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ABSTRACT. We derive a novel two-component generalization of the nonlinear
variational wave equation as a model for the director field of a nematic lig-
uid crystal with a variable order parameter. The equation admits classical
solutions locally in time. We prove that a special semilinear case is globally
well-posed. We show that a particular long time asymptotic expansion around
a constant state in a moving frame satisfy the two-component Hunter—Saxton
system.

1. INTRODUCTION

The nonlinear variational wave equation s — c(¢)(c(¥)t, ), = 0 was derived by
Saxton [30] as a model of the director field of a nematic liquid crystal from Ericksen—
Leslie theory with Oseen—Frank potential. The nonlinear variational wave equation
has recieved wide attention [3, [6] 15, [I7] due to mathematical challenges in the
form of wavebreaking in finite time, and distinct ways to extend the solution to
a global weak solution. In this context wavebreaking means that either the time
or the space derivative becomes unbounded at certain points, while the solution
remains Hoélder continuous.

In the Ericksen—Leslie theory of nematic liquid crystals the configuration is de-
scribed by a director field n which gives the local orientation of the rods, and an
order parameter field s which gives the local degree of orientation [I3] [25]. The
scalar order parameter s can be derived from the Q-tensor of both the macroscopic
Landau-de Gennes theory and the mean-field Maier—Saupe theory in the uniaxial
case [I, 27]. When the nonlinear variational wave equation was first derived the
degree of orientation was assumed constant [30]. Here we will proceed as in the
derivation of the nonlinear wave equation, but account for variable degree of orien-
tation. For some results concerning the well-posedness of models including the order
parameter s in the Ericksen-Leslie systems see [7, [26]. The mathematical analy-
sis of the relationship between equilibrium states of the full @-tensor Landau—de
Gennes model and Oseen—Frank potentials is an active field of research [12 [14].

Furthermore, from the nonlinear wave equation Hunter and Saxton [I8] derived
the equation wus, + (uuy ), = %ui as an asymptotic equation for small perturbations
in the long time regime in a moving frame. The Hunter—Saxton equation share many
of the features of the nonlinear variational wave equation such as wavebreaking,
conservative and dissipative weak solutions, and Holder continuity [2, 4 [5] [8], [T,
20, 211, B3}, [34]. In addition it exhibited novel features such as complete integrability
and interpretation as a geodesic flow [19][24]. Tt also proved easier to work with due
to there being only one family of characteristics and existence of explicit solutions.
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A two-component generalization for the Hunter—Saxton equation was derived from
two-component Camassa—Holm [I0], and independently form the Gurevich-Zybin
system [29]. The two-component generalization is similar to the Hunter—Saxton
equation since wavebreaking is possible, there are both conservative and dissipative
weak solutions, and u is Holder continuous [16] 28] [32]. However when the second
variable is nonzero almost everywhere initially, there will be no wave breaking [28],
and in that sense the introduction of a second variable regularizes the equation.
The two-component Hunter—Saxton system has, however, not been shown to be
related to the theory of nematic liquid crystals, and one of the aims of this paper is
to establish that the two-component Hunter—Saxton system can indeed be derived
from the theory of nematic liquid crystals, and that the second variable is related
to the order parameter s.

In Section [2] we will perform an original derivation of a novel two-component
system of nonlinear wave equations. Moreover, we show that a similar asymptotic
expansion to the one by Hunter and Saxton [18] yields the two-component Hunter—
Saxton equation. In Section [3| existence of global solutions is shown in the case of
constant wave speed, and local solutions is shown to exist in general. The proofs
rely on fixed point iterations and standard theory for evolution equations [22].

2. DERIVATION OF THE EQUATIONS

In Ericksen—Leslie theory a nematic liquid crystal in a domain €2 is desribed by a
director field n : [0,7] x Q — RP? and an order parameter s : [0,7] x Q — (—%, 1)
[13, 25]. The Lagrangian of the system is then [13] given by

1
L= 75(511)3 + WQ(S, VS, n, Vn) + WO(S)ﬂ

with the potential energy term W
Wa(s, Vs,n,Vn) = (K + Lys) s> (V-n)® + (K + Lys) s> (n- V x n)
+ (K3 + Lss) s> |n x V x n|?
+ (K2 + K4) + (L2 + Ly)s) s* [tr Vn® — (V - n)?]
+ (K1 + M18) [Vs)® + (k2 + A2s) (Vs - n)?
+ (k3 + A38) (V-n) (Vs -n)+ (kg + \a8) Vs ((n-V)n),

2

and some potential function Wy. We are interested in the case n = (cos, sin 1, 0),
and s and v depends on t and x only. Then the expression for W5 can be written

Wy = 597 (K + Lus) sin® ¢ + (K3 + Lgs) cos® )
+s2 ((/ﬁ + A1s)sin? ¢ + (Ro + Ags) cos? z/))

H3+/€4+/\3+)\4s
2 2 ’

— Sy 8in 20 (

where fis = k1 + kg and A2 = A1 + X2. We simplify the problem by considering the
case where

K3 H4:)\3:)\4:O,
Li=Ls=X =M\ =0,
Klzlﬁ)l, KgZIZLQ.
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Then with the definition ¢(¢)? = K;sin?1 + K3 cos?1p, we get the Lagrangian
density

LNV = 5 5 PR+ ()’ + (o)
(2.2) - —%(sn)f + %c(n)g(sn)i  Wo(s).

We define the two-component nonlinear variational wave system to be the Euler—
Lagrange equations for (2.2)), namely,

(2.3a) 8% (Y — c(¥) (c(V)tha),) + 28 (Yes — c(¥)*Yusa) + c(¥)d (V)5 =
(2:3b) st — c(¥) (c(V)sa), — (W) (V)use — s (V7 — c(¥)*¥7) + Wy(s)

with ¢(1p)? = K sin® ¢ + K3 cos? 1b. We define the energy density

0,
0,

(24) £ = 3 (W7 + cl)u2) + (57 + c(w)?s2)) + Wo(s),
and the energy density flux

(2.5) F = s%puthy + S¢55.

