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LINEAR CODES ASSOCIATED TO SYMMETRIC
DETERMINANTAL VARIETIES: EVEN RANK CASE

PETER BEELEN, TRYGVE JOHNSEN, AND PRASANT SINGH

ABSTRACT. We consider linear codes over a finite field Fy, for odd ¢, derived
from determinantal varieties, obtained from symmetric matrices of bounded
ranks. A formula for the weight of a codeword is derived. Using this formula,
we have computed the minimum distance for the codes corresponding to ma-
trices upperbounded by any fixed, even rank. A conjecture is proposed for the
cases where the upper bound is odd. At the end of the article, tables for the
weights of these codes, for spaces of symmetric matrices up to order 5, are
given.

We also correct typographical errors in Proposition 1.1/3.1 of [3], and in
the last table, and we have rewritten Corollary 4.9 of that paper, and the usage
of that Corollary in the proof of Proposition 4.10.

1. INTRODUCTION

One of the most natural and interesting ways to construct classes of linear error-
correcting codes is by using the language of projective systems and considering
the F,-rational points of a projective algebraic variety defined over [, as a pro-
jective system. For a more detailed study of projective systems and linear codes
associated to them, we refer to [I3, Chapter 1|. Determinantal varieties in different
projective spaces are classical examples of projective algebraic varieties defined over
finite fields, and therefore it is natural to study codes associated to these varieties.
The study of codes associated to generic determinantal varieties was initiated by
Beelen-Ghorpade-Hasan [2], and the minimum distance of the code associated to the
variety defined by the vanishing of 2 x 2 minors of a generic matrix was determined.
Later Beelen-Ghorpade [I] studied other codes associated to generic determinantal
varieties and together with several interesting properties, the minimum distances
also of these codes were computed.

Determinantal varieties in the space of symmetric (skew-symmetric) matrices,
i.e. the variety defined by the vanishing of all (¢t + 1) x (¢ + 1) minors of a generic
symmetric (skew-symmetric) matrix of order m, where ¢t < m, is another example
of classical varieties defined over a finite field F,. For a detailed exposition of these
varieties, we refer to [6, [8]. Like generic determinantal varieties, these varieties are
also an interesting class of Fg-varieties with many IF,-rational points. Therefore, it
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is natural to study the codes corresponding to these varieties. The study of codes
associated to determinantal varieties in the space of skew-symmetric matrices was
initiated by the first and the last named authors [4]. They found an iterative
formula for the weight of a general codeword and using this formula they computed
the minimum distance of these codes. In the present article, we consider the codes
associated to determinantal varieties in the space of symmetric matrices, and in
the even rank cases, we compute the minimum distance of these codes.

Linear codes corresponding to symmetric determinantal varieties of rank at most

2 variables

t can be obtained by evaluating homogeneous, linear functions in m
Xi1,- 5 Xims o X1, - -+, Xom,m at points corresponding to symmetric matrices
[X; ;] of rank at most ¢. All important information about these codes Csymm (t, m)
can be read off from their shorter “sister codes” asymm(t,m), each of which is
obtained from Cyymm (t, m), by skipping the zero matrices, and otherwise evaluating
the linear functions in only one matrix in each multiplicative equivalence class of
matrices of rank at most ¢. In other words, we then consider the projective system
of such matrices. We will consider these codes in parallel. Finding the length and

dimensions of these codes is easy, and the following result will be proved in Section

Proposition 1.1. The linear code ésymm(t,m) is an (D (), k] linear code where

U (t) 4s given by equation () below with

t L%J 2; r—1

(1) ZIOES N | =l § (CEY a"dff:(m;l)

r=0 \ =1 q =0

To find the minimum distance and possible weights of codewords, however, a lot
of calculations are needed. A first step in order to obtain control over the situation
is taken in Propositions[3.3 and B.4] where one shows that there are at most 2m + 1
weights that are possible. In one of our main results, Theorem [3.7] we determine
these weights. Our results are analogues of [4, Corollary 3.3, Theorem 3.4], and
also of [T, Theorem 3] for Grassmann codes C(2,m). TheoremB.7 however, is not
sufficiently transparent to read off the minimum distance of our codes immediately.
Let the symmetric affine determinantal variety S(2¢, m) be defined by the vanishing
of all (2¢ +1) x (2¢ + 1) minors of a generic symmetric matrix of size m.

The main result of this article is the following theorem:
Theorem 1.2. The minimum distance of the code 6Symm(2t,m) 18
¢" o1 (26 = 2) + ¢ 1 (28 = 1)+ (62T = ¢ ) -1 (20),

where Vpm—1(2t — 2) = |S(2t — 2,m — 1)|, and pm—1(2t — 1) denotes the number of

symmetric matrices of size m — 1 and rank 2t — 1.
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Theorem [[.2] in combination with Proposition [T} give the 3 basic parameters
(length, dimension, minimum distance) of our codes.

Theorem is parallel to [4) Theorem 3.11] for codes from skew-symmetric
matrices. The computational complexity, however, building on Theorem B.7 is
much larger than in the analogous computations in the skew-symmetric case, and to
a great part, it involves a detailed treatment of quadratic hypersurfaces in projective
and affine spaces and the three classes (hyperbolic, elliptic, and parabolic) of such
hypersurfaces. In contrast to skew-symmetric matrices, the symmetric ones also
may have odd rank, but for reasons of space, we leave the determination of the
minimum distances of Csymm (t,m) and @ymm (t,m) for odd t to future research.
We end this paper, however, by giving a conjecture, and also a list of all possible
concrete weights appearing, for m = 3,4,5 and all £ up to 5. These results clearly

indicate that our conjecture holds.

2. SYMMETRIC DETERMINANTAL VARIETIES OVER THE FIELD Fq

Let m be a positive integer, ¢ be a prime power, and let F; be the finite field with
q elements. An m x m matrix A = (a;;) over Fy is called symmetric if a;; = aj;
for every 1 < 4, j < m. We use the notations S,, to denote the space of m x m
symmetric matrices over F, and AT to denote the transpose of a matrix A. It is
well known that Sy, can be identified with the affine space A7), Let X = (Xi5)
be an m x m matrix of independent indeterminates X;; over ;. For 0 <t < m,
we denote by S(t,m), the affine algebraic variety in S, given by the vanishing of
(t+1) x (t + 1) minors of X; in other words

(2) S(t,m) = {A € Sp, : rank(A4) < t}
For any 0 < r < m we define
S(r,m) ={A € Sy, : rank(A) =r} and wm (t) = |S(r,m)].

The following formula from [I0, Theorem 2] gives the number of symmetric matrices

of size m and rank r

®) () = [T 2 Tl = 1)

From the definition it is clear that
t

S(t,m) = U S(r,m)

r=0

and the union is disjoint. Let v, (¢) be the cardinality of the set S(t,m). We have

(4) vin(t) =D pim(r)-
r=0
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Note that the defining equations of S(¢,m) are square-free homogeneous equations
of degree t + 1. Consider the projective variety in P(") 1 defined by these equa-
tions. This variety in the projective space P("2)=1 is known as the symmetric
determinantal variety and we denote it by S(¢,m). Note that S(t,m) is the affine
cone over §(t,m). Therefore, if D, () denote the cardinality of the set S(¢,m), then
Um(t) — 1

q—1 ~
3. THE LINEAR CODE ASSOCIATED TO THE SYMMETRIC DETERMINANTAL

VARIETY S(t,m)

() O (t) =

We open this section by recalling the notion of a projective system. For details,
we refer to [13, Ch. 1]. An [n, k, d] projective system is a (multi)set Q C P¥~1 that
is not contained in a hyperplane of P*~!, and the parameters n and d are defined
by

|Q]=n, d =n—max{|QN H|: H a hyperplane of PF~1}.
Every [n, k, d] projective system corresponds to an equivalence class of [n, k, d] linear
code and vice-versa. Linear codes corresponding to several classical varieties have
been studied by several authors. In this section, we are going to study the projective
systems, and hence linear codes, associated to the determinantal varieties S(t, m).
First, we briefly give the construction of this linear code corresponding to S(t,m).

