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Abstract

A discrete two-stage structured population model is established and analysed. In one
direction we state and prove a theorem which says that the model is permanent (i.e. that
the population will neither go extinct nor exhibit explosive oscillations). In another direc-
tion we use the model in order to reveal and compare the possible dynamical properties
of semelparous and iteroparous species and in doing so we include density dependence
both in the recruitment and in the survival terms. We also analyse a similar semelparous
age-structured model. Regarding the latter we prove that if the strength of density de-
pendence is greater in the fecundity than in the survival term the nontrivial equilibrium of
the model will never be stable. Instead the dynamics will converge towards a state where
the whole population is in one age class. As we show, such dynamics may be chaotic.
Considering the stage-structured model we compare our findings with the findings from
other models and propose that it is a fairly general ecological principle that iteroparous
species are more stable than semelparous species. We also give several examples of the

dynamics in unstable and chaotic parameter regions.

Keywords: Semelparity, Iteroparity, Age-structure, Stage-structure, Bifurcation.






1. Introduction

A species is called semelparous if it reproduces only once during its lifetime. It is called
iteroparous in case of repeatedly reproduction. Regarding fish populations, important
commercial interesting species like the northeast arctic cod stock may be classified as an
iteroparous species while most salmon species are semelparous. There are obvious reasons
why it is important to understand the dynamical properties of such species. Among
several alternatives, the use of nonlinear age-structured (matrix) models has proved to be
a powerful tool when trying to reveal the dynamics both in fish and in other populations,
cf. Cushing (1998) and Caswell (2001). Much of this work has been inspired by the
seminal work of Ricker (1954) who studied the effects of age structure on a population
with nonlinear recruitment. A summary of the most important of Ricker’s findings may be
obtained in Higgins et al. (1997). Relevant examples where age-structured matrix models
have been applied on concrete species may be found in Cooke & Leon (1976), Longstaff
(1977), Levin & Goodyear (1980), Hastings (1984), and Desharnais & Liu (1987). Lots of
other examples are given in Caswell (2001). Other authors have from a more theoretical
point of view paid attention to the qualitative behaviour of an age-structured population
in unstable and chaotic parameter regions, cf. Guckenheimer et al. (1977), Silva & Hallam
(1993), Wikan & Mjglhus (1995). In Wikan & Mjglhus (1996), Wikan (1997), Davydova
et al. (2003) and Mjglhus et al. (2005) special attention is devoted to semelparous species
and from the papers quoted above it is clear that the dynamical properties of semelparous

species often are substantially different to what one finds in studies of the iteroparous






case. For example, in semelparous species models one may have the phenomenon of
synchronization, i.e. convergence to a dynamical state where the whole population is in
one age class only. Such behaviour is not found in iteroparous species models.

The purpose of this paper is to establish and compare the possible dynamical out-
comes of semelparous and iteroparous species models but in doing so we will use a stage-
structured rather than an age-structured population model. In many respects the choice
of model is motivated by Neubert & Caswell (2000) and Wikan & Eide (2004) but also
from the fact that some species (both itero- and semelparous) may live several years before
they reproduce while others become mature after a short time and for comparison reasons
we find it more convenient to use a stage-structured model with two stages (mature and
immature). Finally, it should also be mentioned that “small” stage- structured models
are fully capable of describing and even predicting nonstationary and chaotic behaviour
in populations, see Cushing et al. (1996), Costantino et al, (1997), Dennis et al. (1997)
and Cushing et al. (1998).

The plan of the paper is as follows: In Section 2 we present and discuss the model. In
Section 3 we analyse possible dynamical outcomes and finally, in Section 4 we summarize,

unify and discuss our findings.

2. The model

Let z,; and T4 be the immature and the mature part of a population at time ¢
respectively. We further assume that f(z) is the fecundity (the number of juveniles
produced by a mature individual) and that p(z) is the fraction of the immature population

4






that survives to become mature. 1 = Z1 + 9, u; and u, are (natural) death rates and
finally it is also assumed that the remaining part of the immature population (1—wy)z; is
reduced by a nonlinear factor s(x). Then the relation between z; and 7, at two consecutive
time steps (years) may be expressed as

Tyt = (1 - u1)s(2¢)T1 s + fze)zoy

(1)

Tot41 = p(Te)214 + (1 — U2) Ty

(1) may be regarded as a generalization of the model in Wikan & Eide (2004) where
the Northeast Arctic cod stock was considered. (1) has also similarities with the general
stage-structured model presented in Neubert & Caswell (2000).

Adopting the classification strategy from the latter, model (1) covers several life his-
tories. Indeed, if us — 1 the population is semelparous (i.e. is reproducing only once). If
0 < uy <1 the population is iteroparous (repeatedly reproduction). The subclass charac-
terized by us — 1 and u; — 1 is often referred to as precocious semelparity which covers
the situation for many annual plants and insects with rapid development followed by only
one reproduction. Delayed semelparity occurs whenever U2 = 1 and 0 < u; < 1. Typical
examples of such species are periodical cicadas, see Behncke (2000) and Davydova et al.
(2003), and several salmon species that live for many years before they become mature
and then reproduce only once. The iteroparous case may also be divided into two sub-
classes. The case 0 < up <1 and u; — 1 is classified as precocious iteroparity and covers
several small mammals species which start to reproduce at a young age and may survive
to reproduce for several years. From a dynamic point of view the most exciting example

here is the lemming. The fourth and last subclass is delayed iteroparity characterized by
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0 <wup <1and 0 <wuy <1 which covers species which may live long before maturity and
then survive to reproduce for many years. Typical examples are humans and other large
mammals.

