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1 Introduction
The terminology and notations used in this introduction can be found in Sect. 2.

It is well known that Vilenkin systems do not form bases in the space L;. Moreover, there
is a function in the Hardy space Hj, such that the partial sums of f are not bounded in the
Li-norm. Moreover, (see Tephnadze [22]) there exists a martingale f € H, (0 < p < 1), such
that

sup ||S2”+]f||weak—Lp = 0oQ.
neN

On the other hand, (for details see, e.g., the books [20] and [25]) the subsequence {Sy}
of partial sums is bounded from the martingale Hardy space H, to the space H,, for all

p > 0, that is, the following inequality holds:

1S2f 1, < €llf Il mEN,p>0. 1)
It is also well known that (see [20] and [16])

Sonf(x) — f(x), for all Lebesgue points of f € L,, where p > 1. (2)
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Weisz [26] considered the norm convergence of Fejér means of Vilenkin—Fourier series

and proved that the inequality

lowflly < cpllfllm,, p>1/2andf € H), (3)

holds. Moreover, Goginava [8] (see also [12—15, 18]) proved that the assumption p > 1/2
in (3) is essential. In particular, he showed that there exists a martingale f € Hy/, such that
sup,cy louf ll1/2 = +0o. However, Weisz [26] (see also [17]) proved that for every f € H),

there exists an absolute constant c,, such that the following inequality holds:

loaflin, <cpllfllm,, neN,p>0. (4)

Moricz and Siddiqi [11] investigated the approximation properties of some special Nor-
lund means of Walsh—Fourier series of L, functions in norm. Approximation properties
for general summability methods can be found in [2, 3]. Fridli, Manchanda and Siddiqi
[5] improved and extended the results of Mdricz and Siddiqi [11] to martingale Hardy
spaces. The case when {gx = 1/k : k € N} was excluded, since the methods are not appli-
cable to Norlund logarithmic means. In [6] Gat and Goginava proved some convergence
and divergence properties of the Norlund logarithmic means of functions in the Lebesgue
space L. In particular, they proved that there exists a function in the space L;, such that
SUpery ILf I = 00

In [4] (see also [10]) it was proved that there exists a martingale f € H,,, (0 <p < 1) such
that sup,x ILf |, = 00.

In [19] (see also [24]) it was proved that there exists a martingale f € H; such that

sup [|Lyf Iy = oo. (5)
neN

However, Goginava [7] proved that

ILonfll <clfll, felLli,meN.

From this result it immediately follows that for every f € Hj, there exists an absolute

constant ¢, such that the inequality

L2 f 111 < cllf e, (6)
holds for all » € N. Goginava [7] also proved that for any f € L,(G),

Lonf(x) — f(x), ae,asn— oo.

According to (1), (4) and (6), the following question is quite natural.

Question 1 Is the subsequence {L,~} also bounded on the martingale Hardy spaces H,(G)
when0<p<1?
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In Theorem 2 of this paper we give a negative answer to this question. In particular,
we further develop some methods considered in [1, 9] and prove that for any 0 < p < 1,
there exists a martingale f € H, such that sup,y [[Lonf lweak-1,, = ©0. Moreover, in our
Theorem 1 we generalize the result of Goginava [7] and prove that for any f € L,(G) and
for any Lebesgue point x,

Lonf(x) — f(x), asmn— oo.

The main results in this paper are presented and proved in Sect. 4. Section 3 is used to
present some auxiliary lemmas, where, in particular, Lemma 2 is new and of independent
interest. In order not to disturb our discussions later some definitions and notations are
given in Sect. 4. Finally, Sect. 5 is reserved for some open questions we hope can be a
source of inspiration for further research in this interesting area.

2 Definitions and notations

Let N, denote the set of the positive integers, N := N, U {0}. Denote by Z, the discrete
cyclic group of order 2, that is Z; := {0, 1}, where the group operation is the modulo 2
addition and every subset is open. The Haar measure on Z; is given so that the measure
of a singleton is 1/2.

Define the group G as the complete direct product of the group Z,, with the product
of the discrete topologies of Z;s. The elements of G are represented by sequences x :=
(%0,%1,...,%,...), where x; =0 Vv 1.

It is easy to give a base for the neighborhood of x € G, namely:

Ih(x) =G, Lix):={yeG:y0=%0,...,¥n-1 =%p_1} (meN).
Denote I, := I,,(0), I,, := G\, and e,, := (0,...,0,x, = 1,0,...) € G, for n € N. It is easy to
show that I, = U?ﬁa AVARY
If n € N, then every # can be uniquely expressed as n = Y -, #;2/, where n; € Z, (j € N)
and only a finite number of #; differ from zero. Let |n| := max{k € N : n; #0}.

