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The poset of Specht ideals for
hyperoctahedral groups

Sebastian Debus, Philippe Moustrou, Cordian Riener
& Hugues Verdure

ABSTRACT Specht polynomials classically realize the irreducible representations of the sym-
metric group. The ideals defined by these polynomials provide a strong connection with the
combinatorics of Young tableaux and have been intensively studied by several authors. We
initiate similar investigations for the ideals defined by the Specht polynomials associated to the
hyperoctahedral group B,. We introduce a bidominance order on bipartitions which describes
the poset of inclusions of these ideals and study algebraic consequences on general Bj,-invariant
ideals and varieties, which can lead to computational simplifications.

1. INTRODUCTION

Symmetries provide beautiful connections between algebra, geometry and efficient
computations: on the one hand, the symmetries of geometrical objects can be de-
scribed with the algebraic language of group theory, while on the other hand algebraic
problems affording additional structure can be solved more efficiently once symmetry
is appropriately taken into consideration. A particular incarnation of these phenom-
ena occurs when studying algebraic systems of polynomial equations whose solution
set is invariant under a group action. In this set-up, when looking at the corresponding
polynomial ideal, the machinery of invariant and representation theory can be em-
ployed to gain information about the solutions of the initial system, and to simplify
its resolution.

These kinds of questions have been extensively studied in the literature for the
symmetric group Sp, acting on the polynomial ring K[xy,...,x,] over a field K by
permuting variables. In particular, it has been observed in different computational
tasks that the understanding of this action can lead to substantial algorithmic im-
provements (see for example [14, 29, 28, 18, 6, 23, 5, 19]). These improvements mostly
build on the fact that in this situation, both representation and invariant theory are
classically understood, and are closely related to the combinatorics of partitions and
Young Tableaux. More precisely, the irreducible representations of S, are in bijection
with the partitions of n, through a construction due to Specht: for every partition,
one can define a polynomial whose S,,-orbit spans an irreducible S,-module, called
Specht module [32]. This motivates the study of Specht ideals, the ideals generated by
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such modules, since they can be seen as building blocks of the action of the symmet-
ric group on a polynomial ring. The study of these objects has shown to be fruitful
from various aspects, and the connection between these ideals and the combinatorics
of partitions turns out to be deeper: not only there is a bijection between S,,-Specht
ideals and partitions of n, but this correspondence respects the poset structures. First
results were proven by Li and Li [20] and Haiman and Woo (see Woo’s doctoral thesis
[33]), and then independently revisited and extended for algorithmic purposes in [24].
In turn, this combinatorial understanding also provides information on these ideals
from the point of view of commutative algebra: for instance they all are radical [25],
and the partitions for which they are Cohen-Macaulay are understood [35]. The study
of these ideals has also paved algorithmic ways to simplify calculations for S,,-closed
ideals and their corresponding varieties. They allow to understand the symmetry of
the coordinates of the points in the variety, which in turn gives information on their
dimension. This information can then be used to design more efficient algorithms by
reducing the number of variables.

In this article, we initiate a similar study for the action of the hyperoctahedral group
B,, on a polynomial ring K[x1,...,x,]. The field K is assumed to be of characteristic
0, although many results remain valid in positive characteristic. In this representa-
tion, this group can be seen as the group generated by permutations of variables and
sign switches of variables, namely maps sending x; to —x;. The group is isomorphic
to the Weyl group of type B and appears in several different areas, as hyperplane ar-
rangements ([2, Section 6.7],[1]), representation theory [9, 8, 26], and has applications
in the study of non negative even symmetric polynomials [11, 17] and optimization
[13]. Similarly to the case of permutations, this situation is profoundly connected to
combinatorics. In this case, instead of partitions, the irreducible representations of
B,, are in bijection with bipartitions of n. Furthermore, polynomial generators of the
irreducible B,,-modules can be constructed in a similar way [31, 26]. We aim at a
first investigation of the corresponding ideals with the goal to extend the connec-
tions between algebra and combinatorics as far as possible. In contrast to the S,,-case
where there is a natural order on partitions, several orders are possible on biparti-
tions [15, 3, 12]. However, while in the S, case the poset of the standard order on
partitions reflects the corresponding poset of ideal inclusions, none of the previously
studied orders of bipartitions satisfy this property. Therefore, we define another or-
der on bipartitions. After studying the basic properties of this order, we are able to
show that it indeed translates well to the ideal inclusion. Similarly to the case of S,,,
this combinatorial connection finds consequences for the corresponding varieties. In
addition to the inclusion of varieties we are able to give a complete characterization
in terms of orbit types of the points in these varieties. Further, this gives information
on the possible orbit types of points in general B,-invariant varieties, allowing for
complexity reduction in the resolution of B,-closed polynomial systems.

The paper is structured as follows: Section 2 overviews the situation of S,-Specht
ideals. We initiate the study of B,-Specht ideals in Section 3 with definitions and
natural connections to the S,, case. In Section 4 we define our order for bipartitions
and study its combinatorial properties. Following this, we show equivalence between
our poset of bipartitions and the posets of Specht ideals and varieties in Section
5. In Section 6, study possible decompositions of Specht varieties in terms of orbit
types. Finally, we extend our study to general B,-invariant ideals in Section 7, before
concluding the paper with closing remarks and open questions in Section 8.
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The poset of Specht ideals for hyperoctahedral groups

2. S8,-SPECHT IDEALS

2.1. DEFINITIONS. A partition X = (A1,...,N\;) of n is a sequence of non-increasing
non negative integers such that Zi21 Ai = n. We write A - n when ) is a partition
of n and say that & is the unique partition of 0. The size of a partition A is | A |=
>_i>1i- The length of a non-empty partition A = (A1, A2,...) = n is the maximal
1 € Nyg := NW {0} with \; > 0, while the length of & is 0. We denote the length by
len()). For any partition A = (A1,..., ;) F n we use the convention that Ay = 0 for
every s > 1+ 1.

Let A, u F n be partitions of the same size. Then A\ dominates p if and only if
Z§:1 Aj = Z?Zl w; for any k. We denote domination by 1 < A. A partition A can be
represented via its (Young) diagram, i.e. the ordered sequence of boxes from the left
to the right and the top to the bottom, where the i-th line contains \; many boxes.
We say that the associated diagram has shape . A tableau of shape ) is a filling of a

diagram of shape A with all the numbers [n] = {1,...,n}. Then, we write sh(T") = A
9[3[6]4]
8] is a tableau of shape (4, 3,2).

—

if T is a tableau of shape A. For instance, S =

-

2
5
A generalized tableau is a filling of a diagram with elements in K. The conjugate
partition A of a partition X is the partition whose diagram is the one obtained from
the diagram of A by interchanging the rows and columns.

For a sequence (i1, ...,1,) of natural numbers, we define the associated Vander-
monde polynomial in the variables x;,,...,x;  as
A(i17~--7im,)(x) = H (Xij - Xik)a
j<ke[m]

while A(i) = Hg(xij - Xik) =1

DEFINITION 2.1. Let T be a tableau of shape A F n with m columns and let T; be the
sequence of natural numbers containing the entries of the i-th column of T from above
to below. Then, the associated S, Specht polynomial spp(x) is the product of all the
column Vandermonde polynomials of the columns, i.e.

spy(x) = H Ar,.
j=1

For the tableau S of shape (4, 3,2) above, we have
sPg(X) = D9,2,5) (X)A3,1,7) (%) As,5) (%) A4 (%)
= (x9 — X2)(X9 — X5)(X2 — X5) (X3 — X1)(X3 — X7)(X1 — X7)(X6 — Xs).
DEFINITION 2.2. Let A be a partition of n. We define the S, -Specht ideal
I, = (spp(x) : T is a tableau of shape \) C K[x1,...,Xp]
and the S, -Specht variety
Ww={aecK": f(a) =0 forall f € [,} CK"
associated to A.

The group S,, acts transitively on the set of tableaux of shape A, where an element
o € S, acts on a tableau T' by replacing every entry ¢ in a box by o(i). Thus, the
S,-Specht ideal I is the ideal generated by the S,-orbit of a Specht polynomial of a
tableau of shape A.
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DEFINITION 2.3. For a partition A - n we write Sx = Sx, X Sy, X --- C S, and define
the S,-orbit set

Hy), = {Z e K" : Stabsn(z) ~ S)\} .
If z € Hy we call X the S,-orbit type of z.

