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LINEAR CODES ASSOCIATED TO SYMMETRIC

DETERMINANTAL VARIETIES: EVEN RANK CASE

PETER BEELEN, TRYGVE JOHNSEN, AND PRASANT SINGH

Abstract. We consider linear codes over a finite field Fq, for odd q, derived

from determinantal varieties, obtained from symmetric matrices of bounded

ranks. A formula for the weight of a codeword is derived. Using this formula,

we have computed the minimum distance for the codes corresponding to ma-

trices upperbounded by any fixed, even rank. A conjecture is proposed for the

cases where the upper bound is odd. At the end of the article, tables for the

weights of these codes, for spaces of symmetric matrices up to order 5, are

given.

We also correct typographical errors in Proposition 1.1/3.1 of [3], and in

the last table, and we have rewritten Corollary 4.9 of that paper, and the usage

of that Corollary in the proof of Proposition 4.10.

1. Introduction

One of the most natural and interesting ways to construct classes of linear error-

correcting codes is by using the language of projective systems and considering

the Fq-rational points of a projective algebraic variety defined over Fq as a pro-

jective system. For a more detailed study of projective systems and linear codes

associated to them, we refer to [13, Chapter 1]. Determinantal varieties in different

projective spaces are classical examples of projective algebraic varieties defined over

finite fields, and therefore it is natural to study codes associated to these varieties.

The study of codes associated to generic determinantal varieties was initiated by

Beelen-Ghorpade-Hasan [2], and the minimum distance of the code associated to the

variety defined by the vanishing of 2×2 minors of a generic matrix was determined.

Later Beelen-Ghorpade [1] studied other codes associated to generic determinantal

varieties and together with several interesting properties, the minimum distances

also of these codes were computed.

Determinantal varieties in the space of symmetric (skew-symmetric) matrices,

i.e. the variety defined by the vanishing of all (t+ 1)× (t+ 1) minors of a generic

symmetric (skew-symmetric) matrix of order m, where t ≤ m, is another example

of classical varieties defined over a finite field Fq. For a detailed exposition of these

varieties, we refer to [6, 8]. Like generic determinantal varieties, these varieties are

also an interesting class of Fq-varieties with many Fq-rational points. Therefore, it
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is natural to study the codes corresponding to these varieties. The study of codes

associated to determinantal varieties in the space of skew-symmetric matrices was

initiated by the first and the last named authors [4]. They found an iterative

formula for the weight of a general codeword and using this formula they computed

the minimum distance of these codes. In the present article, we consider the codes

associated to determinantal varieties in the space of symmetric matrices, and in

the even rank cases, we compute the minimum distance of these codes.

Linear codes corresponding to symmetric determinantal varieties of rank at most

t can be obtained by evaluating homogeneous, linear functions in m2 variables

X1,1, . . . , X1,m, . . . , Xm,1, . . . , Xm,m at points corresponding to symmetric matrices

[Xi,j ] of rank at most t. All important information about these codes Csymm(t,m)

can be read off from their shorter “sister codes” Ĉsymm(t,m), each of which is

obtained from Csymm(t,m), by skipping the zero matrices, and otherwise evaluating

the linear functions in only one matrix in each multiplicative equivalence class of

matrices of rank at most t. In other words, we then consider the projective system

of such matrices. We will consider these codes in parallel. Finding the length and

dimensions of these codes is easy, and the following result will be proved in Section

3:

Proposition 1.1. The linear code Ĉsymm(t,m) is an [ν̂m(t), k̂] linear code where

ν̂m(t) is given by equation (5) below with

(1) νm(t) =

t∑

r=0



⌊ r

2⌋∏

i=1

q2i

q2i − 1

r−1∏

i=0

(qm−i − 1)


 and k̂ =

(
m+ 1

2

)
.

To find the minimum distance and possible weights of codewords, however, a lot

of calculations are needed. A first step in order to obtain control over the situation

is taken in Propositions 3.3 and 3.4, where one shows that there are at most 2m+1

weights that are possible. In one of our main results, Theorem 3.7, we determine

these weights. Our results are analogues of [4, Corollary 3.3, Theorem 3.4], and

also of [11, Theorem 3] for Grassmann codes C(2,m). Theorem 3.7, however, is not

sufficiently transparent to read off the minimum distance of our codes immediately.

Let the symmetric affine determinantal variety S(2t,m) be defined by the vanishing

of all (2t+ 1)× (2t+ 1) minors of a generic symmetric matrix of size m.

The main result of this article is the following theorem:

Theorem 1.2. The minimum distance of the code Ĉsymm(2t,m) is

qm−1νm−1(2t− 2) + q2t−1µm−1(2t− 1) + (q2t−1 − q−1)µm−1(2t),

where νm−1(2t− 2) = |S(2t− 2,m− 1)|, and µm−1(2t− 1) denotes the number of

symmetric matrices of size m− 1 and rank 2t− 1.
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Theorem 1.2, in combination with Proposition 1.1, give the 3 basic parameters

(length, dimension, minimum distance) of our codes.

Theorem 1.2 is parallel to [4, Theorem 3.11] for codes from skew-symmetric

matrices. The computational complexity, however, building on Theorem 3.7, is

much larger than in the analogous computations in the skew-symmetric case, and to

a great part, it involves a detailed treatment of quadratic hypersurfaces in projective

and affine spaces and the three classes (hyperbolic, elliptic, and parabolic) of such

hypersurfaces. In contrast to skew-symmetric matrices, the symmetric ones also

may have odd rank, but for reasons of space, we leave the determination of the

minimum distances of Csymm(t,m) and Ĉsymm(t,m) for odd t to future research.

We end this paper, however, by giving a conjecture, and also a list of all possible

concrete weights appearing, for m = 3, 4, 5 and all t up to 5. These results clearly

indicate that our conjecture holds.

2. Symmetric Determinantal Varieties over the field Fq

Letm be a positive integer, q be a prime power, and let Fq be the finite field with

q elements. An m ×m matrix A = (aij) over Fq is called symmetric if aij = aji

for every 1 ≤ i, j ≤ m. We use the notations Sm to denote the space of m × m

symmetric matrices over Fq and AT to denote the transpose of a matrix A. It is

well known that Sm can be identified with the affine space A(
m+1

2 ). Let X = (Xij)

be an m ×m matrix of independent indeterminates Xij over Fq. For 0 ≤ t ≤ m,

we denote by S(t,m), the affine algebraic variety in Sm given by the vanishing of

(t+ 1)× (t+ 1) minors of X; in other words

(2) S(t,m) = {A ∈ Sm : rank(A) ≤ t}

For any 0 ≤ r ≤ m we define

S(r,m) = {A ∈ Sm : rank(A) = r} and µm(t) = |S(r,m)|.

The following formula from [10, Theorem 2] gives the number of symmetric matrices

of size m and rank r

(3) µm(r) =

⌊ r
2⌋∏

i=1

q2i

q2i − 1

r−1∏

i=0

(qm−i − 1).

From the definition it is clear that

S(t,m) =

t⋃

r=0

S(r,m)

and the union is disjoint. Let νm(t) be the cardinality of the set S(t,m). We have

(4) νm(t) =

t∑

r=0

µm(r).
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Note that the defining equations of S(t,m) are square-free homogeneous equations

of degree t+ 1. Consider the projective variety in P
(m+1

2 )−1 defined by these equa-

tions. This variety in the projective space P
(m+1

2 )−1 is known as the symmetric

determinantal variety and we denote it by Ŝ(t,m). Note that S(t,m) is the affine

cone over Ŝ(t,m). Therefore, if ν̂m(t) denote the cardinality of the set Ŝ(t,m), then

(5) ν̂m(t) =
νm(t)− 1

q − 1
.

3. The Linear Code Associated to the Symmetric Determinantal

Variety Ŝ(t,m)

We open this section by recalling the notion of a projective system. For details,

we refer to [13, Ch. 1]. An [n, k, d] projective system is a (multi)set Ω ⊆ P
k−1 that

is not contained in a hyperplane of Pk−1, and the parameters n and d are defined

by

|Ω|= n, d = n−max{|Ω ∩H |: H a hyperplane of Pk−1}.

Every [n, k, d] projective system corresponds to an equivalence class of [n, k, d] linear

code and vice-versa. Linear codes corresponding to several classical varieties have

been studied by several authors. In this section, we are going to study the projective

systems, and hence linear codes, associated to the determinantal varieties Ŝ(t,m).

First, we briefly give the construction of this linear code corresponding to Ŝ(t,m).

Let Fq[X]1 denote the vector space over Fq of linear homogeneous polynomials

in m2 variables Xij , for 1 ≤ i, j ≤ m. Let {P1, . . . , Pν̂m(t)} ⊆ S(t,m) be a subset

of representatives of distinct points of Ŝ(t,m) in some fixed order. Consider the

evaluation map

(6) Ev : Fq[X]1 → F
ν̂m(t)
q defined by f(X) 7→ cf = (f(P1), . . . , f(Pν̂m(t))).

The image of the evaluation map is a linear subspace of F
ν̂m(t)
q . This subspace is

called the symmetric determinantal code and is denoted by Ĉsymm(t,m).

