these being
Q = d?uand A = w~'Q. There are also the invariant derivations V1, V4, V3 and
V4. Doing invariant operations with these objects we can produce the necessary
7 independent invariants on J2M. All second order differential invariants can
then be constructed by

L, = Vl(Il), IZe = tr(Az),

Ly = Va(l1), Ly =detA,

Ie = V3(Ih), Iy = w(V2,V3),
La = V4(Iy),

with [; = V;(Iy) as above. All of these invariants are independent and forms
a complete set of second order differential invariants. The actual formulas
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for the invariants can be found in the Appendix. There are 7 second order
differential invariants and by applying invariant derivations we obtain 28
third order differential invariants, which should be sufficient to obtain 20 in-
dependent third order differential invariants, and in fact, it is. The action is
algebraic and transitive on M \ {0}, so by the Lie-Tresse theorem the algebra
is generated as A = <Io,lge,12f,12g, V1,V5, V3, V4| Vz([o) = V4(I()) = 0, ﬂ)
As before, the R represents the missing differential syzygies, which are omitted.

Remark. The method used here can also be used to find all invariants and
derivations in the case of jets of functions from section 3.2.2. This gives a
geometric description which is summarized in the Appendix.

3.5 The Solution to the Equivalence Problem

The computations done allows a solution to the equivalence problem for
submanifolds and foliations in R? for d = 2,3, 4 under symplectic and con-
formal symplectic actions. Recall that two submanifolds N;, Ny € M (or fo-
liations) are said to be equivalent under a Lie group action if Ny = (D;Nz,
for all g € G given some action ® : G X M — M. Let A be the al-
gebra of differential invariants associated to G acting on M and thereby
on the submanifolds of M and their jets. Let the algebra be generated as
A=A{L,...,Ix,V1,..., V). Then we define the signature of a submanifold
N C M as a map (or rather the image of this map) ¥ : N — RX, where
K = k + nk (or possibly a smaller number of scalar invariant generators for
A). Defined by ¥(a) = (I1(a), .. .,I,(a), Vil;(a)) for a € N, where the image
is Sy = {(Li(a),....I)(a),Vilj(a)) |la € N,i=1,...,n,j=1,...,k} C RK.
Then two generic submanifolds N7, N, are equivalent under the action of G
if and only if Sy, = Sn,. This solves the equivalence problem for all the cases
we’ve considered.

As an example, take two curves ai,as : R — R? and consider the equiva-
lence problem under a symplectic group action (which is the group SL(2; R)
in this case). That is, does there exist some change of coordinates F (pre-
serving w = dx A dy), such that @; = F*ay? The question can be solved by
checking the signature of the two curves. Recall that the algebra of differential
invariants in this case is generated as ‘A = (I, V), thus the signatures are
Sa; = {l(a),VIx(a) | a € a;} for i = 1, 2. If the signatures are identically equal
as a subset of R?, then the answer to the equivalence problem is yes, such F
exists.

In this thesis we considered symplectic manifolds of dimension 2 and 4 and
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the geometric approach can be generalized (with some more work) to higher
dimensions. The case of curves in R?? is easy to generalize as the approach
is exactly the same. For hypersurfaces or rather codimension 1 submanifolds
the approach is more or less the same and can by solved in the same manner,
although the computations will get harder but in theory is do able. The case
of functions for symplectic manifolds can be treated effectively in all higher
dimensions by a method analogous to the method used above. However, sub-
manifolds of arbitrary dimensions in general symplectic and contact manifolds
do not have a uniform classification.



List of Invariants

A.1 Differential Invariants in 2-dimensions
A.1.1 Jets of Submanifolds: Curves

Symplectic manifold M = R?(x, y) with the symplectic form v = dx A dy.
Independent coordinate: x.

Dependent coordinate: y.

Algebra is freely generated as A = (I, V).

Differential invariant
— Uil
(xy1-y)»*

b

where I, = w(v1, vy), with v1, v5 being constructed by the method analogously
as for curves in 4-dimensions.

Invariant Derivation

_ 1
V - xyl_ny

A.1.2 Jets of Functions
Symplectic manifold M = R?(x, y) with the symplectic form o = dx A dy.

Independent coordinates: x, y.
Dependent coordinate: u.

51
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Algebra is generated as A = (Ip, [r¢, V1, Vo | R1, Ra, R3).
Where the differential syzygies are

R1 = Va(l),
Rz = 1[V1, V2] = Ly V1 = (I2q — 1) V2,
Rs = (Va(lop) + Vi(la))ls = (3L2a — 1)z — 313,

Differential Invariants
I() =u

I = xu; + yuy

L, = xzul’l + 2xyu1,2 + yzuz’z
Ly = (yuz — xu1)u,2

+XUsU1,1 — YUiU2 2
IZc = u%uz,z - 2u1u2u1,2 + u%ul,l

Alternatively, the geometric approach yields

Differential Invariants
I o=1u

I = xu; + yuy

Ly = u11%? + (2yuy2 + u1)x + y(yus,2 + ua)
Iy = (uru1,2 — uguy,1)x + y(uiug o — usiy2)
e = uy 1t 2 — U3,

The geometric description is I, = V1(I1), b, = Vao(I1) and L. = det A, with
A = »™1Q being defined in the same way as the 4-dimensional case.

The invariant derivations are

Invariant derivations
Vi=xD, + yDy
Vo= - D, + ulz)y
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A.2 Invariants in 3-dimensions
A.2.1 Jet of Submanifolds: Curves

Contact manifold M = R3(t, x, y) with the contact form « = dx — ydt.
Independent coordinate: t.

Dependent coordinates: x, y.

Algebra is freely generated as A = (I, 54, V).

Differential Invariants Invariant Derivations
— nt-y — y—2x
I = = V= = D,

I = y11(ty—2x)°
2a (y_x1)3

((ty1,1—X1,1+y1)y—t(y1,1X1—y1X1,1+y%))(ty—2X)
(y=x1)*(y1t-y)

Ly =

A.2.2 Jet of Submanifolds: Surfaces

Contact manifold M = R3(¢, s, x) with the contact form « = ds — xdt.
Independent coordinates: t, s.

Dependent coordinate: x.

Algebra is generated as ‘A = (I1, Ir¢, V1, Vo | R1, R2).

Where the differential syzygies are

Ri1=6[V1, V2] = (I = La) Vi + [i(Izp + 1)V,
Ro = Vi(laa) + 1Va(lop) + (I + Lp + 1) + (213 + 1)

Differential Invariants Invariants Derivations
— (=xxo—x1)t+x _ 1 X
L= x2(—tx+2s) V= xth + XZDS

V, =D, + g,

—xze‘st—tzxzle, 1+28x1,2(%1 t—x)x2—x2,2(x1 l‘—x)2

I, =

2a (2s—tx)x3

I , = —xgxt—txlxzz—t(xxl,2+x1,13x2+(xx2,2+x1,2)(x1t—x)
2 xzz(txxz+x1t—x)

I = (x2x2,2+(x22+2x1,2)x+x2x1+x1,1)(25—tx)

2c —

x2(txx2+x7 t‘—x)2

A.2.3 Jets of Functions

Contact manifold M = R3(x, u, p) with the contact form @ = du — pdx.
Independent coordinates: x, u, p.
Dependent coordinate: y.
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Algebra is generated as A = (lo, Irr, V1, V2, V3 [ R, i = 1..7).

Differential Invariants
I 0= y

Ila =ys3p + 2uy2 +y1Xx
Ly = Y28

La = p*ys 3 + (4yz,3u + 2xy1,3 + y3)p + 4uy2 2
+(4xy1,2 + 4y2)u + x(xy1,1 + Y1)

Ly = B(yo,3p + 2yo,2u + xy1,2 + 2Y2)

Le = —((y1,2y1 — y1,192)x> + (Y2,3p + 222U + Y2 + Y1,3)11
—pYay1,3 — 2Uy2y1,2 — Y3y1,1)X + (pys,3 + 2y 3u)Y1
—y3(py1,3 + 2y1,2u))

La = p(=2y2 + fy2,2)

Le = =p(p112,2 — Yay1,2)x* + (Y2391 — Y5 — ysy1,2)p
+(=2y2,2u — Y2)y1 + 2uyay1,2)x — pyay3 — 2u(y2,3y1 — Y3y1,2))

Ly = p*x*yiyz2 = 207X y1yay1 2 + pPx*ysyns + 20°X°yTya
—p*x°y1y; = 20° x> y11ayn.3 — 2p°x°Y1ysyn 2 + 2p°x°yaysyr
~4pux®yiya 2 + 8pux y1yay1 2 — 4puxysyr1 + p°x°yiys 3
—p*x*y1y2ys — 2p°x°Y1ysy13 + pPX7Y3y11 — 8puxyiya 3
+4pux2y1y§ + 8pux2y1y2y1,3 + 8pux2y1y3y1, 9 — 8pux2y2y3y1,1
+4u2x2yfy2’2 - 8u2x2y1y2y1,2 + 4u2x2y§y1,1 - 4puxy%y3’3
+4puxy1y2y3 + 8puxy1y3y173 — 4puxy§y1’1 + 8u2xy%y2,3
—4u2xy1y§ — 8u2xy1y2y1,3 - 8u2xy1y3y1,2 + 8u2xy2y3y1,1
+4uyys 3 — 4u’y1yays — 8uy1ysyr s + 4uPYsy1a

where f = px — 2u.

