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Abstract

Background: Delineation of the target volume is a time-consuming task in radiotherapy treatment planning, yet
essential for a successful treatment of cancers such as prostate cancer. To facilitate the delineation procedure,
the paper proposes an intuitive approach for 3D modeling of the prostate by slice-wise best fitting ellipses.
Methods: The proposed estimate is initialized by the definition of a few control points in a new patient. The
method is not restricted to particular image modalities but assumes a smooth shape with elliptic cross sections of
the object. A training data set of 23 patients was used to calculate a prior shape model. The mean shape model
was evaluated based on the manual contour of 10 test patients. The patient records of training and test data
are based on axial T1-weigthed 3D fast-field echo (FFE) sequences. The manual contours were considered as
the reference model. Volume overlap (Vo), accuracy (Ac) (both ratio, range 0-1, optimal value 1) and Hausdorff
distance (HD) (mm, optimal value 0) were calculated as evaluation parameters.

Results: The median and median absolute deviation (MAD) between manual delineation and deformed Mean
Best Fitting Ellipses (MBFE) was Vo (0.9+0.02), Ac (0.81+0.03) and HD (4.05+1.3)mm and between manual
delineation and Best Fitting Ellipses (BFE) was Vo (0.96 £ 0.01), Ac (0.92 &+ 0.01) and HD (1.6 £ 0.27)mm.
Supplementary Materials are available and show a moderate improvement of the MBFE results after Monte Carlo

Markov Chain (MCMC) method.

31



Conclusions: The results emphasize the potential of the proposed method of modeling the prostate by best fitting
ellipses. It shows the robustness and reproducibility of the model. A small sample test on 8 patients suggest
possible time saving using the model.

Keywords: Delineation, Ellipse model, Empirical Bayes, Prostate, Radiotherapy treatment planning, Statistical

shape analysis

Background

Prostate cancer is the second most diagnosed cancer accounting for 14 percent of all cancers diagnosed
worldwide [1]. It is most common in males over the age of 50, and has the highest incidence rate in the
developed countries. Aggressive tumors are usually treated with extern radiotherapy or brachytherapy
which requires a precise treatment plan for the target volume. In any type of radiotherapy treatment,
radiation of healthy tissue should be minimized while maintaining the desired dose to the target volume.
Therefore, a successful treatment of prostate cancer relies on an accurate segmentation of the prostate from
the surrounding tissue, by image-based description of the shape and location of the target volume. The
volume of interest is characterized by a smooth shape, and for this reason an algorithmic description of the
volume is feasible.

Transrectal ultrasound (TRUS), magnetic resonance (MR) and computed tomography (CT) images are
the three main imaging techniques used in diagnosis, treatment planning and follow-up examination of
prostate cancer. Smith et al. [2] investigated the effects of these imaging techniques on the properties of
the prostate volume. A collection of methods available for prostate segmentation is reviewed by Ghose et
al. [3]. In addition to the methods presented by Ghose et al., alternative approaches are available in the
literature, such as the medial or skeleton representation of the prostate [4-8]. The present work proposes a
segmentation method which falls into the category of deformable meshes in Ghose et al. [3], but refers to the
term geometrical parametrization as described in Dryden and Mardia [9]. The main focus of this paper is
the development of a statistical shape model for the prostate. An overview about this type of models in 3D
medical image segmentation is presented for example by Davies et al. [10] and Heimann and Meinzer [11].

The works of Saroul et al. [12] and Mahdavi et al. [13] are related to the stacked ellipses parametrization
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Figure 1: Selected slices of MR data set 3 from the test data set. (a)-(e) Manual delineation of the prostate
(dashed line) and best fitting ellipse (solid line). (f)-(j) Manual delineation of the prostate (dashed line),
deformed mean shape (solid line) and defined control points in the first, center and last slice.

method used in this paper. In contrast to them, we focus on slice-wise best fitting ellipses which will introduce
more flexibility into the model. The approach of slice-wise best fitting ellipses has similarities to a tubular
medial representation [14].

Beside the single segmentation of the prostate, several attempts have been tried out for a joint segmen-
tation of neighbor organ and structure to gain improved segmentation results [15-17].

To our knowledge, despite the substantial effort in this area, no widely implemented algorithm exists.
In oncology departments this means that the physician has to delineate the prostate slice by slice. This is
time-consuming and inefficient. We propose a less ambitious approach in that we use a method that gives a
useful starting point for the physician after the definition of few control points. Given the initial estimate
of the volume of interest, the physician can adjust the estimate according to their evaluation of the image
rather than starting from scratch. By this approach, we obtain the same accuracy with less effort. The
main points in our approach are as follows: First, we accept that the algorithm cannot give a fully precise
description of the volume. Our main aim is therefore to give a good estimate which can be used as a starting
point for the physician. Second, we use a simple ellipse model that is easy to interpret and understand. Our
hypothesis is that a more efficient use of physicians in Radiotherapy Treatment Planning (RTP) of patients
with prostate cancer can be obtained by an easy-to-interpret semiautomatic tool.

Figure 1 shows an example of the initial estimate we typically obtain for a single image slice. The dashed
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line in (a) to (e) describes the manual contour while the solid line shows the best fitting ellipse including
the the two principal axes for the observed data of this slice. Note that the fitted model is very much in
agreement with the manual line, indicating that the stacked ellipses model gives a good description of the
object of interest. The solid lines in (f)-(j) shows the outcome from our model in this situation together with
few defined control points. This result shows a typical performance of the method, and that the estimate is
close to the best fit we can obtain with the ellipse model. The full processing demands little computational
resources, such that the suggested delineation can be presented immediately. The example is discussed
further in the Methods and Results and discussion section.

The rest of the paper is organized as follows. In the Method section, we introduce the data sources and
the proposed stacked ellipses model, and discuss the shape space and statistics along with constraints and
parameters. Results are presented in the Results and discussion section using a test data set to show the
potential of the mean shape model, followed by a Conclusion section. Supplementary Materials with further

detailed discussion are available online.

Methods

Preliminaries

Each prostate must be described by a shape model in order to calculate statistics, e.g., by stacked ellipses
as a parametric shape model. The parameters of a parametric shape model can be estimated from a
training set. The training set models also the geometric variability of anatomical structures by a shape
probability distribution. The training set contains volume and contour information of segmented prostates
from N patients. The volume information describes the image modalities (e.g., CT or MR) and the contour
information the volume of interest as defined in the following.

The volume information of each training set n = 1,..., N is defined by a 3-dimensional matrix V;, where
V,. (i, h) contains the observed gray level in voxel (i,h), i = (i1,i2) € {1,..., 1} x {1,..., Iz} are the pixel
indices in a slice, where typically I; = I, and h € {1,..., H} is the number of slices per data set. The
number of slices H is not necessarily the same for all patients in the training data sets. Therefore, we indicate
H by H, and in the same manner I; by I,; and I by I,2, but for simplicity we use H, I; and I if the
meaning is clear.

In addition to the volume information, each training set n = 1,..., N consists of contour information
of the prostate, manually drawn by a physician. The contour information can be modeled by a (M x K,,)

configuration matrix X,, := (X,1,..., Xnk, ) with X,, = (m{lk,xgk,xgk)T eER3Ek=1,...,K,, where K,
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PCS | de-rotated PCS | ICS
e.g. manual contour e.g. {dBFE,;,dCP,} e.g. volume data
n
AdCP

sample space
e.g. {BFE,;,CPy,}, mean shape

Figure 2: Different coordinate systems with example data. PCS: Patient based coordinate system (manual
delineation line). ICS: ITmage coordinate system (volume data). de-rotated PCS: de-rotated patient based
coordinate system with same scale and origin as PCS but same orientation as ICS (de-rotated best fitting
ellipse dBF' E,,;, de-rotated control points dCP,). sample space: The transformation matrix Al}~p maps the
de-rotated data {dBFE,,dCP,} to {BFE,,CP,} in the sample space.

defines the total number of available contour information points in a data set and M = 3 defines the
dimension. We assume the contour information for an object is defined in a sequentially sorted number
L, of equidistant slices whereas each contour slice contains f(nl contour points, [ = 1,...,L,. Hence it
follows K, = >, K, and X,, = (an, .. .,XnLn). The image information in slice [ is denoted by S,; and
Sp =4Sn1,...,5uL,} €V, and X, defines the configuration matrix in slice Sy;.

In summary, the training population is given by the set {V, X}, with a set of volume information V =
{V1,...,Vn} and configuration matrices X = {X1,..., Xny}. We assume X,, defines the configuration matrix
for the corresponding data set V,, and matches the volume information V,, exactly.

The contour information is often defined in a Patient based Coordinate System (PCS) whereas the volume
information is defined in an Image based Coordinate System (ICS). The ICS can be transformed to PCS by a
transformation matrix A pcas, which transform an image coordinate p™™ = (1,12, h)T to patient coordinate
pP = (z,y,2)". The definition of Apcas and the relation between PCS and ICS (see Figure 2) is discussed

in detail in the Supplementary Material. In addition, we introduce a de-rotated PCS where volume and

contour information are aligned to each other.