Let Fy[X]; denote the vector space over F of linear homogeneous polynomials
in m? variables X;;, for 1 < 4,5 < m. Let {P,.. Py} € S(t,m) be a subset
of representatives of distinct points of S(t, m) in some fixed order. Consider the

evaluation map

(6) Ev:F,[X]y — F/® defined by f(X) — ¢y = (f(P1),..., f(Ps.0))-
The image of the evaluation map is a linear subspace of Fzm(t). This subspace is

called the symmetric determinantal code and is denoted by asymm(t, m).
Proposition 3.1. The linear code Caymm(t,m) is a [0 (t), k] linear code where
U (t) 48 given by equation (B) with

t \_%J 2; r—1

r=0 i=1 =0

Proof. The proof of the proposition is simple. The statement about the length of
the code @ymm(t, m) follows from equations (@3], {@) and (B). This gives the length
of the code. For the dimension of the code, it is enough to prove that S(t, m) does
not lie on a hyperplane of p(") -1, Equivalently, it is enough to show that for
1 <t < m, the span of the affine algebraic variety S(¢,m) is the vector space Sy,.

Let E;; be the m x m matrix with (i, )" entry 1 and all other entries zero. It
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is well known that the set {E;; + Ej; : 1 < 4,5 < m}U{E; :1 <i<m}isa
basis of S,,, therefore it is enough to show that the span of S(¢, m) contains the set
{Eij +Ej; :1<i4,7<m}U{E; :1<1i<m}. Notethat S(1,m) C S(¢t,m) for
every 1 <t < m. Therefore, we will show that for every i, j the matrix E;; + Ej;
can be written as a sum of rank one symmetric matrices. If ¢ = j then there is
nothing to do as Ej; itself is a rank one symmetric matrix. So assume ¢ < j. Let
[X,;] be the m x 1 column vector with the i** and j* entries being one, and the
rest of the coordinates being zero. Then XinE; is a rank one symmetric matrix
and

Eij + Eji = X5 X5 — Eii — Ej;.
This completes the proof.
O

Remark 3.2. Consider the linear map Evq : Fy[X]; — Fgm(t) defined by f(X) —
(f(A1),..., f(Ay, v)) where {Ay,..., A, ()} = S(t,m) in some fixed order. The

(t)

image of this linear map is a subspace of Fy™'" and we denote this subspace by

Csymm/(t,m). The codes asymm(t,m) and Cgymm (t,m) are quite similar in the
sense that the length of these codes is related by equation (B) and both are of
the same dimension. Further, let f(X) € F4[X]; be a linear polynomial and ¢y €
asymm(t,m) and ¢y € Cyymm(t,m) are the corresponding codewords, then the

Hamming weights of these codewords are related by
(8) Wh(er) = (¢ — 1) Wau(cy).

Therefore to understand the minimum distance of the code ngmm (t,m) it is enough
to understand the minimum distance of the code Cgymm (t, m). Therefore, for the

rest of the section, we will concentrate on the code Cgypmm (t, m).

For the rest of the article, we assume that ¢ is odd (in the case of even ¢ one
encounters difficulties with some of the calculations that we apply to obtain our
results, but it is conceivable that the cases of even and odd ¢ are very similar. We
make no claims about this case). Let f = > fi;X;; € Fy[X]; be a function and
¢t € Coymm(t,m) be the corresponding codeword. Let F' = (f;;) be the coefficient
matrix of f and A be a symmetric matrix. Then

F(A) = tr(FA).

Since the characteristic of the field is not 2 and A is a symmetric matrix we can find
a symmetric matrix G such that tr(FA) = tr(GA) for every symmetric matrix A.
Indeed, we choose G to be the matrix whose (i, )" entry is % for 1 <i,j <
m. Therefore, for every codeword ¢ € Cogymm(t,m) there is a symmetric matrix
F = (fi;) such that the codeword ¢ is given by

c= (tr(FAy),...,tr(FA,, 1))



6 PETER BEELEN, TRYGVE JOHNSEN, AND PRASANT SINGH

where Ay, ..., A, ) are matrices in S(¢,m). If F' is a matrix and f(X) € F,[X]; is
a function whose coefficient matrix is F', then we use the notation ¢y to denote the
codeword ¢y € Csymm (t,m). In the next proposition, we see that corresponding to
every codeword ¢ € Cyymm (t,m), there is a diagonal matrix such that the weights
of ¢ and the codeword corresponding to the diagonal matrix are the same.

Proposition 3.3. For every codeword ¢ € Cgymm(t,m) there exists a diagonal

matriz F = diag(1,1,...,1,6,0,...0) with § a non-zero element of F,, and
WH(C) = WH(CF)

Proof. For any non-singular m x m matrix L and any 0 < r < ¢, the map P
LTPL gives a permutation of the set S(r,m) and hence of the set S(t,m). For
any codeword ¢ we can find a symmetric matrix F' such that ¢ = cp. Since F is
symmetric, we can find [I0, Lemma 6] a nonsingular matrix L such that LFLT =
G = diag(1,1,...,1,6,0,...0) as in the theorem. Now we claim that G is the

required matrix. Note that
tr(GP) = tr(LFLY P) = tr(F (LT PL)).
This completes the proof of the theorem. (I

In the next proposition, we see that the weight of a codeword cr € Csymm (t, m)
corresponding to a diagonal form F' as in the above proposition depends only on

whether § is a square or a non-square.

Proposition 3.4. Let F; = diag(1,1,...,1,4;,0,...,0) for i = 1,2 be two diag-
onal matrices of the same rank k and let cp, € Coymm(t,m) be the corresponding

codewords. If 62/01 is a square, then Wi (cp,) = Wr(cr,)-

Proof. By assumption, we can find a nonzero b € F, satisfying b*§; = d>. Now
consider the matrix P = diag(1,1,...,1,b,1,...,1) with b at the k™ position.
Then PFiRT = F; and the map M — PTMP is a bijection between the support
of ¢p, and cp,. Therefore they have the same weight. O

From the above proposition, it is clear that for every 1 < k < m there can be
at most two different weights for codewords in Clsypmm (¢, m). In other words, the
weight of codewords corresponding to functions f,f(X) =X+ o+ X 1p1+H0 Xk
for 1 < k < m will be all possible weights of the code Csymm (t,m) and hence of
the code ésymm (t,m). Moreover, the minimum of the weights wy (£ (X)) gives the
minimum distance of the code Csymm (t, m). Next, we will give an iterative formula
for the weight of codewords corresponding to functions f(X). But before that, we
fix some notations for the rest of the article. First, from now on, whenever we refer
to the weight of the function f(X), we always mean the weight of the codeword
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¢ssx) € Csymm(t,m) corresponding to the function f2(X). Forany 0 < k < m
and 0 <t < m, we define

Supp, (f2(X)) := {A € S(t,m) : f{(A) # 0} and W} (¢, m) = |Supp(f{ (X))|.

Clearly, W9 (¢, m) denotes the weight of the codeword ¢r5x) € Csymm(t,m). Also,
for any fixed 0 <t <m and 0 < r < t, we define

TR(r,m) = {A € S(rm): f{(A) #0},  wi(rym) = |TR(r,m)].

Notice that

9) Supp, (f2(X)) = Uiy 7 (r,m) and Wi (t,m) =) wi(r,m)

We will call wd (r, m) the ' restricted weight of the function f9(X) in Csymm (t, m).
Note that for k = 0, the function f{(X) is the zero function, and hence wg(r, m) =
0 for any r, and as a consequence W¢ (t,m) = 0 for any ¢. Next, for any B € S(r,m)

and o € Fy, we define
Ag(r,m) = [{vB:v € F;" and vBv" =0}

and
Ya(B,r,m) = |{vB rv € F" and vBvl +a = O}‘ .

