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ABSTRACT

A stochastic model for a superposition of uncorrelated pulses with a random distribution of amplitudes, sizes, and velocities is presented.
The pulses are assumed to move radially with fixed shape and amplitudes decaying exponentially in time due to linear damping. The pulse
velocities are taken to be time-independent but randomly distributed. The implications of a distribution of pulse amplitudes, sizes, and veloc-
ities are investigated. Closed-form expressions for the cumulants and probability density functions for the process are derived in the case of
exponential pulses and a discrete uniform distribution of pulse velocities. The results describe many features of the boundary region of mag-
netically confined plasmas, such as high average particle densities, broad and flat radial profiles, and intermittent large-amplitude fluctua-
tions. The stochastic model elucidates how these phenomena are related to the statistical properties of blob-like structures. In particular, the
presence of fast pulses generally leads to flattened far scrape-off layer profiles and enhanced intermittency, which amplifies plasma–wall
interactions.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0144885

I. INTRODUCTION

Magnetically confined fusion plasmas in toroidal geometry rely
on a poloidal divertor topology in order to control plasma exhaust.1–4

Plasma entering the scrape-off layer (SOL) from the core will flow
along magnetic field lines to the remote divertor chamber, which is
specifically designed to handle the exhaust of particles and heat. This
is supposed to avoid strong plasma–wall contact in the main chamber,
which is located close to the core plasma. However, experiments have
shown that cross field plasma transport is generally significant and
may even be dominant, leading to detrimental plasma interactions
with the main chamber walls.1–10

Measurements on numerous tokamak devices have demon-
strated that as the core plasma density increases, the particle density in
the SOL becomes higher, and plasma–wall interactions increase.11–50

The particle density profile in the SOL typically exhibits a two-layer
structure, commonly referred to as a density shoulder. Close to the
magnetic separatrix, in the so-called near SOL, it has a steep exponen-
tial decay and moderate fluctuation levels. Beyond this region, in the
so-called far SOL, the profile has an exponential decay with a much
longer scale length. As the core plasma density increases, the profile

scale length in the far SOL becomes longer, referred to as profile flat-
tening, and the break point between the near and the far SOL moves
radially inward, referred to as profile broadening. When the empirical
discharge density limit is approached, the far SOL profile effectively
extends all the way to the magnetic separatrix or even inside it.

The boundary region of magnetically confined plasmas is gener-
ally in an inherently fluctuating state. Single-point measurements of
the particle density in the far SOL reveal frequent occurrence of large-
amplitude bursts and relative fluctuation levels of order unity.21–60

The large-amplitude fluctuations, identified in the SOL of all tokamaks
and in all confinement regimes, are attributed to radial motion of
coherent structures through the SOL and toward the main chamber
wall. These structures are observed as magnetic-field-aligned filaments
of excess particles and heat as compared to the ambient plasma, com-
monly referred to as blobs.61–75 This leads to broad and flat far SOL
profiles and enhanced levels of plasma interactions with the main
chamber walls that may be an issue for the next generation magnetic
confinement experiments.

At the outboard mid-plane region, localized blob-like structures
get charge polarized due to vertical magnetic gradient and curvature
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drifts. The resulting electric field leads to radial motion of the filament
structures toward the main chamber wall. The strongly non-linear
advection results in an asymmetric shape with a steep front and a trail-
ing wake. Single-point measurements record the filaments as an asym-
metric, two-sided exponential pulse function.45–60 The radial filament
velocity depends on the blob size and amplitude as well as plasma
parameters and takes a wide range of values. This dependence has
been extensively explored theoretically and by numerical simulations
of isolated filament structures in various plasma parameter
regimes.76–95 Filament velocity scaling properties have also been inves-
tigated experimentally, showing correlations with other blob parame-
ters and plasma parameters.61–75 It follows that stochastic modeling of
the intermittent fluctuations in the SOL must necessarily include a dis-
tribution of filament velocities.

In previous experimental investigations based on second-long,
single-point measurement data time series, the fundamental statistical
properties of the plasma fluctuations in the far SOL have been identi-
fied.45–60 It has been demonstrated that the fluctuations can be
described as a superposition of uncorrelated, exponential pulses with
an exponential distribution of pulse amplitudes, referred to as a filtered
Poisson process.96–103 For such a stochastic process, the probability
density function is a Gamma distribution with the scale parameter
given by the average pulse amplitude and the shape parameter given
by the ratio of the average pulse duration and waiting times.96–103

Moreover, it follows that the auto-correlation function has an expo-
nential tail, and the frequency power spectral density has a Lorentzian
shape.101–103 Both the underlying assumptions of the model and its
predictions are found to be in excellent agreement with experimental
measurements.45–60

Recently, the statistical description of single-point measurements
was extended to describe the radial variation of the average SOL profile
due to the motion of blob-like filament structures with a random dis-
tribution of sizes and velocities.103–106 This reveals how the average
profile and its radial variation depend on the filament statistics. In par-
ticular, if all filaments have the same velocity, the radial e-folding
length is given by the product of the radial filament velocity and the
parallel transit time to the divertor targets. In this presentation, we
extended and complement this statistical analysis by a systematic study
of randomly distributed filament amplitudes, sizes and velocities, and
correlations between these quantities. The filaments are assumed to
move radially outward with fixed shape and amplitudes decaying
exponentially in time due to linear damping. The velocities are taken
to be time-independent but may be correlated with other filament
parameters. The combination of linear damping and a random distri-
bution of velocities is shown to significantly modify the average pro-
files as well as the fluctuations in the process. The results presented
here extend previous work by including predictions for higher-order
moments, in particular skewness and flatness profiles. Closed-form
analytical expressions are obtained in the case of a discrete uniform
distribution of pulse velocities.

This paper is the first in a sequence, presenting extensions of the
filtered Poisson process to describe the radial motion of pulses includ-
ing linear damping due to parallel drainage in the scrape-off layer.
This first paper defines the theoretical framework, gives a derivation of
all the general results for the case of time-independent pulse velocities,
and provides closed-form expressions for the relevant statistical aver-
ages in the case of a discrete uniform distribution of pulse velocities.

Follow-up papers will address various continuous distributions of
pulse velocities, cases where the pulse velocity depends on the pulse
amplitude, time-dependent pulse velocities, the correlation functions
and frequency and wave number spectra of the fluctuations, and
extensions to several spatial dimensions.

The organization of this paper is as follows. In Sec. II, we present
the stochastic model describing a superposition of pulses with a ran-
dom distribution of amplitudes, sizes, and velocities, in addition to
correlations among these variables. In Sec. III, we derive general
expressions for the cumulants and discuss how the combination of
radial motion and linear damping influences the statistical properties
of the fluctuations. In Sec. IV, we present closed-form expressions for
the radial profile of the lowest order statistical moments and probabil-
ity distributions for the case of a discrete uniform distribution of pulse
velocities. A discussion of the results in the context of blob-like fila-
ment structures at the boundary of magnetically confined plasmas is
presented in Sec. V, and the conclusions and an outlook are given in
Sec. VI. The paper is complemented by five Appendixes. In Appendix
A, general results are presented for the case of two-sided exponential
pulses. End effects in realizations of the process are considered in
Appendix B. Appendix C discusses limitations on the existence of
cumulants. Implications of a discrete uniform distribution of pulse
sizes are presented in Appendix D. Finally, the generalization to a
non-uniform discrete velocity distribution is given in Appendix E.

II. STOCHASTIC MODEL

In this section, the stochastic process is presented, describing a
superposition of uncorrelated pulses that do not interact with each
other. It is demonstrated that this is a generalization of a filtered
Poisson process with particularly transparent results obtained for an
exponential pulse function.

