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Abstract

We study commutators of weighted fractional Hardy-type operators
within the frameworks of local generalized Morrey spaces over quasi-metric
measure spaces for a certain class of “radial” weights. Quasi-metric measure
spaces may include, in particular, sets of fractional dimentsions. We prove
theorems on the boundedness of commutators with CMO coefficients of
these operators.

Given a domain Morrey space £P¥(X) for the fractional Hardy opera-
tors or their commutators, we pay a special attention to the study of the
range of the exponent g of the target space £9¥(X). In particular, in the
case of classical Morrey spaces, we provide the upper bound of this range
which is greater than the known Adams exponent.

MSC 2010: Primary 46E30; Secondary 42B35, 42B25, 47B38

Key Words and Phrases: Morrey space; weighted fractional Hardy op-
erators; commutators; BMO; CMO; quasi-metric measure spaces; growth
condition; homogeneous spaces; quasi-monotone weights

1. Introduction

We study commutators of weighted fractional Hardy-type operators
wH O‘% and w’l—[o‘% within the frameworks of local Morrey spaces LP¥ (X, w)
over quasi-metric measure spaces (X, d, u) for a certain class of “radial”
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weights w. The precise definition of the Hardy operators H* and H® is
given in Section [3l
In the Euclidian case they have the form

1) = ol*" [ Sy and 1S = [Py o€ B
|yl <|= ly|> ||
(1.1)
a € R, and their one-dimensional versions are usually considered in the
form

1 f(e) =2 [ gy and W) = [y )y, e Ry
y<zx y>x
(1.2)
Such operators are called fractional Hardy operators.
The operators (I.I) and (I.2) do not satisfy the semigroup properties
but possess a certain substitution of such property. In the case of the
one-dimensional operator H® this substitution has the form

1 fa) = 5 [0 () = 151 @)] . 5 £ 0.

where HngBf(a:) = goth-l Of (%)’8 f(t)dt.

The first operator with o = 0 in (I.2) is known in the literature as the
Cesaro operator.

Our interest to the study of operators in Morrey spaces is caused both
by their wide use in applications in PDEs and by the fact that Morrey
spaces provide more possibilities and flexibility for obtaining conditions for
the boundedness of operators. Note that recently in [30] there was shown
that Morrey spaces and the so called complementary Morrey spaces pro-
vide an effective language for describing of ingrability properties of integral
transforms such as Laplace, Hankel and others.

Note that in contrast to Lebesgue spaces, we can admit negative values
of a when considering operators H* and H® in Morrey spaces.

There exists vast literature on operators H* in L? spaces, we refer only
to the book [18] and references therein. The operators H* in LP spaces
are not so much studied in the literature by a natural reason: they may be
treated by duality arguments. This does not work in case of Morrey spaces.

The multi-dimensional Hardy operators H* and H® in Morrey spaces
in weighted setting were studied in [21], [24], [26], [27], [18, Ch.7]. Com-
mutators with CMO coefficients, of the weighted fractional Hardy operator
H? in weighted Morrey spaces in the Euclidian case were studied in [2§].
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Note also that Hausdorff-type generalization of the one-dimensional Cesaro
operator and its commutators were studied in [I0]. We refer, for instance
to [19] for the notion of Hausdorff operators.

In general, commutators of many operators of harmonic analysis are
known to be widely investigated in various function spaces due to their
applications, in particular, in theory of PDE, see for instance, the books
[11, 17, 32] and for papers [3, [4] [5 121 23] [34].

We prove the weighted £P?(X) — L£3%(X)-boundedness of commuta-
tors with CMO coefficients of the ”adjoint” operator H® in the frameworks
of generalized Morrey spaces (recall that duality arguments do not work in
the case of Morrey spaces). Moreover, we prove this in the general setting
of quasi-metric measure spaces and admit both the situations ¢ > p and
q < p. We also prove estimates for commutators of the operator H® in
Morrey spaces over (X, d, 1), improving and generalizing a result from [2§].

We admit “radial” weights w(d(x,z)),zo € X, depending on the dis-
tance to the point xg, the singular point of the Hardy operators. Note that
a characterization of weights for various operators in generalized Morrey
spaces is mostly an open problem and even admission of power weights
is often a subject of essential research, see, for instance, [7] and [§] and
references therein. Admission of such radial-type weights allows to use
Matuszewska-Orlicz indices for obtaining effective conditions on admissible
weights.

Given a domain space LP'?(X), 1 < p < oo, for the fractional Hardy
operators or their commutators, we pay a special attention to the study
of the range of the exponent ¢ of the target space £9¥(X) in dependence
on p,a and @. In particular, in the case of classical Morrey spaces, i.e.
©(r) = r* we show that the upper bound gsup Of that range is greater than

1 «

q* Upﬁu—)\'

where v comes from the growth condition and 0 < A < v. In the case of gen-
eralized Morrey spaces, a similar formula for g, holds with A replaced by
min{mo(p), Moo ()}, where mo(p), Mmoo (¢) are Matuszewska-Orlicz indices
of ¢ at the origin and infinity.

