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Abstract. V. L. Popov has recently introduced an analogue of Jordan classes (packets or
decomposition classes) for the action of a 6-group (G, V'), showing that they are finitely-
many, locally-closed, irreducible unions of Gg-orbits of constant dimension partitioning
V. We carry out a local study of their closures showing that Jordan classes are smooth
and that their closure is a union of Jordan classes. We parametrize Jordan classes and
Gop-orbits in a given class in terms of the action of subgroups of Vinberg’s little Weyl
group, and include several examples and counterexamples underlying the differences with
the symmetric case and the critical issues arising in the 6-situation.

Introduction

Theta groups (or, equivalently, periodically graded reductive Lie algebras) were
deeply studied in [31], [32] as a natural generalisation of symmetric spaces, [12],
[13]. In all situations, g is a Z,-graded complex reductive Lie algebra, its degree 0
part go is again reductive and the focus is on the action of the corresponding
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connected algebraic group Gy on the other homogeneous components g; of g.
As observed by Vinberg, there is no loss of generality in studying the action
on the degree 1 component V' = g; only. Key results in [31] concern invariant
theory and include the introduction of a little Weyl group and the analogue of
the Steinberg map and Chevalley’s restriction theorem and the proof that the
little Weyl groups are complex reflection groups. These results were confirmed also
in positive characteristic [14], where an alternative description of the little Weyl
group in terms of the usual Weyl group is proposed. Many interesting examples
in representation theory can be interpreted in terms of graded Lie algebras; for
instance, if g is the Lie algebra of a classical group G, a grading on the defining
representation of G induces a grading on g and the Gy-action on V' can be seen as
a representation of a cyclic quiver with additional structure, [18, Sect. 0.3, Section
9.5].

A structural feature of theta groups is that they are visible groups: that is,
connected reductive algebraic groups with a representation for which each fiber of
the Steinberg map consists of finitely many orbits. This property almost characte-
rizes the theta groups; more precisely, a connected simple irreducible visible linear
group is either a (commutant of a) theta group or it is isomorphic to Spin(11) or
Spin(13) [11]. Various explicit descriptions of the orbits and invariants for theta
groups of order m = 2 are known (see [35, Summary Table]) but a number of cases
with m > 3 have also been considered in the literature [9], [10], [20], [23], [34].

An important application of theta group theory is in the representation theory
of reductive groups over a p-adic field F'. Indeed, the classification of positive rank
gradings [14], [15], [25] over the residue field k of a maximal unramified extension
L of F leads to the classification of nondegenerate K-types, and stable Gg-orbits in
V* are stricly related to supercuspidal representations of the rational points of G
over F attached to elliptic Z-regular elements of the Weyl group [26]. Also, in the
context of a graded version of the generalized Springer correspondence, the block
decomposition of the Gy-equivariant derived category supported on the nilpotent
part of each g; leads to the construction of representations of various graded double
affine Hecke algebras with possibly unequal parameters: one for each block [18],
[19]. Tt emerges from these constructions that parabolic induction is no longer
the right instrument in the graded setting, leading to the introduction of spirals.
This shows that even though many results in the classical symmetric case have an
analogue in the graded setting, generalisations to the case of m > 2 are not always
straightforward.

This phenomenon is also visible in the study of related Gg-stable stratifications
in V. In the setting of the ungraded generalized Springer correspondence, one
of the relevant stratifications is given by the decomposition into Jordan classes
(packets or decomposition classes) in a reductive group G, or Lie algebra g. In
the Lie algebra setting, Jordan classes were introduced in [5] and were crucial
in the construction of sheets for the adjoint action of a semisimple group G on
its Lie algebra. These classes are G-stable, disjoint, finitely-many, locally-closed,
smooth and irreducible. The decomposition into Jordan classes in a Lie algebra
turns out to coincide with the decomposition into orbit-types: i.e., into the subsets
of elements with same stabilizer up to conjugation. Borho and Kraft proved that
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sheets are easily described as regular closures of those Jordan classes which satisfy
some maximality property with respect to closure inclusion, and it was shown in
[4] that the closure and regular closure of Jordan classes can be described in terms
of Lusztig-Spaltenstein’s parabolic induction of adjoint orbits. The symmetric
analogue of Jordan classes and sheets has been studied by Tauvel and Yu, (see [29]
and references in there) and their closures were studied in [7, 8]. In the latter, it is
again observed that parabolic induction is no longer efficient, and slice induction
is proposed. One of the difficulties in working with parabolic induction is the fact
that many homogenous Levi subalgebras do not necessarily lie in a homogeneous
parabolic subalgebra: see the Appendix A for an example of this phenomenon. An
analogue of Jordan classes for theta groups when g is semisimple has been recently
introduced by Popov in [24], generalizing the classical and symmetric ones. As in
these cases, Jordan classes form a partition of V into finitely-many, locally-closed,
irreducible unions of Gg-orbits of constant dimension, and so sheets for the Gg-
action on V are regular closures of some Jordan class. In this paper, we introduce
a local study of such Jordan classes and their closures, leading us to prove that any
Jordan class is smooth and that its closure is a union of Jordan classes. In order to
characterize the closure relation, we provide an analogue of the results in [8] on slice
induction. For our inductive arguments, we needed to extend slightly the notion
of Jordan classes to the case of reductive Lie algebras. Our local approach differs
from [8] because we rely on Luna’s fundamental Lemma and use the Slodowy slice
only after reduction to neighbourhoods of nilpotent points; Luna’s slice theorem
is also used for the proof of smoothness.

It is also worthwhile to notice that a different, coarser, notion of Jordan equiva-
lence relation could have been introduced by using regularity for the Gg-action
rather than for the action of the full group G. In the symmetric setting, these
two notions coincide by virtue of [13, Prop. 5], but they might differ for m > 2.
Popov’s choice of Jordan classes in V' ensures that each of them is contained in a
usual Jordan class in g. We devote Section 1.4 and Section 2.3 to comparisons of
different notions of regularity and refer to [21], [9] for an analysis of various results
on regularity in theta groups.

The paper is structured as follows. In Section 1, we recall the basics on periodi-
cally graded complex reductive Lie algebras, introduce the relevant notions of
regularity, and extend to the reductive case the general treatment in [24] of Jordan
classes and sheets in V. We then focus in Section 2 on the local study of the
closures of Jordan classes in V; the main results here are Theorem 28, Theorem
29 and Proposition 30. We conclude Section 2 with some regularity questions,
including Proposition 31. The last section is devoted to slice induction, leading
to Theorem 34, and to the parametrization of the Jordan classes in V and the
Go-orbits contained in a class. The paper finishes with Example 4 on trivectors
in 9-dimensional space and with Appendix A, dealing with obstructions to the
existence of homogeneous parabolic subalgebras in g.

The results of this paper are valid over any algebraically closed field of charac-
teristic zero, but we expect that they extend to suitable positive characteristics.
Indeed the results from [16] needed in Sections 2-3 hold also in positive characte-
ristic under mild restrictions, cf. [3].
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1. Preliminaries on Vinberg’s #-groups and Jordan classes

1.1. Graded Lie algebras

Let g be a complex reductive Lie algebra which is Z,,-graded: that is, it admits a
direct sum decomposition of vector spaces

i= P a (1)

1€Lm

with [g;,91] C @iy for all ¢,1 € Z,,. We note that the subspaces of (1) can be
recovered as the eigenspaces of the automorphism 6 of g defined by 6(z) = w'a
for x € g;, where w = €2™/™. Conversely, any automorphism 6 of g of period
m defines a Z,,-grading. Due to this, we will denote a Lie algebra g with a Z,,-
grading by the triple {g,8, m}, or often simply by {g,0}. Whenever a subspace
A C g is homogeneous, i.e., it satisfies A = B (AN g;), we will write 4; = AN g
and A =@, A;.

The Lie algebra g has a decomposition into homogeneous ideals

g=3(g) ©s, wheres:=[g, gl (2)

We denote by & a bilinear form on g that is nondegenerate, g-invariant, #-invariant
and such that 3(g) and s are orthogonal. We call any such bilinear form adapted.

Lemma 1. There exists an adapted bilinear form k on g if and only if 3(g) is
symmetrically graded: i.e., dim3(g); = dim3(g)—; for all | € Zy,. In this case,
dimg;, =dimg_; for alll € Zy,.

Proof. If k is adapted, then k(g;,g;) = 0 whenever i +1 # 0, hence g_; and g
are dual spaces, and so are s_; and s; and also 3(g)—; and 3(g);. In particular,
3(g) is symmetrically graded. Conversely, it is enough to consider an appropriate
extension of the Killing form of 5. O

With the term reductive Z,-graded Lie algebra {g,0}, we will always mean a
complez reductive Lie algebra g = 3(g) ®s together with a Z,,-grading such that the
center 3(g) is symmetrically graded. This is also the class of graded Lie algebras
considered in [31], since they allow for adapted bilinear forms. By Lemma 1 we
may assume k to be an extension of the Killing form of s.
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Let G be any connected algebraic group with Lie algebra Lie(G) = g, let S
be the connected subgroup of G with Lie(S) = s, and let ° denote the identity
component of a closed subgroup, so G = Z(G)°S. Let Gy be the connected
subgroup of G with Lie(Gg) = go. Unless otherwise stated, for Lie subalgebras
of g we will use a gothic letter, the corresponding Roman capital letter will
indicate the connected subgroup of G with that Lie algebra, a lower index 0 its
intersection with Gg. So, the decomposition gg = 3(g)o @ 0, gives an almost direct
product Gy = Z(G)§Sg, where S is the reductive, connected subgroup of S with
Lie(S3) = so. By restricting the adjoint representation, Gy and S§ act on g;, for
any | € Z,, with trivial action of Z(G)§. The reduction process in [31, p. 467]
shows that it is enough to focus on the case of [ = 1; we set V' := gy. The linear
group of transformations of V associated to Gy is called the 8-group of the graded
Lie algebra {g, 0} and it does not depend on the choice of G in the class of locally
isomorphic groups. However, by abuse of notation, we will directly refer to Gy as
the 6-group of {g,0}. The decomposition (2) in degree 1 gives a decomposition of
V into Gy-stable subspaces V' = 3(g)1 @51 with trivial Go-action on 3(g);. Observe
that 3(g)1 # 0 may occur only if 6 is not inner.