A. Superposition of pulses

Consider the evolution of an individual pulse /ðx; tÞ, which is
assumed to follow an advection equation on the form

@/
@t
þ v

@/
@x
þ /

sk
¼ 0; (1)

where v is the pulse velocity along the radial axis x. The last term on
the left-hand side describes linear damping with e-folding time sk,
which is assumed to be constant in time and independent of the pulse
parameters. The linear damping originates from the parallel drainage
of plasma along the magnetic field lines, hence the subscript k. The
pulse velocity v will in the following be assumed to be positive and
time-independent. As initial condition, we take that the pulse / is
assumed to arrive at the reference position x ¼ 0 at time t ¼ 0,

/ðx; 0Þ ¼ au
x
‘

� �
; (2)

where a and ‘ are the pulse amplitude and size, respectively. The non-
dimensional pulse function uðhÞ is taken to be the same for all events
and satisfies the normalization constraint,ð1

�1
dh juðhÞj ¼ 1: (3)
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For later reference, we define the integral of the nth power of the pulse
function as

In ¼
ð1
�1

dh uðhÞ½ �n: (4)

For a non-negative pulse function, it follows that I1 ¼ 1. Applying the
method of characteristics to the differential equation (1) leads to the
general solution

/ðx; tÞ ¼ AðtÞu x � vt
‘

� �
; (5)

where the pulse amplitude evolution is determined by

AðtÞ ¼ a exp � t
sk

� �
: (6)

Equation (5) determines the pulse evolution for given amplitude a,
size ‘, and velocity v. The pulse moves radially without change in
shape but with an amplitude that decays exponentially in time due to
the linear damping.

Consider now the stochastic processUKðx; tÞ given by a superpo-
sition of K uncorrelated and spatially localized pulses,

UKðx; tÞ ¼
XKðTÞ
k¼1

/kðx; t � skÞ;

¼
XKðTÞ
k¼1

ak exp � t � sk
sk

� �
u

x � vkðt � skÞ
‘k

� �
; (7)

where each pulse /ðx; tÞ satisfies Eq. (1). In the following, the sub-
script k on the random variables a, v, and ‘ will be suppressed when
possible for simplicity of notation. Each pulse is located at x ¼ 0 at the
arrival time s. All other pulse parameters are assumed to be indepen-
dent of the arrival times. The arrival times s are furthermore assumed
to be independent and uniformly distributed on an interval of dura-
tion T, that is, their probability distribution function is

PsðskÞ ¼
1=T; jtj � T=2;

0; jtj > T=2:

(
(8)

With these assumptions, the probability that there are exactly K pulse
arrivals at x ¼ 0 during any interval of duration T is given by the
Poisson distribution,

PKðK;TÞ ¼ 1
K!

T
sw

� �K

exp � T
sw

� �
; (9)

where sw is the average pulse waiting time at the reference position
x ¼ 0. The average number of pulses in realizations of duration T is

hKi ¼
X1
K¼0

KPKðK;TÞ ¼ T
sw
; (10)

where, here and in the following, angular brackets denote the ensemble
average of a random variable over all its arguments. From the Poisson
distribution, it follows that the waiting time between two subsequent
pulses is exponentially distributed. It is emphasized that all pulse
parameters and their correlations are specified at the reference position
x ¼ 0. In particular, the Poisson property of the process is defined for

this reference position but does not necessarily hold for other radial
positions. This will be discussed further in Sec. IIIC and Appendix B.

B. Exponential pulses

The exponential amplitude modulation due to linear damping in
Eq. (6) suggests that particularly simple expressions may be obtained
for a similar dependence in the pulse function. We, thus, consider the
case of a one-sided exponential pulse function,

uðhÞ ¼
exp ðhÞ; h � 0;

0; h > 0:

(
(11)

In Secs. III and VI, this one-sided exponential pulse function will be
used to demonstrate the fundamental properties of the process and to
calculate closed-form expressions for moments and distribution func-
tions. It should be noted that for exponential pulses, the integral
In ¼ 1=n. The generalization of the following results to two-sided
exponential pulses is discussed in Appendix A.

The relevant parameters of the process given by Eq. (2) for a one-
sided exponential pulse function are presented in Fig. 1. Here, the
radial variation of the pulse is shown for the time of arrival s at x ¼ 0
as well as one radial transit time ‘=v before and after this arrival time.
Due to linear damping, the amplitude decreases exponentially in time
as the pulse moves along the radial axis, indicated by the dotted line in
the figure.

At the reference position, x ¼ 0, the process is given by

UKð0; tÞ ¼
XKðTÞ
k¼1

ak exp � t � sk
sk

� �
u � vkðt � skÞ

‘k

� �
: (12)

For the exponential pulse function defined by Eq. (11), it is straightfor-
ward to show that this process can be written as

UKð0; tÞ ¼
XKðTÞ
k¼1

aku � t � sk
sk

� �
; (13)

where the pulse duration is the harmonic mean of the linear damping
time and the radial transit time ‘=v,

FIG. 1. Radial variation of a one-sided exponential pulse at the arrival time s and
one radial transit time ‘=v before and after the arrival at x ¼ 0. The dotted line
shows the radial variation of the pulse amplitude due to linear damping.
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s ¼
sk‘

vsk þ ‘
: (14)

The average pulse duration is denoted by sd ¼ hsi and is clearly influ-
enced by a distribution of pulse sizes and velocities. In the absence of
linear damping, the pulse duration is just the radial transit time, ‘=v.
Further discussions of the pulse duration are given in Sec. IIIA.

C. Filtered Poisson process

The process at the reference position x ¼ 0 describes a superpo-
sition of uncorrelated, exponential pulses given by Eq. (13). When all
pulses have the same duration sd, the process can be written as a con-
volution or filtering of the pulse function with a train of delta pulses,58

UKð0; tÞ ¼
ð1
�1

dh u
t
sd
� h

� �
FKðhÞ;

¼ ðu �FKÞ
t
sd

� �
; (15)

where the forcing is

FKðhÞ ¼
XKðTÞ
k¼1

akd h� sk
sd

� �
: (16)

This is, therefore, commonly referred to as a filtered Poisson process.
More generally, for the process given by Eq. (13) with a random distri-
bution of all pulse parameters, the ratio of the average pulse duration
and waiting times

c ¼ sd
sw

(17)

determines the degree of pulse overlap and is referred to as the inter-
mittency parameter of the process.96

In the case of an exponential pulse function and exponentially
distributed pulse amplitudes with mean value hai, which, for positive
a, is given by

haiPaðaÞ ¼ exp � a
hai

� �
; (18)

the raw amplitude moments are hani ¼ n!hain, and the stationary
probability density function for UKð0; tÞ is given by a Gamma distri-
bution with shape parameter c and scale parameter hai. For positive
U, this distribution can be written as96–103

haiPUðUÞ ¼
1

CðcÞ �
U
hai

� �c�1
exp � U

hai

� �
; (19)

with mean value hUi ¼ chai and variance U2
rms ¼ chai2. The inter-

mittency parameter c determines the shape of the distribution, result-
ing in a high relative fluctuation level as well as skewness and flatness
moments in the case of weak pulse overlap for small c. The Gamma
probability density function holds for any distribution of pulse dura-
tions but assumes that the pulse amplitudes and durations are
independent.100,102

III. MOMENTS OF THE PROCESS

In this section, we present derivations of the mean value, the
characteristic function, cumulants, and the lowest order statistical

moments for a sum of uncorrelated pulses given by Eq. (7). Particular
attention is devoted to mechanisms for radial variation of moments
and intermittency of the process.

A. Average radial profile

Let us first consider the average of the process UKðx; tÞ. The arrival
times s are taken to be independent of the other pulse parameters.
Thus, we first perform the average of each pulse over the arrival times,

h/ðx; t � sÞi ¼ 1
T

�ðT=2
�T=2

ds a exp � t � s
sk

� �
u

x � vðt � sÞ
‘

� ��
;

(20)

where the angular brackets denote an average over all amplitudes,
sizes, and velocities with the k subscript suppressed for simplicity of
notation. Neglecting end effects by taking the integration limits for s to
infinity and changing the integration variable to h ¼ ½x � vðt � sÞ�=‘
gives

h/iðxÞ ¼ 1
T

�
a‘
v
exp � x

vsk

� �ð1
�1

dh exp
h‘
vsk

 !
uðhÞ

�
: (21)

Given that the pulses are uncorrelated, the average of the conditional
process with exactly K pulses is given by hUKi ¼ Kh/ðx; t � sÞi.
Therefore, averaging over the number of pulses gives the general
result,

hUiðxÞ ¼
X1
K¼0
hUKiPKðK;TÞ

¼ 1
sw

�
a‘
v
exp � x

vsk

� �ð1
�1

dh exp
h‘
vsk

 !
uðhÞ

�
: (22)

In the absence of linear damping, the mean value does not depend on
the radial coordinate and is given by hUi ¼ ha‘I1=vi=sw for any joint
distribution between pulse amplitudes, sizes, and velocities.