Proposition 3.1. The linear code Ĉsymm(t,m) is a [ν̂m(t), k̂] linear code where

ν̂m(t) is given by equation (5) with

(7) νm(t) =
t∑

r=0



⌊ r

2⌋∏

i=1

q2i

q2i − 1

r−1∏

i=0

(qm−i − 1)


 and k̂ =

(
m+ 1

2

)
.

Proof. The proof of the proposition is simple. The statement about the length of

the code Ĉsymm(t,m) follows from equations (3), (4) and (5). This gives the length

of the code. For the dimension of the code, it is enough to prove that Ŝ(t,m) does

not lie on a hyperplane of P(
m+1

2 )−1. Equivalently, it is enough to show that for

1 ≤ t ≤ m, the span of the affine algebraic variety S(t,m) is the vector space Sm.

Let Eij be the m × m matrix with (i, j)th entry 1 and all other entries zero. It
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is well known that the set {Eij + Eji : 1 ≤ i, j ≤ m} ∪ {Eii : 1 ≤ i ≤ m} is a

basis of Sm, therefore it is enough to show that the span of S(t,m) contains the set

{Eij + Eji : 1 ≤ i, j ≤ m} ∪ {Eii : 1 ≤ i ≤ m}. Note that S(1,m) ⊆ S(t,m) for

every 1 ≤ t ≤ m. Therefore, we will show that for every i, j the matrix Eij + Eji

can be written as a sum of rank one symmetric matrices. If i = j then there is

nothing to do as Eii itself is a rank one symmetric matrix. So assume i < j. Let

[Xij ] be the m × 1 column vector with the ith and jth entries being one, and the

rest of the coordinates being zero. Then XijX
T
ij is a rank one symmetric matrix

and

Eij + Eji = XijX
T
ij − Eii − Ejj .

This completes the proof.

�

Remark 3.2. Consider the linear map Ev1 : Fq[X]1 → F
νm(t)
q defined by f(X) 7→

(f(A1), . . . , f(Aνm(t)) where {A1, . . . , Aνm(t)} = S(t,m) in some fixed order. The

image of this linear map is a subspace of F
νm(t)
q and we denote this subspace by

Csymm(t,m). The codes Ĉsymm(t,m) and Csymm(t,m) are quite similar in the

sense that the length of these codes is related by equation (5) and both are of

the same dimension. Further, let f(X) ∈ Fq[X]1 be a linear polynomial and ĉf ∈

Ĉsymm(t,m) and cf ∈ Csymm(t,m) are the corresponding codewords, then the

Hamming weights of these codewords are related by

(8) WH(cf ) = (q − 1)WH(ĉf ).

Therefore to understand the minimum distance of the code Ĉsymm(t,m) it is enough

to understand the minimum distance of the code Csymm(t,m). Therefore, for the

rest of the section, we will concentrate on the code Csymm(t,m).

For the rest of the article, we assume that q is odd (in the case of even q one

encounters difficulties with some of the calculations that we apply to obtain our

results, but it is conceivable that the cases of even and odd q are very similar. We

make no claims about this case). Let f =
∑
fijXij ∈ Fq[X]1 be a function and

cf ∈ Csymm(t,m) be the corresponding codeword. Let F = (fij) be the coefficient

matrix of f and A be a symmetric matrix. Then

f(A) = tr(FA).

Since the characteristic of the field is not 2 and A is a symmetric matrix we can find

a symmetric matrix G such that tr(FA) = tr(GA) for every symmetric matrix A.

Indeed, we choose G to be the matrix whose (i, j)th entry is
fij+fji

2 for 1 ≤ i, j ≤

m. Therefore, for every codeword c ∈ Csymm(t,m) there is a symmetric matrix

F = (fij) such that the codeword c is given by

c = (tr(FA1), . . . , tr(FAνm(t)))
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where A1, . . . , Aνm(t) are matrices in S(t,m). If F is a matrix and f(X) ∈ Fq[X]1 is

a function whose coefficient matrix is F , then we use the notation cF to denote the

codeword cf ∈ Csymm(t,m). In the next proposition, we see that corresponding to

every codeword c ∈ Csymm(t,m), there is a diagonal matrix such that the weights

of c and the codeword corresponding to the diagonal matrix are the same.

Proposition 3.3. For every codeword c ∈ Csymm(t,m) there exists a diagonal

matrix F = diag(1, 1, . . . , 1, δ, 0, . . .0) with δ a non-zero element of Fq, and

WH(c) = WH(cF ).

Proof. For any non-singular m × m matrix L and any 0 ≤ r ≤ t, the map P 7→

LTPL gives a permutation of the set S(r,m) and hence of the set S(t,m). For

any codeword c we can find a symmetric matrix F such that c = cF . Since F is

symmetric, we can find [10, Lemma 6] a nonsingular matrix L such that LFLT =

G = diag(1, 1, . . . , 1, δ, 0, . . .0) as in the theorem. Now we claim that G is the

required matrix. Note that

tr(GP ) = tr(LFLTP ) = tr(F (LTPL)).

This completes the proof of the theorem. �

In the next proposition, we see that the weight of a codeword cF ∈ Csymm(t,m)

corresponding to a diagonal form F as in the above proposition depends only on

whether δ is a square or a non-square.

Proposition 3.4. Let Fi = diag(1, 1, . . . , 1, δi, 0, . . . , 0) for i = 1, 2 be two diag-

onal matrices of the same rank k and let cFi ∈ Csymm(t,m) be the corresponding

codewords. If δ2/δ1 is a square, then WH(cF1
) =WH(cF2

).

Proof. By assumption, we can find a nonzero b ∈ Fq satisfying b2δ1 = δ2. Now

consider the matrix P = diag(1, 1, . . . , 1, b, 1, . . . , 1) with b at the kth position.

Then PF1R
T = F2 and the map M 7→ PTMP is a bijection between the support

of cF2
and cF1

. Therefore they have the same weight. �

From the above proposition, it is clear that for every 1 ≤ k ≤ m there can be

at most two different weights for codewords in Csymm(t,m). In other words, the

weight of codewords corresponding to functions f δk (X) = X11+· · ·+Xk−1k−1+δXkk

for 1 ≤ k ≤ m will be all possible weights of the code Csymm(t,m) and hence of

the code Ĉsymm(t,m). Moreover, the minimum of the weights wH(f
δ
k (X)) gives the

minimum distance of the code Csymm(t,m). Next, we will give an iterative formula

for the weight of codewords corresponding to functions f δk (X). But before that, we

fix some notations for the rest of the article. First, from now on, whenever we refer

to the weight of the function f δk (X), we always mean the weight of the codeword
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cfδ
k(X) ∈ Csymm(t,m) corresponding to the function f δk (X). For any 0 ≤ k ≤ m

and 0 ≤ t ≤ m, we define

Suppt(f
δ
k (X)) := {A ∈ S(t,m) : f δk (A) 6= 0} and Wδ

k(t,m) =
∣∣Supp(f δk (X))

∣∣ .

Clearly, Wδ
k(t,m) denotes the weight of the codeword cfδ

k(X) ∈ Csymm(t,m). Also,

for any fixed 0 ≤ t ≤ m and 0 ≤ r ≤ t, we define

T δk (r,m) = {A ∈ S(r,m) : f δk (A) 6= 0}, wδk(r,m) = |T δk (r,m)|.

Notice that

(9) Suppt(f
δ
k (X)) = ∪tr=1T

δ
k (r,m) and Wδ

k(t,m) =

t∑

r=1

wδk(r,m)

We will call wδk(r,m) the rth restricted weight of the function f δk (X) in Csymm(t,m).

Note that for k = 0, the function f δk (X) is the zero function, and hence wδ0(r,m) =

0 for any r, and as a consequenceW δ
0 (t,m) = 0 for any t. Next, for any B ∈ S(r,m)

and α ∈ F
∗
q , we define

λB(r,m) =
∣∣{vB : v ∈ F

m
q and vBvT = 0}

∣∣

and

γα(B, r,m) =
∣∣{vB : v ∈ F

m
q and vBvT + α = 0}

∣∣ .

(These entities are well defined since vB = uB implies that vBvT = uBuT .) Now

let 1 ≤ k ≤ m and 1 ≤ t ≤ m be fixed. In view of equation (9), to determine the

weight Wδ
k(t,m), it is enough to determine wδk(r,m) for each 1 ≤ r ≤ t. There-

fore, in the next lemma, we give a formula for wδk(r,m) in terms of λB(r,m) and

γα(B, r,m).