Invariant Derivations

V1 =xDx +2uDy, + pDy,

vV, = )BZ)u,

V3 = (xyZ + yB)ﬁDx - xylﬁﬂu - ylﬁDP'
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Differential syzygies:

R1 = V3(lo)
Rz = [V1, V2]
R3 = (lia + [1p)[V1, V3] + e (V1 + V) = (I2g + I2p)V3
R4 = (Iig + [p)[V2, V3] = (Iip(lig + I1p) = I2¢)V1 + (la(Tig + [1p) + 12¢) V2
— (I2p + Log — 2(Iig + 115))V3
Rs = (Iig + [1p)(V3(l2p) — Vi(lae)) — (Ioc — Le)lop + Lalze — Ioclza
Re = (ha + 11p)(Va(lae) = Vi(lop)) = 3L5, = (I, + halip + 3L2e) o + 3D (T2 + Iop)
R7 = (Iia + 1p)(—Vs(lze) + Va(lop)) — Iy, — 4LaI5, — (BIF, + 210)I7,
— (25, + (2h¢ — 3Le)h1q + 4Lp)I1p + 3LeI1, + 4D¢h4 + 315,
+ 3lchbe — 357 (I2p + I2q)
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A.3 Invariants in 4-dimensions
A.3.1 Jet of Submanifolds: Curves

Symplectic manifold M = R*(¢, x, y, z) with the symplectic form & = dt A dy +
dx N\ dz.

Independent coordinate: t.

Dependent coordinates: x, y, z.

Algebra is generated freely as A = (I, I3p, I4c, V).

The jet notation in the table is changed to make it shorter. The subscript
indicates on which level of jets the function is defined, in other words how
many derivatives are taken.

Differential Invariants

I = y>(x122 — z1%2 + U2)

I3, = —yﬁ(txlyzz;; — IX1Y32Z9 — tX2Y123 + tX2Y321 + [X3Y122 — £X3Y227
—XY22z3 + XY3Z + XoYz3 — X2Y3Z — X3Yzy + X3y22)

Le = -y (Bx192ysz4 — x1y7yazs — 33x101y524 + 43X101Y2Y3723
+3t3x1y1y2y422 - 4t3x1y1y§272 + 3t3x1y323 - 3t3x1y§y322 + 3t3x2yfygz4
—4t3x2yfy323 - 3t3x2y1y§z3 - 3t3x2y1y2y4zl + 4t3x2y1y§zl
+3t3x2y§y321 - t3x3y:1”z4 + 4t3x3yfy322 + t3x3yfy421 + 3t3x3y1y§zz
—4t3x3y1y2y321 — 3t3x3y§’zl + t3x4yf23 — 3t3x4y%yzzz — t3x4y%y321
+3t3x4y1y§zl — 3t2xx1y1yzzzz4 + 4t2xx1y1yzz§ + 2t2xx1y1y32124
—4t2xx1y1y3z223 — 2t2xx1y1y4zlzg + 3t2xx1y1y4z§ — 3t2xx1y§zlz4
+6t2xx1y§ZZZ3 + 4t2xx1y2y321Z3 - 6t2xx1y2ygz§ + 3t2xx1y2y4zlzz
—4t2xx1y§zlzg + Stzxxgy%2224 - 4t2xx2y%z§ + 3t2xx2y1yzzlz4
—6t2xx2y1y22223 - 3t2xx2y1y42122 + 6t2xx2y2y32122 — 3t2xx2y2y4z%
+4t2xx2y§z% - 2t2xx3ylez4 + 4t2xx3y%27223 - 4t2xx3y1y22123
+6t2xx3y1yzz§ + 4t2xx3y1y3zlzz + 2t2xx3y1y4z% - 6t2xx3y§zlzz
—4t2xx3y2ygz% + 2t2xx4ylezg - 3t2xx4yfz§ — 2t2xx4y1ygz%
+3t2xx4y§z% - 2t2xfy1y3zz4 + 2t2xfy1y4223 + 3t2xfy§zz4
—4t2xfy2y3223 - 3t2x5y2y4zzz + 4t2xfy§zzz + 4t2x1x2y1y3223
—3t2x1x2y1y4222 — 6t2x1x2y3223 + 6t2x1x2y2y3222 + 3t2x1x2y2y4zzl
—4t2x1x2y§zzl + 2t2x1x3y%zz4 - 4t2x1x3y1y2223 — 2t2x1x3y1y4zzl
+4t2x1x3y2y32z1 — 2t2x1x4y%223 + 3t2x1x4y1yzzzz + 2t2x1X4y1ygzzl
—3t2x1X4y§zzl — 3t2x§y%224 + 6t2x§y1y2223 + 3t2x§y1y4221
—6t2x§ygy32z1 + 4t2x2x3y%zz;3 - 6t2x2x3y1ygzzz - 4t2x2x3y1y3221
+6tZXZX3y§zzl + 3t2x2x4y3222 - 3t2x2x4y1y2221 - 4t2x§y%zzz
+4t2x§y1y2221 — 3tx2x1y2212224 + 4tx2x1yzzlz§ + 3tx2x1yzz§z?,
+tx2x1y32324 - 4tX2X1y3212223 — 3tx2X1y32§ - tx2x1y4z%23
+3tx2x1y4zlz§ + 3tx2x2y1212224 - 4tx2x2ylzlz§ — 3tx2x2y12323
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+4tx2x2y32323 + 3tx2x2ygzlz§ — 3tx2x2y4zfzz — tx2x3y12f24
+4tx2x3y1212223 + 3tx2x3ylzg - 4tx2x3yzzfz;5 - 3tX2X3y2212§ + tx2x3y4z:f
+tx2x4ylz§23 — 3tx2x4ylzlz§ + 3tx2x4yzz§22 — l‘x2x4ygz:13 + 3txxfyzzzzz4
—4txxfygzz§ - 2txxfygzzlz4 + 4txx%y322223 + 2txxfy4zzlzg — 3txxfy4zz§
—3tXX1X2Y122224 + 4txx1x2ylzz§ + 3txx1X2Y222124 — OEXX1X2Y222223
—4txx1X2Y322123 + 6txx1x2ygzz§ + 2txXX1X3Y122124 — 4EXX1X3Y122223
+4txx1X3Y322122 — 2txx1x3y4zz% — 21XX1X4Y122123 + 3txx1x4ylzz§
=3txXX1X4Y222122 + 2txx1X4ygzz% — 3txx§ylzzlz4 + 6txx§y122223
—6txx§ygzzlzz + 3txx§y4zzf + 4txXX2X3Y122123 — 6tXXZX3ylzz§
+61xXX2X3Y222122 — 4txeX3y322% + 3tXX9X4Y122129 — 3txxzxAryzzz%
—4txx§ylzzlzz + 4txx§yzzz% + txi’y32224 — txfy42223 — 3txfx2y22224
+3txfx2y4zzzz - tx%xgylzzzé; + 4txfx3y22223 - 4txfx3y32222 + txfx3y4zzzl
+txfx4y12223 — txfx4y3zzzl + 3tx1x§y12224 + 3tx1x§y22223 — 3tx1x§y32222
—3tx1x§y42221 - 4tx1x2x3y12223 + 4tx1x2x3y32221 - 3tx1x2x4y12222
+3tx1x2x4y22221 + 4tx1x§y12222 - 4tx1x§y22221 - 3tx§y12223 + 3tx:23y32221
+3tx§x3ylz2zz — 3tx§x3y22221 — tzxy%ygz4 + tzxyfy423 + 3t2xy1y§z4
—4t2xy1y2y323 - 3t2xy1y2y4z2 + 4t2xy1y§z2 - 3t2xy5’23 + 3t2xy§y322
—2t2X1Yy1y324 + 202X, Yy1 423 + 3t2x1yy§z4 — 4t2x1yyay3z3 — 3t2X1YY2y42>
+4t2x1yy§zz - 6t2x2yy1y224 + 8t2x2yy1y323 + 3t2x2yy§z;:, + 3t2x2yy2y4zl
—4t2x2yy§zl + 3t2X211 Y2 Y4z — 4t2x2y1y§z - Stzxzygygz + 3t2x;>,yy%24
—8t2x3yy1y320 — 2t2X3YY1Y421 — 3t2x3yy§zz + 4t2x3yYay371
—t2x3yysz + 4t%x z + 3t%x3y3z — 3t%x4yy>zs + 61%x z