(These entities are well defined since vB = uB implies that vBvT = uBu”.) Now
let 1 <k <mand1l<t<m be fixed. In view of equation ([@), to determine the
weight W¢ (t,m), it is enough to determine w$(r,m) for each 1 < r < t. There-
fore, in the next lemma, we give a formula for w¢(r,m) in terms of Ag(r,m) and

Yo (B, r,m).

Lemma 3.5. For any 0 < r < m and k > 1, the rth restricted weight of the
codeword f2(X) in Csymm(t,m) is given by

(10) wi(r,m) = (a=1)(¢" " = ¢ pm-1(r = 2) + (@ = 2)¢"  ppm—1(r = 1)

—i—Z)\B(r—l,m—l)—i—Z Z WQ(B,T—l,m—l)—Z)\B(r,m—l)
BeS(r—1,m—1) a€F;BeS(r—1,m—1) BeS(r,m—1)

fo_1(B)=0 fi1(B)=a fo1(B)=0

—Z Z Ya(B,r,m — 1)

a€F;BeS(r,m—1)
flf—1 (B)=o

Remark 3.6. In the case kK = 1 this simplifies a lot, since ff_l = fg = 0, and
moreover the weight of f{ is equal to the weight of f for all 4.
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Proof. Consider the following map

(11) T,f(r,m)i>S(r—2,m—1)US(r—1,m—1)US(r,m—1)
A—p(A) =B

where B is obtained from A by deleting the first row and first column. Clearly, if
A € S(r,m) then ¢(A) = B is a symmetric matrix of size m — 1 and of rank either
r—2, r—1 or r. Therefore, the map ¢ is well-defined. Further, it is clear from
the definition that w¢(r,m) = ‘T,f(r, m)‘, we use the map ¢ and fibers of this map
to compute w9 (r,m). The main idea is to compute the cardinality ‘@[1_1 (B)’ of the
fibers of ¢ for every B € S(r—2,m—1)US(r—1,m—1)US(r,m —1). We divide
the counting of [¢)~!(B)| into three different cases.

Case (I): Suppose B € S(r —2,m — 1). In this case,

Y (B) = {

z _
T B] :u € F'~"\ Rowspan(B), and z # —f,‘j_l(B)} .

Therefore, in this case, we get
(12) [ (B)| = (a= D" =¢"?).

Case (II): Suppose B € S(r —1,m — 1). In this case, we have

YT (B) = {

The fibers in this case are divided into two classes.
Subcase (I): Suppose B € S(r —1,m — 1) and f?_,(B) = 0, then

z uB

BT B :uEIFfln_l, z# —f 1 (B), andz;éuBuT}.
u

-1 _ z uBl m—1 T _ *
P (B)—{ B B ru € F'0, uBu —O,andzqu}
z uB . m—1 T * T
U BT B ru € B0, uBu® #0, and z € Fy \ {uBu" } 5,

where I is the set set of nonzero elements of IF;. Therefore, in this case, we get
[N (B)| = (¢—D)Ap(r —1,m—1)+ (¢ —2)(¢" " = Ap(r —1,m — 1))
(13) =(¢—=2)¢" "+ Ap(r—1L,m—1).

Subcase (II): Suppose B € S(r —1,m—1) and fJ_,(B) = a, where o € [ then

B
1/)_1(3)—{ BZT UB :uEF;"_l, uBul +a =0, andz;é—a}
u
z uB m—1 T T
U BT B ru € F'0 uBu” +a#0, and 2z € Fy \ {~a,uBu" } 5.
u
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Therefore, in this case, we get

W (B) = (= Dra(Br—1m=1)+(q=2)("" —7a(B,r —1,m—1))
(14) =(q—2)¢" " +7(B,r—1,m—1).
Case (III): Suppose B € S(r,m — 1). In this case, we have

uBuT uB

w_l(B)_{ BuT B

Tu € F:I"_l, uBu® # —f,‘jl(B)} .

The fibers in this case too are divided into two classes.
Subcase (I): Suppose B € S(r,m — 1) and f{_,(B) = 0, then

uBuT uB
BuT B

Y= (B) ={

tu € IE‘:I"_l, uBu® # O} .
Therefore, in this case, we get
(15) [N (B)| = (¢" = Ap(r,m —1)).
Subcase (II): Suppose B € S(r,m — 1) and f{_,(B) = a, where a € [y then

uBuT uB

s -{

cu € Fym-, uBuT—Foz;éO}.

Therefore, in this case, we get

(16) ”@[1_1(3)‘ = (qr_'ya(Bvrvm_l))'

Now, taking the map v and its fibers into account, we get

wi(rom) =Y [0 (B)| + DY _[T'B)] + D |[vTB)

BeS(r—2,m—1) BeS(r—1,m—1) BeS(r,m—1)
=> B + > B
BeS(r—2,m—1) BeS(r—1,m—1)
flf—l(B):O
DD DR Gl D DI U )]
a€ly BeS(r—1,m—1) BeS(r,m—1)
fR_1(B)=a £ (B)=0

+ > > sl

a€lFy BeS(r,m—1)
flf—1 (B)=a

Using equations ([I2)), (I3), (@4), (I3) and ([I6l), we get
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wi(rm) = (=" = ¢ Dpmalr =20+ Y, (q=2)¢" FAs(r—1,m—1))
BeS(r—1,m—1)

f/ffl(B)ZO
+ > Y (@=2  +vBr—1m=-1))+ > (¢ —Ap(r,m—1))
a€elFy BeS(r—1,m—1) BeS(r,m—1)
f;c;—l(B):a f;f,l(B):O

+> Y (@ —r(Brm-1)

aclks  BeS(r,m—1)
fioi(B)=a

—(@=D@" = P r =20+ > (=2

BeS(r—1,m—1)

+ Z )\B(T—l,m—l)—kz Z Ya(B,m —1,m —1)

BeS(r—1,m—1) aclF? BeS(r—1,m—1)
f}f—l(B):O flg—l(B):O‘
LY o Y w1
BeS(r,m—1) BeS(r,m—1)
f/ffl(B)ZO

- Z Z Ya(B,r,m — 1).

aclF? BeS(r,m—1)
fioi(B)=a

After simplifying this, we get

wi(r,m) = (¢ —1)(¢" " = ¢ pm—1(r — 2) + ¢" pm—1(r — 1)

20" 1 (r = 1)+ ¢ 1 (1) + Y Ap(r—1,m — 1)
BeS(r—1,m—1)

f1(B)=0
+Z Z WQ(B,T—l,m—l)—Z)\B(T,m—l)
€l BGS(T 1,m—1) BeS(r,m—1)
fioi(B)=a fioi(B)=0

—Z Z Ya(B,r,m — 1).

a€lFy BES(rm 1)
fk 1(B)=a

This completes the proof of the lemma. O
Now we are ready to prove one of the main theorems of this article.