For classical solutions of (2.3) the energy density and energy density flux satisfy
the equations

(2.6a) & — (c()*F), =0,
(2.6b) Fi — (€ —2Wy(s)), =0.
The energy E(t fR (t,z)dx is conserved.

We will now derlve the two-component Hunter—Saxton system from (2.2). To
follow the work of Hunter and Saxton [I8] we introduce ¢ (¢, z) = o +ecu(et, x — cot)
and s = sg + er(et,z — cot) with 2 = K3 sin? ¢ + K35 cos? 9. Then expansion of

(2.2)) in powers of € gives
L= Wy(so) + eW(s0)r + & fW '(50)12
+&3 (cortrw + sgcouruy + sg (cc')g uuZ + (cc')y ur? + 6W”'( 0)r 3) +0(eh).

If we select sg such that W{(so) = W{'(so) = W"'(so) = 0, the third order terms
in the above Lagrangian gives (possibly by rescaling)

(2.7) LHS = wyuy 4+ wu? + ryry 4+ ur.

Proposition 2.1. The two-component Hunter—Saxton system

1, 1,
(ut + uuib)fv iuz + 2/) )

pt + (up)z =0,

is the Fuler—Lagrange equations for the Lagrangian density (2.7) with p = ry.
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3. THE TWO-COMPONENT NONLINEAR VARIATIONAL WAVE SYSTEM

3.1. The semilinear case. We will first consider the case K; = K3, that is the
wave speed c is independent of 1. We will assume s > 0 such that we can introduce
the complex variable ¢ = se'¥, and (2.3)) reduces to

Wo (1<)
q

which is a semilinear wave equation. Recall that the physical interpretation of 1 is
an angle, and thus any solutions ¢ and 1 + n - 27 should be considered equal from
an application point of view. We have to assume s > 0 since (—s,v¢ + 7) and (s, )
are distinct. Energy density defined by takes the form & = 3|¢[2 + 52|12 +
Wo([¢]) and energy density flux given by takes the form F = % (¢ + (o),
with bar indicating complex conjugation. The conservation laws then reduce
to

(31) Ctt - C2<xm +

¢=0,

)
(32&) ag —C %J—" = 0,

(3.20) 2L e—aw(ichy =0,

Hence both fR Edz and f]R Fdzx are conserved for any classical solution with bounded
energy. We define the function spaces for the solutions in the next definition.

Definition 3.1. Let ¢* € C with |(*| < 1, and
Xe- ={(¢0) | ¢ = ¢ € HI(R),0 € L*(R)},
and define
1 1
£(¢,0) = 5ol + 5IGal? + Wa(l<)),

1 - 1
‘F(Ca U) = 50-(1‘ + §6<w7

and note that both £ and F are real valued whenever defined. Define the metric
space (Xpce,dx, ..) by

Xpo = (o) € Xe- | [I€]|lLr < EY,

dxp - ((C1,01),(C2,02)) = |G — Gllm ®) + [lo1 — o2 L2 ()
+ [[WollGe]) = WolG2Dll 22wy,

and denote

Drp= {g: 0,T]xR—=C|(-¢"€C(0,T], H(R,C))nC" ([0,7],L*(R,C))

and (¢(t),((t)) € Xgc- forallt e [O,T}}7
Deo,r ={¢:[0,00) x R = C | (ljo,1)xr € Dr,p for all T > 0}.

One should keep in mind that even though ¢* is omitted from the notation in Dr g
it is still a part of the definition. In the case T' < oo we equip Dr g with the metric
dp, » mduced from

<= sup ([IC(t) = ¢l ) + 16 @) 2@y + Wo(ISED L ®))-
t€[0,T]
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In the case of D g we use the topology generated by the open sets Bres =
{C € Do, | dpr (C,f) < 6}.

Remark 3.2. Both metric spaces (XE,q*,dXE,C*) and (DT,E7dDT,E) are complete
metric spaces. The metric space (XE,C*7dXE,<*) is mot a vector space since we will
require Wy : [0,1) — [0,00), and finite energy thus implicitly impose ||¢||o < 1.
Furthermore, ¢* must satisfy Wo(|¢*|) = 0 for the space X ¢+ to be nonempty.

To analyze solutions we will need conditions on the function Wy. From [I3] and
[31] we get that Wy tends to infinity as s tends to 1 or —3, and that W((0) = 0.
We will assume that Wpy(s) — oo rapidly enough as s — 1 to be able to bound
IWo(l¢)|leo in terms of the total energy E. In addition we will assume that Wy
is non-negative and that Wy is well behaved close to s = 0, and also close to any

zeros of Wy. We will require s = 0 to be a stationary point.

Definition 3.3. We define a non-negative function Wy € C4([0, 1)) to be admissible
if the following holds.

A, There ezists a nonzero finite number of s* such that Wy(s*) = 0. Further-
more, for all zeros s* of Wy,

. W()(S) 1
1 _— = — "(g* S O .
SLHSI* (s — S*)Q 9 (5 ) [ 700)
A5 The function is second order close to zero in the sense that

lim WQ(S) — W()(O)

o 1 7
5—0 52 - §WO (0) € R.
A3 The function tends to infinity quickly enough as s tends to 1,

lsl%rll Wo(s) = oo,

/: Wo(u) (1 — u) du = o,

A, The function tends monotonically to infinity sufficiently close to 1. Partic-
ularly, there exists 5 € [0,1) such that Wy(s) > 0 and W{(s) > 0 for all
s€(81).

Proposition 3.4. Let Wy be admissible in the sense of Definition|3.3. Then there
exist positive constants cg,Cg, depending on Wy and E only, such that for any
(¢,0) € Xg,¢c+ we have

Wo(I¢DII 2~ ®) < C,
1<l oo r) < ce < 1.

Moreover for s € [0,cg] there is a positive constant kg such that

Furthermore, we can define
(3.5a) Lp= sup [W(s)l,
s€[0,cg]
W/
(3.5b) Ly = sup Wols) ,
s€[0,cg] S
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(3.5¢) L}, = sup |[W{(s)l.

s€[0,cp]

Finally, ¢ — W‘é‘f')g is C' in the open unit disc in two real dimensions.