The paper is organized as follows. In Section 2] we provide necessary
preliminaries on quasi-metric measure spaces, generalized Morrey spaces,
CMO,-spaces, quasi-monotone functions and their Matuszewska-Orlicz in-
dices and prove some technical lemmas. Section[B]lcontains our main results.
In Section B.I] for the £PA(X) — £97(X)-boundedness of the Hardy oper-
ators H® and H® themselves, we investigate the range of admissible values
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of the exponents ¢ of the target space. In Section [3.1] the space (X, d, ) is
not assumed to be homogeneous but is supposed to satisfy the growth con-
dition. In Section we study a similar boundedness of commutators of
the operator w?—la%. In Section 3.3l we give a similar result for commutators
of the operator wHai. In Sections and B3] we assume that (X, d, ) is
homogeneous and satisfies the growth condition.

2. Preliminaries

2.1. On quasi-metric measure spaces. For the basics of quasi-metric
measure spaces we refer e.g. to [6], [9] and [14]. Below we provide necessary
definitions which we use in the paper.

Let (X,d, ) be a quasi-metric measure space with Borel regular mea-
sure u and quasi-distance d :

d(z,y) < kld(z,z) +d(y,2)], k>1 (2.1)

dz,y) =0<= 2 =y, d(r,y) =d(y,z) and { = diam X, 0 < { < oo,
B(z,r) ={y € X : d(z,y) < r}. Everywhere in the sequel we suppose that
the following properties of (X, d, u) hold:

1) all balls are open sets;

2) the spheres S(z,r) := {y € X : d(y,x) = r} have zero measure for
all x and r;

3) wuB(x,r) is continuous in r € [0,¢) for every x € X.

The set (X, d, ) is said to satisfy the growth condition if there exist a
constant A > 0 and exponent v > 0, which is fractional in general, such
that

uB(x,r) < Ar¥, (2.2)
where x € X and r € (0,7).

The space (X,d, ) is called homogeneous, if the measure is doubling:
uB(x,2r) < cuB(z,r), € X, 0<r< %.

Estimates of the type provided by the lemma below are known, see for
instance [9].

LEMMA 2.1. Let (X,d, u) satisty the growth condition (2.2]) and 8 > 0.

Then
du(y) 3
— < . 2.
/ d(z,y)r=F ~ cr (23)

B(z,r)

2.2. Morrey spaces on (X,d, ). Let E be an arbitrary measurable set
in (X,d, p). We define the generalized Morrey space £72¥(X), related to the
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set F as the set of measurable functions defind on X, such that
1

p

/If(y)lpdu(y) <00, (24)

B(z,r)

1
fllpeee (X) :=supsup | —
Pl (0= supsip | 5

where ¢(r) is a non-negative measurable function on [0, ¢], satisfying certain
assumptions.

The space £7(X) is called local or global in the cases E = {x¢}, where
zo is a fixed point in X, or E = X, respectively, £57(X) — E?;z}(X) for
any set E 5 xg. Omission of F in writing £7%(X) will just mean that the
corresponding statement and arguments there do not depend on choice of
the set E.

We refer for Morrey spaces on quasi-metric measure spaces, for instance,
to [21], [29], [33], [35] and also the survey [25]. More on Morrey spaces and
their applications can be found in the two-volume book [32] of Y. Sawano
et al.

When (X, d, ) satisfies the growth condition, then the condition

v

sup
o<r<t P(1)

is sufficient for bounded functions with compact support to belong to the
space L27(X).
When ¢(r) = *, we also use the notation

LONX) = LX)

(2.5)

e(r)=r>

and this space is the classical Morrey space on E.

In the case ¢(r) = ™, X = R™ and zg = 0, local Morrey spaces are
also known ([2]) as central classical Morrey spaces.

With regard to the weighted operators, note that, given an operator
A and a weight w, the boundedness of its weighted version, i.e. wA% in
the Morrey space £57, is equivalent to the boundedness of the operator A
itself in the weighted Morrey space LP%(X,w), defined by the norm

P
I lerecea = swpsup | == [ w@r@Pdy| . @0)
zcEr>0 | @(7)
B(z,r)

i.e in the form where the weight w and the function ¢ are independent
of each other. We went into these details to avoid a misunderstanding in
terminology: sometimes weighted Morrey spaces are introduced in a specific
way, with the function ¢ depending on the weight w.
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LEMMA 2.2. Let the space (X,d, ) satisfy the growth condition (2.2))
and let ¢ and v be positive functions on (0, ). The embedding

LE/(X) = LEF(X), 1S p<q < os, (2.7)
holds if
1
11 q
Sup 7"V<E_a> w(r)l < .
re(0,6) p(r)»
In particular,
LE(X) = LBNX), 1<p<g<oo, 0<y<A<w,  (28)

if % < ”%f‘, when X is bounded and % = ”%f‘, when X is unbounded.
P r oo f. The proof of the inequality || f|p,0:e < || fllgp:E is straight-
forward via the Holder inequality and growth condition. O
Everywhere in the sequel we assume that the function ¢ defining Morrey
space, is continuous in a neighborhood of the origin, almost increasing and
satisfies the conditions

©(0) =0 and 5inf£g0(r) >0 for every 4 > 0. (2.9)
<r<

Recall that a non-negative function ¢ on (0,¢) is called almost in-
creasing (almost decreasing), if there exists a constant C'(> 1) such that
o(t) < Co(r) for all t < 7 (t > 7, respectively). We use the abbreviation
a.i for “almost increasing” and a.d. for “almost decreasing”.

2.3. On CMO, (X, zg)-spaces. The BMO(X)-space, as is well known, is
defined by the quasi-norm
1

al|* = sup sup ——— a(z) — ag(pm| du(z), 2.10
Jal mgmw(%r)m/)u) penldulz),  (210)

where ap(g, ) = m fB(:c,r) a(z)du(z). The BMO(X) is an appropriate
class of coefficients for commutators of many classical operators.

