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1 Introduction

In 1947 Vilenkin [31] actually introduced a large class of compact groups (now called
Vilenkin groups) and the corresponding characters. In particular, Vilenkin investigated
the group G,,, which is a direct product of the additive groups Z,,, :={0,1,...,m; — 1}
of integers modulo my, where m := (mg, m;,...) are positive integers not less than 2, and

introduced the Vilenkin systems {y;}7 as follows:

Ya(x) = l_[ ek (), ri(x) := exp(2mixi/my), (i2 =-1,x€ Gy, keN),
k=0

where N, denotes the set of positive integers and N := N, U {0}. In this paper we discuss
bounded Vilenkin groups only, that is, sup,,. 71, < 00. The Vilenkin system is orthonormal
and complete in L2(G,,) (see [31]). Specifically, we call this system the Walsh—Paley system
when m = 2.

It is well known (see e.g. the books [1] and [27]) that if f € L!(G,,) and the Vilenkin series

T(x) = Z;C'fo ¢j¥;(x) converges to f in L'-norm, then

c,:/Gijdu:f(j), j=0,1,2,...,

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-023-02970-w
https://crossmark.crossref.org/dialog/?doi=10.1186/s13660-023-02970-w&domain=pdf
mailto:larserik6pers@gmail.com
http://creativecommons.org/licenses/by/4.0/

Baramidze et al. Journal of Inequalities and Applications (2023) 2023:66 Page 2 of 17

where ¢; is called the jth Vilenkin—Fourier coefficient and p is the Haar measure on the
locally compact abelian groups G,,, which coincide with the direct product of measures
wi({j}) := Vg (j € Zy).

The classical theory of Hilbert spaces (for details, see e.g. the books [1, 27]) implies that

if we consider the partial sums S,,, defined by

n-1
Suf = Y k)
k=0

with respect to any orthonormal systems and among them to Vilenkin systems, then the
inequality [|S,fll2 < ||fll2 holds. It follows that for every f € L?,

I1Sof =flla— 0 asn— oo.

Since
S @) = /G FODx ~ 0)dpu(t)

and the Dirichlet kernels

n-1

D, := Zl/fk (neN,)

k=0

are not uniformly bounded in L!(G,,), the boundedness of partial sums does not hold from
LY(G,,) to LY(G,,).

The analogue of Carleson’s theorem for the Walsh system was proved by Billard [4] for
p =2 and by Sjolin [29] for 1 < p < oo, while for bounded Vilenkin systems it was proved
by Gosselin [13]. In each proof, they show that the maximal operator of the partial sums

is bounded on L”(G,,), i.e., there exists an absolute constant ¢, such that
||S*f||p <Gllfllp, whenfel?,1<p<oo.

A recent proof of almost everywhere convergence of subsequences of Walsh—Fourier se-
ries was given by Demeter [7] in 2015. Hence, if f € L?(G,,) for p > 1, then

Sf —f ae.onG.

Persson, Schipp, Tephnadze, and Weisz [22] (see also [25]) gave a new and shorter proof
of almost everywhere convergence of Vilenkin—Fourier series of f € L?(G,,), which was
based on the theory of martingales.

The nth Norlund mean L, is defined by

"1
L"f::l Zn—k’ whereln::;%.
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In [9] G4t and Goginava proved some properties of the Norlund logarithmic means of
integrable functions in L' norm. Moreover, in [10] they proved that weak type (1,1) in-
equality does not hold for the maximal operator of Norlund logarithmic means L*, defined
by

L7f = sup |Lyf],

neN

but there exists an absolute constant ¢, such that the inequality
||L*f||p <clfll, whenfel?,p>1

holds.

If we define the so-called generalized number system based on  in the following way:
My:=1, Mp,q = my My (k € N),

then every n € N can be uniquely expressed as n = foo njM;, where n; € Z,,; (j € N) and
only a finite number of #;s differ from zero. Moreover, if we consider the following re-
stricted maximal operator Z;’;, defined by

Lif := sup|Lu,f,
neN
then

y{Lif >y} <clflh, £ €LY(Gn)y>0.