Lemma 3.5. For any 0 ≤ r ≤ m and k ≥ 1, the rth restricted weight of the

codeword f δk (X) in Csymm(t,m) is given by

wδk(r,m) = (q − 1)(qm−1 − qr−2)µm−1(r − 2) + (q − 2)qr−1µm−1(r − 1)(10)

+
∑

B∈S(r−1,m−1)

fδ
k−1(B)=0

λB(r − 1,m− 1) +
∑

α∈F
∗

q

∑

B∈S(r−1,m−1)

fδ
k−1(B)=α

γα(B, r − 1,m− 1)−
∑

B∈S(r,m−1)

fδ
k−1(B)=0

λB(r,m− 1)

−
∑

α∈F
∗

q

∑

B∈S(r,m−1)

fδ
k−1(B)=α

γα(B, r,m− 1)

Remark 3.6. In the case k = 1 this simplifies a lot, since f δ1−1 = f δ0 = 0, and

moreover the weight of f δ1 is equal to the weight of f1
1 for all δ.
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Proof. Consider the following map

T δk (r,m)
ψ
−→ S(r − 2,m− 1) ∪ S(r − 1,m− 1) ∪ S(r,m− 1)(11)

A 7→ ψ(A) = B

where B is obtained from A by deleting the first row and first column. Clearly, if

A ∈ S(r,m) then ψ(A) = B is a symmetric matrix of size m− 1 and of rank either

r − 2, r − 1 or r. Therefore, the map ψ is well-defined. Further, it is clear from

the definition that wδk(r,m) =
∣∣T δk (r,m)

∣∣, we use the map ψ and fibers of this map

to compute wδk(r,m). The main idea is to compute the cardinality
∣∣ψ−1(B)

∣∣ of the
fibers of ψ for every B ∈ S(r− 2,m− 1)∪S(r− 1,m− 1)∪ S(r,m− 1). We divide

the counting of
∣∣ψ−1(B)

∣∣ into three different cases.

Case (I): Suppose B ∈ S(r − 2,m− 1). In this case,

ψ−1(B) =

{[
z u

uT B

]
: u ∈ F

m−1
q \ Rowspan(B), and z 6= −f δk−1(B)

}
.

Therefore, in this case, we get

(12)
∣∣ψ−1(B)

∣∣ = (q − 1)(qm−1 − qr−2).

Case (II): Suppose B ∈ S(r − 1,m− 1). In this case, we have

ψ−1(B) =

{[
z uB

BuT B

]
: u ∈ F

m−1
q , z 6= −f δk−1(B), and z 6= uBuT

}
.

The fibers in this case are divided into two classes.

Subcase (I): Suppose B ∈ S(r − 1,m− 1) and f δk−1(B) = 0, then

ψ−1(B) =

{[
z uB

BuT B

]
: u ∈ F

m−1
q , uBuT = 0, and z ∈ F

∗
q

}

∪

{[
z uB

BuT B

]
: u ∈ F

m−1
q , uBuT 6= 0, and z ∈ F

∗
q \ {uBu

T}

}
,

where F
∗
q is the set set of nonzero elements of Fq. Therefore, in this case, we get

∣∣ψ−1(B)
∣∣ = (q − 1)λB(r − 1,m− 1) + (q − 2)(qr−1 − λB(r − 1,m− 1))

= (q − 2)qr−1 + λB(r − 1,m− 1).(13)

Subcase (II): Suppose B ∈ S(r− 1,m− 1) and f δk−1(B) = α, where α ∈ F
∗
q then

ψ−1(B) =

{[
z uB

BuT B

]
: u ∈ F

m−1
q , uBuT + α = 0, and z 6= −α

}

∪

{[
z uB

BuT B

]
: u ∈ F

m−1
q , uBuT + α 6= 0, and z ∈ Fq \ {−α, uBu

T}

}
.
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Therefore, in this case, we get

∣∣ψ−1(B)
∣∣ = (q − 1)γα(B, r − 1,m− 1) + (q − 2)(qr−1 − γα(B, r − 1,m− 1))

= (q − 2)qr−1 + γα(B, r − 1,m− 1).(14)

Case (III): Suppose B ∈ S(r,m− 1). In this case, we have

ψ−1(B) =

{[
uBuT uB

BuT B

]
: u ∈ F

m−1
q , uBuT 6= −f δk−1(B)

}
.

The fibers in this case too are divided into two classes.

Subcase (I): Suppose B ∈ S(r,m− 1) and f δk−1(B) = 0, then

ψ−1(B) =

{[
uBuT uB

BuT B

]
: u ∈ F

m−1
q , uBuT 6= 0

}
.

Therefore, in this case, we get

(15)
∣∣ψ−1(B)

∣∣ = (qr − λB(r,m− 1)).

Subcase (II): Suppose B ∈ S(r,m− 1) and f δk−1(B) = α, where α ∈ F
∗
q then

ψ−1(B) =

{[
uBuT uB

BuT B

]
: u ∈ Fqm−1 , uBuT + α 6= 0

}
.

Therefore, in this case, we get

(16)
∣∣ψ−1(B)

∣∣ = (qr − γα(B, r,m− 1)).

Now, taking the map ψ and its fibers into account, we get

wδk(r,m) =
∑

B∈S(r−2,m−1)

∣∣ψ−1(B)
∣∣ +

∑

B∈S(r−1,m−1)

∣∣ψ−1(B)
∣∣ +

∑

B∈S(r,m−1)

∣∣ψ−1(B)
∣∣

=
∑

B∈S(r−2,m−1)

∣∣ψ−1(B)
∣∣ +

∑

B∈S(r−1,m−1)

fδ
k−1(B)=0

∣∣ψ−1(B)
∣∣

+
∑

α∈F∗

q

∑

B∈S(r−1,m−1)

fδ
k−1(B)=α

∣∣ψ−1(B)
∣∣ +

∑

B∈S(r,m−1)

fδ
k−1(B)=0

∣∣ψ−1(B)
∣∣

+
∑

α∈F∗

q

∑

B∈S(r,m−1)

fδ
k−1(B)=α

∣∣ψ−1(B)
∣∣ .

Using equations (12), (13), (14), (15) and (16), we get
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wδk(r,m) = (q − 1)(qm−1 − qr−2)µm−1(r − 2) +
∑

B∈S(r−1,m−1)

fδ
k−1(B)=0

((q − 2)qr−1 + λB(r − 1,m− 1))

+
∑

α∈F∗

q

∑

B∈S(r−1,m−1)

fδ
k−1(B)=α

((q − 2)qr−1 + γα(B, r − 1,m− 1)) +
∑

B∈S(r,m−1)

fδ
k−1(B)=0

(qr − λB(r,m− 1))

+
∑

α∈F∗

q

∑

B∈S(r,m−1)

fδ
k−1(B)=α

(qr − γα(B, r,m− 1)).

= (q − 1)(qm−1 − qr−2)µm−1(r − 2) +
∑

B∈S(r−1,m−1)

(q − 2)qr−1

+
∑

B∈S(r−1,m−1)

fδ
k−1(B)=0

λB(r − 1,m− 1) +
∑

α∈F∗

q

∑

B∈S(r−1,m−1)

fδ
k−1(B)=α

γα(B, r − 1,m− 1)

+
∑

B∈S(r,m−1)

qr −
∑

B∈S(r,m−1)

fδ
k−1(B)=0

λB(r,m− 1))

−
∑

α∈F∗

q

∑

B∈S(r,m−1)

fδ
k−1(B)=α

γα(B, r,m− 1).

After simplifying this, we get

wδk(r,m) = (q − 1)(qm−1 − qr−2)µm−1(r − 2) + qrµm−1(r − 1)

− 2qr−1µm−1(r − 1) + qrµm−1(r) +
∑

B∈S(r−1,m−1)

fδ
k−1(B)=0

λB(r − 1,m− 1)

+
∑

α∈F
∗

q

∑

B∈S(r−1,m−1)

fδ
k−1(B)=α

γα(B, r − 1,m− 1)−
∑

B∈S(r,m−1)

fδ
k−1(B)=0

λB(r,m− 1)

−
∑

α∈F
∗

q

∑

B∈S(r,m−1)

fδ
k−1(B)=α

γα(B, r,m− 1).

This completes the proof of the lemma. �

Now we are ready to prove one of the main theorems of this article.

Theorem 3.7. For any 0 ≤ k ≤ m and 0 ≤ t ≤ m, the Hamming weight of the

codeword f δk (X) ∈ Csymm(t,m) is given by

Wδ
k(t,m) = θq(t,m)−

∑

B∈S(t,m−1)

fδ
k−1(B)=0

λB(t,m− 1)−
∑

α∈F
∗

q

∑

B∈S(t,m−1)

fδ
k−1(B)=α

γα(B, t,m− 1)
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where

(17) θq(t,m) = (q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1) + qtµm−1(t)

Proof. The proof is a simple consequence of equation (9) and Lemma 3.5. We have

Wδ
k(t,m) =

t∑

r=1

wδk(r,m)

=
t∑

r=1

(q − 1)qm−1µm−1(r − 2)−
t∑

r=1

(q − 1)qr−2µm−1(r − 2)

+

t∑

r=1

(q − 2)qr−1µm−1(r − 1) +

t∑

r=1

qrµm−1(r)

+

t∑

r=1

∑

B∈S(r−1,m−1)

fδ
k−1(B)=0

λB(r − 1,m− 1) +

t∑

r=1

∑

α∈F
∗

q

∑

B∈S(r−1,m−1)

fδ
k−1(B)=α

γα(B, r − 1,m− 1)

−
t∑

r=1

∑

B∈S(r,m−1)

fδ
k−1(B)=0

λB(r,m− 1)−
t∑

r=1

∑

α∈F
∗

q

∑

B∈S(r,m−1)

fδ
k−1(B)=α

γα(B, r,m− 1).