In the following we shall assume that the density-dependent terms in (1) may be

written as a product of a constant term and a nonlinear term. Thus

s(z) = 55(z)  f(z)=Ff(z) p(z) = Pj(z) (2)

A~

where 0 < S <1,0<P<1,F>00< u,uz < 1, 0 < 3(x),p(z), f(z) < 1,
G0N = ) = f(O) = 1. This is the same strategy as used by several authors, see for
example the striped bass fishery model by Levin & Goodyear (1980) or the Tribolium
model by Cushing et al. (1998), see also Caswell (2001). Hence, we rewrite (1) as

141 = (1 — ul)S§($t)x1,t + Ff(.’l)t)l'g’t

(3)
To41 = PP(z4) 214 + (1 — ug)way
or in matrix form
Xey1 = AgXe (4)
where x = (z1,2,)7 and
_ [ 1 —wu)S3(z) Ff(x)
e ( Pi(r)  1-u ©)

A final but important restriction that we also have to impose is (1 — u)S + P < 1.
Otherwise, the fraction of juveniles that survive to become adults plus the fraction that
survive but remain juveniles may be larger than 1 even in the case of zero fecundity which

of course is unacceptable from a biological point of view.






As is well known, population survival is g key feature in ecological models and there
exist several mathematical criteria, of such survival (Freedman et al., 1987; Cushing, 1998;
Crowe 2001; Kon et al., 2004). Here we shall use the concept permanence as a criterion

of population survival.
Definition 1

Let z;, = T1,t+Za; be the total population at time t. Model (3) is said to be permanent

if there exist § > 0 and D > 0 such that

0 <liminfz, < lim supz; < D
t—o0 t—o0

Thus, if a population model is permanent, the total population density neither ex-
plodes nor goes to zero.

Note that the definition of permanence (which is the same as in Kon et al. (2004))
permits that one of the stage (or age) classes L1t Or Zo: may be zero at time t. Such
dynamics may indeed occur, see Bulmer (1977), Wikan & Mjglhus (1996), Davydova et
al. (2003) and Mjglhus et al. (2005).

Define the inherent net reproductive number Ry as

PF
1= w3 (©)

R{):
Ug

Then we have the following result regarding (3):
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Theorem 1

Suppose that model (3) is continuous and that one of j(z)z; or f(z)z, is bounded
from above. Further, assume that the matrix Ay (see (5)) is irreducible and R% {0}
forward invariant (i.e. that A;x € R} \ {0} for all x € R \ {0}). Then model (3) is

permanent provided Ry > 1.

Proof

Cf. the Appendix.

As is shown in the proof of Theorem 1, the condition Ry > 1 implies that the origin,
which obviously is a fixed point of (3), is a repellor. Otherwise, the model would not be
permanent so in the rest of the paper it is assumed that Ry > 1.

If we in addition neglect Allé effects and suppose that p, § and f are decreasing

functions of z, (3) has also a unique nontrivial fixed point (z?, z3). Indeed, at equilibrium

(1 = w)s(@) + - f(@p(e) =1 7

and here we may observe the following: When z — 0 the left-hand side of (7) approaches
1+ (Ro—1)[1— (1 —u)S]

which clearly is larger than unity. On the other hand, in case of large values of z, the
left-hand side of (7) will become close to zero, hence there must exist an intermediate

value z* (z* = z7 + z3) where the left-hand side of (7) equals unity.






In the rest of the paper we will assume that the survival and fecundity functions 5(x),

p(z) and f(z) are members of the Deriso Schnute family
h(z) = (1 - yaz) /7 (8)

where @ > 0 and v < 0. Clearly h(z) < 0 and h(z) € (0, 1. If y = 0, Az) = exp(—ax)
which is often referred to as the overcompensatory Ricker relation. If v = —1, we have
the compensatory Beverton and Holt relation h(z) = (1+azx)~!. For further discussion of

the Deriso-Schnute family we refer to Bergh & Getz (1988), see also Wikan (1997, 1998).

3. Dynamical properties
3.1 THE AGE-STRUCTURED CASE

First we consider the ultimate precocious semelparous case U1 = uy = 1 which means
that (3) degenerates to an age-structured model. By use of the overcompensatory Ricker
relation we then arrive at

— —QaT
T4 = Fe ™™gy,
(9)
= =1
Tys41 = Pe™? ‘T4

The inherent net reproductive number Ro = PF and in order to ensure that the origin is

a repellor we assume Ry > 1. The unique nontrivial fixed point of (9) is found to be

(xi,x;)=( : - ) (10)

T e

where a = Ry #/@+0) ;nq 4+ r1+25=(a+B)"'InR,.






According to the Jury criteria (Murray, 1993), (10) is a stable fixed point whenever

the inequalities

By (1+ Pe?) + azy (1 + aFe™") > 0 (11a)
(B-a)(1—Pe ™)z} >0 (11b)
2 — (] +az}) > 0 (11c)

hold.

Here, we may observe the following: The left-hand side of (11a) is always positive
which means that (10) will never go unstable through a saddle node bifurcation. Assume
£ > a. Then the left-hand side of (11b) is positive too so there will be no flip bifurcation.
The left-hand side of (11c) is clearly positive in case of small equilibrium populations &
and z3 but as they are increased (a consequence of an increase of Ry), (10) will eventually

go unstable through a Hopf bifurcation at the threshold

2(1 + aP)
e ——— 12
‘ B+ caP )
or equivalently, at the threshold
2
Ry = exp (e+B)(1+aP) (13)

B+ aaP

Consequently, provided 8 > «, the dynamics is a stable fixed point (z3,z3%) in case of

“small” values of z] and z3 and nonstationary behaviour (governed by the Hopf bifurcation
that occurs at instability threshold (12)) whenever the values of z] and zj are “large”.