Let x € g and m be a Lie subalgebra of g with associated subgroup M C G.
The orbit of x for the action of M is denoted by O and the stabilizer of x
in M by M*. The centralizer of z in m is denoted by m®, with center 3(m?*). If
x € V, then g%, 3(g*) and [g”, g*] are f-stable: in other words, homogeneous. We
recall that if = € g is semisimple, then G* is a connected subgroup of G, the Levi
subgroup of a parabolic subgroup of G [28, 7.3.5]. In this case, the restriction of
k to g° = 3(g%) @ [g%, g*] is an adapted bilinear form, so 3(g%) = 3(g) ® 3(s°) is
symmetrically graded. We stress that G§ = G* N Gg is not connected in general.

We recall the following general results on centralizers, that we will later apply
when z € V.

Lemma 2 ([29, Prop. 35.3.1, Cor. 35.3.2]). Let x € g. Then,

(o, 2] = [9.3(a")]" =9¢" and [g,9"]" =3(a"). (3)

The following conditions are equivalent for any x,y € g:

(i) y €3(97);

(i) ¢* C g¥;
(iil) [g,y] C [g,7];
(iv) 3(g¥) C 3(g");

Corollary 3. Let g € Gy and x,y € V. Then the following conditions are equi-
valent:
(i) g-9" =g%
(i) g-3(g") = 5(
(iii) g-3(g%)1 = 3(g

Proof. Clearly (i) < (ii) by Lemma 2, since g - g* = g9* and g - 3(g*) = 3(g7 "),

and (i) = (iii). If (iii) holds, then y € 3(g¥)1 = 3(g%%); and = € 3(g% ¥)1, hence
g-g°*=gY by Lemma 2. [

a¥);
(8)1-
i)
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1.2. The Jordan decomposition

Let {g,0} be a reductive Z,,-graded Lie algebra. For elements z,y, z in g, lower
indices s and n will always indicate semisimple and nilpotent parts in the Jordan
decomposition: i.e., they stand for x = x5 + x,, with 5 € g semisimple, x,, € g
nilpotent, and [z, z,] = 0. Elements of 3(g) are always intended to be semisimple.

Let S (N, respectively) be the set of semisimple (nilpotent, respectively) ele-
ments of g. We note that 6 preserves both & and N, so semisimple and nilpotent
parts of any x € g; also belong to g;. We set Sy = SNV, Ny = NNV, and stress
that the number of Gy-orbits in Ny is finite [31].

Lemma 4. The action of the reductive Lie algebra go on g is completely reducible.

Proof. Since go = 3(g9)o @ so, it is sufficient to prove the claim for sg. Now &
restricted to sy is nondegenerate and sy contains the semisimple and nilpotent
parts of any of its elements. The claim then follows from, e.g., [29, Prop. 20.5.12].
O

We emphasize that gg is not a subalgebra of maximal rank of g in general:
that is, it might not contain any Cartan subalgebra of g. Let x € V. A direct
consequence of Lemma 2 is as follows.

Lemma 5 ([31, p. 470]). The tangent space T,OS° to OS° at x is given by the
subspace [go, x] of V. Its orthogonal complement in g_1 coincides with g* .

1.3. The Cartan subspace

A Cartan subspace of {g,0} is an abelian subspace ¢ of V which consists of
semisimple elements and it is maximal in the class of such subspaces.

Theorem 6. [31, p. 472] Any two Cartan subspaces of {g,0} are conjugate by the
action of an element in Gy. As a consequence, if x € Sy, then OF° meets any
Cartan subspace of {g,0}.

The dimension of a Cartan subspace of a graded Lie algebra {g, 0} is called the
rank of {g,0}. It is clear that {g,#} has zero rank if and only if V' C Ny .. For any
set R of commuting elements of Sy, the centralizer c¢g(R) = [,cp ¢" of R in g is
a homogeneous Levi subalgebra of g, so

¢g(R) = 3(cq(R)) ® [¢4(R), ¢g(R)], (4)

and these summands are also homogeneous. We recall a useful characterization of
a Cartan subspace in terms of its centralizer [31, p. 471].

Proposition 7. A subspace ¢ C 'V consisting of commuting semisimple elements
is a Cartan subspace if and only if 3(cg(c))1 = ¢ and the graded Lie algebra
{leg(c), cq(c)],0} has zero rank.

Let ¢ be a Cartan subspace. By the previous result and equation (4) for R = c,
we have a decomposition cg(c)1 = ¢®[cg(c), ¢g(c)]1, with ¢ C Sy and [¢g(c), ¢q(c)]1 C
Nvy. In other words, this decomposition gives the Jordan components of any
element of ¢y(c);.

Corollary 8. For any x € ¢, we have 3(g*); C c.
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Proof. Since 3(g®) consists of semisimple elements, it follows that
3(0°)1 Ceg( NSy =c. O

Before turning to the next subsection, we recall that the Weyl group in the sense
of Vinberg is the group Wyi, = Wvyin(g,0) of linear transformations of ¢ given by
Wyin & Ng,(¢)/Zg,(c), where Ng,(¢) (Zg,(c), respectively) is the normalizer
(centralizer, respectively) of ¢ in Gy.

Theorem 9 ([31, p. 473]). The group Wyi, is finite and for x,y € ¢ we have
y € O if and only if y € Wyin - .

There is a geometric counterpart to this result [31, Sect. 4]. The restriction
C[V] — C]¢] of polynomial functions from V to ¢ induces a “Chevalley-type”
isomorphism C[V]% = C[¢]"Vi» and each fiber of the “Steinberg quotient map”
0: V= V)JGo = ¢/Wvyin consists of finitely many Gg-orbits. Here, V//Gy is the
GIT quotient of V', and two elements of V' fail to be separated by the invariants if
and only if their semisimple parts lie in the same Gy-orbit. Recall that semisimple
and nilpotent orbits can also be characterized as the closed orbits and orbits whose
closure contains 0, respectively. Hence, each fiber of ¢ contains exactly one closed
orbit.

1.4. Dimensions of centralizers and regularity conditions

This subsection deals with some general observations, which encompass a classical
result of Kostant and Rallis (see [13] and [21]), and motivates the introduction of
two distinct notions of regularity.

Proposition 10. Let {g,0} be a reductive Z,-graded Lie algebra (with symmetri-
cally graded center, as usual). Then dimg; — dim g7 = dimg_;_; — dimg®, ; for
allx eV andl € Z,.

Proof. Let x be an adapted bilinear form on g. The bilinear form given by k. (y, 2)
:= k(z, [y, 2]) is skew-symmetric for all y, z € g and its radical is the centralizer g%,
which is homogeneous. It induces a nondegenerate bilinear form on the quotient
9/9" = @iz, 91/07 with the property that g;/gf L gi/gf if i +1+1 # 0, in
particular g;/g7 = (9—1-1/¢%,_,)*. O

Corollary 11.
(i) For all x € V we have dim OF = 2dim OS° + D10 (dim g; — dim g7);
(ii) If z € Sy, then dimg; — dimgf = dimg;y1 — dimgj,, is independent of
l € Zy, and we have dim OF = m dim OS°;
(i) Let x € V, then g§ = go if and only if x € 3(g)1-

Proof. Claim (i) is immediate from Proposition 10. If € Sy, then the restriction
of k to g” is nondegenerate and dim g7 = dim g%, for all | € Z,,, so (ii) follows from
Proposition 10 and (i). If « € 3(g)1, then clearly g§ = go. Conversely, if g§ = go
then = € ¢g(ho), where b is a Cartan subalgebra of gy, and z is semisimple by a
classical result: see, e.g., [33, p. 116]. Then g” = g by (ii) and = € 3(g);. O

If 2,y € V are two elements with dim OS° = dim OyGO, then dimgf = dim g}
for [ = 0,—1. The following simple example shows that the hypothesis x,y € Sy
is indeed necessary for dimgf = dim gj to hold also for I # 0, —1.
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Example 1. Let g be of type Eg and 6 be the automorphism of g of order 3
extensively studied in [34]. Here g; = A*C?, go = s1(9) and g_; = A*(C?)*. The
orbits of SL(9) on V = A3C? have been classified in loc. cit. Let e;, for 1 < i <9,
be the canonical basis vectors of C? and let e;j1 = e; A e; A e The trivector
Ts = €123 + €456 + e7gg is semisimple, with centralizer g*s a reductive Lie algebra
with semisimple part v of type Eg. More precisely, v =t_1 ® to & vq with

u=XRY®Z r=sl(X)®osl(Y)®sl(Z2), 1 =X"QY"®Z",

where X = span{ej, es,e3}, Y = span{ey, es, e}, Z = span{er, es, eg} and where
we identified tensor products with subspaces of g+; by mapping pure tensors to
the corresponding antisymmetrizations. Since g*s has maximal rank, its center
is 2-dimensional and it is not difficult to see that it is spanned by x5 € g; and
T5 €91

Now x4 is the semisimple part of trivectors x = x4+ x, in the VI family, cf. [34,
Table 5]. We consider those trivectors for which dim Of° = 76: i.e., z = 7, + 7,
with nilpotent part:

Class T: z,, = €149 + €158 + €167 + €248 + €357;

Class 8: z;,, = €149 + €167 + €258 + €347;

Class 9: x,, = €147 + €158 + €258 + €249.-
In all the three cases, dimg§ = 4 and dimg”; = 8 by Proposition 10. However
a direct computation tells us that g7 = {y € g7* | y A ,, = 0} has dimension 6, 8
and 10, respectively.