The norms (or quasinorms) of the spaces L,(G) and weak — L,(G), (0 < p < 00) are, re-
spectively, defined by

V= [ VPdn W W, =502 (>
G A>0
The kth Rademacher function is defined by
re(x):= (-1)* (xe€ G,k eN).

Now, define the Walsh system w:= (w,, : n € N) on G as:

wa) 1= [ @) = na @ (D60 5% (e N).
k=0

It is well known that (see, e.g., [20])

wy(x +y) = w(x)w,(y). (7)
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The Walsh system is orthonormal and complete in L,(G) (see, e.g., [20]).
If f € L1(G) let us define Fourier coefficients, partial sums and the Dirichlet kernel by

f(k) = /wakdu (k e N),

n-1 n-1
Sr(f = E ] (k)wkr Dn = Zwk (}’1 € I\I+)
k=0 k=0

Recall that (for details see, e.g., [20]):

2", ifxel,
Dy (x) = 8)
0, ifxé¢l,
and
D,=w, Z nr Dok = wy, Z ni(Dyks1 — Doi),  form = Z n2t. 9)
k=0 k=0 i=0

Let {gx : k > 0} be a sequence of nonnegative numbers. The Norlund means for the
Fourier series of f are defined by

1 n
tf 1= > aniSif.
" k=0

In the special case when {g; = 1 : k € N}, we obtain the Fejér means

onf = %ZSkf

k=1

If gx = 1/(k + 1), then we obtain the Norlund logarithmic means:

1E8 Sif "1
L = — y ln:= . 10
of lngn—k ;k (10)

The Riesz logarithmic means are defined by

1 < Sif "1
RJ:ZI_ZT, lnIZkX:E.
=1

™ k=1

We note that this is an inverse of the Norlund logarithmic means.
The convolution of two functions f,g € L,(G) is defined by

(f )@= /G fle+ gy du(t) (x<G).

It is well known that if f € L,(G), g € L1(G) and 1 < p < c0. Then, f * g € L,(G) and the
corresponding inequality holds:

If =gl < I lplglh- (11)

Page 4 of 13
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The representations

Lf@ = [ S0P+ du) and RSO = [ FO% G+ 0dulo)
G G
for n € N play a central role in the following, where

1< 1\
Pn = — an_ka and Yn = quDk
Qu 1 Qn k=1

are called the kernels of the Norlund logaritmic and the Reisz means, respectively. It is
well known that (see, e.g., Goginava [7] and Tephnadze [23]):

Py (x) = Don () — Yron_1 (%) Yon (x). (12)
Moreover, for all n € N,
[[Ponlly <c<oo and ||Y,ll1 <c<oo. (13)

In the case f € L1(G) the maximal functions are given by

M(f)(x) = sup

= sup 2"
nen 11n(%)]|

neN

S () dp(u)

In(x)

)f (u0) dpa(u)

In(x

It is well known (for details see, e.g., [20]) that if f € L;(G), then

M) ez, =< W11

According to a density argument of Calderon—Zygmund (see [20]) we obtain that if f €
L1(G), then

27[

S () dp(u)

I (x)

— 0, asn— oo.

A point x on the Walsh group is called a Lebesgue point of f € L;(G), if

lim 2" f)dut)=f(x) ae.xeG.
)

G M)

According to (2) we find that if f € L;(G), then a.e. point is a Lebesgue point.

Let f := (f",n € N) be a martingale with respect to f ,(1 € N), which are generated by
the intervals {I,,(x) : x € G} (for details see, e.g., [25]).

We say that a martingale belongs to Hardy martingale spaces H,(G), where 0 < p < oo if
I llm, = IF*llp < 00, where f* := sup, .y £

If f = (", n € N) is a martingale, then the Walsh—Fourier coefficients must be defined
in a slightly different manner:

Fiy:= tim /G £ wie) dpa ().

Page 5 of 13
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3 Auxiliary results
The Hardy martingale space H,(G) has an atomic characterization (see Weisz [25, 26]).

