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1 Introduction

The classical Young inequality reads

a’? b1

ab =—+— (1)
p q

where a and b are nonnegative numbers, p > 1, 117 + % =1, [5].
The reversed version reads

a’? b1 1 1

ab> — + —, a,b>0, O<p<l, —+-=1 (2)
p q p q

The first observation is that both (1) and (2) are simple consequences of the convexity of
the function ¢(x) = €*. Indeed,

1 1 ] ] 1 1
Lo aP+L10e b p q
db eloga+logb er oga +q og < eloga elogb ﬂp bq.

Moreover, (2) follows from (1) by just juggling with the parameters and numbers. First,

L 4+ L _1)and after that replace a by (ab)”

use (1) with p; = }7 and q; = —1% (s0,p1,q1>1, 5o+ o

and b by b7".
One recent idea to derive refinements of inequalities is to use the concept of su-
perquadraticity introduced in [1].
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Definition 1.1 A function ¢ : [0,00) — R is superquadratic provided that for all x > 0
there exists a constant C, € R such that

() — o) —¢(ly - xl) = Ci(y — %)

forall y > 0.
We say that f is subquadratic if —f is superquadratic.

Some guiding ideas for introducing this concept (in connection to refining the Holder
inequality) can be found in the earlier paper [9], where in particular the following refine-
ment of the Holder inequality was proved:

Proposition 1.2 ([9, Theorem 1.1]) Let p > 2 and define q by - +

1
p
nonnegative j-measurable functions f and g,

fros(fra fyc i a) (fea). o

In this paper we prove some other refinements of the Holder inequality, where we do

é = 1. Then, for any

not have the restriction p > 2 and where the refinements are not only made to the first
factor as in (3) (see Theorems 3.1 and 4.1). Based on the ideas above, we will use “natural”
quasiconvex function ¢(x) = € — 1 — x or, more generally,

nok

x
<p(x)=e"—ZF, n>1.

k=0

In fact, we have the following useful characterization in a special case.

Lemma 1.3 ([2, Lemma 2.2]) Let ¢ : [0,00) — R be a continuously differentiable function
with ¢(0) = ¢'(0) = 0 and ¢’ convex. Then ¢ is superquadratic.

We also need the following Jensen-type inequality.

Theorem 1.4 ([1, Theorem 2.3]) Let (2, 1) be a probability measure space. Then the in-
equality

w(/ﬂf(S) dM(S)> < /Q<<0(f(5)) —w(P(S)—/Qf(t)du(t)‘»du(S) (4)

holds for all nonnegative ju-integrable functions f if and only if ¢ is superquadratic. More-
over, (4) holds in the reversed direction if and only if ¢ is subquadratic.

If ¢ is a nonnegative superquadratic function, then ¢ is convex (see [1, Lemma 2.2]) and,
since the term ¢(|f(s) — fQ f(t)du(t)]) is nonnegative, inequality (4) can be continued by
< fQ o(f(s)) du(s), and we get a refinement of the Jensen inequality.

The paper is organized as follows. In Sect. 2 we present our refinements of both Young
and reversed Young inequalities (see Theorems 2.2 and 2.4). Our corresponding refine-
ments of the Holder and the reversed Holder inequalities are given in Sect. 3 (see The-
orems 3.1 and 3.2) while results related to the Minkowski inequality are given in Sect. 4.
Finally, Sect. 5 gives some concluding remarks and results. In particular, we derive some
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similar refinements by using the concept of strong convexity (see Lemma 5.4 and Theo-
rem 5.5). The results obtained in these two ways are also compared.

2 Refined Young inequality

Let us first state the following auxiliary statements about superquadratic functions.

Lemma 2.1 Let p and q be numbers such that p,q > 1 and 1% + é =1.
a) If ¢ is a superquadratic function on [0,00), then for any x,y € [0,00) the following

inequality holds:
x 1 1 L (lx=y\ 1 (lx-yl
o(202) = oo o B2 - Lp(B02), ©)
p q p q p q q p
b) For any k > 2, the following inequality holds:
ko ko ok
X X 1 1
Vi(x,y;p) = <—+Z> Sl —ylk< +T> =<0 (6)
p q p q rec p'q

forany x,y € [0,00).