Proof. Since 3ol + 3¢ G 13 + [[Wo(ICD]l1 < E we have that [¢(z1) — ¢(x2)] <

—VQCEH/\xl — x| where By = E — L||o|3 — [Wo([¢[)[1. Since ¢ is continuous we
have that there exists # such that |((Z)| = [|(||z>®) < 1. Then we have that

_ V2E; = P[4 s lglEe?
(@) > I<]] oo |z —z|, e <T<I+ g,
0, else.
In particular, by A4, we have for § such that W/(s) > 0 for all s > § that
455 (1€ lloo—5)2
| Wolleto) da > Wo(I¢(@)]) da

2 ~
i o (¢l —5)2

2
&+ 557 (I¢lloo —3)? 2F,
z/f wz@mm—vc ¢u—f0dx
T

— 5 (Il —5)2

[I1¢1 oo
=ﬁ Wous) (I1¢]lso — ) du.

By the monotone convergence theorem and A3 we have that

s 1
Slillll*/S Wo(u) (S —u) du = /S Wo(u) (1 —u) du = oo.

Hence we have the inequality

[1<]l oo
/ Wo(w) (I¢[loe — ) du < E — By,

which proves the existence of ¢y, Cg such that ||(]lcc = cg < 1 and [|[Wo(|¢])]lco =
SUPg<s<c, Wo(s) = Cp < oc.
To prove that W}? < kW, note that by A; whenever Wy tends to zero that
W{(s)?
im ols)
s—>s* WO(S)

= 2W{/(s%) € [0, 00).

. w2 . . . . .
In between zeros of Wy the fraction =2 is continuous. Slnce there is only a finite
0 Wo y

number of points where Wy is zero and [0, cg] i
as well by a constant dependent on cg. Since Wy is non- negatlve we get the desired

inequality (3.4).
We show (3.5b)). Note that by Ao we have

1
Wo(s):WO(O)—FiWO(Q)() + W(§3 / WM (u) (s — u)? du,

and thus

W{(s
'0()snm”mn+m%“mmm@wa

To prove that ¢ — W(iéllq ¢ is continuously differentiable observe that

d Wi(s) 1 s 11w 2 1 (4)
gT_51/1/0 (0)—;2/0 §W0 (u)(s —u) du—i—;/o Wy (u)(s — u) du.
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Then we can show that the derivative of W"(m ¢ is bounded and continuous

d Wy(s)
& 3 [0+ 5[]
ds s ()| < 2 ’ 0 g% L((0,8])
! /
R L L 51— sal.
ds s=s1 S ds s=s9 S 2 L°°([0,max{s1,s2}])
Thus ¢ — %( is C! in the open unit disc in two dimensions. (Il

Remark 3.5. Note that for (1 and (2 in Xg ¢~ we have that

[ Wila@n e < [ rgia - a

1 E
< SLElG =13,

and similarly, since Wy(|C]) flm Wi (w)(|¢] — ) du,

[ imab - wale |dx—/‘/ ) (1G] — IGal) d

[C1l
+ o W' (u) (G| — w) du

B¢ — G5 + Ll — ¢Cll2lié — Gllo-

We can now prove local well posedness of local strong solutions. First we define
what strong solutions are.

dx

Definition 3.6. We define a local strong solution with initial data ((o, o) € X ¢+
to be ¢ € D g such that

x+ct
) = 5 (Goe+e) + Gle =) + 5. [ Golw)d

=) J3(1¢(5,9)])
(3.6) / A e IC(sy) S Y) duds,

Gult,) = & (Goola + €f) — Gaol@ — ) + 3 (Gl +et) + ol — )

_ 1/t [Wé(é(s,x —ct—s)))
2Jo L [C(s,x—c(t = 9))]
Wi(I¢(s, @ + et — 5))[)
I¢(s, 2z +c(t — s))|
for all t < T. If C is a strong solution for any T > 0 we define { to be a global
solution.

C(s,x—c(t—s))

C(syx+e(t—s))| ds,

From the definition of strong solutions we immediately get continuous depen-
dence on initial data, uniqueness, and a semigroup property.

Lemma 3.7. For any strong solutions (1,2 € Dr g/ in the sense of Deﬁmtion
with ingtial data (10, Ce10),s (G20, C20) € X we have that there for any time t < T
exists constants Cg/ (t) such that

dx, . (G(1), (1) < Cpr(t)dx, - ((Clo, G10)s (G20, Ce20))
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and hence

dp, o (C1,C2) < Cp/(T)dx, . ((C10, Ci10), (G205 Ci20)) 5
which implies uniqueness of solution and continuous dependence on initial data.
Moreover, if ( € Dr g is a solution with initial data ((o, () € Xp ¢+, then ¢ €
Dr_s 5 given by ((t) = ((t+s) is a strong solution with initial data (((s), i (s)) €
XE/,C*.

Proof. We need to estimate the difference of the integral in (3.6) with two (;,(s €
Dy gr. First for 21,29 € C with 0 < |21| < |22| < 1 we have
Wilal), W’(|22|)Z2‘ < W(lz1) ( |21 ) z2

2] — 1i— + = (W (|lz1]) = W/(|z
(b, W =) - 2 ) - W)

|21 — 22|+ sup  [W(s)| |21 — 2]
|21]|<s< 22|

Thus, for &1,& € Drg, we get

W’(|§1|)§1 ~ (&)
1] |€2]

(3.7) S

< (L + Lg)lE — &l
Thus

1T W€ (s ) ~ W(&(s, )
2¢ r—c(t—s) |§1(s,y)| gl(s’y) |§2(57y)‘

(3.8) < (t =) (Lo + LOE1(s) = &2(s)ll L= (r)