The orbit set of any partition is non-empty and the H)’s define a set partition of
K”. For instance, H(s 22 1) is the S, orbit of the set

{(alaalaalaa23a2;a3aa3;a4) e K": a; 7£ aj, Vi #j} .

2.2. INCLUSIONS AND APPLICATIONS. The dominance order for integer partitions is
well studied and understood. We recall that if (P, <) is a poset and p,q € P then
p covers q if and only if p # ¢, ¢ < p, and for any r € P, ¢ < r < p implies
r € {p,q}. Brylawski studied the lattice of integer partitions of n with respect to
the dominance order and classified the covering relations ([7, Proposition 2.3]). Let
A, i F n be partitions. Then, p < X is a covering if and only if X is of the form

A= (11, ey ity i+ 1 ity i1y G — 1y pns e ),

and either j =i+ 1 or u; = pj—1 (and p;—1 > p; and p; > i1 to ensure that p is
a partition). In particular, the diagram of shape p can be obtained from the diagram
of shape A via moving one box from the end of row 4 to row j.

EXAMPLE 2.4. The following are two coverings of partitions displayed by their dia-

grams.
Tl e

The following theorem shows the equivalences of the posets of partitions with
respect to dominance order, and the posets of S,-Specht ideals and varieties with
respect to inclusion.

THEOREM 2.5 ([24], Theorem 1). Let X and p be partitions of n. Let Iy, I, denote their
associated S,,-Specht ideals and Vy,V,, their associated S, -Specht varieties. Then, the
following assertions are equivalent:
(1) The partition A dominates u, i.e. A> u;
(2) The S,-Specht ideal I contains the S,-Specht ideal I,,, i.e. I D I,;
(3) The S,-Specht variety Vy is contained in the S,-Specht variety V,,, i.e. V\ C
Vi

The S,,-Specht varieties can be decomposed using S,, orbit sets.

THEOREM 2.6 ([24], Corollary 1). Let u b n be a partition. Then, the associated S,,-
Specht variety is

(&
V., = (U H,\> = U Hx.
Adp Adp
This characterization already shows that in general K[x1,...,x,]/I is not Cohen-
Macaulay for a S,-Specht ideal Iy, since the varieties are not equidimensional. Yana-
gawa classified the few cases when a Specht ideal is Cohen-Macaulay.

THEOREM 2.7 ([35], Corollary 4.4). The ring K[x1,...,x,]/Ix is Cohen-Macaulay if
and only if X is one of the following form

(1) A=(n—-4d,1,...,1);

(2) A= (n—d,d);

(3) A= (a,a,1).
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The authors in [33, 25] prove that a S,-Specht ideal is radical. Their proof uses
Theorem 2.6, i.e. that S,,-Specht varieties can be written as disjoint unions of S,, orbit
sets, and the non-emptyness of any orbit set Hy.

3. DEFINITION AND FIRST PROPERTIES OF B,-SPECHT IDEALS

The hyperoctahedral group B, is the symmetry group of the n-dimensional hypercube.
It can be written as the wreath product 1S, ~ {£1}"xS,,, acting on the polynomial
ring K[x1,...,%,] in the following natural way. An element (7,p) € B, where 7 €
{£1}" = 87 and p € S, acts on a monomial x; by (7,p) - X; = T,(;) - Xp(;). We call
an ideal I C K[x] By, -invariant if for all f € I and all ¢ € B,, we have o - f € I.

3.1. DEFINITIONS. A bipartition of n is a pair (A, u), where A F ny, u = ny are
partitions and n; + ny = n. We denote the set of all bipartitions of n by BP,,. A
(Young) bidiagram of a bipartition (A, u) is the pair of diagrams of shape A and p. A
bitableau is a filling of a bidiagram with all the numbers in [n]. We write sh(T,S) =
(A, ) if (T, 5) is a bitableau of shape (A, u). For example,

TI SI I

is a bitableau of shape ((2,1,1), (1,1)). When considering representatives of B,,-orbits
of points, we do not need to distinguish between the signs of coordinates. Thus, we
write x? = (x?,...,x2) and analogously 22 = (22,...,22) for points z € K". A

generalized bitableau is a filling of a bidiagram with elements in K.

DEFINITION 3.1. Let (T, S) be a bitableau and let T;,S; be the sequences of natural
numbers containing the entries of the i-th column of T and S from above to below.
Then, the associated B, Specht polynomial is

sprs)(X) = spp(x?)sps(x®) [[xx = J[AnG3)[[As ) ] *

kesS i>1 j=1 kesS

where the notation sp; is naturally adapted in this context to a Tableau 7' which
is not necessarily filled with the integers 1,..., k. For the bitableau (7”,5") of shape
((2,1,1),(1,1)) above, we have

SP(T’,S’)(X) = A(4,2,5)(X2) : A(3) (XZ) : A(6,1)(X2) - X6X1

= (xi —x3)(x] — x3)(x — x3)(x§ — x)x1%6.

The B, Specht polynomials are defined in works of Specht [31] who proved that
the vector space of all B, Specht polynomials associated with a fixed bipartition
is an irreducible B, -representation if the characteristic is 0. Moreover, for pairwise
different bipartitions the associated irreducible representations are non-isomorphic
and all irreducible representations arise as the vector spaces of certain B, Specht
polynomials. A constructive proof can also be found in [26, Chapter 7].

From now on, if not specified, Specht polynomials will stand for B,,-Specht poly-
nomials.

DEFINITION 3.2. Let (A, u) be a bipartition of n. We define the B,,-Specht ideal
Iix) = (5D(1,8) (%) : (T, S) is a bitableau of shape (A, p)) C K[x1,...,%,]
and the B, -Specht variety
Vi =12 €K™ : f(2) =0 for all f € I(y )} C K"
associated to (A, p).

Algebraic Combinatorics, Vol. 6 #6 (2023) 1597
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Again, the B,-Specht ideal I, ,) is the ideal generated by the S, orbit of a Specht
polynomial of a bitableau of shape (A, it). We observe that switching of signs of vari-
ables in a Specht polynomial sp s) returns £spp gy. Thus, I(, ;) also equals the By,
orbit of sp(r g)-

3.2. RELATIONS BETWEEN B,, AND S,, SPECHT POLYNOMIALS.

DEFINITION 3.3. Let A+ ny, i b ny be partitions. Then, the glueing of A and u is the
partition AW pu = (A1 + p1, A2 + g2, .. .) F ny +ng. The concatenation AV p - ny +ns
is the partition obtained by rearranging (A\1,..., As, 41, - - -, f4t) in decreasing order.

The glueing A\ W i defines indeed again a partition. Since \; > A\;41 and p; > a1
we have \; + p; = A\jy1 + pi41 for any .

EXAMPLE 3.4. The glueing of the partitions (3,2, 2), (4,1) with diagrams

ERR R

is the partition (7, 3,2) with diagram

[T TT]
[ ]

As observed in [16], if A,y are two partitions, then (A& )t = At v pt. This
observation provides a natural connection between bitableaux of shape (A, u) and
tableaux of shape A W u. Concretely, let (T,S) be a bitableau of shape (\, ut). Then,
we can consider the tableau T'W .S of shape A W p, where the columns of T'W S are
filled like the columns of 7" and S. When two columns in AWy have the same length,
they are ordered by their occurrence in the bitableau (T, S) from the left to the right.
For instance, for

5 - (TP )
6]

we have

. . 1]2]10[3]9]
T W S* =[4]8]7]5]
6

Since this map is invertible we get:

PRrROPOSITION 3.5. The tableauzr of shape AW p are in 1:1 correspondence with the
bitableauzx of shape (A, ). A bijection is given by (T,S) — T W S.

The lemma below describes the connection between S,, and B,,-Specht polynomials.
In particular, it motivates the definition of the same operations on the bidiagram of
shape (A, u) and on the diagram of its glueing A W p via moving some of the boxes in
a diagram in Section 4.