Proof a) Using Theorem 1.4 with point measures 1% and % at the points x and y, respec-
tively, we get (5).

b) By Lemma 1.3, the function ¢(x) = XK is superquadratic for k > 2. Hence, inequality
(6) is a simple consequence of inequality (5) for this particular power function. d

Our refined Young inequality reads:

Theorem 2.2 Leta,b>1, p,q > 1 where }7 +i=1andneN,n>2. Then

S

b<f+%_<1 1I1f>g,7q\+1e},|log | 2|10g 4 1)
p q p q rq

"1
+ Z EVk(ploga,qlogb;p)
k=2

ab
<ﬁ+%_<1 1|1°gbq‘+lezlv|]°gap‘ M_1>
JZ p q rq

n-1 1
+ —Vi(ploga,qglog b;

,g;k! k(ploga, qlog b; p) )

IA

<ﬁ+%_<1 ey 1 tioggyy_ 21108 571 1)
S r g9 \p q pq

a’ b (2”%%' 2|log 4| )
<—+——|e M — 225" 1

rp q rq

a’ bl

<—+—

r q

where Vi is defined in (6) and with the convention that the sum 211@2 is equal to 0.
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Proof By Lemma 1.3, the function ¢(x) = €* - >}_, %, n > 1, is superquadratic. By apply-

ing (5) with this function, we obtain (after some elementary calculations) that

(1,2) € & (1 Loy 1 1 20—y ) "1
er’ i< —+ —— | —ed + —eP - 1)+ — Vi(x, 95 p). (8)
p 4 \p q rq ;k!
Since, by (6), V,,(x,y;p) <0 and
"1 1 1
; o Vi) = kXZ: Vi@ yip) + —Valx,yip),

then, for any n > 2, the following chain of inequalities holds:

n

x, 0 e ¢ 1 1, 1 1, 2|x — 1
R I G T B 1 e | Y +3 L)
P Py k!

q \p q prq
x _ n—-1
< ¢ + é _ (le%lx—yl + lell,lx—y\ _ M _ 1) + Z le(x,y;p) 9)
p qa \p q rq £
y -
E S { + e_ —_ <letlilx_y| + lgll"x_y‘ —_ M _1>’
r 4 p q rq
with the convention that Z/l:z is equal to 0.
lx~1

From the classical Young inequality (1) applied witha=b=e 77 , we get

2lxyl 11, 1 1,
e pi §—eq|x Yy Zeph y\’

p q

and the last line in (9) can be followed by

e e (M_y 2|x -y )
<—+——|lerm ———_1]).
p pq

Since e/ —t—1 > O for all £ > 0 and using this estimate for ¢ = %, we obtain the following

continuation of the chain of inequalities:

e & 291 2|x -y e ¢
—+——[(e ———-1)<—+—. (10)
r q rq )2

Putting in (8), (9), and (10) x = ploga and y = qlogb, we obtain (7). The proof is com-
plete. d

Remark 2.3 Let us interchange the numbers 4 and b in (7). For the sake of simplicity, we

write only the last three inequalities from the whole chain (7). Then we get the following
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inequalities:
v
< <leéllog€;—§| oL hnety 2llog gl 1)
p q p q pq
, 24
q ZII%‘z | [z
Sﬂﬂ__(e,,qq_M_l) (11)
b q pq
b al
<—+—
p q

By combining (11) with Theorem 2.2, we get the following inequalities:

2, 2|1
l %Ilogb—ﬂ | Og

P
abgmin{“_+b__<le;10g;§|+ | 1))
r 9 p q ) Pq 12
£+a_q_<le%logﬁ—§l+lell,llog%|_ 2[log 771 _1>}’
p q p q »q
a’ b Z‘ILZ{;‘ _ 2|log 571 -
abfmin{+_<e 1))
b w & (13)
b al <2|logaq 2|10g2’_;| )}
—+——|e 2 -4 1 ,
v q pq
vyl pr g4
abfmin{a—+—_+a_} (14)
r g9 p 19

It will be interesting if we can say something about the inequalities (12)—(14) compared
with the corresponding inequalities in (11). The comparison related to (14) is recently
discussed also in [4, p. 57].