Theorem 3.7. For any 0 < k < m and 0 < t < m, the Hamming weight of the
codeword f2(X) € Csymm(t,m) is given by

WO (t,m) = 04(t,m) Z)\Btm—l Z Z Ya(B,t,m — 1)

BeS(t,m—1) a€lFy BES(tm 1)
flf—l(B):O fk 1(B)=a
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where
(A7) Oyltm) = (g = D™ W1 (t = 2) + (= g™ i1 (t = 1) + ¢'fim 1 (8)

Proof. The proof is a simple consequence of equation (@) and Lemma [3.5 We have

Wo(t,m) = Zwkrm

(¢ —1)q" *pm—1(r —2)

M~

= Z(q ~1)¢" (= 2) =

r=1 r=1
t t
+> (@=2)¢ o (r =)+ > ¢ i1 (r)
r=1 r=1
t t
+Z Z)\B(r—l,m—l)—i—zz Z Yo (B,7 —1,m —1)
r=1BeS(r—1,m—1) r=la€F; BES(T 1,m— 1)
flgf1(B):O fk 1(B)=
t t
—Z Z)\B(r,m—l)—zz Z Ya(B,r,m —1).
r=1 BeS(r,m—1) r=lacF; BGS(Tm 1)
flg—l(B):O fk 1(B)=a

Note that pm,—1(0) =1, since S(0,m — 1) only contains the zero matrice. This also
implies that Y- pegom—1) AB(0,m—1) =Xg(0,m—1) =1, and 7o (B,0,m—1) = 0
for all non-zero . Now expanding the above expression in r, and after canceling

several terms, we get

W (t,m) = 0,(t,m) Z)\Btm—l Z Z Ya(B,t,m — 1)

BeS(t,m—1) a€ly BES(tm 1)
flf—l(B):O fk 1(B)=a

This completes the proof.
O

Remark 3.8. For t = m, Theorem [B.7] gives the obvious formula f,‘j = q(mgl) —

q(mgl)_l, for all £ and ¢.

Every A € S(r,m) corresponds to a quadratic form Q4(X) = XAXT. Since A
is of rank r, one can change Q4(X), using a linear change of variables, into one of
the following forms [7, Theorem 5.2.4].

(1) If r = 2t + 1, then the quadratic @4(X) can be transformed to
X7+ Xo Xz + -+ Xoy Xor41.

for some non-zero constant ¢ and independent linear forms Xj;.
(2) If r = 2¢, then the quadratic Q4(X) can be transformed to either

(Z) C(X1X2 + -4 X2t71X2t) or (Z’L) C((f(Xl,XQ) + X3X4 —+ -4 X2t71X2t)
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for some non-zero constant ¢ and independent linear forms X;, and where
f(X1,X5) is an irreducible, homogeneous polynomial of degree 2 (it can

even be brought to the form X? — aX2 for a a non-square).

Definition 3.9. The expressions in (1) and(2)(i),(ii) will be denoted by standard
forms of parabolic, hyperbolic, and elliptic quadratic forms, respectively. We will in
general denote a symmetric matrix A as being of parabolic type, hyperbolic type, or
elliptic type, depending on whether the quadratic form @ 4(X) can be transformed
to a parabolic, hyperbolic, or elliptic quadratic form of standard type, as described

above, respectively.

From the discussion above, it is clear that if r is odd, then every matrix A € S(r,m)
is of parabolic type. On the other hand, if r is even, then a matrix A € S(r,m) is
either of hyperbolic or elliptic type. For every 1 <r <m/2, we define

v41(2r,m) = |{A4 € S(2r,m) : A is hyperbolic }|
and
v_1(2r,m) = |{A € S(2r,m) : A is elliptic }|.
From [12] Prop. 2.4], we know that

2r—1

1 il;lo(q -q")
(18) v11(2r,m) = 5 ro1 _
1_‘[0 (q2r _ q2z)

Recall that, for B € S(r,m) we denote by Ap(r,m) the number of XB € F*
such that X BXT = 0. From the fact that a matrix B € S(r, m) has nullity m — r
and from [7, Thm 5.2.6], we have that

g%, if r=2t+1,
(19)  Ap(r,m) =< ¢*" ' +¢' — ¢!, if r =2t and B is hyperbolic,
@t — gt 4 ¢t1, if r = 2t and B is elliptic.

Recall also that, for any B € S(r,m) and a € F}, we have defined v, (B,r,m) as
the number of uB € FJ" such that uBu” + a = 0. If B, = diag(B, a), then it is
not hard to see that

(20)

Ya(B,r,m) = |{[u:v]By € P™: uBu® + av? = 0} — {uB e P! uBu® = 0}].

By uB for non-zero uB we mean its image in P! via multiplicative equivalence.
Thus, v, (B,r, m) is the difference of the projective solution of the quadratic forms
defined by matrix B, and matrix B,. Note that, with more detailed information
about B and «, then using equation (I9) we can compute the value of v, (B, r,m).
For example, if the rank of B is even, then B, is parabolic for every a € Fy and

therefore, we can find v, (B, r,m) if we know the nature of B. On the other hand,
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if the rank of B is odd, then we can transform the quadratic form XBXT into
cX? + XoX3+ - + X Xor41. Now, if we know a € Fj, we can know whether
X% + aY? is reducible or irreducible (depending on whether —2 is a square or
not, referring to formula (1) above, and hence we know that B, is hyperbolic or
elliptic respectively. Therefore, we can find ~,(B,r,m). Next, we are ready to
compute the Hamming weight of the codeword f?(X) = §X; 1. Clearly, the weight
of f(X) = Xy is independent of 4.

Theorem 3.10. The Hamming weight of the codeword f{(X) € Csymm(t,m) is
given by

(=1 wm 1t =2) 4+ (¢ = )¢ ptm—a(t = 1)
+(q = 1)g" 1 (t), if t is odd ,

WP (t,m) =
(=1 wm1(t —2) 4+ (¢ = 1)¢"  ptm—1(t = 1)
+(g—=1)(¢" — ¢ pm—1(t), if t is even .

Proof. From Theorem [B.7, we have

WP (t,m) = (¢ —1)¢" Wim—1(t —2) + (¢ — 1)¢"  pm—1(t = 1) + ¢' ptan—1(t — 1)

=3 Aptm—1)=>" > taBtm-1)

BeS(t,m—1) a€F; BeS(t,m—1)
f3(B)=0 [ (B)=a

Note that, fJ(X) is the zero function and therefore for every 1 < t < m and
B € S(t,m — 1), we have fJ(B) = 0. Also, in view of the above expression, it is

clear that to determine W7 (¢,m), it is enough to determine

Alt,m —1) =Y Ap(t,m —1).
BeS(t,m—1)
f5(B)=0

Note that the sum in the expression for A(¢, m — 1) is over the set S(¢,m — 1), since
for any B € S(t,m — 1), we have fJ(B) = 0. Now we divide the proof into two

cases.

Case 1. If ¢ is odd: In this case, every matrix B € S(2t + 1,m — 1) is parabolic
and therefore, from equation (), we get Ag(t,m — 1) = ¢*~! for every
B € S(t,m — 1). Therefore, we get

Alt,m = 1) = pm—1(t)g" .
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Putting this value in the expression for W/ (¢, m), we have

WP(t,m) = (¢ = 1)g™ vin—1(t = 2) + (¢ = Dg" ™ pim—r (t = 1)
+ 4 tm—1(t) = pm—1()g"™"
= (= 1)q" W1 (t =2) + (g = )" prn—a(t = 1)
+(¢ = 1)q" -1 (t)-
Case 2. If ¢ is even: In this case, there are vy (¢, m — 1) hyperbolic matrices and
v_1(t,m — 1) elliptic matrices B € S(t,m — 1). From (I9), we know that if B €
S(t,m — 1) is hyperbolic, then Ag(t,m — 1) = ¢*~' 4 ¢*/?> — ¢*/>~1 and if if B €
S(t,m — 1) is elliptic, then Ag(t,m — 1) = ¢*~ — ¢*/? + ¢*/>~1. Therefore, we get
WP (tm) = (¢ = 1)¢™ " vin-1(t = 2) + (¢ = 1)g"  pm1(t = 1) + ¢"tm-1(t)
—opa(tom = 1)@ a2 =P —ua(tm = 1) (@ = ¢+ ¢
= (¢ = 1)g" mo1(t = 2) + (¢ = D¢ 1t = 1) + @' pm—1(t)
g e (8) = @7 — @ Y wsa (tym — 1) = vty — 1))
= (= 1)¢" mo1(t =2) + (¢ = 1)g' o (t = 1)

t—1
.Ho(qm71 q")
(g —1g" 1 (t) — (g — 1)qt/271172_1
_1:[0 (¢t — ¢2)

where we are using the the facts that vi1(t,m — 1) +v_1(t,m — 1) = s(¢t,m — 1)
t—1
I1(¢" *—q")

and vy1(t,m—1) —va(t,m—1) = F5——= ¢ s(t,m —1). This completes
l;[U (gt —gq%)
the proof of the theorem. O