Corollary 11 and Example 1 motivate the following.

Definition 1. For any subset A C V, we set

(i) Ars = {z € A|dimg” < dimg¥ for ally € A};

(i) A* ={z € A|dimgf < dimgf for ally € A}.
The subset A™8 (A®, respectively) is called the regular part (the Go-regular part,
respectively) of A.

Note that A® = {x € A|dimg®, <dimg”, forally € A} due to Lemma 5. A
simple relation between the two notions is given by the following.

Lemma 12. Let A be an irreducible subset of V' (with respect to the induced
topology). Then

Ares — ﬂ {z € A|dimgj < dimg] for ally € A} (5)
1€Lm

and so A™8 C A® as a Zariski open subset.

Proof. Clearly each subset on the R.H.S of (5) is nonempty and Zariski open in
A. Since A is irreducible, the (finite) intersection of all such subsets is nonempty,
so equal to A™&. [

Let ¥ be the set of restricted roots: that is, the nonzero linear functions on ¢
occurring in the weight space decomposition of the semisimple action of the abelian
subalgebra ¢ on g. We write g = ¢4(¢c) ® @, ¢y, 0o
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Example 2. A semisimple element y € Sy belongs to S;/® if and only if it lies in
Sy if and only if dim g¥ = dim ¢g4(c). The first equivalence follows form Corollary
11(ii). For the second one, observe that y is Gp-conjugated to some = € ¢, whose
centralizer is stabilized by ¢ and decomposes as

=0 @D o (6)

oceX(x)

with ¥(z) = {0 € ¥ | o(x) = 0}. Hence, z € S/® if and only if o(z) # 0 for all
o€ X ie., g° = cqg(c).

Example 3. Contrarily to the ungraded case and the (m = 2)-case, an element
x5 € ¢cNS® is not necessarily in V* (let alone V'€ or ™8, since g™8 NV C V'8 C
V*). In general, z; extends to an element = z;+x, € V*® where z,, is an element
in general position in [cg(c), ¢g(c)]1 (recall that [cg(c), cg(c)]1 consists of nilpotent
elements). Then, if [c4(c), cq(c)]1 # 0, also x, # 0 and so g§ C g5 due to (iii) of
Corollary 11 applied to the reductive Lie algebra g®s. The Gg-orbits in V'* have
codimension in V equal to the rank of {g, 8}, hence dim g§ = dim gg—dim V+dim ,
see [31, Thm. 5].

1.5. Jordan classes and sheets for #-groups

V. L. Popov has recently generalized the notion of a Jordan class to the case of
semisimple Z,,-graded Lie algebras {g, 8} and studied its main geometric properties
in [24]. For m = 1,2, the notion coincides with that studied in [8, 29]. We here
briefly extend his general treatment to the reductive case, which is more suitable
for our inductive and local arguments of Sections 2-3, and directly refer to [24,
Sect. 3] for more details. (We warn the reader that the symbol “reg” in [24] is
replaced by “e” in the present paper.)

Let {g, 0} be a reductive Z,,-graded Lie algebra. Two elements = x5+ x,, and

Yy =ys + yn of V are Go-Jordan equivalent if there exists g € Gy such that
gyS:g'gxsa Yn =9 Tn - (7)

This is an equivalence relation x Ky y on V, the equivalence class Jg,(x) of x € V
is called the Gy-Jordan class of x in V. Evidently the union of all Gy-Jordan classes
in V is a partition of V.

Remark 1.

(1) By construction, any Go-Jordan class is a Gp-stable set consisting of G-
orbits of the same dimension. For example, S;7® constitutes a Go-Jordan class, as
it can be easily seen from Theorem 6 and Example 2.

(2) The equality g“s = g% for any z € 3(g); and = € g; implies that z+z < T,
so the additive group underlying 3(g); acts on each Go-Jordan class Jg,(z) by
translations.

(3) Since Gy = Z(G)§Sg, the element g from (7) can always be chosen in S§.

Then, for z = z+ 2’ € 3(g)1 ®s1 and y = w+7y' € 3(g)1 © 51, the statement x % Yy
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holds if and only if z’ % v’ holds and the decomposition of V' = 3(g)1 4 51 induces
a decomposition

Ja, (@) = Ja, (z') = 3(9)1 x Jsg (z') (8)
where Jgg (2') is the S5-Jordan class of 2’ € 5; as introduced in [24].
(4) Equality (8) applied to 2/ € Ny C s gives Jg,(2') = 3(g)1 x 05° =
3(g)1 % Of,g For z € 3(g)1 we then get Jg,(2) = Jg, (0) = 3(g)1-

Observe that if v = x5 + 2, € V, then x,, lies in the degree 1 component of the
homogeneous semisimple subalgebra [g*, g*<].

Lemma 13. We have 3(g%) = 3(g%) @ 3(g" N [g7*,97*]) and the components of
an element in 3(g%) with respect to this decomposition coincide with its semisimple
and nilpotent parts, respectively. Thus, 3(g%)1 = 3(g%*)1 @ 3(g”" N [g*=, g%*])1.

Proof. The first claim is [29, Prop. 39.1.1], the second follows since 3(g®) and its
summands are homogeneous. [

Lemma 2 tells us that

((g")1)" = {y €3(g")1 | 0 = 0"}
={y €3 |3(g") =35(a")} (9)
= {y €5(a")1 | tk(ady(y)) = rk(adg())},
which is a Zariski open subset of 3(g”);, hence irreducible. We note that this is also
the set of all y € V' such that g¥ = g® and that « € (3(g”) ), so (3(g%)"°8)1 =
(3(g%)1)"8 and we will omit the parentheses in the sequel.

The proof of the following result is as in [29, Lem. 39.1.2 & Prop. 39.1.5], once
the last claim of Lemma 13 is taken into account. See also [24, Prop. 3.10].

Proposition 14. Let x = x5+ x, € V. Then,

(i) the decomposition in Lemma 18 induces a decomposition

30701 = a0 )1 x 50" 0 [g™, g™ D

”

where “reg, G*<” is the reqular part for the action of G*<;
(ii) the Go-Jordan class of x is the irreducible subset of V' given by

Jao(x) = Go - (3(97 )1 + 2n).

We will need the following results from [24] which readily generalize to the
reductive case by virtue of (8).

Proposition 15 ([24, Prop. 3.9 and Prop.3.17]). Let {g,0} be a reductive Z,,-
graded Lie algebra and x,y € V. Then the following conditions are equivalent:

(i) = y;
(ii) there exists g € Go such that g¥ = g - g*;
(iii) there exists g € Go such that 3(g¥) = g - (3(8%))-

Moreover the number of Go-Jordan classes in 'V is finite.
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Corollary 16. The Go-Jordan class of x € V coincides also with Jg,(x) = Go -
3(g%)1°®, it is locally closed in V (hence a subvariety of V) and dim Jg,(x) =
dim go — dim g3 + dim 3(g**); .

Proof. The first two statements can be proved as in [29, Cor. 39.1.7], for the last
one see [24, Prop. 3.13]. O

It follows from Corollary 16 that any Go-Jordan class Jg,(z) = Go - 3(g%)1"® is
contained in the G-Jordan class Jg(z) = G-3(g") 8. However, it is well known that
two elements x,y € V in the same G-Jordan class are not Gg-Jordan equivalent
in general (see [29, 38.7.18] for an example of nilpotent elements in V' that are
G-conjugate but not Go-conjugate). We conclude this subsection recalling the
relationship between the sheets for the Gp-action on V' and the Gy-Jordan classes.

Let H be a connected algebraic group acting on a variety X and let d € N. We set
X ={z € X | dim O =d} and for any subset A C X we set Ay = AN X(g).
Each X4 is locally closed and its irreducible components are called sheets for the
H-action on X. We observe that X(<q) := U, <4 X(j) is closed so X(4) C X(<a)
[29, Prop. 21.4.4].

If ACV, H= Gy, and p is the largest integer with A, # <, then according to
Definition 1, we have A(,) = A®, which is a Zariski open subset of A. In particular,
the set V'*® is a Zariski open subset of V', hence it is irreducible and it is called the
Go-regular sheet of V.

Proposition 17 ([24, Prop. 3.19]). For any sheet S in V there exists a unique
Go-Jordan class J C S such that S = J°. Moreover we have S = J.

2. Closure of a Go-Jordan class

2.1. Closure of Gy-Jordan classes: the semisimple parts

By virtue of Proposition 17, it is important to understand the closure and G-
regular closure of a Gy-Jordan class and to see which classes are dense in a sheet.
We start with a preliminary result and then describe which semisimple parts occur
in the closure of a Gy-Jordan class.

We first describe the image of the closure of a Jordan class through the Steinberg
map ¢: V = V/Gy = ¢/Wyin.

Lemma 18. Let J = Jg,(x) be a Go-Jordan class in V, with x5 € c. Then,

o(J) = Wvyin - 3(6%)1/Wvyin- In particular, it is a closed subset of ¢/Wyin: i.e., an
affine variety.

Proof. Observe that 3(g); C ¢, cf. Corollary 8, so the expression for the image
makes sense. Now, ¢(J) = ¢(3(g%*)1"®) by Proposition 14, G-equivariance and

[31, Thm. 3], hence

e(J) C (1) = ¢(3(g7)1) = Wvin - 3(07)1™ /Wvin = Wvin - 3(6)1/Wvin (10)
10
On the other hand, if y, € 3(g”);", then y = ys +x, € OF° C J and so

ys € OF° 7, [31, Prop. 4], giving 3(g**)}® C J. It follows that

38" )1 =3(g% )1 C J, (11)
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hence Wy, - 3(g%)1 C J and
Wrin 5( ) /WVm = SO(WVin '3(g$3)1) C 90(7) U

Let J = Jg,(x) C V(g) be a Go-Jordan class in V. Then its closure J is a

union of Gy-orbits and if OGO C J, then (’)GO C J. Let M be the set of Go-
orbits contained in J which are maximal with respect to the partial order given
by inclusion of orbit closures. By construction, J = (Jp¢ My 0.