3Y1Y4 3Y1Y2Y3 3Y, 4YYy,z3 4YY1Yaz2
+202x4yy1y321 — 312Xqyy521 + 1 X4y7Y3z — 3t7x4y1y57 + 3tx7Y1y22224
—4tx2y1yzz§ — 2tx%y1y32124 + 4tX%Y1Y32023 + 20X Y1y4z123 — 3tx2y1y4z§
+3tx2y§zlz4 - 6tx2y52223 - 4tx2y2y32123 + 6tx2y2ygz§ - 3tx2y2y42122
+4tx2y§zlzz + 3txXX1YY22224 — 4txx1yyzz§ — 2tXX1YY32124 + 4tXX1YY32223
+2tXX1YYaz123 — 3txx1yy4z§ + 2txXX1Y1Y3224 — 2EXX1Y1Ya223 — 3txx1y§zz4
+4txx1Y2Yy3223 + 3tXX1Y2Y4220 — 4txx1y§zzz — 6txx2yYy12224 + 8txx2yylz§
—3tXX2YY22124 + OIXX2YY22223 + 3tXXoYYaz122 — JtXX2Y1Y2224 — 4EXX2Y1Y3223
+61xX2Y1Y422 + 6txx2y§zz?, — 12txx2Y2Yy3222 + 3tXX2Y2ys22] — 4txx2y§zzl
+4txx3YYy12124 — 8tXX3YY12223 + 4EXX3YY22123 — 6txx3yyzz% — 4txx3YY32122
—2txx3yy4zf + 8txX3Y1y2223 — 4txXX3Y1Y3222 — 2EXX3Y1Y4227 + 6txx3y§zzz
+4txx3Y2y3221 — 4tXX4YY12123 + 6txx4yylz§ + 2txx4yyng — 3tXX4Y1Y2222
+2txXx4Y1Y3221 — 3txx4y§zzl + 2txfyygzz4 - 2txfyy4223 — 4txX1X2YY3223
+3tX1X2Yysz2zo — 3tx1x2y2y422 + 4tx1x2y§z2 — 4tx1x3YY1224 + 4EX1X3YY2223
+2tx1X3YYy42z2z1 + 2tx1x3yly4z2 - 4tx1x3yzyg,z2 + 4ix1x43Y Y1223 — 3EX1X4YY2222
—2tX1X4YY3z21 — 2tx1x4y1y322 + 3tx1x4y§z2 + 6tx§yylzz4 — 6tx§yy2223
—3tx§yy4zzl — 3tx§y1y4z2 + 6tx§y2y322 — 8tx2X3Yy1223 + 6tX2X3YY2222
+4txox3Yys3zz1 + 4tXZX3y1y322 - 6tx2x3y§z2 — 6txX2X4YY1229 + 3tX2X4YY2221
+3tx2x4y1y222 + 8tx§yylzzz - 4tx§yy2zz1 - 4tx§y1y222 + 3x3y2212224
—4x3ygzlz§ - 3x3y22523 - x3y32%24 +4x3y3z12923 + 3x3ygz§ + x3y42523
—3x3y4zlz§ — 3x2x1yzzzzz4 + 4x2x1yzzz§ + 2x2x1y322124 — 4x2x1y322223
—2x2x1y422123 + 3x2x1y4zz§ — 3x2x2y212224 + 4x2x2yzlz§ + 3x2x2y2323
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—3x2x2y222124 + 6x2x2y222223 - 4x2x2y322123 - 9x2x2ygzz§ + 6x2x2y422122
+x2x3yzfz4 - 4x2x3y212223 - 3x2x3yzg + 8x2x3yzzzlz3 + 3x2x3yzzz§
—4x2x3y322122 - x2x3y4zzf - x2x4yz§23 + 3x2x4yzlz§ - 3x2x4yzzzlzz
+x2x4y322% - xxfy32224 + xxfy42223 + 3xx1x2y222z4 - 4XX1X2yZZ§
+3xx1x2y22224 + 4xx1x2y32223 - 6xx1x2y42222 — 2XX1X3YZ2124
+4xx1X3Yz22223 — 8xx1x3y22223 + 4xx1x3y32222 + 2xx1X3y42221
+2XX1X4Yz2123 — 3xx1X4yzz§ + 3xx1x4y222z2 — 2xx1x4y3z2z1
+3xx§yzzlz4 — 6xx§yzzzzg - 3xx§y22223 + 9xx§y32222 - 3xx§y4zzzl
—4xx9X3Y22123 + 6xx2x3yzz§ - 6xx2x3y22222 + 4xx2x3y322z1
—3XX9X4Yzz122 + 3xx2x4y22221 + 4xx§yzzlzz — 4xx§y22221 + fo3y2224
—X%X3y423 - x%xAryzzz;; + x%x4y323 - 3x1x§y2224 + 3x1x§y423
+4x1x2x3y2223 — 4x1x2x3y323 + 3x1x2x4y2222 — 3x1x2x4y223 — 4x1x§y2222
+4x1x§y223 + 3x§y2223 - 3x§y323 — SX§X3y2222 + 3x§x3y223
+2iXYY1Y3z4 — 2EXYY1Y423 — 3txyy§z4 + 4txyysysz3 + 3txXYY2ysz2
—4txyy§zz + tx1y%Y324 — tx1y%Ysz3 + 3tx2y Y224 — AtX2y> Y323
=3tX2YYay4z + 4tx2yy§z — 3tx3y?y124 + dtx3y> Y320 + tx3y%Ysz12
+21X3YY1Yaz — 4X3YY2ys + txayy123 — txay’yaza — txay’ysz
—2tx4Yyy1y3z + 3tx4yy§z — 3x2yyozpz4 + 4x2yyzz§ + 2x2yy3z124
—4x%yy3z023 — 2X%Yy4z123 + 3x2yy4z§ — 2XX1YY3224 + 2XX1YY4223
+3xx2y22224 - 4xx2yzz§ + 3xx2YyY2224 + 4XX2YY3223 — 6XX2YYs22;
—ZXX3y22124 + 4xx3y22223 — 8xx3YY22z3 + 4xX3YY3222 + 2XX3YY42271
+2xx4y%2123 — 3xxAryzz§ + 3XX4YY2222 — 2XX4YY322Z7 + 2X1X3Y°224
—2X1X3YY4z> — 2x1X4Y%223 + 2X1X4YY32> — 3x§yzzz4 + 3x§yy422
+4x9X3Y? 223 — 4X2X3YY32> + 3X2X4Y% 22 — 3X0X4Yy2z? — 4x§y2222
+4X§yy222 - Xy2y324 + Xy2y423 + X3y324 - X3y2y42 - X4y323 + X4y2y32)

with the invariant derivation

Invariant Derivation
V = }/Dt

where y = 1/(ty; + xz1 — x12 — ).

A.3.2 Jet of Submanifolds: Surfaces

Symplectic manifold M = R*(t, s, x, y) with the symplectic form w = dt A dx +
ds A dy.

Independent coordinates: ¢, s.

Dependent coordinates: x, y.

Algebra is generated as A = (Izq, by, Ioc, [rg, V1, V2, V3 | R).

Again, R represents the unknown differential syzygies.
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Differential Invariants

La = (=$°x3Y5y0,2 + 28° X5 Y1212 — SSX5Y3U1,1 + S X2X1,1Y5
—283x2X1, 21115 + $2X2X2 22 Y2 + S X2YS Y2 2 — 28> XoY Y11, 2
+S2XoY1YaY1,1 — SOX1,1Y1Ys + 25712055 — $2X2, 25 Y2
—232tx1x§y1y2,2 + Zsztxlxgyzyl,g - 232tx1x2x1,2y§ + Zsztxlxzxz,zylyz
+32tx1x2yfy2,2 - sztxlxzygyl,l + 2$2tx1x1,2y1 y% - 2$2tx1x2,2yfy2
+32tx1y§’y2,2 - 232tx1yfy2y1,2 + sztxlylygyl,l + 252tx§’y1y1,2
—232tx§’y2y1,1 + Zsztxgxl,lyg - Zsztxgxl,gylyz - Zsztxgyfyl,z
+252tx§y1y2y1,1 - sztxle,lylyg + sztxzxz,zy‘;’ - sztxl,lyfyg
+2$2tx1’2y:13y2 - sztxz,gyi' — stzxfxgyz,g + stzxfxzxz,zyz
—stzxfxzylyz,z + ZStzxfxzyzyLz — stzxfxz,zylyz + 23t2xfy%y2’2
—23t2xfy1y2y1,2 + 23t2x1xg’y1,2 — Zstlexgxl,zyz — Zstlexgygym
+23t2x1x2x2,2yf — 25t2x1x2yfy1,2 + 23t2x1x2y1y2y1,1 + Zstlexl,zyfyz
—23t2x1x2’2y:1” - stzxgyl,l + stzxgxl,lyz + stzxgylyl’l + stzxgxl,lylyz
—23t2x§x1,2yf - 23t2x2x1,1yfy2 + Zstzxle,zyi’ - tsxi’xzyz,z
+t3xi°’y1y2,2 + 2t3xfx§y1,2 + t3xfx2x2,2y1 — 2t3xfx2y1y1,2
xlxz,zyf - t3x1x§y1,1 - 2t3x1x§x1,2y1 + t3x1x§y1yl,1
+2t3x1xzx1,2yf + tsxg’xl,]yl — t3x§x1,1yf + Zszxxgylyz,z
—232xx§y2y1,2 + 232xx2x1,2y§ — Zszxxzxz,gylyz — Szxey%yz’z
+szxx2y§y1,1 - 232xx1,2y1y§ + 232xe’zy%y2 - szxyfyz,z
+232Xy%y2y],2 - szxylygyl,l - 232X§yy1y1,2 + 232x§yy2y1,1
—332x2x1,1yy§ + 4szx2x1,2yy1y2 - szxzxz,zyyf + 232x2yyfy1’2
—25%x2Yy1yat1,1 + 352X1,1YY1Y5 — 457X, 20y Y2 + $2x2, 20y
+2$txx1x§y2, 2 — 25EXX1X2X2 2Y2 + 2SEXX1X2Y1Y2,2 — 4SEXX1X2Y2Y1,2
+2stxX1X2,2Y1Y2 — 4stxx1yfy2,2 + 4stxx1y1Y2Y1,2 — 23txx§y1,2
+23txx§x1, 2l + 2$txx§y2y1,1 - 2$txx2x2,2y% + 23txx2yfy1, 2
=2stxXoY1Yay1,1 — 28EXX1, zyfyz + 2stxx, zyi’ — 23tx1x§yy1,2
+4stx1X2X1,2YY2 — 28EX1X2X2, 2YY1 + 2SEX1X2YYay1,1 — 4SEX1X1,2YY1Y2
+Zstx1x2,2yyf + 23tx1yyfy1,2 — 2stxX1Yy1Y2y1,1 + 23tx§yy1,1
—4stx§x1,1yy2 + 23tx§x1,2yy1 - 23tx§yy1y1,1 + 2stx2X1,1YY1Y2
+23tx1,1yyfy2 — 23tx1,2yyf + 3t2xxfx2y2,2 — 3t2xxfy1y2,2
—4t2xx1x§y1,2 - 2t2xx1x2x2,2y1 + 4t2xx1x2y1y1,2 + 2t2xx1x2’2yf
+t2xx§’y1,1 + 2t2xx§x1,2y1 — tzxxgylyl,l — 2t2xx2x1,2yf
—tzxfxzxz,zy — 2t2xfx2yy1,2 + tzxfxz,zyyl + 2t2xfyy1y1,2
+2t2x1x§x1,2y + 2t2x1x§yy1,1 — 2t2x1x2yy1y1,1 — 2t2x1x1,2yyf
—tzxgxl,ly - tzxgxl,lyyl + 2t2x2x1,1yy% - sxzxgyz,z
+sx2xzx2, 2lY2 — sxzxzylyz, 9 + 23x2xzy2y1, 9 — sz)Cz’zylyz + 2sx2y%y2,2
—2sx2y1y2y1,2 + 25xx§yy1,2 - 4SXX'2X'1’2yy2 + ZSXXZXZ’Zyyl
—28XX2YY2y1,1 + 4SXX1,2YY1Y2 — 23xx2,2yy% — 23xyy%y1’ 2
+2sxXYyy1yay1,1 — sx§y2y1,1 + 33x2x1,1y2y2 — 23x2x1,2y2y1
+sx2y2y1y1,1 — 33x1,1y2y1y2 + stl,zyzyf — 3tx2x1x2y2,2
+3tx2x1y1y2,2 + 2tx2x§y1,2 + txzxzxz,zyl — 2tx2x2y1y1,2
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—txzxz,zyf + 2txx1X2X9, 2y + 4EXX1X2YY1,2 — 2EXX1X2, 2YY1