Let a and b be a real numbers such that 1 < g < b. Let us consider a function /(x) :=
a2 i ,p>q>1. Then I/'(x) = x97}(1 —x7~9) <0 for x > 1, i.e, h is nonincreasing on

q
[l,oo) and for 1 < a < b we have h(a) > h(b), i.e., & A AR Hence,lflfafb

pa—r
then inequality (14) gives the following refined Young 1nequa11ty

abfmin{—+— — —}=_+_‘
p g9 p 4

Similar comparisons related to inequalities (12) and (13) are still open problems.

Guided by the arguments in our introduction, we can also derive the following refined

version of the reversed Young inequality (2).
Theorem 2.4 Leta,b>1,0<p< 1, q<0 where 1% + é =landneN,n>2. Then

ab

bl
ab> —+ —+85- Z —Vk <log(ub) qlog b;
r 4 o P k!

*%I»—‘

D bl n—1 1
> z +—+8- Z —Vk<log(ab) qlog b; )
b q k!

*cl»—'

Page 5 of 15
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a? bl
>—4+—+§ (15)
b q
P pa 2 .
>2 » + lefz%““g“bl s 2—p|logcllal_q| L
p q9 p q p
a’ bl
Z —+t
p q

where

= gmalosad M _ 1e”“"g"bkql + 2—p}logabl_q’ - l,
q q p

Vi is defined in (6), and with the convention that the sum Z}(ﬂ is equal to 0.

Proof Consider the chain of inequalities in (7). First, we replace p by }7 >1and g by — [%.
After that we replace a by (ab)? and b with b™". Then, by (7) we have that

"1 1
a’ = (ab)’b7? < pab - P pa -pS+ Z o Vi (log(ab),qlog b; —)
1 k=2 p

n-1
1 1
<pab-2u1-ps+ 3~V (log(ab),qlogb; —> <...<
q o K p (16)

Spab—l—abq—pSSpab—I—abq—pT
q q

<pab - ‘I—jb",
q

2? -
where T := g7 |logab'™l | 27: [logab'=1| - 1%‘ Dividing in (16) by p and adding %bq, we get
the following chain of inequalities:

1 1 51 1
—a’ +-b1<ab-S+ Z — Vi (log(ab),qlogb; —)
r q = Pk p

n-1

1 1
Sab_SJ,Z?vk<log(ab),qlogb;—) <---< (17)
= Pk p

<ab-S<ab-T

<ab.

Hence

n n-1
1 1 1 1
S- E —Vk(IOg(ab),qIOgb; —) >S- E — Vi <log(ab),q10gb; —) >§>T>0,
ey pk! p e pk! P

and after some calculations we get the chain of inequalities in (15). The proof is com-
plete. d
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3 Refined Holder inequality
Here and in the following sections, we denote a positive measure space on (0, 00) by (E, ).
If S C E, then as usual we denote

llps = ( fs @) du(x)y

for any real p # 0 and measurable function f. If S = E, we simply write ||f]|,. Our refined
version of Holder inequality reads:

Theorem 3.1 Let p,q > 1 be real numbers such that 117 + é = 1. Let f, g be functions, which
are positive and finite a.e. on E. Let a subset E; be defined as

- S s
E;:= {XGE ||f||p >1, ”g”q > 1}

Then, provided that the involved integrals are finite, we have that

/Ef(x)g(x) dpx) < Iflllglls(1=A) < Ifllpligly(1 = B) < Ifllpligly (18)
where
E\P q pq

2%k 2
B::/ (e P — —k(x) - 1) du(x)
Eq prq

with

fP@)ligll

k(x) := |1 .
@ ‘(’g I Bge()

Proof First, using the third, fourth, and fifth inequalities in (7) with & and b replaced by