The following proposition can be seen as a partlal analogue of [4, Sect. 3.1].

Proposition 19. Let J = Jg, () be a Go-Jordan class. Then J = UO€M70.

Proof. We may assume without loss of generality that x = =5 + =, with z5 € c.
First of all, J C % C Vi<ay, so dim O < d for any O € M. We then consider
the restriction ¢ = ¢|5: J — ¢(J) to J of the Steinberg map ¢.

Let z € O for O € M. By [31, Thm. 4], the irreducible component of the fiber
111 (2) containing z is the closure of a Gg-orbit in J: i.e., it is O. Since 1 is a
dominant morphism of irreducible affine varieties, we may argue as in [31, Cor. 2]
and the fibers of ¥ are all of the same dimension, which is the maximum dimension
of an orbit in J, namely d. Hence dim O = d, O C J° and

U oc7".

OGMj

The other inclusion follows because O\O is always a union of Gy-orbits of dimen-
sion <d. O

Lemma 20. Let J = Jg,(z) be a Go-Jordan class and y = ys + yn € J. Then,
(i) ys € J;
(ii) ys is Go-conjugate to an element of 3(g” )1;
(i) for any ', € 3(g")1 there exists a yl, € g¥ N Ny such that yb +yl eJ’;
(iv) if z 6 3(9)1, then z +y € J, and in that case z +y € J° if and only zf
(NS I

Proof. Since J is Go-stable, claim (i) follows from [31, Prop. 4] because y, € ogo
J. We now turn to (ii). We may assume y, € ¢ by Theorem 6. Claim (ii) is then
an immediate consequence of the following identity

JNe= Wvin - 3(8")1, (12)

which we now establish.

First of all, Wi, - 3(g%¢)1 C J by (11) and Wi, - 3(g%*)1 C ¢ by Corollary 8, so
one inclusion is clear.

Conversely ¢(J N¢) C p(J) = o(Wyin - 3(g%)1) by Lemma 18. It follows that
JNe¢ C Whin - 3(g%)1, since the restriction of ¢ to ¢ is just the natural projection
to ¢/Wvyin and both sets are Wy;,-stable.

We prove (111) By Proposition 14 we have that 3( 73)1%8 +x, C J, 50 3(g% )1 +
x, C J and ¢, + z,, € J. Therefore the orbit (9 », is contained in the closure
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of an orbit O in M. Since the fibers of the Steinberg map are closed and [31,
Thm. 3] is in force, O is represented by an element of the form y. + y/, for some
y! € g% NNy. Clearly O C J° by Proposition 19.

Finally, (iv) follows from the action of 3(g); on J, cf. Remark 1(2). O

Corollary 21. The Gy-regular closure I of a Go-Jordan class J contains at least
a nilpotent Go-orbit.

2.2. A local study of the closure of a Gy-Jordan class

We start with a local characterization of the closure of a Gy-Jordan class.

Lemma 22. The following statements are equivalent for a Go-Jordan class J:

(i) J is a union of Go-Jordan classes;
(ii) For everyy € J there exists a Zariski open neighbourhood U, of y in Jg,(y)
such that U, C J.

Proof. The implication (i) = (ii) is immediate, since Go-Jordan classes are disjoint
and we may take U, = Jg,(y). Assume now that (ii) holds. Let y € J and set
J' = Jg,(y). Then J' N J is a nonempty closed subset of J’. On the other hand,
condition (ii) implies that any point of J’ N.J has an open neighbourhood of .J’
therein, therefore J’ N .J is also open in J'. Since J' is a Zariski irreducible variety,
it is connected in the Zariski topology, thus J’ C J and (i) holds. O

By virtue of Lemma 22 we shall apply a local approach and look at the closure
of a Gy-Jordan class in the neighbourhood of a point of V. For the rest of this
subsection for any ys € Sy we will use the following notation: m := g¥; M :=
GYs < G and My := M NGy with identity component M. For any subset X C my,
we will write X**&M to indicate the regular part of X for the action of M. We
also recall that for any GIT quotient 7: X — X //H of a reductive algebraic group
H acting on a variety X, a subset U of X is called w-saturated or H-saturated
if U = 77 17(U). Saturated implies H-stable, but the converse is not necessarily
true.

For m as above, we consider the Mjy-stable subset of m; defined as follows:

Un={z€m]| g° Cm}.

Lemma 23. With notation as above:
(i) Unm is My-saturated;
(i1) Uw is open in my;
(iti) For all z = zs + 2, € U we have 3(g%)1% + 2z, = (3(m*)1®Y +2,) N Up;
(iv) For any Go-Jordan class J such that J N Uy, # &, we have

IO U= |J Jari N Un, (13)

i€ly

where {Jar; | @ € 15} is the (finite) set of M§-Jordan classes in my such
that Iy, iNUnNJ # @. In addition, dim Jys; = dim Jar; for anyi,5 € I,
so the closures of the Jar; NUw s in (13) are the irreducible components of
J N Up;
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(v) Letys € Sy and y = ys + yn for yn € Ny Nm. Then

Jao@) NUn =3m)*+  |J 0,0 (14)
TL,;E]\[GO(111)/1\46J

and the locally closed sets 3(m);™ +n; - O%‘? are the irreducible components

of Jao(y) N Up,.

Proof. For m = 2, parts (i)—(ii) are [8, Lem. 2.1]. We propose a slightly different
proof for (i). Saturation is equivalent to say that g* C m if and only if g% C m for
any z = z5 + 2, € my. As g¥ = g* N g*", one implication is immediate. We will
now show that g* ¢ g® implies g* ¢ g° for any semisimple element s € g and any
z € g°, independently of the Z,,-grading. Since z, and s commute, we can always
find a Cartan subalgebra b of g containing both. Then

95—b®< o, 9a)7 925—b®< b ga)

aed(s) a€®(zs)
where ®(h) is the set of roots vanishing on an element h € §. Since
(@(s) + (2 \ B(5))) N @ C @\ B(s),

the reductive subalgebra g° Ng* =hH D (@aeq;.(s)mq)(zs)ga) stabilizes the subspace
X = Bacd(z.)\0(s)0a- AS 2, € g° N g* acts nilpotently on X, there is a nonzero £
in there such that [z,,£] = 0. In other words £ € g* \ g°.

To prove (ii), we use the argument in [6, Lem. 2.1]. We may assume y; € ¢
and that b is a Cartan subalgebra of g, hence of m, containing ¢. The product
[ = Ilaea\a(y,) @ is a homogeneous polynomial on h that is invariant for the
Weyl group of m. By Chevalley’s restriction theorem f extends to an M-invariant
polynomial F' on m. By (i), Uy = {z € m; | g** C m}, and it is not hard to verify
that this is equal to {z € my | F(z) # 0}, hence it is open in m;.

Since U, is My-saturated, it is enough to prove (iii) for z = z;, € Uy. We
have g* = m?*, so 3(g*)1 = 3(m*);. If & € 3(g);"® then g” = g* = m* C m,
so z € 3(m= )M N U, Conversely, if 2 € 3(m* )™ N Uy, then g* C m, so
g° =m” = g* and z € 3(g7);".

We prove (iv). Clearly J NUn C U;es, Jm,i N Un, and we now show the other
inclusion. Let z = z5 + 2z, € J N Jpr; N Uy for some ¢ € Iy, so J = Jg,(z) and
Jar,i = Jug (). Combining the fact that Uy is Mg-stable with (iii) gives

JMJ NUn = (M(()) ' (3(mzs>;eg,M + Zn)) NUn = MS : ((Z(mzs)ieg,]w + Zn) N Um)
= Mg - (3(8%)1° + 2n) C Go - (3(87)1° +2n) = J

establishing (13). Corollary 16 then gives

dim Jys; = dim M5 — dimm§ + dim 3(m**); = dim M — dim g§ + dim 3(g**)1,
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which is independent of i € I;. Equation (13) expresses JNUy, as the finite disjoint
union of irreducible locally closed subsets of the same dimension, and the claim on
the irreducible components follows directly.

Finally, we prove (v). By construction,

i+ om0 =Un 0 (3(m)i® + Noy (m) - yn)
m€NGo (m)/Mg = Un N (Neo (m) - (3(m)* + )
cUnN JGO (y)

Conversely, let z € Jg,(y) N Uy. Then there is g € Gy such that g* = g - m and
Zn = g - Yn. Saturation of Uy, gives g C m, hence g - m C m and z lies in

re re re M2
Ny (m) - ()55 4 y) = 3(m) % + Ney (m) g = 3m)% 4 | -0y,
n;€Ng, (m)/M§

establishing (14). Last claim follows from (iv) once we prove that the sets 3(m);"® +
n; - (’)%0 are closed in Jg, (y) N Up. On the one hand

sJGo (¥)NUm My —_—my
5(m)§eg+m 'Oévio Cj(m)l +TLZ‘-O7JJ\:{O :3(m)1 + n; 'Oé\io

IWS JGO (y)mUm

On the other hand, if z €3(m);*® + n; - Oy, , then (14) gives z €3(m)]*® +

Mg . Mg M e
nj - Oy,° for some j. Hence, z € (3(m)1 +n; - O0y,°) N (3(m)1 +n, - Oy° ). Since
the two nilpotent orbits have the same dimension, we necessarily have i = j,
completing the proof. [

Let H and L be reductive algebraic groups acting on an affine variety X, with
H C L. Then H acts with trivial stabilizers on the product L x X via h- (I,z) =
(Ih~1,h-x); weset L x7 X := (L x X)/H = (L x X)//H and note that L acts on
L xH X by multiplication from the left. The class of (I,z) € L x X will be denoted
by the symbol [ * x € L x® X. Since H acts on L x X with trivial stabilizer,
the projection L x X — L xf X is a principal H-bundle [16, III.1, Cor. 1]. In
other words, there is a surjective étale map ¥ — L x X such that the base
change of L x X — L x® X through Y — L x X is isomorphic to the projection
X xY — Y. Hence, A is an open subset of L x¥ X if and only if its pre-image is
an open H-stable subset of L x X. In particular, L x A’ is open in L x¥ X for
any open H-stable subset A’ of X.