Note that µm−1(0) = 1, since S(0,m− 1) only contains the zero matrice. This also

implies that
∑

B∈S(0,m−1) λB(0,m−1) = λ0(0,m−1) = 1, and γα(B, 0,m−1) = 0

for all non-zero α. Now expanding the above expression in r, and after canceling

several terms, we get

Wδ
k(t,m) = θq(t,m)−

∑

B∈S(t,m−1)

fδ
k−1(B)=0

λB(t,m− 1)−
∑

α∈F
∗

q

∑

B∈S(t,m−1)

fδ
k−1(B)=α

γα(B, t,m− 1)

This completes the proof.

�

Remark 3.8. For t = m, Theorem 3.7 gives the obvious formula f δk = q(
m+1

2 ) −

q(
m+1

2 )−1, for all k and δ.

Every A ∈ S(r,m) corresponds to a quadratic form QA(X) = XAXT . Since A

is of rank r, one can change QA(X), using a linear change of variables, into one of

the following forms [7, Theorem 5.2.4].

(1) If r = 2t+ 1, then the quadratic QA(X) can be transformed to

cX2
1 +X2X3 + · · ·+X2tX2t+1.

for some non-zero constant c and independent linear forms Xi.

(2) If r = 2t, then the quadratic QA(X) can be transformed to either

(i) c(X1X2 + · · ·+X2t−1X2t) or (ii) c((f(X1, X2) +X3X4 + · · ·+X2t−1X2t)
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for some non-zero constant c and independent linear forms Xi, and where

f(X1, X2) is an irreducible, homogeneous polynomial of degree 2 (it can

even be brought to the form X2
1 − aX2

2 for a a non-square).

Definition 3.9. The expressions in (1) and(2)(i),(ii) will be denoted by standard

forms of parabolic, hyperbolic, and elliptic quadratic forms, respectively. We will in

general denote a symmetric matrix A as being of parabolic type, hyperbolic type, or

elliptic type, depending on whether the quadratic form QA(X) can be transformed

to a parabolic, hyperbolic, or elliptic quadratic form of standard type, as described

above, respectively.

From the discussion above, it is clear that if r is odd, then every matrix A ∈ S(r,m)

is of parabolic type. On the other hand, if r is even, then a matrix A ∈ S(r,m) is

either of hyperbolic or elliptic type. For every 1 ≤ r ≤ m/2, we define

v+1(2r,m) = |{A ∈ S(2r,m) : A is hyperbolic }|

and

v−1(2r,m) = |{A ∈ S(2r,m) : A is elliptic }| .

From [12, Prop. 2.4], we know that

(18) v±1(2r,m) =
qr ± 1

2

2r−1∏
i=0

(qm − qi)

r−1∏
i=0

(q2r − q2i)

Recall that, for B ∈ S(r,m) we denote by λB(r,m) the number of XB ∈ F
m
q

such that XBXT = 0. From the fact that a matrix B ∈ S(r,m) has nullity m− r

and from [7, Thm 5.2.6], we have that

λB(r,m) =





q2t, if r = 2t+ 1,

q2t−1 + qt − qt−1, if r = 2t and B is hyperbolic,

q2t−1 − qt + qt−1, if r = 2t and B is elliptic.

(19)

Recall also that, for any B ∈ S(r,m) and α ∈ F
∗
q , we have defined γα(B, r,m) as

the number of uB ∈ F
m
q such that uBuT + α = 0. If Bα = diag(B,α), then it is

not hard to see that

(20)

γα(B, r,m) =
∣∣{[u : v]Bα ∈ P

m : uBuT + αv2 = 0}
∣∣−

∣∣{uB ∈ P
m−1 : uBuT = 0}

∣∣ .

By uB for non-zero uB we mean its image in P
m−1 via multiplicative equivalence.

Thus, γα(B, r,m) is the difference of the projective solution of the quadratic forms

defined by matrix B, and matrix Bα. Note that, with more detailed information

about B and α, then using equation (19) we can compute the value of γα(B, r,m).

For example, if the rank of B is even, then Bα is parabolic for every α ∈ F
∗
q and

therefore, we can find γα(B, r,m) if we know the nature of B. On the other hand,
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if the rank of B is odd, then we can transform the quadratic form XBXT into

cX2
1 + X2X3 + · · · + X2tX2t+1. Now, if we know α ∈ F

∗
q , we can know whether

X2
1 + αY 2 is reducible or irreducible (depending on whether −α

c is a square or

not, referring to formula (1) above, and hence we know that Bα is hyperbolic or

elliptic respectively. Therefore, we can find γα(B, r,m). Next, we are ready to

compute the Hamming weight of the codeword f δ1 (X) = δX1,1. Clearly, the weight

of f δ1 (X) = δX1,1 is independent of δ.

Theorem 3.10. The Hamming weight of the codeword f δ1 (X) ∈ Csymm(t,m) is

given by

W δ
1 (t,m) =





(q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1)

+(q − 1)qt−1µm−1(t), if t is odd ,

(q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1)

+(q − 1)(qt−1 − q−1)µm−1(t), if t is even .

Proof. From Theorem 3.7, we have

W δ
1 (t,m) = (q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1) + qtµm−1(t− 1)

−
∑

B∈S(t,m−1)

fδ
0 (B)=0

λB(t,m− 1)−
∑

α∈F
∗

q

∑

B∈S(t,m−1)

fδ
0 (B)=α

γα(B, t,m− 1)

Note that, f δ0 (X) is the zero function and therefore for every 1 ≤ t ≤ m and

B ∈ S(t,m − 1), we have f δ0 (B) = 0. Also, in view of the above expression, it is

clear that to determine W δ
1 (t,m), it is enough to determine

Λ(t,m− 1) =
∑

B∈S(t,m−1)

fδ
0 (B)=0

λB(t,m− 1).

Note that the sum in the expression for Λ(t,m− 1) is over the set S(t,m− 1), since

for any B ∈ S(t,m − 1), we have f δ0 (B) = 0. Now we divide the proof into two

cases.

Case 1. If t is odd: In this case, every matrix B ∈ S(2t + 1,m − 1) is parabolic

and therefore, from equation (19), we get λB(t,m − 1) = qt−1 for every

B ∈ S(t,m− 1). Therefore, we get

Λ(t,m− 1) = µm−1(t)q
t−1.
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Putting this value in the expression for W δ
1 (t,m), we have

W δ
1 (t,m) = (q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1)

+ qtµm−1(t)− µm−1(t)q
t−1

= (q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1)

+ (q − 1)qt−1µm−1(t).

Case 2. If t is even: In this case, there are v+1(t,m − 1) hyperbolic matrices and

v−1(t,m − 1) elliptic matrices B ∈ S(t,m − 1). From (19), we know that if B ∈

S(t,m − 1) is hyperbolic, then λB(t,m − 1) = qt−1 + qt/2 − qt/2−1 and if if B ∈

S(t,m− 1) is elliptic, then λB(t,m− 1) = qt−1 − qt/2 + qt/2−1. Therefore, we get

W δ
1 (t,m) = (q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1) + qtµm−1(t)

− v+1(t,m− 1)(qt−1 + qt/2 − qt/2−1)− v−1(t,m− 1)(qt−1 − qt/2 + qt/2−1)

= (q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1) + qtµm−1(t)

− qt−1µm−1(t)− (qt/2 − qt/2−1)(v+1(t,m− 1)− v−1(t,m− 1))

= (q − 1)qm−1νm−1(t− 2) + (q − 1)qt−1µm−1(t− 1)

+ (q − 1)qt−1µm−1(t)− (q − 1)qt/2−1

t−1∏
i=0

(qm−1 − qi)

t/2−1∏
i=0

(qt − q2i)

where we are using the the facts that v+1(t,m − 1) + v−1(t,m − 1) = s(t,m − 1)

and v+1(t,m− 1)− v−1(t,m− 1) =

t−1∏

i=0

(qm−1−qi)

t/2−1∏

i=0

(qt−q2i)

= q
−t
2 s(t,m− 1). This completes

the proof of the theorem. �

4. The minimum weight of the codes codes Csymm(t,m) and Ĉsymm(t,m)

In this section, we determine the minimum distance of codes Csymm(t,m) and

hence of codes Ĉsymm(t,m) in the even rank cases. For convenience, we choose to

denote the rank by 2t, and not t, then. In order to prove the main theorem of the

section, we need to introduce the following notations that are going to be useful.

For any 0 ≤ 2t ≤ m, and 1 ≤ k ≤ m, we define sets

P δk (2t− 1,m) = {B ∈ S(2t− 1,m) : f δk (B) = 0},

Hδ
k(2t,m) = {B ∈ S(2t,m) : B is hyperbolic and f δk (B) = 0}, and

Eδk(2t,m) = {B ∈ S(2t,m) : B is elliptic and f δk (B) = 0}.