Modeling

The prior information inferred from the training set is incorporated into a shape model. We assume a stacked
ellipse model as a shape prior for the prostate. Specifically, the prostate outline in slice S,;,l = 1,..., Ly,
n =1,...,N is modeled by a slicewise best-fitting ellipse, as visualized in Figure 3. An ellipse in slice S,;

can be uniquely described by pn = (6™, 0", ¢")T € R? x RZ x (%, 5] with
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(a) Stacked ellipse model in 3D (b) Ellipse model in 2D
Figure 3: An illustration of the prostate model by slicewise best-fitting ellipses.
e position 0™ = (071, 051)T € R? defines the center in slice S,,;,
e length of principle axes o™ = (a}',a4")T € R and
e rotation angle ¢™ € (=%, 3] in slice Sy;.

The rotation parameter ¢™ is defined corresponding to the ICS with origin 6™ in slice S,,;. The boundary

of an ellipse p,; centered at 8™ € R? in slice S,,; is defined by

2 2
Clpn :{Rz+0”l: i M :1,xeR2} 1
o) (@i " (g v

nl o nl
and R — <cos¢ sin ¢ >

sing™  cos ™

is a rotation matrix in R? with rotation angle ¢™ and x = (21, z2)7

The shape model described in this section requires the best fit of an ellipse C(p.,;) to the contour
information X,,; in each slice, i.e., we model X = C'(pni) + € where € is an error with mean zero. The best-
fitting ellipses provide us with a slice-by-slice parametrization of the prostate for all slices in each training
shape.

The problem of fitting an ellipse to geometric features like the contour is discussed widely in the literature
(e.g., [18,19]). This work follows Ahn et al. [18], who proposed a least-square minimizer for X,i. The

nonlinear estimate of parameters p,; = (O3, 05!, af!, afl, ¢™)7 given X,,; must minimize the error

g(pn1) = (an - é(ﬁnl))T (an - é(ﬁnl))
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where C'(ﬁnl) is a set of nearest orthogonal points of X,,; to C(pn1)-

Definition 1 (Best Fitting Ellipse (BFE)). A best fitting ellipse for slice S,,; is defined by the set BFE,; :=
(0", o, ¢")T € R? x R% x (=%,5L,1=1,...,Ly, n=1,...,N and minimizes the error function g, i.e.,
BFE,; = pn with

9(pm) = pnlewxrﬂg}%g _%]g(pnz). (2)

The first and second principal axes must be reordered after calculation of BFFE, =
{BFEy,...,BFE,;,} in order to establish correspondence between parameters of adjacent slices and
across the population. Improved correspondence will support accurate statistics. The basic idea in our re-
ordering procedure is to carry out the reordering corresponding to the lowest rotation angle of both principal
axes to the first principal axis of the neighbor slice where the center slice is chosen as the basis. The rotation
between the center slice M and an arbitrary slice is constrained by max(|¢* — ¢M|) = 7,i € {1,..., L} after
reordering. Therefore, the set BFE,, of reordered best-fitting ellipses is an element of (R? x R2 x (—, 7])%n.

A further improvement of correspondence is achieved by the introduction of two additional constraints
in the parameter model. First, we relax the rotation parameter ¢™ in case of circularity. If both principal
axes have the same length, the orientation of an ellipse is undefined. Therefore we penalize ¢™ in the case
of high circularity by taking gzﬁnll from the neighboring slices into account. Second, smoothing is performed
between neighboring slices to avoid large forward and backwards rotations between ¢!~ ¢™ and ¢n(+1),
The reordering algorithm and implementation of constraints are described in detail in the Supplementary
Material.

The current implementation assumes the definition of control points C'P, in the training data set
{V,,X,,, BFE,}, where BFE, € (R*xR?% x (—m, m])L" is a reordered set of best fitting ellipses, n = 1,..., N.
Furthermore, the control points have to be defined manually by a physician in a new patient data set. The
control points are used to make the best fitting ellipses BF F,, comparable and to transform the parametrized
ellipses model to a common position, scale and orientation by a transformation matrix Al}~,. The trans-
formation matrix A”,, maps the de-rotated prior data {dBFE,,dCP,} to {BFE,,CP,} in the sample
space, as depicted in Figure 2. In this article, we assume 6 control points in the first, center and last slice

at the boundary of the prostate, i.e.,
CP,={AY, ..., A}, P",..., P8, BY,..., B¢}

as visualized in Figure 3. In addition, we have tested alternative control point configurations. They are

described together with the construction of A}, p in the Supplementary Material.
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After transformation we have obtained a reordered and comparable set of best fitting ellipses

BFE, = {BFE,.,...,.BFE,.}

with BFE,; = (?nl,a’”,anl)T, n=1,...,N,l=1,...,L, The statistical analysis of the training data
requires an equal number I, = ... = Ly to establish correspondence between the parameters of the best
fitting ellipses. Therefore, we interpolate the set BFE,; to a common number L. When L is chosen,
interpolation is done by independent cubic interpolation in each dimension, i.e., we find points of a one-
dimensional function that underlies the data 971”, @;l, ?;’l, att, apt and Enl. The final interpolated best fitting
ellipses are denoted by

iBFE, = {iBFE,1,...,iBFE,.}. (3)

These ellipses are used for the statistical analysis and computation of a mean shape model. To keep things
simple, we denote such a reordered, transformed and interpolated set of best-fitting ellipses by BFE,; =
O™, o™, ¢")T for the number L of contour slices with [ = 1,...,L and n = 1,..., N. The comparable set

of best fitting ellipses BFE,, is an element of the shape space (R? x R% x (—m, x])~.

Statistical analyses

After reconstruction of our shape space we estimate the expectation and variance of the parameters of a
mean shape model puprp = {thpp, - lspp} with phpy = (ulg,ug,ulqb) from the training set BFE,;,
l=1,...,L. We denote the mean shape Mean Best Fitting Ellipses (MBFE). In addition to the described
ellipse parameters we define the position 0™ = (67!, 651 9217 in terms of a distance vector n™ of 6™ to a
center curve defined by the control points. We model 8! = £ + 1!, where ¢! is analytically defined by L
intersection points of the curve within each slice. Thereby, we are describing the mean shape which is closest
to the control points. This approach is reasonable under the assumption that the control points are well
defined. In the Supplementary Material we explore various ways of describing the position parameter for
different control point methods.

The mean curve of the expected location is given by

N
1 a
MIQJ:NZQ/, je{1,2,3}, (4)
=1
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where Nlo = (,ule1 , ulez, ,ulGS)T, l=1,...,L. The variance and covariance are estimated by
1N
(Uéj)2 N1 (05 - llloj)zy j €{1,2,3}, and (5)
i=1
. XN
T = N_1 DO — ) (6" — )" (6)
i=1

The length parameter is modeled by a log-normal distribution because o € Ri. Thus we estimate the
mean and variance of a = log(a)) € R?. The estimation of means and variances of the remaining parameters

a, ¢, n is according to (4-5). Following Dryden and Mardia [9] we suggest a prior distribution for a new data

set as
01 ~ N (ng, (06,)%) 05~ N (u,. (03,)%)
ay ~ N (i, (05,)%) <= o ~1og-N (g, (07,)°) with @} = log(ay),
dh ~ N (i, (01,)%) <= b ~ log-N (i, (1,)?) with ab = log(ab),
L N (g, (05)°)
l=1,...,L. If ¢ is defined according to the center curve given by the control points as described above, we

model ! ~ N (ulm, (05“)2) ;i =1,2. Since the rotational parameter is expected to have small variance it is
not necessary to apply a circular distribution, and we assume normality.

After constructing the shape model we estimate the best fitting ellipse BF E; parametrized by p; =
0,0, )T, 1 = 1,...,L in a new data set given the control points CP. This is obtained through the
posterior w(p | S) where s; € S C V is the volume information and i = (i1,42) € I(p) is a set of indices
within the ellipses p. The control points C'P are used to deform the prior model 7(p). Therefore we model

the posterior by an empirical Bayes approach [20]. The posterior
#(p| S,CP) x L(S | p) +7(p | CP) (7)

defines the posterior density of the deformed template 7w(p | C'P) given the the observed image. The
Likelihood or image model L(S | p) is the joint probability density function of the gray levels given the
parametrized object p|cp, while p|cp defines the ellipses p deformed by the control points C'P. The prior
7(p | CP) models realistic variations from our mean shape pprp € (R* x R% x (—m,7])” given the control
points. We are estimating the posterior distribution using a Markov chain Monte Carlo (MCMC) approach.