For the Hardy-type operators (3.1)) and (8.2]) with singular points only
at zo and infinity (the latter in the case X is unbounded), a wider class of
coeflicients, with BMO-type-behavior only at xy € X, is more appropriate.
Such a local version of BMO(X), the space CMO(X,zg) (central mean
oscillation) is defined by the norm

1
al|* :=sup ——— a(z) — ap(z, | du(z), 2.11
Jal T>13MB(W)B(/)|<> Bl (), (211)
T0,T
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We also need its generalization, the space CMO,(X,z() depending on p,
defined by the norm

/ a(2) — aponPdu(z) | . (212)

B(zo,r)

1

al|f :==sup | ——
lallo =590 | B o)

so that CMO(X, zg)= CMO, (X, z¢) ‘p:l' However, contrast to the “global”
BMO(X)-space, such local CMO, (X, zg)-spaces no more are independent

of p. By Jensen inequality we have
lall® < llall, < llallg

and BMO(X) € CMO,(X,z9) C CMO,(X,z9) C CMO(X,zp), 1 <p <
q < 0.

We refer to [2], [13] and [20] for the study of the classes CMO, (X, zo)
in the case X = R".

LEMMA 2.3. Let (X,d, u) be a homogeneous space, a € CMO (X, xg).
Then

t
|aB(xO7,n) — aB(xO,t)‘ < Cllall* (1 + ln;D for rt €Ry. (2.13)

The statement of Lemma [2.3] is known for BMO-functions in the case
X = R"” and goes back to [I5]. In [28 Lemma 2.1] it was shown that the
statement of this lemma is true also in the local setting of CMO(X, z)-
functions on R™. The proof in [28] remains the same for homogeneous quasi-
metric measure spaces: the only difference from the Euclidian case is that

one has to use the property that % < A, A > 1, for some o > 0,

which is valid for homogeneous spaces.

2.4. Quasi-monotone functions and their indices. Let 0 < ¢ < oo.

DEFINITION 2.1. By W = W (0, /) we denote the class of non-negative
functions on (0, ¢) satisfying the conditions
1) w(t) is continuous in neighborhoods of the origin and infinity (the
latter in the case £ = o0), and 0 < inf w(t) < sup w(t) < oo if £ < oo
d<t<t s<t<t

and 0 < inf w(t) < sup w(t) < oo if £ = oo, for some 0 < § < N.

2) there exists 8 € R such that tPw(t) is a.i. on (0, ).
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Similarly by W = W (0, ) we denote the class of non-negative functions
on (0, ¢) satisfying the above condition 1) and the condition that there exists
B € R such tPw(t) is a.d. on (0, 7).

We will also use the notation
W =W(0,0) :=WUW, 0<{<oo.

Matuszewska-Orlicz indices ([22]) of functions ¢ € W(0,¢) related to
the origin and infinity, are defined by

In (11121 sup “f;{g) In <hlf? sup ﬂ(g)
mo(p) = sup —0 and My(p) = inf —0
0<r<1 Inr r>1 Inr

(2.14)
and (in the case £ = 00)

R rh . (rh)
In |:hhH_l>£f f;(h))] Ny . In [hfl?_ilip fp(h) }
moo() = i;lll) In r » Meolep) = B In r

(2.15)
We refer to the properties of these indices to [27), Section 6], where they are
presented in a form convenient for our goals. Note, in particular, that

mo(t¢(t)") = a+bmo(p) and Mo(t*¢(t)") = a+bMo(y), a €R, b e Ry,

(2.16)

and similarly for the indices related to infinity. Also
"w(t) mo(w) > 0, if £ < o0,
/0 4 dt <cw(r), 0<r<{, & { min{mo (w), mao ()} > 0, if £ = 0o,
(2.17)

and
/OO %t)dt < Cuw(r), r € Ry & max{My(w), Moo (w)} <0.  (2.18)

We refer also to the paper [16] where such indices were used to describe
mapping properties of fractional integrals in weighted generalized Holder
spaces.

2.5. Some technical lemmas. The inequalities of the following “sum-to-
integral” lemma are known been dispersed in the literature. Their proof is
straightforward by using monotonicity properties of functions in the class
W, see for instance [28, Lemma 2.4].
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LEMMA 2.4. Let gt € W N Ay and go € W. Then

291(2_k7“) ) < 0/91 g2(t)—, 0<r </ (2.19)
and
k k 14
Z 91(2°r) g2(2°r C/gl Gpt)—, 0<r< 3 (2.20)
0<k<lny £

The following lemma of similar type is slightly more general and is given
with the proof.

LEMMA 2.5. Let gt € W N Ay and go € W. Then

d
Zgl ) 92(2 )<1+ln ><C’/91 g2(s <1+ln >§

(2.21)
for0 <r<t</¥, and
l
k k t ds
Z 91(2%r) g2(2%r) [ 1+ ln2—r <C [ g1(s) g2(s) [ 1 + |In -
0<k<Ing £ T
(2.22)

for0<7‘§t<§.

P r o o f. The inequality (Z:21]) follows from (ZI9]), but (Z22]) requires
the proof because the function 1+ ‘ln é‘ changes monotonicity at the point
s=te€ (r{). Let £ = oo for simplicity. We have

t
2k

Zgl(2kr) g2(2Fr) (1 +
k=0

1

1 — 2k+lrd
t S
=— 2k 26r) (1 + |In —— —.
1112291( r) g2 r)( + ok > s
k=0 2ky
Denote £ = 2];—’” and o = 3. So that
2k 2kl o

T<s< &S —<€<o.