We consider the natural action maps

p:Gxm—g, fo:Gogxmg—7V, (15)

xM

and the induced maps pu: G m — gand po: Go xmy — V.

Lemma 24. The maps fi, jip are smooth at (1,ys) and the induced maps p, po are
étale at 1 x ys.
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Proof. The differential of the map i at (1,ys) maps any element (z',y') € g®m
to [2',ys] + v/, therefore it is surjective by (3) combined with [g,ys] " m = 0
which folows from semisimplicity of ys. The differential of the induced map p at
1 %y, is also surjective, hence bijective by dimensional reasons. The restriction of
the differential of the map & at (1,ys) to the degree 1 terms readily implies the
surjectivity of the differential of fip at (1, ys), whence the differential of g at 1%y
is bijective. O

We will also consider the GIT quotient maps
ﬂ'olGo xM0m1—> (Go XMOml)//Go, Tm, ¢ My —>m1//M0

associated with multiplication from the left by Gg, and the adjoint action of My,
respectively. Recall that we have a natural identification (GO x Mo ml)//GO o~
my J/Mp. We will invoke a variant of Luna’s étale slice Theorem [16] and its con-
sequences to deduce properties of the closure of Gy-Jordan classes.

Corollary 25. There exists an affine open neighbourhood U of ys in my, which is
My-saturated and such that the restriction of po to Go xMo U is étale with Zariski
open image Go - U in V.

Proof. By Lemma 24, the map p is étale at 1xys. The orbit Ogoy is closed (since
it is an orbit of minimal dimension dim G —dim Mj) and so is the semisimple orbit
(’)530, cf. [31, Prop. 3]. It is also not hard to verify that the restriction of ug to (’)ﬁ?y
is injective. By [16, Lemme Fondamental, Sect. I1.2] applied to X = G x*°o m,
and Y = V there exists an affine mg-saturated open neighbourhood Ux of 1 x y,
in Gy xMo m; such that the restriction of ug to it is étale and the image is an
affine open subset of V' saturated for the Steinberg map ¢: V — V/Gy. In fact,
Ux is Gy xMo Uf where U = 7rn_1117r0(UX) is the desired My-saturated affine open

neighbourhood of ys in my. [

Proposition 26. Let J be a Go-Jordan class in V' and y = ys+yn, where ys € Sy
and y, € Ny Nm. Then y € J if and only if y € Jpy for some |l € Iy, where
{Jmyi | i €1y} is as in Lemma 23(iv).

Proof. Consider the restriction of yg from Go xMof to V determined in Corollary
25. Assume y € J, so ys € J by Lemma 20. We consider the commutative diagram

Go x Mo (jﬁl/l) —_— G0~L{ﬂj

d |
Go x Mo 14 L Go-U
We claim that it is a pull-back. Indeed, the pull-back of pg through the closed

inclusion J NGy - U — Gy - U is the restriction X := ual(j) — JN Gy - U.
Moreover, J is a reduced subscheme and i is étale, so X is a Gy-stable closed
subscheme of Go xMol{. By [16, Lem. 3], there exists a closed My-stable subscheme
Y’ of U such that X = Gy xM° Y’ and the natural morphism X — Gy x™o If is
induced by the inclusion Y’ C U. Observe that Y/ = uo(1*Y’) C JNU, so the

morphism X — Go xMo Y/ factors through the morphism f: X — Go x™o (JNU).
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Let f': Go xMo (JNU) — X be the unique morphism coming from the universal
property of the pull-back. Now jo fo f/ = j, hence f o f' =id whilst f' o f =id
follows from the universal property. Hence, the restriction of g to Go x ™o (JnU) —
J is again étale, whence open. As Uy, is open in m, Uy, NU N.J is open in U N J.
Thus, Gy xM0 (U, NUNJ) — J is an open morphism, too.

If C is an irreducible component of Uy, NU N J containing y, then Gy xMo C
dominates the irreducible set .J, so G- C N .J # @ because J is locally closed and
thus C N J # @ by Gg-stability. Note also that C' N J is open in C|, hence it is
irreducible and dense in C. Now

CNJCINUn=J JaiNUn

ic€ly

by Lemma 23 (iv), so
irreducibility. Finally C
yeC.

Assume now y € m for some [ € I;. Then Jy; NUyn = Jp, since Jpg is
irreducible and Uy, is open in my, soy € Jy; = Jyy NUn CJINUG C J. O

gn JMylﬂUm‘mUm C Juy for some | € Iy by
= C’ J C Ju, by density and y € Jy,; follows since

Corollary 27. Let y, € Sy and let y = ys + yn for yn € Ny Nm. Then there
exists an MG -stable open neighbourhood Uy of y in my such that My-Uy C Uy and

Ja, (y) N UL = T (y) N UL (16)

Proof. Lemma 23 (v) gives

Jao,(y) N U = (3(m)1* + U ni - Oy
ns€Ng, (m) /Mg

= (3(m); + U ni-Oé\ig) N U
ni€Nag (m) /Mg

since 3(m)}°®™ = 3(m),. The subsets (3(m); + n; - Oyn ) N Uy are the irreducible
components of Jg,(y) N Uy by Lemma 23 (v). They are disjoint, whence open,
and M§-stable. Hence, there exists an M{-stable open subset U, in m; such that

Jao(y) NUn NUy = (3(m)1 + 0%8) N Uw. Then Uy := U, N Uy is an Mg-stable
Zariski open neighbourhood of y in m; satisfying

Jao(y) VUL = (3(m)1 + Oy ) N UL = Jagg (y) N U

Finally My - Uy C My - Uy = Uy, since Uy, is My-stable. [

Theorem 28. Let J be a Go-Jordan class in V. Then J is a union of Go-Jordan
classes and it is decomposable: i.e., it contains the semisimple and nilpotent compo-
nents of all its elements.
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Proof. We will show that condition (ii) in Lemma 22 is satisfied for any y =
Ys + yn € J. Let Up be as in Corollary 27 and i as in Corollary 25. By saturation
of U we have y € Uy NU.

We consider the Mjy-stable open subset Uj = My -U; C Uy, of m; and apply My
to both sides of (16) to get

Jao (y)NUT = M- (Ja, (y)NUL) = Mo (Jage (y)NUL) C (Mo~ Jasg (y)) NUT. (17)

We then set V = U] NU and obtain an My-stable open neighbourhood of y in my.
Corollary 25 then guarantees that G -V is an open neighbourhood of y in V. We
will show that Uy := Jg,(y) N Gp - V is the sought neighbourhood of y in Jg,(y)
contained in J.

Proposition 26 ensures that y € Jys; NV for some | € I;. Now ys € 3(m)q, so
combining (17), Remark 1(2) and Lemma 20(iv) we get

Jo(y) NV C (Mo - Jagg () NV = (Mg - (3(m)1 + Oy )) NV
C (Mo 'JM,Z) Ny =M, - (JM,l QV) Cjﬂv,
where for the last inclusion we invoke Proposition 26 once more. We finally obtain

JGO(y)ﬁGO-V:G0~(Jgo(y)ﬂV) CG()'(jﬂV) cJ.

This proves that J is the union of G-Jordan classes. B
We now prove that J is decomposable. Let y = ys + y, € J and Jg,(y) the
corresponding Go-Jordan class. Then ys; € J by Lemma 20 (i) and

reg

Yn € 3(1’(1)1 +Yn = 5(1’(1)1 +Yn C JGo(y) C 7;

where we used our previous result Jg,(y) C J. O

Theorem 29. Let J be a Gg-Jordan class and let S be a sheet in V. Then j.,

—reg .
J 7 and S are unions of Go-Jordan classes.

Proof. By Theorem 28, the closure J is a union of Go-Jordan classes. Since all
such classes are of constant G- and Gy-orbit dimension, it follows that also 7" and
J"°® are unions of Go-Jordan classes. The statement for S is a direct consequence
of Proposition 17. 0O

We conclude this subsection with the following important application of the
local study of the closure of a Gy-Jordan class.

Proposition 30. Gy-Jordan classes are smooth.

Proof. Let J = Jg,(y) be a Gp-Jordan class in V and m = g¥%. We will show
that y has a smooth Zariski open neighbourhood in J. Let Uy, and U be the open
neighbourhoods of ys and y in m; as in Lemma 23 and Corollary 25, respectively.

By Lemma 23 (v), the intersection J N Uy, is smooth, therefore J N Uy, NU is
nonempty and smooth as well. Recall that p: Gy x J — Go x™° J is a principal
My-bundle, so there is a surjective étale map f: Y — Gy xMo J such that the
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base change X — Y of Gg x J — Gg xMo J is isomorphic to the projection
p: My xY — Y. Being the base change of an étale map, the induced morphism
f: MyxY — Go x J is again étale. By [1, Exp. 1, Cor. 9.2], Go x (J NUw NU) is
smooth if and only if 5~ f~1(GoxMo (JNUynU)) = p~! (GoxMo (JNUnNU)) is
so. One may verify that the scheme-theoretic fiber of Go x° (J N Uy, NU) through
pis Go x (J N Uy NU) hence Gy xMo (J N Uy NU) is smooth.