—4txx1YY1Y1,2 — 2txx§x1,2y - 2txx§yy1,1 + 2txx2YyY1Y1,1

+2txx1,2yyf - 2tx1x2x1,2y2 - txlxzyzyl,l + 2tx1x1,2y2y1

+tx1y2y1y1,1 + 21‘x§x1,1y2 - tx2x1,1y2y1 - txl,lyzyf

+x3x212,2 — X3Y1y2, 2 — X2 X2X2 2y — 22Xy 2 + X7 X2, 241

+2x2yy1y1,2 + 2xx2x1,2y2 + xxzyzyl,l - 2xx1,2y2y1 - xyzylyl,l

—x2x1,1Y° + x1,15°Y1) /(s*X1,1Y1Y2Y2,2 — $2X1,1Y501,2

—Sle,zy%yz,z + sle,zy§y1,1 + Szxz,zy%yl,z - 52x2,2y1y2y1,1
+StX1X1,1Y2Y2,2 — 251X1X1,2Y1Y2,2 + 28IX1X2 2Y1Y1,2 — SEX1X2,2Y2Y1,1
+sIX2X1,1Y1Y2,2 — 28tX2X1, 1Y2Y1,2 + 28EX2X1,2Y2Y1,1 — SEX2X2 2Y1Y1,1
—tzxfxl,zyz,z + tzxfxz,zyl,z + 12X1X2X1,1Y2,2 — 12X1X2X2 21,1
—1%X5x1,1Y1,2 + 12X5X1,2Y1,1 — SXX1,1Y2Y2,2 + 25XX1 2Y1Y2,2 — 25XX2, 211112
+5XX2,2Y2Y1,1 — SX1,1YY1Y2,2 + 28X1,1YY2Y1,2 — 28X1,2YY2Y1,1 + SX2,2YY1Y1,1
+21xX1X1,2Y2, 2 — 2EXX1X2,2Y1,2 — EXX2X1,1Y2,2 + EXX2X2 2Y1,1 — EX1X1,1YY2,2
+EX1X0,2UY1,1 + 28X0X1,1YY1,2 — 2EX0X1,2YY1,1 — X2X1,2Y2,2 + X2X2, 2012
+XX1,1YY2,2 — XX2,2YY1,1 — x1,1y2y1,z + x1,zy2y1,1)

Ly = (((y%yz,z —2y1y2y1,2 + y§y1,1)xZ + 2xl,zy1y§ - xz,zy%yz

—15x1,1)8> + (—2y151,2 + 2y2y1,1)%5 + ((2y2,21 + 2X1,2Y2)Y1
—2y1,2X1Y2 — 2Y5X1,1)X2 — X2,23 + (Y2,2%1 + 2x1,2Y2)Y5

—2y5((x2,2 + y1,2)x1 + 1/2y2%1,1)y1 + 2x1y2(%1,2 + 1/201,1))¢
+((—2y2 2% + 2y1,2Y)y1 — 2y2(—y1,2% + yy1,1))x2 + (—y2,2X + X2 29)y>
—4y((—1/2x2,2 — 1/2y1,2)x + x1,2y)y1 — 2y5((x1,2 + 1/2y1,1)x
=3/2yx1,1))s* + ((y1,1%3 + (—2x1y1,2 — Y2x1,1)%5 + (2x1,23
+(=2x1Y1,2 — 2y2x1,1)Y1 + 2(1/2y2,2%1 + ya(x1,2 + Y1,1))x1)%2
+2x1(=x2,2YF + (Y2,2%1 + x1,2Y2)y1 — 1/2x1y2(x2,2 + 2y1,2)))t?
+((y1,2x — 2yy1,1)x5 + ((2y1,2% — 2x1,2Y)y1 + (—2y2,2% + 2y1,29)%1
—2y5((31,2 + y1,1)x — 2yx1,1))x2 + (2xX2 2 — 21, 2Y)Y3

+((—4y2,2x + 2y(x2,2 + y1,2))x1 — 2y2(x1,2X — yx1,1))Y1
—4x112((—1/2x22 — y1,2)x + y(x1,2 + 1/2y1,1)))t + (y2,2%* — 2xyy1,2
+y%y1,1)x2 + (22, 2%% — 2y(x2,2 + Y1,2)X + 2x1,25%)11

+4((=1/4x2,2 — 1/2y1,2)x* + y(x1,2 + 1/2y1,1)x — 3/4y*x1,1)y2)s
+H((x1y1,1 — X1,1Y1)%5 + (—2X3Y1,2 + 2x1X71,2Y1)X2 — X2, 2X7Y1
+y,26) 8% + ((—y1,1 + yx1,1)x2 + ((—2x1,25 + 2yx1,1)y1 — 2x71(—2y1,2%
+y(x1,2 + y1,1)))x2 — 2x1((=xx2,2 + x1,2)y1 — 1/2x1(=3y2,2%
+y(x2,2 + 2y1,2)))E2 + ((—2y1,2%% + 2y(x1,2 + y1,1)x — 2y?x1,1)%2
+(=x2xg,2 + 2xx1,2Y — Y*x1,1)y1 + 2x1(3/2y2, 2% — y(x2,2 + 2y1,2)x
+y2 (1,2 + 1/2y1,0))t — x3ya 2 + y(x2,2 + 2y1,2)x% — 2y?(x1,2

+1/2y1,1)x + xl,lyg)/((xz - y1)3)

Le=|- xizyl,ly%yz + (—yilxzyg + (y3x1,1 + X285 Y22 + 2y112(x2Y1,2
+x1,2Y2) Y11 + (Y2Y2y2,2 — 4Y1y5y1,2)x1,1
+2y1, 255 (—x2y1,2 + X1,2Y2))X2,2 + (X21,1Y5Y2,2 — 4X2X1, 211212, 2
+2X2X1,2Y5Y1,2 — ZXizyg)yu - yz,zyi’xil + (—y%,zxzyf
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+2y1y2(x2y1,2 + X1,2Y2)Y2,2 + 2x1,2y1,2y§’ - Zyizxzyé)xl,l
~21,2Y2,2Y7(—Xay1,2 + X1,242))s° + (215192 — ¥3)y1,1%3 ,
+((—x1y§ - 2x§y2)yi1 + (2y§(x2 +1/2y1)x1.1 + 2y1x1 (%2
+1/2y1)y2,2 + 2x5Y1Y1,2 + 202(x1y1,2 + X1,2Y1)X2 + 2Y2(X1,2X1Y2
+Y1,2X1Y1 + xl,zy%))yl,l + ((2x1y1y2 + yf)yz,z = 4y1,2y2(x192
+x2y1 + Y7))x11 + 4(x1,2x1y2 + 1/2X12Y7 — y1,2x1%2
—1/2y1,201Y1)Y1Y1,2)%2,2 + (Y2,242(x192 + 2x3)x1,1 — 4x1,2((X1X202 + X15172
+x2y1)y2,2 + (—y1,2%2 + X1,2%2Y2 + 1/2y2(=x1y1,2 + X1,2Y1))Y2))Y1,1
—2y2,2y§(x2 + 1/2y1)xi1 + (—2y1x1 (2 + 1/2yl)yi2 + (2x§y1y1’2
+2y2 (11,2 + X1,2Y1)X2 + 2y2(X1,2X1Y2 + Y1,2X1Y1 + X1,2U7))Y2,2
+4(—y1,2X5 + x1,2%2Y2 + 1/2y2(—x1y1,2 + X1,201))Y2y1,2)x1,1 — 4(x1,2X1Y2
+1/2x12y7 — y1,2x1%2 — 1/2y1,2X151)Y1Y2,2%1,2)t + 2y1y1,1(XY2
+1/2yy1)x§’2 + ((xy% + 2x2yy2)yi1 + (—3y§yxl,1 —2y1x(x2 + 1/2y1)y2,2
—2y1,2(xy2 + yy1)x2 — 2((y1,2x + 2x1,2Y)y1 + X1,2XY2)Y2)y1,1
+H((=2xy192 = yy;)y2,2 + 4Y1,22(xy2 + 24y1))x1,1
—4y1y1,2(—y1,22x2 + (1/2x1,2y — 1/2y1,2%)y1 + X1,2XY2))x2 2
+(=y2,2y2(xy2 + 2yx2)x1,1 + 6x1,2(((2/3xY2 + 2/3yy1 )x2
+2/3xy1Y2)y2,2 + (=2/3y1,2yx2 + y2(x1,2y — 1/3y1,2%))y2))y1,1
+3ya,2yy3x7 | + (29102 + 1/2y1)y3 5 + (=2y1,2(xy2 + yy1)x2
—2((y1,2 + 2x1,29)Y1 + X1,2XY2)Y2)Y2,2 — 6X1,2Y1,2YY2

