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HARDY SPACES

L-E. PERSSON, G. TEPHNADZE AND G. TUTBERIDZE

ABSTRACT. In this paper we characterize subsequences of Fejér means
with respect to Vilenkin systems, which are bounded from the Hardy
space Hj to the Lebesgue space Ly, for all 0 < p < 1/2. The result is in
a sense sharp.
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1. INTRODUCTION

In the one-dimensional case the weak (1,1)-type inequality for the maximal
operator of Fejér means

0" f = sup|onf]|
neN

can be found in Schipp [12] for Walsh series and in Pal, Simon [10] for
bounded Vilenkin series. Here, as usual, the symbol o, denotes the Fejér
mean with respect to the Vilenkin system (and thus also called the Vilenkin-
Fejér means, see Section 2).

Fujji [6] and Simon [14] verified that o* is bounded from H; to L;. Weisz
[23] generalized this result and proved boundedness of o* from the martingale
space Hp, to the Lebesgue space L, for p > 1/2. Simon [I3] gave a coun-
terexample, which shows that boundedness does not hold for 0 < p < 1/2.
A counterexample for p = 1/2 was given by Goginava [8] (see also [2] and
[3]). Weisz [24] proved that the maximal operator of the Fejér means o* is
bounded from the Hardy space Hj/, to the space weak — Ly /. The bound-
edness of weighted maximal operators are considered in [9], [16] and [17].

Weisz [22] (see also [2I]) also proved that the following theorem is true:

Theorem W: (Weisz) Let p > 0. Then the maximal operator

(1) oV* f = sup o, f|
neN
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where My := 1, Myy1 := m,M,, (n € N) and m := (mg,my,...) be a
sequences of the positive integers not less than 2, which generate Vilenkin
systems, is bounded from the Hardy space H,, to the space L.

In [I1] the result of Weisz was generalized and it was found the maximal
subspace S C N of positive numbers, for which the restricted maximal oper-

ator on this subspace sup |0, f| of Fejér means is bounded from the Hardy
neSCN
space H), to the space L, for all 0 < p < 1/2. The new theorem (Theorem 1)

in this paper show in particular that this result is in a sense sharp. In partic-
ular, for every natural number n = "7 ng My, where ny € Z,, (k € N4)
we define numbers

(n) :=min{j e N:n; #0}, |n|:=max{j e N:n; #0}, p(n)=|n|—(n)

and prove that
S={neN:phn)<c<oo.}

Since p(M,,) = 0 for all n € N we obtain that {M,, : n € N} C S and that
follows i.e. that result of Weisz [22] (see also [2I]) that restricted maximal
operator (Il) is bounded from the Hardy space H,, to the space L.

The main aim of this paper is to generalize Theorem W and find the
maximal subspace of positive numbers, for which the restricted maximal
operator of Fejér means in this subspace is bounded from the Hardy space
H, to the space L, for all 0 < p < 1/2. As applications, both some well-
known and new results are pointed out.

This paper is organized as follows: In order not to disturb our discussions
later on some preliminaries (definitions, notations and lemmas) are presented
in Section 2. The main result (Theorem 1) and some of its consequences can
be found in Section 3. The detailed proof of Theorem 1 is given in Section

4.

2. PRELIMINARIES

Denote by N4 the set of the positive integers, N := Ny U {0}. Let m :=
(mg,m1,...) be a sequence of the positive integers not less than 2. Denote
by Zp, = {0,1,...,m, — 1} the additive group of integers modulo m,,.
Define the group Gy, as the complete direct product of the groups Z,,, with
the product of the discrete topologies of Z,,, ‘s. In this paper we discuss
bounded Vilenkin groups, i.e. the case when sup,,cy my, < 0o.

The direct product u of the measures p, ({j}) :==1/my,, (j € Z,,) is the
Haar measure on G, with px(G,,) = 1.

The elements of G, are represented by sequences

T = (mo,xl,...,xn,...), (xn c Zmn)

It is easy to give a base for the neighbourhood of G,, :

Ip(z) =G, In(z) :={y € G | Yo = 20, -+ -, Yn—1 = Tn-1} (x € G, n € N).
Set I, := I, (0), for n € N} and
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en:=1(0,...,0,z, =1,0,...) € G, (n € N).
Denote

TRl In(0,...,0,2 #0,0,...,0,2; # 0,241, oN—1 ), k<I<N,
N T\ In(0,...,0,2% £0,0,...,0),  [=N.