Set

pδk(2t−1,m) = |P δk (2t−1,m)|, hδk(2t,m) = |Hδ
k(2t,m)|, and eδk(2t,m) = |Eδk(2t,m)|.
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Note that hδ0(2t,m) = v+1(2t,m) and eδ0(2t,m) = v−1(2t,m). We want to prove

that W δ
1 (2t,m) is the minimum distance of the code Csymm(2t,m). The next

theorem gives a sufficient condition for the minimality of the weight W δ
1 (2t,m).

Theorem 4.1. For any 1 ≤ k ≤ m, the difference W δ
k (2t,m) −W δ

1 (2t,m) of the

weights W δ
k (2t,m) and W δ

1 (2t,m) is given by

qt
(
(v+1(2t,m− 1)− v−1(2t,m− 1))− (hδk−1(2t,m− 1)− eδk−1(2t,m− 1))

)
.

Proof. Recall that, from Theorem 3.7, we have

W δ
k (2t,m) = θq(t,m)−

∑

B∈S(t,m−1)

fδ
k−1(B)=0

λB(t,m− 1)−
∑

α∈F
∗

q

∑

B∈S(t,m−1)

fδ
k−1(B)=α

γα(B, t,m− 1)

where θq(t,m) is given by equation (17). Thus, W δ
k (2t,m)−W δ

1 (2t,m) is equal to
∑

B∈S(2t,m−1)

fδ
0 (B)=0

λB(2t,m− 1) +
∑

α∈F
∗

q

∑

B∈S(2t,m−1)

fδ
0 (B)=α

γα(B, 2t,m− 1)

−
∑

B∈S(2t,m−1)

fδ
k−1(B)=0

λB(2t,m− 1) −
∑

α∈F
∗

q

∑

B∈S(2t,m−1)

fδ
k−1(B)=α

γα(B, 2t,m− 1)

=
∑

B∈S(2t,m−1)
B is hyperbolic

λB(2t,m− 1) +
∑

B∈S(2t,m−1)
B is elliptic

λB(2t,m− 1) −
∑

B∈S(2t,m−1)

B hyp.; fδ
k−1(B)=0

λB(2t,m− 1)

−
∑

B∈S(2t,m−1)

B ellip.; fδ
k−1(B)=0

λB(2t,m− 1) −
∑

B∈S(2t,m−1)

B hyp.; fδ
k−1(B) 6=0

γfδ
k−1

(B)(B, 2t,m− 1)

−
∑

B∈S(2t,m−1)

B ellip.; fδ
k−1(B) 6=0

γfδ
k−1

(B)(B, 2t,m− 1)

= v+1(2t,m− 1)(q2t−1 + qt − qt−1) + v−1(2t,m− 1)(q2t−1 − qt + qt−1)

− hδk−1(2t,m− 1)(q2t−1 + qt − qt−1)− eδk−1(2t,m− 1)(q2t−1 − qt + qt−1)

− (v+1(2t,m− 1)− hδk−1(2t,m− 1))qt−1(qt − 1)

− (v−1(2t,m− 1)− eδk−1(2t,m− 1))qt−1(qt + 1).

Simplifying the above expression, we get the desired result.

�

The next corollary then gives a necessary and sufficient condition for W δ
1 (2t,m)

to be the minimum weight of the code Csymm(2t,m).

Corollary 4.2. The weightW δ
1 (2t,m) is the minimum weight of the code Csymm(2t,m)

iff

v+1(2t,m− 1)− v−1(2t,m− 1) ≥ hδk−1(2t,m− 1)− eδk−1(2t,m− 1).
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Proof. The corollary follows from the last theorem as

W δ
k (2t,m)−W δ

1 (2t,m) ≥ 0

⇐⇒ v+1(2t,m− 1)− v−1(2t,m− 1) ≥ hδk−1(2t,m− 1)− eδk−1(2t,m− 1).

�

It is clear from Corollary 4.2, that to prove that W δ
1 (2t,m) is the minimum

distance of Csymm(2t,m), we need to estimate hδk−1(2t,m−1)−eδk−1(2t,m−1), for

arbitrary k, t, andm.We will do this by obtaining an upper bound for hδk−1(2t,m−

1) and a lower bound for eδk−1(2t,m− 1). For practical, notational reasons we will

replace m − 1 by m in the following, and find an upper bound for hδk(2t,m) and

a lower bound for eδk(2t,m) and compare the difference hδk(2t,m)− eδk(2t,m) with

v+1(2t,m)− v−1(2t,m). To get these bounds, we consider the following restriction

of the map ψ defined in equation (11) to the sets Hδ
k(2t,m) and Eδk(2t,m) to obtain

maps φ1 and φ2:

Hδ
k(2t,m)

φ1
−→ S(2t− 2,m− 1) ∪ S(2t− 1,m− 1) ∪ S(2t,m− 1)(21)

A 7→ φ1(A) = B

and

Eδk(2t,m)
φ2
−→ S(2t− 2,m− 1) ∪ S(2t− 1,m− 1) ∪ S(2t,m− 1)(22)

A 7→ φ2(A) = B

where B = φi(A) for i = 1, 2 is obtained from A by deleting the first row and first

column. Note that φi is just the restriction of the map ψ defined in equation (11)

to appropriate subsets. But we use different notations only to make things simpler

and to not worry much about the domain where the map ψ is getting restricted.

The idea is to use these maps and their fibers to estimate hδk(2t,m) from above and

eδk(2t,m) from below. We count the fibers of these maps in several lemmas. In the

next lemma, we give the structure of the fibers φ−1
1 (B) for B ∈ S(2t − 2,m − 1)

and determine |φ−1
1 (B)| for such B.

Lemma 4.3. Let B ∈ S(2t−2,m−1) and A ∈ S(2t,m) be such that by deleting the

first row and first column of A we get B. Then A is hyperbolic iff B is hyperbolic.

Further, If B ∈ S(2t− 2,m− 1), then

|φ−1
1 (B)|=

{
qm−1 − q2t−2, if B is hyperbolic,

0, otherwise.

Proof. Let B ∈ S(2t − 2,m − 1) and L ∈ GLm−1(Fq) be a matrix such that

LBLT = D is on the standard hyperbolic or elliptic form described in Definition

3.9. Let

A =

[
α u

uT B

]
.
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If we take

M1 =

[
1 0

0T L

]
,

then

M1AM
T
1 =

[
α z

zT D

]
,

where z = uLT . Note that rankA = rankB + 2 if and only if z /∈ Rowspan(D). If

A ∈ S(2t,m), we may write z = yD + b, where b = (0, . . . , 0, b2t−1, . . . , bm−1) and

b 6= 0, i.e., bi 6= 0 for some i. Now take

M2 =

[
1 −y − b

0T I

]
.

Then we have

M2(M1AM
T
1 )MT

2 =

[
α b

bT D

]

=



α 0 c

0T D1 0

c 0 0




for some nonzero c. Here D1 is obtained by writing D as a block diagonal matrix

with a bottom diagonal zero. Note that A and M2(M1AM
T
1 )MT

2 correspond to

the same standard form of quadratics, up to constant c (Definition 3.9). In fact,

the quadratic form corresponding to M2(M1AM
T
1 )MT

2 can be obtained from the

quadratic form corresponding to A by a linear change of variables. The quadratic

form corresponding to A and B have the same standard form also (up to c). That

is: A is hyperbolic if and only B is hyperbolic. This is true since the difference

between the two quadratic forms corresponding to D1 and the full matrix is of

the form (α + 2c)XY for two independent linear forms X and Y that are linearly

independent of those linear forms appearing in D1. Now let B ∈ S(2t− 2,m− 1)

be hyperbolic with f δk−1(B) = α, then

φ−1
1 (B) =

{[
−α u

uT B

]
: u /∈ Rowspan(B)

}
.

Consequently,

|φ−1
1 (B)|= qm−1 − q2t−2.

�

Corollary 4.4. Let B ∈ S(2t− 2,m− 1) and A ∈ S(2t,m) be such that by deleting

the first row and first column of A we get B. Then A is elliptic iff B is elliptic.

Further, for B ∈ S(2t− 2,m− 1),
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|φ−1
2 (B)|=

{
qm−1 − q2t−2, if B is elliptic,

0, otherwise.

In the next lemma, we understand the fibers φ−1
1 (B) for B ∈ S(2t,m− 1).

Lemma 4.5. Let B ∈ S(2t,m− 1) and A ∈ S(2t,m) be such that by deleting the

first row and first column of A we get B. Then A is hyperbolic iff B is hyperbolic.

Further, If B ∈ S(2t− 2,m− 1), then

|φ−1
2 (B)|=





q2t−1 + qt − qt−1, if B is hyperbolic and f δk−1(B) = 0,

q2t−1 − qt−1, if B is hyperbolic and f δk−1(B) 6= 0,

0, otherwise.

Proof. Let B ∈ S(2t,m− 1) and let L ∈ GLm−1(Fq) be a nonsingular matrix such

that the quadratic form corresponding to LBLT is in the standard hyperbolic or

elliptic form. If A ∈ S(2t,m) be matrix such that by deleting the first row and first

column of A we get B, then

A =

[
uBuT uB

BuT B

]
.