+2U5 L XY + 45 HYxay2)X1 1 + 41y, 2X1,2(—Y1,2X%0

+(1/2x1,2y — 1/2y1,2%)y1 + x1,2xY2))s>

+H((=yr1x01(x1y2 + 2y1)x3 , + ((=2x102y2 — %39)y3

+(X2y2(.X'2 + 2y1)x1,1 + x1 (.X'z + 2y1)y2,2 + 2x1x§y1,2

+(2x1,2X1Y2 + 2y1,2%1Y1 + 21, 247)%2 + 2x112(X1Y1,2
+x1,291))y1,1 + (X3Y2 + 2x197)y2,2 — 4((x1y2 + y2)x2
+X1Y1Y2)Y1,2)x1,1 + 2y1,2x1(=Y1,2X1X2 + X1,2X1Y2 — 2Y1,2X1Y1
+2x1,243))X2,2 + ((2x1%2Y2 + X3 )Y2,25%1,1 — 2x1,2(2%1 (X192 + X3
+X2Y1)Y2,2 + (—y1,2x§ + x1,2%2Y2 + 2y2(=x1Y1,2

+X1,251))%2))Y1,1 = Ya,2%2Ya(x2 + 2y1)xT ; + (=xF(x2 + 201)y3 ,
+(2x1x5Y1,2 + (2x1,2X1Y2 + 2Y1,2X1Y1 + 21, 205)%2

+2x112(x1Y1,2 + X1,2Y1))Y2,2 + 2(=Y1,2X5 + X1,2X212
+2y2(=x1Y1,2 + X1,2Y1))X2Y1,2)X1,1 — 2X1,2Y2,2X1(—Y1,2X1 X2
+x1,2%1Y2 — 2y1,2X1Y1 + 2x71,257)1% + (21,1 (xX1Y2

+xyf + yxlyl)xi2 + ((2xx2y2 + 2yx1ys + 2x§y)yi1

+(—4y2(XQ + 1/2y1)yx1’1 - 2xx1(X2 + 2y1)y2,2

—2xx§y1’2 + ((—2y1,2x — 2x1,2Y)y1 — 2X71,2XY2 — 2Y1,2YX1)X2
—2x1,2yY3 + (—2x1,2XY2 — 2y1,2yx1)y1 — 4x192(Y1,2% + X1,29))Y1,1
+((=2xx172 — 2xy§ — 2yx1y1)y2,2 + 4((xy2 + yy1)x2 + XY172
+2yx1ys + yyf)yl,z)xl,l — 4(=xx1X%2Y1,2 + xl,zxyf

+x1(—2y1,2% + X1,2Y)Y1 + X1,2XX1Y2)Y1,2)X2,2

+(—2ys,2(xx2y2 + yx1y2 + x%y)xl,l + 8((1/2xx§

+(1/2xy1 + 1/2yx1)x2 + x1(xy2 + 1/2yy1))y2.2 — 1/2y1,2yx§
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+yo(x1,2Y — 1/2y1,2%)x2 + 1/2yya(=x1y1,2 + X1,2Y1))X1,2)Y1,1
+4y2.2y2(x2 + 1/2y1)yxil + (2xx1(x2 + 2yl)yi2 + (—2xx3Y1,2
+((—2y1,2% — 2x1,2Y)y1 — 2X1,2XY2 — 241,2YX1)X2 — 2X1,24Y>
+(=2x1,2XY2 — 241,2yx1)Y1 — 4x1Y2(y1,2% + X1,2Y))y2,2 — 8(—1/2y1 2yx2
+yo(x1,2y — 1/2y1,2%)x2 + 1/2yya(=x1y1,2 + X1,2Y1))Y1,2)%1,1
+4y2,2x1,2(—XX1X2Y1,2 + X1,2xy% + x1(=2y1,2% + x1,20)Y1

+x1,2XX1Y2))t — y1,1x(xy2 + 2yy1)x§’2 + ((—2xyy2 — xzyz)yil
+(3y2x1,1Yy% + x%(x2 + 2y1)y2 2 + 2xX2yy1,2 + (2xyya 2 + 2x1, 2071
+4yoxX1,2Y + 22x°y1,2)y1,1 + (Y2 + 2xy11)y2,2 — 8y1,2y(xy2
+1/2yy1))x1,1 + 2xy1,2(=y1,2xx2 + (=2y1,2X + 2 X12Y)Y1 + X1,2XY2))X2,2
+(2(xy + 1/2yx2)yo,2yx1.1 — 6x1,2(2/3x(xy2 + yx2 + Yy1)y2,2
+(=1/3y1,2yx2 + ya(x1,2y — 2/3y1,2%))y))y1,1 — 3yz,zy2yzxi1

+(=x2(xp + 2y1)y§,2 + (2xx2yya,2 + (2xyy1,2 + 2x120%)Y1

+4yoxx1,2Y + 22x%Y1,2)Y2,2 + 6X1,201,2Y%Y2

—4yi2xyy2 - Zyizyzxz)xl,l — 2y 2xx1,2(~Y1,2XX2

+(=2y1,2% + 2x1,2Y)Y1 + X1,2XY2))s + (=x3 ,y1,1%711

+(—yi1x1x§ + (X5x1,1Y1 + Y22 + 2x1%2(X111,2 + X1,281))Y1,1
+(xTY1ya,2 — 4X1X2Y1Y1,2)X1,1 + 2X1,2Y1,2X5 Y1

—2y7 ,x3)x2,2 + (y2,2X1%5%1,1 — 2(2y2 2%

+x2(—Xx1Y1,2 + X1,2Y1))X1,2X2)Y1,1 — yz,zxéylxil

+(—y§,2x§’ + 2x1x2(X1Y1,2 + X1,2Y1)Y2,2

+2y1,25(—X1Y1,2 + X1,201))X1,1 — 2X1,2Y2,2%5 (—X101,2

+x1,2y1))t3 + (2x1y1,1(xy7 + 1/2yx1)xi2 + ((xx% + 2x1x2y)yi1
+(—yxa(x2 + 2y1)x1,1 — 3xx3Y2,2 + (—2x1,2xY1 — 2x1(2y1,2X + X1,2Y))X2
=2yx1(x1y1,2 + X1,291))y1,1 + ((—2xx1y1 — xfy)yzz + 4((xy1 + yx1)x2
+Yx1Y1)Y1,2)x1,1 — 4x1y1,2(x1,2xy1 + 1/2x7(=3y1,2x + x1,2Y)))X2.2
+(—yg,2x2(x2x + 2yx71)x1,1 + 2((4xx1x2 + 2x%y)y2’2 + ((—y1.2x + x1,2y)x2
+2y(=x1Y1,2 + X1,2Y1))X2)X1,2)Y1,1 + Y2, 2UX2(x2 + 2y1)xi1

+(3y§,2xxf + ((—=2x1,2xy1 — 2x1(2y1,2% + x1,2Y))X2 — 2yx1(X1Y1,2
+x1,241))Y2,2 — 2((=y1,2X + x1,2y)X2 + 2y(=x1Y1,2 + X1,2Y1))X2Y1,2)X1,1
+4y 2x1x1,2(x1,2x11 + 1/2x1(=3y1,2 + x1,29))t* + (—y1,1x(xy71 + 2yx1)x§,2
+((—2xx2y — xlyz)yi1 + (2(x2 + 1/2y1)y2x1,1 + 3x1x2y2,2 + (2x2y1’2
+2xx1,2Y)Xo + 2(x1, 21 + x1(2y1 2% + x1.2y)Y)y1.1 + ((x%y1 + 2xX19)Y2,2
—4y1,2y(x2x + xy1 + yx1))x1,1 + 2y1,2X(=3XX1Y1,2 + X1,2XY1 + 2X1X1,2Y))X2,2
+(2y2,2(x2x + 1/2yx1)yx1,1 — 4, 2((x3x2 + 2xx1Y)y2,2 + ((—y1,2% + X1,20)%2
+1/2y(=x1y1,2 + x1,2Y1))Y))y1,1 — 2y2,2(x2 + 1/2y1)y2xi1 + (—3y§’2x2x1
+((2x2y1,2 + 2xx71,2y)x2 + 2(x1,2xY1 + X1(2y1,2% + X1,29))Y)Y2, 2
+4((=y1,2x + x1,2y)x2 + 1/2y(=x1y1,2 + X1,241))Y1,2)%1,1
—2x1,2Y2,2x(=3xX1Y1,2 + X1,2XY1 + 2Xx1X7,2Y))t + xzxizyyu + (yilxyz
+(=x3yg2 — 2x%Yy1,2 — 2xx1,2Y% — x1,15°)Y1,1

+(=x%Yya,2 + 4xy?y1,2)x1,1 — 2X1,2Y1,2X°Y + 2yi2x3)xZ,z

+(4x2x1,zyyz,z - xx1,1y2yz,z - 2xx1,zy2y1,z + inzys)yl,l
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+xi1y3y2,2 + (yizx3 + (=2x2yy1,2 — 2xx1,2Y%)Y2,.2
—2x1.2Y1.2y° + zyizxyz)xl,l + 21,212,262 (=y1,2% + x1,29)) / (2(((y1Y2Y2,2
—y§y1,z)xl,1 + (y%yLz - ylyzyl,l)xz,z + xl,z(—y%yz,z
+15y1,1))s> + (x1y2 + X211)y2,2 — 2Y1,2%2Y2)x1,1

+((=x1y2 — x2y1)y1,1 + 2y1,2X1Y1)%x2,2 + 2x1,2(—=X1Y1Y2,2
+x2y2y1,1))t + ((=xy2 — yy1)y2,2 + 2y1,2yY2)X1,1

+((xy2 + yy1)y1,1 — 2y1,2XY1)x2,2 — 2x1,2(=XY1Y2,2 + YY2y1,1))$
+((x1x2y2,2 - x§y1,2)x1,1 + (X%yl,z - x1xzy1,1)xz,z
+x1,2(=X2Y2,2 + x5y1,1))t* + (((—xx2 — xX1Y)y2,2