In the case where all pulses have the same velocity, it follows that
the average radial profile is exponential with a length scale given by
the product of the radial velocity and the linear damping time,

hUiðxÞ ¼ 1
sw

�
a‘
v

ð1
�1

dh exp
h‘
vsk

 !
uðhÞ

�
exp � x

vsk

� �
: (23)

The exponential profile obviously follows from the combination of
radial motion and linear damping of the pulses. More generally, it is
clear from Eq. (22) that a random distribution of pulse velocities will
make the average radial profile non-exponential. This will be further
investigated in Sec. IV.

For the exponential pulse function defined by Eq. (11) and any
distribution of amplitudes, sizes, and velocities, we obtain the average
profile

hUiðxÞ ¼ 1
sw

�
as exp � x

vsk

� ��
; (24)

where the pulse duration s is given by Eq. (14). In the case of a degen-
erate distribution of the pulse velocities, the average radial profile is
exponential,103–105
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hUiðxÞ ¼ hasi
sw

exp � x
vsk

� �
: (25)

If, additionally, the pulse sizes are uncorrelated with the amplitudes,
the prefactor is given by haisd=sw with sd the average pulse duration.
Realizations of this process with an exponential amplitude distribution
and fixed pulse sizes and velocities are presented in Fig. 2. The pulses
cause large-amplitude fluctuations to the average radial profile, which
will now be quantified with cumulants and higher-order moments.

B. Cumulants and moments

The characteristic function for the random variable UK at the
radial position x is the Fourier transform of the probability density
function and is given by CUK ðu; xÞ ¼ h exp ðiuUKÞi. The characteristic
function for a sum of independent random variables is the product of
their individual characteristic functions. Since all pulses /ðx; t � sÞ are
by assumption independent, and each of the parameters a, ‘, and v is
identically distributed, the characteristic function for the process is
given by

CUK ðu; xÞ ¼
YK
k¼1

C/ðu; xÞ ¼ C/ðu; xÞ
� �K

; (26)

where we have defined the characteristic function for an individual
pulse as

C/ðu; xÞ ¼ h exp ðiu/Þi; (27)

with /kðx; t � sÞ, given by Eq. (5), and the average is to be taken over
arrival times s and the other randomly distributed pulse parameters.

The conditional probability distribution function of UK for fixed
K is

PUK ðUK jKÞ ¼
1
2p

ð1
�1

du exp ðiuUKÞ C/ðu; xÞ
� �K

: (28)

Using that K is Poisson distributed as defined by Eq. (9), we have

PUðUÞ ¼
X1
K¼0

PKðK;TÞPUK ðUK jKÞ;

¼ 1
2p

ð1
�1

du exp ðiuUÞ exp T
sw

C/ðu; xÞ � 1
� �� �

: (29)

The expression inside the last exponential function can be identified as
the logarithm of the characteristic function CUðu; xÞ, given by

lnCU ¼
T
sw
ðC/ � 1Þ ¼ 1

sw

�ðT=2
�T=2

ds exp ðiu/Þ � 1½ �
�
; (30)

where the averaging in the last expression is over all pulse amplitudes,
sizes, and velocities. Neglecting end effects by extending the integra-
tion limits over pulse arrivals s to infinity and expanding the exponen-
tial function, we can write

lnCU ¼
1
sw

*ð1
�1

ds
X1
n¼1

ðiu/Þn

n!

" #+
: (31)

The statistical moments are directly related to the cumulants jn, which
are defined as the coefficients in the expansion of the logarithm of the
characteristic function,

lnCU ¼
X1
n¼1

jnðiuÞn

n!
: (32)

A comparison with Eq. (31) gives the cumulants

jnðxÞ ¼
1
sw

�ð1
�1

ds /ðx; t � sÞ½ �n
�
: (33)

Following a similar procedure as for calculating the average radial pro-
file, we obtain the general expression for the cumulants,

jnðxÞ ¼
1
sw

*
an‘
v

exp � nx
vsk

� �ð1
�1

dh exp
nh‘
vsk

 !
uðhÞ½ �n

+
: (34)

In the case of a degenerate distribution of pulse velocities, the cumu-
lants decrease exponentially with radius. The exponential profile is
clearly modified by a distribution of pulse velocities.

From the cumulants, the lowest order moments of U are readily
obtained. A formal power series expansion shows that the characteris-
tic function CUðu; xÞ ¼ h exp ðiuUÞi is related to the raw moments
hUni,

CUðu; xÞ ¼ 1þ
X1
n¼1
hUin ðiuÞ

n

n!
: (35)

The first order cumulant is just the mean value, j1 ¼ hUi, while the
second order cumulant is the variance of the process,
j2 ¼ U2

rms ¼ hðU� hUiÞ
2i, with

U2
rms ¼

1
sw

*
a2‘
v

exp � 2x
vsk

� �ð1
�1

dh exp
2h‘
vsk

 !
uðhÞ½ �2

+
: (36)

The lowest order centered moments ln ¼ hðU� hUiÞni are related
to the cumulants by the relations l2 ¼ j2, l3 ¼ j3, and l4 ¼ j4

þ 3j2
2. The skewness and flatness moments are defined by

FIG. 2. Superposition of one-sided exponential pulses with an exponential ampli-
tude distribution and a degenerate distribution of pulse sizes and velocities. The lin-
ear damping is given by vsk=‘ ¼ 10 and the intermittency parameter by
vsw=‘ ¼ 1. Different colors represent various realizations of the process, and the
dashed line is the predicted exponential radial profile given by Eq. (25).
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SU ¼
hðU� hUiÞ3i

U3
rms

¼ j3

j3=2
2

; (37)

FU ¼
hðU� hUiÞ4i

U4
rms

� 3 ¼ j4

j2
2
: (38)

In the following, we will occasionally use a scaled variable defined by

~Uðx; tÞ ¼ Uðx; tÞ � hUiðxÞ
UrmsðxÞ

; (39)

normalized such as to have zero mean and unit standard deviation at
all radial positions.

In the absence of linear damping, the cumulants and moments do
not depend on the radial coordinate and are given by jn ¼ han‘In=vi=
sw. For an exponential pulse function, for which In ¼ 1=n, with expo-
nentially distributed amplitudes that are independent of the pulse dura-
tion s ¼ ‘=v, for which hani ¼ n!hai, the cumulants simplify to
jn ¼ ðn� 1Þ!chain, where c ¼ sd=sw and sd is the average pulse
duration. This is nothing but the cumulants of a Gamma distribution
with scale parameter hai and shape parameter c, which is the case dis-
cussed in Sec. II C.

In the case of a degenerate distribution of pulse velocities, the var-
iance is given by

U2
rms ¼

1
sw

*
a2‘
v

ð1
�1

dh exp
2h‘
vsk

 !
uðhÞ½ �2

+
exp � 2x

vsk

� �
: (40)

It follows that the relative fluctuation level and the skewness and flat-
ness moments do not depend on the radial coordinate. As will be seen
in Sec. IV, this is not the case for a broad distribution of pulse
velocities.

For an exponential pulse function, the general expression for the
cumulants given by Eq. (34) simplifies significantly since the exponen-
tial function due to linear damping combines with the pulse function,

jnðxÞ ¼
1

nsw

�
ans exp � nx

vsk

� ��
; (41)

where the pulse duration s is given by Eq. (14). The factor 1=n comes
from the integration of the nth power of the exponential pulse func-
tion. In the case of a degenerate distribution of pulse velocities and
amplitudes that are uncorrelated with the pulse durations, the cumu-
lants simplify to

jnðxÞ ¼
sd
sw

hani
n

exp � nx
vsk

� �
; (42)

where sd is the pulse duration averaged over the distribution of pulse
sizes. It follows that the cumulants and the raw moments decrease
exponentially with radius. In particular, the variance is given by

U2
rmsðxÞ ¼

sd
sw

ha2i
2

exp � 2x
vsk

� �
: (43)

However, the relative fluctuation level Urms=hUi and the skewness and
flatness moments are all constant as function of radius. Additionally,
assuming exponentially distributed pulse amplitudes as given by Eq.
(18), the cumulants are given by

jnðxÞ ¼
sd
sw

n!

n
hai exp � x

vsk

� �� 	
n; (44)

which are the cumulants of a Gamma distribution with scale parame-
ter hai exp ð�x=vskÞ and shape parameter sd=sw. The relative fluctua-
tion level and the skewness and flatness moments then become

Urms

hUi ¼
sw
sd

� �1=2

; (45)

SU ¼ 2
sw
sd

� �1=2

; (46)

FU ¼ 6sw
sd

: (47)

The probability density function for U is the Gamma distribution
given by Eq. (19) with the average radial profile given by
hUiðxÞ ¼ chai exp ð�x=vskÞ. Thus, in the case of a degenerate distri-
bution of pulse velocities, the shape parameter is fixed, but the scale
parameter for the distribution decreases exponentially with radius. As
will be discussed in Sec. IIIC, in general, no closed-form expression of
the probability distribution function can be obtained in the case of a
random distribution of pulse velocities. One notable exception is the
case of a discrete uniform distribution of pulse velocities, which will be
considered in Sec. IV.