\JD‘Hp and IZ\;gH , respectively, we find that for x € Ej,

/@ . g) < lfp(?? + lgq(xg - <lek(; + lek;f) - —k(x)— 1)
Wfllp liglly ~ 2 Ifll, g liglly \p q pq

pIfIE  qligld pa
W 18w
“plfly  alglg

By integrating over E;, we get that

I NplIglly
fElfp(x)dﬂ(x) fElgq(x)dpL(x) /(1 W 1 k)
S + _
Ey

—ed +—ed — —k(x) )du(x)
plfily qlgllf P p qp
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g Je P %) dp(x) . Jp, &7 dpu(x) B / ( *w 2 )d,u(x)
Ey

P - k() -1
PIfIG qligl e =g
- Je, P %) dp(x) . Je, &) du(x)
plfIly qlgl?

Moreover, on E\E; we use just (1) in a similar way and obtain that

fE\Elf(x)g(x) d“(x) < fE\Elfp(x) dﬂ(x) + fE\El gq(x) d/'L(x)
Flplely = pIFI qliglly

By just adding the two previous inequalities, using the additivity of the integral, [, =
Je, * Je\g,» the equality % + clz =1, and multiplying with ||f||,,Igll» we get (18). The proof is
complete. O

Our corresponding refinement of the reversed Holder inequality reads:

Theorem 3.2 Let p € (0,1) and q < 0 be real numbers such that 1% + % =1.Letf, g be
functions, which are positive and finite a.e. on E. Let

E“‘PEEWVMZIWQMZI}

Then, provided that the involved integrals are finite, we have that

/Ef(x)g(x) dpx) = If gl (1 +C) = If I lgllg (1 + D) = [If 1l llgllg» (19)
where
C:= / (egr(") Lo 20 l) dpu(x),
E1 q q p
D:= / <1e2€12’(") - 2—pr(x) - 1) dp(x),
£ p q V4
with

o S(x)g(x)

()::‘ —|.
™ Il

Proof By using (15) instead of (7), the proof is step by step similar to that of Theorem 3.1.
Hence, we omit the details. O

Remark 3.3 If we denote

E, .= {er:'M zcl/"’,M zcl/q}, c>0,
1l llgllq

then in the same way we can state alternative formulations of Theorems 3.1 and 3.2, where
E, is replaced by E, and, in the inequalities (18) and (19), A, B, C, and D are replaced by
cA, ¢B, cC, and cD, respectively.

Page 8 of 15
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The following theorem gives another refinement of the Holder inequality, also based on
the usage of our refinement of the Young inequality. We consider a subset F C E consisting
of positive functions f and g which are bounded by some positive constants and construct

refinements involving these bounds.

Theorem 3.4 Let p,q > 1 be real numbers such that 1% + %1 = 1. Let f, g be functions,
which are positive and finite a.e. on E and bounded on F C E by positive constants,
0 < w(F) < 0o. Denote ¢ := MMF 5 where m := min{inf,cr f?(x),infycr g9(x)} and M :=

max{supxepfp (x)r Supxngq(x)}
Then, provided that the involved integrals are finite, we have that

ff(x)g(x) du(x) < |lf||p,F||g||q,F + Hf”p,E\F”g”q,E\F - CA1|lf||p,F||g||q,F
E

< Il glly = cAr If gl (20)
< flplighy = eBillf lprligliar < Ifllplgllg
where
1 k& 1 k&
A =/(—elT + —e b - —ki(x) )du( )
F\P q prq
O
B; ::/(e i — —kq(x) - 1> du(x),
F prq
with
P(x)]| ||q
k() o= ‘1 S @l
W rgeo) |
Proof Denote f’ (%) := %, g(x) = W From the definition of the constants 7 and

M, we get that

m
m=fre) =M, muE) < |Ifllyp < Mp(E) = —,
p m
m<glx) <M,  mu(F)<|glfr < MuF) = s
Hence, ﬁ 1,ie,f(x) > 1 on F, and similarly, W >1,ie,gx) >1onF.
p.F

