SOME NEW WEAK-(H, - L,) TYPE INEQUALITIES FOR
WEIGHTED MAXIMAL OPERATORS OF FEJER MEANS
OF WALSH-FOURIER SERIES
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ABsTRACT. In this paper we introduce some new weighted maximal
operators of the Fejér means of the Walsh-Fourier series. We prove that
for some "optimal" weights these new operators indeed are bounded
from the martingale Hardy space H,(G) to the space weak — L, (G), for
0 < p < 1/2. Moreover, we also prove sharpness of this result. As a
consequence we obtain some new and well-known results.
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1. INTRODUCTION

All symbols used in this introduction can be found in Section 2.
In the one-dimensional case, the weak (1,1)-type inequality for the maxi-
mal operator o* of Fejér means o,, with respect to the Walsh system

0" f = sup|onf]
neN

can be found in Schipp [19] and Pal, Simon [14] (see also [4], [13] and [16]).
Fujii [7] and Simon [21] proved that ¢* is bounded from H; to Li. Weisz [29]
generalized this result and proved boundedness of ¢* from the martingale
space H) to the Lebesgue space L, for p > 1/2. Simon [20] gave a coun-
terexample, which shows that boundedness does not hold for 0 < p < 1/2. A
counterexample for p = 1/2 was given by Goginava [9]. Moreover, in [10] (see
also |23]) he proved that there exists a martingale F' € H, (0 <p <1/2),
such that
sup [lon F]|,, = oo.
neN
Weisz [29, 32| proved that the maximal operator ¢* of the Fejér means is
bounded from the Hardy space Hy/y to the space weak — Ly ;.
For 0 < p < 1/2in [25] it was investigated the weighted maximal operator
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was investigated and it was proved that the following estimate holds:
~k
|57 <eliFi,
P
and

2) ‘ F

< ||F .
sor, S lIFl,
Moreover, it was proved that the rate of sequence {(n + 1)/P72}, given in
denominator of (1) can not be improved. In the case p = 1/2 analogical
results for the maximal operator

5 F = sup M
neN log® (n+ 1)
was proved in [11]| for Walsh system and [24] for Vilenkin systems.

In the study of convergence of subsequences of Fejér means and their
restricted maximal operators on the martingale Hardy spaces H,(G) for
0 < p < 1/2, the central role is played by the fact that any natural number
n € N can be uniquely expression asn = > peqn;2’, n; € Zy (j € N), where
only a finite numbers of n; differ from zero and their important characters
[n], |n|, p(n) and V(n) are defined by

[n] :==min{j € N,n; #0}, |n|:=max{j € N,n; #0}, p(n)=|n|—[n],

V(n):=no+ Z |ng — ng—1|, for all neN.
k=1
Weisz [31] (see also [30]) also proved that for any F' € H,(G) (p > 0),

the maximal operator sup |og»F| is bounded from the Hardy space H), to
neN
the Lebesgue space L,. Persson and Tephnadze [15] (see also [4]) generalized

this result and proved that if 0 < p < 1/2 and {ny : £ > 0} be a sequence of
positive numbers, such that

(3) sup p (ng) < ¢ < o0,
keN

then the restricted maximal operator %V, defined by
(4) 7V F :=sup oy, F|
keN

is bounded from the Hardy space H,(G) to the space L,(G). Moreover, if
0<p<1/2and {ng: k> 0} be a sequence of positive numbers, such that
sup p (ng) = oo,
keN
then there exists a martingale /' € H), such that
sup [lon, F[|, = oo.
keN

From these fact it follows that if 0 < p < 1/2, F € Hy, and {n; : k > 0} is
any sequence of positive numbers, then the maximal operator defined by (4)
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is bounded from the Hardy space H, to the Lebesgue space L, if and only
if the condition (3) is fulfilled.