4. THE MINIMUM WEIGHT OF THE CODES CODES Clymm (t,m) AND Cymm (t,m)

In this section, we determine the minimum distance of codes Cyymm (t,m) and
hence of codes @ymm (t,m) in the even rank cases. For convenience, we choose to
denote the rank by 2t, and not ¢, then. In order to prove the main theorem of the
section, we need to introduce the following notations that are going to be useful.
For any 0 < 2t < m, and 1 < k < m, we define sets

P2t —1,m) ={B € S(2t — 1,m) : f)(B) =0},
H{(2t,m) = {B € S(2t,m) : B is hyperbolic and fJ(B) = 0}, and
E2(2t,m) = {B € S(2t,m) : B is elliptic and f(B) = 0}.
Set
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Note that h)(2t,m) = vy1(2t,m) and ed(2t,m) = v_1(2t,m). We want to prove
that W9 (2t,m) is the minimum distance of the code Cgymm(2t,m). The next
theorem gives a sufficient condition for the minimality of the weight W} (2t,m).

Theorem 4.1. For any 1 < k < m, the difference W/ (2t,m) —
weights W2 (2t,m) and WP (2t,m) is given by

WP (2t,m) of the

¢ (v (2t,m—1) —v_1(2t,m — 1)) — (hg_1(2t,m — 1) — e} _ (2t,m — 1))) .

Proof. Recall that, from Theorem [3.7] we have

Z)\Btm—l

BeS(t,m—1)
flg—l(B):O

WP (2t,m) = 0,(t, m)

-2 >

€l BGS(tm 1)
fk 1(B)=a

Ya(B,t,m —1)

where 0,(t,m) is given by equation (7). Thus, W2 (2t,m) — W{(2t,m) is equal to

> Ap(2t,m —1) > qaB2tm—1)
BeS(2t,m—1) a€F;BES(2tm—1)
f3(B)=0 f3(B)=a
BeS(2t,m—1) aEF; BeS(2t,m—1)
f,f,l(B):O flg—l(B):O‘
= Ap(2t,m—1) > Ap(2t,m—1) > Ap(2t,m—1)
BeS(2t,m—1) BeS(2t,m—1) BeS(2t,m—1)
B is hyperbolic B is elliptic B hyp.; f,f,l(B):O

> Ap(2t,m—1)

BeS(2t,m—1)
B ellip.; f{_,(B)=0

ZW )(

BeS(2t,m—1)
B hyp.; fi_1(B)#0

ZFYf;jil(B)(Bv 2t,m —1)
BeS(2t,m—1)

B ellip; f3_;(B)#0

B,2t,m—1)

= v (2t,m—1)(¢* " +¢" - qt Dvaa@,m=1)(¢* " —¢" +¢")
=By 2tm =) g =) — el 2tm = 1) — ¢ ¢
— (01 (2t,m = 1) = by _ 1(2@ m—1))¢"" (¢" - 1)

— (o1 (2t,m—1) — €)1 (2t,m — 1))g" *(¢" +1).

Simplifying the above expression, we get the desired result.
O

The next corollary then gives a necessary and sufficient condition for W7 (2t,m)
to be the minimum weight of the code Cigymm (2t, m).

Corollary 4.2. The weight WY (2t,m) is the minimum weight of the code Clsymm (2t, m)
if

v (2t,m—1) —v_y(2t,m —1) > hd_(2t,m — 1) —ed_,(2t,m — 1).
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Proof. The corollary follows from the last theorem as
= v (2t,m—1)—v_1(2t,m —1) > hy_(2t,m —1) — el _,(2t,m — 1).
O

It is clear from Corollary 2 that to prove that W7{(2t,m) is the minimum
distance of Ciymm (2t, m), we need to estimate h§_,(2t,m—1)—ed_,(2t,m—1), for
arbitrary &, t, and m. We will do this by obtaining an upper bound for h271 (2t,m—
1) and a lower bound for e{ ,(2¢,m — 1). For practical, notational reasons we will
replace m — 1 by m in the following, and find an upper bound for hg(2t,m) and
a lower bound for €9 (2¢,m) and compare the difference h{ (2t,m) — e (2t,m) with
v41(2t,m) —v_1(2t,m). To get these bounds, we consider the following restriction
of the map 1 defined in equation () to the sets H}(2t,m) and E9(2t, m) to obtain

maps ¢1 and ¢s:

21)  HI(2t,m) 25 S(2t —2,m — 1) US(2t — 1,m — 1) U S(2t,m — 1)
A ¢1(A) =B

and

(22)  ES(2t,m) 25 S(2t—2,m—1)US(2t — 1,m — 1) U S(2t,m — 1)
A ¢2(A) =B

where B = ¢;(A) for i = 1,2 is obtained from A by deleting the first row and first
column. Note that ¢; is just the restriction of the map v defined in equation (II))
to appropriate subsets. But we use different notations only to make things simpler
and to not worry much about the domain where the map ) is getting restricted.
The idea is to use these maps and their fibers to estimate h$ (2t, m) from above and
e9(2t,m) from below. We count the fibers of these maps in several lemmas. In the
next lemma, we give the structure of the fibers ¢, '(B) for B € S(2t — 2,m — 1)
and determine |¢; *(B)| for such B.

Lemma 4.3. Let B € S(2t—2,m—1) and A € S(2t,m) be such that by deleting the
first row and first column of A we get B. Then A is hyperbolic iff B is hyperbolic.
Further, If B € S(2t —2,m — 1), then

g™t — %72 if B is hyperbolic,

0, otherwise.

|61 (B)|= {

Proof. Let B € S(2t —2,m — 1) and L € GL,,—1(F;) be a matrix such that
LBL"T = D is on the standard hyperbolic or elliptic form described in Definition

B9 Let
o u

A:
wI' B
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If we take

then

MyAMT =

a oz
2T D’
where z = uLT. Note that rank A = rank B + 2 if and only if z ¢ Rowspan(D). If

A € S(2t,m), we may write z = yD + b, where b = (0,...,0,b2;—1,...,bp—1) and
b+#0,ie., b; # 0 for some i. Now take

1 —y-—0b
e[l ]
Then we have

Mo (M AM{ ) MY = ]

=0T | D; |0
c| 010

for some nonzero c¢. Here D; is obtained by writing D as a block diagonal matrix
with a bottom diagonal zero. Note that A and May(M;AM{)MT correspond to
the same standard form of quadratics, up to constant ¢ (Definition 3.9). In fact,
the quadratic form corresponding to My(MyAM{)M] can be obtained from the
quadratic form corresponding to A by a linear change of variables. The quadratic
form corresponding to A and B have the same standard form also (up to ¢). That
is: A is hyperbolic if and only B is hyperbolic. This is true since the difference
between the two quadratic forms corresponding to D; and the full matrix is of
the form (a + 2¢) XY for two independent linear forms X and Y that are linearly
independent of those linear forms appearing in D;. Now let B € S(2t —2,m — 1)
be hyperbolic with f?_,(B) = a, then

o' (B) = { [;;’f -

|¢;1(B)|: qm—l _ q2t—2.

Tu ¢ Rowspan(B)} .

Consequently,

O

Corollary 4.4. Let B € S(2t—2,m—1) and A € S(2t,m) be such that by deleting
the first row and first column of A we get B. Then A is elliptic iff B is elliptic.
Further, for B € S(2t — 2,m — 1),
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g™t — ¢®72, if B is elliptic,

|63 (B)|= {

0, otherwise.
In the next lemma, we understand the fibers ¢; *(B) for B € S(2t,m — 1).