LEMMA 3.6. Let (A, ) € BP,, be a bipartition and let (T, S) be a bitableaw of shape
(A, ). Then

2 2
SP(1,5) (X1, - - - Xn) = SPruws (X7, -+, X)) H X;j.
JjES
Proof. Tt is an immediate consequence of Proposition 3.5, since the Specht polynomi-

als are defined as product of Vandermonde polynomials on the columns of the glued
partition. 0
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3.3. EXISTING ORDERS ON BIPARTITIONS. As mentioned in the introduction, par-
tial orders on the set of bipartitions of n have been studied by several authors. Let
(A ), (N, ') € BP,, be bipartitions. For instance the following statements define
partial orders:

[N+t <IM |+ cp g, forall k

was introduced in [12] to study Hecke algebras of type B,,, and was recently proven
to occur naturally in the field of spin group theory [34]. Ariki generalized their order
to multipartitions to study Hecke algebras of type G(m, 1,n) [4]. The partial order

1) Vo)< ) {ngk A< X< A for all k, and

N|<|A|, or
2 A/7 /! < )\7 RN | I
( ) ( /“‘L) ( M) {l)\/ |:|)\|7 and)\/g)\”ulﬂu

was formalized in [3] to construct Bj,-irreducible representations based on a more
general procedure valid for finite groups. In [15], the authors introduce a partial order
on bipartitions that extends the dominance order on partitions in the following way:

(3) (A/aﬂ/) < ()\’/“'L) A X(Ap) = XN ,u!) is zero or proper,

where X () is the character of Inds(/\)xB(u)( ). The partial orders (1), (2) and (3)
are not equivalent.

Moreover, these orders do not capture inclusions of ideals and varieties. Namely,
for (1) and (2), we have the following ordering of bipartitions of n = 2:

((2),2) > ((1,1),2) = (1), (1)),
and for (3),
((2),2) = ((1,1),2) and ((1), (1)) > ((1,1),2)

while the corresponding ideals are
I(11).0) =< XT = X3 >C [(a),)) =< X1,%2 >G [((2).) =< 1>

In the next section, we introduce a new order on bipartitions that will capture inclu-
sion of Specht ideals.

4. THE POSET OF BIPARTITIONS

In this section we introduce our new order for bipartitions:

DEFINITION 4.1. Let (A, ), (N, ') € BP,, be biparitions of n. We say that (A, p)
bidominates (XN, ') if and only if

k k
Z /\, +u] < Z()\] + ), and
j=1 j=1
k—1 k—1
N+ )+, < (N + py) + e
j=1 j=1

for all positive integers k. If (A, u) bidominates (N, p') we write (N, ') < (A, u). We
call < the bidominance order.

We point out that the first condition is just a condition on the glueing of the
bipartitions, i.e.
Nwp Sy p.
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EXAMPLE 4.2. The following bipartitions of 8 are comparable: ((2,1,1),(3,1)) <
((37 2)a (27 1)), since

<3, 5<5, 67, T7<8 8<8.

However, the bipartitions ((2),(1,1)) and (&, (4)) are not comparable, since 2 > 0
but 3 < 4.

Although we use the same symbol for dominance and bidominance, this should not
create any confusion, as they are defined on sets with empty intersection. We identify
bipartitions with their associated bidiagrams and speak about bozes in a bipartition.
It follows from the definition that our bidominance order is a partial order on BP,,,
and the previous example shows that it is not a total order.

Before proving our main theorem in the next section, we need a better understand-
ing of our poset of bipartitions.

The smallest element in (BP,,<) is (&,(1,...,1)), while the largest element is
((n), o). The following theorem characterizes the covering relations in the poset
(BP,,, Q). It turns out that there are four different cases, that are illustrated in Ex-
ample 4.4.

THEOREM 4.3. Let (A, ), (N, ') € BP,, be bipartitions and let i = min{j € [n] :
(Njypg) # Ny p5) Y. Then, (A, p) covers (X', p') if and only if one of the following
statements s true:

(1) =/, XA covers N with respect to the dominance order on partitions with

N, =X — 1, and for k such that X, = Ay + 1, we have p—1 = p; = -+ = fg;

2) A= N, u covers ' with respect to the dominance order on partitions, with
[ It

wi = pi—1, and for k such that pj, = . +1, we have A\; = Xjp1 = -+ = Apq1;

B) N E XN, p# p and Ny > N, If k is mazimal with \; = A, then p; = g,
(N, i) = (Nj = 1, p5 + 1) for any integer i < j < k, and (N}, 1) = (Nj, 1)
otherwise;

(4) XAEN, p# ', A =N, (and therefore u; > pl). If k is mazimal with p; = pg,
then Niy1 = A1, (W, Njpr) = (15 — L, Aj41 + 1) for any integer i < j < k
and there is equality otherwise.

EXAMPLE 4.4. In the following, we exemplify instances for all the covering cases of
bipartitions. In each of the cases, the boxes moved are colored in red.

(1) An example of a covering of type (1), where ¢ = 2 and k = 4:

0
1] L]
=/ ==y ==
©)

(2) An example of a covering of type (2), where i =1 and k = 4:

[
[

>

(3) An example of a covering of type (3), where i = 2:

EEs

(4) An example of a covering of type (4), where ¢ = 1:

A-q
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One can think of the cases (3) and (4) as moving a partial column from the left
diagram in the bidiagram (A, u) to the right side and staying in the same row, or
moving a partial column from the right diagram to the left and going down one row.

Now we present a proof of the theorem.

Proof of Theorem 4.3. We start the proof by showing that operations (1) — (4) de-
fine covering relations. Suppose that (X, u') is obtained from (A, 1) by one of these
operations. We need to show that (A, ) covers (X, p'), that is, if (A\*, u*) is such that
(A ) > (N, w*) > (N, 1), then either (A*, u*) = (A, p) or (A", p*) = (N, ). Since
the proofs for operations (2) and (4) are respectively similar to (1) and (3), we will
focus on these two operations.

(A) Suppose that (X, ') is obtained from (A, 1) by operation (1). In particular, u = ¢/,
and there exists 1 <i < k such that \j = A\; — 1, A\, = A\ +1, A = A for j #4, k
and p;—1 = --- = pg. It is not difficult to show, by taking the difference between
two consecutive partial sums, that

Vie{l,...,i—Lk+1,...}, A\j =X =\ and p; = pj = ),

as well as pf = pr = pf. Since pf ;| = pi—1 = pr = pj, this implies that
pi_q = ---= pi as well. In turn, this means that

Y= iy M) BN = (AL LA B (Ve N = V.

By hypothesis, A covers X, so that either A* = X or A* = X. In turn, this shows
that (A, p) covers (N, p').

(B) Now, we assume that (X, ') is obtained from (X, i) by operation (3). This means,
that there exists ¢ < k such that \; = A > Apy1, pi—1 > py = g and )\;. =Aj—1,
py = pj+1, for i < j < k and otherwise X = \; and p; = p;.

As above we observe that
Vi <iorj>kX =\ =X\ and u; = pj = .
In the same way, it is easy to show that
Vi, i <<k, N4 pg =N 4 = N4 pl = X+ g,
and
Vi, 1 <j <k A=A

2N =01

Together, this implies that
Vi, i <<k, A€ {N, N — 1} and i € {p, pj + 1}
(a) Assume first that A} = A; — 1. Then for i < j <k,
A =1 <A =Nh-1=)-1

which implies A7 = A; — 1 and pj = p; + 1, that is, (A", u*) = (X', /).
(b) On the other hand, if A} = \; or equivalently pf = p;, then for ¢ < j < k, we
have
<GS = =
which implies that p} = p; and A7 = A;, that is (A, u*) = (A, p).
Thus, they describe a covering relation in the poset (BP,,, <).
Now, we prove the converse. Let (), ) and (N, 1') be two different bipartitions of
n and assume that (X, ') < (A, u). We show that there exists a bipartition (A*, u*)
of n that can be obtained from (\, p) through one of the cases (1)-(4), and (X, ') <
(A, 1*) S (A, ). Let i € N be minimal with (A;, ;) # (A}, ps).

Algebraic Combinatorics, Vol. 6 #6 (2023) 1601



S. DEBUS, P. MousTrROU, C. RIENER & H. VERDURE

(A) We consider first the case where A; > A, and show that we can obtain (A\*, u*)
using one of the operations (1),(3), or (4). Let k € N be maximal with \; = Ag.

We begin our analysis with distinguishing between the following two cases.

Either there exists a p € N such that ¢ < p < k and p, < pp—1 or not, with the
convention that p; < po.

(a)

First, we assume that there exists such a p and we fix the minimal p with this
property. Then p,, is the first place after p;_; where we can put a box to still
obtain a partition. Let ¢ € N be minimal such that p <¢g< kand pg=--- =
- We define (A", u*) as the bipartition of n with (A}, uf) = (A; — 1, 5 + 1)
for every ¢ < j < k and otherwise (A}, u}) = (Aj, ptj). We observe easily that
(N, 1)<\ p) and M Wp* = Agpu> N Wy, and we are just left with verifying

t—1 t—1
DG+ ) 2N DN ),
j=1 j=1
for any ¢ € N. However, this is clear for any ¢t < g and t > k. If ¢ <t < k, we

have
NSNS —1=N—-1=)

and
t—1 t—1 t—1
So05 a0 = 30+ 3 D0 )
Jj=1 j=1 j=1

so that we also have

t—1 t—1
A DI ) =X+ Y (N + ).
j=1 j=1

This is operation (3).