2
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It is easy to show that 1 + [In¢| < ¢(1 + |Ino|) with ¢ = 1+ In2, when
% < g < 1. Consequently,
2k+1p

o
Zgl(ri) g2(2Fr) (1 +
k=0
o0
t|\ ds
< ok ok / 14 |n-]) =
<eX @@ [ (1+mnd))2,
k=0 2ky
after which it remains to use the monotonicity properties of the functions
g1 and go. |
Estimate ([2.23]) in the lemma below was proved in [28, Lemma 3.5.].
The proof of ([2:24]) follows the same lines.

t
ln%

LEMMA 2.6. If g € W(R,) and min{mg(g), ms(g)} > 0, then
¢ r\9¢ ds r\4¢
-] — < — > < . .
/0 g(s) (1+ln8) ; _C(l—l—lnt) g(t), ¢>0,0<t<r<( (2.23)

If g € W(Ry) and max{My(g), Mx(g)} < 0, then

/fg(s) <1+‘1n§‘)q% §C<1 +ln%)qg(t), g>0,0<t<r<d.
(2.24)

Quasi metric-measure spaces with growth condition admit a kind of
analog of the passage to polar coordinates in case of functions depending
on distance, see for instance, such analogs in [31, Lemmas 2.5 and 2.8]. We
will need such an analog in the following form.

LEMMA 2.7. Let (X,d,u) satisfy the growth condition (Z2]). Let
g1 € WN Ay, go € W. Then for 0 < r < ¢, xg € X there holds:

/ g91(d(zo, 2)) ga(d(zo, 2))du(z) < C/t”gl(t) 92('5)@- (2.25)
0

t
B(zo,r)

Proof. Let £ = oo for simplicity. By definition of W and W, the

functions gtlT(lt) and 2 are ai. and a.d., respectively, for some 31 and [s.

P2
We have

/ g1(d(x0, 2)) ga(d(0, 2))dp(2)

B(zo,r)
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g1 ( g2(2 k.
<oy 2Rl [ e

2—k—1lr<d(xo,2)<2~kr

< ngl ) g2(27Fr) (27 )",
It remains to apply Lemma 24 O

3. Main results

In this section we study the action of the weighted fractional Hardy
operators

H3f@) = daan) "wdwan)) [ TP a)
d(y,xo)<d(z,z0) ’

and
& pioy f(y)dy
Hud ) = wtdl20) Ay, w0 wld(y, 70))

d(y,z0)>d(x,z0)

re X, (3.2)

where w is a weight, and their commutators in the frameworks of Morrey
spaces on quasi-metric measure spaces (X, d, j1).

3.1. On admission of exponents, better than Adams exponent,
for Hardy operators in Morrey spaces. Let first (X, d, u) be R with
Euclidean distance and Lebesgue measure. In this case as is known, the
Riesz fractional operator

I“f(x / ,0<a<n
PR

acts from LPAR™) to Equ”\(R”) when 1 < p < ”a)‘, 0 < XA < n, with
q—lu = % — 2, see [I]. We refer to q* as Adams exponent.
The same is true for Hardy operators since they are dominated by the

Riesz fractional operator:

] / fy)dy < 2"7°1%f(x) and / {;?—dfﬂ“‘“f“ﬂx%f 20

lyl<|z| ly[>|z|

Hardy operators H* and H® were studied in Morrey spaces £P* also in
weighted setting, see [26], where the Adams exponent was also used.

The main message of this subsection is the following. We show that
for the Hardy operators, the boundedness from £P* to £97 may hold for
exponents ¢ > ¢'. First we note that both Hardy operators and Riesz
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fractional operator have kernels homogeneous of degree o — n. For any
integral operator with a homogeneous kernel of such degree it is easily
checked, by means of the known trick via delation, see [36] (where the
Riesz fractional operator and Lebesgue spaces were under consideration),
that if such an operator is bounded from £PA(R™) to £497(R™) then there
necessarily holds the following relation between the parameters

= — Q. (3.3)

Thus, given a domain space £P*(R™), we can consider the exponents g,
for the target space £27(R™) only satisfying the necessary relation (3.3]).
According to the result of Adams, the choice ¢ = ¢ and v = X is sufficient
for the boundedness. Below we show that for the Hardy operators the
boundedness is valid not only when 1 < ¢ < ¢!, but also for ¢* < ¢ < Gsups
keeping (B.3)) for finding 7, where gg,p is defined by

n
#
n-\_-

Gsup ‘= (3.4)

This will be shown in a general setting of quasi-metric measure spaces
with growth condition, see Theorem[B.Il The same possibility for the choice
of ¢ will be provided for commutators of the Hardy operators on homoge-
neous quasi-metric measure spaces, see Corollary and Remark in
Sections and B3l On the other hand in Sections and B3] we con-
sider a more general situation in the sense that we admit weighted Morrey
spaces. Moreover, this will be obtained as a corollary from a more general
statement for generalized Morrey spaces, both for the Hardy operators and
their commutators.

Given a space LP?(X) we use the notation

B, (1) = (*O(T)f, re(0,6), £ = diam X,

rr‘,/

which plays an important role in the study of Morrey spaces as can be seen
from Lemmas B.1] and B.3] below.