Lemma 4.5. Let B € S(2t,m — 1) and A € S(2t,m) be such that by deleting the
first row and first column of A we get B. Then A is hyperbolic iff B is hyperbolic.
Further, If B € S(2t —2,m — 1), then
7+ ¢t — ¢!, if B is hyperbolic and f)_,(B) =0,
lp5 (B)|= < ¢* =1 — ¢!t if B is hyperbolic and fJ_,(B) # 0,

0, otherwise.

Proof. Let B € S(2t,m — 1) and let L € GL,,_1(F,) be a nonsingular matrix such
that the quadratic form corresponding to LBL” is in the standard hyperbolic or
elliptic form. If A € S(2t, m) be matrix such that by deleting the first row and first

column of A we get B, then

e uBul uB
| BuT B
If we take
1 —u
o L |’
then
0 0
MAMT =
o LBLT

This proves that A and B have the same standard form, i.e. A is hyperbolic
(elliptic) if and only if B is hyperbolic (elliptic). This proves the first part of the
lemma. Tt is now clear that if B € S(2t,m — 1) is elliptic then ¢;*(B) = (). On
the other hand, if B € S(2¢t,m — 1) is hyperbolic, we have two different cases. The
first case, if f_,(B) = 0, then

uBuT uB

—1 o o
oM (B) = (Al ="

cuBuT =0}

Since B is hyperbolic we get from equation (18] that
|¢1—1(B)|: q2t71 + qt _ qtfl.

The second case is when B € S(2t,m — 1) is hyperbolic and f{_,(B) = « for some

a € F7. In this case, we have

o1 (B) = {A =
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Using hyperbolic nature of B, parabolic nature of B,, and equation 20, we get
|¢;1(B)|: q2t71 _ qtfl'
This completes the proof of the lemma. (I

The fiber in the elliptic case is similar. We only need to use the solution for

elliptic quadratic form from equation (I8]).

Corollary 4.6. Let B € S(2t,m — 1) and A € S(2t,m) be such that by deleting
the first row and first column of A we get B. Then A is elliptic iff B is elliptic.
Further, If B € S(2t —2,m — 1), then
*t — gt + 'Y, if B is elliptic and f)_,(B) =0,
lp5 1 (B)|={ ¢* ' +¢'71, if Bis elliptic and f}_,(B) # 0,

0, otherwise.

In the next lemma we count the cardinalities of fibers ¢; *(B), and ¢, (B) for
B e S(2t —1,m — 1) satisfying fJ_,(B) = 0.

Lemma 4.7. Let B € S(2t — 1,m — 1) be a matriz satisfying f2_,(B) = 0.Then

o' B)= S g g ),

and

651 (B)|= ¢ g -1

Proof. Let B € S(2t — 1,m — 1) with f?_,(B) = 0. There exists a nonsingular
matrix L € GL,,—1(F,) such that LBLT gives the quadratic form ¢X? + X2 X3 +
oo+ Xop-9Xoi—1 for some ¢ € Fy. If A € S(2t,m) is the matrix such that by
deleting the first row and columns of A we obtain B and f{(A) = 0, then

0

A pr—
BuT

such that uBu® # 0.

Clearly,
A€ ¢ (B)(¢3'(B)) <= A is hyperbolic (elliptic).

Now, if we take

1 —u
M= ;
luT L
then we have
—uBuT 0
MAMT =
o7 LBLT

Note that, rank(MAM7T) = rank(A) = 2t, therefore, uBu’ # 0. If uBu” = p,
then the quadratic form corresponding to MAM7 is

—BXG+cXT+ XoX3+ -+ Xy 0Xop 1.
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Therefore, the matrix M AM7 and hence A is hyperbolic (elliptic) if and only —%
is square(non-square). Now, let 8 € F} be fixed such that —g is a square. Then
every

0

A =
BuT

such that uBu® = -

is hyperbolic and hence lies in gbl_l(B). In this case the matrix Bg is hyperbolic,
therefore from equation (20)), we get the number of such A is ¢'~*(¢'~*+1). Further,
for a fixed B € S(2t —1,m — 1) as in the beginning of the proof, there are (¢—1)/2

p € F; such that —%ﬁ is square. This gives

_ q—1) 1, 4+
o B gt ),
Repeating a similar argument in the case when —g is non-square and keeping in

mind that in this case, the matrix Bg is elliptic, we get

65 (B)l= U g1 ),

O

In the previous cases, we have found the cardinalities of the fibers ¢; Y(B) for
i = 1,2 in all cases except in the case B € S(2t — 1,m — 1) satisfying fJ_,(B) # 0.
In all the cases we have treated, the cardinalities of fibers ¢, Y(B) for i = 1,2 are
uniform. On the contrary, the fibers ¢; '(B) for i = 1,2 for B € S(2t — 1,m — 1)
satisfying f?_,(B) # 0 are irregular, i.e., they may have different cardinalities for
different B € S(2t—1,m—1). It is true, however, that in the case B € S(2t—1, m—1)
satisfying f9_,(B) # 0, the difference of the cardinalities of fibers ¢, '(B) and

oy 1(B) is constant. To be more precise; we have the following lemma:
Lemma 4.8. Let B € S(2t — 1,m — 1) be a matriz satisfying f2_,(B) # 0. Then
|61 (B)|=1¢y " (B)|= —¢""".

Proof. Let B € S(2t —1,m — 1) be a matrix satisfying f}_,(B) = a € Fy. Let L €
GL,,—1(F,) be a non-singular matrix such that the quadratic form corresponding to
LBLT is eX?+ X2X3+ -+ X942 Xo;1 for linearly independent linear forms X,
where i = 1,2,---,2t — 1, and ¢ # 0. Let A € S(2¢t,m) be such that A € gbi_l(B),
then

-

A =
BuT

B
uB ] such that uBu® # —a.

Clearly,
A€ ¢ (B)(¢31(B)) <= A is hyperbolic (elliptic).

Now, if we take
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then we have
A — MAMT — —a —uBu” 0
o7 LBLT
Note that both A and A’ are of the same type. We have the following:
1. atuBu” £ 0.
2. The quadratic form of A is hyperbolic iff %
F,.
3. The quadratic form of A is elliptic iff

is a non-zero square in

—a—uBuT
c

The first statement holds since the rank of A is 2¢, not 2t — 1, which it would have
been if the % were zero. The second and third statements follow since the
quadratic form of A’ is of type: ¢(X? — MXS) 4+ Xo X3+ -+ Xop 0 X0 1,

and (X7 — %Xg) is factorizable into a product of two linear terms if and only

a+uBuT
c

is a non-square in [F,.

is a non-zero square.
So we set out to find the number of uB such that %
(thus giving hyperbolic A), and then the number of uB such that % is a

non-square (thus giving elliptic A).

is a non-zero square

Given a fixed non-zero square 2 we look at the equation:

a+ uBu® 9

C

We the substitute: v = uL ™!, and the equation transforms to:

a+v(LBL )T

c

The number of v(LBLT) = uBL" satisfying this equation is then equal to the
number of uB satisfying this equation (since L is invertible), which again is equal

to the number of uB satisfying the original and identical equation

o+ uBu® 9

C

We then prefer to look at the number of vB’ satisfying

o+ vBWT 9

3

c

for B = LBL" since we already have introduced the quadratic form associated to
B’ (and thereby the coefficient ¢). We now insert vB'vT = ¢(X? + Xo X3 +--- +
Xot—2Xo; 1) again and obtain that the previous equation can be expressed as

@

X7+ XoXs 4+ X, 9 X1 — (77 — E) =0,

for linearly independent X; and X (here we have set X = X;/c for even j). For
such a fixed v the number of solutions is (what we will call) vy, vp, vg, according

to whether v2 — < is a non-zero square, zero, or a non-square respectively. Here:



22 PETER BEELEN, TRYGVE JOHNSEN, AND PRASANT SINGH

i) vy is the number of points on a projective quadric defined by a hyperbolic

i is th ber of point jecti dric defined by a hyperboli
quadric of rank 2¢{ minus the number of points on a projective quadric
defined by a parabolic quadric of rank 2t — 1.