If we take

M =

[
1 −u

0T L

]
,

then

MAMT =

[
0 0

0T LBLT

]
.

This proves that A and B have the same standard form, i.e. A is hyperbolic

(elliptic) if and only if B is hyperbolic (elliptic). This proves the first part of the

lemma. It is now clear that if B ∈ S(2t,m − 1) is elliptic then φ−1
1 (B) = ∅. On

the other hand, if B ∈ S(2t,m− 1) is hyperbolic, we have two different cases. The

first case, if f δk−1(B) = 0, then

φ−1
1 (B) = {A|A =

[
uBuT uB

BuT B

]
: uBuT = 0}

Since B is hyperbolic we get from equation (18) that

|φ−1
1 (B)|= q2t−1 + qt − qt−1.

The second case is when B ∈ S(2t,m− 1) is hyperbolic and f δk−1(B) = α for some

α ∈ F
∗
q . In this case, we have

φ−1
1 (B) =

{
A =

[
−α uB

BuT B

]
: uBuT + α = 0

}
.
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Using hyperbolic nature of B, parabolic nature of Bα, and equation (20), we get

|φ−1
1 (B)|= q2t−1 − qt−1.

This completes the proof of the lemma. �

The fiber in the elliptic case is similar. We only need to use the solution for

elliptic quadratic form from equation (18).

Corollary 4.6. Let B ∈ S(2t,m − 1) and A ∈ S(2t,m) be such that by deleting

the first row and first column of A we get B. Then A is elliptic iff B is elliptic.

Further, If B ∈ S(2t− 2,m− 1), then

|φ−1
2 (B)|=





q2t−1 − qt + qt−1, if B is elliptic and f δk−1(B) = 0,

q2t−1 + qt−1, if B is elliptic and f δk−1(B) 6= 0,

0, otherwise.

In the next lemma we count the cardinalities of fibers φ−1
1 (B), and φ−1

2 (B) for

B ∈ S(2t− 1,m− 1) satisfying f δk−1(B) = 0.

Lemma 4.7. Let B ∈ S(2t− 1,m− 1) be a matrix satisfying f δk−1(B) = 0.Then

|φ−1
1 (B)|=

(q − 1)

2
qt−1(qt−1 + 1),

and

|φ−1
2 (B)|=

(q − 1)

2
qt−1(qt−1 − 1)

Proof. Let B ∈ S(2t − 1,m − 1) with f δk−1(B) = 0. There exists a nonsingular

matrix L ∈ GLm−1(Fq) such that LBLT gives the quadratic form cX2
1 +X2X3 +

· · · + X2t−2X2t−1 for some c ∈ F
∗
q . If A ∈ S(2t,m) is the matrix such that by

deleting the first row and columns of A we obtain B and f δk (A) = 0, then

A =

[
0 uB

BuT B

]
such that uBuT 6= 0.

Clearly,

A ∈ φ−1
1 (B)(φ−1

2 (B)) ⇐⇒ A is hyperbolic (elliptic).

Now, if we take

M =

[
1 −u

uT L

]
,

then we have

MAMT =

[
−uBuT 0

0T LBLT

]
.

Note that, rank(MAMT ) = rank(A) = 2t, therefore, uBuT 6= 0. If uBuT = β,

then the quadratic form corresponding to MAMT is

−βX2
0 + cX2

1 +X2X3 + · · ·+X2t−2X2t−1.
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Therefore, the matrix MAMT and hence A is hyperbolic (elliptic) if and only −β
c

is square(non-square). Now, let β ∈ F
∗
q be fixed such that −β

c is a square. Then

every

A =

[
0 uB

BuT B

]
such that uBuT = −β

is hyperbolic and hence lies in φ−1
1 (B). In this case the matrix Bβ is hyperbolic,

therefore from equation (20), we get the number of such A is qt−1(qt−1+1). Further,

for a fixed B ∈ S(2t− 1,m− 1) as in the beginning of the proof, there are (q− 1)/2

β ∈ F
∗
q such that −−β

c is square. This gives

|φ−1
1 (B)|=

(q − 1)

2
qt−1(qt−1 + 1).

Repeating a similar argument in the case when −β
c is non-square and keeping in

mind that in this case, the matrix Bβ is elliptic, we get

|φ−1
2 (B)|=

(q − 1)

2
qt−1(qt−1 − 1).

�

In the previous cases, we have found the cardinalities of the fibers φ−1
i (B) for

i = 1, 2 in all cases except in the case B ∈ S(2t− 1,m− 1) satisfying f δk−1(B) 6= 0.

In all the cases we have treated, the cardinalities of fibers φ−1
i (B) for i = 1, 2 are

uniform. On the contrary, the fibers φ−1
i (B) for i = 1, 2 for B ∈ S(2t − 1,m− 1)

satisfying f δk−1(B) 6= 0 are irregular, i.e., they may have different cardinalities for

differentB ∈ S(2t−1,m−1). It is true, however, that in the caseB ∈ S(2t−1,m−1)

satisfying f δk−1(B) 6= 0, the difference of the cardinalities of fibers φ−1
1 (B) and

φ−1
2 (B) is constant. To be more precise; we have the following lemma:

Lemma 4.8. Let B ∈ S(2t− 1,m− 1) be a matrix satisfying f δk−1(B) 6= 0. Then

|φ−1
1 (B)|−|φ−1

2 (B)|= −qt−1.

Proof. Let B ∈ S(2t− 1,m− 1) be a matrix satisfying f δk−1(B) = α ∈ F
∗
q . Let L ∈

GLm−1(Fq) be a non-singular matrix such that the quadratic form corresponding to

LBLT is cX2
1 +X2X3+ · · ·+X2t−2X2t−1 for linearly independent linear forms Xi,,

where i = 1, 2, · · · , 2t− 1, and c 6= 0. Let A ∈ S(2t,m) be such that A ∈ φ−1
i (B),

then

A =

[
−α uB

BuT B

]
such that uBuT 6= −α.

Clearly,

A ∈ φ−1
1 (B)(φ−1

2 (B)) ⇐⇒ A is hyperbolic (elliptic).

Now, if we take

M =

[
1 −u

uT L

]
,
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then we have

A′ =MAMT =

[
−α− uBuT 0

0T LBLT

]
.

Note that both A and A′ are of the same type. We have the following:

1. α+uBuT

c 6= 0.

2. The quadratic form of A is hyperbolic iff α+uBuT

c is a non-zero square in

Fq.

3. The quadratic form of A is elliptic iff −α−uBuT

c is a non-square in Fq.

The first statement holds since the rank of A is 2t, not 2t− 1, which it would have

been if the α+uBuT

c were zero. The second and third statements follow since the

quadratic form of A′ is of type: c(X2
1 − α+uBuT

c X2
0 ) +X2X3 + · · · +X2t−2X2t−1,

and (X2
1 −

α+uBuT

c X2
0 ) is factorizable into a product of two linear terms if and only

α+uBuT

c is a non-zero square.

So we set out to find the number of uB such that α+uBuT

c is a non-zero square

(thus giving hyperbolic A), and then the number of uB such that α+uBuT

c is a

non-square (thus giving elliptic A).

Given a fixed non-zero square γ2 we look at the equation:

α+ uBuT

c
= γ2.

We the substitute: v = uL−1, and the equation transforms to:

α+ v(LBLT )vT

c
= γ2.

The number of v(LBLT ) = uBLT satisfying this equation is then equal to the

number of uB satisfying this equation (since L is invertible), which again is equal

to the number of uB satisfying the original and identical equation

α+ uBuT

c
= γ2.

We then prefer to look at the number of vB′ satisfying

α+ vB′vT

c
= γ2,

for B′ = LBLT since we already have introduced the quadratic form associated to

B′ (and thereby the coefficient c). We now insert vB′vT = c(X2
1 +X2X3 + · · · +

X2t−2X2t−1) again and obtain that the previous equation can be expressed as

X2
1 +X ′

2X3 + · · ·+X ′
2t−2X2t−1 − (γ2 −

α

c
) = 0,

for linearly independent Xi and X
′
j (here we have set X ′

j = Xj/c for even j). For

such a fixed γ the number of solutions is (what we will call) vH , vP , vE , according

to whether γ2 − α
c is a non-zero square, zero, or a non-square respectively. Here:
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(i) vH is the number of points on a projective quadric defined by a hyperbolic

quadric of rank 2t minus the number of points on a projective quadric

defined by a parabolic quadric of rank 2t− 1.

(ii) vP is the number of points on an affine quadric defined by a parabolic

quadric of rank 2t− 1.

(iii) vE is the number of points on a projective quadric defined by an elliptic

quadric of rank 2t minus the number of points on a projective quadric

defined by a parabolic quadric of rank 2t− 1.

Formulas for vH , vP , and vE can be found from equation (19). It is not hard to see

that

(23) vH − vP = vP − vE = qt−1.