In somewhat more detail we have the following: If the difference 8 — « is small (for

example § = 1.1 and o = 1.0) we find that close to (but above) the bifurcation threshold,
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the dynamics is restricted on an invariant curve which surrounds the unstable fixed point.
Through further enlargement of Ry we still find the invariant curve but eventually the
curve becomes kinked which signals that we are on the onset to chaos. This is shown in
Fig. 1. In case of higher Ry values the curve disappears and the points in state Space appear
to be randomly distributed which suggests that a subcritical bifurcation has occurred.
Note that there is no sign of periodic behaviour whenever B — o is small.

If the difference 8 — « is large (for example f = 2, q = 1) there exists an exact
3-period orbit in large parts of parameter space. An example of such an orbit is given in
Fig. 2. The 3-cycle is not established through frequency locking from the invariant curve,
see Wikan & Mjglhus (1996). It is created as the third iterate of (9) undergoes a saddle
node bifurcation at a threshold which is lower than the threshold (12). Therefore there
are regions in parameter space where the 3-cycle coexists with both the stable fixed point
(10) and (in case of larger R, values) the invariant curve. Also here we experience chaotic
dynamics if the R, values become sufficiently high, cf. Fig. 3 where a chaotic attractor is
shown. There is no sign of periodicity in the chaotic regime except for small parameter
windows where periodic orbits have been detected.

Finally it should also be mentioned that if & = 0 which implies that there is only
density dependence in the survival term in (9), four-periodic behaviour, either exact
or approximate, is the outcome in large regions of parameter space the chaotic regime
included, see Wikan (1998).

Next, consider the case B < a. The crucial point here is that the left-hand side of
(11b) now becomes negative (or equal to zero if o = ) which in turn implies that the
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fixed point (10) will always be unstable. Since (11b) is associated with the possibility
that (10) shall undergo a flip bifurcation it is natural to seek for a stable 2- cycle in case

of Ry is small. Evidently, such a 2-cycle may be obtained from the relations

Zit42 = Ry eXp(—ﬁxt) exp(—axtﬂ)xl,t
(14)
ZTot42 = Ry exp(—a:ct) eXP(—ﬁ$t+1)$2,t

and here there are two possibilities. 1) z, = Zt4o which leads to the trivial 2-cycle where
the unstable fixed point (10) is the repeating point in the cycle. 2) The points are on the
form (2,,2,) = (4, 0) or (0, B) which means that only one age class is populated at each

time. 4 may be found by means of numerical methods from the relation
BA+ aPe P44 = nR, (15)
which in turn implies
BiVPesit (16)
(Note that if no density dependence in the survival is assumed (i.e. 8 = 0) we obtain
A= (aP)'InRyand B=q!ln Ry.)

Through numerical simulations we have verified that an increase of Ry leads to a
series of flip bifurcations creating orbits of period 2 k> 1. Eventually, beyond the
accumulation point of the flip bifurcations, the dynamics becomes chaotic. We emphasize
that both in the finite period case as well as in the chaotic regime only one age class
is populated at each time. These findings are summarized in the bifurcation diagram,
Fig. 4.

Following Davydova et al, (2003) and Solberg (1998) we shall from now on denote
dynamics where only one age class is populated at each time for SYC (Single Year Class)
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dynamics. Bulmer (1977) appears to be the first to have noticed SYC phenomena in
theoretical models. Results concerning SYC dynamics may also be obtained in Wikan
(1997), Behncke (2000) and Mjglhus et al. (2005). Davydova et al. (2003) perform a
thorough discussion and give precise results of conditions which lead to SYC dynamics
and conditions where both age classes may coexist. An important finding in Mjglhus et al.
(2005), where several age classes with fecundity f(z) (z = total population) restricted to
the last age class only are considered, is that small perturbing populations inserted into
empty age classes will experience a higher population pressure z in their reproductive
phase than the main population and will therefore have a subcritical recruitment and
consequently they will vanish in the long run.

Regarding our model (9) where both the fecundity and survival probability are func-
tions of the total population it is natural to conclude that it is the “strength” of density
dependence which will decide whether the two age classes may coexist or not. If & >
SYC dynamics is the outcome. On the other hand, if & < 3 the result is coexistence.

A final point is that the results presented above seem to be independent of the choice
of fecundity or survival function. Indeed, if we replace the Ricker relation in (9) with the

compensatory Beverton and Holt relation we arrive at

F
x = x
1,t+1 v 2.t
. (17)
5 = 51
2,t+1 1+ Bz, 21t
At equilibrium
1+ Bzx* P
* * — * * 1
(21, 23) (l+ﬁx*+P$ ’ 1+ﬂx*+Px> (18)
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where

“*zﬁ[\/(a—ﬂ)zmaﬂ%—(ﬁﬁ)]

The criteria for (18) to be stable are

oz F Bz} P
0 19
1+ az* <1+1+a:c*>+1+ﬁx* (1+1+ﬁx*>> (192)
B—a 2
1-— : 19b
R 1+pz) 1> 0 S,
pxi aT,
- 0 19
[1+ﬁx*+l+ax* ~ 4%

and here we observe that whenever B > « all three left-hand sides of (19) are positive.
Thus (18) is a stable fixed point where both age classes are populated. On the other
hand, if 8 < q, (19b) is always violated so (18) is never stable and by the same argument

as in the Ricker case we find that SYC dynamics is the only outcome.