Putting in (7) a = f (x), b = Z(x), and integrating over F, we find that

- .,
/f(x)g(x) du(x) < % N %
F » .
1w 11 )
— / <_eclzk1(x) + _ell,kl(x) - 1) (s
Fp 1 rq
- .,
Since W!ff + % =1, we conclude that

<1e%kl<x>+ L phae ——kl(x)—l)du(x)
q pq

~ 1
/F Fedue < © - / :

F
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Multiplying the above inequality by c||f||,,¢llg|l¢F, We obtain that

/F F @) dp) < (1= cAD I e gl e

Next we use the classical Holder inequality with the set of integration E\F and have that

f Fg) () - / Flx)g() dulx) + / Fg) dpu)
E F E\F
< (1= AW Ipelgllor + W llperlglozes

/f(x)g(x) du(x) < |lf||p,F||g||q,F + |lf||p,E\F||g||q,E\F —cAy ”f”p,F”g”q,F:
E

and the first inequality in (20) is proved. Next we will prove that

W llpeligllgr + IV llp.eveligllger < I 1Iplgllq- (21)

Consider a function A(y,z) = 3z + (1 - y)*(1 - 2)'%,0<y,z < 1, @ € (0,1). Since

y a-1 1— y o-1
woa-<(2) () |
we get that /1) (y,z) = 0 when y = z. It is easy to see that this is the maximum of / and since
h(z,z) = 1, we conclude that h(y,z) < 1.

) 1 W15 llgl? ¢ 1 W1 e
Takinga =-,y=—%,and z= —%,wehavethat 1 —a=-,1-y= —23~,and 1 -z =
p 15 ligld q 15
lel? e
lgld
Hence,

Fllprlgllgr . W llpe\ellgllge\e -
Iflpllglly Iflplglly,  ~—

so (21) and thus the second inequality in (20) is proved. The proof of the third inequality
in (20) is a standard application of the Young inequality as in the proof of Theorem 2.2,
and the fourth inequality is trivial, so the proof is complete. d

Corollary 3.5 Let p,q > 1 be real numbers such that }9 + é =1. Letf, g be functions, which
are positive and bounded on E, 0 < u(E) < 0o. Let m and M be positive constants such that

m < fP(x) <M, m < gl(x) < M,

. m
forall x € E. Denote c := GR

Then, provided that involved integrals are finite, we have that

/Ef(x)g(x) dpx) < Ifllpllglla(1 = cA2) < IIfllplIglq(1 = eB2) < IIfllpllgllq

where

1 f» 1 w2
A, :z/(—e T +—e? ——k(x)— 1) du(x),
E\P q prq

Page 10 of 15
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2k(x) 2
B | <e - 2 ) - 1) dn(s),
E prq

with k(x) defined in Theorem 3.1.

Proof Putting F = E in Theorem 3.4, we get the statement of this corollary. O

4 Refined Minkowski inequality

Note that in the previous section we defined numbers A, B, C, D, and functions k and
r, which depend on subsets E; or E and functions f and g, i.e., A = Ag, s, k = kg s, etc.
We use the corresponding notation in the following results concerning refinements of the

Minkowski inequality. For instance, a number Bgg; which appeared in Theorem 4.1 is

2hlx) . 2 ()| 11112
equal to By i= [o(e 71 — Zk(x) = 1) du(x) with k(x) = keg (%) := | log ﬁg;’gjq 1),

Theorem 4.1 Let p > 1 be a real number, f, g be functions, which are positive and finite

a.e.onE, and

-1
G:{er:f(x) 21, 8% (f(x“g(x)_)f 21}. (22)
1l lglly If +gll
Then, provided that the involved integrals are finite, we have that
If +gllp < W lp(L = Agyn) + 1gllp(1 — Aggn) 23)

= W llp(L = Begn) + lIgllp(L = Bgn) < If llp + lIgllps

where h = (f + g/"~*, AGfn AGgn» By and Bggy are defined in Theorem 3.1, but with G
defined by (22). In Ag s,y and Bgf, a function k := kgs,, appears, while a function k := kg g
occurs in Aggn and Bggp.