It is easy to show that

N—-2 N-1 o N-1 '
(2) = U ¥ U(UI}N), n=23,..
i=0 j=i+1 i=0

If we define the so-called generalized number system based on m in the
following way :

My =1, Mn+1 = m, M, (n S N),

then every n € N can be uniquely expressed as n = Y 72 niMj, where
ng € Zm, (k€ Ny) and only a finite number of ny‘s differ from zero. Let

(n) :=min{j € N:n; #0} and |n|:=max{j € N:n; # 0},

that is M), <n < M, 41 Set p(n) = |n| —(n), for all neN.

Next, we introduce on G, an orthonormal system, which is called the
Vilenkin system. At first, we define the complex-valued function 7 (x) :
Gy, — C, the generalized Rademacher functions, by

1y (z) = exp (2mizg/my), (i°=-1,2 € Gp, k EN).
Now, define the Vilenkin system 1 := (¢, : n € N) on Gy, as:

Yn(z) = [[ri* (@) (neN).
k=0

Specifically, we call this system the Walsh-Paley system, when m = 2.
The norms (or quasi-norms) of the spaces L,(Gp,) and weak — Ly, (G,)
(0 < p < o0) are respectively defined by

9= [ 1P d 61, = sup N (S > ) < oc.
Gm ’ A>0

The Vilenkin system is orthonormal and complete in Lg (Gp,) (see [20]).

If fe Li(G),) we can define Fourier coefficients, partial sums, Dirichlet
kernels, Fejér means, Fejér kernels with respect to the Vilenkin system in
the usual manner:

f(k)zz/G [y (keN),
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n—1 n—1
Suf + =Y F(R)r,  Dpi=) i (neNy),
k=0 k=0
1 n—1 1n—1
onf = Sif, Kn::EZDk (neNy).
k=0 k=0

Recall that (see e.g. [I])

M,, if x €I,
3) D) ={ oM nS
and
Sn—1 Sn—1
(4) DSnMn = DSnMn Z wan = ‘DMn Z Tf{’
k=0 k=0

wheren € Nand 1 <s, <m, — 1.

The o-algebra generated by the intervals {1, (z) : * € G}, } will be denoted
by F, (n € N). Denote by f = (f("),n € N) a martingale with respect to
Fn (n € N) (for details see e.g. [2I]). The maximal function of a martingale
f is defined by

f* = sup £

neN

In the case f € L1(G)y,), the maximal functions are just also given by

/ onon
In(z)

For 0 < p < oo the Hardy martingale spaces Hy, (Gy,) consist of all mar-
tingales f, for which

. B 1
J* @) = s )

11, = 1171, < o0

If f € Li(Gy,), then it is easy to show that the sequence (Sys, (f) : n € N)
is a martingale. If f = ( ™ ne N) is a martingale, then the Vilenkin-
Fourier coefficients must be defined in a slightly different manner:

~

F):= lim [ 0 (2)4; (z)dp (z).
k—o0 G
The Vilenkin-Fourier coefficients of f € Ly (G,,) are the same as those of
the martingale (Sy, f : n € N) obtained from f.
A bounded measurable function a is said to be a p-atom if there exists an
interval I, such that

Jadis=0. Jall < x0T supp(a) c 1.

For the proof of the main result (Theorem 1) we need the following Lem-
mas:
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Lemma 1 (seee.g. [22]). A martingale f = (f("),n eN)isinH,(0<p<1)
if and only if there exist a sequence (ap,k € N) of p-atoms and a sequence
(pk, k € N) of real numbers such that for every n € N :

(5) > ukSaar = 1
k=0
and
> lml? < oo
k=0

Moreover, | f|g, « inf >, |Mk|p)1/p’ where the infimum is taken over all
decomposition of f of the form (J).

Lemma 2 (see e.g. [22]). Suppose that an operator T is o-linear and for
some () <p<1

/\Ta]p dp < ¢, < o0,

I

for every p-atom a, where I denotes the support of the atom. IfT is bounded
from Lso to Lo, then

1T, < eollfllm, -

Lemma 3 (see [7]). Letn >t, t,n e N, x € I\ Iiy1. Then

07 fo — Tey ¢ In7
M. .
Ttt(x)’ Zf.’,l' — xe1 € I,

K, (2) = {

Lemma 4 (see [17]). Leter]i\’,j,z‘:O,...,N—l,j:z‘+1,...,N. Then

M; M;
/ ]Kn(m—t)\du(t)gc 52, for n>My.
In My

Lemma 5 (see [I1]). Let n € N. Then

o In
(6) K ()] < — > MKyl < Kl

I=(n) I=(n)
and
(n

(7) Ik, | > #, € Iipyy1 (emy—1 + €my) 5

where \ := sup my,.
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3. THE MAIN RESULT AND APPLICATIONS
Our main result reads:

Theorem 1. a) Let 0 < p < 1/2, f € Hp. Then there exists an absolute
constant cp, depending only on p, such that
1/p—2

P~ |ng|
llon fllp, < MTJQ 11 e, -

(k)
b) (sharpness) Let 0 < p < 1/2 and ® (n) be any nondecreasing function,
such that

1/p—2
: |7 |
(®) supp (ng) = co, T — Il _ o
keN ’f—>°°M<17{f> 2® (ny,)

Then there exists a martingale f € Hy, such that

Unkf
P (ng)

sup
keN

= Q.

LP’OO

Corollary 1. Let 0 < p < 1/2, and f € H,. Then there exists an absolute
constant c,, depending only on p, such that

lowfllg, < cpllfly,. keN

if and only if

sup p (ng) < ¢ < oo.
keN

As an application we also obtain the previous mentioned result by Weisz

[21], [22] (Theorem W).

Corollary 2. Let 0 < p < 1/2, f € Hp. Then there exists an absolute
constant cp, depending only on p, such that

loriu fllg, < cpllfl» neN.
On the other hand, the following unexpected result is true:

Corollary 3. a) Let 0 < p < 1/2, f € H,. Then there exists an absolute
constant c,, depending only on p, such that

loatar1fllm, < epMYP2||flly, . neN.

b) Let 0 < p < 1/2 and ® (n) be any nondecreasing function, such that
1/p—2
lim —£
Fovoe @ (k)
Then there exists a martingale f € Hy, such that

= OQ.

UMk+1f

sup > (k)

keN

= OQ.

LPaOO
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Remark 1. From Corollary[2 we obtain that oy, are bounded from H, to
H,, but from Corollary[3 we conclude that o, +1 are not bounded from Hyp,
to H,. The main reason is that Fourier coefficients of martingales f € H,
are not uniformly bounded (for details see e.g. [1§]).

In the next corollary we state some estimates for the Walsh system only
to clearly see the difference of divergence rates for the various subsequences:

Corollary 4. a)Let 0 < p < 1/2, f € Hp,. Then there exists an absolute
constant cp, depending only on p, such that

9) loan1fllg, < 2P| flly, ., neN
and
(1/p=2)n
(10) loznsifllg, <22 Iflly,, neN
(1/p=2)n

b) The rates 20/P=2" and 22 in inequalities (@) and {I0) are sharp in
the same sense as in Theorem [l

4. PROOF OF THEOREM 1
Proof. a) Since

(11) sup / 1K (@)l du ) < 0 < o,

we obtain that
1/p—2
M o, (@)
Ml/p—2

Ik

is bounded from Ly to Lso. According to Lemma [2 we find that the proof
of Theorem [I] will be complete, if we show that

p

1/p—2
/ M<7{:> on,a ()
<e< oo,
| M
ng

for every p-atom a, with support I and pu(I) = M ]\_,1. We may assume that
I =1Iy. It is easy to see that o, (a) = 0 when ny < M. Therefore, we can
suppose that ng > My.
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Since ||a||, < M}V/p we find that

1 2 1/p—2
(12) oy loma @I _ Mo / 0 ()] [ Ky (& — )] dpe (2)
1/p—2 V= ny (T = L) apt
M. My =T
M2 aly
< W/IN|Knk($_t)|du(t)
Ml/p—le/P
) N / Ky (2 —1)]d
< n (1)
M,/ )
1 2
< 7{]? M|nk/ Ky, (= t)|dp (t).

Without loss the generahty we may assume that ¢ < j. Let x € I/ 7 and
Jj<(ng).Thenz—t eIy “J for t € Iy and, according to Lemma 3 we obtain
that

|Kp, (2 —t)] =0, forall (ng) < I <|ngl.