For 0 < p < 1/2in 28] it was proved that if F' € H,, then there exists an
absolute constant c,, depending only on p, such that

lowFllg, < 222D Ry

using this it follows that
onF

2p(n)(1/p—2)

onF

o | < IElls,

and

(5)

< ¢ lIFll, -

‘weak—LP
Moreover, if {®,} be any nondecreasing sequence, such that
9p(nk)(1/p—2)
sup p (ng) = o0, lim —— = o0,
kEN k—o0 (I)nk
then there exists a martingale F' € H, (0 < p < 1/2), such that

on, F'

sup = 00.

keN

Nk llweak—Lyp

In [28] it was proved that if F' € Hy/,, then there exists an absolute
constant ¢, such that

lowFll, , < V2 () [IFlly, -

Moreover, the rate of sequence V2 (n) can not be improved.

The (Hy/y — Lyjs)-type inequalities for the the restricted and weighted
maximal operators of Walsh-Fejér means were studied in [2]| and [3]. Ana-
logical problems for partial sums of Walsh-Fourier series for 0 < p < 1 were
proved in [5] and [6] (see also |26, 27]).

In this paper we generalize estimates (2) and (5). In particular, we prove
that the weighted maximal operator oV, defined by

~V . __ ‘GNF|

R i Pr
of Fejér means of Walsh-Fourier series is bounded from the Hardy space
H,(G) to the space weak — L,(G). Moreover, we prove that the rate of the
sequence {2°((1/P=2)Y in (6) is sharp. We also prove that maximal operator
defined by (6) is not bounded from the Hardy space H,(G) to the Lebesgue
space L,(G). As a consequence we obtain some new and well-know results.

This paper is organized as follows: In order not to disturb our discussions
later on some preliminaries are presented in Section 2. The main result and
some of its consequences can be found in Section 3. The detailed proof of
the main result is given in Section 4. Some open questions and final remarks
are given in Section 5.
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2. PRELIMINARIES

Let Ny denote the set of the positive integers, N := N, U {0}. Denote
by Zy the discrete cyclic group of order 2, that is Zs := {0, 1}, where the
group operation is the modulo 2 addition and every subset is open. The
Haar measure on Z is given so that the measure of a singleton is 1/2.

Define the group G as the complete direct product of infinite copies of
the group Zs, with the product of the discrete topologies of Zs and product
of the measures on Zy (it will be denoted by p). The elements of G are
represented by sequences z := (zg, 21, ..., Zj, ...), where 25, =0V 1.

It is easy to give a base for the neighborhood of x € G

Iy(z) =G, Li(z)={yeG:yo=120,....;Yyn—1 = Tn_1} (n € N).

Denote I, := I,,(0), I, := G \ I, and e, := (0,...,0,7, = 1,0,...) € G,
for n € N. Then it is easy to show that

M—1 M—2 M—1 M—1
(1 Iu= U IN\Iip1 = ( U U I (ex + 61)) U ( U Iy (61<:)> ,
k=0

i=0 k=0 I=k+1
where
In(0,...,0,2 #0,0,...,0,2; # 0, 2141, .., TN-1,---),
TRl for k<l<N,
N ) In(0,. . 0,2, £ 0, 25010 =0,...,zy—1 = 0,2N,...),

for = N.

If n € N, then every n can be uniquely expressed as n = Z?io n; 27 where
nj € Zo (j € N) and only a finite numbers of n; differ from zero.

Every n € N can be also represented asn = > ., Q”i,nl >n?>.n">0.
For such representation of n € N, let denote numbers

n® =™ 4 pon" =1,y

The norms (or quasi-norms) of the spaces L,(G) and weak—Ly, (G), (0 < p < 00)
are, respectively, defined by

1= [ 1P i 10y = S0 N (F > ) < o
The k-th Rademacher function is defined by

ri (z) == (—=1)"* (x € G, keN).
Now, define the Walsh system w := (wy, : n € N) on G as:

[n]—1

wa(a) = Tt @) =y @) (DS mew).