(ii) vp is the number of points on an affine quadric defined by a parabolic
quadric of rank 2¢ — 1.

(iii) vg is the number of points on a projective quadric defined by an elliptic
quadric of rank 2¢ minus the number of points on a projective quadric
defined by a parabolic quadric of rank 2t — 1.

Formulas for vy, vp, and vy can be found from equation (). It is not hard to see
that

(23) vg —vp =vp —vg =¢q L.

Let e be a fixed non-square in F,;. We will investigate the number of “hyperbolic”
A’; these are the ones corresponding to solutions to

(8]
(24) X2+ X)Xg 4+ X5 o Xop 1 — (72— -

) =0,
for the (¢ — 1)/2 non-zero squares 72, and thereafter the number of “elliptic” A’;
these are the ones corresponding to solutions to
e
(25) XT+ X5 X5+ 4+ Xgp 9 Xo1 — (9 — -)=0
for the (¢ — 1)/2 non-squares ey?. We split into 4 cases:
(1): Both ¢ and —% are non-squares. We investigate the condition (23]
72 - g = T2a
c
for T' € F,. This single equation is equivalent to:
«y-T=23
e v+ T = %[3_1, simultaneously, for some 5 € F.
The two last equations, taken alone, give ¢ — 1 solution pairs (o, Tp), one for each j3
in question. Since neither /¢ nor —a/c are squares, both o and Ty are non-zero in
all these solutions, so none of them correspond to the ”forbidden” v = 0 that would
have made A’ parabolic of rank 2¢ — 1, and none of them gives a zero for (y* — <).
The last observation gives that the number of solutions to (24 never is vp, so for
the 72 that matches some T2 we really get vy solutions to (24)). On the other hand
the solutions to ([25]) come 4 by 4 as (y0, 7o) (70, —T0)(—70, To) (=0, —T0), for each
solution (v, 7o), and hence we get exactly q;—l values 72 that match some (in this
case non-zero) T2. Hence we get vy solutions to (24) for exactly 4% values 2.
Since no ¥? matches a zero-valued T all the remaining ‘12—1 values of 42 give that
~% — 2 is a non-square, and we get vp solutions of (24)) for these values.
All in all, we get
g—1 g—1

1 vy + 1

VE
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hyperbolic A’ in the fibre over B'.
Now we will find the number of elliptic A’ in the fiber over B’, corresponding to
a+v(LBLT)vT

c

=N =e7?,

for some non-square N. Here we think of e as a fixed non-square, so we will find
the non-zero ~ that satisfies this. We maintain condition (1) that both a/c and
a/c are non-squares. Now we look at the condition:

(26) N =ey? — . eT?,
c

for T € F,. If given +, this condition holds for some non-zero T, we get vg
solutions to ([24)), and if it holds for T'= 0, we get vp solutions. Otherwise, we get
vy solutions. This single equation is equivalent to:

e’

")/2—T2:—
ce

and furthermore:

oV —T=2p

e v+ T = 237" simultaneously, for some 3 € F}.
The two last equations, again give ¢—1 solution pairs (v, 7o), one for each 8 in ques-
tion. Since both a/ec and —a/ec are squares, both (0, Tp), (0, —T5), (70,0), (—70,0)
for some non-zero vy and Ty are among these ¢ — 1 solution pairs ((0,0) can’t be a
solution). The pairs (0,Tp), (0,—Tp) can be disregarded, since v = 0 is forbidden,
since A’ has rank 2t. The cases (7o, 0), (—70, 0), however, correspond to one value
of N = ey? with vp solutions.

The remaining ¢ — 5 solutions to (28) come 4 by 4 as

(70, To) (70, =T0) (=70, To) (=0, —T0),

for each solution (7o, 7p), and hence we get exactly ‘12—5 values 72 that match some

1n this case non-zero . Hence we get vg solutions to or exac -— values
in thi T2 H get lutions t f tly 42 val
N = ey?. The remaining 4+ — 1 — 5 = &L values of N = ey? then give vy
elliptic A" in the fibre over B’.

All in all, we get
1 _
q4 UH+Up+q45

elliptic A’ in the fibre over B’. Comparing with the number of hyperbolic A’ in the

UVE

fibre over B’, computed above, we conclude that the number of hyperbolic A" in

the fibre over B’ minus the number of elliptic A’ in the fibre over B’ is:

-1 -1 -1 -5
(q4 ’UH+q4 UE)—(q4 UH+UP+q

’UE) =

t—1
Vg —Up = —(q .
Case (2): 2 is a (non-zero) square and —< is a non-square. Using calculations

as in Case (1) we obtain:
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q;3UH+UP+q;3

hyperbolic A’ in the fibre over B’, and

UVE

q+ 11; q—3
4 7Ty
elliptic A’ in the fibre over B’. The difference is vp — vy = —q

UE
=1
Case (3): 2 is a non-square and —% is a ( non-zero square). Using calculations
as in Case (1) we obtain:
q—3 qg+1

i VH + 1

hyperbolic A’ in the fibre over B’, and

VE

q;3UH+UP+q;3

elliptic A’ in the fibre over B’. The difference is vg — vp = —q

VE
t—1

Case (4): Both 2 and —2 are (non-zero) squares. Using calculations as in Case

(1) we obtain:

— -1
q451}H+’UP+q4

hyperbolic A’ in the fibre over B’, and

UVE

q—1 q—1
1 vy + 1

elliptic A’ in the fibre over B’. The difference is vp — vy = —q

VE

t—1

O

Now, let 6; be the average of |7 ' (B)| for all B € S(2t — 1,m — 1) satisfying
f2 (B) # 0. and let 65 be the average of |, '(B)| for all B € S(2t — 1,m — 1)

satisfying f,f_l (B) # 0. The next corollary is an immediate consequence of Lemma

43
Corollary 4.9. Let 61 and 05 be as above. Then
6, — 0y = —¢' L.
Now we are ready to give an upper bound for h$(2t,m) — el (2t,m).

Proposition 4.10. Let 2t <m and let 1 <k <m. Then

hi(2t,m) — ef(2t,m) < q /= =
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Proof. We have done most of the hard work. From equation (2I]) we get

mtm) =Y "lor (Bl + Y |67 (B) + > lé'(B)

BeS(2t—2,m—1) BeS(2t,m—1) BeS(2t,m—1)
f;f,l(B):O flf*l(B)?éO

+> lo' B+ > 6B

BeS(2t—1,m—1) BeS(2t—1,m—1)
£2_1(B)=0 £2_1(B)#0

From Lemmas [4.3] [£5] [£7, and the definition of 6; above, we get:

< (2t =2,m=1)(q" T = ) R (2t m = 1)@ ¢ — ¢ )
+ (vp1(2t,m—1)— hiﬂ(?t,m — D) (gt — gt )

+ pi_l(Qt —1,m- 1)@qt71(qt71 1)

+ (Mm—1(2t— 1) —pi_l(2t_ 17m_1))91

v31(2t — 2,m — 1)(qm*1 _ q2t—2) T hif (2t,m —
vy1(2t,m — 1)(q2t*1 _ qtfl) +p271(2t 1m— 1)
(Hm—1(2t = 1) —Pi_l(% —1,m—1))6;.

RS (2t,m)

A g+ )

+ o+

Similarly, using equation ([22)), Corollaries 4] A6l Lemma [£.7] and the definition of

02 above, we get:

eS(2t,m) > wv_q(2t —2,m—1)(gmt —¢*72) —ed_ (2t,m — 1)¢*
+ vo2t,m =D+ +pd (2t —1,m—1) (q§1)qt71(qt71 1)
+

(fm—1(2t = 1) — pi—1(2t —1,m —1))0s.