The method and results are discussed in detail in the Supplementary Material.
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Evaluation
We have evaluated the proposed method using 33 patient case studies. The training data set consists of
N = 23 T1-weigthed Fast Field Echo (FFE) 3D Magnetic Resonance (MR) data. The mean shape model and
variance is calculated from the training data set and applied to a test data set of 10 MR FFE case studies.
The splitting in test and training data is done according to the sequence of data acquisition. Each data
set consists of H,, Digital Imaging and Communications in Medicine (DICOM) image files and one DICOM
region structure file, while the contour information of the prostate is stored in the header of a DICOM file
without any image information. The voxel size (I5,1y,[.) is (0.559mm, 0.559mm, 3mm) with a slice distance
of 3.3mm of the data sets V,,. Each slice consists of 288 x 288 voxels. The number of slices containing
prostate information is 10.478 +2.626 (mean+tstandard deviation) in the training set and 10.5£2.799 in the
test set. Figure 1 illustrates test patient 3, whose image set consists of 24 MR FFE slices whereas 12 slices
contain contour information. Slice 6 is the first slice where contour information of the prostate is available
and the last slice is 17.

Three metrics are used to compare the manual and the semi-automatic contours. In the axial slices,

where the expert manual delineations are present, we calculate the Hausdorff distance (HD) by
dra(X,Y) = ind(z,y), ind(x,y)}. 8
na(X,Y) = max{max min d(z, y), max min d(z, y)} (8)

The Hausdorff distance measures the maximum distance of a point in a set X to the nearest point in Y
or vice versa. Generalization to 3D uses mean or median over all slices. The measure indicates how much
manual corrections are required. An ideal value of HD equal to zero reflects complete agreement of the

contours. A second criteria is the volume overlap (or Dice similarity coefficient) defined by

X NY]
dpot (X, Y) = 2—-—| 9)
[ X[+ [Y]
where | - | is the number of voxels contained in a region. Finally, accuracy is defined as
|FP|+|FN|
doee( X,Y)=1— ———— 10
( ) |TP|+ |FN| (10)

with TP = X NY volume included in both X and Y (true positive), FN = X N (=Y volume of X not
included in Y (false negative) and FP = (-X) NY volume of ¥ not included by X (false positive). Both
values range from 0 to 1, with optimal value 1. Volume overlap indicates how much of the prostate has
been detected by the approach while accuracy shows how incapable the method is to select the true prostate

pixels.
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Table 1: Evaluation metrics comparing Best Fitting Ellipses (BFE) to manual delineations, and comparing
deformed Mean Best Fitting Ellipses (MBFE) to manual delineations (unit: HD mean in mm, dice 3D and
accuracy in percentage).

Test set 1 2 3 4 5 6 7 8 9 10

Best Fitting Ellipses

HD mean | 1.32 1.09 224 134 194 161 141 1.65 1.59 249
Dice 3D 0.96 0.97 095 096 094 094 096 096 097 0.93
Accuracy | 093 094 091 091 088 088 092 093 094 0.85
Mean Best Fitting Ellipses

HD mean | 2.38 2.58 6.12 2.76 3.79 432 273 559 4.88 4.63
Dice 3D 092 093 090 091 0.8 0.84 092 0.88 0.89 0.88
Accuracy | 0.84 084 081 0.82 0.74 070 084 0.73 0.80 0.74

In addition to the quantitative metrics, we have performed a small pilot test on 8 new patients comparing
time expenditure using the proposed method and manual delineation. The time expenditure for the proposed
method includes the definition of control points and the correction of the contour obtained by the method
for each patient. The used mean shape model and variance was calculated from the training data as decribed
above. Time measurements were obtained by two independent physicians for each case. Manual delineations,

definition of control points and corrections were performed using the treatment planning system Eclipse™.

Results and Discussion
The evaluation is performed on the deformed mean best fitting ellipses, i.e., on 7(p | CP) in formula (7).
Additional evaluations are done in the Supplementary Material for 7(p | S, CP).

Table 1 contains the distance metrics defined in (8) - (10) comparing the manual delineation and BFE for
each test data set, and comparing the manual delineation and the deformed MBFE described by m(p | CP).
The high Dice similarity coefficient and accuracy values and small Hausdorfl distances between manual
delineations and BFE confirm the stacked ellipses model. The values show the best possible description of
the test cases by the proposed model. The distance metrics between manual delineation and the deformed
MBFE are fairly accurate. The values indicate that the estimates used as initial contours for final delineations
will lower the time expenditure of the delineation procedure. Figures la to le illustrate 5 slices of the BFE
evaluation of test patient 3 from Table 1. Figures 1f to 1j illustrate 5 slices of the deformed MBFE evaluation
of test patient 3 from Table 1 with a volume overlap of the manual delineation line and the deformed mean
shape of 0.90 and accuracy 0.81.

Table 2 shows the median and median absolute deviation (MAD) for the data groups “test data”, “training

data” and “all data”. A BFE volume overlap for all data of 0.954 + 0.010 (median+MAD) and accuracy of
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Table 2: Evaluation metrics comparing BFE/MBFE and manual delineations for different data groups.

data group test data training data all data
BFE MBFE | BFE MBFE | BFE MBFE

median | 1.604 4.052 | 1.840 3.806 | 1.810  3.806
MAD | 0274 1.305 | 0.286  0.427 | 0.289  0.538
median | 0.959  0.899 | 0.954  0.903 | 0.954  0.903
MAD | 0.008 0.021 | 0.007 0.013 | 0.010 0.019
median | 0.918  0.807 | 0.908  0.800 | 0.908  0.800
MAD | 0.015 0.035 | 0.014 0.031 | 0.020  0.036

HD mean [mm)]

Dice 3D [pct]

Accuracy [pct]
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Figure 4: Evaluation results between MBFE and manual delineations for 10 random permutations in training
and test sets consisting of 23 and 10 patients, respectively.

0.908 £ 0.020 confirm the model further (ref. Table 2). Similar values in the subset of test data and training
data are indicating model robustness. In addition to the BFE results, Table 2 summarizes the results by
median and MAD of the distances between manual delineation and the deformed MBFE. A median volume
overlap of 0.899 4+ 0.021 and accuracy of 0.807 4 0.035 of the test data show further the power of the prior.
The deformation of the prior is done by the control points and can be computed directly since there is no
sampling or estimation involved at this point.

To evaluate the robustness of the model, we randomly split 10-times the set of 33 patients into a training
set with 23 cases and a test set with 10 cases. Figure 4 shows the evaluation distances between the manual
delineation and the deformed MBFE. The central mark is the median, the edges of the box are the 25th and
75th percentiles and the whiskers extend to the extreme data points. The figure shows only small variation
between the different permutations, thereby demonstrating robustness of the stacked ellipses model.

Results from using MCMC to further optimize the delineation, as described in the Method section,
are only presented in the Supplementary Material since a slight improvement comes at the cost of large

computation time.
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The time comparisons indicated an average of 30% time saving using the proposed method compared
to manual delineation. The time measurement of the proposed method includes the definition of controls

points as well as the correction of the estimated contour by the physician.

Conclusions

The presented results demonstrate the potential of the proposed method in modeling the prostate by slicewise
best fitting ellipses. Deformation of the mean shape using control points gives very good results with little
computational cost. Hence we believe that providing physicians with a good initial contour is beneficial in
the clinical praxis of radiotherapy treatment.

The corrections of generated delineations based on few control points were not streamlined in the workflow
of the physicians, and the task of correcting contours is not part of their everyday activity. Furthermore,
corrections were not done directly after the definition of the control points and sometimes by different
physicians, and physicians had to deal with a different orientation of the data set in the treatment planning
system than in the diagnostic MRI. These issues must and can be solved for a well designed system. Therefore,
a time saving of 30% likely represent a lower limit, and has to be validated in a well designed and properly
powered study. Furthermore, we expect larger time savings in data sets where the prostate is imaged in a
higher number of slices. In the extreme case, if the prostate is visible in only three slices, the BFE approach
would not give any benefit using the current control point method.

In addition, the results show a precise description of the prostate by the BFE model with an average
volume overlap of 95%. The high performance of the deformed mean shape model using the control points
explains the small improvement by applying MCMC. Nevertheless, an improvement of the likelihood in the
posterior distribution or by an active appearance model [21] is a field of further research as elaborated in the
Supplementary Material. A clear disadvantage of an additional method like MCMC is the extra computation
time.

Further improvements can be achieved in the constraint and regularization terms, e.g., by considering the
surface curvature versus changes of the ellipses parameters. We do not expect abrupt changes between neigh-
boring slices around the central slice, but larger changes between slices towards the ends can be permitted,
particularly in the length of the first and second principal axis. Also, the reduction of manual interaction in

the proposed method is left for future work.
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Article containing i.) a detailed description of the relative coordinates systems (e.g. ICS, PCS) on the basis

of the DICOM file structure, ii.) post-processing procedures as for example reordering and introduction

of constraints, 7.) a discussion of different control point method with construction of the transformation

matrix Alj~p and the parameter n™, iv.) elaboration of the posterior distribution, and v.) a section with

additional data analysis. (SupplementaryMaterial.pdf)
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1 Data and relative coordinate systems

In this section, the volume data, particular on the basis of the DICOM data structure and the

corresponding relative coordinate systems are discussed.