Invoking again [1, Exp 1, Cor. 9.2] we conclude that pg (Go xMo (JNUmNU))
is smooth and it is a smooth open neighbourhood of y in J. O

2.3. Regularity questions

Let J = Jg,(xs + x,) be a Gy-Jordan class. Then T c T since J, hence J,
are irreducible and Lemma 12 is in force. Note that J = J ° whenever z, = 0,
because J = 3(g)1 x OF° and orbits are locally closed, so J = J* = T*% The
equality T =T% s always satisfied in the symmetric case m = 2 due to Corollary
11 and one may wonder if J' = T7"* also for m > 3, by combining Theorem 29
and the fact that Gy-Jordan classes are defined in terms of regular parts for the
action of G, cf. Corollary 16.

However, this is not the case. A reason is that open Gg-orbits O%° in irreducible
components of the fibers of the Steinberg map ¢: V — V/Go = ¢/Wyi, do not
give rise in general to open G-orbits G - @%° in the irreducible components of the
Steinberg map p: g — g/G = h/W. To make this more precise, we need some
notions and results from [21], [22] and, for simplicity of exposition, we restrict to
the case where g is semisimple.

Definition 2. A complex semisimple Z,,-graded Lie algebra {g, 0§, m}, its grading,
and the automorphism 6 are called:
(i) S-regular if Sy N g'*8 # ;
(ii) N -regular if Ny N g8 # &;
(iii) wery N -regular if each irreducible component of Ny intersects g*°® non-
trivially.

Clearly (iii) implies (ii). It is an important result of L. V. Antonyan and D. L.
Panyushev in [21] that if a connected component of Aut(g) contains automorphisms
of order m, then it contains a unique N -regular automorphism of that order (up to
conjugation by the group of inner automorphisms of g). Moreover, as mentioned in
the introduction of [21], the condition of S-regularity is equivalent to A/-regularity
in the symmetric case m = 2, but for m > 3 neither of these properties implies
the other. An example of S-regular grading that is not M -regular is given in [21,
Example 4.5]. Here g is of type Eg with the inner automorphism of order m = 4
described by the Kac diagram

(18)

This is the affine Dynkin diagram of g of type Eg, where the white and black nodes
correspond to roots subspaces of degree 0 and 1, respectively. The semisimple part
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of g is given by the subdiagram consisting of white nodes and the dimension of the
centre of gg is the number of black nodes minus 1. We have Gy = SL(4) x SL(2) x
(C*)? up to local isomorphism, acting on V = g; = C* @ (C*)* @ (A*C* K C?).
The reader is referred to [33, Chap. 3, Sect. 3] for a detailed treatment of periodic
automorphisms and their associated Kac diagrams.

Now (Gg-Jordan classes form a finite partition of V', which is irreducible, so there
is one class J that is open in V. We call it the Gy-regular Jordan class of V' and
note that it is the unique Gy-Jordan class that is dense in the Gy-regular sheet
S =V* of V. (See Example 3 for an explicit description of representatives of the
Go-orbits in the Gy-regular Jordan class.) Since the grading (18) is S-regular, we
have J ° = Vs = g NV in this case. Let O%° be the nilpotent Gg-orbit that
is open in one of the irreducible components of Ay . We have O% c J* = V* by
[31, Cor. 1 and 2], but O% ¢ 7" since the grading is not N-regular.

The cone Ny is often reducible and a larger class of examples for which T #
J° comes from N -regular gradings that are not very N-regular: the Gy-regular
Jordan class J satisfies J & = g"°¢ NV and, by an argument as above, there
is a nilpotent Go-orbit contained in J° but not in J . Exceptional N- -regular
gradings whose nodes are not all black are classified in [9], and very N-regular
gradings appear to occur very rarely. Inner exceptional gradings with all nodes
black are N-regular but not very N-regular [21, Example 4.4] and the same is
true for the outer grading of Eg with all nodes black (W. A. de Graaf, 05-05-2020,
personal communication).

The following result is a consequence of these observations, and the tables are
a specialization of Tables 2-7 of [9].

Proposition 31. Let {g,0,m} be an exceptional complex simple Zn,-graded Lie
algebra, m > 3. Then {g,0,m} is N -regular but not very N -regular if and only if
the associated Kac diagram has all the nodes black or is one in the following tables.
In all these cases we have that J = C J° properly, where J is the Go-regular Jordan
class of V.

Table 1: N -regular but not very N-regular automorphisms of Gz

m Kac diagram # orbits | # components | dim Ay | dimec
in My of Ny
3| e—e0 6 2 4 1

Table 2: N-regular but not very N-regular automorphisms of Fy4

m Kac diagram # orbits | # components | dim ANy | dimc
in Ny of Ny

4| &—O0—€&=—0—"0| g 3 12 2

6 o—O—&—=—0O0—0 35 6 ] 2

] o— @& = 1O —0 30 4 6 1
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Table 3: N -regular but not very N-regular inner automorphisms of Eg

m Kac diagram # orbits | # components | dimANy | dime
in Ny of Ny
4 0—@—%—@—@ 43 3 18 2
6 0—@—%—@—< 133 9 12 2
8 o—o—L 70 4 9 1
9 0—0—£—0—< 118 6 8 1
Table 4: N -regular but not very N-regular outer automorphisms of Eg
m Kac diagram # orbits | # components | dim ANy | dimec
in Ny of Ny
6 e O o< O 34 5 12 3
8 ® O =< ® 22 3 9 1
10 ® ® o= O 25 2 8 1
12 L ® <o ® 30 4 6 1
Table 5: N -regular but not very N -regular automorphisms of Er
m Kac diagram # orbits | # components | dim ANy | dimec
in Ny of Ny
6 o—o—o—i—o—o—o 233 10 21 3
7 o—o—o—f—o—o—o 12 3 18 1
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N-regular but not very N-regular automorphisms of E7 (continued)

—ood o e

8 163 2 17 1
9 o—o—o—f—o—o—o 132 4 14 1
10 o—o—o—l—o—o—O 199 4 13 1
12 o—o—o—l—o—o—o 217 5 1 1
14| o—o—@ l o—0—o 238 7 9 1
Table 6: NV-regular but not very N-regular automorphisms of Eg
m Kac diagram orbits | components | dim Ny | dim¢
in Ny of Ny
4 O—O0 i O—e—0O0—0—0 144 2 60 4
6 o—o—i—o—o—o—o—a 270 7 40 4
8 o—o—i—o—o—o—o—o 219 2 30 2
9 o—o—f—o—o—o—o—a 206 2 28 1
10 o—o—i—o—o—o—o—o 300 7 24 2
12 | ¢—0 E oO—O0O—e—0O—e 398 10 20 2
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N-regular but not very N-regular automorphisms of Eg (continued)

14 | ¢&—0 i O—0O—e ® ® 333 4 18 1
15 Q—O—T—O—o—o—o—o 354 5 16 1
18 o—o—l—o—o—o—o—o 397 5 14 1
20 o—o—l—o—o—o—o—o 438 7 12 1
2 o—o—l—o—o—o—o—o 478 8 - 1

3. Slice-induction and parametrization of orbits and classes

3.1. Slice-induction

Theorem 28 shows that the closure of a Gg-Jordan class in V is a union of Gy-
Jordan classes, generalising results of [5], [8]. We aim at detecting which Gy-Jordan
classes lie in the closure of a given one. In the classical case, this can be described in
terms of Lusztig-Spaltenstein’s parabolic induction of adjoint orbits, [17], [4]. Slice
induction is introduced in [8] to deal with the m = 2 case, since orbit induction
no longer works. We will briefly show how to extend to the case of general m the
construction in [8], by combining some of its general arguments with our local
approach.

Let m be now a #-stable reductive subalgebra of g and M the connected subgroup
of G with Lie(M) = m. For a nilpotent element e € my, we consider a graded s[(2)-
triple {e, h, f} in m, so that h € my and f € m_y, and the corresponding Slodowy
slice Sc =€ +m/ C m. Since m/ is homogeneous, we can consider its intersection
with V, obtaining Sy, . =€+ m{ C my. If e = 0, we consider the trivial triple as
an sl(2)-triple, so Sy,,0 = my. We start with two preliminary results in the case
m=g.

Lemma 32. Let {e,h, f} be a graded sl(2)-triple in g and let X C V be an
irreducible locally closed Go-stable subset such that X NSy, . # &. Then the action
morphism ¥: Gy x Sq, c = V is smooth, its restriction x : Go X (Sg, e NX) = X
is smooth and dominant, and more precisely ¥wx(Go x C) is dense in X for any
irreducible component C' of Sg, . N X.

Proof. For m = 2, this is part of [8, Prop. 2.4(i)], we record the proof for complete-
ness. The action morphism 1) is Gy-equivariant with smooth domain and codomain,



GIOVANNA CARNOVALE, FRANCESCO ESPOSITO, ANDREA SANTI

hence it suffices to verify that the differential is surjective at any point of the form
(1,y) € Go x Sq, . We note that

d|(1y) 80 X 9] =V
(w,2) = [z,y] + 2

and by sl(2)-representation theory g = [g,¢e] @ g/, which in degree 1 becomes
V = [go, €] @g{, so the differential at (1, e) is surjective. The contracting C*-action
argument in [27, 7.4, Cor. 1] carries over to the Z,,-graded case because {e, h, f}
is a graded sl(2)-triple and h € mg, so ¢ is smooth at any point (1,y), hence
everywhere.

By [27, IIL5, Lem. 2] applied to the Gg-equivariant morphism given by the
inclusion of X in V, the restriction ¥ x is again smooth, whence open. Since X is
irreducible, the image of any irreducible component of Gy x (Sg, . N X) is dense
in X. O

Lemma 33. Let J be a Go-Jordan class in V and e € Ny . Then the following
properties are equivalent:
(i) ec J;
(i) JNSy,,e # 9D;
(i) J N Sy, .e # 2.

Proof. We note that J is a locally closed Gg-stable cone by Proposition 15 and
Corollary 16, so when m = 2 these are the equivalences (i) = (iv) = (v) in [8, Thm.
2.6]. The proof of [8, Lem. 2.3] shows the existence of a contracting C*-action on
Sgr,e and it carries over to the m > 2 case. If (ii) holds, then each irreducible
component of J N Sy, . is stable under the C*-action, so e lies in each of them.
This gives (i).