The Walsh system is orthonormal and complete in Ly (G) (see [18]).
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If f € L1(G), we can define the Fourier coefficients, partial sums of
Fourier series, Fejér means, Dirichlet and Fejér kernels in the usual manner:

Foy = /G Fuwadp, (n€N),
n—1

Sof = Y F(k)wk, (n€Ny Sof :=0),
k=0

onf = S S,
k=1

n—1
D, = Zwk,
k=0

n

1

K, = n;Dk , (neNy).
Recall that (see |8], [12] and [18|) for any t,n € N,
2n i rxel,
(®) Do (f”):{ 0 ifadl,

2t71, if ze€el, (et) ,nm>t, T &€ [t\It+1,
(9) Kon (z) = (2" +1) /2, if x €I,
0, otherwise.
Letn=>_, 27" pl>n2> .. >n">0. Then (see [12] and [18])

T

A-1
(10) 1Ky =3 [ [[wy (2"“‘1(2,,4 + n<A>D2nA) .
A=1 \ j=1

The next two lemmas can be found in [17] (see also [15]):
Lemma 1. Let n > 2™ and z € I]kV’[l, k=0,.M—-1, Il =k+1,.. M.
Then
/ K (2 + )] dpt (£) < c2FH2M

Iy

Lemma 2. Let n € Ny, [n] # n| and x € I (e[n]_l + e[n]) . Then

92[n]
k(@) = [(n = 2") K, _gmi(@)| = =~
The o-algebra, generated by the intervals {I,, (z) : € G} will be denoted
by ¢, (n € N). Denote by F' = (F,,,n € N) a martingale with respect to ¢,
(n € N) (for details see e.g. |30]).
The maximal function F* of a martingale F' is defined by

F* :=sup|F,|.
neN
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In the case f € L1 (G), the maximal function f* is given by

* = su _ U u
e oAy (/)f( )

For 0 < p < oo the Hardy martingale spaces H, (G) consists of all mar-
tingales for which (for details see e.g. [17], [22] and [30])

1 g, = (]l < oo

It is easy to check that for every martingale F' = (F,,n € N) and every
k € N the limit

F(k):= lim | F,(z)w(z)du(z)

n—o0 G

exists and it is called the k-th Walsh-Fourier coefficients of F.

If F:= (Sonf:n €N) is aregular martingale, generated by f € Ly (G),
then F (k) = f (k), k € N.

A bounded measurable function a is called p-atom, if there exists a dyadic
interval I, such that

Jadu=0. Jallo < ()7, supp(a) c 1

The dyadic Hardy martingale spaces H, for 0 < p < 1 have an atomic
characterization. Namely, the following theorem holds (see [17], [30], [31]):

Lemma 3. A martingale F' = (F,, n € N) belongs to H,(0 <p <1) if
and only if there exists a sequence (ar,k € N) of p-atoms and a sequence
(1k, k € N) of real numbers, such that for every n € N

oo oo
(11) Z,ukSQnak = an Z ’Mk|p < Q.
k=0 k=0

Moreover, |[F|y, < inf > o |/,Lk]p)l/p, where the infimum is taken over all
decomposition of F of the form (11).

From this result follows the following important lemma proved by Weisz
[30]:
Lemma 4. Suppose that an operator T is o-sublinear and

sup pPu{z € I:|Ta(xz)| > p} < Cp < o0,
p>0

for every p-atom a, where I denotes the support of the atom. If T is bounded
from Loy to Ly, then

”TFHweak—Lp < Cp ”FHHp .
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3. THE MAIN RESULT AND ITS CONSEQUENCES

Theorem 1. a) Let 0 < p < 1/2 and f € Hy(G). Then the weighted
mazimal operator 5*V, defined by (6), is bounded from the Hardy space H),
to the space weak — L.
b) Let o : N — [1, 00) be a nondecreasing function, satisfying the condition