1.1 Basic principles

Rotations in the three dimensional space can be represented by the axis-angle representation [1]
where an axis ¢ € 52 is a direction that is left fixed by the rotation and angle # is the amount
of rotation. The pair (¢, ) represents a rotation in 3-space. As a convention, the orientation of
the angle is determined by the right-hand rule, and a vector is a column vector. A vector v € R3

rotated by (¢, ) can be obtained by pre-multiplication of the corresponding rotation matrix
R(c,0) = I3 +sinf[c]x + (1 — cosB)(cc — I3), (1)
where [c] is the cross product matrix, so that [c]xx = ¢ x z for any = € R3.

Definition 1 (Extended map). The map ext maps a vector v € R™ from a Cartesian coordinate
system to a vector (v, 7)” € R™ x {0,1} in an extended coordinate system. Furthermore we denote

with ext™! the related inverse map.
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1.2 Volume information

We obtain from Magnetic Resonance (MR) tomography a discrete volume information of a continu-
ous part of the lower male abdomen which contains the prostate. The discrete volume information
of a patient data set is given by I; x I3 X H voxels on a regular grid in three dimensional space. We
describe a voxel by a cube with middle point (x,y, 2) and length [,, width I, and height /.. Other
approaches are possible too. An easy model is to assume the value of a voxel is given by the mean
intensity about the volume with an overlap in x-y-direction and small gaps in z-direction, i.e., we
assume

V (i, h) = p+ e where g5 ~ N(0,0?) iid

and i = (i1,i2) € {1,..., 1} x{1,..., b}, h € {1,..., H}. A more complex approach could up-rate
the central areas of a voxel. The value of a voxel (i.e. the mean intensity) may describe different

properties.

1.3 DICOM files and coordinate system

The Digital Imaging and Communications in Medicine (DICOM) file is a common standard con-
tainer file used particularly in medical image processing. The file structure consists of a header part
containing general data information and an image information part which contains mean intensities
of the voxels. DICOM files uses a right handed Left-Posterior-Head (LPH) coordinate system. In
a right handed coordinate system the x-axis is defined by the the thumb, the y-axis by the first
finger and the z-axis by the second finger of the right hand. The coordinate system is related to
the patient and not to the scanner. In a DICOM data set usually one file is defined per slice. This
is the case in our data sets too. In terms of image processing, the most important variables in each

file are

Rows (scalar) defines the number I; of voxels in row direction.
Columns (scalar) defines the number I of voxels in column direction.

ImagePositionPatient (IPP) (3 x 1 vector) defines the coordinate of center of top left voxel in

a slice.
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ImageOrientationPatient (IOP) (6 x 1 vector) defines the unit vector along an image row and

the unit vector along a column.

PixelSpacing (2 x 1 vector) which determine at first row spacing then column spacing, i.e.
T

PizelSpacing = (I,1,)" .
These five variables define uniquely a slice in R3. Figure 1 visualizes some key parameters for a
slice. The two variables PixelSpacing and IPP are defined in millimeter whereas IOP defines two
unit vectors. Note, the variable SliceThickness defined in the DICOM file header may not be equal
to the slice distance between two neighbor slices given by ImagePositionPatient because of small

gaps in the z-direction as mentioned in the model description above.

IPP—f—e PixelSpacing(1)

IOP(1:3)

e

PixelSpacing(2) I0P(4:6)

Figure 1: DICOM parameter definitions for a slice.

We have two different kinds of coordinate information, namely a patient based coordinate
system (PCS) and an image based coordinate system (ICS). The ICS defines the discrete volume
information V'(i1,42,h) on a regular grid in the three dimensional space with grid points (z,v, z).
Therefore, we can also write V(x,y, z) instead of V (i1, 42, h) and allocate the voxel indices (i1, i2, h)
to volume coordinates (z,y,2) € R3. V(z,y, z) defines a voxel in PCS.

The PCS is defined by the above 5 variables, where IOP gives the directional cosines. We want to
find a transformation matrix M between the two coordinate systems ICS and PCS. Without loss of
generality we describe the transformation in an extended coordinate system (see Definition 1). The
transformation matrix consists of rotation, translation and scaling whereas rotation is given by IOP,
translation by IPP and scaling by PixelSpacing and IPP. We assume that IOP and PixelSpacing

are equal between all slices H in a training data set. Furthermore we assume that the slices are

49



S4

sorted and choose our global IPP candidate from the first slice.

The rotation matrix is defined by

(2)

0 0 0 1

dr dc ds O
RDCM:<TCS?)>

where 03 = (0,0,0)T, dr = (dry,dry,dr.,)T = IOP(1 : 3) defines the directional cosines in row
direction, dc = (decg,dey,dc,)T = IOP(4 : 6) the directional cosines in column direction and
ds = (dsy,dsy,ds,)T = dr x dc the directional cosines in slice direction whereas ds is defined by

the cross product of dr and dec.

The scaling matrix is defined by

scge1  Scyes sczez 0
SDC’M:< 01 %2 03 f’) (3)

with sc = (scg, scy, sc.)T = ext™1(diag(Spcar)) and e; is the 3 x 1 column vector with all elements

being zeros except that the ith element is one. As mentioned above sc, = li and sc, = li are
x Yy

defined by PixelSpacing whereas sc, is defined by the distance of IPP between two neighbor slices,

e.g. the first and the second slice. Remember, we have assumed equidistant slices in a data set.
The translation matrix is defined by
Tt:(el ex e3 t) (4)
0 0 0 1
where t = (t;,t,,t,)7 defines the translation vector.
The rotation, scaling and translation matrix provide us to transform between ICS and PCS.

Definition 2 (DICOM transformation matrix). The DICOM transformation matrix is defined by

Apcy = TrepRpemSpevTo (5)

and transform an image coordinate p™ = (i1,is,h)T to patient coordinate p? = (x,y,z)" by
ext(p?) = Apcarext(p™). Tp is the translation which shift the slice to make top left voxel centered
at (0,0,0), i.e. Ty := T} with t = (=1, —1,-1)T. Rpcoy and Speys are defined by (2) and (3) and
Trpp translate the top left voxel from the first slice at IPP.

Remark 1 (Inverse DICOM transformation matrix). The inverse of Apcps exist and transform a

patient coordinate into an image coordinate by ext(p'™) = A, ext(pP).
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Proof. The inverse of the rotation matrix is given by RBIC M= R;gc A the inverse of the translation

matrix by 7! = T, and the inverse of scaling matrix by using s¢™* = (=, L, L. O
Y t g y g Scgp ) SCy’ sCy

Definition 3 (De-rotated patient coordinate system). Corresponding to the PCS and the ICS
we define a derotated patient coordinate system by p® € R?® with ext(p®?) = RL ., ext(pP) =
TrppSpemToert(p™). IOP = (1,0,0,0,1,0)7 in a derotated PCS.

The are no rotational differences between the de-rotated PCS and the ICS. Furthermore, the
volume and contour information are aligned to each other in the de-rotated PCS. Therefore, it is

used for the statistical analysis.

2 Post-processing of BFE

This section discusses the reordering algorithm and introduce constraint and regularization param-
eters into our shape model. Let n € {1,..., N} be fixed in the following section and [ = 1,...,L
the number of contour slices. We assume equidistant slice distances, well defined and sorted slices.

Calculation are carried out inside ICS.

2.1 Reordering of the first and second principal axis

After the computation of BFE; € R? x R% x (=%, %] we have to reorder the first and second
principal axis to establish correspondence between the parameter of adjacent slices. The reordering

algorithm is visualized in Figure 2 and given by the the following steps:

1. Transformation of the orientation parameter ¢' to directional cosines 1! = (cos o, sin¢l)T to

avoid computational non-uniqueness by the direction of the rotation.

2. Computation of the position of the basis slice by M = round(#} + (6% — 63)) where round

means rounding to the closest integer.

3. Initialization of reordering for the basis slice Sj;. The first principal axis is chosen to be
closest to [1, 0] by determination of the distance of the z-axis to the first and second principal
axis. The coordinate origin is defined by 6™ and the direction of z and y-axis are given by

(1,0)" and (0,1)” in the ICS. Note that each principal axis can be defined in the opposite
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Figure 2: Visualization of the reordering procedure. Left image: Initialization of the reordering
step for slice M. Right image: Reodering of slice M — 1.

direction, i.e. the four possible directions are zﬁll = z/)l, 1/312 = —q/zl, q[)é = (—singbl, cos qﬁl)T and
12;51 = —1[)?3 We obtain the reordered best fit BEE, := (01, dl, 1/~Jl)T by
arccos((1,0)¢') = min arccos((1,0)e}) (6)

ie{l,....4

where 1% is a normal vector by definition and [ = M.

4. Reordering from the basis slice to first slice, i.e. | = M —1,...,1. The first principal axis
1@1 is chosen to be closest to 1@”1 of the 4 axes defined by BFE, i.e., BFE; is chosen to

minimize arccos((lzl"'l)Ti/A)Zl-), I=M-—-1,...,1.