LemMA 3.1.  Let (X,d,u) satisfy the growth condition ([2.2)), zo €
X, 1<p<qg<oo, p, v e WNW and a € R.
I If 0<min{mg(®),me(¢)} < max{My(p), M ()} < v, then

q>107%0 S E%p(X), E > x.
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II. If
ro‘@p,@(r) < c<I>q7w(r), r € (0,¢) and
1% .
v—ap— ;p < min{mo(), Moo ()} < max{Mo(p), Moo ()} < v — ap,
(3.5)

then
racpp"p(r)‘r:d(x,xo) € ﬁ%‘w(X)a E > x.

The statements of Lemma [3] are derived from [21, Lemma 3.1, part

The following lemma is nothing else but a reformulation of Lemma

LEMMA 3.2. Let the space (X,d, ) satisfy the growth condition (2.2))
and v and 1y be positive functions on (0,¢) and 1 < g1 < g2 < o0. If

D o100 (r) < C(I)qwh (r),
then L£%2:¥2 (X) oy LA (X)

In this section and Sections and [3.3] we will essentially use point-wise
estimates of the Hardy operators provided in the following lemma.

Note that in Lemma [3.3] we use min{mg(p), meo(¢)} and
max{My(¢), M (¢)}, which preassumes that ¢ = co. If £ < oo, the infor-
mation about mu(¢) and My () should be everywhere omitted.

LEMMA 3.3. Let (X,d,u) satisfy the growth condition, ¢ satisfy the
assumptions in ([23) and 23), and f € L7(X).
min{mo (), Moo (¢)} > 0 for p > 1 and min{mg(p), mec(p)} > 0 for p = 1.

(3.6)
Then
[H® f(2)] < Cd(z,20)" ®p,p(d(z, 20))|| f || c2(x)» B 3 0. (3.7)
Let max{My(p), Moo (w)} < v — ap. Then
[Hf (@) < Cd(a, 20)" @p,p(d(x, 0)) [ fll 132 (x)> E > o (3.8)

P r oo f. Estimates (8.7) and (3.8)) are derived from more general es-
timates in Theorems 5.1 and 5.2 in [2I]. (Note that in the estimates in
Theorems 5.1 and 5.2 in [21] were given for simplicity fror the case ¢ = oo,
but they hold under the same proof for ¢ < co. We also use this opportunity
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to note a misprint in [21]: in the formula (1.2) there should stand d(x";?) N

instead of u(x) ).

After the choice u(x) = d(z,z¢)* and w(y) =1 in Theorem 5.1 in [21]
and u(z) = 1 and w(y) = d(y,xo)”® in Theorem 5.2 in [21I], from those
theorems we have

T

. C dt
1@ < e VOV [VOF | Iflepzy s 7= o). 39)
0
and
/ dt
Hf@I < [VOT ez oo 7 =dwa). (310

S

where V() = t7 p(t)r = ', (1), V(t) = t 7 p(t)
Recall that |’f”c‘{7;g}(X) < [ fll ez x)-

By (2I6]) we have min{mg(V'), ms(V)} = Z%-i—% min{mo(¢), Moo ()} >

0. Hence, [, V(t)% < cV(r) by (2I7) and (B.6) then (39) turns into (B.7).
By similar arguments via the properties (2.16) and (Z.I8)) it easy to
check that (BI0) turns into (B.8). O

We define the exponent gg,p by
1 I Atap v—XA 1

= 179, ,(t).

Gsup D vp voogv

where q—lu = - — 2% ¢ may be referred to as the Adams exponent like in

1
P
the Euclidian case.

In Theorem B.1] below we assume that ¢ < oo for the operator H® and
¢ = oo for the operator H®. The upper bound ¢ < g, for admissible
values of the exponent ¢ of the target space, given in Theorem Bl in
general cannot be replaced by ¢ < gsup, see Remark B.3]

THEOREM 3.1. Let (X,d, u) satisfy the growth condition [2.2)), x¢ €
E C X and 1 < p < co. Let the space L5¥(X) satisfy the assumptions

e e WNW, ¢0) =0, min{mo(p), e ()} >0, sup T e
o<r<t P(T)

and
max{Mo(¢), M ()} < v — ap. (3.11)

Then the Hardy operators H* and H®, « > 0, map the space L7 (X),
with min{m(¢), Mmoo (@)} > 0 in the case p = 1 for the Hardy operator
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H®, into any space E%’w(X ), satisfying the conditions
vp
v — ap — min{mo(p), Mmoo ()}

p<q< , Y eWNW, ¥(0) =0

and .
W(r) > cranrV(l_E)gp(r), r € (0,7). (3.12)

P r oo f. We consider the operator H%, the arguments for H® being
similar in view of estimates (3.7) and (3.8]).
First we note that the condition (B.12) is nothing else but the inequality
P (1) < ey (1), 7€ (0.0) (3.13)
By (B17) we obtain
[H fll caw(x) < Clld(-; 20)* Ppp(d(-, 20)) || oo ) 1 f | oo

provided @, ,,(d(z,x¢)) € L2¥(X). The latter inclusion holds by part II of
Lemma [3.1] Since all the assumptions of Lemma [B.1] are satisfied by (Bj:ﬂ)

and the condition p < ¢ < ;——— mm{m’(’)(@) T

REMARK 3.1. The statements of Theorem Bl remain valid if the con-
dition (BI1]) on the domain space is omitted but replaced by the condition
0 < min{mgo (1)), meo (¥)} < max{My(v)), Mo(¢V)} < v on the target space.
To show this in the proof, it suffices to observe that

ld(-, 20)* Ppo(d(-, 20)) | cav (x) < €l gy (A 0)) || 2o (x)
and apply the part I of Lemma B.1]