9p(n)(1/p—2)

lim ——— = co.

n—oo  (n)
Then, there exist a sequence { fn,, k € N1} of p-atoms and sequence {qn, , k €
Nt} of real numbers satisfying the condition |qy, | = ng, such that

Ufl'nk fﬂ/k
_— #(ani) weak—Lp .
keN ol

We also prove that the following theorem holds:
Theorem 2. Let 0 < p < 1/2. There exists a sequence {f, k € Ny} of
p-atoms, such that
5= fill,
sup —————+ =
keN N frllm,

From Theorem 1 immediately follows the mentioned result of Weisz [31]
(see also [30]):

Corollary 1. Let 0 < p < 1/2 and f € H, (G). Then the mazimal operator

sup|ogn F|
neN

is bounded from the Hardy space H,(G) to the Lebesgue space weak — L, (G).
We also obtain results of Persson and Tephnadze [15] (see also [4]):

Corollary 2. Let 0 < p < 1/2 and f € H,(G). Then the mazimal operator,
defined by (4) is bounded from the Hardy space Hy(G) to the space weak —
L,(G) if and only if condition (3) is fulfilled.

Corollary 3. a) Let 0 < p < 1/2 and f € H,(G). Then the weighted
mazimal operator
|7gn yon/2F|
S 23(/p-2)
is bounded from the martingale Hardy space H,(G) to the space weak— L, (G).
b) Let ¢ : N — [1, 00) be a nondecreasing function, satisfying the condition
95 (1/p=2)

lim —— = 0.
n—00 Sp(n)
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Then, there exists a p-atom a such that

02n+2n/2a
@(2"-&-2"/2)

weak—Lp

sup
neN HaHHp
Corollary 4. a) Let 0 < p < 1/2 and f € Hy,(G). Then the weighted
mazimal operator
sup 021
U on(1/p—2)
is bounded from the Hardy space H, to the space weak — L.
b) Let o : N — [1, 00) be a nondecreasing function, satisfying the condition
on(1/p—2)
lim =
n—oo  p(n)

Then, there exists a p-atom a such that

gon41a

p(2"+1) weak—Lyp
sup =
nek Tl

Theorem 1 immediately follows result given in [25]:

Corollary 5. a) Let 0 < p < 1/2 and f € H,(G). Then the weighted
mazimal operator g*, defined by
c F:=sup—""F57—
neN (n + 1)4/P72
is bounded from the martingale Hardy space H,(G) to the space weak— L, (G).

b) Let {¢n} be any nondecreasing sequence satisfying the condition

—(n+ l)l/p_2
hm —_— = +OO
n—00 (pn

Then there exists a martingale f € Hp, such that

onf

Pn

= OQ.
p

sup
neN

4. PROOF OF THE THEOREMS

Proof. Since o, is bounded from Lo to Lo, by Lemma 4, the proof of
Theorem 1 will be complete, if we show that

(12) tu {xETMzﬁ*’Va(x) Ztl/p} <c< oo, t>0

for every p-atom a. We may assume that a be an arbitrary p-atom, with
support I, p(I) =2"M and I = I);. It is easy to see that

ona(z) =0, when n < 2M,
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Therefore, we can suppose that n > 2. Since |ja||,, < 2/?, we obtain that

lona ()] 1
WD = gy 19l /I ; | K, (@ + )| dp (t)
1 M/p
WQ /IM | K (z + 1) dp(t).