5. Reordering from the basis slice to last slice, i.e., | = M + 1,...,L. The first principal axis
¢! is chosen to be closest to ¥'~! of the 4 axes defined by BFE), i.e., BFE; is chosen to
minimize arccos((¢!"1)T9h), 1=M +1,..., L.

Note, that BFE; € R? x R% x (—m, 7] compared to BFE; € R* x R2 x (—%,%]. In fact, the

z
rotation angle is not restricted by the above reordering procedure but we assume the maximal
rotation between the basis and an arbitrary slice is max(|¢* — ¢M|) = m,i € {1,...,L} after
reordering. This allows a full twist of the prostate which we do not expect. In the following, we do

not distinguish between BF E; and BEF'E;. For the sake of convenience, we assume a reordered set

of best-fitting ellipses and denote it simply by BFE; := (6!, o, ¢")T € R? x Ri X (—m,m).
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2.2 Constraint and relaxation

We introduce two additional constraints in the parameter model BFE;, | = 1,..., L, which are re-
laxations of the rotation parameter ¢ in case of circularity and between large forward and backwards
movings between neighbor slices.

min; o

max. of is a measure of the circularity

Circularity: We define a cubic function \; = cf where ¢; =
of the ellipse in slice [ = 1,...,L and p is a parameter which defines the power of the cubic
function. The circularity is 1 if both axes have the same length. Simulations have shown that
a choice of p = 12 leads to reasonable results in our model. The orientation parameter ¢! is

relaxed by

i (1—=X)¢, l=M,
o' = MO+ (1= N\)el, 1< M,
N+ (1= N)@l, 1> M.

That means, in case of high circularity ¢; we do not trust the orientation in the current slice

l.

Relaxation between neighbor slices: Penalizing of large changes of the rotation between
neighbor slices, i.e., between the parameters ¢(=1, ¢! and ¢(+1). At first, we note that
the largest possible change between two slices is maximal 7 after reordering as mentioned
above. A simple quadratic function is used for the relaxation by

go [ N (=l with h = (210 o))z, 1< M
N4 (1= Mgt with A = (2]g!1 = ¢f))2,

3 Control point methods

In this section, we present three Control Point (CP) methods with construction of the transfor-
mation matrix Alj~p and the parameter n™. The control point method used in the main article is
described by CP3 in Section 3.3 (page S13). In addition, two alternatives are presented by method
CP1 in Section 3.1 (page S8) and CP2 in Section 3.2 (page S11). Both sections can be skipped if

the reader is only interested in CP3.

Before we construct a transformation matrix Al}~p between the derotated PCS and the sample

space from the control points (see Figure 2 in the main article), we have to transform the control
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points CP, and ellipses parametrization BF E,,; from the ICS to the derotated PCS by ext(p™) =
Sext(p™) with
E=TippSpcmTo

using Definition 3 in Section 1.3. Therewith, all data sets have the same origin and rotation of the
underlying coordinate system between different data sets and same distances between points. Note,
the voxel size can be different between different data sets. Therefore, distances between coordinates
in the ICS might be different for different data sets. For reasons of simplicity, the mapping between
the normal and the extended coordinate system is not mentioned explicit in the following section.
In general, we have to carry out this step if we convert with the transformation matrix =. The

derotated prior data are given by the set {dBF E,;,dCP,} with

dCP, =E(CP,) and (7)

dBFEL" = (E(pi"),2(p5"), Z(p§"))" (8)

whereas BFEP?® = (pp!, p5!,pi')T € R is the positional description of a best-fitting ellipse as
described in the following remark.

Remark 2 (Positional BFE). An alternative representation for a best fitting ellipse is given by the
set BFEP)" = (p!, pi!, pi)T € R with

p?l —_ gnl
pst = 0"+ R(a}',0)7,
p§ = 0"+ R(0,a5)T,

nl & nl
and R — (cosgb sin ¢ )

sing™  cos g™
is a rotation matrix. We call this representation the positional best fitting ellipse. Both represen-

tations are isomorph to each other.

3.1 CP method 1

In the first approach, called CP1, we assume the definition of three control points CP, :=
(A", B", PP) € R33. See Figure 3 for a visualization of the parameters which are defined as

follow:

A"™ centroid point of the prostate in the first contour slice of the prostate,
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B™ centroid point of the prostate in the last contour slice of the prostate,

Pl" point at the boundary of the prostate in posterior direction and in the base slice M (center

slice, see Appendix 2.1).

(a) A" (b) P! (c) B"

Figure 3: Definition of control points using method CP1. The dashed line defines the manual
delineation of the prostate. (a) Definition of A™ (first visible contour slice). (b) Definition of PJ*
in basis slice M. (c) Definition of B™ (last visible contour slice).

//
7
//
/)’\y
//

(a) (b)

) t
I
I
/ Mdc://’ / : s
7 : \/>/
I
. T

Figure 4: (a) Visualization of translation point Mcp and the scaling s from the control points dA
and dB by a cross section in slice direction z. (b) Rotation of dP; around the z-axis to a point
with z-coordinate zero.

Given the derotated prior data we construct the transformation matrix Ajj-p to a set of com-

parable best fitting ellipses for fixed n by the following steps (see Figure 4):
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1. Translation of Mycp, = 1(dB™ — dA™) to (0,0,0) where dCP, = (dA",dB",dPy). This

results in the translation matrix T py,.,, using formula (4) on page S4.

2. Rotation of the point dP[* around the z-axis with angle ¢ given by the angle between the
two vectors dPJ* and (0,1,dP*(z))T. The rotation matrix Rgop, is given by formula (1) on

page S1 using v = (0,0,1)7 and ¢ as described before.

3. Scaling of the data by s = |dB"(z) — dA™(z)|. The scaling matrix is given by Sicp, with
Il L1 L-yT

sc= (=, %5, % using formula (3) on page S4 where L is defined as the common number
of interpolated best fitting ellipses as described in section 2 of the main article. Note, we do
not scale the length of the prostate by ||dB™ —dA"|| because we want to have the same length

in z-direction. Figure 5 shows close correlation between both values for the training data set.

Finally, the transformation of the derotated prior data {dBF E,;,dCP,} to {BFE,;, CP,} is given
by

1 Pos n nl n nl n nl T

BFE, = ( cp(dpt), Adp(dps’), Adp(dps ))

and CP, = A% ,(dCP") with

Aep = Sacp, Ricp, T-Mycp, - (9)

50 T 0|

8

:
8.
o

|dB(z)-dA(z)] in mm
&
T
\
L

8.

251 r B

20 . T

152 I I I I 1 I
15 20 25 30 35 40 45 50

|IdB-dA|| in mm

Figure 5: Comparison of the distance between the control points dA and dB in z-direction and
ldB — dA|| (in mm). The dotted line shows equal values.
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3.2 CP method 2

An alternative second approach, called CP2, assumes the definition of the control points CP,, =
(A", B", Pr,... PR) e R3>*M n=1,... N with

A™ centroid point of the prostate in the first contour slice of the prostate,

B"™ centroid point of the prostate in the last contour slice of the prostate,

P, ..., P, points at the boundary of the prostate in the base slice M whereas M is defined as
described in Appendix 2.1.

Figure 6 visualizes the corresponding parameters plus the underlying manual delineation line which

is not available in a new data set.

(a) A" (b) Py, (c) B"

Figure 6: Definition of control points using method CP2. The dashed line defines the manual
delineation of the prostate. (a) Definition of A™ in the first visible contour slice. (b) Definition of
P! in basis slice M, m =1,...,12. (c) Definition of B™ in the last visible contour slice.

Given the derotated prior data {dBFE,;,dCP,},l=1,...,L, and n =1,..., N, we construct
the transformation matrix Al to a set of comparable best fitting ellipses for fixed n by the

following steps:

1. Computation of the best fitting ellipse CPBFE,, = (§°Fn, aCFn ¢CPm)T ¢ R? x R%r X (=5, 5]
for the set {P[, ..., P4}

2. Transformation of CPBFE,, to dCPBFE, = (07" qd¢Pn ¢CP)T in a derotated PCS.
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Lutl for each training data set n. If L, is an odd number the

3. The center slice is given by s, = =%

center slice with the best-fitting ellipse is clearly defined. Otherwise, the best-fitting ellipses

have to be interpolated to a number L, + 1 before.

4. Estimation of the mean of the derotated best fitting ellipses in the center slice s, from the

training data, i.e.,
1
IEEE o (PP O PPN = LS B, (1)
n

Furthermore, we estimate the mean length by

1
%BFE _ N Z HedBFEnLn _ edBFEnl H
n

5. If L,, is an odd number then Mycp, = §iCPn

. Otherwise Mycp, is determined from a cubic
interpolation of the curve with support points in dA”, §9P» and dB"™. The translation of
dCPBFE, to the origin (0,0, 0) is given by the translation matrix 7" py,.,, using formula (4)

on page S4.