Proof We have that

If +glib = Aﬂf(}”g)”‘1 dp + /Eg(f+g)”‘1 du

= (/Efp dﬂ>p </E(f +g)w V1 dﬂ) q(l —-AGsn)
+ ( [e du)” ( [+ du) "(1-Agen),

where in the last inequality, we have used the statement of Theorem 3.1 applied with the
functions f and % := (f + g)?~! with conjugate exponents p > 1 and g = 1% > 1 for the first
integral and the statement of the same theorem applied with the functions g and (f + g)?!
for the second integral.

Since

1 F-1)
( [ (f+g)‘”‘”"du) _ ( [ (f+g)”du> 1 gl
E E
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dividing the above inequality by ||f + gllgfl, we get

If +&llp < Ifllp(L=Acyn) + lIglp(1 = Aggn)-

Thus the first inequality in (23) is proved. The proof of the second inequality is completely
similar so we omit the details. The third inequality is trivial, so the proof is complete. [

By instead using the inequalities in Theorem 3.2 and the method given in the proof of
Theorem 4.1, the corresponding refined version of the reversed Minkowski inequality can
be proved.

Theorem 4.2 Let p € (0,1) be a real number, f and g be functions, which are positive and
finite a.e. on E, and let G is defined by (22). Then, provided that the involved integrals are
finite, we have that

If +&llp = Ifllp(L+ Cepn) + lIgllp(1 + Cogn)

= Iflp(L + Dagn) + lIgllp(L + Dagn) = Iflp + lIgllp»

whereh = (f +g)P1, Ca s Cog Da iy and Dg,g , are defined in Theorem 3.1.In Cgrj, and
Dqyp, a function r := rgs, appears, while a function r .= rggj, occurs in Cggy and Dg,gp.

5 Concluding remarks and results
It is well known that also by using the concept of strong convexity we can derive refined
versions of classical inequalities, see, e.g., [7] and the references therein.

Definition 5.1 ([6, 8]) Let I be an interval of the real line. A function ¢ : I — Ris called a
strongly convex function with modulus ¢ > 0 if

(A + (1= 2)y) <2p@) + (1= 1)) = AL = 2)(x ~ y)* (24)
forallx,y € I and A € [0,1].
For applications the following lemma is useful.

Lemma 5.2 ([6]) The function ¢ is strongly convex with modulus c if and only if f(x) =
@(x) — cx? is convex.

The function ¢(x) = €* is not only convex but also strongly convex with modulus ¢ on
the interval [log2c, 00). As a consequence of that fact, we have the following refinements
of the Young inequality.

Lemma 5.3 Leta,b>0,p,q>1, }9 +==1.Then

1
q

@ b1 min{a?, b} ,a’ ¥ b?
ab< = 4 = - T g2t <2 T (25)
P q 2pq b1~ p q

Furthermore, if a,b > 1, then we have the following further refinement:

a’ b7 min{a?,b?} ,a’ a’ b1 1 ,a a’ bl
ab< —+—-——log= —<—+——-—log" — < — + —. (26)
r 4 2pq b= p q 2pq b p ¢
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Proof For a given p, let us fix both a,b > 0. Denote c := %p’bq}. Let x =loga?, y = log b1.
Then x > log2¢, y > log2c. Using the strong Convexity of p(x) = € on [log2c, oo) with
modulus ¢ and putting in (24) ¢(x) = €* and A = , we get the wanted inequality (25).

If a,b > 1, then min{a?, b7} > 1 and (26) holds The proof is complete. a

Inequality (25) is already known in the literature, see, for example, [3, Theorem 3]. The
refinement of the reversed Young inequality is given in the following lemma. It is proved
by the same method as that described in the proof of Theorem 2.4.