C. Filtered Poisson process

A pulse moving with constant velocity v will arrive at a radial
position n at time sn, given by

sn ¼ sþ n
v
: (48)

The arrivals s at x ¼ 0 are assumed to be uniformly distributed on the
interval ½�T=2;T=2�, as described by Eq. (8). In the case of a random
distribution of pulse velocities v, the arrivals sn at position n are given
by a sum of two random variables, and therefore, the distribution of
these arrivals is given by the convolution

PsnðsÞ ¼
ð1
�1

dr Pn=vðrÞPsðs� rÞ ¼ 1
T

ðT=2þs
�T=2þs

dr Pn=vðrÞ; (49)

where Pn=v is the distribution of the radial transit times r ¼ n=v. It fol-
lows that the pulse arrivals at radial position n are, in general, not uni-
formly distributed. A distribution of pulse velocities leads to end
effects that influence the arrival time distribution. This is solely an
effect of the radial motion and is independent of the linear damping.

In order to determine the arrival time distribution, consider the
case of a velocity distribution PvðvÞ that is bounded by a minimum
velocity vmin and a maximum velocity vmax, which results in a maxi-
mum transit time rmax ¼ n=vmin and a minimum transit time
rmin ¼ n=vmax, respectively. The probability distribution Pn=vðrÞ then
vanishes for r < rmin as well as for r > rmax, and the integral in Eq.
(49) can be rewritten as

PsnðsÞ ¼
1
T

ðminðT=2þs;rmaxÞ

maxð�T=2þs;rminÞ
dr Pn=vðrÞ: (50)

Thus, for arrival times sn such that �T=2þ rmax � s � T=2þ rmin,
we obtain
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PsnðtÞ ¼
1
T

ðrmax

rmin

dr Pn=vðrÞ ¼
1
T
: (51)

That is, a broad velocity distribution leading to transit times in the
interval ½rmin; rmax� will result in a distribution of arrival times sn at the
radial position n that is uniform on the interval ½�T=2þ rmax;T=2
þ rmin� and, therefore, constitute a Poisson point process. Note that
this assumes T > rmax � rmin. In the case of a degenerate distribution
of pulse velocities, rmax ¼ rmin ¼ n=v, and the pulse arrivals at n con-
stitute a Poisson process on the translated interval ½�T=2þ n=v;
T=2þ n=v�. For a sufficiently long realization of the process,
T � rmax � rmin, end effects can be neglected and the process follows
Poisson statistics in the radial domain of interest. Further discussions
of end effects and the rate of the process are given in Appendix B.

As discussed earlier, a pulse / will arrive at position n at time
sn ¼ sþ n=v. The superposition of pulses at this position can, thus, be
written as

UKðn; tÞ ¼
XKðTÞ
k¼1

ank exp � t � snk
sk

� �
u � vkðt � snkÞ

‘k

� �
; (52)

where the pulse amplitudes are given by

an ¼ a0 exp � n
vsk

 !
; (53)

with a0 being the pulse amplitudes specified at the reference position
n ¼ 0. Due to the linear damping and time-independent velocities, the
pulse amplitudes decrease exponentially with increasing radial position
n. When the pulse velocities are randomly distributed, the distribution
of pulse amplitudes an at n 6¼ 0 will be different from the ones speci-
fied at the reference position. In particular, the amplitude of slow fila-
ments will decrease substantially with radial position, and the process
will be dominated by the fast pulses for large n since these have shorter
radial transit times. As will be discussed later, this correlation between
pulse amplitudes and velocities influences the intermittency of the
process.

Assuming an exponential pulse function as described by Eq. (11),
the exponential amplitude variation can be combined with the pulse
function, and at the radial position n, the process can be written as

UKðn; tÞ ¼
XKðTÞ
k¼1

anku � t � snk
sk

� �
; (54)

where the pulse duration s is given by Eq. (14). As discussed in Sec.
IIIC, the pulse arrivals sn follow a Poisson process when end effects
are neglected. The process described by Eq. (54) is, therefore, a filtered
Poisson process generalized to the case of a random distribution of
pulse durations. Moreover, this describes how the pulse amplitudes
and durations become modified and correlated by a distribution of
pulse velocities. Pulses with high (low) velocity will have larger
(smaller) amplitudes an and shorter (longer) duration times s. A dis-
tribution of pulse velocities, therefore, leads to an anti-correlation
between amplitudes and durations. The modification of the amplitude
distribution and their correlation with pulse durations will be further
discussed in Sec. IVB for a discrete uniform distribution of pulse
velocities.

IV. DISCRETE UNIFORM VELOCITY DISTRIBUTION

The analytical results presented in Sec. III show that a distribu-
tion of pulse velocities significantly influences both the moments and
correlation properties of the stochastic process. Here, this will be inves-
tigated in detail for the special case of a discrete uniform distribution
of pulse velocities, allowing them to take two different values with
equal probability,

PvðvÞ ¼
1
2

dðv � vminÞ þ dðv � vmaxÞ½ �: (55)

The minimum and maximum velocities are given by vmin ¼ ð1
�wÞhvi and vmax ¼ ð1þ wÞhvi, respectively, hvi ¼ ðvmin þ vmaxÞ=2
is the average velocity, and w in the range 0 < w < 1 is the width
parameter of the distribution. The limit w! 0 corresponds to the
case of a degenerate distribution of pulse velocities. The discrete uni-
form distribution is presented in Fig. 4(a) for various values of the
width parameter w. In the following, we present the lowest order sta-
tistical moments and probability distributions and describe how the
statistical properties of the process changes with radial position. These
theoretical predictions have recently been confirmed by numerical
realizations of the process.106

Throughout this section, all pulses are assumed to have the same
size ‘, and we consider for simplicity one-sided exponential pulses
with an exponential amplitude distribution at the reference position
x ¼ 0 with mean amplitude ha0i. As will be seen, closed-form expres-
sions can be derived for all relevant statistical averages and distribu-
tions, allowing to analyze and to describe all aspects of the process.
The process with a random distribution of pulse velocities will be com-
pared to the standard case with a degenerate distribution of velocities,
where all pulses have the same velocity hvi. The pulse duration is then
given by

s� ¼
sk‘

hvisk þ ‘
; (56)

and the process is Gamma distributed with shape parameter

c� ¼
s�
sw
: (57)

Recall that in this standard case, the average radial profile is exponen-
tial, hUiðxÞ ¼ c�ha0i exp ð�x=hviskÞ, while higher-order normalized
moments are radially constant. In particular, the relative fluctuation
level is Urms=hUi ¼ 1=c1=2� , the skewness is SU ¼ 2=c1=2� , and the flat-
ness is FU ¼ 6=c�.

A. Radial profiles

The cumulants for the discrete uniform velocity distribution are
obtained from Eq. (41) by straightforward integration,

jnðxÞ ¼
han0i
2nsw

sðvminÞ exp � nx
vminsk

� �
þ sðvmaxÞ exp � nx

vmaxsk

� �� 	
;

(58)

where a0 is the pulse amplitude at the reference position x ¼ 0, and
we have used the notation of a velocity-dependent pulse duration,

sðvÞ ¼
sk‘

vsk þ ‘
: (59)
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The discrete uniform velocity distribution translates into a discrete
uniform distribution of pulse durations,

PsðsÞ ¼
1
2

dðs� sðvminÞÞ þ dðs� sðvmaxÞÞ½ �: (60)

The average pulse duration is given by integration over the discrete
distribution,

sd ¼
1
2

sk‘

vmin sk þ ‘
þ

sk‘

vmaxsk þ ‘

 !
: (61)

At the reference position x ¼ 0, the cumulants are given by
jnð0Þ ¼ sdhan0i=nsw, showing that sd=sw determines the degree of
pulse overlap and intermittency at this position. Through sd, the
degree of pulse overlap depends on the width of the velocity distribu-
tion. The normalized pulse duration sd=s� is presented in Fig. 3 as a
function of the width parameter w for hvisk=‘ ¼ 10. For a fixed aver-
age velocity, the average pulse duration increases significantly with the
width parameter of the velocity distribution. In fact, in the absence of
linear damping, the average pulse duration diverges in the limit
w! 1. This is due to the cumulative contribution of nearly stagnant
pulses. More generally, the width of the velocity distribution is impor-
tant for determining the average pulse duration, and therefore, all
cumulants are at the reference position.