+2y1,2yx2)x1,1 + ((XX2 + X19)y1,1 — 2Y1,2XX1)X2 2
—2x1,2(=xX1Y2,2 + X2yy1,1))t + (xyy2,2 — Y*y1,2)x1,1

+(x2y1,z — XYy1,1)X2,2 + xl,Z(_x2y2,2 + yzyl,l))(xz - yl)z)

Ly = 2(((1/2y1,1y§ + 1/2y2,2y% - y1,2y1y2)x2

+y2(—1/2y2x1,1 + x1,20192 — 1/2x22y%))s> + (—y1y1,2 + Y2y1,1)x2
+((y2,251 + X1,2Y2)Y1 — Y1,2X1Y2 — Yax1,1)%2 — 1/2x2 273

+(x1,202 + 1/2y2,2%1)y2 — yo((x2,2 + y1,2)%1 + 1/2y2x1,1)y1
+x1y3(x1,2 + 1/2y1,1))t + ((=y2,2% + y1,29)y1 — Ya(—xy1,2 + Yy1,1))x2
+(—1/2y2’2x + 1/2.X'2’2y)y% - 2y2((—1/2x2,2 - 1/2y1,2)x + xl,zy)yl
—((x1,2 + 1/2y1,1)x — 3/2yx1,1)y3)s* + (1/2y1,1%5 + (—y1,2%1
—1/2y2x1,1)x2 + (x1,2U7 + (=y1,2X1 — Y2x1,1)y1 + x1(1/2y2 2%
+ya(x1,2 + y1,1)))x2 + (=X2,2y7 + (y2,2%1 + x1,22)y1 — 1/2x192(x2,2
+2y1,2))x1)t + ((xy1,2 — yy1,1)x§ + ((xy1,2 = x1,29)y1 + (=y2,2X + y1,2Y)x1
—y2((x1,2 + Y1,1)x — 2yx1,1))x2 + (XX2,2 — X1,2Y)yT+

((=2y2,2x + y(x2,2 + y1,2))x1 — y2(xx1,2 — Yx1,1))Y1
—2yox1((=1/2x2,2 — y1,2)x + y(x1,2 + 1/2y1,1)))t

+(=xyy1,2 + 1/2y%y1,1 + 1/2x%y9,2)x0 + (x2y2,2 — y(xo,2 + y1,2)x
+x1,2y%)y1 + 2y2((—1/4x2,2 — 1/2y1,2)x* + y(x12 + 1/2y1,1)x
=3/4x1,1y%))s + ((1/2y1,1x1 — 1/2y11,1)x2 + x1(—Yy1,2%1 + X1,241)%2
—1/2x%(—yp, 221 + X2,2y1))E> + ((—=1/2y1,1x + 1/2yx1,1)x3

+((=xx1,2 + yx1,1)y1 — (=2xy1,2 + y(x1,2 + y1,1))x1)%2

—x1((=xX2,2 + x1,2Y)y1 — 1/2(=3y2,2% + y(x2,2 + 2y1,2))x1))t>
+((—yr,2%% + y(x1,2 + y1,1)x — x1,1y7)x2 + (—1/2x%x7

—1/2x1,1y% + xx12y)y1 + (3/2x%y2,2 — Y(x2,2 + 2y1,2)x + y2(x1,2
+1/2y1,1))x1)t — 1/2y2 %> + 1/2y(x2,2 + 2y1,2)x>

—y*(x1,2 + 1/2y1,1)x + 1/2!/3?51,1)(36{2}/1,1!/2,2 = y1,2(y2,2%1,1
+X2,2Y1,1)X1,2 + xz,zyile,1 +1/4(=ya, 21,1 + x2,211,1)%)
/((xz - yl)(((ylyzyz,z —y3y1,2)x1,1 + (Y3Y1,2 — Y1Yayi,1)x2,2

+x1,2(=y2,207 + y1,192))s* + ((x1y2 + X281)Y2,2 — 2y1,2X212)X1,1
+((=x1y2 — X2y1)y1,1 + 2y1,2X1Y1)x2,2 + 2x1,2(=X1Y1Y2,2 + X2Y2y1,1))t
+((=xy2 — yy1)yo,2 + 2y1,2yy2)x1,1 + ((xy2 + yy1)y1,1 — 2y1,2XY1)x2 2
—2x1,2(=xY1Y2,2 + yy2y1,1))s + (X1X2Y2,2 — X5U1,2)
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X1,1 + (Xfyl,z — X1X2Y1,1)X2,2 + (—xfyz,z + x§y1,1)x1,z)t2
+(((=xx2 = x19)y2,2 + 2y1,2yx2)x1,1 + ((Xx2 + X1Y)Y1,1 — 2Y1,2XX1)X2,2
—2x1,2(=xx1Y2,2 + Xzyy1,1))t + (xyyz,z - yzyl,z)xl,l + (y1,2x2

2

—XYy1,1)x2,2 + x1,2(—x2y2,2 + y2y1,1)) )

A.3.3 Jet of Submanifolds: Hypersurfaces

Symplectic manifold M = R*(x,y, z, u) with the symplectic form w = dx A
dz + dy A du.

Independent coordinates: x, y, z.

Dependent coordinate: u.

Algebra is generated as A = (Irq, by, Io¢c, V1, Vo, V3 | R).

The R represents the unknown differential syzygies.

Differential Invariants

Iza = y3(u%u3,3 - 2u1u3u133 + u32u1,1 + 2u1u2,3 - 2u3u1,2 + uz’z)

Ly, = y7(y2u?ug,2u§,3 - yzufug’gug),g - 2y2u§’u2u1,2u§,3 + 2y2u§’u2u1,3u2,3u3,3
+2y2u§’u3u1,2u233ug,3 - 4y2ufu3u1,3u2,2u3,3 + 2y2u"13u3u1,3u§’3
+y2ufu§u1,1u§’3 - yzufuguigug,g — 2y2ufu2u3u1,1u2’3u3,3
+6y2u%u2u3u1,2u1,3u3,3 - 4y2u%u2u3ui3u2,3 + ZyZufugul,luz,gug,g,

2.2 2 2 2.2 2.2 ) 2.2 2.2
-y Zlu?’lz“’luz’s -y u1u3u1’%u3332— 4% u1u3u;2u1,3uzz,3 + 4y UTUZUT Uz 2
=2y uruyusuy 1U1,3U3 3 + 2y UruyUzUy 3 — 2y U uauz Uy, 1U1,2U3,3

2 2 2 2 2 2 3
+6y u1u2u3u1,1u1,3u2,3 - 4y uluzugul,zul’g + 2y ulusul,lul,guz,g

2. 3 2. 3,2 2.2, 2.2 2,22 2
_4y2u1ugu;1u1’3u2’2 +22y gluBul’zul,g + yzu%ugul,lug,g —2y4u2u3tél,1u1,3
-2y UpUizuy Uz 3 + 2y uguzuy U1 2U1,3 + Y Uy U2 2 — Y UzU11UT

+2xyufu1,2u2,3u3’3 - 2xyu§’u1’3u2,2u3,3 - 2xyu%u2u1,1u2’3u3,3
+2xyufu2u1,2u1,3u3,3 + 2xyu%u3u1,1u2,2u373 - 2xyu%u3ui2u3,3
—4xyu%u3u1’2u1,3u2,3 + 4xyufu3ui3u2,2 + 4AxyuiugUzuy, 1U1,3U2,3
—4xyu1u2u3u1,2ui3 + 2xyu1u§u1,1u1,2u2,3 — 6xyu1u§u1,1u1,3u2,2
+4xyu1u§ui2u1,3 — 2xyu2u§uilu2,3 + 2xyu2u§u1,1u1,2u1,3
+2xyu§ui1u2,2 — 2xyu§u1,1ui2 + 2y2u?u2,2u2,3u3,3 — 2y2u:13u:23’3
—4y2ufu2u1,2u2’3u3,3 + 4y2ufu2u1,3u§,3 - 2y2u%u3u1,2u2,2u3,3
+6y2u%u3u1,2u§’3 - 4y2u%u3u1,3u2,2u2,3 + 2y2u1u§u131u2,3u3,3
—2y2u1u§ui3uz,3 — 4y2u1u2u3u1,1u§’3 + 4y2u1u2u3ui2ug,3
+2y2u1u§u1,1u2’2ug,3 - 6y2u1u§ui2ug,3 + 4y2u1u§u1,2u1,3u2’2
—2y2u§u3u1,1u132u3,3 + 2y2u§u3u132ui3 + 4y2u2u§u131u1,2u2,3
—4y2u2u§ui2u1’3 — 2y2u§u1’1ul,2u2,2 + 2y2u§ui2 — 2yzu:fu2,2u§’3