Lemma 5.4 Leta,b>0,0<p<1,g<0, wherei + é =1. Then

P Py
ab>" 4 h——ﬁmm{ab b} log*(ab'™?) > - b—
p 4 2 r 4

Moreover, ifa,b > 1, then

a b p . @& bl p o & bl
ab>—+———lo b7 1) > — + — — — min{ab, b} log"(ab" ™) > — + —.
r 49 2q &(ab™) 2 r 9 2q { }loe'(a )‘p q

Applying the above-mentioned refinements of the Young inequality, we can state the
following refinement of the Holder inequality.

Theorem 5.5 Let p,q > 1 be real numbers such that }7 + é = 1. Letf, g be positive and finite
functions a.e. on E.
Then, provided that involved integrals are finite, we have that

1
fE Fg@) du) < Ilf||p||g||q<1 - 5 fE 1)K () du(x)> < Il 1l 27)

where

q
k(x) := ‘lo fP@)liglly

S ge(x)

and 1) - {fp() ()}
15 1gld |

Proof For fixed x € E, putting a = f (%), b = g(x) in (25) and integrating it over E, we get

that
|lf||p lgng 1 o 2 fP )
[ dnt) < Ll s B - - [ inffre), 109} og £ o)
Assuming that |[}~”||p =1, lIgll; = 1, we find that
/f(x)g( Ydu(x) <1- —/mm{f” (%), 8% )}log2f~ ) dp(x).
E g1(x)
Replacing f(x) with £ IU‘II ) and g(x) with ‘f I We obtain that
Sx)g) . {f”(x) gq(x)} 2 fP@) gl
—=_d 1-— , log* " ————du(x).
gl @ =1 2 L g 108 e
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Multiplying the above inequality with ||f]|,]Igll, we get inequality (27). The proof is com-
plete. O

Finally, we will do some comparisons between the results obtained in Sect. 2 and in
Lemma 5.3. Since Theorem 2.2 holds for 4, b > 1, we work only under that condition. The

whole term in the third inequality in (7),

@ ﬁ_(}e;|1og;—s|+1e;.log;. 2|log %71 1),
V4 q V4 q Pq
and the middle term in (25),

a? b min{a",bq}1 , &
Z W o2

P q 2pq b’

cannot be compared. Namely, the difference d; (a, b),

4 .
1 1“% | 2|10gZ—q|_1_mm{ap,bq}lo2f

rq 2pq bi’

di(ab) = Leiloetnl 4
P

changes its sign for different values of p, g, a, and b. For example, if p = 4, g = 4/3, then
d1(10,3) =~ 60.3 and d;(2,2) ~ —0.3. Similarly, the difference d,, which arises from the
fourth inequality in (7) and (25), also changes sign. For example, if p = 20, g = 19, then
d>(39,2) ~ 716.7 and then d»(2,8) ~ —28, where

o P
2zl 2|log L min{a?, b1 af
A |log 771 1 {a, }l 2 @

dr(a,b):=e .
rq 2pq b1
Also, the difference
20 %1 9o 1 p
D@ b) = o ie _ H1oghal AN Y
g
pq 2pq b1

changes its sign, for example, if p = 20, g = 19, then d3(39,2) ~ 851 and d3(2,5) ~ -2.5.
But the third inequality in (7) can be compared with (26). In fact, let us consider the
difference d4(a, b) defined by

2|1 P
du(a,b) := Loinoesz, Lopioetyi 2/ log gy | il 1—L10g2a—.
p q rq 2pq b1

. . . P . .
This difference contains the term s := | log Z—q [, s > 0, so we can consider the function

2
/p_g_l_s_

pq 2pq

1 1
fs) =~ + ~¢*
V4 q

Thenf'(s) = 1 (eS/q+eS/P 2-5),f"(s) = ( Lesia 4 1e§/1’ 1) > 0,and f'(s) > f'(0) = 0, which
implies that f/( f s) > f(0) = 0.S0, dy(a, b) Z Ofor anya b > 1, and we have the following chain
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of refinements:

14
2|log 77| _1)

P q
ab < . b—— <le%“‘>g2—’q’ + leﬁ“og';—};
p q p q pq
a’? b1 1 zap a? bl
<—+——-— < 4y
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