D1 W ey, W ()
awc/gc_c(t_s) Gl YT Ty

(3.9) < 2(Lg + L) [1€1(s) = E2(8)[] oo ()-
The integrals in (3.6)) can be interpreted as convolutions

x+ct
/ f(y) dy = (1[—ct,ct] * f) (ZL’),

—ct

§a(s,y) dy

&a(s,y) dy

and then Young’s inequality implies that for any p € [1, o],

/ ) ay

—ct

(3.10) ‘

< 2¢t]| ]l
p

Application of (3.7)) and (3.10]) to the expression on the left hand side of (3.8) gives
T W (16 (s, ) ~ Wa(&2(s,9))
gl (Sv y)
z—c(t—s) |€1(Say)| |£2(8,y)‘
(3.11) < 2¢(t — s)(Lg + L& (s) — &2(5) ]2
From the strong formulation of the equation (3.6]) and estimates (3.8)), (3.9), (3.11)

we get

&(s,y) dy

11 () — C2()]loo < 1110 — C20lloo + \/QTC”CHO — +Catoll2

¢
[ = )T + )1 (5) = (o) =
1C1(t) = G2(t) |2 < [I€10 — C20ll2 + t|Cie0 — +Cato]l2
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t
+ / (t — 8)(Lgr + L) G2 () — Cals)]2 ds,
0
1C12(t) — Cau(®)|l2 < |C10a — Co02ll2 + %HCUO — Catoll2

1 t
1 | T+ 1G9 — o) s
[[C1e(t) — Gt (B2 < c]|Cr02 — C20zll2 + [|C1t0 — Cotoll2
t
+ / (Ll + L)1 (5) — Ga(s)]]2 ds.

Gronwall’s inequality then gives

(3-13a)  [[G(t) = ()]l < (||C10 — Gaolloo + \/THCuo - Czto||2> edMurt’,

(3.13b) |11 () = G(®)ll2 < (I¢10 = Caoll2 + I Crro — Caroll2) €2 Mt
1C1e(t) — Cae (D)2 < |Cie0 — Caeoll2 + ¢l|Cro2 — C202]l2
(3.13c) + Mgt (||Cro — Coll2 + t]|Cizo — Catoll2 )62 it

1€z (t) — Caz(t) |2 < E”Clto — Catoll2 + l|C102 — G202 ]2

Mg 1 2
(3.13d) + TEt (I1¢10 = Ca0ll2 + tlIC1e0 — Catoll2) ez (M)t

with Mg = L'y, 4 L',. It remains to estimate [, [Wo(|¢1(t)]) — Wo(|¢2(2)])|dz. We
have

d i Ciie + Gl
a(W0(|C1D—W0(|C2|))—Wo(|C1|)772|€1| )
—W((G)) C2C2t2|-|§-2C2C2t
= (Wil ~ W) Lt
/ GG+ Gl Galar + Galar
W) (Sothle Gt Gl

Further note that

G + Gl B Color + CoCoy 1M B _
( 2] oG )‘ Gl [2('@ Gl (|< et g C“)

3G~ )t Gl — )
+ (G = )it + GG — C%))]

and hence

S IWoc) ~ Wo(lGaDll, s/R|Wa<|<1\>—W5<|<2|>|
Wy(1G)

GG+ GGe
2|¢1|

|1 — Co [Cre| da

dx
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+/R I/Voéjﬂ) [C1e — Cot| |G| Ao

< (L +2L5) VE'[G = Gl

(3.14) + Ve E'|Gie = Gall2,

where (t) has been omitted to enhance readability. Now, (3.14)) together with (3.13])
implies that there are constants Cg/ (), increasing in both E’ and ¢, such that

dpy p (C1(1), G2(t) < Crr(t)dx, . ((Cr0, Cit0), (€205 Cat0)) -

The semigroup property, if ( € Dr g+ is a solution with initial data ({o, (o) €
Xp c+, then ( € Dr_g g given by ((t) = ((t + s) is the strong solution with initial
data ({(s),¢:(s)) € Xpgr ¢+, can be verified by direct computation from the strong

form (3.6)) of the equation. O

We are now ready to prove that the Cauchy problem of (3.1)) is locally well posed
for strong solutions as defined in Definition

Proposition 3.8. Assume that Wy satisfies the conditions in Definition[3.5 Then
gwen initial data (Co, Go) € Xp,c+ and E' > E there exists a unique strong solution
in the sense of Definition i D g depending Lipschitz continuously on the
wnitial data. The existence time T can be made to depend on E and E' only.

Proof. Uniqueness and continuity with respect to initial data is proven in Lemma
[3771 We will establish local existence of a strong solution by a fixed point argument
on Dy g for a to be specified T. We will now assume that 0 < E < E’ and that

(Go:Gro) € X, and let ¢ € D with ({(0),¢(0)) = (Go. Gro)- Then let (¢, Ct), be
given by Duhamel’s principle

xr+ct
(t,2) = 5 (Gole = ct) + Gole ) + 5 / Goly) d

—ct

T W (s, ) |C(8 y)l) 2

Glt,2) = £ (Gool + ) — ool — ct)) + 3 (Gol + ) + Gl — )

LW et —s)D
2” Coz—ci—sy ZETUm)

Wh(C(s,2 + et — )
C(s, 2+ et —9))

To prove that the strong solution (3.15]) is a member of Dy g we will need norm
estimates on the solutions.
Let ¢ € Dr,g be given. Then we have directly from Proposition [3.4] that

1 /”C“‘S> W3(1<(s,))
2c z—c(t—s) |C(8vy)|

9 1 /”C(”)V‘WW)D
O 2¢ T—c(t—s) IC(s,y)]

(3.15D) (s, + et — s))] ds.

C(Svy) dy < LQ(t - S),

1
C(Say) dy S ELQa
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Thus, by the estimates on Wy from Proposition 3.4 and (3.10)), the solution satisfies
the estimates

1<) = " lloo < MI0 — ¢ oo + \/7||<to||2+ L,
HC() C ||2 < ||C0 C ||2+75||Ct()”2+ tQVkE’E/

1€z (®)]l2 < [ICzoll2 + E||Cto||2 + Etv ke E',

1G@)ll2 < cllCaollz + lIStoll2 + tV/ ke B
We need to show that the energy is bounded. Note that (3.15) and Proposition
implies that

16(t) = ¢(8)lloo < VIt =81 ([ICt0ll2 + cllCoxll2) + It = 8| Ligs + s|t — | L,
i AL, (o =)
and since ([|¢ioll2 + cll¢ozll2) < V2E, we have that for ¢ < 2B+ (s —ce) = V2E

2L
E/
we can bound ||¢(t)]|cc < cgy. Similarly by Young’s inequality we get

1
(1C(t) — Coll2 < t(|[Coll2 + ¢llozl2) + 5752LE'

1
< tV2E + 5{ZLE,.