Next, we assume that no such p exists. In particular,? > land p;—1 = - - - = .
We consider the closest possible free place in the bidiagram (A, u), namely
we take r > k to be the minimal integer with A, < Ay — 1 or (A, = A\ — 1
and g, < pg). Such an r always exists, since we allow ourselves to extend
the partitions with empty rows. If it did not exist, that would mean that
Ar = 1 and pg = 0. By definition of k and 4, this would mean that /\;- =)
for 1 < j<zujf,u]for1<j<zthatlf)\k:~~:)\i>)\§:0.
Also, we have 0 = pp = -+ = p;—1 = p;_;. That means that the sizes of
the bipartitions (A, ) and (X, ') are different, which is absurd. We proceed
again with a case distinction.

(i) Let us start with assuming that A, = Ay — 1 and p, < pk. We define
pj=pj—land Aj;; = Aj41+ 1 forall k <j <r—1, while uj = u; and
Ay = A for any other j € Ny. Since )\k;Jr] < A and 1 = Wk > o
(\*, u*) is a bipartition. Clearly (A*, u*) < (A, 1). By construction we have

t—1 t—1 t—1
A OSHm) =M D N+ pg) = A+ > (N + )
j=1 Jj=1 Jj=1

for any ¢t € N. Also, for t < k or t > r, we have

t t
Z(Aj + ) Z )‘*JFN]
j=1 j=1
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Thus, it remains to show this inequality holds for k£ < ¢t < r. The following
inequalities follow from the definitions of k, i and r:

A= =N +1>2N +1,
/\;‘:At+1:>\k—1+1>)\’+1 MN+1 fork<t<
pr 1= = pp = i1 = ph_q = fork<t<7‘.

This shows that A* W p* > X Wy, and we obtain (A*, p*) from (A, u) by
operation (4).

Finally, we assume that A\, < Ay — 1. In particular, ;1 = --- = p,—1 and
Apc1 =+ = A1 = A\ — 1 =--- = \; — 1. We distinguish between two
cases:

First, assume that p,_1 > p,. We define Ay = A\, +1 < Apmg and pf_; =
pr—1 — 1 > pp, while g5 = pi; and A\j = A; otherwise. Then (A\*, u*) is a
well-defined bipartition, and as usual, (A\*, u*) < (A, u). Also, proving that
(N, 1) < (X*, p*) is straightforward, except maybe proving that

r—1 r—1

D) =D N+ ).

1

Jj=1

.
Il

But as previously, we have:

A= =N for1<j<i
W = pj = u for1 <<
M= N=N2AN+12N +1 fori<j<k
)\j—)\ —)\k—lz)\i—1>)\;>>\; fork<j<r—1
[ =y = iy = g 2 fori<j<r—2

fro1=pi-1—1=pi —1>p. 4 —1

All together, this gives

r—1 r—1 r—1

S0 +0) > 05 )+ =) > 0% + )

j=1 j=1 j=1
as wanted. This also means that we obtain (\*, u*) from (A, 1) by opera-
tion (4).
We are left with the case p, = u—1. By a previous remark, this means that
fim1 =+ = pp. Wesset p* = pand A} = A\p—1, A\ = A.+1, and otherwise

A} = A;. Then, by assumption (A", p*) is a bipartition and (A", ") (A, p).
It is also straightforward to show that (A*, u*) > (N, 1') except maybe the
partial sums inequalities in rows k to r. Since A} + A) = A\p + A, we only
need to look at rows k to r — 1. To this purpose, we remark that:

A=A =N for1<j<i
[ = fij —/,L/ for every j
N=XN=N2AN+12 N +1 fori<j<k

M=o l= X 13 XN
N=N =N —1=X—12N>N fork<j<r—1

Then for any k < j < r, we have

J J J
D) =D (N )+ > (N + )
t=1 t=1 t=1
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and in the same way

Jj—1 Jj—1
XA T i) =N D (N4 ).
t=1 t=1
Thus we obtain (A\*, u*) from (A, u) by operation (1).

(B) It remains to deal with the case \; = X}, and p; > p. It can easily be deduced
from the previous case, by noticing the following: let p = (p1, 1, t2,...) and
P = (p1, ph, ph, .. .), then (p,A) and (p’, \') are bipartitions of n + p1 such that
(p, A) B (p', N'). If j is minimal such that (p;, A;) # (p}, A}), then j =i+ 1 and
pj = Hi > p; = pj. From what we have just seen, there exists (p*, A*), obtained
from (p, A) by operations (1) (3) or (4), such that (p, ) > (p*, \*) > (p/, N'). It is
then clear that pi = p1 = p} = p1. Let pu* = (p5, p3,...). It is clear that (\*, p*)
is a bipartition and obviously (A, p) > (A*, u*) > (N, 1’). Moreover if we obtained
(u*, p*) from (u, p) by operations (1), (3) or (4) respectively, we obtain (A\*, u*)
from (A, p) by operations (2), (4) or (3) respectively.

g

It is in general not true that if A is a partition covering X', then (A, p) covers (X', u),
as the following example shows:

EXAMPLE 4.5. Consider
(A, u):((332 1),(2,2,2,1)), and (N, 1) = ((3,2,2,2),(2,2,2,1)).
Indeed, it is g1 = po = pug > pg. Thus, there exist bipartitions which lie in between.

SO () ([

Since the poset of partitions for the standard dominance order is a lattice, it is
natural to ask whether this holds for our order on bipartitions. However, this is not
the case already for n = 4. Consider a = ((2),(1,1)) and b = ((2,2), ). Now take

=((2,1,1),9). It is covered by both a and b, so if @ and b have a meet, that is a
greatest lower bound, it has to be c. However, for d = (&, (2,2)), d < a and d < b, but
¢ and d are not comparable. Similarly, one can ask if the poset (BP,,, <) is graded,
i.e. any maximal chain has equal length. However, already for n = 3 the poset is
non-graded since there exist maximal chains of length 6 and 7.

5. THE POSETS OF SPECHT IDEALS AND VARIETIES
In this section, we state and prove our main theorem:

THEOREM 5.1. Let (A, ) and (0,w) be bipartitions of n. Let I(x ), I(9.) denote their
associated Specht ideals and V(x ), Vig,w) their associated Specht varieties. Then, the
following assertions are equivalent:
(1) The bipartition (A, u) bidominates (0,w), i.e. (A, p) > (0,w);
(2) The B,-Specht ideal Iy ,) contains the By-Specht ideal Iy ., i.e. I(x ) D
1 0,w)s
(3) 7(“he )Bn -Specht variety V(y ) s contained in the B, -Specht variety Vig ., i.e
Vouw € Viow)-

We start with the first implication, namely that a dominance of bipartitions implies
the containment of the corresponding B,,-Specht ideals.

PROPOSITION 5.2. Let (A, ), (N, p') € BP,, be bipartitions of n and let (N, 1/ )<(\, p).
Then, I(A',M') C I()\7M)'
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Proof. 1t is sufficient to prove the theorem in the four covering cases in Theorem 4.3.

In cases (1) and (2), we have in particular (X <X and p/ = p) or (¢ < p and
A = \), and the result follows from the proof of ([24, Theorem 1]), combined with
the definition of B,,-Specht polynomials.

Now, we consider case (3). In this case, to go from (X, u’) to (A, u), we remove
a number a of boxes from a column U; in y, that will be added to a column Us
in A. We can restrict our attention to these two columns. Let b =| U; |, we then
have | Uy |= a+ | Uz |= a+0b. Let A = {1,...,a}, By = {a+1,...,a + b} and
By = {a+b+1,...,a+2b}. Up to permutation, it suffices to show that the polynomial

P(X) = ABQ( AAUBl H X
i€ AUB,
is in the ideal generated by polynomials of the form Ag(x?)Ag(x?)[], g Xi, where
{1,...,a+ 2b} is the disjoint union of S and S, and | S |= a + b. Let us consider

Q(x) = Aaus, (x*) A5, (x) ] =i,

1€ By
which is a polynomial of the expected form, and
X) H X;
icA
= AAUB2( ABl H Xi-
ZEAUBl

Note that we have:

deg(P)=b(b—1)+ (a+b)(a+b—1)+a+b=2b>+a*>+b(2a—1)
and

deg(Q) = (a+b)(a+b—1)+bb—1)+b=2b>+a>+b2a—1) —a

so that P and Q have the same degree. We are going to show that P is a combination
of e(o)o - Q for ¢’s in G = Ssup, - Note that we can rewrite

Aaup, (x%) = Aa(x*)Ap,(x H R(x
i€A
where

R(y)= [ w—x.