3,2
+2yzuyu; o

2 2 2
uz,3 + 2yzug U, 2U3 5 — 2yzu Uz 3Uz 3U3 3
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—2yzu%u3u1,2u2,3ug,3 + 6yzufu3u1,3u2,2u3,3 - 4yzu%u3ul,3u§,3
—4yzuUsUsly 2U1,3U3 3 + 4yzu1u2ugui3u2,3 — 2yzu1u§u1,1u2,2u3,3
+2yzu1u§ul,1u§’3 + 4yzu1u§ul,2u1,3ug,3 - 4yzu1u§ui3u2,2
+2yzu2u§u1,1u1,2ug,3 — 2yzu2u§u1,1u1,3u2,3 - 2yzu§u1,1u1,2u2,3
+2yzu§ul,1u1,3u2,2 + 2yuufu1’2u§’3 — 2yuufu1,3u2,3u3,3
—2yuu%u2u1,1u§’3 + Zyuu%uzuiSug,g + Zyuufugul,luz,gug,g
—6yuu%u3u1,2u1,3u3’3 + 4yuu%u3ui3u2,3 + 4yuuiusuzuy 1U1,3U3.3
—4yuu1u2u3ui3 + 2yuu1u§ul,1u1,2ug,3 — 6yuu1u§u1,1u1,3u2,3
+4yuu]u§1,41,2ui3 - 2yuu2u§ui1ug,3 + 2yuu2u§u1,1uig
+2yuu§ui1u2,3 — 2yuu§u1,1u1,2u1,3 + xzu%ul,luig
—2x2u%u1,2u1’3u2,3 + xzu%uigug,z - 2x2u1u3u1’1u1,3uz,2
+2x2u1u3ui2u1,3 + xzuguiluz,g - xzugul,luiz + 4xyufu1,2u§’3
—4xyufu1,3u2,2u2,3 — 2XYuUUoUy, 1U2 2U3,3 — 2xyu1u2u1,1u§’3
+2xyu1u2uizu3,3 + 2xyu1u2ui3u2’2 + 4xyuiusug, U, 2U2, 3
—8xyu1u3ui2u2,3 + 4xyu1u3u1,2u1,3u2,2 + 4xyu2u3u1,1u1,2u2,3
—4xyu2u3ui2u1,3 - 4xyu§u1,1u1,2u2,2 + 4xyu§ui2
—2xzu%u1,2u2,3u3,3 + ZXZU%U1,3UZ’2U3,3 - 2xzu1u3u1,1u2,2u3,3
+2xzu1u3u1,1u§’3 + 2xzu1u3ui2u3,3 — 2xzu1u3ui3u2,2
—2xzu§u1,1u1,2u2,3 + 2x2u§u1,1u1,3u2,2 + 2xuu%u1,1u2,3u3,3
—2xuufu1,2u1,3u3,3 — 4xuuiuzuy,1U1,3U2,3 + 4xuu1u3u1,2ui3

2,2 2 2.2, 2
+2xuu3ul,1u2,3 — 2xuuzuy U1 2U13 + Y Uy HU3 3

2,2 2 2 2
Y ujuz 2y 3 — 2y UilzUy U U3 3 + 2y UrUoUy,3Us,2Us 3

2 2 2 2,2 2
+2y“ujusu oUa 2Uz 3 — 2y UrUzly,3Us 5 + Y UsUL U

2,3
2.2 2 2,2 2

TYTUUT HU3 3 — 2y U5UL U1 3U2 3 — 2Y UpUzlUy, 1 U, 2Un 3
2 2,2 2 2,22

+2y UoUsUy 2U1 3U 2 T Y ugul,luz’z -y u3u1,2u2,2

2 2.3
—4yzujug aUs 3U3 3 + 4yzuy U3+ 4yzuuguy,2Us 3U3 3

—4yzu1u2ul,3u§,3 + 4yzujusuy oUs oU3 3 — 8yzu1u3u1,2u§’3
+4yzuiusuy 3Uz 2Us, 3 — 2YzZUgUzUy 1U2,2U3,3 + 2yzu2u3u1,1u§’3
—2yzu2u3ui2u3,3 + 2yzu2u3ui3u232 + 4yzu§ui2ug,3
—4yzu§u1,2u1,3u2,2 + 4yuufu1,2u2,3u3,3 - 4yuufu1,3u§’3
—4yuuq gy, 1Uo 3uU3 3 + 4yuu1u2ui3u2,3 + 4yuu1u3u1,1u§,3
—4yuu1u3ui2ug,3 + 4yuusuzug 1U,2U3 3 — 4yuu2u3u1,2ui3
—4yuu§u1,1u1,2u2,3 + 4yuu§ui2ul,3 + zzufuz,zu,oz,’g
—zzufug’gug,g — 222u1u3u1,3u2,2u3’3 + 222u1u3u1,3u§,3
+22u§ui2u3,3 - 222u§u1,2u1,3u2,3 + zzuguiSuz,g
—22uu%u1,2u§’3 + 22uufu1,3u2,3u3,3 + 4zuu Uz, oUy,3U3,3
—4zuu1u3ui3u2,3 — 22uu§u1,1u1,2u3,3 + 22uu§u1,1u1,3u2,3

+u2u%u1’1u§’3 - uzu%uisug,g - 2u2u1u3u1,1u1,3u3,3
2 3 2,22 2.2 2
+2u UrUzUy 5 + UTUZUT (U3 — UTUZUL 1UT 4

2
1,2

+2x2ugui2 + 2xyu1u1,2u2,2u2,3 - zxyulul,Sug,Z

+2x2u1u1,1u2,2u2,3 — 2x2u1u Uz 3 — 2x2u3u1,1u1,2u2,2
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—2xyu2u1,1u2,2u2,3 + 2xyu2u1,2u1,3u2,2 + 2xyu3u1,1u§’2
—2xyu3uizu2,2 - 4xzu1u1,2u§,3 + 4xzuiug,3U2 2U2, 3
+4xzu3ui2u2,3 - 4xzu3u1,2u1,3u2,2 + 2xuu1u151u2,2u3,3
+2xuu1u1,1u§’3 — 2xuu1ui2u3,3 — 2xuu1uigu2,2
—4xuuguy,1U1,2Uz,3 + 4xuu3ui2u1’3 — 2yzu1u§’2u3,3
+2yzu1u2,2u§’3 + 2yzu2u1,2u2,2u3,3 - 2yzu2u1,3u2,2u2,3
—2yzu3u1,2u2,2u2,3 + 2yzu3u1,3u§’2 + 2yuu1u1’2u2,2u3,3
—2yuuqu1,3Us, 2U 3 — 2yuu2u1,1u§,3 - Zyuuzuizu&g
+4yuuouy 2U 3Us 3 + 2YUliziiy 1Uz 2Us 3 — 2YUUzliy oU1 3U2,2
+222u1u2,2u2,3u3,3 — 2221/{111:23’3 — 222u3u1,2u2,2u3,3
+222u3u1,2u§’3 — 4zuuuy,oUs 3U3 3 + 4zuu1u1,3u§’3
+2zuusu Uz, 2U3,3 — 2zuu3u1,1u§’3 + Zzuuguizug,g
—Zzuuguiguz,z + 2u2u1u1’1u2,3u3,3 — 2u2u1ui3u2,3
—2u2u3u1,1u1,2u3,3 + 2u2u3u1,2ui3 + xzul,lug’z
—xzuizug,z — 2xzUy 2uUs 2oU2 3 + 2xzu1,3u§,2 + 2xuuq 1Uz,2U2, 3
—2xuuy oUy, 3Uz 2 + Zzuizl,lg,g — zzuz,zuig
—2zuu1,2Us 2U3 3 + 2ZUlU] 3U2 2U2 3 + uzul,luig
+u2ui2u3,3 - 2u2u1,2u1,3u2,3

Le = y (y*uiug,ous 3 — yzufuig — 2y%uruoun 2U3 3 + 2U% U1 Uz Uy U2 3
+20%Ur Usy 22 3 — 2y*Ur s Uz 2 + YPUSUL 1Us, 3
—yzuguiB - 2y2u2u3u1,1u2,3 + 2y2u2u3u1,2u1,3 + yzugul,luz,z
—yzuguiz + 2xXyuiuy,2Us 3 — 2XYU1U1, 3U2, 2 — 2XYUUT 1U2, 3
+2xyuou1 oU1,3 + 2XYUzUy, 1U, 2 — 2xyu3ui2 — 2YzujUy 2U3 3
+2yzu1u§’3 + 2yzuguy oU3 3 — 2YzZuoU,3Us, 3 — 2YZU3U1, 2U2 3
+2yzu3u1,3u2,2 + 2yuu1u1,2u3,3 - 2yuu1u1,3u2,3 - 2yuu2u1,1u3,3
+2yuu2ui3 + 2yuuzuy 1,3 — 2yuusuy oUy 3 + xzul,luz,g — uizx2
—2xzu1,2u2,3 + 2xzu1,3u2,2 + 2xuu1,1u2,3 - 2u1,3xuu1,2 + Zzulzug’g

—zzug 3 — 2zuUly oU3 3 + 2ZUU 3U 3 + uzul,lug,g - u% 3u2)

with y = 1/(xuy + yuy + zus — u)>.

A.3.4 Jet of Functions

Symplectic manifold M = R*(x1, x2,y!,4?) with the symplectic form » =
dx! A dy! + dx? A dy?.

Independent coordinates: x!, x2, y!, y2.

Dependent coordinate: u.

Algebra is generated as A = (lo, Lz, Iof, Iog, V1, V2, V3, V4 | Va(Ip) = V4(lp)
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0,R).

The formulas are summarized below, with the notation x

1_ 2 1

x1, x*=x2,y =

yl, y* = y2.