Note that since (in(t,2) = 3 ((o(z + ct) — o(z — ct)) + 5= warCctt Cio(y)dy is a solu-
tion to the linear wave equation we have that

[ Glin,t 13 + || Clinye (W13 = [1C0ll3 + || Cox 13-
Then by we get

E(t):/c‘:(t,z) dz

R
H GO + 2l

+ Wo(lGD Il + Wo(IC@)) — Wo (Il

1

< 3ol + 3G 13 + IWollco)
2
1 1
+2V/2Fkp E't + 2kp E't? + 5L <\/2Et + 2L’E,t2)

1 1
< E+2V2Bkp E't + (2kp B' + Lo ) + 5 V2ELp Lpt + gLE/L’E,Zt“

Thus for 7" small enough we have that the solution map @ : é — ( defined by
maps elements in Dy g to elements in Dy gs. The choice of T' can be made to
depend on F and E’ only.

To prove that ® is a contraction let él, 62 € Dr g with coinciding initial data
(G0 Gr0), and denote ¢ = ®((1),¢2 = @(¢2). Then by BF), B9). BII), and
, we have for p = 2, o0,

sup [G1(6) = a0l < (L + L) [ (¢ 9)1Gi(s) = Gl s,
] 0

tel0,T

sup HCit() G2 < (Lp +L”f)/0 1G1(s) = Ga(s) 2 ds,

tel0,T
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sup Cra(®) = Gow(B)ll2 < & (Llps + L) j/ 1u(s) — Ea(s)]l2 ds.

te[0,T)

Hence for T' small enough @ is a contraction on Dy g/. Thus there exists a unique
fixed point in Dy g+ which is a strong solution in the sense of (3.6]). O

If the initial data is smooth, the local strong solution is in fact a classical solution.
The energy is then a conserved quantity.

Theorem 3.9. Assume that Wy satisfies the conditions in Definition [3.3 Then
given smooth initial data (Co, (o) € Xpcr N (C*(R) x CH(R)) there is a unique
global classical smooth solution in Do . Moreover, the energy is conserved E(t) =
Jr€(t,z) dz = E(0), and the classical solution can be extended to a global classical
solution in Do .

Proof. Given the initial data ({o, (i0) € Xg ¢ N(C%(R)x C*(R)) choose any E' > E
and let ¢ € Dp g be the unique strong solution given implicitly by (3.6). To upgrade
the regularity of the solution we employ a bootstrapping argument. To that end

define -
r+c T W/
I(t, ) / / <tz ’y)|)((7, y) dydr.
z—c(t—T) T, y)|

The first derivatives of I are
9 1) = c FWeIe(r, @ + et — 7))
ot o [Cnatelt—7))
Wo(I¢(r, 2 — et = 7))
[C(ry 2 = c(t = 7))
Dy — [ WolClm et =)
Oz o [Cnaztelt—7))
~ Wolle(r, & — et = 7))
C(r, 2 = et — 7))
which are continuous since ( is continuous by assumption. Hence ¢ € C1([0, 00) xR).
Similarly the second derivatives are

0? Wo (¢, z)))
N K

tﬂwé(lC(T’erC(t—T))D
Ox  |C(r,x+c(t—71))]

3 Wo([¢(m,z —c(t — 7))
Oz |C(r,x — e(t — 7))]

0? 9 Wi(l¢(r,z + et —7))])
atﬁxj(t’z) B c/ or  |¢(r,x +c(t —7))]

L 9 WallC(r,z — et~ )

Ox  |C(r,x —c(t —71))|

0 2) — "o W([¢(r, + et — 7))
) 9 [(rz+ct—7)

0 WY(IC(r,z — elt — 7))

IR ST ) I

C(ryx+e(t—71))

+ )C(T,Ifc(th))dT,

C(ryx+c(t—1))

C(ryz —c(t—71))dr,

+ 2

C(ryx+c(t—1))

C(ryx —c(t— 7)) dr,

((rx+c(t—7))

(1, —c(t— 7)) dr,

C(ryz+e(t—1))
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which are continuous by Proposition [3.4]since ¢ is continuously differentiable. Thus
¢ given by

C(t,x) = % (Colt,x + ct) + otz —ct)) + %

is a sum of C?([0,00) x R) functions and is thus C?([0,00) x R). We get

T+ct 1
| Gt ay = 51e.0),

—ct

o2 ) & R , 8 1
@C(tax) v (t,x) = —@%I(t,x) +c ﬁzj/,](tvff)
_ Wag(E, @)))
BNCE A

pointwise.

Since ( is a classical solution direct computation yields (3.2]) pointwise, and hence
we get a conservation law for energy. The iteration scheme in Proposition [3.8] can
now be repeated with initial data (((nT),¢(nT)) € X~ N (C3R) x C1(R)) to
get a unique classical solution for ¢ € [0, (n 4+ 1)T] for any n € N. Uniqueness and
continuity follow from Lemma O

Theorem 3.10. Let (o, (o) € Xg,c, and assume that Wy satisfies the condi-
tions in Definition [3.3. Then there exists a unique global strong energy conseruv-
ing solution ((,(t) € Door of depending continuously on the initial data
(€05 Cto) € Xp ¢+

Proof. Let (Co,Cto) € Xp, ¢+ be given, and construct (¢§,¢5) € C*(R) x C1(R) by
convolution with a Friedrich’s mollifier. We want to show that for € small enough
there exists £ > E such that (¢5,¢5) € Xp o and (¢5, () — (Co,Go) in X o
It remains to show that [|[Wo(|¢5])|l1 < +oo and |[Wo(|¢5]) — Wo(|Col)|]l1 — 0. We
have that [|¢§ — Collee < [[C0zll2vE, and [|¢§]lco < [[Colloc < cp. Thus from Remark
[3.5 the estimates

1 .
IWo (IG5l < SLEIIG — ¢*113 < +oo,

and )
Wo(I¢51) — Wo(lGD ] < 3 B¢ — Coll3 — 0,

hold. Since ||¢5, |2 < |Cozl2 and ||¢5 2 < ||Coll2 it follows that the energy
1 1 1
5% = LIGIE + SIGIE + IWo(GD I < B+ SLiplcs - Gl

Thus given 0 < § we get for all £ < § the energy is bounded by E + 3L (5 — Col|3,
and hence ({5, () € Xp - and (¢5.¢io) — (o, Gro) in Xp ¢ for E = E"‘%L/EHCS—
Coll3. Let ¢° € D, 5 be the classical solution given by Theorem Then by
Lemma (¢ converges in Dy g for all T" > 0, and hence also in D, p. Let
¢ € Do, be the limit. Since for each € the energy is conserved, and the energies
converge, the energy in the limit is also conserved.