Jj€B2
. 2 . .
Since [[;e aup, Xi and Ap,(x?) are invariant by G, we can factor them out and focus
on the remaining terms, and we look therefore at

P*(x) = Aaup, (x%)

and

Q ( ) AA ABI H R
I€EA

Also consider the subgroup H = S4 x Sp, of G. Then, for 11 € S, 72 € Sp,, we have
T172(AA(x%) = e(m1)(Aa(x?)) and 7172(Ap, (x?)) = €(r2)(Ap,(x?)), and because
[Tic4 R(x?) is H-invariant, we get

(i) T1TQ" = Q7
allowing us to consider the sum

Q=Y co)oq,

oceG/H
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and we claim that P* = Q.

First, we show that P* divides Q, namely that for every i # j € AU By, X} — x3

divides Q. Since for every o € G 0Q = +Q, and G acts transitively on pairs (i, 5), it
is enough to check that x? — x2 divides . We hence have to show that @ vanishes
when imposing x7 = x3. To see this, first observe that the terms in the sum are
in correspondence with set partitions K U K of AU By, where | K |= a. Indeed,
up to permutation by elements of H, we only need to choose where to send the
subset A ={1,...,a}. Now, if o sends 1 and 2 in the same subset, the corresponding
Vandermonde determinant in €(0)ocQ* vanishes whenever x3 = x3. We then only
need to focus on partitions where 1 and 2 are not in the same subset. There are
two kinds of such partitions: those with 1 € K and 2 € K, and those 2 € K and
1 € K. The transposition (12) naturally induces a bijection between these sets of
partitions. If o € G is a representative for a partition of the first kind, then (12)o is a
representative for the corresponding partition of the second kind. When x? = x3, we
have (12)0@Q*(x) = 0Q*(x), and because €((12)0) = —¢(0), the two corresponding
terms cancel out.

Then, we need to check that P* and @ have the same leading term with respect to
the lexicographical ordering. The leading term of P* is xf(a%*l)xg(‘”b%) CeX2
Then, for o € G sending {1,...,k} onto K, the partial degree of cQ* in x; is

2a—1)+2b iflek
2(b—1) ifl1¢ K

and therefore cQ* can give a contribution to the leading term of @ only if 1 € K. By
the same argument, 2 has to be in K, and in the end, K = {1,...,a}: Indeed, assume
there is a minimal ¢ < a with ¢ ¢ K. Then, the leading term of c@* is of the form
Xf(a%_l)x;(a%_z) ‘ ~-X?(_al—~_b_j+1)x?(b_l)m where m is a monomial in the variables
Xj41s- - Xatb. Since, j < a, then 2(b — 1) < 2(a+ b — j), and therefore the leading
monomial of ¢Q* is strictly lower than that of Q*. Thus, the leading term of Q is
exactly the leading term of @Q*, which is xf(a+b71)x§(a+b72) e x§+b_1, as expected.
This concludes the covering case (3).

The proof for the covering case (4) is very similar. In this situation, to go from
(N, u) to (A, ), we remove a boxes from a column U; in X, before adding them
to a column Us in p, with | Us |= b and | Uy |= a+ b+ 1. We can apply the
previous argument, where this time A = {1,...,a}, By = {a +1,...,a + b+ 1},

By={a+b+2,...,a+2b+ 1},
P = Auup, (x*)Ag, (x sz

1€ B>
Q=Ap, () Auus (%) [[ =
1€ AUB>
and
Q=(]]x)@
jEA

- ABl( )AAUBQ H H Xi-

€A i€ By

O

The second implication ((2) implies (3)) of Theorem 5.1 is clear, it remains to prove
that (3) implies (1):
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PROPOSITION 5.3. Let (A, i), (0,w) be bipartitions and V(5 ) C Vigy. Then, (A, pu) >
0,w).

To prove this implication, we will consider two types of points in K":

LEMMA 5.4. Let (6,w) € BP,, and A = 0 Ww be a partition of n. Consider the point

2= (A1, 01,02, A2,y Ay e ey Qi)
———— —— ——
Ay Az Am

with a? ;éa ifi#j and a; #0 if i <len(w).

i) 2 ¢ Vigw-
ii) If (A, ) € BPy, is a bipartition such that z & Viy ), then AW u > A,

Proof. i) Let (T,S) be the generalized bitableau of shape (,w) which has the filling

a1 ai ceelay a1 aip |-+ - a1
a9 as |-+ as ag |+ v
) )
a
ap

i.e. the i-th row of both T and S contains only a;’s. The assumption a; # 0 for
i < len(w) ensures that S contains no 0 entry, and by construction the squares of
column entries are pairwise different. Thus, z € Vce W)

ii) By assumption, there is a bitableau (T, S) of shape (A, 1) such that spr ¢)(z) # 0.
Then, according to Lemma 3.6, there is a tableau U =T W S of bhape Al U 1 such
that SpU(Zz) 2 0. Therefore 22 does not belong to the S,-Specht variety Viwg,
and since z and 2% have the same S,,-orbit type, ([24, Prop 1.ii)]) gives

A=(A1,...,An) S AW p,
which proves the lemma.

O

LEMMA 5.5. Let (6,w) € BP,, be a bipartition of n. Let m = max{len(),len(w)}.
Consider the point

2=1(0,...,0,a1,...,01,82 ..., 42, ... Qmy- .., Qm)
—_—— —
01 w1402 wa+03 Wmt+Om41
. 2 2 . . . .
with ai # a5 if i # j and a; # 0. Then:

i) z ¢ ‘/(Q,W)'
ii) If (A, p) € BP,, is a bipartition such that z ¢ V(5 ), then

k-1 k-1
DG F ) A =D (0 + wj) + bk
j=1 j=1

for any integer k > 1.
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Proof. 1) Let (T, S) be the generalized bitableau of shape (¢,w) which has the filling

0 Ol---10 ailar || aq
ay | ay |- ag | a9
)
ap
aj

i.e. #; contains only a;_1’s and w; contains only a;’s, where ag = 0. We observe
that no entry in S equals 0 and the squares of column entries are pairwise different.
Thus, we have z € V(‘(; w)

ii) By assumption, there exists a bitableau (7, S) of shape (A, ) such that

0# SP(T,S)(Z) = spp(z? ) sps (2 H Zj-
jJeSs

Let (T, 5*) be the generalized bitableau obtained from (7, .5) by replacing i with
z; in any box. This means that the zeros of z are written in 7" and no column
in T* or S* contains entries with equal squares. Since permutation of the column
entries can only change the sign of sp(y, 5)(2), we can assume that the entries in
every column in (7%, S5*) are sorted increasingly by the indices of the a;’s from
above to below, and with ag = 0.

We obtain that all the 0’s must be written in the first row of T* which implies
A1 = 01. Now, for an integer k > 1 the ax’s in (T, S*) must be written in different
columns in the generalized bitableau (T, S*). Since the entries in (7%, S*) are
written with increasing indices in each column from the top to the bottom, we
know that the a;’s with 0 < j < k must be written within the first & rows of S
and the first k + 1-rows in T". Thus, by the pigeon hole principle, we have

HM?:-

Aj+ i) + Apgr = 29 +wj) + Oy
Jj=1

Now, we can prove Proposition 5.3:

Proof of Proposition 5.3. The assumption is equivalent to V(Ce w) C V(g\ 0 We have

to prove that AW pu > 0 Ww and that Zf;ll(/\] + )+ A = Zf;ll(ﬁj + wj) + 6 for
every integer k > 1.
For the first claim, consider the point

2= (A1, 01,02, A2,y ey Ay e ey Qi)
—_— —— —
01+wy O2+wo O +wim

with a? # a]z for i # j, and a; # 0 if ¢ < len(w). According to i) in Lemma 5.4,
z € V(‘fg W) By assumption, we then have z € V(C)\_H), and ii) in Lemma 5.4 gives

AUp>Az)=0Ww.
For the second claim, consider the point
2=1(0,...,0,a1,...,01,02 ..., 42, ... Qmy- ., Qm)
—_—— ———

01 w1+62 wa+03 W +0m 41
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with a? # a? for i # j, and a; # 0. According to i) in Lemma 5.5, z € V(Ce W) By
assumption, we then have z € V(CA ) and ii) in Lemma 5.5 gives

k—1 k—1
DG ) A= (0 + wj) + bk
Jj=1 Jj=1
for any integer k > 1. O

6. ORBIT TYPES

In this section we define orbit types of elements in K™ with respect to the action of
the hyperoctahedral group. Compared with the S,-orbit types, they allow a finer set
decomposition of K™ since one distinguishes whether coordinates are 0 or not. This
leads to a set partition of the B,,-Specht varieties based on the combinatorics of the
poset (BP,,, ).