6. The rotation matrix Rycp, is given by formula (1) on page S1 using v = (0,0,1)7 and

¢ = —¢%Pr ie., we rotate the first principal axis of dCPBFE, to the direction of the
T-axis.
. . o paBrE D pdBre
7. Scaling of the data in z-direction by sc; = et y-direction by scy = —der and z-
,U‘%BFE ! 2

direction by scz = Thereby, the scaling matrix is given by Sgop, with

[dB™(2)—dA" (2)]"
sc = (sc1, 8¢, sc3)T using formula (3) on page S4. Note again, we do not scale the length
of the prostate because we want to have the same length in z-direction.Figure 5 shows close
correlation between both values for the training data set. Furthermore, Figure 7 illustrate

the scaling parameters for our training data set and indicates correlations between them.

Finally, using CP method 2, the transformation of the derotated prior data {dBFE,;,dCP,} to
{BFE,;,CP,} is given by

pos n n n n n n T
BFEL" = (Nicp(dpt'), Niep(dps'), Nicp(dpih)
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and CP,, = A% ,(dCP™) with

Adop = Sacp, Ricp, T-Mycp, - (11)

An alternative to the above mentioned approach for computation of Mycp, is given by setting
Mgcp, = 6¢P~ for even and odd numbers L,,. Table 1 shows the average of the standard L1 and
L2 norm of the distance vector between Mycp, and the interpolated center ellipse position from
the corresponding training data. We argue for the implemented version using cubic interpolation

due to a smaller error.

o R . - .
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(a) scy versus scp (b) sc; versus scs (c) sca versus scs

Figure 7: Scaling parameters using transformation method 2 for the training data set.

Table 1: Average error of center ellipse position derived from control points versus center ellipse
position derived from training data (unit: mm).

center ellipse position ‘ alternative version | implemented version

L1 norm 0.5612 0.5470
L2 norm 0.4707 0.4568

3.3 CP method 3

The third approach, called CP3, is the primary used approach in this paper and assumes the

definition of control points CP, = (AL, , Bl , Pr ) € R¥>*(mitmatms) iy, e N with

A7, points at the boundary of the prostate in the first contour slice of the prostate,
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By, points at the boundary of the prostate in the last contour slice of the prostate,

P, points at the boundary of the prostate in the base slice M (see subsection 2.1).

m.

We have to assume m; > 3 to be able to fit ellipses to the first, base and last slice. In the current
work m; = mo = m3 = 6 is chosen to achieve robust fits of best-fitting ellipses. See Figure 8 for a

visualization of the parameters.

(a) A%, (b) Pr, (¢) B,

Figure 8: Definition of control points at the boundary of the prostate using method CP3 with
mi = mg = mg3 = 6. (a) Definition of {A},..., A}, } (first visible contour slice). (b) Definition of
{P, ..., Pp.} in basis slice M. (c) Definition of {BT,..., B}, } (last visible contour slice).

Given the derotated prior data {dBF E,;,dCP,}, we construct the transformation matrix A%}
similar to Section 3.2. The main difference is the additional deformation of the ellipsoid by the
control point information in the first and last slice. Let n € {1,..., N} be fixed. AJj,p is derived

by the following steps:

1. Computation of the best fitting ellipses CPBFE,; = (68CPn b CPn - b CPT ¢ R2 %
R% x (=Z,%],i = 1,2,3 from the set {A},..., A" }ifi =1, {B},...,Bp,} if i = 2 and
{P,..., Py }ifi=3.

2. Transformation of CPBFE,; to dCPBFFE,; in a derotated PCS with dCPBFE,; =
(674CPn | qidCPu i dCPT

3. The center slice is given by s, = Aﬂ;—l for each training data set n. We assume that L,, is an

odd number where the center slice with the best-fitting ellipse is clearly defined. Otherwise,

60



S15

the set of derotated best-fitting ellipses dBF E,, has to be interpolated to an odd number
L, + 1 before.

. Estimation of mean p»*BFF j = 1,2 3, from the derotated best-fitting ellipses in the first,

last and center slice s,, from the training data by

\dBFE ._ (, 1,dBFE 14dBFE 1dBFE\T _ 1
H = (iua Moy Mg ) - N zﬂ:dBFEnla

9.dBFE ._ ( 2dBFE 2dBFE 2dBFE\T _ 1
p = (g g = zﬂ:dBFEnLna

I

3,dBFE 3,dBFE 1
8,dBFE ._ (12 : 3,dBFE’M¢ )T =¥ ZdBFEnsn-
n

Furthermore, we estimate the mean length by

1
M%BFE _ N Z ||9dBFEnLn _ 9dBFEn1 ||

n

= 634CPn  Otherwise Mycp, is determined from a

. If L, is an odd number then Mycp,
cubic interpolation of the curve with support points in §-4C¢Fn  §3:dCPn and 924CPn  The
translation of dCPBFE, to the origin (0,0,0) is given by the translation matrix 7" nz.,,

using formula (4) on page S4.

. The rotation matrix Rgcp, is given by formula (1) on page S1 using v = (0,0,1)7 and
¢ = —¢39CP je. we rotate the first principal axis of dCPBFE, 3 to the direction of the

T-axis.

. Determination of scaling values scy; and sco; of the first and second principal axis for slices

l=1,...,L, At first, the scaling values in the first, center and last slice are calculated,
1,dBFE 1,dBFE 2,dBFE 2,dBFE 3,dBFE

1.e., $C11 = ~—F.4cp,, SC21 = ~Tacp,> SC1L, = ~—34cp, SC2L, = ~34cp,» SCls, = ~3.4CP,
@y Qg @y Qg 1
3,dBFE

and scas, = ag%iicpn Afterwards, the remaining scaling values scy; and scg; are interpolated
2

from (sc11, scis,,, scir, ) and (sca1, scas, , Sc2r,, ). In addition, the scaling value in z-direction

dBFE
is determine by scg = IGMC%WCP"I' Thereby, the scaling matrices are given by S; 4cp,,l =
3 3

1,..., Ly, with sc = (scy, sco, sc3)” using formula (3) on page S4. We do not scale the length
of the prostate because we want to have the same length in z-direction. Figure 5 shows close

correlation between both values for the training data set.
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The primary used CP method 3 in this paper transforms the derotated prior data {dBF E,,;, dC'P,}
to {BFE,, CP,} by
T
BFEL" = (Niep(dpi?), Niep(dps'), Nicp(dp))

and CP,, = A% (dCP™) with

Njcp = Stacp, Racp, T-Mycrp, - (12)

3.4 Description of 6™ in relation to the control points

In addition to the position ™ = (0{”, 05”, 9’311)T of each best-fitting ellipse, we describe the parameter
in terms of a distance vector ™ of ™ to a line or a curve, defined by the control points. Thereby, we
are describing the mean shape which is closest to the control points. Corresponding to the different
control point methods, see sections before, there are different ways of describing the positional

parameter via n™. Let n = 1,..., N be fixed in this section.

3.4.1 Determination of n™ using CP method 1

Given dCP, := (dA",dB",dPl') the two control points dA™ and dB" define a line dA"dB" C

R3 that cross each slice [ = 1,..., L, with prostate contour information. Now, ™ defines the

intersection point of the line dA™dB" with each slice I. Tt is given by k™ = dA"™ + Lnlflv” with
[=1-1,v"=dB"—dA" and | € {0,...,L,}. Thereby, the distance vector 7 to #™ is defined
by

nnl — enl _ Knl7

with I € {0,...,L,}. Simulations have shown that statistical inference of ™ result in a much

smaller variance than for 6™,

3.4.2 Determination of n™ using CP method 2 and 3
TANIGh

Instead of construction a line dA™dB™ as described before, we construct a cubic curve that connect
three slices with contour points, i.e., the first, the basis and the last slice. Using CP method 2,
dCP, is defined by

dCP, = (dA",dB",dP}',...,dP}s)
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and dCPBFE, = (%P qdCPn ¢ICPu)  The three points dA™, §%Pr and dB™ define a curve
gacp(z). Similar, in case of CP method 3, CP, := (dAY,...,dA}, ,dBY,...,dBy, ,dP}, ... ,dPy,.)
results in the three best fitting ellipses dCPBFE, ; = (634CFn o dCPn 1:dCPwy i — 1 2 3. There-
with, the three points 69¢"» define a cubic curve gacp(z). The final curve is calculated by
cubic interpolation with supporting points {A", #%¢» B"} for CP2 or {#14CFn 3.dCPn §2,dCP.y
for CP3. Therewith, gqop(z) cross each slice, whereas each slice is defined by an (z,y, z)-plane

with z = le,l =1,...,L,. Let gop(f™) define the intersection points of the curve gop(z) with

each slice. The distance vector n™ to 8™ is calculated by
nnl _ enl _ gcp(anl)

with [ € {0,...,Ly,}.