By applying (I2) and (@) in Lemma Bl for z € I/, 0<i<j < (ng) we
get that

1/p—2

Mn |0nka(x)| 1 2 i
||

Let x € I]i\’,j, where (n;) < j < N. Then, in the view of Lemma [ we have
that

cM;
K, (x —t)]du(t) < —=-2
[ Vo=l <
By using again (I2)) we find that
MP 2 Jop,a (@) MIPE P
(ng) np 4 (ng) N
(14) < 0 [ K - 0ldu (o)
M)/ MR

MM v

() MN 1/p—2

U VAV
Y M

I

IN
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By combining (2)) and (I2)-(I4]) we get that
P

M o, (@)
— Ml/p—2

In [n

dp

N-2 N—1 1/p—2 p

oy A/1/P2 a

=0 j=i+1""'N |ngl

N1 M2 |oa (@) [

(ng)
+ Z /Ik,N ]wl/p—2 d’u

=0 "N Il

IN

N-2

N—-1
_ p
s %
N N

i=(ny,)j=i+1

i

IN
"GEH
g
E
)
+ i
"GEH
g
E
=

IN
h@(‘:
i,_.
¥
=
S

1

1-2p 3 rp 1-2p

< ijwmk> M<nk>ﬁ + CpM<nk> : >T2p + Cp < cp < 00.
N 1= ng )

The proof of the a) part is complete.

MM | dp
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b) Let {nx : £ > 0} be a sequence of positive numbers, satisfying condition

). Then
(15) sup ——+ = 0.

Under condition (IH) there exists a sequence {ag : k> 0} C {ng: k >0}
such that ag > 3 and

00 M(1_2p)/2q)p/2 (ak)

)
(16) Y Mgy < ¢ < oo
k=0 M,
lov |
Let
f = Nea,
{k; o |<n}
where
(1/p—2)/2 51/2
o Mg e (o)
F (/=22
ok |
and
1/p—1
_ o] .
U = A (DM\%\“ DM|%\) ’

B applying Lemma [I] we can conclude that f € H,.
It is evident that
M|Z,ij((;£I))_2)/2¢l/2 (o),
. if je{Muq -y Mgy41—1}, k=0,1,2..,
1 fG) =9 o,

(o]
if j¢ ka {Miay)s -y Migg41—1}.

Moreover,
o f L M ) o
gt S f4+ - S:f:=1+11I.
P ()  ap®(ay) Z if o ® () 2. Sl

j=1 j:M|ak‘+1
Let My, | < j < ay. Then, by applying (7)) we get that

(18) Sif = SMlak\f VL2V

lak] 7 (a

/P=2)/2g1/2 o
702 () (D3 = Dag )
By using (I8) we can rewrite 11 as

o = Mo, 1/2p 5 r(1/p=2)/2

— lous |~ {ag) o
= o ® (o) My I ap ®1/2 (o) 2 (Dﬂ DM\au)

J=Mja|
= 1L +115.
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Since (for details see e.g. [5] and [19])

HSM\auf‘

we obtain that

— Moy
z ) [[9h.7]
L ear—1, < ( ar® (ap) > Suy,

< e || fIl, < oo

=

weak—Ly

weak—Lp

< e llfllg,

p

weak—Ly

By using part a) of Theorem [Il we find that

I _ Mlak‘
H Hweak L, — ak(I) ak

Let 2 € Ifewr)—

(ag)+1
and (o — Mo, |) = (o) . Since
(19)  Djym, = D, + ar, Dj =

< 4 )
M‘O‘k|f‘ weak—Lyp P ”fHHp <o

L{ex) Under condition (8) we can conclude that (ay,) # |a|

Dy, + 1, Dj, when j < M,

if we apply estimate (7)) in Lemma [{ for 115 we obtain that

M1/2PM(1/17—2)/2

lak] (o)
@12 (o)

1L =

M1/2pM(1/p 2)/2
o | = (o)

P12 (ay)

M1/2p—1M(1/p—2)/2

k=M, |
> <DJ+M\%| - DM|ak|>
j=1

=M, |

> D
j=1

Y,
||

lovg| (o)
= D172 (ay) (e = Migy) ‘Kak—M\ak\
AY/2e=15,,(1/p42)/2
> ok | ()
- DU/2 ()
It follows that
||II2||weak L,
(1/p=2)/2 3 r(1/p+2)/2\ P
M M
|ok | (ovk) . (1/p—=2)/2 5 r(1/p+2)/2
> ¢ B2 (o) u{m € Gy : |[IVa]| > CPM|ak\ M<%>
1/2=p 5 r1/2+p (ap)—1,{ag) 1/2—p
S . M\ak\ M( k) M{I@:)H * } > CpM\ak|
-7 or/2 (0 T M) ()

}
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Hence, for large k,

Ho-ak fHﬁ]eak—Lp

> Hllzuﬁ)eak—Lp B HIIlHﬁJeak—Lp B ”IHﬁ)eak—Lp
1 P |1/2\_p
> S LY s, = — — 00, as k — oo.
2 weak=Ly 2A4afJWQMv2(ak)
The proof is complete. O
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