Recall that if z = (a1,...,a,) € K7, then the S,-orbit type of z is the
unique partition A(z) = (A1,...,A;) F n such that Stabs (2) ~ Z/MZ X

- X Z/MNZ, or equivalently, there exists by,...,b; pairwise distinct such that
z€ S8, (bl,...,bl,...,bl,...,bl).

Ay A

DEFINITION 6.1. Let A = (A1,..., A\m) F n be a partition and t € Ng. Let j = min{i :
A < t} with the convention that j = m + 1 if t = 0. Then the t-cut of X is the
bipartition (p,o) defined as p=(t, - ,t,Xj,--+ , Am) and 0 = (A —t,--- , Ajo1 — t).
We denote it by cut(A,t).

We have cut(},0) = (@, \) while cut()\, t) = (A, @) for any ¢ > A;. We observe that
if cut(\,t) = (o, p), then oW p = \.

We are now ready to define the B,-orbit type of a point in K™ and the notion of
B,,-orbit set:

DEFINITION 6.2. Let z € K™. The B,-orbit type of z is
Q(z) = cut(A(z%),t.)

where t, is the number of 0 coordinates of z.
For (A, 1) € BP,,, the By,-orbit set associated to (A, p) is then

Hnyy = {2 € K" Q=) = (A, )}

We observe that B,-orbits sets might be empty. The non-empty B,-orbits sets
correspond to bipartitions (X, ) such that Ay = -+ = Ajep(yu)41. Moreover, if (A, 1)
is such that H(, ,) # &, then any point z € H, ,) is of the following form: let
m = len(p). Then there exist non-zero elements ay,...,a; € K, with distinct squares
such that

2=0 (A1, s Q1o sy ey Oy 0y 0y @iy e v ey Gy e v oy Qly e e vy Q)
—_——— —_——— —— — o —— ———
A1tp1 A1+pm A1 Am+t2 A1
for some o € B,,. It is straightforward that [ = m if len(\) < m (which implies A = @)
and [ = len(\) — 1 if len(A) > m. With such a point of view, this notion of B,-orbit
type is a natural generalization of S,,-orbit type in terms of hyperplane arrangements.
While S,,-orbit types correspond with unions of intersections of hyperplanes of type
Ay of the form z; — x; = 0, By-orbit types correspond with unions of intersections
of hyperplanes of type B, of the form z; £ z; = 0 and z; = 0.

EXAMPLE 6.3. We present the orbit types of K3. Let a,b,c € K* be such that they
have distinct squares.
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(0,0,0) ((3),2)
(£a,0,0) ((2,1),2)
(£a,+b,0) | ((1,1,1),92)
(+a,+a,0) | ((1,1), (1))
(£a,+ta,+a) (2,(3))
(+a, +a,+b) | (2,(2,1))
(+a,+b,+c) | (2,(1,1,1))
The remaining bipartitions ((2), (1)), ((1), (2)), ((1), (1,1)) of 3 have an empty orbit

set.
The following proposition follows from the previous definitions and comments:

PROPOSITION 6.4. Let z € K™ and (\, p) = Q(z). Then A(2?) = AW p. Moreover, the
By, -orbit sets define a set partition of K™, namely K"® = E‘J()\,/L)EBPW Hx -
PROPOSITION 6.5. Let z € K™, and (A, u) € BP,,. Then:

(1) 2 & Vo,

(2) 2 & Vi = (A p) = Q(2).

Proof. Let (6,w) = Q(z) and m = len(w). Then there exist o € B, and ay, ...,a; € K*
with distinct squares such that z = oz’ with

!
Z=(a1, 01, Qe ey Gy 0y 0 Gty e Ty e Ay e, G-
——— —_————  ——  ——— —— —_———
01+w1 01+wm 01 Om+t2 0141

Since the Specht varieties are invariant under the action of B,,, we can assume that
z = z’. With this shape, we can apply Lemma 5.4 to z which gives immediately (1),
and partly (2):if 2 ¢ V() ), then AW > 0 Ww. It remains to prove that if z & V() .,

then Z?;ll()\j + 1)+ A = Zf;ll(ﬁj +w;) + 6 for any integer k > 1. To do so, it is

enough to observe that since #; = --- = 6,,,+1, the point
1"
2" =10(0,...,0,a1,...,01,02 ..., 42,y Ay ey Gy Gl -« oy Al - o5 Qly -« 5 Q)
—— —— ——
01 w1+02 wa+03 Wmt+0m41 [ 0141

is in the same orbit, and we can apply Lemma 5.5 to conclude the proof.
O

As a consequence of our previous results, we get a decomposition of B,-Specht
varieties in terms of orbit sets:

THEOREM 6.6.

Vi) = U Hepw | = U Hp -
(0,w)EBP,,,(0,w)I(\, 1) (0,w)EBP,,,(0,w) L (A, 1)

Proof. The collection {H(g’w) ((0,w) € BPn} defines a set partition of K™ by defini-
tion, which explains the second equality.

In order to prove the first one, we first assume that z ¢ V{, ,y. By part (2) in Propo-
sition 6.5 we obtain that (A, p) & Q(z2). Thus z € U .)enp,,(0,w)<a00) H,0)-
Conversely, let z € U(G,w)ﬁ(z\,u) H g - In other words, Q(z) < (A, p). Then, part (1) in
Proposition 6.5 implies 2z € Vq(,). On the other hand, by Theorem 5.1, V( .,y C Vo(z)-
Therefore z & V(5 ,)- O
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EXAMPLE 6.7. We calculate the Specht variety corresponding with the bipartition
((1,1),(2)) using Theorem 6.6. The bipartitions (6, w) encoding non-empty orbit sets
such that (6,w) A((1,1),(2)) are the bipartitions in

0=A((2,2),9),((2,1,1),2),(2,(4)),((3,1),2),((4),2)} C BP4.
Then,

Vian.en= U How

)€
= H(2,2),0) U H((2,1,1),0) U H(g,4)) U H((3,1),0) U H((4),2),

which means
Vi,1),2)) = Ba-{(0,0,a,a),(0,0,a,b), (a,a,a,a),(0,0,0,a),(0,0,0,0) : a,b € Kso}.

One might look for a more natural orbit-type, only involving the number of zeroes of
a point, and the S,,-orbit-type of the remaining non-zero squared coordinates. Indeed,
our previous decomposition can be reformulated in such a way, and it can be obtained
either using S,-invariance and results of [24], or as a consequence of our previous
results on bipartitions. We just briefly describe here the latter approach because such
a point of view, even if it gives a natural decomposition, does not give information
on inclusions of B,,-Specht varieties, which will be needed for our applications in the
next section.

If z=(ay,...,a,) € K" is a point, then

Stabs, (a2,...,a2) ~Sx, X -+ x Sp, X S

where A1 > ... > A; and t is the number of zero coordinates of z. We could have
defined the orbit type of z as

A(z) = (t, (A1, ..., 7).

Then, there is a bijection ¢ between the set of pairs (¢, A) where n > ¢t > 0 and
A Fn —t and the set of bipartitions (A, u) such that H, ,) # @ given by

(t7A) — cut((A1,A2, - ,Al,t),t)

where (A1, As, ..., A, t) is the partition obtained by rearranging (A1, Az, ..., A, t) in
non increasing order.