Let us now extend the age-structured model (9) to the corresponding stage-structured
case, and in order to compare our results directly with the results of Neubert & Caswell

(2000) we simplify (3) by letting S =1 and P = u1S and consider the system

Trer = (1 — wy)zy 4 + Fe gy,
(20)
Topt1 = up e Pogy, 4 (1 — ug)zy,

Thus, the main difference between our model and the Neubert-Caswell model is that we
consider the combined effect of density-dependent survival and density-dependent fecun-

dity which they do not. The unique nontrivial equilibrium may be expressed as

—Bz*
u u
h23) = (e, ) 21)

Uy + uje—hz* Ug + u;e—hz*
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where z* = (o + 8) "' In Ry and R, is defined through (6). (21) is a stable equilibrium as

long as the Jury conditions

uruz (8] + azl) + fu? e P71t + au, F 2 s () (22a)

22 — w1 — ug] + wyuy(Bat + az3) = B(2 — ur)us e P gt — (2 —u)Fe ™ 'z3 >0
(22b)
Uy + Uz — uruz(Bzy + ax}) + fuy (1 — u)e™ Pzt + aF (1 — Us)e ™ 15 > 0 (22¢)
hold. The left-hand side of (22a) is always positive, thus we can as in the age-structured
case exclude the possibility that the fixed point will become unstable through a saddle
node bifurcation. If (22b) or (22c) are violated, (21) will undergo a flip or a Hopf bi-
furcation at instability threshold. It is further obvious that in case of sufficiently small
equilibrium populations z},z} the dominating term in (22b) is 2[2 — u; — uy] and the
corresponding term in (22c) is u; + u,. Since both these terms are positive we conclude
that (21) is a stable fixed point in case of 1,23 small and moreover, in contrast to the

age-structured case we may rule out the possibility of SYC dynamics.

3.2 THE PRECOCIOUS SEMELPAROUS CASE

Regarding the nonstationary dynamics, let us first concentrate on the precocious semel-
parous case (u; — 1, uy — 1). Since both u; and Uy are close to unity we may assume
that u; = uy = u and from the results of the analysis of the age-structured model we find
it natural to deal with the cases o < Bya=pand a>fB separately.

Assume @ = § = 1 (=1 because when o — B both of them can be scaled into the
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population). The conditions (22b,c) now become

2(1 = u)(2 —uz*) >0 (23b)

u2-(2u—1)z*] >0 (23c)

and evidently, whenever u > 1 /2 it is clear that through an increase of z* the left-hand
side of (23b) will become negative prior_ to the left-hand side of (23c). Thus the only way
from stability to instability goes through a flip bifurcation.

In order to exemplify the dynamics beyond the bifurcation threshold, consider the
parameter set u; = us = 0.9. Then from (23b) the flip occurs when z* — 2/u which in
turn implies that F' = 76.637 and in case of larger F values we find an exact 2-period
orbit. (For example F' = 100 leads to the 2-cycle (1.29, 0.12), (3.11, 0.29).) Further
numerical experiments show that the qualitative behaviour of 2-cycles persists even if we
multiply F' by a factor 10. Hence it is natural to conclude that an increase of z* (of F)
acts in a “weak” destabilizing fashion.

Next, consider the case o > (and still u; = uy = u close to unity). The conditions
(22b,c) may now be cast in the form

*

4(1 —u) + 14_1;“_‘%_ {l(a + B)u? - 20u] + €77 [(o + B)u? — 26u]} > 0 (24b)
2u + erﬁ {lou — (@ + B)u?] + e P [Bu — (a + B)u’]} >0 (24c)

When z* grows (for example through an increase of F ) the dominating terms on the
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left-hand sides of (24b,c) are

4(1 - u) — [2a — (a + B)u]uz* (25b)

2u - [(a+ B)u — afuz* (25c¢)

and it is obvious that (25b) is (much) smaller than (25c). Consequently, the dynamics
beyond the instability threshold is governed by the flip bifurcation here too.

However, the nonstationary dynamics whenever o > B is much richer than in the
“symmetric” case & = . Through an enlargement of z* (or F) we find periodic orbits of
period 2¥, k = 1, and eventually, beyond the accumulation point of the flip bifurcation
sequence, the dynamics becomes chaotic. This is exemplified in Fig. 5. (Note that each
of the branches of the attractor is visited only once every second iteration so even if the
dynamics is chaotic a kind of 2-periodicity is still preserved.)

Finally, consider the remaining situation a < B. As the equilibrium population z* is

increased the dominating terms on the left-hand sides of inequalities (24b,c) are

4(1 — u) + [(@ + B)u - 20)uz’® (26b)

2u — [(a + B)u — ofuz* (26¢)

and evidently, in most of parameter space the first term to become negative is (26c). Thus
the general case is that (21) goes unstable through a Hopf bifurcation which means that
Just above the bifurcation threshold the dynamics is restricted on an invariant curve as
displayed in Fig. 6. Through further enlargement of z* the only stable attractor is an

exact 3-period orbit which is created in the same way as in the age-structured case (cf. our
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previous discussion). We also find regions in parameter space where the 3-cycle coexists

with the stable equilibrium and the invariant curve.

3.3 THE DELAYED SEMELPAROUS CASE

Let us now focus on the delayed semelparous case which is characterized by us — 1,
0<wu; <1.If up =1 is assumed (we have performed lots of simulations where up, = 0.8
or 0.9 and the dynamics found in these simulations is qualitatively similar to the uy = 1

case) the stability criteria (22b,c) may be expressed as

ux*

2(1 —uy) + ———
( 1) 1+ uje=p=

{(B-a)+e P (a-28+uwpB)} >0 (27b)

Ul.’E*

—W {e'ﬂz‘ [ﬂ(l = ul) = O!] = ﬁ} >0 (27C)

1+u +
! 1+U1

If uy — 0, clearly both left-hand sides of (27b,c) are positive in case of z* sufficiently
small. Hence (27, z3) is stable. For larger values of u; (for example u; = 0.4) nonstation-
ary dynamics may occur. Indeed, if 8 > « and z* is large, (27c) contains a dominant
negative term (—u;8z*) so when z* becomes sufficiently large the equilibrium goes unsta-
ble through a Hopf bifurcation. We have verified numerically the existence of an invariant
curve but no chaotic dynamics has been detected. On the other hand, if & > § and z* is
large, (27b) contains a dominant negative term u, (B —a)z* so eventually, an enlargement
of z* will now lead to a flip bifurcation. Numerically, 2-periodic orbits have been identified
in case of z* large but neither orbits of period 2¥ k > 1, nor chaotic dynamics have been

detected.
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3.4 THE PRECOCIOUS ITEROPAROUS CASE