Let x € Ijy1(ex +€1), 0 <k, 0 <[n] < Mor0<k,l<M<]|n|. Then,
it is easy to see that = +t € I;1; (ex + ¢;) for t € Iy and if we combine (8)
and (9) with (10) we get that

Kp(x+t)=0, for tely

and
lona ()]
2p(n)(1/p—2)
Let x € Iiyi (e +e1), [n] < k1l < Mork <|[n] <l < M. By using
Lemma 1 we can conclude that
lona (z)]
(/- =

(13) ~0.

ok-+l—2M
20(n)(1/p=2)
9[n](1/p—2)+k-+I+M(1/p—2)
= % 9lnl(1/p—2)
cpz[n](l/p72)+k+l

¢, 2/

(14) cp2M/P

IN N

By applying (13) and (14) for any x € [;1q (ex +€), 1 <k <1< M we
find that

eV _ lona ()| k(1 /p—1)
o a(e) =sup <2p(n>(1/p—2>> < &2 |

It immediately follows that for such & < I < M we have the following
estimate
7*Va (x) < CPZM/p for z e I]’f/’[l
and also that
(15) u{x eI 5 Va(z) > cp2s/P} =0, s=M+1,M+2,...
Suppose that
(16) obH(/p=1) 5 95/P for some s < M

It is evident that inequality (16) does not hold when k£ < I < s. On the
other hand, inequality (16) holds for all [ > k > s, that is,

(17) oFHQ/P=1) 5 95/P  where 1>k >s.
If I > s >k, from (16) we can conclude that
k+1(1/p—1) > s/p
L > (s/p—Fk)/(1/p—1)
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and
(18)  2FH/P=1) 5 95/P  where s>k, 1> (s/p—k)/(1/p—1).
By combining (7), (17) and (18) we get that

{x ey :5"Va(z) > CPQS/p}

M-1 M
C ( U U {a: € I]]T;[l :54Va (x) > Cp25/p}>

k=s I=k+1
s M

U U U {SC € IJ]\C/’IZ Al (z) > Cst/P}

k=01>(s/p—k)(1/p—1)

(19) u

8
Mm
~
=
Q

~% Va (LU) > Cp25/p}

() S ()
k=01>(s/p—k)/(1/p—1)
s M

1
2 3

k=01>(s/p—k)/(1/p—1)

I
i\gb
E

g

-z
I
E
+
=

b2
+

g
WE

g
-z
Il
B
+
=
»

1 Cp

56/ R /pD1 = 35"
k=0

IN
>~
CII!
2=
+

In view of (15) and (19) we can conclude that
2°u {a; ey :0"Va(z) > C’p25/p} < ¢p < 00,

which shows (12) as well as part a).
Let g, € N be sequence such that |g,, | = ng, [¢n,] = sk and

9r(an;,)(1/p—2)
(20) lim = =0
k—oo ¢ (qn,)

Set
fmC (513) = Dgnk+1 («T) — Dony, (CU) R ng > 3.
It is evident
~ 1, if 4 = 2%, .. 2mt+l 1
Foy (1) = { 0, otherwise.
Then we can write that
D; (z) — Dom, (z), if i = 2™ ... 20+l 1,
(21) Sifny () = frp, (z), if 0 > onktl
0, otherwise.
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Since
(22) Dj+2nk (CC) — Dgnk (SL‘) = Wonk Dj(x), ] == 1, 2, cey 2”’“,

from (8) we get

(23) [ foillg, = ||supSonfn| = [[Dgngrr — Danil|,
neN p
= | Dgn |, < 2m(71/P),
By applying (21) we can conclude that
1 an_l 1 an_l
}O-anfnk (l‘)‘ = q Z Sj Iy, ()| = qf Z Sifn ()
Nk =0 Nk j=2"k
1 an_l
= > (Dj(x) = Dyns ()
an j:2nk
1 Qnj, —2"k—1
= > (Djsam () — Dome (2))] .
n =0
By using (22) we find that
1 Qnj, —2"k—1
(24) G40 Fon @)] = > D@
e |
an — 2" —1

= T |Kg, —2me1 ()]
dny,

Let z € I[an]+1 (e[an}_l + e[an]>. By using Lemma 2 we obtain that

225k
’ank fnk (x>) 2 2nk

and
‘ank f”k (.%')’ CQst

> .
o (gn,) 20 (gn,)
Hence, we can conclude that

G fo ()] o2lan]