The width of the velocity distribution also influences the radial
variation of the cumulants. In the limit w! 0, the velocity distribu-
tion tends to a degenerate distribution, giving the familiar exponential
profile with scale length hvisk. For w > 0, the shorter e-folding length
of the first term in Eq. (58) makes this term dominant for negative x,
while the longer e-folding length of the second term makes this domi-
nant for positive x. The cumulants given by Eq. (58) show that there is
a breakpoint x• between the two exponential functions whose radial
location is given by their equal contribution. This depends on the
strength of the linear damping and the width of the velocity
distribution,

x•
‘
¼
hvisk
n‘

1� w2

2w
ln

1þ ð1þ wÞhvisk=‘
1þ ð1� wÞhvisk=‘

 !
: (62)

It is to be noted that the break point is located at positive values of x
and decreases with the order of the cumulant. In the limit w! 1, the
breakpoint approaches the origin. Moreover, the radial location of the
breakpoint increases with the normalized linear damping time
hvisk=‘. Indeed, as discussed previously, in the absence of linear
damping, these profiles are radially constant, and there is no break
point.

In general, the statistical properties of the process for negative x
are dominated by the slow pulses due to their long radial transit times,
and therefore excessively large upstream amplitudes, as described by
Eq. (53). The process for a large negative position n=‘ is effectively a
filtered Poisson process given by only the slow pulses,

UKminðn; tÞ ¼
XKmin

k0¼1
ank0u � t � snk0

sðvminÞ

� �
; (63)

with the amplitudes given by an ¼ a0 exp ð�n=vminskÞ and the pulse
arrivals sn ¼ sþ n=vmin. This process is Gamma distributed with
shape parameter given by sðvminÞ=2sw. Similarly, the statistical prop-
erties of the process for large positive x are dominated by the fast
pulses since the slow pulses are depleted by the linear damping.
Indeed, for a sufficiently large radial position n=‘, the process is deter-
mined solely by the fast pulses, giving rise to another filtered Poisson
process, which is given by

UKmaxðn; tÞ ¼
XKmax

k00¼1
ank00u � t � snk00

sðvmaxÞ

� �
; (64)

with the amplitudes given by an ¼ a0 exp ð�n=vmaxskÞ and the pulse
arrivals sn ¼ sþ n=vmax. This process is Gamma distributed with
shape parameter sðvmaxÞ=2sw. The dependence of the average pulse
duration on the width of the velocity distribution for these two sub-
processes is also presented in Fig. 3, showing how the degree of inter-
mittency varies from far upstream to far downstream of the reference
position.

From Eq. (58), it follows that the average radial profile is the sum
of two exponential functions,

hUiðxÞ ¼ ha0i
2sw

sðvminÞ exp � x
vminsk

� �
þ sðvmaxÞ exp � x

vmaxsk

� �� 	
:

(65)

At the reference position, this gives hUið0Þ ¼ sdha0i=sw, as expected.
The radial profile of the average value hUi, its normalized inverse
e-folding length, the relative fluctuation level, and the skewness and
flatness moments are presented in Fig. 4 for hvisk=‘ ¼ 10 and three
different values of the width parameter w. All radial profiles are nor-
malized to their value at the reference position x ¼ 0 for the standard
case of a degenerate distribution of pulse velocities corresponding to
w ¼ 0. The breakpoints for the cumulants given by Eq. (62) are indi-
cated by filled circles in Fig. 4. For small values of w, the average profile
is nearly exponential and close to that of the reference case, in which
all pulses have the same velocity. As expected, the relative fluctuation
level, skewness, and flatness have weak variation with radial position
for small w. For a wide separation of pulse velocities, the average pro-
file is steep for small x and has a much longer scale length for large x,
where it is dominated by the fast pulses. Associated with this variation
for the average profile is a reduced relative fluctuation level as well as

FIG. 3. Normalized pulse duration sðvÞ for a discrete uniform distribution of pulse
velocities as function of the width parameter w for hvisk=‘ ¼ 10.
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skewness and flatness moments for small x, while these quantities
increase radially outward until they saturate at the values associated
with the process dominated by the fast pulses, given by the UKmax pro-
cess defined earlier and indicated by the dashed lines in Fig. 4 for the
case w ¼ 3=4. These profiles demonstrate how a distribution of pulse
velocities influences the lowest order moments of the process. In par-
ticular, both the relative fluctuation level and the skewness and flatness
moments may increase significantly above the levels for a degenerate
distribution of pulse velocities.

B. Probability distributions

A non-degenerate velocity distribution will change the amplitude
distribution at various radial positions as described by Eq. (53). For
the discrete uniform velocity distribution, the radial profile of the aver-
age amplitude is given by a sum of two exponential functions,

haiðxÞ ¼ ha0i
2

exp � x
vminsk

� �
þ exp � x

vmax sk

� �� 	
: (66)

This is presented in Fig. 5 for hvisk=‘ ¼ 10 and three different values
of the width parameter w. For a narrow velocity distribution, the aver-
age amplitude decreases nearly exponentially with radial position with
scale length hvisk, similar to the standard case where all pulses have
the same velocity. For a wide separation of pulse velocities, the average
amplitude decreases sharply with radius for small x, while for large x,
the profile is exponential and dominated by the fast pulses with scale
length vmaxsk. This is demonstrated by the dashed line in Fig. 5, which
corresponds to the second term inside the square brackets in Eq. (66).

The probability density function for the pulse amplitudes can be
obtained when these are independent of the velocities by using the
joint distribution function for the two random variables. The condi-
tional distribution function for the amplitudes at position x given the
pulse velocity v is PajvðajvÞ. Since the pulse amplitudes at x ¼ 0 are
exponentially distributed and change with radial position according to

Eq. (53), PajvðajvÞ is an exponential distribution with mean value
hai exp ð�x=vskÞ. Since the pulse velocities vmin and vmax have equal
probability 1=2, it follows that the probability density function for the
pulse amplitudes a at position x with the appropriate normalization is
given by

Paða; xÞ ¼ 1
2amin

exp � a
amin

� �
þ 1
2amax

exp � a
amax

� �
; (67)

where we have defined the radial amplitude profile for the fast and
slow pulses, respectively, by

aminðxÞ ¼ ha0i exp � x
vminsk

� �
; (68)

amaxðxÞ ¼ ha0i exp � x
vmaxsk

� �
: (69)

FIG. 5. Average pulse amplitude as function of radial position for a discrete uniform
distribution of pulse velocities with hvisk=‘ ¼ 10 and different values of the width
parameter w. The dashed line corresponds to the second term in Eq. (66).

FIG. 4. Discrete uniform velocity distribution (a) and corresponding radial profiles of the average value (b), inverse profile e-folding length (c), relative fluctuation level (d), skew-
ness (e), and flatness (f) for hvisk=‘ ¼ 10 and various widths w of the velocity distribution. All profiles are normalized to their value at the reference position x ¼ 0 for the
base case with a degenerate distribution of pulse velocities for which the intermittency parameter is c� ¼ sðhviÞ=sw. The dashed lines show the asymptotic profiles for large
x=‘ corresponding to the process with only the fast pulses.
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The amplitude distribution is presented in Fig. 6 at various radial posi-
tions for the parameters hvisk=‘ ¼ 10 and w ¼ 1=2. The distribution
is exponential at x ¼ 0, while for large x, the distribution has a clear
bi-exponential behavior with a much higher probability for small
amplitudes associated with the slow pulses. The dashed line in Fig. 6 is
the amplitude distribution for the fast pulses, given by the second term
in Eq. (67), showing that the tail distribution is due to the fast pulses.