Hence, if f € L'(G,,), then Ly, f — f a.e. on G,,.
If we consider the Fejér means o, and Fejér kernels Kj,, defined by

n n-1
ouf = lZskf and K, := lZDk,
" "o
it is obvious that
ouf (5) = (F % () = fG FOKy (- 0) du(e).

Since ||K, |1 < ¢ < 0o, we obtain that the Fejér means are bounded from the space L? to
the space L? for 1 < p < oco. The a.e. convergence of Fejér means is due to Schipp [26] for
Walsh series and Pél, Simon [21] (see also Simon, Weisz [28] and Weisz [28, 32—34]) for
bounded Vilenkin series proved that the maximal operator of Fejér means o*, defined by

o*f :=sup|o,f],

neN

is of weak type (1, 1), from which the a.e. convergence follows by standard argument (see
[14]). Another well-known summability method is the so-called (C, «)-means (denoted by
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o), which are defined by

1 & 1)---
opf = T ZA‘Z:;S/J, Aj =0, AY = w, a#-1,-2,....

|
n k=1 n

It is well known that for « = 1 this summability method coincides with the Fejér summa-

tion and for o = 0 we just have the partial sums of the Vilenkin—Fourier series. Moreover,

if we consider the maximal operator of the Cesdro means o**, defined by

o' f = sup{a,‘l"f| forO<a <1,
neN
then the following weak type inequality holds (for details, see [23]):

yulo®*f >y} <clfl, feLY(Gu)y>0.

The boundedness of the maximal operator of the Cesaro means does not hold from L!(G,,)
to the space L(G,,). However,

”O’ljf—f”p_)o’ when n — oo, (f € L7(G,,),1 < p < 00).

The nth Norlund mean ¢, for the Fourier series of f is defined by
1 n
tr(f = Q_ Z qn—kskfy
" k=1

where {g : k € N} is a sequence of nonnegative numbers and Q, := Z,V(H qr-

If we assume that go > 0 and lim,,_, o, Q,, = 00, then it is well known (see [15]) that the

summability method generated by {gi : k > 0} is regular if and only if lim,,_, o, qgnl =0.The

representation

tfx)= | fOF,(x-t)du(t), whereF,:= Qi an_ka
Gm " k=1

plays a central role in the sequel. The Norlund means are generalizations of the Fejér,
Cesaro, and Norlund logarithmic means.

Moricz and Siddiqi [16] investigated the approximation properties of some special Nor-
lund means of Walsh—Fourier series of L? functions in norm. Similar problems for the
two-dimensional case can be found in papers by Nagy [17-20] (see also [5]).

Let us define the maximal operator t* of Norlund means by

£ = supltf |,

neN

and if {gy : k € N} is nonincreasing and satisfying the condition

i=O<l) as n — oo, (1)

n n

Page 4 of 17
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then in [23] it was proved that the weak type inequality
y{t’f >y} <cllflh,  feLY(Gn)y>0 ()

holds. When the sequence {gy : k € N} is nonincreasing, then the weak type (1, 1) inequal-
ity (2) holds for every maximal operator of Norlund means. The boundedness of the maxi-
mal operator of the N6érlund means does not hold from L!(G,,) to the space L'(G,,). How-

ever,
ltof =fll, >0 asn— oo (f € LP(G),1 <p<00).

Moreover, if {gj : k € N} is nondecreasing and satisfying the condition

@:O(l> as n — 09, ®3)
Qu n

or {gx : k € N} is nonincreasing, then for any f € L1(G,,) we have that
lim ¢,f(x) =f(x)
n—00

for all Vilenkin—Lebesgue points of f.
In this paper we investigate a wider class of Norlund means and prove that if {g : k € N}
is nondecreasing and satisfying the conditions

é =O<nia) and g, — gui1 =O(nz%) as n — 09, (4)
then the weak type inequality (2) holds. In particular, from this result follows almost ev-
erywhere convergence of such Norlund means.