Now, for ¢t < 0 and A Fn — ¢, if we denote by Gy a = {z € K"*; A(z) = (¢t,A)}, we
have by construction

Gin = Hyt,n)-

Moreover, ¢ preserves the orders in the following sense: for ¢ fixed, ¢(t, A) < ¢(¢, A')
in our poset of bipartitions if and only if A < A’ in the poset of partitions. Also, it is
obvious that if £ > Ay, then z € Viu)-

As a consequence, our decomposition in Theorem 6.6 becomes in this context

C )\1
(V(ML)) = U U GiA-
t=1 A,
o(t,A) (N, 1)
Actually, if one fixes 0 < t < A1, one can prove that
ot A) T\ p) & ANy,
where A(®) is defined as follows: if s = max{i; \; > t}, then

)\(t) = ()\17' . 'aAs—la)\s + )\s-‘rl - ta)‘s+27' . -aAl)-
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Finally, we can reformulate the decomposition as:

A1
Vow) =U U Gea.

t=1 AN Dy

7. APPLICATIONS TO B,-INVARIANT IDEALS

7.1. SPECHT IDEALS IN B,-INVARIANT IDEALS. The main result in the article [24]
studies the S,,-Specht ideals contained in an ideal I which is globally invariant under
the action of S,,. We give here the main ideas of this statement, before extending it
to the case of B,,.

For P a polynomial in an S,-invariant ideal I C Kixy,...,x,]| of degree d, we
denote by wt(P;) the number of variables appearing in the highest component P, of
P. Moreover, for a monomial m of degree d in P, the partial degrees of m induce a
partition (k1,. .., k), and under the assumption wt(Py)+d < n, we have in particular
d + ¢ < n, and therefore we can define the partition

M(m) = (k‘l—‘rl,k’g—l—1,...,/{3@4—1,17...,1)
——
n—d—~{
of n. It is then proved ([24, Theorem 4]) that for every monomial m € Mon(P;), the
ideal I contains every spy for which sh(T) < u(m)*.

The proof works as follows: up to permutation of the variables, we may assume
that

m = x’flx;€2 .- ~x§z
and since wt(P;) +d < n, there exists d = k1 +. ..+ k¢ many variables in {xy,...x,}
that do not appear in P;. More precisely, we can take Iy,..., Iy, disjoint subsets of
{1,...,n} such that for any 1 < i < ¢, there are k; elements in I;, and none of them
appears in Py. Then, if for 1 <14 < ¢, J; = {i} U I;, we can prove

k
(4) Ay Ay, :m Z e(0)o(Ar, - AL P)

o€S ;XX 8y,

where Aj is the Vandermonde polynomial of the ordered set I and k # 0.
Now, we want to generalize this result to Bj-invariant ideals. First, we need to
associate a bipartition to a given monomial:

DEFINITION 7.1. Let m be a monomial in K[x1,...,%x,]. There exist unique sets I
and Iy such that we can write m as

w= T1x T T =
ieh i€ls icls
and k; # 0. Denote £ =| I |, dy = Zieh ki, s =| Iz |, and dy = Ziejg r;. The
sets {k;,i € I1} and {r;,i € I} respectively induce partitions (A1,...,\¢) of di and
(11, -y pus) of da. If moreover we assume that £ + s + dy + do2 < n, we can define a
bipartition T'(m) of n by
F(m):(ﬂaﬂ):(()‘1+l7A2+1aa)‘€+17 I1...,1 )7(M1+17M2+177/’[’5+1))
———
n—(€+s+d1+d2)
Finally, we define
I*(m)= A5t =(n— (s+di+do), 6, 05,...), (s, ig,...)),

which is a bipartition of n as well.

With this notion, we get, for B, -invariant ideals:
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THEOREM 7.2. Let I C K[x1,...,X,] be a By,-invariant ideal, and let P € I. Assume
that m is a monomial in the homogeneous component of highest degree of P. Using
the notation of Definition 7.1, assume that wt(Py) + dy + d2 < n. Then, we have the
ideal inclusion

Il"*(m) cl.

Proof. Up to permutation, we may assume that

l l+s {+s
m=[I=" 1] =™ ] =
i=1 i=0+1 =041

and that the coefficient of m in P is 1. Let ¢; € B, the map changing x; in —x;.
Then, the polynomial

P*Eip
2

is a polynomial in I whose terms are exactly the terms of P having an odd degree
in x;, and therefore divisible by x;. After applying this transformation for every
i€ {l+1,...,0+ s}, we may substitute P with a polynomial of the form

containing m in its leading term, and where every term in P has even degree in x;,
for every i € {{ 4+ 1,...,0+ s}. Further, for ¢ ¢ {{+1,...,{+ s}, we can apply the
transformation

P(x) + ¢ P(x)
2

to get a polynomial which is still in I, but its terms are exactly the terms of P having
an even degree in x;. In the end, we may assume that P is of the form:

where m is still a monomial of the leading term.

Now we can apply a strategy similar to the one described for S, -invariant ideals.
Since +s+dy+da < wt(Py)+di+ds < n, there exists dy+do = k1+- - -+ke+r1+- - +75
many variables in {x1,...x,} that do not appear in P;, and we can take I ,..., Iy,
Iogi1, ...y Ioys, disjoint subsets of {1,...,n} such that for any 1 < i < ¢, there are k;
elements in [;, for any £+ 1 < i < £+ s, there are r; elements in I;, and none of them
appears in P;. Then, for 1 < i < ¢+ s, denote

Ji ={i}u 1,

and A j(x) = A;(x2) the Vandermonde polynomial associated with the variables x2
for ¢ € J. Consider

Rx)=Px)As, A, [ x

1€Lp 11U Ulpys
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We then have
> e(o)o(R(x)) = > e(0)o(P(x)Ar, - Ay, 11 X;)

G'ESJl X"'XSJ£+S O'ESJIX-~~><SJZ+S iEIg+1U---UIg+S

= Y oo |Qeddy by, I

O'GSJ1><'“><SJe+S iGJg+1U---UJ(+S

= H X; Z e(o)o (Q(XQ)Ah e A1e+s)
i€J@+1U---UJg+S UES,]IX"'XSJ[

=Kl kel e e Ay Ag A Ay, H

1€Jp 11U Udpqs

where the last equality follows from (4). Therefore, I contains the polynomial

ApoByhgAs. I =

’L‘GJ({+1U-“UJ1¢+S

which is one of the generators of It«(y,). By symmetry, we get the theorem. U

COROLLARY 7.3. Let I C K[xy,...,X,] be a By-invariant ideal, and let P € I. Assume
that m is a monomial in the leading term of P. Using the notation of Definition 7.1,
assume that wt(Py) + di + d2 < n. Then, we have the inclusion of varieties

V(I) CV(Ir+(m))
and V(I) N Hg .y = D for any bipartition (0,w) € BP,, bidominated by I'*(m).

Proof. The inclusion of varieties follows immediately from the set inclusion in Theo-
rem 7.2, while the second claim follows from the set partition of Specht varieties in
Theorem 6.6. O

We illustrate how this can be applied:

EXAMPLE 7.4. Let P = xox3(x} — 1) € K[x1,...,x4]. The polynomial P contains a
unique monomial m = x?x5x3 of highest degree. Using the notation of Definition 7.1
we obtain wt(Py) =3,l=1,s =2,d; = 1,d2 =0, I'(m) = ((2),(1,1)), and I'*(m) =
((1,1),(2)). Let I denote the ideal that is generated by the B, orbit of P. Then, by
Corollary 7.3 it must be V/(I) C V((1,1),(2))- Thus, we have

V(I) c By-{(0,0,qa,a),(0,0,a,b), (a,a,a,a),(0,0,0,a),(0,0,0,0) : a,b € Ksg}.

We observe that V(I) = {(1,1,1,1),(0,0,0,a),(0,0,0,0) : a € K}. Thus V(I) con-
tains already points of three of the five possible orbit types.

7.2. CONNECTIONS WITH REPRESENTATION THEORY. We assume that K = C, or
K = R if G is a real reflection group. Let GG be a finite group acting linearly on the poly-
nomial ring K[xy,...,%,]. The polynomials fixed by this action form a finitely gen-
erated subalgebra K[xy, ..., x,]¢. Moreover, each finite group admits - up to isomor-
phism - a finite number of irreducible K[G]-modules and the action on K[xi,...,Xy]
can be decomposed into isotypic components, i.e. we have a decomposition of the form

(5) Kx1,...,xn] = & K[x1, ..., Xy,

where x runs over the pairwise non-isomorphic representations and each isotypic com-
ponent K[xi,...,X,], contains only pairwise isomorphic K[G]-submodules. Notice,
that with this notion the invariant polynomials K[xi,...,x,]¢ correspond to the
trivial representation. Clearly, K[xy,...,X,] has the structure of a K[xi,...,x,]%-
module. Finally, let J; C K[xi,...,X,] be the ideal generated by invariant poly-
nomials of positive degree. Then the algebra K[x1,...,X,]q = K[x1,...,%X,]/J+ is
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called the coinvariant algebra. Whereas these algebras can be defined and studied
for all finite groups, it was shown by Chevalley ([10, Theorem (B)]) and Sephard-
Todd ([30]) that for finite reflection groups, these algebras are very regular and more-
over that they charaterize finite reflection groups by what is now known as Cheval-
ley—Shephard-Todd theorem:

THEOREM 7.5 ([10, 30]). Let G be a finite group. Then, the following are equivalent
(1) G is a group generated by reflections.