As discussed earlier, the process UKðx; tÞ for a discrete uniform
distribution of pulse velocities can be considered as a sum of the two
sub-processes UKmin and UKmax , each with a degenerate distribution of
pulse velocities with values vmin and vmax, respectively. Accordingly,
the probability density function for the summed process is the convo-
lution of the probability distribution of the two sub-processes. Each of
these two filtered Poisson processes is Gamma distributed with scale
parameter given by the average amplitude ha0i exp ð�x=vskÞ and
shape parameter given by sðvÞ=2sw for the two pulse velocities vmin

and vmax, where the pulse duration sðvÞ is defined by Eq. (59). The
shape and radial variation of the probability density function PU will
depend on the degree of pulse overlap described by c�, the normalized
linear damping time hvisk=‘, and the width parameter w for the veloc-
ity distribution. At x ¼ 0, the distributions of the two sub-processes
have the same scale parameter ha0i, which implies that the probability
density function for the summed process is itself a Gamma
distribution,

ha0iPUðU; x ¼ 0Þ ¼ 1
Cðc0Þ

U
ha0i

� �c0�1
exp � U

ha0i

� �
; (70)

with shape parameter c0 ¼ sd=sw. On the other hand, for sufficiently
large x, the amplitudes of the slow pulses will be depleted due to the
linear damping, and the process is entirely dominated by the fast
pulses, described by Eq. (64). In this case, the probability density func-
tion for the process will be another Gamma distribution with scale
parameter ha0i exp ð�x=vmaxskÞ and shape parameter sðvmaxÞ=2sw.
For intermediate radial positions, the probability density function is a
convolution of two Gamma distributions.

The probability density function P~U for the normalized variable
is presented in Fig. 7 for various radial positions and the parameters

c� ¼ 20=11, hvisk=‘ ¼ 10, and w ¼ 3=4. At x ¼ 0, the distribution is
unimodal with skewness and flatness moments SU ¼ 2=c1=20 � 1:5
and FU ¼ 6=c0 � 3:3, respectively, with c0 ¼ 20ð1=7þ 1=37Þ � 3:4.
Radially outward the distribution function becomes strongly skewed
and has an exponential tail toward large fluctuation amplitudes. This
change in the shape of the probability density function is, of course,
fully consistent with the radial profile of the lowest order statistical
moments presented in Fig. 4. This demonstrates that a distribution of
pulse velocities can lead to significant changes in the probability den-
sity function and an increase in the relative fluctuation level and inter-
mittency with radial position. The latter is further emphasized by
Fig. 3, indicating how the intermittency parameter c0 for the process
UK at x ¼ 0 and for the asymptotic process for large x varies with the
width parameter of the velocity distribution.

For the simple case of a discrete uniform distribution of pulse
velocities, the process can readily be interpreted in terms of two sub-
processes UKmin and UKmax corresponding to the two possible velocities
as described earlier. However, as discussed in Sec. IIIC, a distribution of
pulse velocities gives rise to a change in the amplitude distribution and a
correlation between pulse amplitudes and durations, which influences
the intermittency of the process. Figure 8 shows the radial variation of
the linear correlation between pulse amplitudes and durations,
hasi=haisd, for hvisk=‘ ¼ 10 and different values of the width parame-
ter w. As is clear from Eqs. (53) and (59), an increasing pulse velocity
gives large amplitude and shorter duration, resulting in a significant
anti-correlation between these quantities. The quantity presented in Fig.
8 can also be interpreted as an effective pulse duration that is weighted
with the pulse amplitude. At large radial positions, the process is domi-
nated by the fast pulses, resulting in an effective pulse duration given by
sðvmaxÞ, which obviously increases the intermittency of the process.

The radial variation of intermittency in the process is due to the
change in amplitude distribution with radius, as described by Eq. (67)
and shown in Fig. 6, as well as the linear correlation between pulse
amplitudes and durations. In order to separate these, consider the
modified filtered Poisson process

WKðn; tÞ ¼
XKðTÞ
k¼1

anku � t � snk
sk

� �
; (71)

FIG. 6. Probability density function of the pulse amplitudes for a discrete uniform
distribution of pulse velocities with width parameter w ¼ 1=2 at various radial posi-
tions in the case hvisk=‘ ¼ 10. The dashed line is the amplitude distribution for
the fast pulses.

FIG. 7. Probability density function at various radial positions for intermittency
parameter c� ¼ 20=11, width parameter w ¼ 3=4, and normalized linear damping
time hvisk=‘ ¼ 10. The dashed line is the distribution for the fast pulses.
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where the arrival times are given by Eq. (48), the pulse durations are
distributed according to Eq. (60) with the mean value given by Eq.
(61), and the amplitudes are distributed according to Eq. (67). This
process, thus, has the same marginal distributions of pulse amplitudes
and durations as the original process UK but with the correlation
between amplitudes and durations artificially removed. It is straight-
forward to calculate the cumulants and the radial profile of the lowest
order statistical moments of this modified process. Figure 9 shows the
radial variation of the lowest order statistical moments for the two pro-
cesses UK and WK for width parameter w ¼ 3=4 and normalized lin-
ear damping time hvisk=‘ ¼ 10. For large x=‘, the original process
UK has a significantly higher relative fluctuation level as well as skew-
ness and flatness moments than the process WK where the correlations
have been removed. This is due to the fact that a wide separation of
pulse velocities influences both the pulse amplitudes and durations,
and the fast pulses with large amplitudes and short durations domi-
nate the process far downstream.

V. DISCUSSION

The statistical properties of a stochastic process given by a super-
position of uncorrelated pulses with a random distribution of ampli-
tudes, sizes, and velocities have been described. The pulses are
assumed to move radially with time-independent velocities and are

subject to linear damping, resulting in pulse amplitudes decaying
exponentially in time. General results for the cumulants and lowest
order moments of the process have been obtained. When end effects
are neglected in realizations of the process and the velocities are time-
independent, the rate of pulses remains the same at all radial positions.

In the absence of linear damping, the process is both temporally
and spatially homogeneous. Expressions for the cumulants and
moments are readily obtained in terms of integrals over the probability
distributions. In particular, the cumulants are given by han‘In=vi=sw.
For an exponential pulse function and exponentially distributed pulse
amplitudes independent of the pulse sizes and velocities, the probabil-
ity density function is a Gamma distribution with scale parameter hai
and shape parameter c ¼ sd=sw, where sd and sw are the average
pulse duration and waiting times, respectively. Any correlation
between pulse amplitudes and duration times will modify this proba-
bility density function, as discussed in Sec. IIIC.

The presence of linear damping drastically modifies the statistical
properties of the process, leading to an exponential decay of the pulse
amplitudes and therefore radial variation of all statistical averages of
the process. In the simple case that all pulses have the same size and
velocity, the process results in an exponential radial profile of the
cumulants and the lowest order moments with a characteristic scale
length given by the product of the pulse velocity and linear damping
time, as described by Eq. (34). A broad distribution of pulse velocities
leads to non-exponential profiles and a change in the pulse amplitude
statistics and their correlation with pulse durations. Low-velocity
pulses will undergo significant amplitude decay during their radial
motion, resulting in a strongly peaked downstream amplitude distri-
bution. Moreover, there is an anti-correlation between pulse ampli-
tudes and durations, and both these mechanisms give rise to increased
intermittency of the process.

The special case of exponential pulses allows to combine the
effects of linear damping with the pulse function, providing closed-
form expression for many of the statistical averages of the process.
When all pulses have the same size and velocity, this is a standard fil-
tered Poisson process at any given radial position with mean pulse
amplitude given by hai exp ð�x=vskÞ and pulse duration given by the
harmonic mean of the linear damping and radial transit times, as
described by Eq. (14) for one-sided pulses and Eq. (A4) for two-sided
pulses. The probability density function is again a Gamma distribution
but with the scale parameter decreasing exponentially with radial
position.

FIG. 8. Effective pulse duration as a function of the radial position for hvisk=‘
¼ 10 and different values of the width parameter w. The dotted lines are the pulse
durations sðvmaxÞ=sd for the fast pulses.

FIG. 9. Radial profiles of (a) the average value, (b) relative fluctuation level, and (c) skewness and flatness moments for w ¼ 3=4 and hvisk=‘ ¼ 10. All profiles are normal-
ized to their value at the reference position x ¼ 0 for the standard case with a degenerate distribution of pulse velocities for which the intermittency parameter is
c� ¼ sðhviÞ=sw. Full lines are for the original process UK and broken lines for the modified process WK , where the correlation between pulse amplitudes and durations has
been removed.
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The implications of a random distribution of pulse velocities are
most clearly exemplified by a discrete uniform distribution, allowing
the pulse velocities to take two different values with equal probability.
Closed-form expressions have here been derived for all relevant fluctu-
ation statistics. This results in a bi-exponential function for the cumu-
lants and radial profiles, which are dominated by the slow pulses for
negative x and by the fast pulses for positive x. This describes features
similar to that typically found in experimental measurements in the
scrape-off layer of magnetically confined plasmas, namely, a steep near
scrape-off layer profile and a flatter far scrape-off layer, as well as a
radial increase in the relative fluctuation level and skewness and flat-
ness moments. Accordingly, the probability density function changes
shape from a near-normal distribution at the reference position and a
strongly skewed Gamma distribution in the far scrape-off layer.