We need to show that the limit is a strong solution. Note that for any T the
smooth solutions (¢ converges to ¢ uniformly in [0, 7] x R, which implies

C(t,z) = li_r% C°(t, x)

1 x+ct
— iy (5 (Gl + )+ Gl + 5o [ Gt ay
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wH=8) (1 (s, 4) ) )
dyd
//< GGy o ey)duds ),

x+ct
5 (Colar+ct) ol — ) + 5 / Croly) dy

2¢ Jo—ot
z+c(t—s) W/ €
- — hm/ / (1€ (s, y)DC (s,y) dyds.
2c =0 z—c(t—s) |C S y)‘

Since
¢=(s, )l

the dominated convergence theorem implies that

. T W1 (s, )
hm//w (5.9 ——= T2 (% (s, y) dyds

c5<s,y>‘ < Lg,

e—0 C(t 5)
T W (s, )
dyds.
// e ey C(y)duds

Similarily, we have that ({(t) — (;(t) uniformly in L?(R) for all ¢t < T. Then,
keeping in mind that for each ¢ the limit and equality is in the sense of L?(R),

Ct(tvx) = ;1_1)% Ctg(tvx)

— tiny (§ (Golo 1) — Gl — )+ 3 (GH(o + ) + ol = )

e—0
L[ WG s = el = s)))
Il
WG s, + elt ~ )
Gt elt—9)
= £ (Gool ) = Gaol — ) + 5 (Gola + et) + ol — ct)
L [ W s et = )
i [ M e

Wo(I¢ (s, @ + c(t = 5))[)
¢ (s, @ + ¢t = s))]

C(s,x —c(t —s))

n Clovatelt =) ds ),

(s, —c(t = s))

oo elt =) a5

From we get that
| FWRCED 2

o 1¢=(s)]
and hence ¢ is a strong solution. Uniqueness and continuous dependence on initial
data is proven in Lemma O

Wa(l<(s)])
[<(s)]

< (L + L) / 165 () — (s)ll2 ds

— 0,

C(s)ds

2

Remark 3.11. Note that if ¢ is a solution of i Doo g, then so is its complex
conjugate ¢ and ¢ modulated by a constant phase €(, § € R. Uniqueness of
solutions then implies that if 1 initially is constant, 1¥o(x) = * with ¥y = 0, then
the solution is of the form ((t,x) = s(t,x)e’" .
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3.2. The quasilinear case. We will now consider the case K1 # K3, that is cis a
smooth function of ¢ instead of a constant. The main difficulty for compared
to is that is quasilinear since the terms c(¢)%*¥,, and c(1)%s,, are
nonlinear. The method used in the proof of Theorem relied heavily on

being semilinear.

Remark 3.12. Let ¢* € R be such that ¢/ (¢*) = 0, and let (soeiw*,stoeiw) €

Xp.c for some E, and sg € C*(R), sio € C*(R). Then by Theorem|5.9 and Remark

3.11| there is a unique global classical solution to Cyy — c(¥*)*Cpw + Wo‘é‘fl)g =0 on

the form C(t, ) = s(t,z)e™". The pair (1*, s) is then also a global classical solution
to .

Remark 3.13. Note that a similar generic construction as in Remark [3.19 with
constant s = s* is not possible due to the presence of the term —s(v? — c()??)
in the second equation of . A reduction of (2.3)) to to the scalar nonlinear
variational wave equation 1y —c(v) (c(¥)s), = 0 thus has to involve changing the
potential Wy. One could for example try to choose initial data such that so(z) =

s*,s;0 = 0 where s* # 0 is a zero of Wy and look for a limit as € tends to 0 of
solutions (Y=, s°) to (2.3) with the scaled potential W§ = 1W.

We will only give a local existence theorem for . The two-component non-
linear wave equation is degenerate in the sense that the first equation vanishes
whenever s = 0. We will thus assume that s is bounded away from zero. Continuity
then implies that s is of definite sign, and to avoid having to impose new conditions
on Wy we will restrict s to be positive. It is possible to accomodate negative s as
well by imposing conditions on Wy for s < 0 similar to the conditions in [3.3

Theorem 3.14. Assume that Wo|jo 1y is admissible in the sense of. Then given
initial data (1o, Y10, So, St0) Satisfying

(10, %10, S0, 510) € WP (R) x W2®(R) x W™ (R) x W»>(R),
1
— c L (R
Lerm)
So > 0,

[ 55b(0+ o)) + 55k + clv)*sEy) + Waso) do <+

there exists a unique short time classical solution of (12.3)).

Proof. Local existence follows from the standard approach taken to semigroups of
nonlinear evolution equations. Here we will diverge from the standard semigroup
approach by considering linear operators on Banach spaces, and instead solve the
linear equations by characteristics.

In particular, inspired by [23], the system can be rewritten as a quasilinear
symmetric hyperbolic system and the results in [22] applied. Indeed, introduce the
variables

R=1v; +c()be, L =1 —c()he
U=st4c(®)sy, V =s—c(¥)ss,
the system ([2.3)) can be written as a quasilinear symmetric hyperbolic system

(3.18a) Yy = % (R+1L),
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(3.18D) o = % U+V),

(3.18¢) Ly + ()L, = Z;((ZZ) <L2 _R2 - (U - V)Q) - % (VR+UL),
(3.18d) Vi + @)V, = ;;((ZZ)) L(V —U)+ sRL — W{(s),

(3.18¢) Ry —c(¥)Ry = Z;((ZZ)) <R2 - (USV)2> - é (VR+UL),
(3.18f) U, — c()U, = ;c((ﬁ)) R(U = V) + sRL — W(s).