The first iteroparous case to consider is the precocious one Uy = 1,0 <wuy <1 and as
we have proved earlier (z1,23) is stable whenever z* is sufficiently small.
As z* becomes larger (through an increase of F ) we find in the special case u =1

that the stability criteria (22b,c) asymptotically may be expressed as

2(1 = up) + z*[uy (e + B) — 2a] >0 (28b)

1+ u +2%[a — uy(a+ B)] > 0 (28¢)

Suppose us — 0. Then (by L’Hopital’s rule) z*us — 0 which in turn implies that
inequality (28c) will never be violated. Consequently, the only transfer from stability to
instability goes through a (supercritical) flip bifurcation as (28b) is violated. In case of
larger values of u, (uy — 1/2) the same conclusion holds if a > B but if 8> « (28c¢) is
violated prior to (28b) and an attracting invariant curve is established when (x3, z3) fails
to be stable. Numerically, the findings reported above have been verified through lots of
simulations where parameter values 0.8 < y; < 1.0, 0 < uy < 0.5 have been used. If
a > [ we have found orbits of period 2% k > 1, as well as chaotic dynamics. When I}
becomes larger than « the dynamics becomes “more stable” in the sense that only orbits
of period 2% k > 1, have been detected beyond the bifurcation threshold. (If o = 1,
B=4,u =09, uy = 0.4) only cycles of period 2 have been identified.) In case of even

higher values of 4 invariant curves are the only outcome.
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3.5 THE DELAYED ITEROPAROUS CASE

The final case to analyse is the delayed iteroparous one which occurs when both u;
and u, are small numbers.

In the symmetric case @« = = 1 and u; = up, = u where u is small (u < 1/2) the
stability criteria are given by (23b,c) and since the left-hand side of (23c) is always positive
we may exclude the possibility of a Hopf bifurcation at instability threshold. Thus the
only way that (z}, z}) may become unstable is through a flip bifurcation at the threshold
z* = 2/u. Beyond the threshold there are period-2 cycles. We have not found orbits of
period 2, k > 1, and it should also be mentioned that the region where (%, z3) is stable
is large.

If o > B we experience much of the same qualitative picture as earlier. The dynamics
becomes more unstable so periodic orbits of 2%, k > 1, as well as chaotic dynamics may
be observed.

If o < B it is obvious that (25¢) < (25b). Hence there are nonperiodic orbits restricted

to an invariant curve in the unstable parameter region.

4. Discussion

In the first part of this paper we proved under quite general conditions that the basic
model (3) is permanent. Hence the population will neither go extinct nor experience
explosive oscillations. Subsequently we revealed and studied various dynamical properties
of semelparous and iteroparous species. Regarding the latter we shall now interpret and

unify our results.
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In Table 1 we show the equilibrium population z* at instability threshold for some
specified values of u;, o and 3. z* has been calculated by use of the stability criteria from
Section 3.

There is a lot of evidence, see Guckenheimer et al. (1977), Levin & Goodyear (1980),
Bergh & Getz (1988), Silva & Hallam (1993), Wikan & Mjglhus (1996), Neubert & Caswell
(2000) and Davydova et al. (2003), that an increase of the total equilibrium population in
general leads to nonstationary dynamics provided the survival or (and) the recruitment
functions are of the Ricker type (but see Mjglhus et al. (2005) for a counter example).

Thus, by use of the size of 2* as a stability criterion, Table 1 suggests that species
with iteroparous life histories are more stable than species which have semelparous life
histories. This is also supported by the results obtained from the age-structured model (9)
which may be regarded as the most “extreme” precocious semelparous case. Recall that
the equilibrium (10) was found to be unstable for all Ry > 1 provided o > 3. Moreover,
both in Higgins et al. (1997) where a delay difference equation model was considered
as well as in Neubert & Caswell (2000) similar conclusions were obtained. Therefore,

as proposed by Neubert & Caswell (2000), it is tempting to suggest that our findings

TABLE 1
z* at instability threshold
Semelparous Iteroparous
Delayed Precocious Delayed Precocious
U1 =04 u=09 u;=uy=09 u; =uy=04 u; =09 uy,=04

a=2 fg=1 T* = 2.61 z* = 0.68 TEE—820D7. z* =1.04
a==1 z*=3.79 ¥t =2.22 z* =5.00 TH=N]74
a=1 =2 z* =191 z' = 1.16 z* > 10.0 z* = 1.86
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illustrate a fairly general ecological principle, namely that iteroparous species are more
stable than semelparous species.

From the findings presented in Table 1 there is also a clear tendency that delayed
semelparous species tend to be more stable than precocious semelparous species and that
the same conclusion also applies in the iteroparous case. In order to explore this further,

let us now turn to the nonstationary dynamics. In Table 2 we summarize the dynamics

found in the previous section.

TABLE 2
Possible dynamical outcomes
Semelparous (u; — 1) Iteroparous (0 < uy < 1)
Delayed Precocious Delayed Precocious
(0 <wu; <1) (up = 1) (0<u <1) (ug — 1)
a>f S—2 S—28 k>15C S22 k>15C S22 k>15C
a= /05 = =3 ) S =9 S—2% k>15¢C
a1 3NS ST S—oI—>3sC G S—2k k£>1

The table should be read in the following way: Consider the sequence S — 2¢F k>
1 — C. This means that when the equilibrium population is small it is stable (indicated
by S). When the equilibrium population is increased (indicated by —) we find periodic
orbits of 2, 4, 8 and so on (indicated by 2%, k > 1). The symbol C' means chaos. T refers
to nonperiodic orbits restricted to an invariant curve while 2, 3 and 4 refer to orbits of
period two, three and four respectively. It should also be mentioned that in the chaotic
regime C we find several examples of parameter windows where the dynamics is periodic

but typically the period is large.