25 reG: >
(25) a © (qny) 27k (qn,, )

> 1% <I[an]+1(€[an}_1 + e[an])) > C/Q[an}‘
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By combining (20), (23) and (25) we get that

c22lang] G ’UCInkfnk(x)’ > c22lang] p
2% o(qng) \ ¥ et e(an,)  — 2"%¢(any)

cp22lan;] 1
2"1@@ (an) 2nk(1_1/p) Q[an]/p
B cp2nk(1/p*2) B Cpgp(an)(l/P—Q) o s ke
Q[an](l/P—Q)(p (Gny) © (qn,,) ’ ’

The proof is complete. U

Proof. Let f,, be the p-atom from part b) of Theorem 1. If we replace gy,
by g, = 2™ + 2° (we note that |qflk| = nk, [¢5,] = s) from (24) we find
that

6228
‘quk Jny, ()| = S for x € Isyq(es—1+es)
and
‘Uq%k o (x)‘ ¢, 25/P
> L , for xe€ls(es—1+es).
S/p-2p(as,) — 2w 0/p71) 1 ( )
Hence
P
’UQZkfnk (x)‘
o [ (o) g
G \ keN 2(1/p—2)p(q;k)
2 nkz:l/ an fnk )
Ist1(es—1+es) 1/p 2)p(an>
ng— 1
Cpnk
Z Cp Z 25 2nk 1 p) = 2"k(1 P)

Finally, by combining (23) and (26) we find that

] i <)] v
G5, i\ T

ankqu

Cpny, 1/p
ony (1-p)

1/p
> S (/p-T) > cpng P — 00, as  k— oo.

The proof is complete. O
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5. OPEN QUESTIONS AND FINAL REMARKS

Remark 1. This article can be regarded as a complement of the new book
[17]. In this book also a number of open problems are raised. Also this new
inwvestigation implies some corresponding open questions.

From Theorem 2 we can conclude the following result:

Theorem 3. a) Let 0 < p < 1/2 and f € Hy(G). Then the weighted
mazimal operator 6%V, defined by (6), is not bounded from the Hardy space
Hp, to the Lebesgue space Ly.

Open Problem 1. Let us introduce some new weighted maximal op-
erator of the Fejér means of the Walsh-Fourier series with some "optimal"
weights such that this new operator is bounded from the martingale Hardy
space Hy(G) to the Lebesgue space Ly(G), for 0 < p < 1/2.

To study boundedness of restricted maximal operators from the martingale
Hardy spaces Hp(G) to the Lebesgue space L,(G), where 0 < p < 1/2, for
any natural number satisfying the condition

25 <ng, <ng, < ... <m,, <25 sEN,

we define numbers
(27)  s_:=min{[n,,]}, sy =max{[ng]|} =5, ps(ng)=s54—s_.

Conjecture 1. Let 0 <p < 1/2, f € H,(G) and {ny, : k > 0} be a sequence
of positive numbers and let {ns,: 1 <i<r} C {ng: k> 0} be numbers
such that

2% <mg, <mgy <o <m, <21 s ENL

a) Then the weighted mazimal operator oY, defined by

~ F
oVF :=sup sup M7
$EN 25<n,, <25+1 9Ps (nsi)(l/p*2)

where ps (ns;) are defined by (27), is bounded from the Hardy space Hp(G)
to the Lebesgue space Ly(G).

b) Then for any nonnegative and nondecreasing function ¢ : Ry — R
satisfying the condition
2PS(”S7;)(1/P_2)

(28) sup  sup = 00,
seN 25§nsi<25+1 (P(nsz)
there exists p-atoms fs, such that

|U"Si f5|
SupseN SUupPos S”si <92s+1 <P(nsi)

17l

p

— 00, as §— 00.
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