The paper is organized as follows: In Sect. 3 we present and prove the main results.
Moreover, in order not to disturb our discussions in this section, some preliminaries are
given in Sect. 2. Also some of these results are new and of independent interest.

2 Preliminaries
Lemma 1 (see [1, 12]) Let n € N. Then

M}‘l’ X eI}’l;
0, xél,.

Dy, (%) =

Moreover, ifn e Nand 1 <s, <m, — 1, then

sn—1 sp—1

k
Dy, m, =Dy, E Y, =D, E r,
k=0 k=0

and

00 mj—1 00
Dn = vfn(ZDM} Z l"]k) forn:ZniMi,
j=0 i=0

k=m,'—n/

s mi=l g _ _
wheren =7 ;- n;M;. We note that Zk:m,-—nj ri =0 for all n; = 0.

Page 5 of 17
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Lemma 2 (see [8]) Letn>t, t,n € N. Then

M
1-r,(x)’

I<Mn (x) = %; X € In:

x € I\Ip1, % — xep € 1y,

0, otherwise.

Lemma 3 (see [3, 6, 23, 24, 30]) Ifn> My and {q : k € N} is a sequence of nondecreasing

numbers, then there exists an absolute constant ¢ such that

1 n
n

J=MN

|n|
C
< mi;M,|1<M,|}.

If the sequence {qy : k € N} is either nondecreasing and satisfying condition (3) or nonin-

creasing and satisfying condition (1), then the inequality
c |n|
|Ful < ;{Z)jMAKMA}
=

holds. On the other hand, if {qy : k € N} is a sequence of nonincreasing numbers satisfying
(4) for 0 < a < 1, then there exists a constant c,, depending only on «, such that the following

inequality holds:
o [
|Fn|sn—‘;[ZM;‘|KM,|}. (5)
j=0

Lemma 4 (see [3, 6,23, 24]) Let {qx : k € N} be either a sequence of nondecreasing numbers
or nonincreasing numbers satisfying condition (1) or nonincreasing numbers satisfying the
conditions in (4). Then, for any n,N € N,,

/ () du(x) = 1,

Gm
supf |F,,(x)| du(x) < c< oo,

neN "

sup/ !F,,(x)| dulx) >0 asn— oo,
neN J Gy \In

where
IO(x) = Gm: In(x) = {J/ S Gm |y0 =X053Vn-1 = xn—l}

foranyx € Gy, neN.

The next lemma is very important to study problems concerning almost everywhere

convergence.
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Lemma 5 (see [32]) Suppose that the o -sublinear operator V is bounded from LP! to LP1
for some 1 < p; < 00 and

[ivriau =cisiy
T
for f € L' and Vilenkin interval I, which satisfy

suppf C I, fdu=0. (6)
Gm

Then the operator V is of weak type (1,1), i.e., the following inequality holds:

su(l))y,u({Vf >9}) < Iflhh-
y)

Lemma 6 (see [14]) Let
T,T,:L(G,)— LF(G,)

be sublinear operators for some 1 < p < co with T bounded and
T — If ae.onG,asn— oo,

foreach f € Xy, where Xy is dense in L*(G,,). Set

T*f :=sup|T,f|, feX.
neN

If there is a constant C > 0, independent of f and n, such that the weak type inequalities
¥ u({ITf1>5}) < CIfII%
and
P u({Tf >y}) = CIfIl
hold for ally > 0 and f € L?(G,,), then
If = lim T,f a.e.onGy,
n—00
forevery f € LP(G,,).

Next we prove a new lemma of independent interest, which is very important to prove

almost everywhere convergence of Nérlund means generated by nondecreasing sequences
{qk ke N}.