From Table 2 it is natural to conclude that species with precocious life histories are
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more likely to exhibit chaotic oscillations than species with delayed life histories. Thus by
use of possible chaotic dynamics as a stability criterion we arrive at the same conclusion
as we found when the size of z* was used as a stability criterion. Species with precocious
life histories are the most unstable ones. Again we find that our conclusions are in
good agreement with Neubert & Caswell (2000). (Neubert and Caswell consider several
models, some with density-dependent, recruitment, others with density-dependent survival
or growth, but unlike us they do not consider density-dependent recruitment and density-
dependent survival at the same time.) On the other hand, our conclusions are in contrast
to the findings in Higgins et al. (1997). In the latter paper (where they consider a delay
difference equation) they concluded that species with precocious life histories were more
stable, especially in iteroparous species.

It is not obvious what causes this discrepancy. If we for a moment turn to age-
structured models with density-dependent recruitment, see for example Levin & Goodyear
(1980) or Wikan & Mjglhus (1996) one common conclusion is that an increase of the
number of age classes acts as a stabilizing effect. Regarding our main model (3), the
age-structured model roughly corresponds to the case up small and u; large, thus to the
precocious iteroparous case. Hence the agreement between the age-structured case and
Higgins et al. (1997) appears to be better than the agreement which Neubert and Caswell
and we have with the age-structured case. However, in the age-structured models by
Wikan & Mjglhus (1995) and Wikan (1998) where the recruitment were density indepen-
dent and the year-to-year survival probabilities were density dependent an increase of the
number of age classes was not found to act in a stabilizing fashion so the agreement with

23







Higgins et al. (1997) is not good in this case. Thus, at present, we find it difficult to for-
mulate some kind of general ecological principle regarding the dynamics of species with
delayed life histories compared to species with precocious life histories. Since different
models give different conclusions details appear to matter and there is a need for further

studies on this topic, especially studies which include more density-dependent effects.
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APPENDIX

Proof of Theorem 1 in the main text

Clearly, (z7,3) = (0,0) is a fixed point of model (3). The Jacobian (evaluated at

(0,0)) equals the matrix

wo= (055,

and the corresponding eigenvalue equation becomes

From the Jury criteria (Murray, 1993), it is now straightforward to show that whenever

PF
UQ(]. — (1 = Ul)S) - Ro =l

the magnitude of the dominant eigenvalue of A, is larger than unity. Thus the origin is a
repellor.

Further, the restrictions on the parameters and functions given in (2) ensure that A,
is irreducible and that A, is non-negative for all (z1,22) € R%Z. Consequently, (3) is
R ~\ {0} forward invariant.

It remains to prove that the population density does not explode, i.e. that (3) is a

dissipative model. From Kon et al. (2004) we apply the following definition of dissipa-

tiveness:
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Definition

Model (3) is said to be dissipative if there exists a compact set X C R% such that for

all Tp € R there exists a t™ = tM(T,) satisfying z, € X for all ¢ =

We shall now show that if one of p(z)z, or f(z)z, is bounded from above, then (3) is

dissipative. First, assume that p(z)z, < Ky. Then, from (3)
Totr1 S PKo+ (1 — ug)zoy
and (by induction)

PK,

U2

Taoe < (1 —ug)'zpp +
Then, there exists t* = t*(z5,) such that for ¢ > ¢

2PK,
ZTop < = K;
Ug

Further, in case of ¢ > %, we have from (3)
Tre41 < (1 — u)Szy 4 + FK,

and again by induction we have

FK,;

1t < (1—w)tStzy 0 + m
-—1-u

Then, there exists t® = tB(z, 4) such that for ¢t > ¢B (z1,0)

2FK;
<— =K
ST A —w)s
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Take t™ = max{t4,t"} and K = max{Ki, K,}. Then for t > t™ z,;, < K and z,; < K.
Hence, (3) is dissipative if p(z)z; is bounded from above.

Next, assume f(z)z, < Ko. From (3)
Ty t+41 S (1 — Ul)S.’I)l,t + FKO

and by induction

FK,
< (1—w)iSteyy + — o0
e < (1= )"0 + 7= A= w)s
Then, there exists ¢* = t#(z, o) such that for ¢ > t4
2F K, _ K,

S ——
TS

Further, in case of ¢ > t4, (3) also gives
To441 < Py + (1 — ug)may

and once again (by induction) we find that for ¢ > tB(z,,)

2PK
Ty < - = K,
Ua

Finally, take t" = max{t4,t#} and K = max{Ki, K,}. Then for t > tM, 1 < K,

z94 < K. This concludes the proof of Theorem 1.
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Figure Captions

: An attractor generated by (9). Parameter values F =60, P=0.8, =1, 8 =1.1.

: An exact 3-period orbit. Parameter values F =25, P =08, a=1, 8= 2.

: Chaotic dynamics. Parameter values as in Fig. 2 except F = 60.

: The bifurcation diagram generated by map (9). a =2, 8 = 1.

: An attractor generated by (20) in the case a =2, =1, F = 60, u; = up = 0.9.