Lemma 1 A martingale f = (f*,n € N) is in H, (0 < p < 1) if and only if there exist a
sequence (ay, k € N) of p-atoms, which means that they satisfy the conditions

/ adi=0,  lagleo <u@™,  supplar) C 1,
I

and a sequence (jux, k € N) of real numbers such that for every n € N:
o0 o0
Z wiSanax =f",  where Z | l? < o00. (14)
k=0 k=0

Moreover, ||f ||, <~ inf(>_52, |uk|?) Y7, where the infimum is taken over all decompositions

of f of the form (14).
We also state and prove a new lemma of independent interest:

Lemma?2 Letn € Nandx e L(ey +ey) € Ip\I1. Then,

22ak+1

>
22ak+1 _}'

j:22a k

1
> —.
-3

Proof Letx € I (e + e1) € Ip\]1. According to (8) and (9) we obtain that

wj, ifjis an odd number,

Djlx) = o
0, ifjis an even number,
and

22ak+1_1 D 22“k_1 22otk_l

Y Tt X M L g
e e o T oW PR —
ey 22ak+1 -j e 22ak+1 _ 2] -1 e 22ak+1 _ 2] -1
j=2°% j=2°% j=27%
Since

22ak—1_1 ‘

1 1
Z 220 +1 _4]' +3 - 22ap+1 _ 4]' +1

j=2%k 241
20 -1 _
= £, (220¢k+1 _4]' + 3)(22ak+1 — 4]‘ + 1)
j=22% 241
22ak—1_1

2
<
- Z (22ak+1 _ 4j)(22ak+1 _ 4])

j=22%241
22ak—1_1
=5 X 1
- 8 (22ak—1 _}')(22ak—1 _})

j=22%241

Page 6 of 13
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if we apply Waiyo = wawag = —way, for x € Ir(eg + e1), we find that

22ak+171 22"‘/(71
D/ Wo2e+1_y Wy
E oo | T Wkl g+ E YT —
220+1 -j 3 22ap+1 _ 2] -1
j=220tk j=22°(/<_1+1
w 22°‘k_1 w
205 +1 _ 2j
= |t Wolap+1_y + E 7
3 - 22ap+1 _ 2]' -1
j=22%141
22a]<—1
_ 2W22ak+1_4 Z W4];4 + W4};2
3 £, \22l—4j 43 22l 4+ ]
J=274% 41
22"‘](*1
_ 2W22ak+1_4 Z Waj_g Waj_g
3 2l _4j 43 2+l _4j 4 1
j=22k 241
5 22ak—1 1 1
> — — —
-3 2 Rl _4j 43 22+l 441
j=22241
2 1 1
> 275
3 473

The proof is complete.

4 Main results

Our first main result reads:

Theorem 1 Letp > 1andf € L,(G).

ILonf =fll, =0 asn— oo.
Moreover, for all Lebesgue points of f,

Tim Lonf (x) = £ (x).

Then,

Proof Let n € N. By combining (11) and (13) we immediately obtain

ILonf Ny < culfll, forallmeN,

which immediately implies (15).

)
)

(15)

Page 7 of 13
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To prove a.e. convergence we use identity (12) to obtain that

Lonf(x) = /G FOPy(x+1) - /G F(OD(x + 1) dp() dpa(2)
- /f(t)wzn,l(x + )Y (x+t)du(t):=1-1I.
G

By applying (2) we can conclude that I = Syuf (x) — f(x) for all Lebesgue points of f € L,,.
Moreover, by using (7) we find that

1= a3 [ 0o+ 0100,
G
In view of (13) we see that
f(@)Yon(x+t)eL, wherep>1foranyxeG,

and also note that I describes the Fourier coefficients of an integrable function. Hence,
according to the Riemann-Lebesgue Lemma it vanishes as n — oo, i.e., I — 0 for any
xe€ G, n— oo.

The proof is complete. O

Our next main result is the following answer of Question 1.

Theorem 2 Let 0 < p < 1. Then, there exists a martingale f € H, such that

sup ”LZ”f”weak—Lp =00
neN

Proof Let {ay : k € N} be an increasing sequence of the positive integers such that

[e¢]

Za‘m 0, (16)

-1 (22m)lp  (22aK)Up
<

=0 %y NA‘73

(17)

and

(22ak_1 )l/p 22ak—8

< . (18)
Qg1 a/l/2122dk+1

Let

@)= Y aw

{k;2a <n}

where

1
M=—— and ai= 220!]((1/17—1) Dooap1 — Dojoay ).
k \/Ol—k k ( 920y +1 22 k)

Page 8 of 13
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From (16) and Lemma 1 we find that f € H,. It is easy to show that

9204 (1/p-1) . . S
-~ , ifje{2,...,2°%* —1},k e N,
f(]) = M } (19)
0, if) ¢ (g2, (22, .., 2% _ 1),
Moreover,
220 _ 92ap+l_q
Sif Sif
L g+ = + 20
22 k lf 122ak+1 FZI 22ak+1 —j lZZakH .2 22ak+1 —j ( )
Jj=27%
=1+1I.