Let e be a fixed non-square in Fq. We will investigate the number of “hyperbolic”

A′; these are the ones corresponding to solutions to

(24) X2
1 +X ′

2X3 + · · ·+X ′
2t−2X2t−1 − (γ2 −

α

c
) = 0,

for the (q − 1)/2 non-zero squares γ2, and thereafter the number of “elliptic” A′;

these are the ones corresponding to solutions to

(25) X2
1 +X ′

2X3 + · · ·+X ′
2t−2X2t−1 − (eγ2 −

α

c
) = 0,

for the (q − 1)/2 non-squares eγ2. We split into 4 cases:

(1): Both α
c and −α

c are non-squares. We investigate the condition (25)

γ2 −
α

c
= T 2,

for T ∈ Fq. This single equation is equivalent to:

• γ − T = α
c β

• γ + T = α
c β

−1, simultaneously, for some β ∈ F
∗
q .

The two last equations, taken alone, give q−1 solution pairs (γ0, T0), one for each β

in question. Since neither α/c nor −α/c are squares, both γ0 and T0 are non-zero in

all these solutions, so none of them correspond to the ”forbidden” γ = 0 that would

have made A′ parabolic of rank 2t− 1, and none of them gives a zero for (γ2 − α
c ).

The last observation gives that the number of solutions to (24) never is vP , so for

the γ2 that matches some T 2 we really get vH solutions to (24). On the other hand

the solutions to (25) come 4 by 4 as (γ0, T0)(γ0,−T0)(−γ0, T0)(−γ0,−T0), for each

solution (γ0, T0), and hence we get exactly q−1
4 values γ2 that match some (in this

case non-zero) T 2. Hence we get vH solutions to (24) for exactly q−1
4 values γ2.

Since no γ2 matches a zero-valued T all the remaining q−1
4 values of γ2 give that

γ2 − α
c is a non-square, and we get vE solutions of (24) for these values.

All in all, we get
q − 1

4
vH +

q − 1

4
vE
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hyperbolic A′ in the fibre over B′.

Now we will find the number of elliptic A′ in the fiber over B′, corresponding to

α+ v(LBLT )vT

c
= N = eγ2,

for some non-square N . Here we think of e as a fixed non-square, so we will find

the non-zero γ that satisfies this. We maintain condition (1) that both α/c and

α/c are non-squares. Now we look at the condition:

(26) N = eγ2 −
α

c
= eT 2,

for T ∈ Fq. If given γ, this condition holds for some non-zero T , we get vE

solutions to (24), and if it holds for T = 0, we get vP solutions. Otherwise, we get

vH solutions. This single equation is equivalent to:

γ2 − T 2 =
α

ce
,

and furthermore:

• γ − T = α
ceβ

• γ + T = α
ceβ

−1, simultaneously, for some β ∈ F
∗
q .

The two last equations, again give q−1 solution pairs (γ0, T0), one for each β in ques-

tion. Since both α/ec and −α/ec are squares, both (0, T0), (0,−T0), (γ0, 0), (−γ0, 0)

for some non-zero γ0 and T0 are among these q− 1 solution pairs ((0, 0) can’t be a

solution). The pairs (0, T0), (0,−T0) can be disregarded, since γ = 0 is forbidden,

since A′ has rank 2t. The cases (γ0, 0), (−γ0, 0), however, correspond to one value

of N = eγ2 with vP solutions.

The remaining q − 5 solutions to (25) come 4 by 4 as

(γ0, T0)(γ0,−T0)(−γ0, T0)(−γ0,−T0),

for each solution (γ0, T0), and hence we get exactly q−5
4 values γ2 that match some

(in this case non-zero) T 2. Hence we get vE solutions to (24) for exactly q−5
4 values

N = eγ2. The remaining q−1
2 − 1 − q−5

4 = q−1
4 values of N = eγ2 then give vH

elliptic A′ in the fibre over B′.

All in all, we get
q − 1

4
vH + vP +

q − 5

4
vE

elliptic A′ in the fibre over B′. Comparing with the number of hyperbolic A′ in the

fibre over B′, computed above, we conclude that the number of hyperbolic A′ in

the fibre over B′ minus the number of elliptic A′ in the fibre over B′ is:

(
q − 1

4
vH +

q − 1

4
vE)− (

q − 1

4
vH + vP +

q − 5

4
vE) =

vE − vP = −qt−1.

Case (2): α
c is a (non-zero) square and −α

c is a non-square. Using calculations

as in Case (1) we obtain:
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q − 3

4
vH + vP +

q − 3

4
vE

hyperbolic A′ in the fibre over B′, and

q + 1

4
vH +

q − 3

4
vE

elliptic A′ in the fibre over B′. The difference is vP − vH = −qt−1.

Case (3): α
c is a non-square and −α

c is a ( non-zero square). Using calculations

as in Case (1) we obtain:

q − 3

4
vH +

q + 1

4
vE

hyperbolic A′ in the fibre over B′, and

q − 3

4
vH + vP +

q − 3

4
vE

elliptic A′ in the fibre over B′. The difference is vE − vP = −qt−1.

Case (4): Both α
c and −α

c are (non-zero) squares. Using calculations as in Case

(1) we obtain:

q − 5

4
vH + vP +

q − 1

4
vE

hyperbolic A′ in the fibre over B′, and

q − 1

4
vH +

q − 1

4
vE

elliptic A′ in the fibre over B′. The difference is vP − vH = −qt−1.

�

Now, let θ1 be the average of |φ−1
1 (B)| for all B ∈ S(2t − 1,m − 1) satisfying

f δk−1(B) 6= 0. and let θ2 be the average of |φ−1
2 (B)| for all B ∈ S(2t − 1,m − 1)

satisfying f δk−1(B) 6= 0. The next corollary is an immediate consequence of Lemma

4.8.

Corollary 4.9. Let θ1 and θ2 be as above. Then

θ1 − θ2 = −qt−1.

Now we are ready to give an upper bound for hδk(2t,m)− eδk(2t,m).

Proposition 4.10. Let 2t ≤ m and let 1 ≤ k ≤ m. Then

hδk(2t,m)− eδk(2t,m) ≤ q

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

+ q2t

2t−1∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)
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Proof. We have done most of the hard work. From equation (21) we get

hδk(2t,m) =
∑

B∈S(2t−2,m−1)

|φ−1
1 (B)| +

∑

B∈S(2t,m−1)

fδ
k−1(B)=0

|φ−1
1 (B)| +

∑

B∈S(2t,m−1)

fδ
k−1(B) 6=0

|φ−1
1 (B)|

+
∑

B∈S(2t−1,m−1)

fδ
k−1(B)=0

|φ−1
1 (B)| +

∑

B∈S(2t−1,m−1)

fδ
k−1(B) 6=0

|φ−1
1 (B)|.

From Lemmas 4.3, 4.5, 4.7, and the definition of θ1 above, we get:

hδk(2t,m) ≤ v+1(2t− 2,m− 1)(qm−1 − q2t−2) + hδk−1(2t,m− 1)(q2t−1 + qt − qt−1)

+ (v+1(2t,m− 1)− hδk−1(2t,m− 1))(q2t−1 − qt−1)

+ pδk−1(2t− 1,m− 1) (q−1)
2 qt−1(qt−1 + 1)

+ (µm−1(2t− 1)− pδk−1(2t− 1,m− 1))θ1

= v+1(2t− 2,m− 1)(qm−1 − q2t−2) + hδk−1(2t,m− 1)qt

+ v+1(2t,m− 1)(q2t−1 − qt−1) + pδk−1(2t− 1,m− 1) (q−1)
2 qt−1(qt−1 + 1)

+ (µm−1(2t− 1)− pδk−1(2t− 1,m− 1))θ1.

Similarly, using equation (22), Corollaries 4.4, 4.6, Lemma 4.7 and the definition of

θ2 above, we get:

eδk(2t,m) ≥ v−1(2t− 2,m− 1)(qm−1 − q2t−2)− eδk−1(2t,m− 1)qt

+ v−1(2t,m− 1)(q2t−1 + qt−1) + pδk−1(2t− 1,m− 1) (q−1)
2 qt−1(qt−1 − 1)

+ (µm−1(2t− 1)− pδk−1(2t− 1,m− 1))θ2.

Combining the above two inequalities, we get

hδk(2t,m)− eδk(2t,m) ≤ (v+1(2t− 2,m− 1)− v−1(2t− 2,m− 1))(qm−1 − q2t−2)

+ (hδk−1(2t,m− 1) + eδk−1(2t,m− 1))qt + (v+1(2t,m− 1)

− v−1(2t,m− 1))q2t−1 − (v+1(2t,m− 1) + v−1(2t,m− 1))qt−1

+ pδk−1(2t− 1,m− 1)(q − 1)qt−1

+ (µm−1(2t− 1)− pδk−1(2t− 1,m− 1))(θ1 − θ2).