We introduce the space for the solutions

XpqQ = {Z = (¢,s,L,V,R,U) € WH>(R,R) |

S

<Q,

L>=(R)

/ %sz (R*+ L% + % (U* +V?) 4+ Wo(s) dz < E}
R

1 Z]| w00 m) < Q,

Note that for elements of X o the variable s is of definite sign since s is continuous
and 1 is bounded. Similarly to Proposition we are able to bound ||s|« in
terms of F and Q. We have for Z € Xg ¢ that |s]|cc < min{l,Q}, and since s
is continuous there exists z* such that s(z*) = ||s]/co. From the definition we also
get [|sz]lo0 < Q. By Aj and Ay of Definition we then have that Wy(s(x)) >

Wo([slloe — Qlz—a*|) for |z —2*| < I2l==% where 5 is the largest 5 with Wy (3) = 0.
We then get that

IIs]loo
B2 [Wols)22Q [ Walu)du

and Az of Deﬁnition@then implies that there must be a positive constant cg g <
1 such that ||s|| < ¢g,o. Note that this in turn implies that Wy, W§, Wy, and
W' are bounded in terms of E and Q.

We define our solution space Dr g ¢ as follows

Drro=C(0,T], Xg o) N C([0,T], L (R, R®)).
We equip Dr, g, with the metric
dpr g o(Z1,Z2) = sup [|Z1(t) — Z2(t)|lwr.o (o)
0<t<T

+ sup || Z14(t) — Z2,4(t)[| oo (r,RE)
0<t<T
which renders Dr g g a complete metric space. Formally, we can formulate (3.18)
as

Zy — c($)AZy = F(Z),

where A is a constant symmetric hyperbolic matrix with eigenvalues —1,0,1 and
F:[-Q,Q] x [%,cE’Q] x [-Q,Q]* — R® is smooth. We want to show existence of
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short time solutions from a fix point argument. To be able to make a contraction
we will further restrict our space for approximate solutions to

Di'pq=1{Z € Drpq | Z(t) € W™ (R,R%), || Zoa(t) | = rore) < @} -

Let 0 < E< E',0< Q< Q and Zy € Xg ¢ with || Zoza]lo < Q be the initial
data, then for any Z € D%?E,,Q, with Z (0) = Zy, the linear system of transport
equations

(3.19) Zy — c(Y)AZ, = F(Z)
can be solved by characteristics. Define the backward characteristics x4 at time 7

from point (¢, z) by

%Ii(ﬂ t,z) = ﬂFc(i)(ﬂ v (T3, Jf)))v

and note that x4 (7;t,2) = z4(7;s,2+4(s;t,2)) and x4 (¢;¢,2)) = . Then, by
taking the derivative with respect to s, we get the following

D s (mitoa) F e((r, ws (it 2)) 2

T axxi(r;t,x) =0.

Thus

[2+(m13t,2) — 24(725, 2)] < l¢l|oo|2 = 7,

1

H Ql|t—7'|}|$1—$2,
c (o]

e (mit,x) —x_ (756, 2)| < 2||c)|oo|t — 7]

With T’ the solution operator of Z;(t)—c(y(t+7))AZ,(t) = 0 we can use Duhamel’s
principle to write the solution of as To(t) Zo + fot T, (t — 7)F(Z(1)) dr. We
need to show that || Ty (¢ )ZOHWz () is bounded and that the Duhamel operator
DF(Z fo (t — 7)F(Z(1)) dr satisfies DF(Z) € C([0,00), W>>(R,R)),
and ||DF(Zl)( )— DF(ZQ)( Ylwreo®y < Ot B, Q)| Z1 — Zo|lwioo(r) for Z1, Zo €
D%{‘E/7Q,. We get directly from characteristics that ||To(t)Zollco = [|Z0]lcc < @

|xL(Tst, 1) — i (T3t 22)] < exp{

Taking successive derivatives of Z; — c(z/AJ)AZx = 0 with respect to = and employing
Gronwall’s inequality yields

1To(t) Zollo < Q,
1(To(t) Zo)zlloc < Qexp{|lc'[lcQt} ,
I(To(t) Zo)azlloo < (Q + (" loo@ + [I¢' |0 @) exp{[l¢' [ Qt} -
Since F is a smooth function, we have that for Z € D%?E,,Q, there is
IF(Z(®) w2 @) < Crrrs
for some constant Crr o depending on E’ and @' only. The Duhamel operator
then satisfies | DF(Z)(t)||w= o @) < Cprqrt, and thus Z(t) = Ty(t) Zo + DF(Z)(t)
belongs to Dl‘f‘E,Q as long as
(3.21) Q@+ (" lw@? + 1¢'1Q")) exp{llc' [ Qt} + Crr ot < Q.

We need that the energy of the solution is bounded by E’. The energy density
and energy density flux defined by and ., take here the form & = 15%(R? +
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L) + $(U? + V) + Wo(s) and () F = §s? (R? — L?) + § (U? — V?). Instead of
(2.6) we get the balance law

N ~ 2 ~ ~
o . 9 U—v 2, .
€ = = c()e()F = —s* ( - ) - (VR+ UL) + SR
() 5
+ 2e00) (UUR+VVL URV VLU)
UZVS (R*+ L% + U;—VWO(S)
TV Wie) — eth) 2 (82 - 12)

- c'(zﬁ)% (s*(R* - L*) + (U? = V?)).
By Definition we have that

U+v U+v
Wy (s) = W ()l
2 2
1 2
kE(t)”WO(S)”l VE'
<Vkp E(t)VE',
and hence as long as E(t) < F’, integration E(t fR (t,z) dz yields

%E(t) S 4Q/El—I—Q/E/+Q/6E/+Q/4E/+4KQ/2E,+ 5Q/QE(t)