Lemma 7 Let n € N and {qy : k € N} be a sequence of nondecreasing numbers. Then

/ sup
Iy n>Mn

where c is an absolute constant.

du(x) < c< oo,

1 n
o, Z qn-Dj(x)
" j=My
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Proof If we define

IN(O,...,0,x; #0,0,...,0,%; Z 0, X141, ., XN-1,---),

! fork<Il<N,

IN(O,...,O,JC]( 7{0,.96]“.1 = 0,...,xN_1 = O,JCN,...

for/=N.

then we can decompose Iy := G,\Ix as

N-1 N-2 N-1 N-1
Gu\Iy = | J I\ o1 = (U U If;l) U (U 1§;N>.

s=0 k=0 I=k+1 k=0

Let n > My and
xel!, k=0,..,N-2,0=k+1,...,N-1.

By using Lemma 3, we get that

1 < c d
— qnDj(%)| < —— ) M;|Ky,(%)|
g 2 1P| = 3 2

j=Mn

!
Cc
<3 MM

- cMMy
= My
so that
1 « c i
sup |— @nDj(x)| < — ) M;|Ky, (%)
n>My Qn j;v MN ;
< CM[M/('
= —MN

®)

Letn > My andx € I;\‘;N. By using Lemma 1, we can conclude that

|Dy(%)| < eMi

and

A

n
= i Z anij

" =My

1 n
Q Z qn-jDj(x)

" j=Mn

CQn—MN

My < cMy,

n

Page 8 of 17
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so that
sup Q. Z qn—iDj(x)| < cMx. 9)
n>Mpy n] My

Hence, if we apply estimates (8) and (9), then we get that

n

1
f_ sup | — > quyDj(x)|d
Iy n>Mpn Qn j=My
-2 N-1 m/ 1
Z sup Z qn—] x) d,LL
kl n>M Qn
k=0 I=k+1x=0,je{ 1+1 ,,,,, N j=My
N-1
O Y SPALTE
k=0 n>MN I =My
N-2 N-1 -1
< CZ My - - - mn-1 MMy Z %
k=0 I=k+1 My My im0 Mn
N-2
N - k)M
<c g +c<C<oo.
My
k=0
The proof is complete. O

We also need the following new lemmas.

Lemma 8 Let {qi : k € N} be a sequence of nonincreasing numbers satisfying condition (1).
Then there exists an absolute constant ¢ such that

/ sup |F,ldu <c<oo.
Iv

n>Mpy

Proof The proof is analogous to that of Lemma 7. Hence, we leave out the details. O

Lemma9 Let {q; : k € N} be a sequence of nondecreasing numbers satisfying condition (3).
Then there exists an absolute constant c such that

/ sup |F,ldu <c<oo.
v

n>Mp

Proof Also in this case the proof is analogous to that of Lemma 7, so we leave out the
details. O

Finally, we prove the following new estimate of independent interest.

Lemma 10 Let n € N and {qi : k € N} be a sequence of nonincreasing numbers satisfying
the conditions in (4). Then there exists an absolute constant c such that

1
sup |(—
-/IW n>]\/PN Qn

> 4n D)

j=MN

du(x) < c < oco. (10)
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Proof Letn> My andxeI]/Ql,k:O,...,N—Z,l:k+1,..

.,N —1. By combining Lemma 2
and (5) in Lemma 3, we get that

CMaMk
Q Z qn_/D (x - Aan 4
"My N
so that
Mk
sup Z qn-iDj(x)| < l . (11)
n>MN ] —My
Letn > My and x € I;\‘;N. By using Lemma 1, we can conclude that
o LY gnw) = o > i <
" j=Mn j=Mn
so that
sup Z qn—iD; < cMy. (12)
n>MN ] ~My
By combining (7), (11), and (12), we can conclude that
/_ wp |5 3" gD
I n>Mpn Q j=Mn
-2 N-1 mj_1
-y > / sup |yl du
k=0 I=k+1xj=0,je{l+1,.,.N~1} "> My
N-1
+ sup |F,ldu
k=0 \/I;\(;N n>Mpy 5
N-2 N-1 N-1
- CZ My, - - My Mg e My
- o
k=0 I=k+1 My My oo Mn
N-2 N-1 N-
M~ 1M
<> T Z
k=0 I=k+1 k=0
N-1 3
<c ]\Ts +c
I=k+1 N
<C< oo,
0 (10) holds and the proof is complete. d

3 The main results

Our first main result reads as follows.