Let j < 22%, By combining (17), (18) and (19) we can conclude that

k-1 22a77+171

@l <) > o)

n=0 V=22°"7

k=1 2201 00, (1/p-1)

IA
i

y=22en %
k-1 22ay/p
=
0 V%
22ak_1/p+1 22ak—4
<

-1 a]l/ZIZZak+l
Hence,

22"‘k71

1| < 1 Z |Slf(x)| (21)

22ak+1 },:1 22ak+1 —j

1 220!/&1/17 1\/[20(/(+1_1

241 /Ol j
22+ kv ST

Let 22% < j < 22**1 _ 1, We can write that

k-1 22ar]+171 ]‘,1
Sf=> fOw+ Y fow,
n=0 V=22a,7 V=22ak
k-1 92e (1/p-1) 92ex(1/p-1)

= _ (DZZay] +1 — D22a,] ) + T (D/ - D22°‘k )

oV

Page 9 of 13
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It follows that

22k +1 1 (kl 2201” 1/p-1

1 ( )
= Z 22+l _j ZW

l 20 +1
2%k =22k n=0

(D22an+l - D22ocy, )) (22)

1 22u(p-1) 22+

122ak+1 LT3

(D - D)

+ 220{k+1 —j

j=2%%

= 111 + 112

Let x € Ir(eo + e1) € Ip\I1. According to p > 1 we obtain that 20y > 2, for all k € N and
if we use (8) we obtain that D,z =0,

I =0 (23)
and
[P S 2 Wajs1
2T b Jax 221 — 25— ]

j=224 141

20
1 22up-Dy, 2%k -1

: = L ma
Ly 1 ok 22+l _ 25— 1

]‘=22°‘k_1+1

By using Lemma 2 we can conclude that

1 1 22ak(1/p—1) 1 22ak(1/p—1)—1

- >
3lpga  Joar T Lpegn Jok

| = (24)

If we apply (18), (20)-(24) for x € I,(eo + €1) and 0 < p < 1, we have that

|Lypgrif (%) = Il =11, 1
1 22ak(1/p—1)—2 1 22ak(1/p—1)—3

> —
- 122otk+1 NA‘73 lz2ak+1 LTS

1 22ak(1/p—1)—3

>

- lZZuk+l NA‘73
920 (1/p-1)-3

>

T (In22+1 4+ 1), Jog

920 (1/p-1)-3 92k (1/p-1)-6

z z 3/2
(4o + 1) Jax o

Hence, we can conclude that

”qu,kf”weak—Lp

220 (1/p-1)-6 220 (1/p-1)-6 1/p
Z Tu{xe GZ |L22ak+1f| Z T}
Qg Qe
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220%(1/17—1)—6 220¢k(1/p71)—6 Up
= Tﬂ{x € (e +e1) : Ly f| > T}
O(k (Xk

22le(1/p—1)—6

1
> ——=5 — (M(Iz(eo +e1))) i
O
CzZak(l/p—l)
>S—— —> 00, ask— oo.

3/2
Qg

The proof is complete. 0

5 Open questions

It is known (for details see, e.g., the books [20] and [25]) that the subsequence {Sy»} of
the partial sums is bounded from the martingale Hardy space H, to the Lebesgue space
L,, for all p > 0. On the other hand, (see Tephnadze [22]) there exists a martingale f € H,
(0 < p < 1), such that sup, e [|S27+1f |l wear-1,, = 00. However, Simon [21] proved that for all

f € Hp, there exists an absolute constant c,, depending only on p, such that

o0
ISi/1
Y <ol O<p<D.

k=1

In [24] it was proved that for all f € H,, there exists an absolute constant c,, depending
only on p, such that

o0

IZ&f Il »

>t <alfly, ©<p<l).
k=1

Open Problem 1 (a) Let f € H,, where 0 < p < 1. Does there exist an absolute constant

¢y, such that the following inequality holds:

i log? k||Lif |15

o <o, O<p<1)

k=1

(b) For 0 < p < 1/2 and any nondecreasing function ® : N — [1, 00) satisfying the condi-

tions lim,,_, o ®(n) = +00, is it possible to find a martingale f € H,, such that

® log? n||L,f|5®
Z og? n||L,f I, ®(n) — oo?

2-p -
n
n=1

Open Problem 2 (a) Let f € H,, where 0 <p <1 and

1 _ logn
@Hp ?’f - 2"(1/p—1)log2[p]n ownmee

Does the following convergence result hold:

ILif =fllH, — 0, ask — oo?

Page 11 0f 13
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(b) Let 0 < p < 1. Does there exist a martingale f € H,, for which

1 logn
pr(§7f>:O(W>’ asn— oo

and || Lif _f”weak—Lp -+ 0, as k — oo?
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