REMARK 3.2. The target space ﬁqw( X) diminishes when ¢ increases,
say q1 < q2, and the choice of ¢ is subject to the condition ®, y,(r) <
C(I)qmﬁl (r), see Lemma [3.2]

COROLLARY 3.1. Let the space (X,d, ) satisfy the growth condition
22) and zo € E C X. Let 1 < p < ¢ < Gsup, 0<A<Vand0§0z<”%f‘

and \
it A A N (3.14)
q p

Then the operators H* and H® are bounded from £P(X) to L37(X)

REMARK 3.3. Suppose that the space (X, d, u) satisfies the regularity
condition of the form

car’ < p(B(zg, 2r) \ (B(zg,r)) <cor’, 0<r <§ (3.15)
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for some 6 > 0. Then, under preservation of the relation (8.I4]), the opera-
tors H* and H® are not bounded from £PA(X) to £L47(X) when ¢ = gsup.
Recall that the relation (3.I4]) is necessary in the Euclidian case.

P roof. Itis easy to check that the relation (3.I14) with ¢ = gsup turns
into ’y(”;p)‘ —a) =0, ie. v =0, and then L%w»7(X) = L%w(X). Choose
fo(z) = —L—— for d(z,z9) < 6 and equal to zero otherwise. Then

d((E,(E())T
fo € £PA(X) by Lemma B.Il However, it is easy to show, via the diadic
decomposition with the regularity property (B.I3]) taken into account, that

H*f(x) > ‘ -

v—A _v
d(l‘vl‘O)T_a d($7x0)qsup
for 0 < r < . Similar estimate for H*fy is also obtained in the same

way. It remains to observe that # ¢ L%w(X) under the regularity
d(x,xq) sup

condition (B3:13]). 0

3.2. Estimation of the commutator of the weighted operator H“.
For the commutator of an operator A we use the notation

(0, Af] i= aAf — A(af).
We define the class W = W(o, /) as
W =W U (W NAY),

where AJ stands for the class of non-negative functions w on (0, £), satisfy-
ing the reverse doubling condition w(t) < cw(2t),0 < t < g. Since W C AL,
we have W = (W U W) N Ab.

REMARK 3.4. From the definition of the class W, for w € W there
exists a number § € R, 8 = f(w), such that wr(g) is either a.i or a.d. One
can take any (8 less than min{mg(w), me(w)} in the first case and any
greater than max{My(w), M (w)} in the second case. It is easily checked

that

weW=wt) <cw(r)for 0 <r<t<2r</, (3.16)
where ¢ = ¢(3) depends only on 8 = B(w).

In the following theorem we use the notation

r ¢ as qfls
s - v s t dt dQ
qu("f’) =1ras /Q w(g)q /W@n@(t)? — N (317)

w 0
0 0
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where 1 < s < 00 %—i—%zl
r V4 q
dt\ do
Byy(r) = / / 1+‘1 —‘)7 Sl IRECEL)

e

where 8 = B(w) for w € W, is any number defined in Remark [3.4]

THEOREM 3.2. Let (X,d,u) be homogeneous and satisfy the growth
condition (2.2)) and o € R. Let p, q, ¢ and the weight w satisfy the following
a priori assumptions:
l<p<oo, 1<g<oo, weWRY),

ii) ¢ and v fulfil the conditions (2.9), p(2r) < Cy(r), r € R4.
Assuming that A} (r) < oo and By,(r) < oo for r € Ry, suppose that

As B
k15 == sup o7) < oo, s>1, and ko := suppf—(r) < 00 (3.19)
r>0 »¢; ( ) r>0 1[)11(7“)
for some s > 1 and a € CMOp, (X, xz9), Ps:=max{p’,qs'}. Then
[e% 1 *
‘ {a,w% —] / < Kl 1f lre @0 € B C X,
w ﬁq;w (X) {IO}

{zo}

where K = Comax{ki s, k2} and Cy, not depending on f and y, depends
only on constants involved in the assumptions in i) and ii).

Proof. We take ¢/ = oo for simplicity. We split the proof into two
steps.
Pointwise estimate via Morrey norm. We first prove the estimate

1
.| 10| < € (lalppant@v.e0) + 220) Iy s v € X

(3.20)
where
d = w(d 2 b, (T dt
o (d(y.20)) = wdya) [ s, 0F
d(y,o)
and
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To this end we use diadic decomposition and proceed as follows:

[a,wﬂaﬂ f(y)‘

< wldly, ) 3 [ s ),
T dpy<d(z,20)<dpy1,y

Hence, by (B.16]) we obtain

1
e d] 1)
w
w(d(y, o)) ~= 287 /
= - d
C T o) 2 uldy) 4(2) = B(ag 1| 1 ()2
- B(-'E(),dk-‘-l,y)
A= Mo i 40) = oy | 1))
B(zo0,dk+1,y)
=: Cd(y, mO)a_Vw(d(y7 mo))(sl(d(y7 .’L’O)) + s9 (y))
For s; by Holder’s inequality we have
0 »
1 »
120 ey | [ 10 - sl )

B(x0,dg41,y)