The stochastic model presented here does not describe the forma-
tion mechanism for blob structures, only the average radial profile and
its fluctuations based on radial motion and linear damping of such
structures. In magnetically confined plasmas, the blob structures are
generally considered to be formed close to the magnetic separatrix.
Once they are formed, the blob structures will accelerate and move
radially outward. It should be noted that the case with a wide discrete
uniform velocity distribution does, indeed, describe a steeper near
scrape-off layer profile in the region that is dominated by the slow
pulses. This resembles the properties of the blob formation region.
However, the far scrape-off layer is dominated by the fast pulses,
resulting in large-amplitude fluctuations. Additionally, the blob forma-
tion process determines the rate of pulses, defined by the average wait-
ing time sw. This is an input parameter for the stochastic model, and
its value must be determined by a first-principles based approach.

Characteristic scrape-off layer plasma parameters in medium-
sized tokamaks are electron and ion temperatures Te ¼ Ti ¼ 25 eV
and a magnetic connection length from the outboard mid-plane to
divertor targets of 10 m. For a typical blob size of ‘ ¼ 1 cm and radial
velocity v ¼ 500 m=s, this gives the normalized linear damping rate
skv=‘ ¼ 0:1, a pulse duration of approximately sd ¼ 20ls, and a pro-
file scale length for a degenerate distribution of pulse velocities of
vsk ¼ 10 cm. This justifies the dominant radial transport parameter
used in the analysis presented here and demonstrates that this model
is capable to describe strongly flattened far scrape-off layer particle
density profiles.

Plasma blobs are three-dimensional, magnetic field-aligned struc-
tures, which have peak amplitudes at the outboard mid-plane region
due to unfavorable curvature in toroidal geometry. The filament tem-
perature and initial extension along the magnetic field may change
from one event to another. This motivates the introduction of a ran-
dom distribution of the linear damping time sk. The expressions
derived for the cumulants in Eqs. (34) and (41) remain valid as far as
the statistical average is taken also over the distribution of damping
times. The effect of a distribution of sk on the statistical properties of
the process is effectively the same as that of the pulse velocity v, since
it determines the e-folding length vsk of the cumulants. Thus, a sto-
chastic process with a degenerate velocity distribution but a random
distribution of damping times will be very similar to the process dis-
cussed earlier. A positive correlation between pulse velocities and lin-
ear damping will further enhance the effect of fast pulses since the
profile e-folding length vsk will be larger for those: fast pulses with
long damping times will reach the far scrape-off layer without

significant amplitude reduction. By contrast, slow pulses with short
damping times will have substantial amplitude reduction and contrib-
ute little to the far scrape-off layer profile and its fluctuations. Thus,
the far scrape-off layer will be highly intermittent and dominated by
the fast pulses.

VI. CONCLUSIONS AND OUTLOOK

Broad and flat time-average radial profiles of particle density and
temperature in the scrape-off layer of magnetically confined plasmas
are generally attributed to the radial motion of blob-like filament
structures. Simple theoretical descriptions and transport code model-
ing describe this by means of effective diffusion and convection veloci-
ties, neglecting the intermittent and large-amplitude fluctuations of
the plasma parameters in the boundary region.1 Recently, some first
attempts at describing both the fluctuations and the time-average
radial profiles have been presented.103–105 These are based on a sto-
chastic model describing the fluctuations as a superposition of uncor-
related pulses with a random distribution of amplitudes, sizes, and
velocities.96–103

In this contribution, we have presented the theoretical foundation
for a stochastic modeling of blob-like structures in the scrape-off layer,
moving radially with a time-independent velocity but subject to linear
damping due to drainage along magnetic field lines. General expres-
sions have been derived for the cumulants and lowest order moments
for the process in the case of a general distribution of pulse amplitudes,
sizes, and velocities as well as correlations between these. Closed-form
expressions for an exponential pulse function provide particularly
insightful results, clearly demonstrating how a distribution of pulse
parameters influences the statistical properties of the process. Even for
the simple case of a discrete uniform pulse velocity distribution, many
salient features of experimental measurements are recovered by the
model, including distinction between near and far scrape-off layer
regions, a broad and flat far scrape-off layer profile, radial increase in
the relative fluctuation level, and strongly intermittent far scrape-off
layer plasma fluctuations.

The stochastic model promises to be a highly valuable framework
for analyzing and describing experimental measurements. In particu-
lar, imaging data can be used to estimate blob sizes, velocities, and
amplitudes and correlations between these. Moreover, the model can
also be applied to data from first-principles based turbulence simula-
tions of the boundary region in order to describe and understand the
relation between blob statistics and resulting time-averaged profiles.
Furthermore, the model can be used to validate model simulations
against experimental measurement data. In future work, the model
presented here will be extended to describe various continuous velocity
distributions as well as time-varying pulse velocities. In particular,
cases where the pulse velocity is given by the instantaneous pulse
amplitude will be considered, with specific scaling relationships pre-
dicted by theory for isolated plasma filaments.76–95
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APPENDIX A: TWO-SIDED EXPONENTIAL PULSES

The case of one-sided exponential pulses can readily be gener-
alized to the case of a continuous, two-sided pulse function,

uðh; rÞ ¼
exp

h
1� r

� �
; h � 0;

exp � h
r

� �
; h > 0;

8>>>><
>>>>:

(A1)

where the spatial pulse asymmetry parameter r is in the range
0 < r < 1. For r ¼ 1=2, the pulse function is symmetric, as shown
in Fig. 10. It is clear that the two-sided exponential pulse contrib-
utes to the mean value of the process at any given position x both

prior to and after its arrival at this position. The pulse has a steeper
leading front than trailing wake for r < 1=2. In the limit r! 0,
this reduces to the simple case of a one-sided exponential pulse
function given by Eq. (11). The integral of the nth power of the
pulse function, defined by Eq. (4), is the same as for one-sided
pulses, In ¼ 1=n, independent of the pulse asymmetry parameter r.

At any radial position n, the superposition of pulses can be
written as

UKðn; tÞ ¼
XKðTÞ
k¼1

ank exp � t � snk
sk

� �
u � vkðt � snkÞ

‘k
; rk

� �
; (A2)

where sn ¼ sþ n=v and an is given by Eq. (53). For the two-sided
exponential pulse function defined by Eq. (A1), it is straightforward
to show that this process can be written as

UKðn; tÞ ¼
XKðTÞ
k¼1

anku � t � snk
sk

; kk

� �
; (A3)

where the pulse duration is given by the sum of the pulse rise and
fall times,

s ¼
s2kv‘

vsk þ ð1� rÞ‘
� �

ðvsk � r‘Þ ; (A4)

and the temporal asymmetry parameter is the ratio of the pulse rise
time and duration,

k ¼ rþ rð1� rÞ ‘
vsk

: (A5)

In the limit r! 0, we obtain the case of a one-sided exponential
pulse function with vanishing rise time, k! 0, and the pulse dura-
tion is the harmonic mean of the linear damping time and the radial
transit time given by Eq. (14). In the absence of linear damping, the
pulse duration is just the radial transit time, s ¼ ‘=v, and the spatial
and temporal asymmetry parameters are the same, k ¼ r.

There are some non-trivial criteria for the existence of the
mean value and higher-order statistical moments even for a degen-
erate velocity distribution. From Eq. (22), it is noted that the pulse
function u must decrease sufficiently rapid and at least exponen-
tially for large h in order for the integral over h to converge. The
reason for this possible divergence is that pulses contribute to the
mean value and higher-order moments at any radial position prior
to their arrival at that position when the pulse function is non-
negative ahead of the pulse maximum. To illustrate this, consider
the two-sided exponential pulse function given by Eq. (A1). The
average is finite only if r < vsk=‘, that is, when the weighted radial
transit time r‘=v is shorter than the linear damping time sk.
Otherwise, the integral over posi h tive h diverges.