Differential Invariants

IZa

Ly

IZC

Ly

I():u

I = x1ug + x2up + ylus + y2ugy

= x1%uy 1 + (2x2u1 5 + 2ylug 3 + 2y2u1 4 + up)x1 + x2%uy 5

+y1us 3 + (2y2u3,4 + ug) yl +y2 (y2u4,4 + u4)

+(2ylug 3 + 2y2ug 4 + ug)x2

= (x1u1,3 + x2u2,3 + y1u3,3 + y2u3,4)u1

+(x1uy, 4 + X2uUz 4 + ylus 4 + Y2uy4 4)us

—(xlul,l + qul’z + ylul,g + y2u1,4)u3

—(x1u1,2 + x2up 0 + ylug 3 + y2u2,4)u4

= u%u3’3 + (2u3,4u2 — 2u1,3u3 — 2u2,3u4 + (X1U3’4 + x2u3,3)u1,2

+(y2usz 3 — x1ug 3)uy 4 + ((—u1,3 — Uz, 4)X2 — Y2u4 4)Us 3

+(x2uz,2 — y2(u1,3 — Un,4))us 4 — x1(—uy1u3 3 + uig))ul + UdUs 4
+(—2u1,4u3 - 2u2,4u4 + (X1U4’4 + x2u3,4)u1,2

+(=x2ug 3 + (-u1,3 — uz,4)x1 — ylus3)us 4

tug qylug s + (xTuy 1 +yl(ur3 — uz,4))us 4 + x2(uz,2uq 4 — U3 ,))ti2
+usury + (2u1,2us + (Ylus 4 + (—ur s + Uz 4)X2 + Y2us 4)u1,2 + Y2us 134
+(=ylug s — x2up 2 — Y2(u1,3 + Un 4))U1,4 + X2U1 1Up 3 — yl(uig —U1,1U3,3))Us3
+(uz,2us + (Y2u3,4 + (u1,3 — uz,4)x1 + ylug 3)ur2 + (X1 ug,2 — y2uz 3)u14
+ (=xlug,1 — yl(us,s + U 4)) un 3 + U 2u3 a4yl + y2(us otia 4 — u§’4))u4

= x1uyuy,1un,3u3,3 + 2x1uqu puy 3U3, 4 + X1UrUy 2Up 3U4 4 — X1UUT 2U 4U3 4
—xluluiB — 2x1u1u1,3u1,4u2,3 + x1u1u1,4u2,2u3,4 — x1u1u1,4u273u2’4
+x1uuy 1u1,4u3 3 — X1usuy 1Us 3Us 4 + X1UsUy 1Us 4U3 4 + X1UsU7 2U1 3U4, 4
+x1uguy, oU1,4U3 4 — xluzuigul,z; — x1uguy 3u1, 4U2 4 — xluzui4u2,3
+x1u2u1’4u2,2u4,4 - x1u2u1,4u§’4 - xluguilug,g - 2x1u3u1,1u1’2u3,4
+x1u3u1,1uig + 2x1u3u1,1u1,4u2,3 - xluguf,2u4,4 + 2x1u3u1,2u1,4u2,4
—X1u3ui4u2,2 — xluquy 1u 2u3 3 — x1uquy 1Up 2U3 4 + X1Uatiy 1Up 3U2 4
—X1U4ui21,l3’4 + x1u4u1’2ui3 - x1u4u1’2u1,3u2,4 + x1u4u1,2u1’4u2,3
—x1u4u1,2u2,2u4,4 + x1u4u1,2u§,4 + x1u4u1,3u1,4u2,2 + x2u1u1,1uz,3u3,3
+x2u1u1,2u2,3u3,4 + x2u1u1,2u2,4u3,3 - x2u1ui3u2,3 + x2u1u1’3u2,2u3,4
—X2U1U1,3Up,3Up, 4 — X2U1U1 4U2 2U3 3 — x2u1u1,4u§’3 + X2u1Up 2Uz 3U4,4
—x2u1u2,3u§’4 + x2u2u1,1u2,3u3,4 - x2u2u1,2u1,3ug,4 + XZU2M1,2LL1’4U3,3
+2x2UpU1 2Us 4U3 4 — X2UpU1 3UT 4U2 3 — 2X2UsU7 4U 3UD 4 + X2UoUp 2U3 4U4 4
—x2u2u§’4 — x2u3u1,1u1,2u3,3 — x2u3u1,1u2,2u3,4 + x2u3u1,1u2,3u2,4
—x2u3uizug,4 + x2u3u1,2uig - x2u3u1,2u1,3u2,4 + x2u3u1,2u1,4u2,3
—X2U3U1,2U2 2U4 4 + x2u3u1,2u§,4 + x2U3U1,3U1,4U2 2 — x2u4u1,1u§’3
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—x2u4u1,22u3,3 +2x2 UgUy 2U1 3U2 3 — 2x2 UqUy 2U2 2U3 4 +2x2 UqUy 4U2 2U2 3
—X2 UqUz 2% Us 4 + X2 Ugtiz 2l 47 + y1 Uyt 1us 3% + 21 Ugus U3 3U3 4
—y1uiuy 3%us 3 — 2y1 uyug aup 3us 3 +y1 urus ous 4% +y1 urus 3°ug 4
—2y1 Uyt 3z 43,4 + Yluguy 13 3u3 4 + y1 Uglin 2Us 3Us 4 + Y1 Uguy 2us 4>
—y1 uu,3%us 4 — y1 ugun 3us 3Us 4 +y1 tgun 3Up 4Us 4 — y1 Uglin 4U2 3U3, 4
—y1 upuy,4up 43,3 + y1 UpUin 2U3 4tis 4 — y1 Ugliz 4*us 4 — y1 Ugy 1U1,3U3,3
—2y1 usuy ou1,3u3 4 — y1 ustiy, o 3ua 4 +y1 Uzt 2Us 4us 4 +y1 uzuy 3°
+2y1 uzuy 3y 4Uz 3 — Y1 Uz 4Us 23 4 + Y1 Uzl 4Up 3Us 4 — Y1 UgUy 1U2 3U3 3
—y1 ugun,ous 3us 4 — y1 ugus 2up 4us 3 +y1 ugun 3*us 3 — y1 usuin 3u2 2U3 4
+y1 ugui 3us 3us 4 +y1 uguiy 4Up 2us 3 +y1 ugun 4us 3% — y1 Usiz U2 3U4 4
+y1 ugliy 3Us 4% + Y2 urun 1Us 3Us 4 + Y2 UrU1,2U3,3Us 4 + Y2 U1 U1 2U3 4°
—y2uru1,3%Us 4 — Y2 U1, 3Us 3Us 4 + Y2 U1l 3Up, 4U3 4 — Y2 UTUL 4U2,3U3 4
—Y2 Uy, 4Up 4U3,3 + Y2 U1 Up U3, 4U4 4 — Y2 U1z, 47U3 4 + Y2 Upliy,1U3 4°
+2Y2 Ugun Uz 4lUs 4 — 2Y2 Ut 3U1,4U3 4 + Y2 Usli1 4>Us 3 — 2Y2 Upliy 4Up 3U4 4
+Y2 UgUp 2Us 4 — Y2 Upln 4> Us 4 — Y2 Uty 1U1,4U3,3 + Y2 U3Un, 1U2,3U4 4
—Y2U3Uy,1Us, 4U3, 4 — Y2 U3U1,2U1,3Us 4 — Y2 UsUy,2U1,4Us 4 + Y2 UsU1 37U, 4
+Y2 U3u1 3U1 qlis, 4 + Y2 U3y 47Uz 3 — Y2 U3U1 4Us 2l 4 + Y2 U3Uy 4ls, 47
—Y2 Uqu1 U2 3U3 4 + Y2 UgUy 2U1 3U3 4 — Y2 UgUy 2U1 4U3 3 — 2 Y2 Ugly 2Up 4U3 4
+Y2 UqU1 3U1, 4l 3 + 2Y2 UgU1 4l 3Us 4 — Y2 Usliz 2l 4Us 4 + Y2 Uslin 4

L, = —2u1,1u3,3 - 4u1,2u3,4 + 2ui3 + 4U1,4UZ,3 - 2u2,2u4,4 + 2u§’4

sz = U1,1U2,2U3,3U4 4 — u1,1u2,2u§,4 - u1,1u§,3u4,4 + 2u7 1Ug 3U 4U3 4
—u1,1u§,4u3,3 - Uizu3,3u4,4 + uizu§,4 + 2uq 2U1,3Up 3U4 4 — 212U, 3U2, 4U3 4
—2U1,2U1,4Us, 3U3 4 + 2U1 2U7 4U2 4U3 3 — ui3u2,2u4,4 + uiguidf
+2101, 311, 4Uip 213 4 — 2U13U1 4U2,3Uz, 4 — U3 4Up oUi3 3 + UT JU3 4

Izg = u%u:;,g + 2u1u2u3,4 - 2u1u3u1,3 - 2u1u4u2,3 + U§U4’4
—ZUZU3U],4 - 21/[21/{4142’4 + u%ul,l + 21/{3114111,2 + uﬁuz,z

with the invariant derivations

Invariant Derivations

Vi =x1D,1 + x2D 0 + ylz)yl + yZDyz

Vz = —ugﬂxl - u41)x2 + u1Dy1 + uzz)yz

V3 = (—u33us — us 4up + U1 3u3 + Uz 3us)Dxy
+(—us,4u — Ug 4Uz + Uy 4U3 + UsUp 4) Dy
+(u1,3u1 + Uy Uz — Uy 1u3 — U1 2u4) Dy
+(uz,3U1 + Uz 4Us — U1 2U3 — Uz 21Ug) Dy>

Va = ((us a2 — ur 4us — ug(us 4 + ur,3)) uz3
+ ((—u2,4 + uy,3)up + Uy 2u3 + u2,2u4) U3 4
—Usu1 4u3 3 + (U1,1U3,3 — uig)uB + uqu1,2u3,3) D1
+((uz 3u1 + (—uz 4 — U1,3)U3 — Up 3U4)U1 4
+((ug,4 — u1,3)ur + Uy, 1Us + Uy 2U4)Us3 4




A.3 / INVARIANTS IN 4-DIMENSIONS

—U1Uy, 3Uq,4 + U3U1,2Ua 4 — Ug(—Uip ol 4 + U5 1)) Dxo
+((—us 4u1 — ug quz + ug(uz 4 — u1,3))us2

+(ug,3ur + (Uz,4 + U1,3)Us — U 2U4)U1 4

+(—u1,1u3’3 + uig)ul - u1,1(u3,4u2 - u2,3u4))Dy1
+((—u3,3u1 — u3 4up — uz(uz, 4 — u1,3))u1,2)

+((ug 4 + u1,3)ur + Uy 4Up — Uy 1U3)U2 3

—U1Up 2U3 4 + (—U2 2Ug 4 + u§,4)u2 + Uzt 4uz 2) Dy
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