(dy.y) d(y,xo)
X |f(2)Pdu(z) | < Cllall;, ©(dy.y)
/ kzl 2k(p a) (dk y)

v
o’

||f||cfg;f)}(X)-
(%0,dk+1,y)
Applying the inequality (Z20) of Lemma [2.4] we obtain that
su(d(ya0)) < Cl(y,ao) [

d(y,.’E())

ta

dt
wq)p,so(t)7||f||cf[’;f)}()<)

For sy we have

~ AB(x0,dk11,y)
$2 < CZ ‘ Qk(u «) dk y) - / |f(z)|d,u(z)

d(Z,:C()) <dk+1,y
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By Holder’s inequality we have

1
5 )
e ‘a(y) _aB(zo,korl v) (dk—i-l,y) v
s9 < C ' f(2)Pdu(z
Z 2k(u—a)w(dk7y) . g ‘ ( )‘ ( )
2,20 k+1,y
— O(dpt1,y)? dk:-i—l,y)il
<O Tty 1)~ 0| et oo
so that
v—a = (dk, )a
2 5 Clly,0)" ™ Y Ty o (dky) a9) — @G| 1z, 00
k=1 Y

It remains to gather the estimates for s; and ss.

Estimation of LY(B(xg,r))-norms of ¢g1(d(y,z¢)) and g2(y). By Lemma
27 we have

1
r 0o q P
911l za(m <C /9”_1 w(o) " p (t)ﬂ do q = A,
( (Ioﬂ“)) — w(t) b,y t Pq
0 0

(3.21)
For go we obtain
92 < C(E(y) + F(v)),
where
— (dry)”
EWy) = |a(y) — ap(zon| w(d(y, x0)) Z LBy, o(dyy)
1 w(dy,y)
and
G (2%d(y, z0))"
-~ 2, (d,).
F(y) = w(d(y, o) ; ‘aB(wo,dk+1y — AB(z.r) w(dry) oo (dry)
By Lemma [2.4]
EW) < |oly) ~ apayn] GO, GO) = w(r) [ T, 0
- B(zo,r w(t) PPt
Hence by Hélder’s inequality with s > 1 we have
HEHEQ(B(wO,r)
L a
<| [ ) = apn | dutw | Gt a)eauty)

B(zo,r) (zo,r)
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Applying Lemma 2.7] to the second factor, we obtain

€1l a(Bzo,r) < cllallgsApg- (3.22)
For the function F(y), applying Lemma[2.3]and then Lemma[2.4] we obtain
Fu) < Clalfwidwan) [ 20,00 (14 ) T
d(y,zo)
Hence
[F N La(Bzo,r)) < Cllal|* Bpg(r). (3.23)

Collecting the results in ([3.21)), (3.22)) and ([3.23]) and observing that A,, <
B, we obtain:

‘ [a, w’l—[o‘l] f

w
where we took into account that the norm ||a||¥ is increasing in s. The proof
is complete. O

< C’||a||*PS maX{AZq, qu]’”f”[lz{’f}(X)’
L9(B(zo,7)) ’

Theorem provides rather general conditions for the Eﬁz} — E%gﬁ}—

boundedness of the commutator [a,w’l—[o‘%] for arbitrary values 1 < p <
00, 1 < ¢ < oo, with the relation (3.I9) between the functions ¢ and .
Note that though the domain space is a generalized Morrey space with
a non-necessarily power function ¢, the target space is again generalized
Morrey space, i.e. it does not use the language of Orlicz-Morrey space.

In the next theorem imposing some slight additional assumptions on
the function 1@, . involved in [BI7) and (BI8), and on the function
, we obtain an essentially more constructive result on the relation be-
tween the functions ¢ and 1 defining the domain and target spaces. In
particular, it will allow to obtain the norm estimation of the commuta-
tor for classical Morrey spaces E?;‘)}(X ) for the exponent ¢ greater than
the Adams exponent. These assumptions will be formulated in terms of
the upper Matuszewska-Orlicz index of the function +® and the lower

w P
Matuszewska-Orlicz index of the function ¢. We use the notation

m(f) :=min {mo(f), moo(f)} and M(f) := max {Mo(f), Moo(f)} -

THEOREM 3.3. Let (X,d,u) be homogeneous and satisfy the growth
condition ([Z2]) and o € R. Let a € CMOp, (X, xg), Ps := max{p,qs'} for
some s > 1, and p, q, ¢ and the weight w satisfy the a priori assumptions
i) and ii) of Theorem[3.2. Assume that

1 1 1
M| —=®,,) <—aand m > vp <— — —> — ap. 3.24
() PRI (3.24)



WEIGHTED FRACTIONAL HARDY OPERATORS AND ... 1663

Then

[a, w’l—[al} f
w

< Clallp I fleps oo (3:25)

E‘Z»w

{wo}(X)

where

W(r) > <r“+”(3—p)¢(r)%>q (3.26)

REMARK 3.5. The assumption M (%Cbp’@) < —a, equivalent to
M (ﬁ) < v — ap, imposes a condition on the weight w, depending on the
function . As regards the assumption on m(p), we always have m(¢) > 0
since ¢ is almost increasing. Consequently, the assumption on m(y) in

(324) may be omitted when o > v (% - l) , and reduces just to m(p) > 0

q

11

whena=v(=—2].
<7" q>

Proof We will show that, when ([B.24)) holds, then the conditions
(BI9) are satisfied with ¢ defined in (3.26]), under some choice of s > 1.