Page 10 of 17
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Theorem 1 Lett, be the Norlund means and F, be the corresponding Norlund kernels such
that

/ sup
Iy n>Mn

If the maximal operator t* of Norlund means is bounded from LP! to LP! for some 1 < p; <

_ > GuiDilx)

du(x) < c < oo.
Qu k=Mp+1

00, then the operator t* is of weak type (1,1), i.e., for all f € LY(G,,), the following weak type
inequality holds:

suopyu{t*f >y} < Il
y>

Proof In view of Lemma 5 we obtain that the proof is complete if we prove that

[l du) <eifin (13)

for every function f, which satisfies the conditions in (6), where I denotes the support of
the function f.

Without loss of generality we may assume that f is a function with support I and u(J) =
Mpy. We may also assume that [ = Iy. It is easy to see that

tof =0 whenn < My.
Therefore, we can suppose that # > My. Moreover,
Sof =0 forn <My,

so that

1 (o
= (Z qn_ks/ﬂm) =0,
QU \&

which implies that

My
| & (Z o 1 Dil - t))f(t) dyalt) =0,

k=0
Hence,
£ f (%) (14)

1 (M

il - _ d

= s /IN o (gq (Dilx t))/(t) ()

1 n

~ n—(D( - d

- sp /1N o <k=%ﬂq (Dlx t))f(t) uit)

= sup
n>Mpy

L dni Dkl - 0) ) (0 dpa(t)
. Q

k=Mpn+1

Page 11 of 17
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Let t € Iy and x € Iy. Then x — t € Iy and (14) implies that

| |t f(x)| dpa(x)
In
ozl e
< sup —
Iy m>My J Iy | <n
J] xnla
< sup | —
In JIny n>My n
[ ]xnla
< sup | —
In JIv n>My | Qn
[ ]xmls
< sup |—
Iy JIn n>My Qn
< [ Jrolduto [ sup
IN Iy n>My

= IfIh /Wi‘zﬁ Qi< > qn_ka(x))

k=Mpn+1
=cllflh-

(&) du(t) dpa(x)
qn-kDi(x —t) | f(£)| dpa(t) dpu(x)

n-kDi(x —t) | f(£)| dp(x) dju(2)

dj(x)du(t)

N (\ -

qn_ka(x))f (t)

dju(x)

é( > Qn—ka(x)>

k=Mp+1

dp(x)

Thus (13) holds, so the proof is complete. d
By using the same technique of proof, we obtain in a similar way the following result.

Theorem 2 Let t, be Norlund means and F, be the corresponding Norlund kernels such
that

/7 sup ’Fn(t)’ du(t) < c < oo.
1

N m>MN

If the maximal operator t* of the Norlund means is bounded from LP' to LP' for some
1 < p1 < 00, then the operator t* is of weak type (1, 1), i.e., the following weak type inequality

Suopyu«{t*f >y} < Iflh
_)/)

holds for all f € LY(G,,).

Next, we present a new related result concerning almost everywhere convergence of
some summability methods. The study of almost everywhere convergence is one of the
most difficult topics in Fourier analysis.

Theorem 3 Let f € LY(G,,) and t, be the regular Norlund means with nondecreasing se-
quences {qi : k € N}. Then

tf > f ae asn— oo.
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Proof Since
S,P=P foreveryPeP

according to the regularity of Norlund means with nondecreasing sequence {g; : k € N},
we obtain that

t,P— P a.e.asn— 00,

where P € P is dense in the space L!.

On the other hand, by combining Lemma 4, Lemma 7, and Theorem 1, we obtain that
the maximal operator ¢* of the Norlund means with nondecreasing sequence {g; : k € N}
is bounded from the space L' to the space weak — L!, that is, the following weak type
inequality holds:

suopyu,{xe G |Ef )| >y} < IIf I
y>

Hence, according to Lemma 6, we obtain the claimed almost everywhere convergence of
Norlund means with nondecreasing sequence {g; : k € N}:

tf —>f aeasn— o0.