Figure 9 and 10 show Mé, ,u%, 6™ and n™ of the training data set in the sample space using
CP3 with [ = 1,...,23. The covariance matrices are visualized by 90% confidence ellipses. We can
clearly decrease the variance using the alternative approach with identical variance for the base

slice because of K™ =0 VYn=1,...,N for | = M.

4 Posterior distribution

In addition to construct a shape model and the corresponding shape space, we aim to estimate the
best fitting ellipses BF E; parametrized by p; = (Gl, o, qbl)T, l=1,...,Lin a new observed data set
given a set of control points C'P. In general, this can be obtained through the posterior 7(p | S)
where s; € S C V is the volume information and i = (i1,i2) € I(p) is a set of indices within the
ellipses p. The control points C'P are used to deform the prior model 7(p) as described in Section 3.

Therefore, we model the posterior by an empirical Bayes approach [2]. The posterior
m(p | S,CP) < L(S | p) xw(p | CP)

defines the posterior density of the deformed template 7(p | CP) given the the observed image.
The likelihood or image model L(S | p) is the joint probability density function of the gray levels
given the parametrized object p|cp, whereas p|cp defines the ellipses p deformed by the control
points CP. The prior 7(p | CP) models realistic variations from our mean shape uprg € (R? x

R2 x (—,7])% given the control points.
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Figure 9: Slice S = —11,...,0 where 0 mark the base-slice (i.e. —

2

,...,0). Each plot contains

23 red and blue circles representing 6™ (Position) and 7™ (Dist. Pos2CP-line) respectively, where
N = 23 is the number of training cases and n = 1,..., N. The means ,ule and ,u% are depicted by
small crosses. The corresponding covariance matrices are depicted by 90% confidence ellipses.
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Figure 10: Slice S = 0,

..., 11 where 0 mark the base-slice (i.e. 0,..., %) Each plot contains

23 red and blue circles representing 6™ (Position) and 7™ (Dist. Pos2CP-line) respectively, where
N = 23 is the number of training cases and n = 1,..., N. The means ,ule and ,u% are depicted by
small crosses. The corresponding covariance matrices are depicted by 90% confidence ellipses.
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We assume different mean image gray values 1° inside and ! outside of the object and constant

variance 72 as proposed in Dryden and Mardia [3]. Therewith, the likelihood can be modeled by

L(S | p,CP) xexp Z Z (i —°

=1 Zel(pl‘cp)

22 Z (s — ")

I=14¢I(pilcp)

with s; = ¥ + ¢ if i € I(p|cp) and s; = v! + ¢ if i ¢ I(p|cp) and an error distribution of

~1r1\51N(07')

Using the suggest prior distribution from section 2 in the main article, the prior 7(p | CP) =

(0, o, ¢ | CP) is given by

m(p| CP) exp( BZ Mlgl)2—ﬁzl:2(;é)2(912_ﬂleg)2>
* exp (ﬁz 2(i?1)2 (o — ln(ufn)V)
l «
UQQ 2
* exp ( BZ —In (Naz)) )

1
* exp (-5; W(fﬁl - Mf;s)2>

with 0! = ¢l +nl,i = 1,2 (see section 3.4). The weight parameter 3 € R, describes the importance

CP

of the prior compared to the likelihood. In addition, we extend the prior by taking into account

the variation between neighbor slices by

mi(p| CP) ocm(p| CP)

sexp | =By Y (07 =007+ (67— 6)?

i=1,2 1|

wexp | —fo Z > (@t =a)? + (ot - ap)?

)

CcP

* exp ( 53 Z(¢l 1 (¢l+1 _ ¢l)2>

where 31 = 881, B2 = BB, B3 = 883 and Bi, B2, B3 € R, are regularization parameters which have

to be chosen. Therewith, we introduce a constraint that small changes between neighbor slices are
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more likely than jumps. An alternative approach is to take into account neighbor relations by the

second derivatives, i.e.,
ma(p | CP) ocw(p | CP)

* eXp (-51 Z(Qlﬁl — 20! + 911*1)2 4 (912+1 — 20 + 9121)2>
!

o (< Sl ol 2o
l

% exp (—B’s > (¢ —26' + ¢l—1>2>

l

cp

with Bl, Bg, 53 as before. Hence, the posterior becomes
7(p | S,CP) x L(S | p) ¥ mi(p| CP), i€ {1,2}. (13)

Estimation of 7(p | S, C'P) can be done by Markov chain Monte Carlo (MCMC) method using the
Metropolis-Hastings algorithm [4]. The MCMC approach avoids the computation of the unknown
normalization constant in the posterior m(p | S,CP) by drawing independent samples from a
proposal distribution and the generation of a Markov chain. The MCMC method is implemented

as follows:

1. Choosing of an arbitrary initial estimate of p|cp, e.g, by the prior model.

2. Generation of a random permutation I, = {i,...,iy} from the index set {1,..., L} whereas

L is the number of slices. Therewith, we update the slices in a random order.

3. Generation of a new random realization from the proposal distribution 9(Prew,iy, | Pold,iy,)s €-&-
bY Prew,i, = (070, qnewik gnewsi )T o N (pyg i, ka) where ng can be chosen depending

on the prior distribution by x;, = diag()\laé’i, )\202’;, 3ok Aotk /\502;“), k=1,...,L where

al? a)’
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Ai, i =1,...,5 are weights that must be chosen. We assume a density
G(Pnewis | pota) xexp | —2 > (g — goitiny?
(Prew,iy old, iy, 2 . (Uék)Q j j
j= j

1 1 : :
B 5 Z : (ar}ew,zk B aqld,zk)z

= (0d))? ’ !
2
_1 1 (qﬁnewvik _ ¢Qld7ik)2
2 Jj=1 (02)13)2 ! !

4. Calculation of the Hastings-ratio

_ ﬂ—(pnew | S, Cp)g(pold | Pnew)
7I'(pold | S, CP)g(pnew ’ pold)

using the derived formula 13 for the posterior density. Note, the used proposal density is

symmetric and therefore
_ T (pPnew | S, CP)
T(pota | S, CP)

5. Accept pi, = prew,i, With probability min(1,p) otherwise keep p;, = poid,i, -

6. Repeat steps 3 to 5 L-times until each slice is updated.
Typically the MCMC method consist of a burn-in and a sample period by an iteration of steps 2 to
6. The final p|cp is calculated by the average of the sample period. In our simulations we used a
burn-in and sample period of 500 samples each. Furthermore, calculations are done inside a mask

around the registered prior shape to decrease computation time and to avoid additional variance

by other structures in the lower male pelvis.

5 Additional data analysis

This section reports additional results for the prior as well as for the MCMC method described in

Section 4 before.

5.1 Prior results

In Section 3 different approaches of control points are discussed. We obtain a different mean shape

as a prior corresponding to the used method. The results in Section 3 in the main article assume
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the control point method CP3. Alternatively, Table 2 shows the the evaluation results between the
manual delineation and the deformed MBFE to the manual contours for each test data set using
CP2. All evaluation criterias in Table 3 (in the main article) show a better performance than in
Table 2. We do not show the results of control point method CP1 here because the results are even
less accurate than for CP2. Even if we observe a less accurate performance of CP2 compared to
CP3, the method has the advantage of fewer control points in the outer slices where the definition

of the delineation is more challenging. Therefore, this method is an object of further studies.

Table 2: CP2: Evaluation metrics between Mean Best Fitting Ellipse and manual delineations
given by the physician. HD mean is given in mm, Dice 3D and Accuracy in percentage.

Test set 1 2 3 4 5 6 7 8 9 10 m

HD mean | 4.58 2.77 6.32 3.61 412 466 343 6.82 4.03 4.04 | 4.44
Dice 3D 0.83 0.90 0.85 0.87 0.87 0.83 0.89 0.84 092 0.89 | 0.87
Accuracy | 0.69 0.81 0.74 076 0.73 0.63 080 0.64 0.84 0.78 | 0.74

5.2 MCMC results

In this section we discuss results after MCMC as described in Section 4 with ma(p | CP) as the
prior distribution whereas we assume control points method CP3 as described in Section 3.3. In
the case of CP3, we do not update the first, center and last slice because the underlying contour is

described reasonable well by the control point.

The weight § and regularization parameters 31, f2 and f3 of the prior distribution have to be

chosen in practice. A simulation study (reported below) motivates, e.g., a choice of § = 40 and
(B1, B2, B3) = (2,180, 10).

Figures 11 and 12 depict the influence of different 5, i, B2 and f3 in formula (13) by a
comparison of the distances (7)-(9) as described in the main article. 5 = 0 means that the posterior
is only driven by the likelihood. On the other hand, 5 — oo means we ignore the likelihood and
the posterior is only determined by the prior. We can observe the volume overlap and accuracy
converged against the prior for increasing weights 8. The regularization parameters (1, 82 and B3

control the speed of the convergence to the prior (MBFE) and stabilize the results.