Combining the above two inequalities, we get

< (vp(2t—2,m—1) —v_1(2t —2,m — 1)) (g™ ! — ¢**72)

+ (h’z—l(%’ m— 1) + ei—l(2t= m— 1))qt + (U+1(2t7 m— 1)
vo1(2t,m —1)g* 1 — (v (2t,m — 1) +v_1(2t,m — 1))gt
P2t =1,m—1)(q - 1)g""!

(Hm—1(2t = 1) = p)_; (2t — 1,m — 1))(61 — 62).

RS (2t,m) — €2 (2t,m)

- -

Substituting the trivial bounds h§_,(2t,m — 1) + €5 (2t,m — 1) < fp— 1(2t))
Py 1 (2t—1,m—1) < p;y—1(2t — 1) and using Corollary @0 saying 6; — s = —¢* 1,

we get

hi(2ta m) - ei(2t7 m) < (U+1(2t - 27 m — 1) - 1),1(215 - 25 m— 1))(qm71 - q2t72)
+  pmo1(20)¢t + (ve1(2t,m — 1) —v_1(2t,m — 1))g*
— pm-1(2t = 1)¢" " 4 1 (2t — 1)¢" — -1 (2t — 1))g"
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Here we also used the fact that vy (2t,m — 1) +v_1(2t,m — 1) = py—1(2t). Now
from [12| Prop. 2.4], and equation ({I8), we have

2t—1 i
_l:[0 (¢ —q")
(27) v (2t m) —va(2tm) = S———,
H (q2t _ q2z)
=0
2t—1
_1:[O (@™ —q")
i (26) = 041(28,m) + 01 (28,m) = ¢,
H (q2t _ q2z)
=0
and
2t—2
! (@™ —4q")

Substituting these values in the inequality above, we get

2t—3 2t—1

) II (@™ ' =)
o~ m) = g g
Ho(q2t_2 —¢%) Ho(q2t — %)
1= i
2t—1 2%—1
_1:[0 (qm—l _ qz) 1:[0 (qm—l . ql)
+ 2t—1 1t__1 _ qt—l 4 1t—_1
[1(¢* —¢*) TI (2 — ¢%)
= 2t—2 =0
I (""" =)
bl et
IT (%2 — ¢%)
1=0
2t—2 . 2t—1 )
Il (¢ =) I1 ("' =)
2 1T
= o T
I1 (g% = ¢*) I1(¢* = a*)
1= i=
QﬁQ(qul —q)
1=0
+ (-5
IT(g%2 —¢?)
=0
T m—1 __ 1 ~ m—1 _ i
2t—2 2t—1
11 (4 q') I (4 )
= 2t i=
- + q .
t=2 t—1
I1(¢%2—q*) IT (g% — ¢%)
=0 i=0

This completes the proof of the proposition. (I
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Now we are ready to prove the main theorem of the article, i.e., we are ready to

compute the minimum distance of the code Clsymm (2t, m).

Theorem 4.11. Let 2t < m be positive integers. The minimum distance of the
code Csymm(2t, m) is W{(2t,m), where W{(2t,m) is given by

(=g 1 (2t —=2)+ (¢— D)@ pm—1(2t— 1)+ (= 1)(¢* " — ¢~ pm—1(21)

Proof. In the view of Corollary [4.2] it is enough to prove that for 1 < k < m and
2t < m,

Vi1 (2t,m) —v_1(2t,m) > hQ(2t,m) — €3 (2t, m).
From equation (1) and Proposition [0, we get

(v41(2t,m) —v_1(2t,m)) — (h$(2t,m) — el (2t,m))

2t—1 2t—1 2t—2
(@™ —q") (g™t —4q") (¢t —4q")
> =0 2t =0 _ =0
- q t—1 t—2
I (g% —¢*) I (g% —¢*) IT(¢%2% —¢%)
=0 =0 =0
22 , 22
1:[0 (" q') 1:[0 (" q')
=5 (@™ =) =@ =) a5
1 (g% —¢*) [1(¢*2 = ¢*)
o2 ) . 2t—2 . =0
[T (™" =4 [T (™" —q")
_ =0 2t—1(,2 i=0
=== — (7" 1) 4 5 _
1:.[0((]2)5 _ q21) ll:[O(q2t72 _ q2z)
T ) )
qrT—q
=0 (g%t —1)
=13 . F2gz—1) 4
_HO(q?‘*‘2 - %)
1=
=0.

Corollary 4.12. The minimum distance of the code @ymm(%,m) is d, where
d=q"""Wm-1(2t —2) + ¢ pm—1(2t = 1)+ (¢* 7 — ¢ pm—1(28).

Proof. The proof of the corollary follows from Theorem [B.10, Theorem [£11] and

equation (8.
O

Let m be a positive integer and 1 < 2¢+1 < m. For the symmetric determinantal

code Csymm (2t +1,m), we propose the following conjecture:
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Conjecture 4.13. The minimum distance of the code Coymm (2t +1,m) is given
by W3 (2t + 1,m) where —§ € [y is a square. Furthermore, there exists a positive
E(2t 4+ 1,m) such that

W3 (2t +1,m) < WP(2t 4 1,m) < Wg2(2t +1,m)

where —d1 is a square and —d62 is a non square, and:

W (2t +1,m) = W (2t +1,m) + E(2t + 1, m).

Using SAGE, we computed the weights W¢ (¢, m) for some small values of m, and
for a fixed m, we looked at all possible values of k£ and ¢. Studying those results,
we here give formulas for the weights W¢ (¢, m) over F,. In the tables below, we list

them all. The table is over F; and ¢ € [} is either a square or a nonsquare.

m=3 t=1 t=2 t=3

WP (t,m) (g —1) q*(q—1) °(q—1)

W3 (t,m) g—1)+q(q—1) | ¢*(¢—1) ¢°(q—1)

W3 (t,m) *g—1) q-1)+¢*(q-1) | P°(g—1)

m=4 t=1 t=2 t=3 t=4

WP (t,m) Plg-1) ¢*(g—1) *g—1)+¢(q— | ¢°(g—1)

1)2

W3 (t,m) ?(g—1)xq*(q— | ¢®(¢—1) W3, 4)+¢*(q— | ¢®(¢ — 1)
1) 1)

W3 (t,m) Pg—1) ¢®(g—1)+q*(q— | WP (3,4) q-1)

1)

W2 (t,m) Plg—1)+qlq— | ®(g-D)+q*(g— | Wi B,4)+¢*(q— | ¢*(qa—1)

1) 1) 1)
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m=5 t=1 t=2 t=3 t=4 t=5
Wi(t,m) | ¢*(q—1) ®(q—1) gD+ — | g —1)+|q"*(q-1)
1)?+¢%(q—1)(¢° - | ¢"%(g — 1)
1)
We(t,m) | q*(q — 1) £ | WP(2,5) WP (3,5) £ (¢"(q — | Wi(4,5) q"*(q—1)
g —1) 1)?+¢°(g—1)(¢* -
1))
Wi(t,m) | ¢*(q—1) WP(2,5) + | W/(3,5) WP4,5) +|q“(q—1)
¢°(qg—1) ¢*(qg—1)?
Wot,m) | ¢*(q — 1) £ | W(2,5) WP(3,5) + (¢°(q — | W5 (4,5) q"(q—1)
¢*(q—1) D+q*(¢—1)(¢*~1))
Wg(tv m) q4(q - 1) WZ?(Z 5) + Wlé(?’a 5) W§(47 5) - q14(q - 1)
¢*(¢—-1) ¢®(g-1)

Remark 4.14. The observation that W3 (t,m) = W (t,m), for all even ¢, and all &,
for m = 3,4,5 can be generalized to the same result for all natural numbers m > 2
after a refined study of the proof of Proposition E.I0L So for even t the minimum
distance d is computed by the Wy (t,m) also. The table clearly indicates that for

even t the codewords of Cyymm (t, m) have exactly [Z1] — 1 different weights.
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