The proof is complete. d

Theorem 4 Letf € L' and t,, be the Norlund means with nondecreasing sequence {qy : k >
0} satisfying the conditions in (3). Then

tf —>f, a.e,asn— oo.

Proof The proof is similar to the proof of Theorem 3 if we instead apply Lemma 4,
Lemma 9, and Theorem 1, so we omit the details. O

Next we consider almost everywhere convergence of Noérlund means with nonincreas-
ing sequence {gy : k € N}.

Theorem 5 Letf € L' and t, be the Nérlund means with nonincreasing sequence {qy : k €
N} satisfying condition (1). Then

tf > f ae asn— oo.

Proof The proof is quite analogous to that of Theorem 3 if we apply Lemma 4, Lemma 8,
and Theorem 1, so we omit the details. 0

Theorem 6 Letf € L' and t, be Norlund means with nonincreasing sequence {q : k € N}
satisfying the conditions in (4). Then

tf > f ae asn— oo.
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Proof The proof is similar to the proof of Theorem 3 if we instead apply Lemma 4,
Lemma 10, and Theorem 1, so we omit the details. O

Theorem 7 Letf € L' and t, be Norlund means with nonincreasing sequence {qy. : k € N}.
Then

tmf —f ae.asn— oo.
Proof If we apply the fact that (see [8—10], and [25])
Fay, (%) = Dag, (%) = Yag, 1 (6)F L, (),

we can prove that if {gx : k € N} is a sequence of nonincreasing numbers, then, for any
NeN,,

/ Fy, (%) du(x) = 1,

Gm

sup/ ‘FMH (x)‘ du(x) < c< oo,
neN J Gy,

sup/ !FMn(x)i du(x) >0 asn— oo,
Gm\IN

neN

and
1
/_ sup|— Z qiDyj(x)| du(x) < c < 00,
Iy n>N Qn j=My

and also in this case the proofis absolutely analogous to that of Theorem 3, so we can omit
the details. O

A number of special cases of our results are of particular interest and give both well-
known and new information. We just give the following examples of such corollaries.

In particular, since 0, and o, are regular Nérlund means with nondecreasing sequence
{qx : k € N}, we have the following consequences of our Theorems:

Corollary 1 (see [23] and [32]) Let f € L. Then
of > f, ae,asn— oo
and
off —>f, ae,asn— oco,when0<a<l.
Corollary 2 (see [2] and [11]) Letf € L'. Then

Ly, f —f a.e asn— oo.
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We also give the following examples of new consequences.
Corollary 3 Let f € L' and the summability method V® be defined by

n

Vef = x D -k =17t
Qu =

Then
Vif—f aeasn— oo,as0<a<l.

Proof Since V¥ are Noérlund means with nonincreasing sequences {gy : k € N} satisfying
the conditions in (4). Hence, the proof is complete by just using Theorem 6. d

Corollary 4 Let f € L' and the summability method B® be defined by

Bof =~ Y log*(n—k - 1)Sif.
Q k=1

Then
Baf = f a.e.asn— oo

Proof We note that g7 are Norlund means with nondecreasing sequences {gy : k € N}.
Hence, the proof is complete by just using Theorem 3. 0

Corollary 5 Let f € L' and B, be the Nérlund means with monotone and bounded se-
quence {qi : k € N}. Then

B,f —f a.e. asn— oo.
Proof The proof follows from Theorems 4 and 5. O

Corollary 6 Let f € L' and the summability method U be defined by

wr 1 ¥ Sif
taf = Qn;(n—k—snna(n—k—s)'

Then
) —f ae,asn— oo

Proof Obviously, U¢ are regular Norlund means with nonincreasing sequences {gx : k €
N}, the proof follows from Theorem 7. d
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