The radial variation and evolution of a pulse for the marginal
case r‘ ¼ vsk is presented in Fig. 10 for the arrival time sk as well as
one radial transit time ‘=v before and after the arrival at x ¼ 0.
When r‘ < vsk, the pulse amplitude decay during the radial transit
is so weak that the mean value at any radial position is dominated
by the leading front from upstream pulses. This leads to a diver-
gence of the mean value of the process as well as all higher-order
moments. Clearly, for 0 < r < 1 and 0 < r‘=vsk < 1, the pulse

FIG. 10. Radial variation of a symmetric, r ¼ 1=2, two-sided exponential pulse at
the arrival time s and one radial transit time ‘=v before and after the arrival at x ¼ 0
for the marginal case r‘=vsk ¼ 1.
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duration given by Eq. (A4) is positive definite. It is to be noted that
the requirement r < vsk=‘ must hold for all pulses in the process,
so fast and short length scale pulses set the strongest requirement
for the asymmetry parameter r. For one-sided exponential pulses,
there are no such requirements for the existence of the average.

APPENDIX B: END EFFECTS AND POISSON PROCESS

The end effects discussed in Sec. III C are clearly illustrated
with the example of a discrete uniform distribution of pulse veloci-
ties given by Eq. (55). Assuming T > rmax � rmin, the pulse arrival
time distribution becomes

TPsnðtÞ ¼

0; sn < �T=2þ rmin;

1
2
; �T=2þ rmin < sn < �T=2þ rmax;

1; �T=2þ rmax < sn < T=2þ rmin;

1
2
; T=2þ rmin < sn < T=2þ rmax;

0 T=2þ rmax < sn:

8>>>>>>>>><
>>>>>>>>>:

(B1)

This distribution is presented in Fig. 11 for the case n ¼ Thvi=12 in
order to emphasize the presence of end effects. As stated in Sec.
III C, the distribution of arrival times is 1=T in the range from
�T=2þ rmax to T=2þ rmin. Neglecting end effects by taking the
process duration T to be much larger than rmax � rmin, the arrival
times are uniformly distributed at all radial positions n considered.
However, the interval of uniform arrivals diminishes as vmin

becomes arbitrarily small, again revealing issues with low pulse
velocities. Nevertheless, we conclude that, except for end effects, the
pulse arrivals are uniformly distributed at all radial positions, and
the stochastic process retains its Poisson property with the same
rate at all positions. Moreover, it is straightforward to show that
the rate of the process is the same as at the reference position x ¼ 0.
It should be noted that based on the results presented here, end
effects can easily be accounted for in realizations of the process.

These arguments for uniform pulse arrival times do not make any
assumptions about the pulse function or distributions of the pulse
parameters, only that the pulse velocities are time-independent.

APPENDIX C: EXISTENCE OF CUMULANTS

Low pulse velocities lead to issues with the existence of cumu-
lants and moments of the process. Upon examination of Eqs. (34)
and (41), it becomes clear that the expected value of the cumulants
may not exist for x < 0. In particular, consider for simplicity the
case of one-sided exponential pulses, a degenerate distribution of
sizes, and velocities with a probability distribution PvðvÞ, which is
independent of the pulse amplitudes. With these assumptions, the
nth cumulant becomes

jnðxÞ ¼
skhani
nsw

ð1
0
dv

PvðvÞ
1þ vsk=‘

exp � nx
vsk

� �
; (C1)

where Pv is the marginal distri PuðuÞ ¼ ð1=u2ÞPvð1=uÞ bution of
pulse velocities. The integral over pulse velocities may not converge
for negative values of x. Notice that the fraction 1=ð1þ vsk=‘Þ only
takes values between 0 and 1 and so does not affect the convergence
of the integral. Thus, we examine the convergence of the integral

L ¼
ð1
0
dv PvðvÞ exp

njxj
vsk

 !
; (C2)

for which we use absolute value to emphasize that x < 0. Making a
change of variable defined by u ¼ 1=v and using the relation
PuðuÞ ¼ ð1=u2ÞPvð1=uÞ, the integral can be written as

L ¼
ð1
0
du PuðuÞ exp

nujxj
sk

 !
: (C3)

In order for this integral to converge for any radial position x and
any cum u!1 ulant order n, the distribution PuðuÞ needs to
decay faster than exponential for large u. Indeed, PuðuÞ � exp ð�uÞ
for u!1 is not sufficient, since the integral will diverge for suffi-
ciently large jxj or n. Therefore, we require at least a stretched expo-
nential behavior, PuðuÞ � exp ð�cufÞ, for large u for some f > 1,
or equivalently PvðvÞ � exp ð�c=vfÞ for v! 0 for some constant c.
For most purposes, it is sufficient to impose the simpler condition
that finite values of the probability distribution PvðvÞ should not
reach v ¼ 0, in other words, there is a minimum velocity vmin such
that PvðvÞ ¼ 0 for v < vmin.

In summary, care should be taken when using this model to
interpret profiles for negative radial positions, x < 0. The reason for
the divergence of cumulants is the dominant contribution of slow
pulses. Indeed, in the case of time-independent pulse velocities, we
have from Eq. (6)

AðtÞ ¼ a exp �XðtÞ
vsk

 !
; (C4)

where XðtÞ ¼ vt is the pulse location at time t. With the amplitudes
specified as a at the reference position x ¼ 0, slow pulses will have
excessively large amplitudes for negative x, resulting in divergence
which first arrests higher-order cumulants as they have a stronger
dependence on the pulse amplitudes. The same condition for con-
vergence of the cumulants applies to two-sided exponential pulses.

FIG. 11. Distribution of pulse arrival times sn at the radial position n ¼ Thvi=12 in
the case of a discrete uniform distribution of pulse velocities with minimum and
maximum radial transit times rmin and rmax, respectively. The arrival time distribution
Psn is uniform in the interval ½�T=2þ rmax; T=2þ rmin�, indicated by the shaded
area in the figure.
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APPENDIX D: SIZE DISTRIBUTION

For completeness, we present here the results for a discrete
uniform distribution of pulse sizes in the case where all pulses have
the same velocity. Denoting the width parameter for this distribu-
tion by w, the pulse size probability density function is given by

P‘ð‘Þ ¼
1
2

dð‘� ‘minÞ þ dð‘� ‘maxÞ½ �; (D1)

where ‘min¼h‘ið1�wÞ, ‘max¼h‘ið1þwÞ, and h‘i¼ ð‘minþ ‘maxÞ=2.
According to Eq. (41), a distribution of pulse sizes does not change the
radial variation of the cumulants and moments for exponential pulses.
When the pulse sizes are independent of the amplitudes, the cumulants
for the discrete uniform distribution are given by

jnðxÞ ¼
sdhani
nsw

exp � nx
vsk

� �
; (D2)

where the average pulse duration is given by

sd ¼
1
2

sð‘minÞ þ sð‘maxÞ½ �; (D3)

and the size-dependent pulse duration is sð‘Þ ¼ sk‘=ðvsk þ ‘Þ.
Thus, a distribution of pulse sizes does not change the radial varia-
tion of the moments. In the absence of linear damping, the pulse
duration is given by h‘i=v, independent of the width parameter for
the size distribution.

APPENDIX E: NON-UNIFORM DISCRETE VELOCITY
DISTRIBUTION

In this Appendix, we present some results obtained for a gen-
eralization of the velocity distribution considered in this manu-
script. We consider a non-uniform two-velocity distribution,

PvðvÞ ¼ qdðv � vminÞ þ ð1� qÞdðv � vmaxÞ; (E1)

where q in the range 0 � q � 1 is the probability that the velocity
attains the value vmin. For q ¼ 1=2, this distribution is identical to Eq.
(55). The cumulants are a straightforward generalization of Eq. (58),

jnðxÞ ¼
han0i
nsw

qsðvminÞ exp � nx
vminsk

� ��

þð1� qÞsðvmaxÞ exp � nx
vmaxsk

� �	
; (E2)

where each term is weighted with the probability of the given velocity.
If the amplitudes of the pulses follow an exponential distribution at
x ¼ 0, the amplitude distribution at radial position x is given by

Paða; xÞ ¼ q
amin

exp � a
amin

� �
þ 1� q

amax
exp � a

amax

� �
; (E3)

where as before

aminðxÞ ¼ ha0i exp � x
vminsk

� �
; (E4)

amaxðxÞ ¼ ha0i exp � x
vmaxsk

� �
: (E5)

This is known as a bi-exponential distribution with coefficients q,
amin, and amax. The average amplitude decreases exponentially with
radius and is given by haiðxÞ ¼ qaminðxÞ þ ð1� qÞamaxðxÞ.
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