Substituting the trivial bounds hδk−1(2t,m − 1) + eδk−1(2t,m − 1) ≤ µm−1(2t)),

pδk−1(2t− 1,m− 1) ≤ µm−1(2t− 1) and using Corollary 4.9 saying θ1− θ2 = −qt−1,

we get

hδk(2t,m)− eδk(2t,m) ≤ (v+1(2t− 2,m− 1)− v−1(2t− 2,m− 1))(qm−1 − q2t−2)

+ µm−1(2t)q
t + (v+1(2t,m− 1)− v−1(2t,m− 1))q2t

− µm−1(2t− 1)qt−1 + µm−1(2t− 1)qt − µm−1(2t− 1))qt−1.
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Here we also used the fact that v+1(2t,m− 1) + v−1(2t,m− 1) = µm−1(2t). Now

from [12, Prop. 2.4], and equation (18), we have

(27) v+1(2t,m)− v−1(2t,m) =

2t−1∏
i=0

(qm − qi)

t−1∏
i=0

(q2t − q2i)

,

µm(2t) = v+1(2t,m) + v−1(2t,m) = qt

2t−1∏
i=0

(qm − qi)

t−1∏
i=0

(q2t − q2i)

,

and

µm(2t− 1) =
1

qt−1

2t−2∏
i=0

(qm − qi)

t−2∏
i=0

(q2t−2 − q2i)

.

Substituting these values in the inequality above, we get

hδk(2t,m)− eδk(2t,m) ≤

2t−3∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

(qm−1 − q2t−2) + qt · qt

2t−1∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)

+ q2t−1

2t−1∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)

− qt−1 · qt

2t−1∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)

+ (q − 1)qt−1 1
qt−1

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

=

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

+ q2t

2t−1∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)

+ (q − 1)

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

= q

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

+ q2t

2t−1∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)

.

This completes the proof of the proposition. �
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Now we are ready to prove the main theorem of the article, i.e., we are ready to

compute the minimum distance of the code Csymm(2t,m).

Theorem 4.11. Let 2t ≤ m be positive integers. The minimum distance of the

code Csymm(2t,m) is W δ
1 (2t,m), where W δ

1 (2t,m) is given by

(q− 1)qm−1νm−1(2t− 2)+ (q− 1)q2t−1µm−1(2t− 1)+ (q− 1)(q2t−1− q−1)µm−1(2t)

Proof. In the view of Corollary 4.2, it is enough to prove that for 1 ≤ k ≤ m and

2t ≤ m,

v+1(2t,m)− v−1(2t,m) ≥ hδk(2t,m)− eδk(2t,m).

From equation (27) and Proposition 4.10, we get

(v+1(2t,m)− v−1(2t,m)) − (hδk(2t,m)− eδk(2t,m))

≥

2t−1∏
i=0

(qm − qi)

t−1∏
i=0

(q2t − q2i)

− q2t

2t−1∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)

− q

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

=

2t−2∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)

(
q2t−1(qm − 1)− q2t(qm−1 − q2t−1)

)
− q

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

=

2t−2∏
i=0

(qm−1 − qi)

t−1∏
i=0

(q2t − q2i)

(
q2t−1(q2t − 1)

)
− q

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

=

2t−2∏
i=0

(qm−1 − qi)

t−2∏
i=0

(q2t−2 − q2i)

(
q2t−1(q2t−1)
q2t−2(q2t−1) − q

)

= 0.

�

Corollary 4.12. The minimum distance of the code Ĉsymm(2t,m) is d, where

d = qm−1νm−1(2t− 2) + q2t−1µm−1(2t− 1) + (q2t−1 − q−1)µm−1(2t).

Proof. The proof of the corollary follows from Theorem 3.10, Theorem 4.11, and

equation (8).

�

Letm be a positive integer and 1 ≤ 2t+1 < m. For the symmetric determinantal

code Csymm(2t+ 1,m), we propose the following conjecture:
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Conjecture 4.13. The minimum distance of the code Csymm(2t + 1,m) is given

by W δ
2 (2t+ 1,m) where −δ ∈ F

∗
q is a square. Furthermore, there exists a positive

E(2t+ 1,m) such that

W δ1
2 (2t+ 1,m) < W δ

1 (2t+ 1,m) < W δ2
2 (2t+ 1,m)

where −δ1 is a square and −δ2 is a non square, and:

W δ1
2 (2t+ 1,m) =W δ

1 (2t+ 1,m)± E(2t+ 1,m).

Using SAGE, we computed the weights Wδ
k(t,m) for some small values ofm, and

for a fixed m, we looked at all possible values of k and t. Studying those results,

we here give formulas for the weights Wδ
k(t,m) over Fq. In the tables below, we list

them all. The table is over Fq and δ ∈ F
∗
q is either a square or a nonsquare.

m=3 t=1 t=2 t=3

W δ
1 (t,m) q2(q − 1) q4(q − 1) q5(q − 1)

W δ
2 (t,m) q2(q − 1)± q(q − 1) q4(q − 1) q5(q − 1)

W δ
3 (t,m) q2(q − 1) q4(q−1)+ q2(q−1) q5(q − 1)

m=4 t=1 t=2 t=3 t=4

W δ
1 (t,m) q3(q − 1) q6(q − 1) q8(q−1)+q5(q−

1)2
q9(q − 1)

W δ
2 (t,m) q3(q−1)±q2(q−

1)

q6(q − 1) W δ
1 (3, 4)±q

4(q−

1)

q9(q − 1)

W δ
3 (t,m) q3(q − 1) q6(q−1)+q4(q−

1)

W δ
1 (3, 4) q9(q − 1)

W δ
4 (t,m) q3(q− 1)± q(q−

1)

q6(q−1)+q4(q−

1)

W δ
1 (3, 4)±q

3(q−

1)

q9(q − 1)
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m=5 t=1 t=2 t=3 t=4 t=5

W δ
1 (t,m) q4(q − 1) q8(q − 1) q11(q − 1) + q8(q −

1)2 + q6(q− 1)(q2 −

1)

q13(q − 1) +

q10(q − 1)2
q14(q − 1)

W δ
2 (t,m) q4(q − 1) ±

q3(q − 1)

W δ
1 (2, 5) W δ

1 (3, 5) ± (q7(q −

1)2 + q5(q− 1)(q2 −

1))

W δ
1 (4, 5) q14(q − 1)

W δ
3 (t,m) q4(q − 1) W δ

1 (2, 5) +

q6(q − 1)

W δ
1 (3, 5) W δ

1 (4, 5) +

q8(q − 1)2
q14(q − 1)

W δ
4 (t,m) q4(q − 1) ±

q2(q − 1)

W δ
3 (2, 5) W δ

1 (3, 5) ± (q6(q −

1)+q4(q−1)(q2−1))

W δ
3 (4, 5) q14(q − 1)

W δ
5 (t,m) q4(q − 1) W δ

3 (2, 5) +

q4(q − 1)

W δ
1 (3, 5) W δ

3 (4, 5) −

q6(q − 1)

q14(q − 1)

Remark 4.14. The observation that W δ
2 (t,m) =W δ

1 (t,m), for all even t, and all δ,

for m = 3, 4, 5 can be generalized to the same result for all natural numbers m ≥ 2

after a refined study of the proof of Proposition 4.10. So for even t the minimum

distance d is computed by the W δ
2 (t,m) also. The table clearly indicates that for

even t the codewords of Csymm(t,m) have exactly [m+1
2 ]− 1 different weights.

5. Acknowledgements

Peter Beelen would like to acknowledge the support from The Danish Council for

Independent Research (DFF-FNU) for the project Correcting on a Curve, Grant

No. 8021-00030B. Trygve Johnsen is supported by grant 280731 from the Research

Council of Norway (RCN). This work was also partially supported by the project

Pure Mathematics in Norway, funded by Bergen Research Foundation and Tromsø

Research Foundation. Prasant Singh is with the Department of Mathematics, IIT

Jammu. He would like to thank the RCN Grant- 280731, and the Department of

Mathematics and Statistics, UiT as a major part of the work in this article was

done when he was a postdoc at UiT.



30 PETER BEELEN, TRYGVE JOHNSEN, AND PRASANT SINGH

References

[1] P. Beelen, S. R. Ghorpade, Hyperplane sections of determinantal varieties over finite

fields and linear codes, Discrete Math. (343) 9 (2020), 111965.

[2] P. Beelen, S. R. Ghorpade, S. U. Hasan, Linear codes associated to determinantal vari-

eties, Discrete Math. (338) 8 (2015), 1493—1500.

[3] P. Beelen, T. Johnsen and P. Singh, Linear codes associated to symmetric determinantal

varieties: Even rank case, Finite Fields and Their Applications 91 (2023), 102240, 31

pages.

[4] P. Beelen, P. Singh, Linear codes associated to skew-symmetric determinantal varieties,

Finite Fields and Their Applications, (58) (2019), 32-45.

[5] L. Carlitz, Representations by quadratic forms in a finite field, Duke Math. J. (21)

(1954), 123—137.

[6] J. Harris, and L. W.Tu, On symmetric and skew-symmetric determinantal varieties,

Topology 23 (1984), 71-84.

[7] J. W. P. Hirschfeld, Projective geometries over finite fields, Oxford Mathematical Mono-

graphs. The Clarendon Press, Oxford University Press, New York, 1998.
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