V4
First we use the condition M (%CIDZW) < —a and get fu%)q)pm(t)% <
0

C%@pM(Q) by (ZI8]). Then

T s
Ay < rar /Q”(a_;)q%(@)%d—;

0
Let us choose the parameter s > 1 so that the lower Matuszewska-Orlicz
index of the function h(p) := QVJF(OC_%)ngp(Q)%) is possible. Since m(h) =
v+ <a - %) qs + %m(gp), such a choice means that [%@ - a} s < g
Hence, s may be chosen arbitrary in (1,00) if %@ <a,and 1 < s <

v/q
v=mle) _,

on m(ep) in (B24).
Under this choice of s we have [ h(t)% < ch(r) by (ZIT). Then we
0
obtain that

otherwise. The latter interval is non-empty by the assumption

AS
Aﬁ)ga 0<r<{,

P(r)s
under the choice ([3.:26]) of the function .
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(o1

For By,(r) we observe that the condition M <w9(9)

to use estimate ([2.24]) of Lemma [2.6] so that we get

(I)pso(@)> < 0 allows

)

T q

v . q
B < | [ 002 (14mT ) ag
0

The condition on m(p) in ([3.24)) allows to use the estimate (2.23]) of Lemma
2.6 so that we get

Bpy(r) < CT’ll(%_%)—i_agO(T)%.
Hence, with ¢ (r) defined in ([3.26]) we have
BL(Z) <C,0<r<d,

P(r)s

which completes the proof (note that the restriction on the choice of the
parameter s used in the proof of the theorem, is not of importance, since
la]|% is increasing in s ). O

COROLLARY 3.2. Let (X,d, ) be homogeneous and satisfy the growth
condition (22) and « € R. Let 1 <p < oo, 1 <g<oo, 0 <A<y, we
W, m(w) > A;” and a € CMOp, (X, x¢), where Py = max {p/,qs'}, s > 1.
If

- A - A
v Y <a<y—, (3.27)
p q p
then
1
a, wH*— < Clla|l%. , , 3.28
o], SOy 329
{z0}
where

i GY) e

1_

In particular, v = X in the case we chose the Adams exponent, i.e.
1 1 et

qﬁ P v—X\"

P r o o f. The proof is a matter of direct verification of conditions of
Theorem 3.3l Note that ([3.27)) after the substitution % from (3:29) to (327
is nothing else but 0 < v < v. O
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REMARK 3.6. The upper bound gs,, for the choice of ¢ according to
B27)) is given by
I v=XA «a o vy
qsup— vp _;7 -'QSup—V_Aq
as in Section [B1] for the Hardy operators themselves.
Similar bound g¢g,, for the generalized Morrey spaces is also valid:

1 _ v=m(y) ; i 1_1
e = > — %, which follows from the condition m(y) > vp (1—7 — E) —

ap of Theorem [3.3]

(3.30)

3.3. Estimation of the commutator of the weighted operator H®.
Below we provide estimates for the commutators of the Hardy operator H“.
Such estimates in the Euclidian case were obtained in [28]. The statements
given below not only generalize results of [28] from Euclidian case to the
case of quasi-metric measure spaces, but essentially improve them. We
omit proofs in this section because they are obtained following the same
arguments as in Section for commutators of the operator H.
In the following theorem we use the notation

r [ AL
s oty v s 0
A (r) =1""q /Q w(o)? /w(t) <I>p7@(t)7 " , (3.31)
0 0
where 1 < s < o0, %—i—%zl,
f [ AL
a 4 r Q
qu(T) =T /g w(g)q /—w(t) q)pm(t) <1 + In ¥> 7 ?
0 0
(3.32)

THEOREM 3.4. Let (X,d,u), p,q,a,¢ and w satisfy the assumptions
of Theorem
Assuming that Aj (r) < oo and By,(r) < oo for r € Ry, suppose that

A3 (r B
ARE suppf'i() <00, s>1, and = supw < o0
r>0 qpa(r) r>0 qu(r)
for some s > 1 and a € CMOp, (X, zg), Ps := max {p’,qs'}. Then
1
H*— < Kllal||} .
.t 1 ey < KT e o
0

where K = Cymax{s 5, 22} and Cp, not depending on f and y, depends
only on constants involved in the assumptions in i) and ii) of Theorem
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The following theorem is derived from Theorem [B4] similarly to obtain-
ing Theorem B.3] from Theorem

THEOREM 3.5. Let (X,d,u), p,q,a,¢ and w satisfy the assumptions
of Theorem[3.3 and a € CMOp, (X, xg), Ps := max{p’,qs'} for some s > 1.
If

m (%) > —v(p—1),

then
< Clallpfleps v (3:39)

[a, wHal] f

ﬁq’

{»"00}(X)

for any

W(r) > ¢ (#‘*“(%—%)@(T)%)q . (3.34)

COROLLARY 3.3. Let (X,d, u) be homogeneous and satisfy the growth
condition 2.2) anda € R. Let 1 <p< o0, 1 <g<oo, 0 <A<v, weW
and a € CMOp, (X, o), where Py = max {p', qs'} for some s > 1. Then

[a, wHo‘i} I
w

< *
= OHCZHPS Hf”y{’fo}(x)

E‘Z»"/

{wo}(X)

under the conditions

a2 (3.35)

— - A A
Tl ba=""2 and Mw) <=+ 2. (3.36)
q p p p
Recall that the condition ([B.35) is nothing else but the inequality 0 <

~v < v under the choice of v provided by (B.36), see Corollary
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