+ el QE(t) + *Wﬂle? )+ 2Vkp E'.
Hence E(t) < E’ for ¢ such that

1 1
(3.22) (E+¢Kbaw)@${t(2Q@4—MﬂmQ’+4Hdnm>}<<Eg

with Kg/ g = =5Q'E’ + Q/4E/ Q/GE/ + 4KQ/2EI +2Vkg E'.
We need to show that the solution Z of ( - depends Lipschitz continuously

on the function Z S DT E Q- Let Zl, Zy € DT E' Q' and note that

887_ (l':t(T t, 1) —{E:t(T t xg))
(3.23) = F (et (r. 2L (rst,21)) = elda(r, 2l (7:t,22))) )

and thus

[ (st w0) = 7 (73, 2)]| < [y — el <=0
]_ c/ ’ —T ~ ~
+ 5 (e” loe Q@) — 1) l[h1 = thall Lo (p0.4, Lo m))-

Differentiation of (3.23)), for 1 = x5 = x, with respect to « and then an application
of Gronwall’s inequality gives

9 0 looQ’ + 1€ lloo ,
Sraklritin) - 3ot < = o eg@e - mp -1
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x exp{|c' Q' (t — 7)}

< sup [[P1(s) — 1ha(s)llwr. (z),
s€[0,T)

where we have used that ||1ﬂ1MHOO < Q'. We get for the Ty(t)Zy part the estimate

" [l @ + ll€'ll
€)oo @’ (eXp{HC/”ooQ/t} -1)

x exp{||c/o @'t} sup_[[P1(s) = Pa(s)]lwroom)
s€[0,T]

+Q el | Q1) ~ 1)
ce{[1] @} s 1) = o)l

s€[0,T]
Since F' is a smooth function and ||21||Wz,m(R), ||ZQHW2,OQ(R) <q,

1T (t) Zo — T5 (1) Zollwroemy < Q

/0 Fy(Z)(r, 2k (r:£,2)) — Fy(Zo)(r, 3 (73, 2) dr

<

/0 Fy(20)(r, 2k (rit,2)) — Fy(Zo)(r, 2 (s, 2)) dr

+ / Fy(Z2) (.2l (rit,2)) — Fy(Zo)(r, a2 (s 1, ) dr
<Pl o0 (1@} s 121(6) = Za(s)
se|0,

For 2 (DF(Zl)(t) - DF(ZQ)(t)> we estimate

aax/o Fi(Z)) (1,2} (5t 2)) — Fj(Z2)(1, 2% (75 t,2)) AT

t
<6 / <||F|Lipr,,Q, 1 Z1,0(7) |0l (73, 2) — By (73t )]
0
I Flipx o 0522 (73 6, 2) 1 22(7) = Za(P)lloo
I it 12200 () el 0at (73, @) ek (58, ) — @2 (58, )|

FIVzFlLipx i o 11212 (T) ool Z2,2 (7)o

x |02l (13t @)llek (st 2) — ad (3t )|

+ IV 2FllLipx s g0 | 22,0 (1)l oo 052 (T3 8, )| 21 (7) — Zz(T)I) dr

Mo @ + ||
<6 (HFLiPXE/ B <" loo : ll<'ll s
’ [1'lloo

Xt exp{k‘Q/t} dDT,E’,Q’ (Zl, 22)7

+ IV Lipx s o Q/)

where k = max {||[|sc, || £]|}. That is, we have that

(324) ||Zl (t) — ZQ (t)”Wl,oc(R) S CEI’Q/t exp{kQ’t} dDT,E',Q’ (21, 22)
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Since Z is continuously differentiable in ¢, we can do similar estimates for || Z1 ,(t) —
Z34(t)]| o () directly from the linear system and get

121.6(t) = Zoa(t)loo < 1 loe@expillc oo @t} 191(8) = $2(0)]
tlellocll Z1,a(t) = Zow®)lloo + [ F(Z1(1) = F(Z2(0)
< 1 loe Qexpl I low @t} 191 (6) = ()]«
+ Cprqrt exp(kQt} | 21(t) = Zo®)llwr ey
TN FACEYAGIS

oo

Direct computation of the local Lipschitz constant [[F|[; x o gives a bound de-

pending on Q" and E’ only. Moreover, || Z1(t) — Zo(t)]|so < tSUpP,eo, 1] 1 Z1.4(s) —

Z2.4(5) |00, and hence

(3.25) 1Z1,6(t) = Z24(t)|loo < K5 rdr 50 0 <Z17 22) )
where
Kim.q = llcllcCr .t exp{hQ't} + | Fllix
+ t]l ¢l oo Qexp{l|c| o @t} -
A combination of and yields
D,y 1 0/ (Z1,Z) < (Cpr @ Texp{kQ'TY + Kr,pr.qr) Ay 1 o0 (21, Z2),

and hence, as long as T satisfies

Q7

(3.26) Cr @ TexplkQ'T} + K1 g < 1,

the map Z s Z is a contraction.

Given initial data Zy € Xg g with || Zy z2]lcc < Q, Q" > Q, and E’ > E one can
find T > 0 that satisfies satisfies (3.21)), (3.22)), and (3.26). We can then construct
a Cauchy sequence in Dr g ¢ as follows by letting Z" ! be the solution of
with right hand side Z™ and wave speed ¢(¢™). Moreover, the limit will satisfy
E — (c(¥)?F), = 0, and thus conserves energy.

We show that the solution is unique in D7 g .q. Let Z1, Z € D7 g g be solutions

of 7 then
(Z1 = Za), — c(2)A(Z1 — Z2),, = (c(01) — c(¥2)) AZy o + F(Z1) — F(Z2),

and Duhamel’s principle implies that

122(8) = Za()]|oo < 121(0) = Z2(0) oo

t
+(QHC,||OO+HF”Lip(XE,Q))/O 1Z1(s) — Z2(s)[| ds,

and then by Gronwall’s inequality

1Z1(t) = Z2(t) oo < 121(0) = Z2(0)lowexp{(Qll¢'[lc + 1 FllLip(x1.0))t} »

and hence we get uniqueness. ([
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