Based on initial simulations with several parameter combinations, we replicated 200 times the

MCMC step for 3 different patients from the test data set with g ~ U(0,100), 51 ~ U(0,20),
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Figure 11: Volume overlap after MCMC using different (3, 51, 52, B3) settings for two different test
data sets compared to the volume overlap of BFE and MBFE with manual delineation line.
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Figure 12: Accuracy after MCMC using different (3, 51, 52, B3) settings for two different test data
sets compared to the accuracy of BFE and MBFE with manual delineation line.

B2 ~ U(0,200) and B3 ~ U(0,30) where U(a,b) denote the standard uniform distribution on the

open interval (a,b). The results with the two highest dice coefficients (volume overlap) are shown

in Table 3.

On the basis of the simulation results we have chosen five different MCMC parameter settings

M;
My
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= {B, 51,02, 83} by My = {94,6,181,28}, My = {32,1.6,173,1}, M3 = {53,1.1,140,12},
= {40,2,180,10} and M5 = {80, 10,180,20}. Tables 4, 5 and 6 illustrate the distances between
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Table 3: Prior distribution parameters ranked by the two highest dice 3D coefficients after 200
simulations for 3 different test data sets.

Test Weights for the prior distribution .
data set 3 G 5y Bs Dice 3D Accuracy
5 94.08 15.95 181.13 27.92 0.89 0.77
92.17 13.22 118.95 10.91 0.89 0.76
6 53.64 1.14 138.84 12.48 0.87 0.74
47.42 1.10 27.69 5.27 0.86 0.73
3 3236 1.62 173.12 0.95 0.90 0.80
28.31 1.75  181.46 19.35 0.90 0.80

the manual delineation and the MCMC result for each test data set and the five different parameter
sets. For comparison M, shows the results from the registered mean shape without applying MCMC
as we have seen in Table 2 and 3 in the main article. A comparison with the results indicate that
we do not gain large improvement by MCMC compared to the registered mean shape using the
control points. In fact, the 10 test data result in a median volume overlap and accuracy of 0.90,
0.81 for My (MBFE) compared to 0.91, 0.82 for the parameter set My (MCMC), with a median
absolute deviation (MAD) of 0.021, 0.035 compared to 0.021,0.040. The values show a slight overall
improvement after MCMC. Particularly, there is an improvement of the accuracy in Table 6 for all
patients in case of parameter set Ms. Furthermore, test data set 9 in Table 5 shows a significant
improvement of the volume overlap after MCMC. The slices of this patient are depicted in Figure 13
together with the manual contour information, contour line from deformed mean shape and contour
line after MCMC. Nevertheless, we believe the MCMC procedure is a too time consuming step in

the praxis compared to the deformation of the mean shape given control points.

Table 4: HD mean between MCMC results and manual delineations given by the physician using
different parameter sets M; = {f, f1, B2, B3} (in mm).

Test data set

1 2 3 4 5 6 7 8 9 10 md MAD
My | 251 217 424 283 3.75 4.63 195 4.67 427 4.42 | 4.00 0.655
M; | 226 195 438 296 4.02 4.63 1.93 4.58 291 4.47 | 3.49 1.034
My | 218 1.96 4.63 2.88 4.65 4.63 1.89 434 3.88 500 | 4.11 0.719
Ms | 226 2.05 4.81 299 4.09 4.63 190 4.75 3.68 4.59 | 3.88 0.883
My | 217 215 443 3.07 4.36 4.63 1.71 4.33 4.01 4.53 | 4.17 0.413
Ms | 219 1.92 412 275 4.03 4.63 1.93 4.67 258 4.46 | 3.39 1.136

To verify further the proposed posterior distribution in formula (13), we compare the volume
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Table 5: Dice 3D between MCMC results and manual delineations given by the physician using
different parameter sets M; = {f, f1, B2, B3} (in percentage).

Test data set

1 2 3 4 5 6 7 8 9 10 md MAD
Mo | 092 093 090 091 0.8 0.84 092 088 0.89 0.88 ] 0.90 0.021
M; | 093 093 091 090 088 084 091 088 0.92 0.88 | 0.91 0.023
My | 093 093 090 091 084 085 091 090 0.92 0.87 | 0.90 0.026
Ms | 093 093 091 091 088 086 090 089 0.92 0.88 | 0.90 0.023
My | 093 093 091 090 087 08 091 089 092 0.88 ] 091 0.021
Ms | 093 093 091 090 088 084 091 088 093 0.89 | 0.90 0.021

Table 6: Accuracy between MCMC results and manual delineations given by the physician using
different parameter sets M; = {f, B1, B2, B3} (in percentage).

Test data set

1 2 3 4 5 6 7 8 9 10 md MAD
My | 084 084 081 082 074 070 084 073 080 0.74 | 0.81 0.035
M; | 0.86 0.8 082 081 075 070 083 074 085 0.75| 0.82 0.047
My | 0.87 086 080 083 064 072 082 080 0.85 0.71 | 0.81 0.046
Ms | 0.86 0.85 081 083 073 074 081 079 085 0.74| 0.81 0.042
M, | 0.87 086 082 082 071 073 084 078 085 0.75 | 0.82 0.040
Ms | 0.86 086 082 082 0.75 0.71 084 076 086 0.76 | 0.82 0.047

overlap and accuracy in Figure 14 between MCMC results and MBFE result based on different vol-
ume information. The MCMC results are calculated for different 3, fixed (51, 52, 83) = (2,180, 10)

and on the basis of:

1. the original volume information,

2. a derived volume from the original by setting all gray values inside the manual delineation

line to 100 and outside to 130 added by some error with the same variance inside and outside,

3. a derived volume from the original by setting all gray values inside the best fitting ellipse to

100 and outside to 130 added by some error with the same variance inside and outside,

4. a derived volume from the original by setting all gray values inside the manual delineation

line to 80 and outside to 150 added by some error with the same variance inside and outside,

5. a derived volume from the original by setting all gray values inside the best fitting ellipse to

80 and outside to 150 added by some error with the same variance inside and outside.
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(f) slice 10 (g) slice 12 (h) slice 13 (i) slice 14 (j) slice 15

Figure 13: Selected MR slices of test data set 9 in Table 5 and 6. Slice 3 is the first slice and slice 15
the last slice with prostate information in the data set. The control point of the first and last slice
are depicted in (a) and (j). Depicted are manual delineation line (yellow dashed line), deformed
mean shape (magenta solid line) and result after MCMC (green dashed dotted line). Slices 7, 9
and 11 are not depitecd in the Figure.

The standard deviation of the error is chosen to be 50, i.e., € ~ N(0,02) with o = 50.

In general, we can note the MCMC procedure works well in case of an ideal underlying image
information. We do not need prior information if we use volume 2 to 5. The true underlying
delineation can be found by the likelihood. Volume overlap and accuracy are close to the results
obtained by the BFE for § = 0 which indicate the best possible values using the proposed model.
Furthermore, we observe a decline of the volume overlap and accuracy for larger § using volume 2
to 5, and a convergence to the prior for § — oco. The convergence rate is different between both
test data set which which can be explained by a less or more complex structure of the prostate. In
addition, the convergence to the prior is faster using volume 2 and 3 compared to volume 4 and 5
due to the lower contrast in inside and outside of the object in volume 2 and 3. In case of the the
original volume information (volume 1), the prior contains the most valuable information about
the prostate contour. We can observe the largest improvement after MCMC for both data set in

the range of 8 = 20,40 and 60.

In Figure 14 is shown low information in the MR volumes is a limitation for the MCMC
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Figure 14: Volume overlap ((a),(b)) and accuracy ((c),(d)) of the MCMC results with the manual
delineation using different background images and for different 3 for test data sets 6 and 8. (volume
1): Using the original volume information. (volume 2): Derived volume by setting all gray values
inside the best fitting ellipse to 100 and outside to 130 plus an error. (volume 3): Derived volume
by setting all gray values inside the manual delineation line to 100 and outside to 130, plus an
error. (volume 4): Derived volume by setting all gray values inside the best fitting ellipse to 80
and outside to 150, plus an error. (volume 5): Derived volume by setting all gray values inside the
best fitting ellipse to 80 and outside to 150 plus an error.

approach. In addition, a careful choice of 3, 51,32 and f3 is a difficult task. Several attempts to
improve the MCMC results were carried out, e.g., different models for the likelihood, calculation of
the Hastings ratio per slice instead of taking into account the entire volume and using the median
instead of the mean to calculate the average of the gray values inside and outside the contour for

the likelihood. Another idea was to select slices with a significant difference of the histogram inside
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and outside of the deformed mean shape, e.g., by a Kolmogorv Smirnov test, a Andersson Darling

test or by calculation of the earth mover’s distance. All our attempts did not significantly improve

the MCMC results for all test data sets so far.

Nevertheless, a potential improvement by a different likelihood model is a topic of further reaseach.

Such a likelihood should model the underlying volume structure more carefully. Further possible

directions are to use the MCMC method to sample from probability distributions on the space of

curves as suggested by Fan et al. [5], to derive additional constraints from the training data set or

to create an appearance model as suggested by Cootes and Taylor [6].
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