: An invariant curve generated by (20) in the case o = 1, 8= 1.5, F = 60, u; = up =

0F9:
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Harald Torsteinsen: «Den gkte effektivitetsfokuseringen i norske kommuner - - motefenomen eller
rasjonell nyorientering?». (ISBN 82-453-0144-2) Kr. 50,-

Ruben Moi: «Dissertation, discourse, différance and dissemination: an attempt to apprehend the Derridean
movements of writing.». (ISBN 82-453-0143-4) Kr. 50,-

Viggo Andreassen: «Arbeidsledighet og skonomisk teori». (ISBN 82-453-0142-6) Kr. 60,-
Viggo Andreassen: «Nytte-Kostnadsanalyse som beslutningsverktay». (ISBN 82-453-0141-8) Kr. 80,-

Viggo Andreassen: «Ulike arsaker til offentlig intervenering i et lands gkonomi».
(ISBN 82-453-0139-6) Kr. 60,-

Grete Hagebakken: «Privatisering av eldreomsorg: Med Sverige som forbilde? En giennomgang av
svenske erfaringer og holdninger til kommersiell privatisering av eldreomsorg, sett i sammenheng med
dagens norske situasjon» (ISBN 82-453-0138-8) Kr. 70,-

Adne Danielsen: «Mot New Public Management i Norske kommuner? Om reformer og
omstillingsprosesser i kommunal sektor». (ISBN 82-453-0136-1) Kr. 70,-

Jan-Sverre Isaksen «Ekstern analyse av kortsiktig konkursrisiko for modne aksjeselskaper». (ISBN 82-
453-0135-3) Kr. 70,-

Harald Bergland / Pal Andreas Pedersen «Regulering av forurensninger fra produsenter og
konsumenter». (ISBN 82-453-0134-5) Kr. 70,-

Arild Wikan «Periodic Phenomena in a Discrete Age-Structured Prey-Predator Model - / Density
Dependent Survival Probabilities». (ISBN 82-453-0133-7) Kr. 60,-

Adne Danielsen «Metaforbruk i organisasjonsteoretisk litteratur». (ISBN 82-453-0132-9) Kr. 60,-

Turid Kayser Kvalg «Du kan ikke sitte p4 rumpa og vente pa studiekvalitet — Hva er studiekvalitet og
hvordan male det?». (ISBN 82-453-0131-0) Kr. 90,-

Marit Ruth Rustad «Omsorgsideologi i praksis - En studie av hverdagsliv til mennesker med psykisk
utviklingshemming, sett i lys av ansvarsreformens intensjoner». (ISBN 82-453-0130-2) Kr. 120,-
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Hilde Nordahl-Pedersen: «Brukernes erfaringer med trygdekontoret». (ISBN 82-453-0129-9) Kr. 70,-

Mette Ravn Midtgard / Jan Vidar Haukeland: «Fiskevaeret som feriestedy.
(ISBN 82-453-0128-0) Kr. 50,-

Tor J. Schjelde: «Vernepleiere, sosionomer og barnevernspedagoger i skolen.
Hvilken formell kompetanse har de og hvilke arbeidsoppgaver bar de ha
i skolen?». (ISBN 82-453-0126-4) Kr. 50,-

Steinar Johansen: «Konkurranseutsetting av pleie og omsorgstienester - Rasjonell handling eller legitim
tilpasning- Organisasjonsteorietiske utfordringer for en empirisk studie». (ISBN 82-453-0126-4) Kr. 60,-

Rikke Giirgens: «A forske pa annerledeshet. Det usedvanlige teater sett som et semiotisk fenomen, en
hermeneutisk prosess og et terreng for ‘grounded theory’».

(ISBN 82-453-0125-6) Kr. 50,-

Adne Danielsen: «FINNES DET EN POSTMODERNE POLITIKK? Tanker rundt modemitet og
postmodernitet som samfunnsmessige tilstander med omsorgspolitikk for mennesker med psykisk
utviklingshemming som eksempel». (ISBN 82-453-0124-8) Kr. 50,-

Adne Danielsen: «Organisasjonsfeltbegrepet innenfor nyinstitusjonell organisasjonsteori»
(ISBN 82-453-0122-1) Kr. 50, -

Harald Torsteinsen: «Effects of privatization and competitive tendering on local government — a
comparative study.» (ISBN 82-453-0121-3) Kr. 50,-

Rolf Wynn: «Conversation Analysis and the Conversational Rules» (ISBN 82-453-0119-1) Kr. 50,-
Stein Mikkelsen: «<SAFE COMMUNITY - SYMBOL OG SAMARBEID Sluttrapport fra studie av lokalt
ulykkesforebyggende arbeid organisert etter WHOs Safe Community (Trygge Lokalsamfunn)-modell.»
(ISBN 82-453-0118-3) Kr. 60,-

Terje Thomsen: «Mot fremtidens utdannelser - om skjennheten og udyret i hegre utdanning». (ISBN 82-
453-0117-5) Kr. 50,-

Rolf Utkvitne: «Harstad og nyetableringer i detaljhandelen». (ISBN 82-453-0115-9) Kr. 90,-
Rikke Giirgens: «Regiroller og teaterorganisering. Casestudie av Bentein Baardsons regi av ‘Garmann &
Worse & Co’ pa Rogaland teater.» (ISBN 82-453-01 14-0) Kr. 130,-

Tore Hagas: «Deconstructing and Reconstructing the Text: Intertextualities of Literature, Body, and Nature
in Jane Smiley's A Thousand Acres.» (ISBN 82-453-0113-2) Kr. 130,-

Harald Torsteinsen: «Om & skynde seg langsomt. Hvordan skape oppslutning om organisasjonsreformer i
kommunesektoren?» (ISBN 82-453-01 12-4) Kr. 40,-

Truls Erikson: «Intellektuell kapital: Hvilke grep ma til?» ISBN 82-453-0111-6) Kr. 40,-

Ruben Moi: «Voice and Vision - An analysis of the Allegorical Aspects in Seamus Heaney’s Oevre» (ISBN
82-453-0110-8) Kr. 120 ,-

Tore Einar Johansen / Kjell Toften: «Retraining of Russian Military Officers - a feasibility study» (ISBN
82-453-0109-4) Kr. 50,-