(2) The algebra of polynomial invariants K[xy,...,x,]% is a (free) polynomial
algebra.

(3) The algebra K[xy,...,Xy,] is a free module over K[x,...,x,]%.

(4) K[x1,...,%Xn]g affords the regular representation of G, i.e.

K[x1,...,xn]¢ ~ @&, dim(x)x,
where x runs over the pairwise non-isomorphic representations of G.

Let (A, 1) € BP, be a bipartition, denote by K[xy,...,X,](x ) the isotypic com-
ponent corresponding to (A, u), and by I(y ,,) the associated Specht ideal. Notice that
by Theorem 7.5, K[x1,...,Xy](x ) is also a finitely generated K[xy, ... ,X,,]¢ module,
generated by s?\# many elements, where s, , denotes the dimension of the corre-
sponding irreducible representation. It follows from ([22, Theorem 1 (2)]) that sy ,
is in fact equal to the number of standard bitableaux of shape A, u. We note the
following proposition:

PROPOSITION 7.6. Let d be minimal with
V= K[Xl, - ’X"}(Avﬂ) N K[Xl, ce ,Xn]gd # .

Then, the multiplicity of an irreducible representation of type (A, p) in V is 1. This
unique irreducible representation is given by the By,-Specht polynomials of shape (X, ).
Moreover, K[x1,... ,Xn]()\”u) is contained in the ideal generated by this unique irre-
ducible representation, i.e.

K[Xl, A ’X"](NH) C I(Aaﬂ)'

Proof. Since K[x1,...,Xp](x,) is a direct sum of irreducible B,-modules isomorphic
to the standard By,-Specht module, Wy ., it is enough to show that for every Specht
polynomial Q = sp(p g) with sh(T,S) = (A, u), and every B,-isomorphism ¢, the
polynomial
P=¢(Q)
is divisible by Q. First, for every i € {1,...,n}, if ¢; is the map replacing x; with
—x;, since ¢ respects the action of B,,, we must have
P — -P ifz:eS’
P ifig S
which implies that P is of the form
P(x) = P(x*) [ x:-
€S
Then, for every 7 switching two elements in a same column of T" or S, we must have

7P = —P, so that P is divisible by Q. O

REMARK 7.7. We remark that the statement about multiplicity 1 of an irreducible
representation in Proposition 7.6 does not apply in general. Consider the real reflection
group D, C B, which is generated by all permutations and those maps that switch
an even number of signs. Then the B,-irreducible representation of type (A, ) and
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(1, A) remain D,,-irreducible if A # p, but are D,,-isomorphic. By Theorem 5.1 we
have

I, L@y and Ia.e) € Lo
Thus, no polynomial in the B,-orbit of (x3 — x3)x3x4 divides the polynomial (x3 —
x3)x3x4 although

(sp(z,5) : sh(T,5) = ((2), (L, 1))k ~b, (sP(z,s) : sh(T, ) = ((1,1),(2)))k-
The D,-irreducible representation of type ((2),(1,1)) occurs for the first time in
K[x1,...,X4]<a but with multiplicity 2.

Combining Corollary 7.3 with Proposition 7.6 we obtain the following:

THEOREM 7.8. Let I C K[x1,...,X,] be a By, -invariant ideal satisfying the conditions
of Corollary 7.3 and let (A, ) =T*(m). Consider the the associated coordinate ring

Ry =K[x1,...,x,]/I.

Then, viewed as a K[Bp]-module, Ry does not contain any irreducible K[B,]-
submodule which is isomophic to W ,,. Moreover, consider

I=INK[xy,...,x,]5", and Ry = K[xy,...,x,)P" /T
the corresponding quotient. Then, Ry is a finite Ry module of rank bounded by
20w 2 ) oo

Proof. By Theorem 7.5 (3) we have that K[xy,...,x,] is a free K[x, ..., X,]?" mod-
ule, i.e. it is possible to find a basis B = {b1,...,bn}, with m = |B,| = 2" - nl,
such that every f € K[xy,...,X,] can be uniquely represented with respect to B by
coefficients in K[xy,...,X,]P". Now it follows directly that for any basis B we obtain
a generating set for Ry over Rj by the elements ¢7(b;) € Ry, where ¢ denotes the
canonical homomorphism. Thus, R; is a finite module over R; - not necessarily free.
To establish the announced statements, we first remark that we can assume that B
respects the decomposition in (5), i.e. that B can be partitioned in such a way that
for every (6,w) € BP,, there exists a unique subset By )y C B consisting of sg’w many
elements which generate the free module K[x, ... ,Xn](g,w). Indeed, for example the
so called higher Specht polynomials explicitly constructed in [22] constitute such a ba-
sis. Since Proposition 7.6 and Corollary 7.3 yield that K[x1,...,Xn](0,w) C lgw) C I
for all bipartitions bidominated by (A, ) we immediately see that ¢;(B,.)) = {0}
for all such bipartitions. Therefore, already the set

or ( U B(e,m)
(0,w) AN, 1)

generates Ry, which directly yields the announced bound on the rank. Furthermore,
since the action on R/ I is trivial we can conclude that the only irreducible representa-
tions which appear in R/I are the ones stemming from this basis and the associated
list of partitions, i.e. Ry does not contain any irreducible K[B,]-submodule which
is isomophic to Wy, for bipartitions (¢,w) which are bidominated by (A, ). This
completes the proof. O

8. CONCLUSION AND OPEN QUESTIONS

We initiated in this article the investigation of a class of polynomial ideals which are
naturally linked to the action of a group on a polynomial ring. Our results provide
an analogue of the relation of the combinatorics of integer partitions and S,-Specht
ideals to bipartitions and B,,-Specht ideals. The present work shows that it is indeed
possible to derive an analogous connection between combinatorics and algebra for the
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case of the hyperoctahedral group as was observed in the case of the symmetric group.
Both groups are finite reflection groups, and they thus share important similarities
from a view point of invariant theory and representation theory. Our results here
lead to the natural question, if similar relations between integer (bi)-partitions and
ideals can be derived for other (pseudo)-reflection groups. Indeed, in [22] a similar
basis of the coinvariant algebra is provided for complex reflection groups of type
G(r,p,n), where r,p,n € Z>1 and p | n. We recover G(1,1,n) ~ S,, G(2,1,n) ~
B, and G(2,2,n) ~ D,. It seems plausible to envision similar results to the ones
presented here in these cases as well. More precisely, that there is a partial order on
r-multipartitions, which are linked to the irreducible representations of the complex
reflection group G(r,1,n), which transfers to the inclusion of the G(r,1,n)-Specht
ideals and their corresponding varieties. Furthermore, it remains to investigate if the
B,,-Specht ideals also have similarly nice algebraic properties as their S,, counter parts.
Indeed, it is known that the S,,-Specht ideals are radical (see [25, Theorem 1.1] and
[33, Proposition 4]). Both proofs rely on the understanding of the S,,-Specht varieties
in terms of orbit sets, i.e. Theorem 6.6, and crucially depend on the property that
any Sp-orbit set is non-empty which is not true for B,,-Specht varieties. Nevertheless,
computational evidence for small number of variables motivates the conjecture, similar
to the S, situation ([21, 33, 25, 27]).

CONJECTURE 8.1. The B, -Specht ideals are radical. Moreover, for a bipartition
(A, 1) € BP,, the B,-Specht polynomials
{sp(r,s) : (T, 5) is a bitableau of shape (0,w) < (A, p)}

form a universal Grébner basis of I(y ).

Finally, Yanagawa [35] classified the partitions for which the associated S,,-Specht
ideals are Cohen-Macaulay and it would be interesting to derive a similar character-
ization of bipartitions (A, i) for which the corresponding B,,-Specht ideals have this

property.
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