Clearly (i) implies (iii), so it remains to show that (iii) implies (ii). We follow
the proof of [8, Prop. 2.5], establishing that J NSy, . is dense in J N Sy, ..

Since J is open in .J, the subset J N Sg,,e is open in Jn Sg,,e and therefore
it is enough to prove that it meets every irreducible component C of J N Sy, ..
The latter follows then from the density of G - C in J, guaranteed by Lemma 32
applied to X =J. O

For the rest of the section we resume the convention from Subsection 2.2 that
whenever we have y, € Sy, then m := g¥%, and M is the identity component of
My := Ggg = Go NGYs.

Theorem 34. Let Jy, Jo be Gy-Jordan classes in V. Then the following conditions
are equivalent:

(1) Ja C 71,'
(ii Ja ﬂjl #+ O

)
(iii) There exist v € J1, y € Ja such that g*s C m and Jpg(x) N S, y, # D5
(iv) There exist x € J1, y € Jo such that g*> C m and y € Jug(z).
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Proof. This is the generalization of [8, Thm. 3.5] to the m > 2 case, but our
proof is slightly different and it combines Lemma 33 and Lemma 23 with our local
approach.

The equivalence (i) < (ii) is immediate from Theorem 28. We prove the other
ones.

Claim (iii) < (iv). Lemma 33 applied to m, y,, and Jase (z) says that Jpze () N

Sy, 7 9 if and only if y, € Jae (7). Since ys € 3(m)1, the latter condition is
equivalent to y € Jaze (x) by Lemma 20(iv).
Claim (iv) = (ii). Let =, y be as in (iv).
Since g* C g%, we have ¥ € Uy, and hence Jg, (7) N Uy N Jpg () # 9. Lemma
23(iv) gives
JGo (@) N Uy = U I, VU (19)

iEIJl

and Jaze () is, by construction, one of the Mg-Jordan classes occurring in the

right-hand side. Applying Proposition 26 to J = Jg,(z) and y € Jug(z), we see
that y € Jg, (z). This shows y € Jo N J; # @, proving (ii).

Claim (ii) = (iv). o

Assume now y € Jy N Ji. By Proposition 26, the element y lies in Jas; where
Ja, is an Mg§-Jordan class such that @ # Jyr; N Uw C Ji N Uy. Then, for any
x € Jpy N Uy the pair (x,y) satisfies (iv). O

Comparing dimensions of orbits in J; and J; we readily get the following.
Corollary 35. Let Ji, Jo be Go-Jordan classes in V. Then Jy C JT. if and only
if there exist v € Ji, y € Ja such that g" C m, Jyg(x) N Sw,y, # D and
dim Oi\/l" = dim 0%0.
Remark 2. Condition (iii) from Theorem 34 is called weak slice-induction in [8].
If Jp is weakly slice-induced from J; and satisfies the dimension condition in

Corollary 35, then it is called slice-induced from J;j. Slice-induction is shown to
coincide with parabolic induction in the ungraded case m =1 in [8, Cor. 3.7].

Corollary 36. A Gy-Jordan class J = Jg,(y) contained in V(g is dense in a
sheet if and only if Jare () N S, 4, = D for any x € Vigy \ J such that g C m.
Proof. First of all, the irreducible subset .J is contained in some sheet S in Vg

and there is a unique Go-Jordan class J' C V{4 such that S = T by Proposition
17. The condition Jaze (%) N S, 4, = @ for any x € V(g \ J such that g* C m is

equivalent to say that there are no Gy-Jordan classes J # J such that J C 7.7 in
other words, that J =J'. O
3.2. Parametrization of orbits and classes

We aim at a parametrization of the Gg-orbits contained in a Gg-Jordan class
Jao () = Go-(3(g7*)|® +x,,). By Theorem 6, we may assume that x = z+x, € V
with x5 € ¢, so Corollary 8 ensures that 3(g"); C ¢. Let

F = NWVin (5 (grg )1)’
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the stabilizer of 3(g%*); in Wvyip.

Remark 3.
(1) Observe that zs € ¢ implies Zg,(¢) C Gy* C Ng,(g*<). Corollary 3 gives
also Na, (87*) = Na, (3(87)1) = Neo (3(67)), so

I (Ng, () N Ney (8°)) / Zay (©).

In other words, if w € T, then any of its representatives w € Ng,(c) lies in
Ne,(g7).

(2) The group Ng,(c) N Ng,(g7*) normalizes Gj* and g7* and thus acts on the
set of G*-orbits in g7*. Since Zg, (¢) C G*, this action factors through an action
of T on the set of Gy*-orbits in gi* which preserves the set of nilpotent ones.
Observe that Gg* and its orbits need not be connected.

We shall need the stabilizer I';, in I" of Ofﬂg ’ with respect to the action defined
above: s
T, = Stabr(05°").

Proposition 37. Let v = z5 + x, € V with x5 € c¢. The assignment ¢ from

3(g%2)1® to the orbit set Jg,(x)/Go given by ys + O(C;O_HE ) induces a homeomor-

phism @: 3(g%)1®/Tn, — Jg,(x)/Go, where the orbit set is endowed with the
quotient topology.

Proof. The map ¢ is well defined and surjective by Proposition 14. We prove
injectivity. Let ys,2s € 3(g%*)1™® be such that g - (ys + z,) = zs + @, for some
RS G(]Z i.e.,

g Ys = Rs; (20)
g Tn = Tn, (21)

and consider w € Wy, such that w - ys = z4, cf. Theorem 9. Any representative
W € Ng,(c) of w satisfies w - g*s = w - g¥s = g* = g%, so w € I' by Remark 3.
Moreover, wg~! € G* NGy = G§* by (20). It follows from (21) that

. GEs . GTs Ges
Wz, € Of? SO w- O, =057,

in other words w € I';, and @ is injective.
Let p: Jg,(z) — Jg,(x)/Go be the quotient map and U an open subset in
J,(7)/Go. Then p~1(U) is a Go-stable open subset in Jg, () and its intersection

— Gp®
pHU) N (3(8% )1 x O )
is an open I',-stable subset of 3(g”<)]"® x Of" Its projection onto 3(g*);"® is
again an open I'j,-stable subset, and so is its image through the quotient map by
the finite group I',,. We have therefore proved that @ is a continuous bijection, and
it remains to show that is open.
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By Corollary 16 and Proposition 30, the action morphism
Go x (3(g")1° + ) = Ja, (2)

is a morphism of smooth varieties whose induced map on the tangent spaces is
surjective. Hence it is smooth, and an open morphism in the Zariski topology
(see [2, VII, Rem. 1.2] and [2, V, Thm. 5.1 and VII, Thm. 1.8]). From this, it is
straightforward to see that @ is open. 0O

We briefly turn to the parametrization of Gy-Jordan classes. Thanks to Theo-
rem 9 and Example 2 describing the centralizer of an element of ¢, we easily
establish the following

Lemma 38. Let x; and ys be two elements in ¢. Then the centralizers g*s and g¥s
are Go-conjugate if and only if there exists w € Wyin such that w-X(xs) = X(ys).

The hyperplane arrangement on ¢ determined by the restricted roots ¢ € X
admits an action of Wy, and it induces a stratification on ¢, where two elements
lie in the same stratum 3(g%);*® = {ys € ¢ | X(ys) = X(zs)} if and only if their
centralizers coincide. Equivalently, the stratum associated to a closed and sym-
metric subset 3 C ¥ (as in of [33, p. 182]) is

s={recc|S@x) =3}

and the collection of S5’s is a finite partition of ¢. Already in the ungraded case,
where the class of centralizers of semisimple elements coincides with the class
of Levi subalgebras, not all closed and symmetric subsets % of 3 give rise to a
nonempty stratum.

In the graded case, some information on stabilizers of generic elements in Sy is
to be found in [31] under the assumption that V is a simple Go-module. We refer
to [24, Prop. 3.4] for an alternative general description of centralizers of semisimple
elements. In view of Lemma 38, two strata S5 and S5, are said to be equivalent if
w-Y = iLfor some w € Wyiy.

Given X C X, we set m(X) to be the #-stable Levi subalgebra of g constructed
as in (6) and M(Z) € G, M(2)o = M () NGy C Gy as usual.

Proposition 39. Jordan classes in V are parametrized by Wyi,-classes of pairs
(3,0) where S C S satisfies Ss # @ and O is a nilpotent orbit in m(X)1 for the
action of M(2)o.

Proof. Observe that Ng,(c) acts on the set of pairs (£,0) as above and that if
m(X) is the centralizer of some 5 € ¢, then Zg,(¢) C M(X)o, hence it acts trivially
n (X, 0). Thus the action of Ng,(¢) induces an action of Wiy,

Now recall that for x € V, the assignment Jg, (z) — (91570555) establishes a
one-to one-correspondence between Gy-Jordan classes in V' and Gy-classes of pairs
(I, O) where [ is the stabilizer of a semisimple element in V' and O a nilpotent orbit
in [; for the action of Lg. Theorem 6 guarantees that we can always find a pair in
the Go-orbit where [ = m(X) for some X C ¥. Assume that for two pairs (m(2), )
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and (m(X'), 0) of this form there is g € Gy such that (g-m(X), g-0) = (m(%'), 0").
By Lemma 38 we can decompose g = g'u, where g’ € Ng, (m (X)) and w € Ng, (c).
In addition, ¢’ = I with I € M(X')o and & € Ng,(m(X’))NNg, (c). In other words,
we may replace g by an element in N, (c), so (m(X),0) and (m(¥'), ©’) lie in the
same Wyin-orbit. [

The results of [34] encompass a parametrization of the Gp-Jordan classes, where
6 is the automorphism of order m = 3 of g = Eg for which g; = AC?, go = s(9)
and g_; = A3(C?)* as in Example 1. This is shown in the following example.