Alexander Kwesi Kassah: «The Community Idea» (ISBN 82-453-0107-8) Kr. 50,-

Alexander Kwesi Kassah: «Community-Based Rehabilitation in the city: A case of Jamestown-Accra,
Ghana» (ISBN 82-453-0105-1) Kr. 50,-

Kjell Toften: «Chain Integration in the Norwegian Hotel Industry - industry overview, causes, and some
strategic implications (ISBN 82-453-0104-3) Kr. 50,-

Baard Borge: «NS’ mange ansikter: Innholdsanalyse av et propagandaskrift fra 1944»
(ISBN 82-453-0103-5) Kr. 70,-

Truls Erikson: «Entrepreneurial Capital - The Emerging Venture’s Most Important Asset & Competitive
Advantage» (ISBN 82-453-0098-5) Kr. 40,-

Anne Marit Bygdnes: «Toalett-trening av mennesker med psykisk utviklingshemming. En teoretisk
drefting og et empirisk bidrag». (ISBN 82-453-0097-7) Kr. 120,-
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Tanja Susann Ihlhaug/Leif Hugo Hansen: «Medbestemmelse eller mer bestemmelse? - bruker lederne
de tillitsvalgte?» - En undersokelse om ledelsesatferd 0g ansattes medbestemmelsesrett i kommunal
virksomhet i Troms Fylke. (ISBN 82-453-0096-9) Kr. 90,-

Kijell Toften: «Express Reiser - Scandinavian Package Tour Industry» (ISBN 82-453-0095-0) Kr. 40,-

Stein Mikkelsen: «Safe Community - Symbol and Co-operation. A study of inter-sectoral co-operation and
development in a Norwegian community» (ISBN 82-453-0094-2) Kr. 50,-

Truls Erikson: «A Study of Entrepreneurial Intentions Among a Cohort MBAs —
The Extended Bird Model». (ISBN 82-453-0093-4). Kr. 50,-

Arild Wikan: «4 Periodicity in Leslie Matrix Models with Density Dependent Survival Probabilities» (ISBN
82-453-0092-6) Kr. 70,-

Arild Wikan: «Dynamical Consequences of Reproductive Delay in Leslie Matrix Models with Nonlinear
Survival Probabilities» (ISBN 82-453-0091-8) Kr. 70,-

Terje Thomsen: «Gruppeintervjuet - avgrensing, anvendelse og anvisning» (ISBN 82-453-0089-6) Kr. 50, -

Alexander Kwesi Kassah: «Community Based Rehabilitation and Stigma Management by Physically
Disabled People in Ghana». (ISBN 82-453-0088-8) Kr. 50,-

Tore L.Jensen: «Interorganizational Governance Structure and Outlet Economic Performance». An
Application of Accounting Data in Interorganizational Performance Measurement.
(ISBN 82-453-0088-8) Kr. 110,-

Tore L.Jensen: «En analyse av ukedagseffekter i futuresmarkedet for elektrisk krafty.
(ISBN 82-453-0086-1) Kr. 50,-

Baard Borge: «Krig, oppgjgr og nasjonal konsensus - Etterkrigs- oppgj@renes sosiale virkninger i
Nederland, Danmark og Norge». (ISBN 82-453-0084-5) Kr. 50,-

Tore Einar Johansen: «Myter og virkelighet om samer - ‘de e forskjell pa folk og finna'» (ISBN 82-453-
0083-7) Kr. 40,-

Eli Samuelsen: «Den besvzerlige tiden» - Betraktninger om praksisoppleeringen i sykepleierutdanningen
(ISBN 82-453-0082-9) Kr. 50,-

Eli Samuelsen: «Du er ikke verdig en plass i herberget — Refleksjon over etikk og etiske vurderingers
plass i sykepleien» (ISBN 82-453-0081-0) Kr. 50,-

Vegard A. Schancke/Miriam G. Lukwago: «A Programme for Early Intercultural Psychosocial Intervention
for Unaccompanied Minor Asylum Seekers and Refugees (EM) - a Group Approach» (ISBN 82-453-0080-2)
Kr. 50,-

Hilde Nordahl-Pedersen: «Alternativ medisin og skolemedisin - en paradigmediskusjon» (ISBN 82-453-
0068-3) Kr. 50,-

Inger Aksberg Johansen: «Reminisens i et interaksjonsperspektiv - En kvalitativ undersgkelse basert pa
intervju med eldre og sykepleiere» (ISBN 82-453-0079-9) Kr. 120,-

Aud Merethe Alme: «L@nnsreform og ledermobilitet - Metodiske tiineerminger og resultater» (ISBN 82-453-
0078-0) Kr. 70,-

Truls Erikson: «Should Managerial Competence be in the Retail Growth Performance Equation?». (ISBN
82-453-0076-4) Kr. 50,-

Berre Kristiansen/Steinar Johansen: «Rammer for omsorg - Alternative modeller for organisering av
Hamargy Bygdeheim» (ISBN 82-453-0071-3) Kr. 70,-

Truls Erikson: «Retail Profit Performance and The Relationship to Marketing Outcomes and Financial
Structure» (ISBN 82-453-0075-6) Kr. 50,-

Rolf Utkvitne: «Kompetanse i Detaljhandeleny. (ISBN 82-453-0064-0) Kr. 70,-

Hilde Nordahl-Pedersen (red.): «Konferanserapport fra Helsedagene i Nord-Norge 1996». (ISBN 82-453-
0069-1). Kr. 150

Truls Erikson: «A Study of Career Choice Intentions Among a Cohort HBS MBA Candidates. The Ajzen
Model». (ISBN 82-453-0074-8). Kr. 70,-
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Truls Erikson: «An Empirical Study of Entrepreneurial Choice Intentions Among a Cohort of MIT Sloan
Fellows. The Shapero M<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>