Example 4. By the discussion in [34, Sect. 3.4], the seven “families” described
in [34, Sect. 1] parametrize the Levi subalgebras [ = g*= that arise from elements
xs € Sy up to Go-conjugation, and the “classes” in Tables 1-6 of [34, Sect. 1]
parametrize the nilpotent orbits in [; for the action of Gg*. (If z, is in family I then
g®s = b, there is no nontrivial nilpotent orbit and only one class.) By Proposition
39, our Gp-Jordan classes almost coincide with the classes of [34]: the finite group
Neg, (1)/Gg* acts on the set of nilpotent G*-orbits in (1, possibly glueing some of
them.

Hence, some of the 164 classes of [34] may correspond to the same Gy-Jordan
class. A look at Tables 1-6 tells us that this may happen only in a few cases, since
centralizers of elements of a Gy-Jordan class are Gg-conjugate by Proposition 15
and Ng, () = G§* in the VII family:

III family: Classes 2-3, 46, and 7-8;
V family: Classes 7-8, and 10-11;
VI family: Classes 5-6, 8-9, 11-12, and 17-18.

Recall that the support of a trivector ¢ € A3C? is the unique minimal subspace
E C C° such that ¢ € A®E. Its dimension is the rank of o, one of the simplest
discrete Gyp-invariants of a trivector. The nilpotent G *-orbits associated to classes
7-8 in V family have different rank, so they are not Gy-related. Thus, they cor-
respond to different Gp-Jordan classes. A similar observation works in all the
remaining cases, except those of the III family and classes 5-6 of VI family, but it
is not difficult to see that the nilpotent Gg*-orbits of these last two classes are not
Go-related. It remains therefore to deal with the ITI family.

First of all, the rank of the nilpotent orbit in class 4 is strictly smaller than the
rank of those in classes 5 and 6. However, the permutation matrix

Idsxs 0 0
g=— 0 0 Idgxg (22)
0 Idzxs 0

is an element of Ng, () and it does relate the nilpotent G *-orbits associated with
classes 56, which then correspond to a single Gg-Jordan class. The same is true for
classes 2-3 and 7-8. In summary, the space A2C? is partitioned into 161 Go-Jordan
classes.

The quotient I'/W,,, of I with the stabilizer W, of z, € ¢ in Wy, was found in
[34, Sect. 3.4] for all families (see also the fourth and fifth columns of [34, Table 7]).
In the case of III family, it is a group of order 72 generated by complex reflections.
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Consider, for example, the Gy-Jordan class II1.5, represented by x = x5 + x,. A
simple check shows that g as in (22) also normalizes ¢, so g € Ng, (3(g%<)) N Ng, (¢)
and, by our previous discussion, it is not in I';;. The Gy-orbits in the Gy-Jordan
class IIL.5 are then parametrized by the quotient 3(g**);*®/T',, of 3(g%*);*® by a
group I';, of order 36.

We conclude with an application of Theorem 34. Let Jo = Jg,(y) be the G-
Jordan class numbered IIL.7: i.e., the one represented by y = ys + y,, with

Ys = (e123 + €56 + ers9) +i(€147 + €258 + €369), Y = €150. (23)

The centralizer m = g¥% is a reductive Lie algebra with semisimple part v of type
As @ A,. More precisely, the center of m is 4-dimensional and sits in degrees +1;
it consists of the two components in brackets that defines ys in (23) and of their
duals. The semisimple part t = t_; @ to @ t; is graded as follows [34, Sect. 2.4]:

= span{elsg, €267, 6348} @ span{elﬁ& €249, 6357}7
to = span{disg, doe7, d34s } © span{dies, doag, d3as}, (24)
= span{el59, 6267, 6348} ® span{el68, 62497 6357}7

where e?, for 1 < i < 9, is the dual basis of (C%)*, e¥! := e! A e/ A el and the
elements d;;1, = [eijk, €] satisfy disg + dagr + dzas = dies + d2ag + dzas = 0. The
direct sums of vector spaces in (24) correspond to the Lie algebra decomposition
of t.

Let J; = Jg,(x) be any of the Go-Jordan classes in the II family: i.e., one of
I1.1, I1.2 or I1.3. The choice of representative x = x5 + x,, given by

€168 + €249 for IIl,
T = ys + (€150 + €267 + €318),  Tn = < €168 for 11.2, (25)
0 for I1.3,

easily allows to check that Jo C J;. First of all 3(g”); is generated by the 3
vectors in brackets in (23) and (25), hence ys € 3(g7)1 and g” C m. A graded
sl(2)-triple {e, h, f} in m with e = g, is provided by f = € and h = d;59, and
the required Slodowy slice Sy, . =€+ m{ is the affine subspace in m; modeled on
m{ = span{eqe7, €348 } Dspan{eies, €249, €357} B3(m)1. It is evident that x € Sy, e,
so Jo C J; thanks to Theorem 34 (iii).

A. Cartan, Levi and parabolic subalgebras in Z,,-graded Lie algebras

Let {g,60} be a reductive Z,,-graded Lie algebra and ¢ C V a fixed Cartan
subspace. The existence of a homogeneous Cartan subalgebra h of g containing ¢
is a result probably known to experts by a long time; the proof in [25, Sect. 4.1] is
stated for g simple, but its proof carries over for any reductive g.

Proposition 40. There exists a homogeneous Cartan subalgebra ) = Galezm b of
g that satisfies b O 3(cq(c)) and by = c.
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Remark 4. By [31, Sect. 3.1], the Cartan subspace ¢ is not an algebraic subalgebra
in general, unless m < 2. On the other hand, § and 3(c4(c)) are algebraic, hence
h D 3(cq(c)) D¢, where T is the algebraic closure of ¢. It is clear that h = 3(cq(c)) if
and only if [cg(c), ¢q(c)] = 0 but we are not aware of any general condition under
which 3(¢cg(c)) =T¢.

We will call adapted any Cartan subalgebra h of g as in Proposition 40. For such
an b, let

g9=b0 P oa (26)

acd

be the root space decomposition of g with respect to h, with associated set of roots
® C b*. The automorphism 6 : g — g permutes the root spaces in (26):

Lemma 41. For any o € ®, we have a0 € ® and 071 (ga) = Gaos-

We note that any root @ € ® can be decomposed as « = ag+ a1+ -+ Qpm—o+
am—1, where oqly, = aly, and Ker(ay) = @rzby for any | € Z,,. Repeatedly
applying Lemma 41, we see that

« o Hl = Qg + wlal + -+ (wl)7n—2am72 4 (wl)m_lam,l

is a root too, for any [ € Z,,. In other words, we may consider the equivalence class
of roots given by [a] = {a 06" |l € Z,,} for any a € ®. We let [®] = {[o] | a € ®}
be the collection of such equivalence classes and note that the direct sum of root

spaces
9la] = @ Jaop!
LELm,

is a homogeneous subspace of g, whence g = h @ ®[4)¢[2]0[q is a decomposition of
g into homogeneous subspaces.

Now, the centralizer g* of any = € ¢ is a homogeneous Levi subalgebra containing
¢g(c). A natural question is whether there exists a parabolic subalgebra of g with
Levi factor g” that is also homogeneous; we will now see that this is rarely the
case. For simplicity of exposition, we restrict to the case where g is semisimple.

Let p be a proper parabolic subalgebra of g with a homogeneous Levi factor [
that contains cg(c). Then, there exists a Z-grading

g=Ea0) (27)

JEL

of g such that p = g(> 0) = @®,;>00(j) and [ = g(0). We let Z € g be the grading
element of (27), the unique element in g that satisfies [Z, X] = j X for all X € g(j),
J € Z: see, e.g., [30].

Now Z € 3(c4(c)), so it belongs to the adapted Cartan subalgebra h = ez, b
of g of Proposition 40. We will write Z = Zg + -+ - + Z,,_1, where Z; € b; for all
l € L.
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Definition 3. Let « = ag + -+ + a1 € ® be a root with respect to h and
1 € Zy,. The I'" mode of a is the complex number \; = a;(Z;).

We remark that a(Z) = >, A. Since the adjoint action of Z has integer

eigenvalues, we may apply Lemma 41 repeatedly to the roots a o §* € ® and get
the following.

Proposition 42. The modes of « satisfy a system of linear equations of the form

1 1 1 cee 1 )\0 Un)

1 w w? . wm—l A ni

1 w2 (w2>2 .. (wm—1>2 )\2 _ na (28)
1 wmfl (WQ)mfl .. (wmfl)mfl )\mfl N1

where n; = a(04(Z)) € Z for any 1 € {0, ..., m —1}.

The m x m matrix on the left-hand side of (28) is a symmetric matrix of
Vandermonde type with coefficients in the cyclotomic field Q(w). We denote it by
M(w) and compactly rewrite (28) as M(w)X = 7, where X € C™ is the vector
of modes and 7i € Z™. Clearly all modes are elements of Q(w), but we have the
following stronger result for .

Proposition 43. The identity miy = Zlezm ny s satisfied for any «, therefore
Ao € %Z. If ho = 0, then p is not O-stable.

Proof. Let W = {ye C™| >
lie in W, so

y; = 0}. All columns of M (w) but the first one

1€Lm

1
1

i—X|1|ew (29)
1
Adding all entries of the above vector gives mAy = Zlezm ny € Z. If ho = 0, then
Zo=0,80 \g=0and 7€ WNZ™.
Now, h C g(0) and p = b & D ecp,0(2)50 9o- If 9o C B;508(j), then a(Z) =
no > 0 and, if hy = 0, there exists | € Z,, such that n; < 0, i.e., 07'gy = goopr & P.
O

Example 5. The Z,,-graded Lie algebra {g,0, m} = {Es, 6,3} as in Examples 1
and 4 satisfies hp = 0. By Theorem 6 and Proposition 43, all centralizers g* of
nonzero r € Sy do not extend to #-stable parabolic subalgebras.
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